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S1. Proof of Theorem 1
Before the proof, we first give Lemma S1, which gives the identifiability of parameters in varying coefficients regression
models. This result will be used in the proof of Theorem 1.

Lemma S1 ((Wall, 1987)). The varying coefficients regression model takes on the following form:{
yt =

∑
i bi,txi,t + et,

bi,t = αi,0 +
∑
p αi,pbi,t−p + εi,t,

(1)

where yt is the scalar valued dependent variable and xi,t is the independent variable which we have observations. The
additive error, et, represents a stationary zero mean white noise process, i.e., E[et] = 0 andE[etet′ ] = σ2

eδtt′ , E[εi,t] = 0,
where σ2

e <∞ and δtt′ is the delta function. Similarly, E[εi,t] = 0 and E[εi,tεi,t′ ] = σ2
εiδtt′ , for ∀i ∈ N+.

Then the parameters σ2
e , αi,0, αi,p, σ2

εi , for ∀i, p ∈ N+ are globally identifiable.

Now we start to prove Theorem 1.

Proof of Theorem 1. The proof of Theorem 1 contains two phases. In the first phase, we identify the root variable and cor-
responding causal parameters. In the second phase, we identify the remaining causal graph and corresponding parameters
in a recursive way.

Phase I Let At = (I −Bt)−1. We define the following metric to characterize kurtosis of observed variables:

E
[
xi,txj,txk,t+pxl,t+p

]
= E

[∑
aAia,tEa,t

∑
bAib,tEb,t

∑
cAic,t+pEc,t+p

∑
dAid,t+pEd,t+p

]
= E

[∑
a

∑
b

∑
c

∑
dAia,tAib,tAic,t+pAid,t+pEa,tEb,tEc,t+pEd,t+p

]
=

∑
a

∑
cE
[
Aia,tAia,tAic,t+pAic,t+pEa,tEa,tEc,t+pEc,t+p

]
= σ2

aσ
2
c

∑
a

∑
cE
[
Aia,tAia,tAic,t+pAic,t+p

]
,

(2)

where the third equation holds because only when a = b and c = d, the expectation is not zero.

By considering all combinations of i, j, k, and l, we can organize the above kurtosis in the matrix form,

S(t, t+ p)

= E
[
(AtΣEA

T
t )⊗ (At+pΣEA

T
t+p)

]
= E

[
(I −Bt)−1ΣE(I −Bt)−T )⊗ ((I −Bt+p)−1ΣE(I −Bt+p)−T )

]
.

(3)
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where S(t, t+ p) is a n2 × n2 matrix, ⊗ denotes Kronecker product, and

E
[
xi,txj,txk,t+pxl,t+p

]
= S(t, t+ p)ijkl

= E
[
{(I −Bt)−1ΣE(I −Bt)−T )}ij · {(I −Bt+p)−1ΣE(I −Bt+p)−T )}kl

]
.

If the underlying graph is a DAG, then (I −Bt)−1 can be reformulated as

(I −Bt)−1 =

m−1∑
r=0

Brt ,

and thus

S(t, t+ p) = E
[(

(

m−1∑
r=0

Brt )ΣE(

m−1∑
r=0

BTrt )
)
⊗
(
(

m−1∑
r=0

Brt+p)ΣE(

m−1∑
r=0

BTrt+p)
)]
. (4)

Particularly, let us consider the case when i = j = k = l and for notation simplicity, denote S(t, t+ p)ijkl by S(t, t+ p)i.
Then

S(t, t+ p)i = E[x2i,tx
2
i,t+p]. (5)

Let r0 be the index of the root cause, and Vs = V\r0 denote the indices of the remaining processes, with V = {1, · · · ,m}.
Then we will have

S(t, t+ p)r0 − S(t, t)r0 = 0,

S(t, t+ p)rs − S(t, t)rs < 0, ∀rs ∈ Vs,
(6)

for any p ∈ N+. The reason is that the root cause does not receive changing influences from other processes.

Let us now give the detailed proof procedure of (6). Suppose that we have known the causal order, denoted by π. Let us
first see a few examples of the concrete representations of S(t, t+ p)i.

1. For the root cause π(1), it is easy to get S(t, t+ p)π(1) = (σ2
π(1))

2, which is irrelevant to p. Thus,

S(t, t+ p)π(1) − S(t, t)π(1)
= 0.

2. For π(2), we have

S(t, t+ p)π(2)
= (σ2

π(2))
2 + σ2

π(1)σ
2
π(2)E[b2π(2)π(1),t+p] + σ2

π(1)σ
2
π(2)E[b2π(2)π(1),t] + (σ2

π(1))
2E[b2π(2)π(1),tb

2
π(2)π(1),t+p].

Thus,

S(t, t+ p)π(2) − S(t, t)π(2)

= (σ2
π(1))

2

(
E[b2π(2)π(1),tb

2
π(2)π(1),t+p]− E[b2π(2)π(1),tb

2
π(2)π(1),t]

)
= (σ2

π(1))
2

(
E[b2π(2)π(1),t · (α

p
π(2)π(1)bπ(2)π(1),t + αp−1π(2)π(1)εt+1 + · · ·+ α0

π(2)π(1)εt+p)
2]− E[b2π(2)π(1),tb

2
π(2)π(1),t]

)
= (σ2

π(1))
2 · 2(α2p

π(2)π(1) − 1)
(wπ(2)π(1))

2

(1−α2
π(2)π(1)

)2

< 0,

where wπ(2)π(1) is the noise variance in the autoregressive model of bπ(2)π(1),t. S(t, t + p)π(2) − S(t, t)π(2) < 0

always holds because α2p
π(2)π(1) − 1 < 0,∀p ∈ N+, since απ(2)π(1) ∈ (−1, 1).
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3. For π(3), we have

S(t, t+ p)π(3)
= (σ2

π(1))
2E[b2π(3)π(1),tb

2
π(3)π(1),t+p]

+4(σ2
π(1))

2E[bπ(2)π(1),tbπ(2)π(1),t+p]E[bπ(3)π(1),tbπ(3)π(1),t+p]E[bπ(3)π(1),tbπ(3)π(2),t+p]

+(σ2
π(1))

2E[b2π(2)π(1),tb
2
π(2)π(1),t+p]E[b2π(3)π(2),tb

2
π(3)π(2),t+p] + (σ2

π(2))
2E[b2π(3)π(2),tb

2
π(3)π(2),t+p]

+(σ2
π(3))

2 + (σ2
π(1))

2E[b2π(2)π(1),t+p]E[b2π(3)π(1),t+p]E[b2π(3)π(2),t+p]

