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Abstract
We introduce a flexible, scalable Bayesian inference framework for nonlinear dynamical systems
characterised by distinct and hierarchical variability at the individual, group, and population levels.
Our model class is a generalisation of nonlinear
mixed-effects (NLME) dynamical systems, the
statistical workhorse for many experimental sciences. We cast parameter inference as stochastic optimisation of an end-to-end differentiable,
block-conditional variational autoencoder. We
specify the dynamics of the data-generating process as an ordinary differential equation (ODE)
such that both the ODE and its solver are fully
differentiable. This model class is highly flexible:
the ODE right-hand sides can be a mixture of userprescribed or “white-box” sub-components and
neural network or “black-box” sub-components.
Using stochastic optimisation, our amortised inference algorithm could seamlessly scale up to
massive data collection pipelines (common in labs
with robotic automation). Finally, our framework
supports interpretability with respect to the underlying dynamics, as well as predictive generalization to unseen combinations of group components
(also called “zero-shot” learning). We empirically
validate our method by predicting the dynamic
behaviour of bacteria that were genetically engineered to function as biosensors.

1. Introduction
Dynamical systems have been the central focus in many
areas of statistical machine learning, whether as state-space
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models (Archer et al., 2015; Karl et al., 2016), (non)linear
dynamical systems and their extensions (Becker-Ehmck
et al., 2018; Johnson et al., 2016; Linderman et al., 2016),
or neuroscience applications (Wu et al., 2017; Gao et al.,
2016). Recent work has even reinterpreted general recursive
deep neural networks as discretisations of continuous-time
dynamical systems (Chen et al., 2018).
Dynamical systems learned from experimental data are
widespread in the physical sciences, including fluid dynamics, thermodynamics, and electromagnetism. They also play
a particularly important role in advancing our understanding of biology, typically studied as Ordinary Differential
Equations (ODEs). Seminal contributions of ODE models
in biology include the mechanisms of the cell cycle (Tyson
et al., 2001; Ferrell et al., 2011), circadian rhythms (Leloup
& Goldbeter, 2003), and nerve action potentials (Hodgkin
& Huxley, 1952).
More recently, ODE models have been playing an increasingly important role in engineering biological systems by
capturing mechanistic processes in the underlying chemical
reaction dynamics that identify potential targets for molecular intervention and by predicting the possible outcomes
of these interventions (Elowitz & Leibler, 2000; PotvinTrottier et al., 2016; Gardner et al., 2000). The ability to
precisely engineer biology could enable substantial breakthroughs in medicine and crop yields, and provide sustainable alternatives to environmentally unsustainable processes
and products (Khalil & Collins, 2010; Ruder et al., 2011;
Cumbers & Schmieder, 2017). However, identifying the parameters of ODE models is still limited by the efficiency and
scalability of inference methods (Calderhead & Girolami,
2011). Markov Chain Monte Carlo (MCMC) is considered
state-of-the-art for learning ODE parameters from experimental data (Woods et al., 2016; Moore et al., 2018), but
requires expensive numerical integration at each time step.
This problem is exacerbated by model selection, where competing explanatory mechanisms must be evaluated for predictive accuracy and generalisation (Calderhead & Girolami,
2009). In the era of increasingly automated laboratories,
scientists require new statistical models and computational
methods that can scale adequately with the increasing availability of experimental data.
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To address these computational and modeling challenges,
we introduce VI-HDS: Variational Inference over the parameters of Hierarchical Dynamical Systems that have a
defined generative process and likelihood. Specifically, we
cast inference over the parameters of a dynamical system
with hierarchical or multi-level structure as optimisation
of a conditional variational autoencoder (Sohn et al., 2015;
Kingma & Welling, 2013; Rezende et al., 2014).
We interpret this framework as a generalisation of “nonlinear mixed-effects models” (NMEMs) (Davidian & Giltinan,
2003)—a.k.a. hierarchical or multilevel nonlinear models—
which are workhorse statistical models in the experimental
sciences (Fitzmaurice et al., 2008). Examples of modelling
problems suitable for NMEMs includes a population of human cells with different combinations of shared proteins,
or a population of engineered bacterial cells with different
combinations of shared genetic sequences. Through independence assumptions in the probabilistic model, NMEMs
separate inference over individual, group, and populationlevel variability (Karlsson et al., 2015). In VI-HDS, we
design block conditioning in the variational distribution
to achieve the same hierarchical structure for an arbitrary
dynamical system, improving the model fit and predictive
accuracy.
We validate our proposed framework with a case study in
synthetic biology: modelling the activity of synthetic biological devices in bacteria. We show that VI-HDS has the
following desirable properties: (i) performs as well as stateof-the-art methods but is substantially faster to learn, while
enabling (ii) scaling to massive datasets by leveraging fast
reverse-mode automatic differentiation and amortised inference, (iii) easily incorporates related dynamical systems for
efficient learning by sharing statistical strength, (iv) facilitates zero-shot learning through compositional group structure; (v) enables rapid closed-loop iteration across plausible
mechanistic models, which can be a mixture of prescribed
equations and black-box neural networks.

