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A Proof of Lemma 1

In this Appendix, for a linear kernel of the outcome L = Y Y T , we detail the necessary steps to
transform the empirical HSIC estimators into a quadratic form. For the biased estimator, the result
is straightforward:

ĤSICbiased =
1

(n− 1)2
trace(KΠnLΠn)

=
1

(n− 1)2
Y T (ΠnKΠn)Y

= Y TQbiasedY,

where Πn = In×n − 1
n
1n1n

T .
For the unbiased estimator, the calculations are more tedious:

ĤSICunbiased(K,L) =
1

n(n− 3)

[
trace(K L) +

1TK1 1TL1

(n− 1)(n− 2)
− 2

n− 2
1TK L1

]
,

where K = K − diag(K) and L = L− diag(L). The diagonal matrices diag(K) and diag(L) can
be respectively rewritten as : diag(K) =

∑n
i=1 P

(i)KP (i) and diag(L) =
∑n

i=1 P
(i)LP (i). P (i) is

the projection on the ith coordinate. We remark that P (i)P (j) = δijP
(i).

We now develop each term of the previous equation.
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trace(K L) = trace

(
KL−

n∑
i=1

KP (i)LP (i) −
n∑

i=1

P (i)KP (i)L+
n∑

i,j=1

P (j)KP (j)P (i)LP (i)

)

= trace (KL)− trace

(
n∑

i=1

P (i)KP (i)L

)
− trace

(
n∑

i=1

P (i)KP (i)L

)

+ trace

(
n∑

i,j=1

P (j)KP (j)P (i)LP (i)

)

= trace(KL)− 2 trace

(
n∑

i=1

P (i)KP (i)L

)
+ trace

(
n∑
i

P (i)KP (i)LP (i)

)

= trace(KL)− trace

(
n∑

i=1

P (i)KP (i)L

)

= Y TKY − Y T

(
n∑

i=1

P (i)KP (i)

)
Y

= Y T (K −KP )Y with KP =
n∑

i=1

P (i)KP (i)

trace(K L) = Y TK1K

Similarly, we obtain:

1TK1 = 1T (K −KP ) 1 = cX

1TL1 = 1T

(
L−

n∑
i=1

P (i)LP (i)

)
1

= Y T11TY − trace

(
11T

n∑
i=1

P (i)LP (i)

)

= Y T

(
11T −

n∑
i=1

P (i)11TP (i)

)
Y

1TL1 = Y TK2Y
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As for the last term:

1TK L1 = trace(11TK L)

= trace

(
11T

(
K −

n∑
i=1

P (i)KP (i)

) (
L−

n∑
j=1

P (j)LP (j)

))

= trace(11TK L)− trace

(
11TK

n∑
i=1

P (i)LP (i)

)
− trace

(
11T

n∑
i=1

P (i)KP (i)L

)

+ trace

(
11T

n∑
i=1

P (i)KP (i)

n∑
j=1

P (j)LP (j)

)

= trace(11TK L)− trace

(
n∑

i=1

P (i)11TKP (i)L

)
− trace

(
n∑

i=1

11TP (i)KP (i)L

)

+ trace

(
11T

n∑
i=1

P (i)KP (i)LP (i)

)

= Y T (11TK)Y − Y T

(
n∑

i=1

P (i)11TKP (i)

)
Y − Y T

(
n∑

i=1

11TP (i)KP (i)

)
Y

+ Y T

(
n∑

i=1

P (i)11TP (i)KP (i)

)
Y

1TK L1 = Y TK3Y

That yields the following quadratic form:

ĤSICunbiased(X, Y ) =
1

n(n− 3)

[
Y TK1Y + cX

Y TK2Y

(n− 1)(n− 3)
− 2

n− 2
Y TK3Y

]
= Y TQunbiasedY

3



B Proof of Theorem 1

For a quadratic kernel association score s(K,Y ) = Y TQ(K)Y , we represent the three kernel
selection strategies as an intersection of quadratic constraints.

For marginal screening, we can write the selection event of the top S ′ kernels i1, · · · , iS′ in the
following way :

Escreening
S′ =

S′−1⋂
l=1

{
Y TQ(Kil)Y ≥ Y TQ(Kil+1

)Y

}
∩

⋂
l′ 6∈{i1,··· ,iS′}

{
Y TQ(KiS′

)Y ≥ Y TQ(Kl′)Y

}
In Yamada et al. [1], the authors obtain S ′(S − S ′) constraints by comparing the association

score of each selected kernel to the association scores of all discarded kernels. Here, by condition-
ing on the order of selection of the kernels, we only obtain S − 1 constraints in Escreening

S′ .
For forward stepwise selection (Algorithm 1), we first start by modeling an intermediate step s.