+σ2
π(1)σ

2
π(2)E[b2π(3)π(1),t]E[b2π(3)π(2),t+p] + σ2

π(1)σ
2
π(3)E[b2π(3)π(1),t]

+(σ2
π(1))

2E[b2π(2)π(1),t]E[b2π(3)π(1),t+p]E[b2π(3)π(2),t] + σ2
π(1)σ

2
π(2)E[b2π(3)π(1),t]E[b2π(3)π(2),t+p]

+σ2
π(1)σ

2
π(2)E[b2π(3)π(1),t]E[b2π(3)π(2),t+p]

+σ2
π(1)σ

2
π(2)E[b2π(3)π(1),t+p]E[b2π(3)π(2),t] + σ2

π(1)σ
2
π(2)E[b2π(2)π(1),t+p]E[b2π(3)π(2),t+p]

+σ2
π(2)σ

2
π(3)E[b2π(3)π(2),t] + σ2

π(1)σ
2
π(3)E[b2π(3)π(1),t+p]

+σ2
π(1)σ

2
π(3)E[b2π(2)π(1),t+p]E[b2π(3)π(2),t+p] + σ2

π(2)σ
2
π(3)E[b2π(3)π(2),t+p].

Thus,

S(t, t+ p)π(3) − S(t, t)π(3)

= (σ2
π(1))

2

(
E[b2π(3)π(1),tb

2
π(3)π(1),t+p]− E[b2π(3)π(1),tb

2
π(3)π(1),t]

)
+4(σ2

π(1))
2

(
E[bπ(2)π(1),tbπ(2)π(1),t+p]E[bπ(3)π(1),tbπ(3)π(1),t+p]E[bπ(3)π(2),tbπ(3)π(2),t+p]

−E[bπ(2)π(1),tbπ(2)π(1),t]E[bπ(3)π(1),tbπ(3)π(1),t]E[bπ(3)π(2),tbπ(3)π(2),t]

)
+(σ2

π(1))
2

(
E[b2π(2)π(1),tb

2
π(2)π(1),t+p]E[b2π(3)π(2),tb

2
π(3)π(2),t+p]− E[b2π(2)π(1),tb

2
π(2)π(1),t]E[b2π(3)π(2),tb

2
π(3)π(2),t]

)
+(σ2

π(2))
2

(
E[b2π(3)π(2),tb

2
π(3)π(2),t+p]− E[b2π(3)π(2),tb

2
32,t]

)
+σ2

π(1)σ
2
π(2)

(
E[b2π(3)π(1),t]E[b2π(3)π(2),t+p]− E[b2π(3)π(1),t]E[b2π(3)π(2),t]

)
+σ2

π(1)σ
2
π(1)

(
E[b2π(2)π(1),t+p]E[b2π(3)π(2),t+p]− E[b2π(2)π(1),t]E[b2π(3)π(2),t]

)
< 0

Generally, we have the following form for variable with the nth (n > 1) order:

S(t, t+ p)π(n)

=

(∑π(n)−1
i=1 (

∑
k>1,l p

(k,l)
π(n)i,t)

2σ2
i + σ2

π(n)

)
·
(∑π(n)−1

i′=1 (
∑
k′>1,l′ p

(k′,l′)
π(n)i′,t+p)

2σ2
i′ + σ2

π(n)

)
,

(7)

where p(k,l)π(n)i,t indicates the multiplication of causal coefficients of the lth directed path 1 from node i to node π(n) with

path length k. For example, for path with length 1, p(1)π(n)i,t = bπ(n)i,t; for path with length 2, p(2)π(n)i,t = bπ(n)j,tbji,t, with

i < j < π(n); for path with length 3, p(3)π(n)i,t = bπ(n)j1,tbj1j2,tbj2i,t, with i < j2 < j1 < π(n). The longest path length
from node i to node π(n) is π(n)− i.

By expanding (7), we have

S(t, t+ p)π(n)
= (σ2

π(n))
2 +

∑
i<π(n)E[b2π(n)i,tb

2
π(n)i,t+p](σ

2
i )2

+
∑
i<j<π(n)E[b2π(n)j,tb

2
π(n)j,t+p]E[b2ji,tb

2
ji,t+p](σ

2
i )2

+
∑
i<j,j′<π(n),j 6=j′ 4E[bπ(n)j,tbπ(n)j,t+p]E[bji,tbji,t+p]E[bπ(n)j′,tbπ(n)j′,t+p]E[bj′i,tbj′i,t+p](σ

2
i )2

+
∑
i<j<π(n),i′<j′<π(n),j 6=j′∪i 6=i′ E[b2π(n)j,tb

2
ji,tb

2
π(n)j′,t+pb

2
j′i′,t+p]σ

2
i σ

2
i′

1A directed path is defined as a sequence of edges (or arcs) which connect a sequence of vertices, and the edges are all directed in
the same direction.
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where j and j′ can be a series of indices, j = (j1, j2, · · · , jk) with π(n) > j1 > j2 > · · · i, and j′ = (j′1, j
′
2, · · · , j′k) with

π(n) > j′1 > j′2 > · · · i, and

E[b2π(n)j,tb
2
π(n)j,t+p]E[b2ji,tb

2
ji,t+p] = E[b2π(n)j1,tb

2
π(n)j1,t+p

]E[b2j1j2,tb
2
j1j2,t+p

] · · ·E[b2jki,tb
2
jki,t+p

],

E[bπ(n)j,tbπ(n)j,t+p]E[bji,tbji,t+p] = E[bπ(n)j1,tbπ(n)j1,t+p]E[bj1j2,tbj1j2,t+p] · · ·E[bjki,tbjki,t+p],

E[bπ(n)j′,tbπ(n)j′,t+p]E[bj′i,tbj′i,t+p] = E[bπ(n)j′1,tbπ(n)j′1,t+p]E[bj′1j′2,tbj′1j′2,t+p] · · ·E[bj′ki,tbj′ki,t+p],

E[b2π(n)j,tb
2
ji,tb

2
π(n)j′,t+pb

2
j′i′,t+p] = E[b2π(n)j1,tb

2
j1j2,t

· · · b2jki,tb
2
nj′1,t+p

b2j′1j′2,t+p
· · · b2j′ki′,t+p].