2. Methodology
In this section we describe our hierarchical and nonlinear
dynamical systems model, followed by posterior inference
framework using conditional variational autoencoders. We
present detailed descriptions of the observable data, followed by the generative process and the variational inference approach. We then discuss how to learn a multilevel
generative model alongside a conditional variational posterior. Finally, we demonstrate the flexibility of our approach
through the specification of a dynamical system by either
prescribed mechanistic equations (white-box) or deep neural
networks (black-box). Our probabilistic assumptions are
summarised by the graphical model in Figure 1B.

2.1. Data Model
Repeated observations of groups In many natural sciences it is common to refer to both the observation variables
and the state variables as species, because they directly or
indirectly represent a kind or type of measurable quantity
in the real world, such as protein concentrations. We adopt
this convention here. The nth datum Y(n) is an M ⇥ T matrix, where M is the number of observed species, repeatedly
measured over T time points. In order to support variability
in closely related observations, we introduce the random
variable u to represent such experimental conditions.
Group stratification by composition We model a population of dynamical systems, each containing a different
combination of S shared components. A specific combination of components defines a group, which we formalise as
⇥
⇤
> >
a multi-hot vector g = c>
, where each cs is a
1 , . . . , cS
one-hot vector that identifies 1 of K (s) components. The
multi-hot vector g has exactly S non-zero entries. By composing groups this way, we can perform zero-shot learning,
where our model learns to predict the behaviour of unseen
groups, as described in Section 2.4 and studied experimentally in Section 5.3.
We now turn to a description of the generative process,
which motivates our conditional variational autoencoder
inference algorithm.
2.2. Generative Process
We model observations using a latent variable model with
the generative process described in Equations 1-5. Latents z
represent both parameters of the dynamical systems model,
and, if necessary, noise process parameters (e.g. variances in
the likelihood). We emphasise that the structure of p✓ (z|g)
will depend on whether the model is a white-box, whereby
the prior will contain informative domain knowledge, or a
black-box, where it will be uninformative diagonal Gaussians.
(1)

z ⇠ p✓ (z|g)

ẋ = f✓ (x; z, u, g)

(2)

X = Simulate(f✓ , x0 )

(3)

M = (X),

(4)

⌃ = ⇢(X, z)

Y ⇠ p(Y|M, ⌃)

(5)

Central to the generative process is f✓ , the dynamics model
describing the behaviour of an individual’s unobserved state
vector x over time, where ẋ denotes the time derivative of
x. Along with latent variables z and group indicators g, f
depends on u, a vector of observed experimental conditions
or treatments. Solving the dynamical system results in a
state-time matrix X. The state-time matrix is then mapped
to mean M and, along with z, covariance ⌃ of Y through
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Figure 1. Auto-encoding hierarchical and nonlinear dynamical systems. (A): The computational flow graph for encoding, sampling
from the variational posterior, and simulating the dynamical system. Note that the sample and simulate operations are constrained to be
differentiable. (B): Probabilistic structure for the sequence-valued dependent variable Y. Dashed lines represent dependencies in q, and
solid lines in p. represents prior information elicited from a domain expert.

an observation process

and noise process ⇢.

