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Supplement

The supplement contains the detailed proofs of our results
(Section A), a few technical lemmas used during these ar-
guments (Section B), the McDiarmid inequality for self-
containedness (Section C), and the pseudocode of the two-
sample test performed in Experiment-2 (Section D).

A. Proofs of Theorem 1 and Theorem 2

This section contains the detailed proofs of Theorem 1 (Sec-
tion A.1) and Theorem 2 (Section A.2).

A.1. Proof of Theorem 1

The structure of the proof is as follows:

1. We show that [|fip.o — pp|| < (1 + V2)rg, N, Where
TQ.N = Supscp, MONg { (fLK(,x)— MIP)K}, ie.

f(z)-Pf
the analysis can be reduced to Bg.
2. Then rq n is bounded using empirical processes.

Step-1: Since Hk is an inner product space, for any f €
Hi

If = K 2)|% — llue — K(,2)|%
=If — el —2(f — pe, K(, @) — pp) e . (14)

Hence, by denoting e = jip,g — pip, § = g — pp We get

2
el = 2rq.n llell

(a) 2 e

< el —2M0Ng [( 5 KC) — e ) el
K K

(b) 9 e

< MONQ ||e||K_2 W?K("x)_/‘@’ HeHK
K K

(©) ) 9 9
< MONg [lir@ = K (@)l = llue — K(2)%]

(d) . 9 2
< sup MONg ||jir.q = K (@)} = lg = K 2)lli ]
gEH K

(e)
< sup MONg [llue = K (@) = llg = K ()%

geEH K

) ~ )

L sup {oMONg [ (5. KC.0) —ps)ig |~ Nl |
g K

131 s { T3 K o) —niz)

(9) ~ ~ (h)

2 sup {2113l ron — 315} < v, (1s)
geEH K

where we used in (a) the definition of 7, (b) the linearity’
of MONg, [-], (c) Eq. (14), (d) sup,, (e) the definition of

"MONg [c1 + caf] = ¢1 + c2MONg [f] for any ¢1,c2 € R.

fp,o, (f) Eq. (14) and the linearity of MONg [-], (g) the
definition of g n. In step (h), by denoting a = |7l .
r = rQ,N, the argument of the sup takes the form 2ar — a?;
2ar —a?> <r? <0< 7?2 —2ar +a®> = (r —a)?

In Eq. (15), we obtained an equation a? — 2ra < r? where
a := |lel > 0. Hence r? 4+ 2ra — a* > 0, r1o =
[—2a + V4a? + 4a?] /2 = (—1 + V/2) a, thus by the non-

negativity of a, 7 > (=1 + \@)a, ire,a< \/571 = (\/§ +

1)r. In other words, we arrived at

i — el < (14 V2)rn.  (16)

It remains to upper bound rg n.

Step-2: Our goal is to provide a probabilistic bound on

ro,N = sup MONg [z — (f, K(-,x) — up) ]
fEBK

= sup med , - .
Sup med{(fsps, — be)ich
=:r(f,q)

The N, corrupted samples can affect (at most) V. of the
(S¢)qejq) blocks. Let U := [Q]\C stand for the indices of
the uncorrupted sets, where C' := {q € [Q] : In, s.t. n; €
Sq, § € [N¢]} contains the indices of the corrupted sets. If

Vi€ Bi:l{a€Usr(fia) 24N < T, A7)

ZqEU Lo(f,q)>e

then for Vf € Bg, medycio{r(f,9)} < e ie.
sup e, medye({7(f,q)} < e Thus, our task boils
down to controlling the event in (17) by appropriately choos-
ing €.

e Controlling r(f,q): For any f € Bk the random vari-
ables (f, k(-, i) — pp)gc,. = f(xi) — Pf are indepen-
dent, have zero mean, and

Eonp (f, k(,20) — pp) s = (f, e f) i
<l IS f e < A% IISell = 1Zpll (18)

using the reproducing property of the kernel and the co-
variance operator, the Cauchy-Schwarz (CBS) inequality

and | f]lye,. = 1.

For a zero-mean random variable z by the Chebyshev’s
inequality P (z > a) < P (|z| > a) < E (2?) /a?, which
implies P (z > /E(22) /a) <abyaa=E(z?)/a?
substitution. With z := 7(f,q) (¢ € U), using E [2?] =

2
E(f,us, = tp) s = FEap (fk(,2:) — pp)5 and
Eq. (18) one gets that for all f € Bg, o € (0,1) and

q € U: P(r(f,q)>\/”i”}vQ> < «. This means
P(r(f7q)>§)§awith622\/%.
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e Reduction to ¢: As a result

> P (r(f.0)

qeU

> S) < [Ula

happens if and only if

Z L (f,q)>e

qeU

<|Ula+) {Hr(f,q)ze— ( (frq) = 2” =: A

qeU —_—
E[Hw(fng]

Letusintroduce ¢ : ¢t € R — (¢t — I)I1<4<2 + I;>2. ¢
is 1-Lipschitz and satisfies Io<; < ¢(t) < I;<, for any
t € R. Hence, we can upper bound A as

e S (2] (242

qeU

by noticing that ¢ < r(f7q) < 2 < 2r(f,q)/e and
e/2 < r(f,q) & 1 < 2r(f,q)/e, and by using the
Io<; < ¢(t) and the ¢(t) < I <; bound, respectively.