Then

S(t, t+ p)π(n) − S(t, t)π(n)

=
∑
i<π(n)

(
E[b2π(n)i,tb

2
π(n)i,t+p]− E[b2π(n)i,tb

2
π(n)i,t]

)
(σ2
i )2

+
∑
i<j<π(n)

(
E[b2π(n)j,tb

2
π(n)j,t+p]E[b2ji,tb

2
ji,t+p]− E[b2π(n)j,tb

2
π(n)j,t]E[b2ji,tb

2
ji,t]

)
(σ2
i )2

+
∑
i<j,j′<π(n),j 6=j′ 4

(
E[bπ(n)j,tbπ(n)j,t+p]E[bji,tbji,t+p]E[bπ(n)j′,tbπ(n)j′,t+p]E[bj′i,tbj′i,t+p]

−E[b2π(n)j,t]E[b2ji,t]E[b2π(n)j′,t]E[b2j′i,t]

)
(σ2
i )2

+
∑
i<j<π(n),i′<j′<π(n),j 6=j′∪i6=i′

(
E[b2π(n)j,tb

2
ji,tb

2
nj′,t+pb

2
j′i,t+p]− E[b2π(n)j,tb

2
ji,tb

2
π(n)j′,tb

2
j′i,t]

)
σ2
i σ

2
i′ ,

where

E[b2π(n)i,tb
2
π(n)i,t+p]− E[b2π(n)i,tb

2
π(n)i,t] = 2(α2p

π(n)i − 1)
(wπ(n)i)

2

(1−α2
π(n)i

)2
< 0,

E[b2π(n)j,tb
2
π(n)j,t+p]E[b2ji,tb

2
ji,t+p]− E[b2π(n)j,tb

2
π(n)j,t]E[b2ji,tb

2
ji,t]

=
(
(1 + 2α2p

π(n)j)(1 + 2α2p
ji )− 9

)
· (wπ(n)j)

2

(1−α2
π(n)j

)2
(wji)

2

(1−α2
ji)

2 < 0,

E[bπ(n)j,tbπ(n)j,t+p]E[bji,tbji,t+p]E[bπ(n)j′,tbπ(n)j′,t+p]E[bj′i′,tbj′i′,t+p]− E[b2π(n)j,t]E[b2ji,t]E[b2π(n)j′,t]E[b2j′i′,t]

= (αpπ(n)jα
p
jiα

p
π(n)j′α

p
j′i′ − 1)E[b2π(n)j,t]E[b2ji,t]E[b2π(n)j′,t]E[b2j′i′,t] < 0,

E[b2nj,tb
2
ji,tb

2
nj′,t+pb

2
j′i,t+p]− E[b2nj,tb

2
ji′,tb

2
nj′,tb

2
j′i,t] ≤ 0.

Thus,
S(t, t+ p)π(n) − S(t, t)π(n) < 0 for n > 1. (8)

Hence, S(t, t+ p)π(n) − S(t, t)π(n) < 0 for n > 1, and S(t, t+ p)π(1) − S(t, t)π(1) = 0. Therefore, we can identify the
root cause. Since S(t, t+ p)π(1) = σ4

π(1), the corresponding parameter σ2
π(1) is also identifiable.

Phase II After identifying the root cause, in the second phase, we then identify the causal model over the remaining
variables in a recursive way.

Suppose that we have known the causal order π. Then for each xπ(i), its generating process can be reformulated as:

xπ(i),t = bTπ(i),txπ1,··· ,i−1,t + eπ(i),t,

bπ(i),t = Aπ(i)bπ(i),t−1 + επ(i),t,
(9)

where xπ1,··· ,i−1,t = [xπ(1),t, · · · , xπ(i−1),t], representing potential causes to xπ(i),t.

Lemma S1 has shown that parameters of the varying coefficients regression model are identifiable. Thus, parameters in
(9) are identifiable; that is, the corresponding parameters Aπ(i), σ2

eπ(i)
(the variance of eπ(i),t), and σ2

επ(i)
(the variance of

επ(i),t) are all identifiable, given the causal order.
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We define a node’s level in a acyclic graph the number of nodes in the directed path from the root to the node. For instance,
the root has level 1, and any one of its adjacent nodes has level 2.

Suppose that we have identified the causal model of variables at the first n levels. Next, we will identify variables at the
(n + 1)th level and their corresponding parameters. Let Vn represent variable indices of the first n processes, and let
V̄n = V\Vn. In the following, we will show that for node rs ∈ V̄n which is at the (n + 1)th level, S(t, t + p)rs can be
totally explained by a linear combination of cross-statistics of different orders of xVn,t, but not for other nodes.

We denote rs ∈ V̄n at the (n+ 1)th level as π(n+ 1). Then we have

S(t, t+ p)π(n+1)

= E
[
x2π(n+1),tx

2
π(n+1),t+p

]
= E

[
(bTπ(n+1),txVn,t + eπ(n+1),t)

2(bTπ(n+1),t+pxVn,t+p + eπ(n+1),t+p)
2
]

= E[(bTπ(n+1),txVn,t)
2(bTπ(n+1),t+pxVn,t+p)

2] + E[eπ(n+1)2,t]E[eπ(n+1)2,t+p]

+E[(bTπ(n+1),txVn,t)
2]E[e2π(n+1),t+p] + E[(bTπ(n+1),t+pxVn,t+p)

2]E[e2π(n+1),t]

= E[(bTπ(n+1),txVn,t)
2(bTπ(n+1),t+pxVn,t+p)

2] + (σ2
eπ(n+1)

)2 + E[(bTπ(n+1),txVn,t)
2]σ2

eπ(n+1)

+E[(bTπ(n+1),t+pxVn,t+p)
2]σ2

eπ(n+1)

=
∑
i,j E[b2i,tb

2
j,t+p]E[x2i,tx

2
j,t+p] + 2

∑
i,j 6=k E[b2i,tbj,t+pbk,t+p]E[x2i,txj,t+pxk,t+p] + (σ2

eπ(n+1)
)2

+2
∑
i,j 6=k E[b2i,t+pbj,tbk,t]E[x2i,t+pxj,txk,t] + 4

∑
i 6=j,k 6=lE[bi,tbj,tbk,t+pbl,t+p]E[xi,txj,txk,t+pxl,t+p]

+
∑
iE[b2i,t]E[x2i,t]σ

2
eπ(n+1)

+
∑
i 6=j 2E[bi,tbj,t]E[xi,txj,t]σ

2
eπ(n+1)

+
∑
iE[b2i,t+p]E[x2i,t+p]σ

2
eπ(n+1)

+
∑
i 6=j 2E[bi,t+pbj,t+p]E[xi,t+pxj,t+p]σ

2
eπ(n+1)