For generality, in (4), we have included observer and
noise process ⇢ functions. For dynamical systems that don’t
require such processes, can be the identity function and ⇢
some fixed covariance matrix.
The dynamics model f has parameters ✓ that are adjusted
during learning: for the white-box, they are group-level
offsets and scales applied to zG 2 z; for the black-box
they are neural network weights. In all our experiments we
assume p(Y|M, ⌃) to be Gaussian. The exact form of the
noise process ⇢ depends on which model we use, and will
be explained below according to the white- and black-box
framework.
Note that we have written (2) and (3) as a general dynamical
system. For processes that exhibit time-varying noise, we
can modify (2) and (3) with a time-dependent noise process,
to represent the diffusion and drift processes of a stochastic
differential equation. However, for clarity of exposition, we
will focus on ODE systems as the representative dynamical
system in the remainder.
2.3. Auto-Encoding Hierarchical and Nonlinear
Dynamical Systems
Core to our approach is amortised stochastic variational inference (Hoffman et al., 2013) with a reparameterised variational distribution (Kingma & Welling, 2013; Rezende et al.,
2014), a.k.a. a variational auto-encoder (VAE). We extend
this basic framework to hierarchical structure in the dynamical system through conditional variational autoencoders
(Sohn et al., 2015). We assume a conditional prior p✓ (z|g),
conditional generative p✓ (Y|z, g, u), and conditional variational q (z|Y, g, u) distributions whose parameters are
directly or indirectly calculated using neural networks. Figure 1A illustrates the computational flow of our framework.

Neural networks weights and ✓ are adjusted by stochastic gradient ascent to maximise the evidence lower bound
(ELBO) on the conditional log marginal data likelihood
log p(Y|g, u):
Eq

(z|Y,g,u) [log p✓ (Y|z, g, u)

+ log p✓ (z|g)
log q (z|Y, g)]

(6)

VAE training thus simultaneously learns an amortised inference model q and a generative model p, transforming traditional inference over an intractable integral into a gradientbased optimisation procedure, bringing significant computational and scaling benefits to learning and inference. We
note that this inference method can also be applied to “simple” mechanistic models (i.e. a fixed decoder model) using
likelihood-free inference (Moreno et al., 2016; Tran et al.,
2017).
2.4. Multilevel Block-Conditional Encoder
Our approximate posterior q (z|Y, g, u) is factorised into
three blocks of independent latent variables representing
population, group, and individual factors:
q (zP ) q
| P{z } |
Population

I

(zI |Y, g)
{z
}

Individual

Y

|

j

q

(j)
G

⇣

{z

(j)

zG |g

Group

⌘

}

This three-level hierarchy allows us to match latent variable
capacity to individual, group, and population level variability according to our model of the data generating process.
For example, if the majority of the variability occurs at the
group level, more capacity in the variational posterior can be
assigned to the group-level block through additional dimensions in zG . Note this flexibility generally applies only to
the black-box model, since the white-box parameter hierarchy is prescribed by domain knowledge. Next, we formalise
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the notion of encoding variability at multiple hierarchical
levels. Note that we make a mean-field assumption for the
variational posterior, but in general, any distributions may
be chosen.
Population-level latent variables are independent of observations and groups. For each of the L dimensions of the
population block of the mean-field posterior, we set
q
where

P (l)

P (l)

= N µ = rl ,

2

= exp{2vl } ,

= {rl , vl }, and rl , vl 2 R.