Taking supremum over B we arrive at

sup Z ]IT(ﬁq

feBk qeU

s g B (4) 5 (22).

fe€EBK qeU

=:Z

e Concentration of Z around its mean: Notice that Z is
a function of xy, the samples in the uncorrupted blocks;
V = UgeuSy. By the bounded difference property of
Z (Lemma 4) for any $ > 0, the McDiarmid inequality
(Lemma 6; we choose 7 := Q3% /8 to get linear scaling
in @ on the r.h.s.) implies that

2
P(Z <Ey[Z]+QB) 2 1—e 5
e Bounding E,., [Z]: Let M = N/Q denote the number
of elements in S;-s. The § = {gf f € Bg} class with

gr : XM 5> Rand Py = 7 M defined as

m=1 Um

) = o ({22225 )

is uniformly bounded separable Carathéodory (Lemma 5),
hence the symmetrization technique (Steinwart & Christ-
mann, 2008, Prop. 7.10), (Ledoux & Talagrand, 1991)

gives
3 q¢<27’(f, )) ’

qeU

E.,[Z] < 2E, E. sup

fE€BK

where e = (¢4)qev € RIY! with i.i.d. Rademacher en-
tries [P(eq = 1) = 1 (Vg)].

e Discarding ¢: Since ¢(0) = 0 and ¢ is 1-Lipschitz,
by Talagrand’s contraction principle of Rademacher pro-
cesses (Ledoux & Talagrand, 1991), (Koltchinskii, 2011,
Theorem 2.3) one gets

E;, Ee sup
fE€EBK

Z q¢<27’(f7 )>

qeU

<2E,. E
<28 B sup |3 e, 20
qelU
e Switching from |U| to N terms: Applying an other sym-
metrization [(a)], the CBS inequality, f € B, and the
Jensen inequality

Q
>_ea
q=1

r(f,q)

E;, Ee sup
fe€BK

(a) 2
QE vEer | sup ‘Zeﬂf,K(-,xn)—mP)K’

:<f’En€V E;L[K('vxn)_NWDK

2@

| /\

iR, Eo S e [K () — pe]

nev

sup || fllx
fEBK\V-’
=1

K

2

K

2
2Q

— | Ey Eer
eN v

IN

Z e, [K(a xn) - /~LIP’]

nev

K

o

® 2Q V| Tr(Xp)
eN '

In (a), we proceed as follows:

E,, Ee sup Zeqr(f’q)

€
feBk qcU

=E; Ee sup
f€BK

3. (fps, — e 5
q
qeU €

) 2
QIE vEeEer sup

fE€BK

Z e;z Z LK n) - :LL[F’>K

neVv

> e K

nev

2
QE vEe sup

R
N Par s (-, p) ,UIP’>K

where in (c) we applied symmetrization, e =

(e!)nev € RVl with iid. Rademacher entries,
er = e if n € S, (¢ € U), and

n
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distr

we used that (ejep (f, K(,@n) — pp) i), ey =

(6;1 <faK(7xn) IU'P> )neV'
In step (b), we had

2
E., Ee el [ () = poel|

2
:EmvEe’ [efn] <K(a$n) _MPaK('axn) _MP>K
neV

= [VIEenp (K(,2) — pp, K (- 2) = pp) ¢
= [V[Eqnp Tr ([K (- 2) — pp] © [K(- x) — pp])
= [V Tr(3p)

neVv

=1
1), 8> 0,if

exploiting the independence of e/,-s and [e/,

Until this point we showed that for all « € (0,
€ > 24/ % then

Q
8Q+/|V| Tr(Zp)
sup Hr A eﬁ UCY+Q/8+—
feBx ; (f.9)> | | eN

. . Qp?
with probability at least 1 — e~ s . Thus, to ensure that

SUD e g, Zqul L(f,q)>e + Ne < Q/2 it is sufficient to

choose ( ,3,¢€) such that |U|a + Q8 + W +
N. < & %, and in this case ||fip,qg — pplx < (14 V2)e

Applying the |U| < @ and |V| < N bounds, we want to
have

8Q/ Tr(Zp) Q
Qa+Qp+ TN + Ne < 5

Choosing a = g = g in Eq. (19), the sum of the first two

terms is Q%—‘s; € > max ( \/SH?RHQ, 254 \/Tr (Ze) ) gives
< Qg for the third term. Since N, < Q(§ —9), we got

v — vl ¢ < c1 max W’IIEPIQ 12¢T<zp>
P,Q Plg > C1 3N 5 ¥

2

. 5
. Withann = e’%, and

19)

2
with probability at least 1 —e™ S

1
hence Q = ~ 1;12(")

reparameterization Theorem 1 follows.