=
∑
i 6=j E[b2i,t]E[b2j,t+p]E[x2i,tx

2
j,t+p] +

∑
iE[b2i,tb

2
i,t+p]E[x2i,tx

2
i,t+p] + (σ2

eπ(n+1)
)2

+
∑
i 6=j 4E[bi,tbi,t+p]E[bj,tbj,t+p]E[xi,txi,t+pxj,txj,t+p] +

∑
iE[b2i,t]E[x2i,t]σ

2
eπ(n+1)

+
∑
iE[b2i,t+p]E[x2i,t+p]σ

2
eπ(n+1)

=
∑
i 6=j E[b2i,t]E[b2j,t]E[x2i,tx

2
j,t+p] +

∑
i
1+2α2p

i

3 E[b4i,t]E[x2i,tx
2
i,t+p] + (σ2

eπ(n+1)
)2

+
∑
i6=j 4αpiα

p
jE[b2i,t]E[b2j,t]E[xi,txi,t+pxj,txj,t+p] +

∑
iE[b2i,t]E[x2i,t]σ

2
eπ(n+1)

+
∑
iE[b2i,t]E[x2i,t+p]σ

2
eπ(n+1)

=
∑
i6=j

σ2
i

1−α2
i

σ2
j

1−α2
j
E[x2i,tx

2
j,t+p] +

∑
i
1+2α2p

i

3 3(
σ2
i

1−α2
i
)2E[x2i,tx

2
i,t+p] + (σ2

eπ(n+1)
)2

+
∑
i6=j 4αpiα

p
j

σ2
i

1−α2
i

σ2
j

1−α2
j
E[xi,txi,t+pxj,txj,t+p] +

∑
i

σ2
i

1−α2
i
E[x2i,t]σ

2
eπ(n+1)

+
∑
i

σ2
i

1−α2
i
E[x2i,t+p]σ

2
eπ(n+1)

(10)
with 1 ≤ i, j ≤ π(n), E[b2i,t] =

σ2
i

1−α2
i

, and E[b4i,t] = 3(
σ2
i

1−α2
i
)2. We can see that S(t, t + p)π(n+1) is determined by

corresponding parameters in the causal models of xVn,t and a linear combination of cross-statistics of different orders of
xVn,t. We denote the set of parameters by θπ(n+1). We can find a θπ(n+1), so that ∀p, S(t, t + p)π(n+1) can be totally
explained by a linear combination of cross-statistics of different orders of xVn,t.
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Next we show that for other nodes rs ∈ V̄n which are at the n′th level with n′ > n + 1, S(t, t + p)rs can not be
totally explained by a linear combination of cross-statistics of different orders of xVn,t. For xπ(n′), its potential causes are
xVn,t ∪ z; here we use z to denote the set of variables which are from the (n+ 2)th to (n′ − 1)th level. Then

S(t, t+ p)π(n′)
= E

[
x2π(n′),tx

2
π(n′),t+p

]
= E

[
(bTπ(n′),txVn,t + bTz,tzt + eπ(n′),t)

2(bTπ(n′),t+pxVn,t+p + bTz,tzt + eπ(n′),t+p)
2
]

= E[(bTπ(n′),txVn,t)
2(bTπ(n′),t+pxVn,t+p)

2] + (σ2
eπ(n′)

)2 + E[(bTπ(n′),txVn,t)
2]σ2

eπ(n′)

+E[(bTπ(n′),t+pxVn,t+p)
2]σ2

eπ(n′)
+ E[(bTπ(n+1),txVn,t)

2(bTz,t+pzt+p)
2] + E[(bTπ(n+1),t+pxVn,t+p)

2(bTz,tzt)
2]

+E[(bTz,tzt)
2]σ2

eπ(n′)
+ E[(bTz,t+pzt+p)

2]σ2
eπ(n′)

+ E[(bTz,tzt)
2(bTz,t+pzt+p)

2]

+4E[(bTπ(n+1),txVn,t)
2(bTπ(n+1),t+pxVn,t+p)

2(bTz,tzt)
2(bTz,t+pzt+p)

2]

=
∑
i 6=j E[b2i,t]E[b2j,t]E[x2i,tx

2
j,t+p] +

∑
i
1+2a2pi

3 E[b4i,t]E[x2i,tx
2
i,t+p] +

∑
i6=j 4api a

p
jE[b2i,t]E[b2j,t]E[xi,txi,t+pxj,txj,t+p]

+
∑
iE[b2i,t]E[x2i,t]σ

2
eπ(n′)

+
∑
iE[b2i,t]E[x2i,t+p]σ

2
eπ(n′)

+ (σ2
eπ(n′)

)2 +
∑
i′,j E[b2i′,t]E[b2j,t]E[x2i′,tx

2
j,t+p]

+
∑
i′

1+2a2p
i′

3 E[b4i′,t]E[x2i′,tx
2
i′,t+p] +

∑
i′,j 4api′a

p
jE[b2i′,t]E[b2j,t]E[xi′,txi′,t+pxj,txj,t+p]

+
∑
i′ E[b2i′,t]E[x2i′,t]σ

2
eπ(n′)

+
∑
i′ E[b2i′,t]E[x2i′,t+p]σ

2
eπ(n′)

+
∑
i,j′ E[b2i,t]E[b2j′,t]E[x2i,tx

2
j′,t+p]

+
∑
i 6=j′ 4a

p
i a
p
j′E[b2i,t]E[b2j′,t]E[xi,txi,t+pxj′,txj′,t+p] +

∑
i′,j′ E[b2i′,t]E[b2j′,t]E[x2i′,tx

2
j′,t+p]

+
∑
i′ 6=j′ 4a

p
i′a

p
j′E[b2i′,t]E[b2j′,t]E[xi′,txi′,t+pxj′,txj′,t+p]

=
∑
i 6=j

σ2
i

1−α2
i

σ2
j

1−α2
j
E[x2i,tx

2
j,t+p] +

∑
i
1+2a2pi

3 3(
σ2
i

1−α2
i
)2E[x2i,tx

2
i,t+p] +

∑
i 6=j 4api a

p
j

σ2
i

1−α2
i

σ2
j

1−α2
j
E[xi,txi,t+pxj,txj,t+p]

+
∑
i

σ2
i

1−α2
i
E[x2i,t]σ

2
eπ(n′)

+
∑
i

σ2
i

1−α2
i
E[x2i,t+p]σ

2
eπ(n′)

+ (σ2
eπ(n′)

)2

+
∑
i′,j

σ2
i′

1−α2
i′

σ2
j

1−α2
j
E[x2i′,tx

2
j,t+p] +

∑
i′

1+2a2p
i′

3 3(
σ2
i′

1−α2
i′

)2E[x2i′,tx
2
i′,t+p]