The selection of the kernel Kis is equivalent to the following selection event:⋂
i 6∈J (s−1)

i 6=is

{
Y s.t. Y TQ(KJ (s−1)∪{is})Y ≥ Y TQ(KJ (s−1)∪{i})Y

}
,

where J (m) represents the set of selected kernels at step m and KA =
∑
p∈A

Kp for a subset A of

{1, · · · , S}.
We can then recursively define the event Es, representing the selection of s ≤ S ′ groups:

Eforward
s = Eforward

s−1 ∩
⋂

i 6∈J (s−1)

i 6=is

{
Y s.t. Y TQ(KJ (s−1)∪{is})Y ≥ Y TQ(KJ (s−1)∪{i})Y

}

For s = S ′, we then obtain a conjunction of quadratic constraints.
For backward selection (Algorithm 2), we can derive a similar set of recursive constraints to

model the elimination of the kernels I(s) = {i1, · · · , is}:

Ebackward
s = Ebackward

s−1 ∩
⋂

i 6∈I(s−1)

i 6=is

{
Y s.t. Y TQ(K−I(s−1)∪{is}

)Y ≥ Y TQ(K−I(s−1)∪{i})Y

}
,

where K−A =
∑
p∈Ac

Kp. The set Ac is the complement of A in {1, · · · , S}.

To model the a posteriori choice of S ′ in the adaptive variants, an additional set of constraints
must be introduced in the selection event. In Equation 1, we model the selection event Eforward

adaptive cor-
responding to the adaptive extension of forward stepwise selection. The quadratic set of constraints
in Eforward

S represents the order of selection of the kernels J (S) = {i1, · · · , iS}, while the intersec-
tion of the other constraints represents the selection of the number of kernels S ′. The backward
version Ebackward

adaptive can be easily deduced in a similar fashion.

Eforward
adaptive = Eforward

S ∩
S⋂

m=1
m 6=S′

{
Y s.t. Y TQ(KJ (S′))Y ≥ Y TQ(KJ (m))Y

}
(1)
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The result in Theorem 1 is more general by adding to the quadratic form a constant, which
can be used as a form of penalization. The above proof can be easily extended to the setting of
Theorem 1.

5



C Experiments

C.1 Statistical validity: Statistical power of kernelPSI for different effect
sizes, on simulated data
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Figure 1: Q-Q plots comparing the empirical kernelPSI p-values distributions under the alternative
hypothesis to the uniform distribution, for different effect sizes θ. The data is generated as described
in Section 7.1.
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C.2 Benchmarking for the first configuration: using Gaussian kernels over
simulated Gaussian data
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(d) θ = 0.3
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(f) θ = 0.5

Figure 2: Q-Q plots comparing the empirical kernelPSI and benchmarking p-values distributions
under the null (θ = 0) or alternative hypothesis (θ > 0) to the uniform distribution, for differ-
ent effect sizes θ, using Gaussian kernels for simulated Gaussian data. The data generation and
benchmarked methods are described in Section 7.2.
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C.3 Benchmarking for the second configuration: using linear kernels over
simulated binary data
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(d) θ = 0.03
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(b) θ = 0.07
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(c) θ = 0.10

Figure 4: Q-Q plots comparing the empirical kernelPSI and benchmarking p-values distributions
under the null (θ = 0) or alternative hypothesis (θ > 0) to the uniform distribution, for different
effect sizes θ, using linear kernels for simulated binary data. The data generation and benchmarked
methods are described in Section 7.2.
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C.4 Benchmarking for the third configuration: using Gaussian kernels over
simulated Swiss roll data

C.4.1 Statistical validity: Q-Q plots for various effect sizes
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(d) θ = 0.3
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(f) θ = 0.5

Figure 5: Q-Q plots comparing the empirical kernelPSI and benchmarking p-values distributions
under the null (θ = 0) or alternative hypothesis (θ > 0) to the uniform distribution, for differ-
ent effect sizes θ, using Gaussian kernels for simulated Swiss roll data. The data generation and
benchmarked methods are described in Section 7.2.
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C.4.2 Evolution of the statistical power as a function of the effect size
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Figure 6: Statistical power of kernelPSI variants and benchmark methods, using Gaussian kernels
for simulated Swiss roll data.
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C.5 Kernel selection performance

Table 1: Ability of the kernel selection procedure to recover the true causal kernels, using linear
kernels over with binary data.

θ S ′ = 1 S ′ = 3 S ′ = 5 Adaptive

R
ec

al
l 0.0 0.102 0.316 0.529 0.390

0.01 0.117 0.341 0.553 0.414
0.02 0.163 0.388 0.590 0.482
0.03 0.224 0.445 0.632 0.559
0.05 0.311 0.512 0.683 0.639
0.07 0.332 0.542 0.713 0.686
0.1 0.333 0.581 0.759 0.750

Pr
ec

is
io

n 0.0 0.308 0.316 0.317 0.320
0.01 0.351 0.341 0.331 0.335
0.02 0.489 0.388 0.354 0.377
0.03 0.673 0.445 0.379 0.422
0.05 0.935 0.512 0.409 0.463
0.07 0.996 0.542 0.428 0.473
0.1 1.000 0.581 0.455 0.484

Table 2: Ability of the kernel selection procedure to recover the true causal kernels, using Gaussian
kernels over simulated Swiss roll data.