Group-level latent variables are independent of Y but dependent on group membership. Recall that a group is a
collection of components. As described in section 2.1, we
use the multi-hot gj to form a summation of group-specific
scalars, each of which corresponds to a component in the
following way:
q

(j)
G (m)

>
= N µ = ⌫m
gj ,

2

>
= exp{2⌘m
gj } ,

where G (m) = {⌫m , ⌘m }, sharing parameters among the
groups through the selector mechanism gj .
Individual-level latent variables are encoded in a manner
similar to typical VAEs. The weights and biases of a deep
neural network are contained in I . The networks encode
the mean mk and variance vk functions for the k’th factor,
so that
q

I (k)

= N µ = mk (Y, g),

2

= vk (Y, g) .

The encoder neural networks perform amortised inference
that is optimised during learning.
Alternatively, individual parameters can be optimised per
data instance, giving tighter ELBOs. However, nonamortised stochastic variational inference (Hoffman et al.,
2013) would not scale with massive amounts of data—one
of the key desiderata for our method.
2.5. Block-Conditional Decoder
The bulk of the multilevel modelling occurs in the variational posterior, whose draws are used as parameters in
the ODE model f . However, group-conditional modifications are made to zG in both the white-box and black-box
decoder in order to induce the correct conditional probabilistic structure for the conditional ELBO. For example,
(j)
before passing zG into f , we apply weights w 2 ✓, modi(j)
(j)
fying zG
zG ⇤ exp(w1T g) + w2T g, corresponding to a
group-dependent Gaussian; this implies the correct conditional VAE for group-conditional variables⇤ . The specific
⇤

Note that in many cases, variables are constrained to be
(j)
positive, which we model as log-normals. In this case, zG is
implicitly a group-dependent log-normal.

form of the block-conditional decoder depends on white- or
black-box right-hand side choices for the dynamical system.
We discuss these choices next and show how to induce the
appropriate multilevel probabilistic structure in each.
Black-Box Dynamics. To simplify notation, let
=
{zP , zG , zI , u, g} and a function based on a neural network
be !. We can write an ODE equation as ẋ = !(x, ; ✓),
where the dot indicates the first time derivative. In many
cases, including our case study, prior domain knowledge regarding the functional form of the ODE can be incorporated
into the black-box. For example, the following ODE is the
difference between a growth and degradation term for the
latent process, but we know that degradation will go to 0
when x ! 0. To encode this we use a softplus activation
over two networks, denoted by +:
ẋ = !1+ (x,
where

)

x

!2+ (x,

(7)

)

is the Hadamard product.

Constant and Time-Varying Noise Models. Likelihood
p(Y|M, ⌃) requires defining a noise process ⌃ = ⇢(X, z).
For the white-box model, we assume constant variance
for each signal in Y; these are encoded using log-normal
population-level variables. For the black-box model, we
take a non-parametric approach and learn a time-dependent
variance model, using an additional black-box ODE model:
v̇ = !3+ (v, x,

)

v

!4+ (v, x,

)

(8)

In experiments, we solve v simultaneously with x, which
adds little computational overhead, but provides a flexible,
data-driven approach to modelling observation noise. This
time-dependent variance process is applied element-wise as
⌃ in Eq. 5.
2.6. Simulation: Modified Euler
For ODEs, we can explicitly write a solver to simulate the
dynamical system. Following (Chen et al., 2018), if the
ODE has too many parameters or the discretisation appears
to affect the quality of the solution, we can learn gradients in
a memory-efficient way through the adjoint method (Stapor
et al., 2018). The same simulation applies to white-box and
black-box methods, and the difference is contained in the
function f✓ .