A.2. Proof of Theorem 2

The reasoning is similar to Theorem 1; we detail the dif-
ferences below. The high-level structure of the proof is as
follows:

e First we  prove that |1\71\E)Q(IP’, Q -
MMD(P,Q)| <  rqn, where ron =

sup ’med{<f, Hs, P — l‘Sq,Q) - (,U]P’ - /‘Q)>K}"

feBx'4€(Q]
e Then rqg y is bounded.

Step-1:

o MMDg, (P, Q) — MMD(P, Q) < r.n: By the subaddi-
tivity of supremum [sup(ay+by) < supay+supy byl
one gets

MMDg (P, Q)
p— d —_— _ —_
Sup med {(f, (s, p — ps,.0) — (up — pq)
+ (= po)) g }
< d - -
Sup med {(f, (s, p = 1s,0) — (e — 1)) i }
+ sup (f,pup — po) x
f€BK
< d —(up —
< sup |med {{f. (ns,p = 1s,0) = (up — p@)) i }
=rQ,N
+ MMD(P, Q).

° MMDQ (HD, Q) — mQ (]P, @) S ’I"Q"NI
Let ay = (f,up — o)y and by =
med {<f7 /J,]p — ,U,Q) (,USq,]P’ — /‘Sq,‘@»]{}' Then
q€[Q]
ay — by
= <f7 Hp — :UQ>K

+ medgeq) {(f; (s, p — 115,,0) — (ke — 1Q)) x }
= medqe[Q] {<f’ MSqr]P - qu’Q>K}

by med,eig{—24} = —medgco{2}. Applying the
supy(ay—bs) > sup; ay—sup; by inequality (it follows
from the subadditivity of sup):

MMDq (P, Q)
> MMD(P, Q)

— sup med , —
feBquEQ]Kf e — pg) —

'uquQ)>K}

—qrg?g]{(ﬁ(usq p—psg.0)—(up—pq)) . }

> MMD(P, Q)

(ﬂsq,JP -

— sup
f€BK

d {(f.
;TEleQ] {{f, (s, p —

s,,0) — (Hp M@)>K}‘-

TQ,N

Step-2: Our goal is to control

TQ,N = SUDfcp, ’medqe[g]{T(f, q)}‘, where
T(f7 Q) = <fa (USQ,IP

The relevant quantities which change compared to the proof
of Theorem 1 are as follows.

- ﬂSq,Q) - (NIP’ - N’Q)>K
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. . 2 2
e Median rephrasing: with probability at least 1 — e*%. n = e*%, ie.
n(t

sup |med {r(f,q)} <e Q= = 162( 1) reparameterization finishes the proof of
f€Bx 4€(Q] ’ N Theorem 2.

©Vf € Bk : —e <medyeg{r(f,q)} < e .

=VfeBr: {qg:r(f.q) < —e}| <Q/2 B. Technical Lemmas

and [{q:7(f,q) > e}| < Q/2 Lemma 3 (Supremum).

<VfeBr:[{g:r(f,q = e} <Q/2.

Thus, Vf € Br : [{qg €U : [r(f,q)| > e}| + N. < &,
implies sup ¢ g, ’medqe[Q]{r(f, q)}‘ <.

supay —supby| < suplay — byl
f f f

Lemma 4 (Bounded difference property of Z). Let

. , N eZ*, (S,) be a partition of [N], K : X x X — R
o Controlling |r(f, g)|: For any f € By the random vari- be a kernel,q (/If[l?]e the mean embedding associated to

ables [f(2) — f(y:)] — [Pf — Qf] are independent, zero- K, x1.n be iid. random variables on X, Z(zy) =

d
mean an sup 3 {éb (M) —E¢ (wﬂ

A — — — 2 f€BKk qeU
E~rooll/(@) iF’f] 7 - Q7D 9 whereqU C Q] V = UgeuSy. Let i, be xy except for
= Eoplf(2) = PfI" + Eynolf(y) — Qf] the i € V-th coordinate; x; is changed to x}. Then

< [1Zell + [1Zell ,
sup |Z (zv) = Z (ay,)| <4, VieV.
where P @ Q is the product measure. The Chebyshev zy €XIVlz;eX
argument with z = |r(f, ¢)| implies that Vo € (0, 1)
Proof. Since (S;)q¢e(o is a partition of [Q)], (Sy)qev forms