+
∑
i′,j 4api′a

p
j

σ2
i′

1−α2
i′

σ2
j

1−α2
j
E[xi′,txi′,t+pxj,txj,t+p] +

∑
i′

σ2
i′

1−α2
i′
E[x2i′,t]σ

2
eπ(n′)

+
∑
i′

σ2
i′

1−α2
i′
E[x2i′,t+p]σ

2
eπ(n′)

+
∑
i,j′

σ2
i

1−α2
i

σ2
j′

1−α2
j′
E[x2i,tx

2
j′,t+p] +

∑
i,j′ 4a

p
i a
p
j′

σ2
i

1−α2
i

σ2
j′

1−α2
j′
E[xi,txi,t+pxj′,txj′,t+p]

+
∑
i′,j′

σ2
i′

1−α2
i′

σ2
j′

1−α2
j′
E[x2i′,tx

2
j′,t+p] +

∑
i′ 6=j′ 4a

p
i′a

p
j′

σ2
i′

1−α2
i′

σ2
j′

1−α2
j′
E[xi′,txi′,t+pxj′,txj′,t+p]

(11)
with 1 ≤ i, j ≤ n, n + 1 ≤ i′, j′ < n′. Denote by st(xVn,t, θπ(n+1), p) the sum of first six terms in the last equality in
(11) and st(xVn′−1,t

, θπ(n′), p) the remaining parts. Provided that st(xVn′−1,t
, θπ(n′), p) = a · st(xVn,t, θπ(n+1), p) does

not hold for any a ∈ R, S(t, t+ p)π(n′) cannot be determined by parameters in θπ(n+1) and statistics of xVn,t. Thus, we
can not find a set of parameters, so that S(t, t+ p)π(n′) can be totally explained by a linear combination of cross-statistics
of different orders of xVn,t.

Thus, we can determine the process which is at the (n+ 1)th level, and its parameters are identifiable according to (9) and
Lemma S1. Therefore, we can identify the causal model up to the (n+ 1)th level.

Repeating this procedure until we go through all processes, we have the identifiability of the whole causal model.

S2. Proof of Corollary 1
Proof. Since in Theorem 1, we have shown that the instantaneous causal order is identifiable, and for lagged causal
relations, their causal order is fixed: from past to future, it reduces to a parameter identification problem.

For variable with ordering π(i), it has the following varying coefficients model:
xπ(i),t =

π(i−1)∑
j=1

bπ(i)j,txj,t +
sl∑
s=1

m∑
k=1

c
(s)
π(i)k,txk,t−s + eπ(i),t,

bπ(i)j,t = απ(i)j,0 + απ(i)j,1bπ(i)j,t−1 + επ(i)j,t,

c
(s)
π(i)j,t = γ

(s)
π(i)j,0 +

∑
r=1

γ
(s)
π(i)j,rc

(s)
π(i)j,t−r + ν

(s)
π(i)j,t,

(12)
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where the instantaneous causal order π is known.

According to Lemma S1, the parameters in the varying coefficients model are identifiable. Thus, the parameters in (12)
are identifiable. Combined with the result from Theorem 1 that the causal order is identifiable, therefore, the whole causal
model is identifiable.

S3. M Step in SAEM algorithm
In this section, we give detailed derivations of the M step in the SAEM algorithm. We consider three scenarios separately:
with the change of both causal strengths and noise variances (Section S3.1), with the change of only causal strengths
(Section S3.2), and with both instantaneous and time-lagged causal relationships (Section S3.3).

S3.1. With the Change of Both Causal Strengths and Noise Variances

The proposed time-varying causal network is defined as:
Xt = (I −Bt)−1Et,

bij,t = αij,0 +
pl∑
p=1

αij,pbij,t−p + εij,t,

hi,t = βi,0 +
ql∑
q=1

βiqhi,t−q + ηi,t,

(13)

for t = max(pl, ql), · · · , T , where Xt = (x1,t, · · · , xm,t)T, Bt is an m ×m causal adjacency matrix with entries bij,t,
and Et = (e1,t, · · · , em,t)T with ei,t ∼ N (0, σ2

i,t), hi,t = log(σ2
i,t), εij,t ∼ N (0, wij), and ηi,t ∼ N (0, vi).

The model defined in equation (13) can be regarded as a nonlinear state space model, with causal coefficients
and the logarithm of noise variances being latent variables Z =

{
{bij}ij , {hi}i

}
, and model parameters θ ={

{αij,0}ij , {αij,p}ij,p, {βi,0}i, {βi,q}i,q, {wij}ij , {vi}i
}

. Therefore, it can be transformed to a standard nonlinear state
space model estimation. Particularly, we exploit an efficient stochastic approximation expectation maximization (SAEM)
algorithm (Delyon et al., 1999), combining with conditional particle filters with ancestor sampling (CPF-AS) in the E step
(Lindsten et al., 2012; Lindsten, 2013), for model estimation.

SAEM computes the E step by Monte Carlo integration and uses a stochastic approximation update of the quantity Q:

Q̂k(θ) = (1− λk)Q̂k−1(θ) + λk

M∑
j=1

ω
(k,j)
T∑
l ω

(k,l)
T

log pθ(X1:T , B
(k,j)
1:T , h

(k,j)
1:T ), (14)

with

log pθ(X1:T , B
(k,j)
1:T , h

(k,j)
1:T )

=
∑T
t=1 log pθ(Xt|B(k,j)

t , h
(k,j)
t ) +

∑T
t=pl+1 log pθ(B

(k,j)
t |B(k,j)

t−1 , · · · , B
(k,j)
t−pl ) +

∑pl
t=1 log pθ(B

(k,j)
t )

+
∑T
t=ql+1 log pθ(h

(k,j)
t |h(k,j)t−1 , · · · , h

(k,j)
t−ql ) +

∑ql
t=1 log pθ(h

(k,j)
t ),

(15)

where B(k,j)
t is the sampled jth particle of Bt at the kth iteration, and h(k,j)t is the sampled jth particle of ht at the kth

iteration.

Let α0 = {αij,0}ij , αp = {αij,p}ij for p = 1, · · · , pl, w = {wij}ij , and let β0 = {βi,0}i, βq = {βi,q}i,q for q =
1, · · · , ql, v = {vi}i.