3. Prior Work
Prior work on learning the parameters of dynamical systems
is extensive; we present an overview of key works here. See
Supplement S1 for an extended discussion.
Markov-Chain Monte Carlo (MCMC) methods have
long been the gold standard for inference in ODEs (e.g., Xun

Efficient Amortised Bayesian Inference for Hierarchical and Nonlinear Dynamical Systems

et al. 2013). Dalchau et al. (2019) applied MCMC inference
to the synthetic biological problem described in Section 4,
however reports convergence times of 24-48 hours. Due to
numerical integration at each time step, MCMC is not scalable across large time series models, and lacks the flexibility,
interpretability, and compositionality of our method.
Likelihood-free methods (a.k.a. Approximate Bayesian
Computation (ABC)) can infer parameters of dynamical systems without running a Markov chain to convergence. For
instance, Sequential Monte Carlo ABC simulates a discretised dynamical system to infer parameters of an ODE Toni
et al. (2009). We choose instead to take advantage of fast,
gradient-based optimization that scales better with data.
Gradient matching avoids numerical integration by using
a Gaussian Process (GP) regression to the state variables
of the dynamical system. Gorbach et al. (2017) use meanfield variational inference and gradient matching to learn
parameters GPs that approximate dynamical systems. GPs
do not scale well to large datasets, and so are not applicable
to our massive data regime.
Variational inference for dynamical systems has been applied heavily in state-space models, e.g. Archer et al. (2015).
Unlike (Archer et al., 2015), our method deals with dynamical systems that have hierarchical latent structure and highly
nonlinear latent transitions. Moreover, our model does not
require full state observability, which is infeasible in many
applications, including our case study.
Krishnan et al. (2015) learn nonlinear Kalman filters
through stochastic variational inference. They explicitly
generalise linear dynamical systems, discovering arbitrarily
complex transition dynamics and emission distributions. A
key difference is that the mean and covariance functions
for their (tridiagonal) variational distribution are recurrent
neural networks.
Ryder et al. (2018) uses variational inference for stochastic
differential equations. Their approximate posterior factorizes into one component that determines the parameters for
the SDE drift and diffusion matrices, and one that predicts
the parameters of the latent process. The component that
describes the latent process evolution is autoregressive, requiring more computation. Our method induces hierarchical
structure in the approximate posterior rather than a complex
noise process, and deals with dynamical systems in greater
generality. Thus, given the generative process of an SDE,
our method could also be used for Bayesian inference over
such parameters.
Chen et al. (2018) propose neural ordinary differential equations and reinterpret deep neural networks that exhibit repeated composition as discretised ODEs. They use a different modelling regime to ours, in that we learn a blockconditional variational distribution over the parameters of

a system of ODEs, while their variational distribution is
over the initial state of the latent time series, with the goal
of reinterpreting deep learning models as continuous-time
dynamical systems. We work from the opposite direction,
inducing hierarchical structure in the variational distribution for more efficient sharing of statistical strength during
parameter identification.

4. Synthetic Biology Case Study
We used our methodology to model bacterial cells that were
genetically engineered to respond to specific input signals.
Cells are typically engineered by inserting DNA that instructs the cells to produce proteins, which can implement
a range of information processing behaviours, including
Boolean logic gates (Nielsen et al., 2016), analog computation (Daniel et al., 2013), or inter-cellular communication
(Grant et al., 2016).

A Components

D

Treatments

E
B

Device

Observations

C

Figure 2. Schematic view of the Synthetic Biology Case Study
A: Exchangeable genetic components are selected and inserted
into a circular piece of DNA called a plasmid (B), which genetically encodes a receiver device. Each receiver device contains
a different combination of two types of components (yellow and
blue), each with several variants. C: The plasmid is inserted into
a bacterial cell culture, which is replicated and grown in wells
(circles) on an experimental plate. D: Each well is treated with
different concentrations of chemicals C6 and C12 and grown for
approximately 24 hours. E: During the growing period cameras
capture OD, RFP, YFP, CFP.