θ S ′ = 1 S ′ = 3 S ′ = 5 Adaptive

R
ec

al
l 0.0 0.112 0.306 0.505 0.488

0.1 0.125 0.331 0.541 0.715
0.2 0.157 0.404 0.579 0.963
0.3 0.196 0.462 0.621 0.999
0.4 0.239 0.507 0.645 1.000
0.5 0.275 0.537 0.655 1.000

Pr
ec

is
io

n 0.0 0.337 0.306 0.303 0.328
0.1 0.377 0.331 0.325 0.318
0.2 0.471 0.404 0.347 0.303
0.3 0.588 0.462 0.372 0.300
0.4 0.717 0.507 0.387 0.300
0.5 0.825 0.537 0.393 0.300
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C.6 A. thaliana case study: data description and pre-processing

For this dataset, we are interested in the effect of each gene on the outcome Y , which cor-
responds to the flowering time in green house, corrected for population structure. We follow
the same correction procedure as in Azencott et al. [2]. The total number of samples is n =
166. The features are 9 938 binary SNPs located within a ± 20-kilobase window of 174 pre-
selected genes. These genes, known as candidate genes, have been selected by experts as most
likely to be involved in flowering time traits. The full list of genes with additional functional
information is available from the following URL: https://www.mpipz.mpg.de/14637/
Arabidopsis_flowering_genes.

We start with applying hierarchical clustering algorithm to define clusters within each gene.
For a given cluster, the associated SNPs are expected to be in linkage disequilibrium. The genes
are clustered differently depending on the sample size. Genes with a number of SNPs lower than
the gene median size (58 SNPs) are split into 6 clusters. We apply the fixed version of kernelPSI
for the three parameterizations S ′ ∈ {1, 2, 4}. For genes larger than the median size, we split them
into 12 clusters and consider a number of selected clusters S ′ ∈ {1, 3, 6}.

We use the identical-by-state (IBS) kernel [3] for the clusters. This kernel is commonly used
in GWAS. For two samples i and j, the IBS kernel corresponds to the fraction of identical SNPs
between the two samples:

Kij =
|Xi| − ||Xi −Xj||

|Xi|
,

where |Xi| is the length of Xi.
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C.7 A. thaliana case study: rank concordance between the methods

Table 3: Concordance between kernelPSI and benchmark methods, measured by the Kendall’s tau
coefficient between the p-values returned for the 50% smallest genes.
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Table 4: Concordance between kernelPSI and benchmark methods, measured by the Kendall’s tau
coefficient between the p-values returned for the 50% largest genes.
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C.8 A. thaliana case study: list of significant genes

Table 5: Genes detected as significantly associated to the FT GH phenotype, by method.

Method Significant genes
HSIC (S’= 4) AT1G53090, AT1G53160, AT1G56170, AT3G60250
KPCR (S’= 1) AT5G57360, AT4G00650
protoLASSO –
KPCR (S’= 3) AT1G80340, AT4G00650
KPCR –
HSIC (S’= 3) –
HSIC (S’= 1) AT5G57360]
KPCR adaptive AT4G35900, AT5G47640, AT5G55835
HSIC –
HSIC adaptive AT1G53160, AT2G18790, AT4G08920, AT5G46210, AT5G47640, AT5G55835
KPCR (S’= 4) AT2G22540, AT4G35900, AT5G60100
KRR –
KPCR (S’= 6) AT1G69120, AT5G10945
KPCR (S’= 2) AT1G56170
KRR adaptive AT2G18790, AT2G25930, AT4G00650, AT5G47640, AT5G55835
SKAT –
KRR (S’= 6) AT1G69120, AT2G21070
KRR (S’= 4) AT1G68840, AT4G35900, AT5G60100, AT5G65050, AT5G65070
KRR (S’= 3) AT1G80340, AT2G21070
KRR (S’= 2) AT1G56170, AT2G38880, AT5G65060
HSIC (S’= 6) AT4G08920, AT5G26147, AT5G47640
KRR (S’= 1) AT5G57360, AT5G65060
HSIC (S’= 2) AT1G53090, AT1G56170, AT2G27990
protoOLS –
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C.9 A. thaliana case study: non-metric multi-dimensional scaling of the re-
sults.
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(a) NMDS results for the 50% smallest genes
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Figure 7: Non-metric multi-dimensional scaling (NMDS) of the p-values obtained by the
kernelPSI and benchmark methods on Arabidopsis thaliana data, using 1− τ as a distance.
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