For presentation convenience, we reorganize the form of some parameters and latent variables. Let B̃ be an m(m− 1)× 1
vector, which is derived by stacking each column of B in sequence after removing diagonal entries. Let α̃p be an m(m−
1)×m(m−1) matrix, which is derived first by stacking each column of α in sequence after removing the diagonal entries
and then diagonalize the vector into a matrix. The same operation is applied on α0 to get α̃0, and on w to get w̃. β̃q is an
m ×m matrix, derived by diagonalize the vector βq into a matrix. The same operations are applied on β0 to get β̃0. The
reorganized parameters are θ̃ = {α̃0, {α̃p}plp=1, w̃, β̃0, {β̃q}

ql
q=1, v}.
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By inductive reasoning, equation (14) can be rewritten as

Q̂k(θ) =

k∑
i=1

M∑
j=1

(1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)
T · L(i,j), (16)

where L(i,j) = log pθ(X1:T , B
(i,j)
1:T , h

(i,j)
1:T ). Each parameter is estimated by setting the corresponding partial derivative of

the expected log-likelihood Q̂k to zero.

By taking the derivative of Q̂k(θ) w.r.t α̃p, we have

∂Q̂k
∂α̃p

= ∂
∂α̃p

∑k
i=1

∑M
j=1(1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T · L(i,j)

=
∑k
i=1

∑M
j=1(1− λk)(1− λk−1) · · · (1− λi+1)(1− λi) · ω(i,j)

T · ∂L
(i,j)

∂α̃p

(17)

with

∂L(i,j)

∂α̃p
=

T∑
t=pl+1

w̃−1(B̃
(i,j)
t − α̃0 −

pl∑
l=1

α̃l · B̃(i,j)
t−l )B̃

T (i,j)
t−p . (18)

Set ∂Q̂k∂α̃p
= 0, and thus,

ˆ̃α
(k)
p

=

(∑k
i=1

∑M
j=1

∑T
t=pl+1(1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T · (B̃(i,j)
t − α̃0 −

∑
l 6=p α̃l · B̃

(i,j)
t−l )B̃

T (i,j)
t−p

)
·
(∑k

i=1

∑M
j=1

∑T
t=pl+1(1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T · B̃(i,j)
t−p B̃

T (i,j)
t−p

)−1
=

(
(1− λk) ˆ̃α(k−1)

pa + λk

M∑
j=1

T∑
t=pl+1

ω
(k,j)
T · (B̃(k,j)

t − α̃0 −
∑
l 6=p

α̃l · B̃(k,j)
t−l )B̃

T (k,j)
t−p

)
︸ ︷︷ ︸

ˆ̃α
(k)
pa

·
(

(1− λk) ˆ̃α(k−1)
pb

+ λk

M∑
j=1

T∑
t=pl+1

ω
(k,j)
T · B̃(k,j)

t−p B̃
T (k,j)
t−p

)−1
︸ ︷︷ ︸

ˆ̃α
(k)
pb

.

(19)

Set ∂Q̂k∂α̃0
= 0, and thus

ˆ̃α
(k)
0

=

(∑k
i=1

∑M
j=1(T − pl) · (1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T

)−1
·
(∑k

i=1

∑M
j=1

∑T
t=pl+1(1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T · (B(i,j)
t − α̃0 −

∑pl
l=1 α̃l ·B

(i,j)
t−l )

)
=

(
(1− λk)α̂

(k−1)
0a

+ λk

M∑
j=1

(T − pl) · ω(k,j)
T

)−1
︸ ︷︷ ︸

α̂
(k)
0a

·
(

(1− λk)α̂
(k−1)
0b

+ λk

M∑
j=1

T∑
t=pl+1

ω
(k,j)
T · (B(k,j)

t − α̃0 −
ql∑
l=1

α̃l ·B(k,j)
t−l )

)
︸ ︷︷ ︸

α̂
(k)
0b

.

(20)
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Take the derivative of Q̂k(θ) w.r.t w̃:

∂Q̂k
∂w̃

=

k∑
i=1

M∑
j=1

(1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)
T · ∂L

(i,j)

∂w̃
, (21)

where

∂L(i,j)

∂w̃

=
∑T
t=pl+1

[
− 1

2 w̃
−T + 1

2 w̃
−T (B̃

(i,j)
t − α̃0 −

∑pl
l=1 α̃l · B̃

(i,j)
t−l )(B̃

(i,j)
t − α̃0 −

∑pl
l=1 α̃l · B̃

(i,j)
t−l )T w̃−T

]
.

(22)

Set ∂Q̂k∂w̃ = 0, and thus

ˆ̃w(k)

=

(∑k
i=1

∑M
j=1(T − p) · (1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T

)−1
·
(∑k

i=1

∑M
j=1

∑T
t=p+1(1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T

·(B̃(i,j)
t − α̃0 −

∑pl
l=1 α̃l · B̃

(i,j)
t−l )(B̃

(i,j)
t − α̃0 −

∑pl
l=1 α̃l · B̃

(i,j)
t−l )T

)
=

(
(1− λk) ˆ̃w(k−1)

a + λk

M∑
j=1

(T − p) · ω(k,j)
T

)−1
︸ ︷︷ ︸

ˆ̃w
(k)
a

·
(

(1− λk) ˆ̃w
(k−1)
b + λk

M∑
j=1

T∑
t=pl+1

ω
(k,j)
T · (B̃(k,j)

t − α̃0 −
pl∑
l=1

α̃l · B̃(k,j)
t−l )(B̃

(k,j)
t − α̃0 −

pl∑
l=1

α̃l · B̃(k,j)
t−l )T

)
︸ ︷︷ ︸

ˆ̃w
(k)
b

.

(23)

Take the derivative of Q̂k(θ) w.r.t β0 and set ∂Q̂k∂β0
= 0, and thus

β̂
(k)
0

=

(∑k
i=1

∑M
j=1(T − q) · (1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T

)−1
·
(∑k

i=1

∑M
j=1

∑T
t=q+1(1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T · (h(i,j)t − β̃0 −
∑ql
l=1 β̃l · h

(i,j)
t−l )

)
=

(
(1− λk)β̂

(k−1)
0a

+ λk

M∑
j=1

(T − q) · ω(k,j)
T

)−1
︸ ︷︷ ︸

β̂
(k)
0a

·
(

(1− λk)β̂
(k−1)
0b

+ λk

M∑
j=1

T∑
t=ql+1

ω
(k,j)
T · (h(k,j)t − β̃0 −

ql∑
l=1

β̃l · h(k,j)t−l )

)
︸ ︷︷ ︸

β̂
(k)
0b

.