We considered a population of bacterial cell cultures, each
with a different combination of shared genetic components
(Figure 2). Each cell culture contained genetic components
implementing a double receiver device, which functions as
a biosensor by producing two receiver proteins, R and S.
Receiver R binds to input signal C6 to activate production
of cyan fluorescent protein (CFP), and receiver S binds to
input signal C12 to activate production of yellow fluorescent
protein (YFP) (Grant et al., 2016). Genetic components
associated with the efficiency of R production were one
of (Pcat, RS100, R33) and equivalently one of (Pcat, S32,
S175, S34) for S. Each culture continuously produces a red
fluorescent protein (RFP ), providing a baseline for cellular
activity. Finally, the size of the culture is measured as optical
density (OD).
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White-box model The white-box ODE model we consider describes the evolution of the density c of the cell
culture as ċ = (c).c. The function (c) defines a laglogistic scheme, considering the growth rate to be 0 before
a time tlag is reached, at which point there is a transition to
logistic (density-limited exponential) growth.
(c) = r. (1

c/K ) /(1

+e

4(t tlag )

)

(9)

Additional state variables describe the intracellular concentrations (denoted [·]) of receiver device components RFP,
YFP, CFP, LuxR (R) and LasR (S), and two additional variables quantifying cellular autofluorescence at 480 nm (F480 )
and 530 nm (F530 ).
˙ = rc (dRFP + ).[RFP]
[RFP]
˙ = aCFP .rc .f76 (C6 , C12 , [R], [S])
[CFP]
˙ = aYFP .rc .f81 (C6 , C12 , [R], [S])
[YFP]
˙ = aR .rc (dR + ).[R]
[R]

addition, so we use single variables each to represent intracellular RFP, YFP and CFP, and do not explicitly separate
autofluorescence. Accordingly, the observer processes for
each model differ in structure slightly (Table 1).
Table 1. The observer process for white-box and black-box models.

Signal

White-box

Black-box

OD
RFP
YFP
CFP

c
c.[RFP]
c.([YFP] + [F530 ])
c.([CFP] + [F480 ])

x0
x0 .x1
x0 .x2
x0 .x3

5. Experiments
(dCFP + ).[CFP]
(dYFP + ).[YFP]

˙ = aS .rc (dS + ).[S]
[S]
˙ ] = a480 .rc
[F480
.[F480 ]
˙ ] = a530 .rc
[F530
.[F530 ]
Here, f76 and f81 are the derived functional responses to
input signals and receiver proteins, as defined in Grant et al.
(2016) (also see Supplement S2.1). The parameter rc represents the metabolic activity of the culture, which can
vary between cultures, and is therefore an individual parameter. We assume that the growth parameters are also
specific to a given culture, and so zI = {r, K, tlag , rc }.
The receiver devices in each culture differed by two genetic components, aR and aS , responsible for the production of the two receiver proteins R and S, respectively,
such that zG = {aR , aS }. All remaining parameters zP
are shared across all cell cultures. The experiment conditions u = [C6 , C12 ] are assumed to be constant throughout
the course of an experiment.
Observer process The observer process defines how to
relate the model to the (M = 4) measured signals. Optical
density (OD) represents the density of the culture, and is
modelled explicitly by the white-box model. By analogy,
we impose that the first internal state of the black-box model
(x0 ) models cell density. Bulk fluorescence measurements
of the whole culture are then collected at excitation wavelengths corresponding to RFP, YFP and CFP. In the whitebox model, contributions to bulk fluorescence includes fluorescent proteins and autofluorescence as separate variables;
scaling the sum of the protein and autofluorescence concentrations by the cell density provides an approximation of
bulk fluorescence for each signal. However, in the blackbox model, internal states cannot be separated easily under