(1Ze]| + IZ0l) Q a partition of V' and there exists a unique € U such that
P®Q) (T(f,Q)|>\/ N <o i€ S,. Let
Y:z = }/q(fv l‘v),

This means (P ® Q) (|7(f,q)| > €/2) < a with € >
2/ UELEIZDQ LeU=o <2<f, P, — uP>K> B <2<f7 P, — up>K>

«

e Switching from |U| to N terms: With (zy)y = ¢ ¢
{(i,yi) -1 €V}, in *(b) with &y, := K(-, @) — pp, Y, :=Yo(f,2y,).
Un = K(-,yn) — g we arrive at )

In this case

2

- _ Z — Z (xf
E(zy)y Eer Z e’,n (Tn — Un) ‘ (@v) (J;Vl)
: > > v+,
- - - = Y, — sup Y, +Y,
:Ez Eer 6/2 Ty —YnyTn — Yn P 1 1 "
e 2 [€n]” (&n = Gn) K reBifon | ren \ (ot
(a) (b)
— V[E gy I ) — pis] = [K () = pglll & sup o v E sup () <4,
= |[V[[Tr (Zp) + Tr (Xg)] . Jebx Jebi <2 <2
e These results imply where in (a) we used Lemma 3, (b) the triangle inequality
and the boundedness of ¢ [|¢(¢)| < 1 for all ¢].
8 Tr (Xp) + Tr (2
Qo+ p+ SQVIEN T Ea) |y g o

evN
Lemma 5 (Uniformly bounded separable Carathéodory fam-
€ > max (2\/3<|EP||+IE@I>Q M\/Tr@w)m@@)) ily). Lete > 0, N € Z*, Q € Z*, M = N/Q € Z*,
= SN 175 N ’ ! )
o(t) = (t — Dlic<y<o + Lo, K : X x X — Ris a contin-
uous kernel on the separable topological domain DCM;L is the

- mean embedding associated to K, Py := % e O
‘MMDQ(IP’, Q) — MMD(P, Q)’ S ={gs: f € Bk}, where gy : X — R is defined as

< 9 max (\/3(IIEPII+IIE@II)Q,?\/H(ZPHMZQ)) gf(ul:M>_¢<2<f’“ﬂ’M_‘“P’)K)_

a=p= g choice gives that

ON N €
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Then G is a uniformly bounded separable Carathéodory
family: (i) supsep, |grll, < oo where |lgll, =
Supy,.,, ex |9(wiar)|, (i) winr = gy (ur.ar) is measur-
able for all f € By, (iii) f — g¢(u1.n) is continuous for
all up.pr € XM, (iv) Bi is separable.

Proof.

() |¢(t)| < 1foranyt, hence ||gs|| . < 1forall f € Bg.

(ii) Any f € Bk is continuous since Ky C C(X) = {h:
X — R continuous}, so uy.ar — (f(u1), ..., f(un))
is continuous. ¢ is Lipschitz, specifically continuous.
The continuity of these two maps imply that of uq.ps —
g¢(u1:ar), specifically it is Borel-measurable.

(ii) The statement follows by the continuity of f
<f’ h)K (h= HPpy — p) and that of (b

(iv) Bp is separable since H g is so by assumption.

C. External Lemma

Below we state the McDiarmid inequality for self-
containedness.

Lemma 6 (McDiarmid inequality). Let x1.n be X-valued
independent random variables. Assume that f : XV — R
satisfies the bounded difference property

sup [f(urn) = fluly) <S¢, Vn€[N],
UL ,ee,uN UL EX
where v}y = (U1, ., Un—1,Un, Unt1,s--.,un). Then
forany T >0
TN .
P <f(-T1:N) < EILN [f(xl:N)] +c 2) >1—e.

D. Pseudocode of Experiment-2

The pseudocode of the two-sample test conducted in
Experiment-2 is summarized in Algorithm 3.

Algorithm 3 Two-sample test (Experiment-2)

Input: Two samples: (X,,)nen]» (Yo )ne[n). Number of
bootstrap permutations: B € Z*. Level of the test: a €
(0,1). Kernel function with hyperparameter 6 € ©: Kjy.

Split the dataset randomly into 3 equal parts:
3

[N] = U Li, L =[] =|I5].

i=1

Tune the hyperparameters using the 1st part of the dataset:
6 = argmaxyeq Jy := MMDg (Xn)ner,s (Ya)ner,) -

Estimate the (1 — «)-quantile of l\mg under the null,
using B bootstrap permutations from (X, )ner, U(Yn)ner,:
(jl —a

Compute the test statistic on the third part of the dataset:

Té = MMD@((Xn)nELp (Yn)nGI;;) .

Output: T — §1_q-