(24)
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Take the derivative of Q̂k(θ) w.r.t β̃q and set ∂Q̂k
∂β̃q

= 0, and thus

ˆ̃
β
(k)
q

=

(∑k
i=1

∑M
j=1

∑T
t=ql

(1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)
T · (h(i,j)t − β0 −

∑
l 6=q βlh

(i,j)
t−l )h

T (i,j)
t−q

)
·
(∑k

i=1

∑M
j=1

∑T
t=ql

(1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)
T · h(i,j)t−q h

T (i,j)
t−q

)−1
=

(
(1− λk)

ˆ̃
β(k−1)
qa + λk

M∑
j=1

T∑
t=ql+1

ω
(k,j)
T · (h(k,j)t − β0 −

∑
l 6=q

βlh
(k,j)
t−l )h

T (k,j)
t−q

)
︸ ︷︷ ︸

ˆ̃
β
(k)
qa

·
(

(1− λk)
ˆ̃
β(k−1)
qb

+ λk

M∑
j=1

T∑
t=ql+1

ω
(k,j)
T · h(k,j)t−q h

T (k,j)
t−q

)−1
︸ ︷︷ ︸

ˆ̃
β
(k)
qb

.

(25)

Take the derivative of Q̂k(θ) w.r.t v and set ∂Q̂k∂v = 0, and thus

v̂(k)

=

(∑k
i=1

∑M
j=1(T − ql) · (1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T

)−1
·
(∑k

i=1

∑M
j=1

∑T
t=ql+1(1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T

·(h(i,j)t − β0 −
∑ql
l=1 β̃lh

(i,j)
t−l )(h

(i,j)
t − β0 −

∑ql
l=1 β̃lh

(i,j)
t−l )T

)
=

(
(1− λk)v̂(k−1)a + λk

M∑
j=1

(T − ql) · ω(k,j)
T

)−1
︸ ︷︷ ︸

v̂
(k)
a

·
(

(1− λk)v̂
(k−1)
b + λk

M∑
j=1

T∑
t=ql+1

ω
(k,j)
T · (h(k,j)t − β0 −

ql∑
l=1

β̃lh
(k,j)
t−l )(h

(k,j)
t − β0 −

ql∑
l=1

β̃lh
(k,j)
t−l )T

)
︸ ︷︷ ︸

v̂
(k)
b

.

(26)

S3.2. With the Change of Only Causal Strengths

If we assume that the variance of Et does not change across time, then we have the following time-varying causal network:


Xt = (I −Bt)−1Et,

bij,t = αij,0 +
pl∑
p=1

αij,pbij,t−p + εij,t,
(27)

for t = pl, · · · , T , where Xt = (x1,t, · · · , xm,t)T, Bt is an m × m causal adjacency matrix with entries bij,t, Et =
(e1,t, · · · , em,t)T with ei,t ∼ N (0, σ2

i ), and εij,t ∼ N (0, wij). Let R be an m×m diagonal matrix with diagonal entries
σ2
i . The latent variables are Z =

{
{bij}ij

}
, and model parameters are θ =

{
{αij,0}ij , {αij,p}ij,p, {wij}ij , {σi}i

}
.
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We update R by setting ∂Q̂k
∂R̃

= 0, and thus

R̂(k)

=

(∑k
i=1

∑M
j=1 T · (1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T

)−1
·
(∑k

i=1

∑M
j=1

∑T
t=1(1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T · (I − B̃(i,j)
t )XtX

T
t (I − B̃(i,j)

t )T
)

=

(
(1− λk) ˆ̃R(k−1)

a + λk

M∑
j=1

T · ω(k,j)
T

)−1
︸ ︷︷ ︸

ˆ̃R
(k)
a

·
(

(1− λk) ˆ̃R
(k−1)
b + λk

M∑
j=1

T∑
t=1

ω
(k,j)
T · (I − B̃(k,j)

t )XtX
T
t (I − B̃(k,j)

t )T
)

︸ ︷︷ ︸
ˆ̃R
(k)
b

.

(28)

The other parameters are updated in the same way as those is Section S3.1.

S3.3. With Both Contemporaneous and Time-Lagged Causal Relationships

It is easy to extend to the case with both contemporaneous and time-lagged causal relationships:

Xt = (I −Bt)−1(
∑sl
s C

(s)
t Xt−s + Et),

bij,t = αij,0 +
∑pl
p=1 αij,pbij,t−p + εij,t,

hi,t = βi,0 +
ql∑
q=1

βiqhi,t−q + ηi,t,

c
(s)
ij,t = γ

(s)
ij,0 +

rl∑
r=1

γ
(s)
ij,rc

(s)
ij,t−r + ν

(s)
ij,t,

(29)

for t = max(pl, ql), · · · , T , whereXt = (x1,t, · · · , xm,t)T,Bt is anm×m causal adjacency matrix with entries bij,t,C
(s)
t

is anm×mmatrix with entries c(s)ij,t for s = 1, · · · , sl, andEt = (e1,t, · · · , em,t)T with ei,t ∼ N (0, σ2
i,t), hi,t = log(σ2

i,t),

εij,t ∼ N (0, wij), ηi,t ∼ N (0, vi), and ν(s)ij,t ∼ N (0, u
(s)
ij ). The latent variables are Z =

{
{bij}ij , {c(s)ij }ij,s, {hi}i

}
, and

model parameters are θ =
{
{αij,0}ij , {αij,p}ij,p, {βi,0}i, {βi,q}i,q, {wij}ij , {vi}i, {γ(s)ij,0}ij,s, {γ

(s)
ij,r}ij,r,s, {uij}

(s)
ij

}
.

Set ∂Q̂k
∂γ̃

(s)
r

= 0, and thus

ˆ̃γ
(s,k)
r

=

(∑k
i=1

∑M
j=1

∑T
t=rl+1(1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T · (C̃(s,i,j)
t − γ(s)0 −

∑
l 6=r γ

(s)
l C̃

(s,i,j)
t−l )C̃

T (s,i,j)
t−r

)
·
(∑k

i=1

∑M
j=1

∑T
t=rl+1(1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T · C̃(s,i,j)
t−r C̃

T (s,i,j)
t−r

)−1
.