We performed two experiments on data from the synthetic
biology case study, where measurements of six genetic devices (Pcat-Pcat, RS100-S32, RS100-S34, R33-S32, R33S175 and R33-S34) were combined into a collection of 312
time-series. In the first experiment, we split the dataset into
cross-validation folds and compared a block-conditional
white-box model (see Section 4) with a black-box model using biologically plausible constraints on its functional form
(see Section 2.5). In the second experiment, the combined
dataset had one device held out as a test dataset, while the
remaining devices underwent cross-validation for model
selection. This experiment was performed on devices whose
components had not appeared in combination together in
the training set, but had appeared separately in other devices,
enabling their parameters to be identified. The ability of
the method to predict devices not previously seen before is
particularly compelling when seeking to select components
that, when put together, implement a given specification.
5.1. Architecture and Optimisation Details
For q(zI |Y, g), we use the same encoder NN for both whitebox and black-box models: 10 1D convolutional filters,
feeding 50 unit hidden layer with tanh activations; g is concatenated to the hiddens, which is then connected to the
mean and variances outputs of q. Neural networks ! + all
have 25 hidden units. All decoder NNs are the same for all
black-box models. During training we used a K=100 importance weighted auto-encoder (IWAE) estimator for gradient
computation (Burda et al., 2015). We implemented a doubly reparameterised gradient estimator (DReG) for IWAE,
which has recently been shown to yield lower-variance gradient estimates than the gradient computed naively by reversemode automatic differentiation (Tucker et al., 2018), while
also avoiding the known problem of poor gradients for the
variational approximation with greater numbers of importance samples (Rainforth et al., 2018). We found that the
DReG estimator gave modest improvements for the black-
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box, but very significant improvements in performance and
rate of convergence for the white-box (see Supplement Figure S3). For evaluation, we used K = 1000 IWAE samples.
We implemented a modified-Euler solution to simulate our
ODEs; this was implemented in tensorflow using tf.while
blocks. We ran all experiments for 500 epochs using Adam
optimisation (Kingma & Ba, 2014). To perform 4-fold
cross-validation, black-box models take approximately 40
minutes and white-box models approximately 2 hrs. This
is significantly faster than MCMC (see Section S3), which
required approximately 40 times more computation.

A

B

5.2. Multiple Device Inference
We first ran 4-fold cross-validation with 500 epochs and
batch size 36, and then collected the posterior predictive distributions for the cross-validated portions of each fold. Both
white-box and black-box models were able to capture the
majority of the dynamical behaviour (Figures 3, S4–S10).
In Table 2 cross-validation ELBO estimates are presented
for variety of latent variable and ODE signal capacity for
the black-box. Since the encoder neural networks are fixed
for both models, we only report the single estimated ELBO
for the white-box. Black-box has two significant advantages
that explain the improved performance: 1) it has flexible
modelling capacity in the form of its neural differential
equations, and 2) it has a more suitable and realistic neural
noise process, enabling the posterior predictive distribution
to exhibit lower variance, especially at earlier time points.
In Figure 4C we plot the dynamic noise process for the
black-box model.
Table 2. Black-box Cross-validation Results. For comparison,
the white-box cross-validation ELBO is 1047 nats. Mx is the
number of species in the black-box, where the first 4 are used in
the observer process, so Mx = 5 means there is 1 extra latent
species. For the figures we select the black-box model ?, but we
note no significant difference between results shown italics.

# Variables
P G I
2
2
2
5

0
2
2
2

0
0
2
5

Mean IWAE ELBO, K=1000
Mx = 4
5
6
8
1155
1201
1175
1204

1215
1277
1352
1360?

1210
1280
1340
1321

1213
1283
1340
1305

To provide a summary view of how each model predicts the
response to the input signals C6 and C12 , we plotted the
posterior predictive distributions at the final time-points as
a function of the input concentrations. For the R33-S175
device, the responses of CFP to C6 and YFP to C12 are
both monotonically increasing. These responses are wellpredicted by both models (Figures 5A, S11), though the
black-box model captured the actual measured values with

Figure 3. Posterior predictive distribution for the R33-S175 device. (A) White-box model. (B) Black-box model. For clarity, we
selected one of each replicated treatment, so that a full dilution
series can be visualised for C6 and C12 , sweeping from low to high
YFP/CFP expression. Predictions for the full dataset are shown in
the supplement (Figure S4).