=

(
(1− λk)ˆ̃γ(s,k−1)ra + λk

M∑
j=1

T∑
t=rl+1

ω
(k,j)
T · (C̃(s,k,j)

t − γ(s)0 −
∑
l 6=r

γ
(s)
l C̃

(s,k,j)
t−l )C̃

T (s,k,j)
t−r

)
︸ ︷︷ ︸

ˆ̃γ
(s,k)
ra

·
(

(1− λk)ˆ̃γ(s,k−1)rb
+ λk

M∑
j=1

T∑
t=rl+1

ω
(k,j)
T · C̃(s,k,j)

t−r C̃
T (s,k,j)
t−r

)−1
︸ ︷︷ ︸

ˆ̃γ
(s,k)
rb

(30)
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Set ∂Q̂k
∂ũ(s) = 0, and thus

ˆ̃u(s,k)

=

(∑k
i=1

∑M
j=1(T − rl) · (1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T

)−1
·
(∑k

i=1

∑M
j=1

∑T
t=rl+1(1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T

·(C̃(s,i,j)
t − γ̃(s)0 −

∑rl
l=1 γ̃l · C̃

(s,i,j)
t−l )(C̃

(s,i,j)
t − γ̃(s)0 −

∑pl
l=1 γ̃l · C̃

(s,i,j)
t−l )T

)
=

(
(1− λk)ˆ̃u(s,k−1)a + λk

M∑
j=1

(T − rl) · ω(k,j)
T

)−1
︸ ︷︷ ︸

ˆ̃u
(s,k)
a

·
(

(1− λk)ˆ̃u
(s,k−1)
b + λk

M∑
j=1

T∑
t=rl+1

ω
(k,j)
T · (C̃(s,k,j)

t − γ̃(s)0 −
rl∑
l=1

γ̃
(s)
l · C̃

(s,k,j)
t−l )(C̃

(s,k,j)
t − γ̃(s)0 −

pl∑
l=1

γ̃
(s)
l · C̃

(s,k,j)
t−l )T

)
︸ ︷︷ ︸

ˆ̃u
(s,k)
b

.

(31)

Set ∂Q̂k∂ũc
= 0, and thus

ˆ̃u
(k)
c

=

(∑k
i=1

∑M
j=1(1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T

)−1
·
(∑k

i=1

∑M
j=1(1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T · 1
rl

∑rl
t=1(C̃

(i,j)
t − µc)(C̃(i,j)

t − µc)T
)

=

(
(1− λk)ˆ̃u(k−1)ca + λk

M∑
j=1

ω
(k,j)
T

)−1
︸ ︷︷ ︸

ˆ̃u
(k)
ca

·
(

(1− λk)ˆ̃u(k−1)cb
+ λk

M∑
j=1

ω
(k,j)
T · 1

rl

rl∑
t=1

(C̃
(k,j)
t − µc)(C̃(k,j)

t − µc)T
)

︸ ︷︷ ︸
ˆ̃u
(k)
cb

.

(32)

Set ∂Q̂k
∂γ̃

(s)
0

= 0, and thus

ˆ̃γ
(s,k)
0

=

(∑k
i=1

∑M
j=1(T − rl) · (1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T

)−1
·
(∑k

i=1

∑M
j=1

∑T
t=rl+1(1− λk)(1− λk−1) · · · (1− λi+1)λi · ω(i,j)

T · (C(s,i,j)
t − γ̃(s)0 −

∑rl
l=1 γ̃

(s)
l · C

(s,i,j)
t−l )

)
=

(
(1− λk)ˆ̃γ

(s,k−1)
0a

+ λk

M∑
j=1

(T − rl) · ω(k,j)
T

)−1
︸ ︷︷ ︸

ˆ̃
λ
(s,k)
0a

·
(

(1− λk)ˆ̃γ
(s,k−1)
0b

+ λk

M∑
j=1

T∑
t=ql+1

ω
(k,j)
T · (C(s,k,j)

t − γ̃(s)0 −
ql∑
l=1

γ̃
(s)
l · C

(s,k,j)
t−l )

)
︸ ︷︷ ︸

ˆ̃γ
(s,k)
0b

.

(33)
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The other parameters are updated with the same way as those in Section S3.1.

S4. Conditional Particle Filter with Ancestor Sampling
The detailed procedure of conditional particle filter with ancestor sampling is summarized in Algorithm S1.

Algorithm S1 CPF with Ancestor Sampling

1: Let prespecified particles be Z̊ ′1:T = {Z̊ ′1, · · · , Z̊ ′T }.
2: Draw Z̊

(j)
1 from Z̊

(j)
1 ∼ fθ(Z̊1), j = 1, · · · ,M − 1.

3: Set Z̊(M)
1 = Z̊ ′1.

4: Set ω(j)
1 = Wθ,1(Z̊

(j)
1 ) for j = 1, · · · ,M .

5: for t = 2 to T do
6: Draw sjt with P (sjt = i) ∝ ω(i)

t−1 for j = 1, · · · ,M − 1.
7: Draw sMt with P (sMt = j) ∝ ω(j)

t−1fθ(Z̊
′
t|Z̊

j
t−1).

8: Draw Z̊
(j)
t ∼ fθ(Z̊t|Z̊

sjt
t−1) for j = 1, · · · ,M − 1.

9: Set Z̊(M)
t = Z̊ ′t.

10: Set Z̊(j)
1:t = {Z̊s

j
t

1:t−1, Z̊
(j)
t } for j = 1, · · · ,M .

11: Set ω(j)
t = Wθ,t(Z̊

(j)
t , Z̊

sjt
t−1) for j = 1, · · · ,M .

12: end for

S5. Sparsity Constraints
In practical problems, the causal connections may be sparse. In this section, we consider the sparsity constraints on causal
adjacency matrix Bt and that on bij,t − bij,t−1,∀i, j, which ensures smooth changes of bij,t across time.

It is well known that lasso regularization for sparsity is biased. Thus, we utilize the smoothly clipped absolute deviation
(SCAD) penalty, which has shown to be unbiased for the resulting estimator of significant parameters (Fan & Li, 2001).
The SCAD penalty is given by

pSCAD
λ (bij,t) =


λ|bij,t| if |bij,t| ≤ λ
− |bij,t|

2−2aλ|bij,t|+λ2

2(a−1) if λ < |bij,t| ≤ aλ
(a+1)λ2

2 if |bij,t| > aλ

where a and λ are hyperparameters. The penalized log-likelihood for equation is modified as

pλ(X|B)

=
∑T
t=1 log p(Xt|Bt, σ2

t )−
∑T
t=1

∑
i,j p

SCAD
λ (bij,t)

−
∑T
t=2

∑
i,j p

SCAD
λ (bij,t − bij,t−1).

(34)

Since adding sparsity on Bt and bij,t− bij,t−1 does not affect the derivatives of the parameters in the M step, we only need
to modify the likelihood used in the E step, by replacing p(X|B) with pλ(X|B).
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