higher precision. In contrast, the R33-S34 device exhibits
a non-monotonic shape of YFP expression in response to
C12 . Because the transfer function hypothesised to describe
the equilibrium response of YFP production (f81 , see supplement) is monotonic increasing with respect to C12 , it
would seem that it cannot explain the observed trends for
R33-S34 in bulk fluorescence. Here we find that this can
be explained by high C12 concentrations slowing down cell
growth (Figure S9). While the intracellular concentration of
YFP is increased by the monotonic f81 , lower cell densities
produce lower bulk fluorescence. While there is low precision in the predictions at the final time points of high C12
treatments for the white-box model, it captures the general
trend almost as well as the black-box model. This valuable
modelling insight was really made possible by the simultaneous inference of multiple devices and multiple signals.
Using the black-box approach, we can overcome model misspecification, producing accurate predictions across all 6 devices. However, the interpretability of these models is more
restricted. Nevertheless, we made an effort to enforce plausibility constraints on the state variables of the black-box
model, both through separating production and degradation
terms (ensuring non-negativity of the state variables), and
using a similar observer process. As such, comparison of
the dynamics of the state variables representing intracellular
concentrations in the black-box model might inform what is
inaccurate in the white-box model. For example, during the
first 4 hours following treatment by C6 /C12 , the white-box
model has more accentuated transient variations in [YFP]
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Figure 4. Predicted dynamics of the state variables. The internal state variables for simulation of R33-S34 in the cross-validation
experiment with the (A) white-box and (B) black-box models are compared. Simulations are separated by whether they correspond to C6
treatments (green) or C12 treatments (red), with lower concentrations indicated by lighter shades. (C) Dynamics of internal states used for
the time-varying noise of the black-box model.

A

Multiple Device Inference

were imprecise, indicating that either more training data is
required to make clearer predictions, that over-fitting has
occurred, or that inherent model misspecification is limiting
the ability to predict accurately. But as the black-box model
was able to correctly predict the observed non-monotonic
response with moderate precision, we can rule out the lack
of training data as a cause. In general, the ability to compare
black-box and white-box models in this way is useful for
providing an upper bound on what might be achievable by
any prescribed model.

B

Held-Out Device Inference

6. Discussion and Future Work

Figure 5. Predicted model response to input signals. (A) 4-fold
cross-validation inference and (B) Held-out device inference. To
summarise how each model predicts the overall response of R33S34 and R33-S175 to input signals, we show the posterior predictive distribution at the final time-point (circle with error bars
denoting two standard deviations), compared against the data point
(crosses) for YFP (yellow) and CFP (cyan).

and [CFP] (Figures 4A, S12) than equivalent state variables
in the black-box model (Figures 4, S13).
5.3. Held-out Device Inference
We explored the more challenging scenario of predicting
data for devices held-out from the training set. When holding out the R33-S34 device, both the white-box and blackbox models were able to accurately capture the moderate
increasing response of CFP and almost absent response of
YFP to increasing concentrations of C6 (Figure 5B). The predictions of the YFP response to C12 by the white-box model

We have introduced VI-HDS, a framework for learning
and inference of hierarchical and nonlinear dynamical models, and applied it to a careful set of experiments on a
synthetic biology case study. VI-HDS brings several elements from recent machine learning advances together
into one framework with the following key advantages: efficient amortised inference using VAEs, multilevel latent
variable modelling with block-conditional factorisation; a
broad range of dynamic behaviour modelling, from user
prescribed white-box dynamics to black-box dynamics with
neural sub-components.
Although the experiments for our synthetic biology case
study focused on ODEs–already a broad class of dynamical systems–our framework could be further generalised
to include stochasticity in the dynamics model, for both
the white-box and black-box cases. We could potentially
avoid sampling altogether by adopting deterministic VI (Wu
et al., 2019) to propagate the variational posterior all the
way through the ODE solver to the likelihood. Treating
inference as optimisation opens the door to novel active
learning experiments for dynamical systems of synthetic biology, where additional cost functions provide gradients to
maximise desirable properties, similar to work in synthetic
chemistry (Gómez-Bombarelli et al., 2018).
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