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A. Appendix: Counterfactual Learning to Rank

We also consider another important partial information setting: ranking evaluation and learning to rank based on implicit
feedback (e.g. clicks, dwell time). Here the selection bias on the feedback signal is strongly influenced by position bias,
since items lower in the ranking are less likely to be discovered by the user. However, it can be shown that this bias can
be estimated (Joachims et al., 2017; Wang et al., 2018; Agarwal et al., 2019), and that the resulting estimates can serve as
propensities in IPS-style estimators.

To connect the ranking setting with the contextual bandit setting more formally, now each context zz ~ P(X) represents a
query and/or user profile. Given ranking function 7, we use 7(x) to represent the ranking for query x. However, in the
LTR setting, we no longer consider the actions atomic, but instead treat rankings as combinatorial actions where the reward
decomposes as a weighted sum of component rewards. Formally speaking, the reward for rankings () is denoted as
A(r(x)|z,7) := Y 4eq Mrank(d|m(x)))r(x, d), where A(-) is a function that maps a rank to a score, d is the candidate set
for query x and rank(d|7(x)) represents the rank of document d in the candidate set d under the ranking policy 7 given
context x, and r(z, d) € {0, 1} is the relevance indicator. Then we can define the overall reward for a ranking policy 7 as

R(m) = /A(w(xﬂm,r)dP(m) (15)

Note that in this partial information setting we typically do not observe rewards for all (query, document) pairs. The
only observable reward per component may be whether the user clicks the document or not, ¢(z, mo(x),d) € {0, 1},
and there is inherent ambiguity whether the lack of a click means lack of relevance or lack of discovery. Here we use a
latent variable o(z, mo(x), d) € {0, 1} to represent whether the user x observes document d under the logging policy o,
which then leads to the following click model: a user clicks a document when the user observes it and the document is
relevant, c¢(x, mo(z),d) = r(z,d) - o(z, mo(z), d). Note that the examination o(x, mo(z), d) is not observed by the system,
but one can estimate a missingness model (Joachims et al., 2017), and use p(z, mo(x), d) be the (estimated) probability
of 1{o(x, mo(x),d) = 1}. We denote this probability value as the propensity of the observation. In practice one could
estimate the propensities as outlined in (Agarwal et al., 2019; Fang et al., 2019). The logged data we get is in the format of
S = {{(z:, dij, pij, cij)};@l}?:l where m; is the number of candidates for context z;, p;; is p(z;, mo(x;), d;;) and ¢;; is
e(xs, mo(x4), d; j). For additive ranking metrics, various estimators in the Interpolated Counterfactual Estimator Family can
be written in the form
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where wf;, wfj and w;yj are the weight functions of the three components of the Interpolated Counterfactual Estimator
Family. Given a perfect reward model and logged propensities, we can get unbiased estimate of additive ranking metrics if

the weight functions sum to 1. The weights of various estimators in this setting are shown in Table 3.

Table 3. The weight functions for different estimators of the family RY () in the ranking setting.
a B 2

Estimator wy Wij Wij
DM 1 0 0
IPS 0 1 0
cIPS 0 min{Mp;;,1} | 0
SB 1—7 T 0
switeh | 1{ib>np | a{ib<m) | o
CAB 1 — min{Mp;;,1} | min{Mp,;,1} | 0

Note that estimators with wzj # 0 (DR, CAB-DR) are not applicable in this setting since the third term o0;; wzj 7vi; depends
on o;;, which is not observed nor fully captured by ¢;;. However, the second term is computable since the unobserved o;;
and r;; are captured by c;; through o0;;8;; = % = ;#; The SWITCH estimator is applicable for learning in this setting
since the weights of the estimator do not depend on the ranking policy to be learned.
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B. Appendix: Proofs

In this appendix, we provide proofs of the main theorems.

B.1. Proof of Theorem 1

Theorem 1 (Bias of the Interpolated Counterfactual Estimator Family). For contexts x1,x2,- -+ ,x, drawn i.i.d from
some distribution P(X) and for actions y; ~ mo(Y|x;), under Condition 1 the bias of RV (7) with weighting functions
w = (w* wY, w?)is

EoEyr [wa A—wPCs+wi (A= (6 +A))
©)
+ (W +wP +w)s — 5}

Proof. For simplicity, we make the following notations throughout the proof. We let ¢ := ((z, y) denote the multiplicative
deviation of the propensity estimate from the true propensity model, and A := A(z, y) be the additive deviation of the
reward model from the true reward. Recall

7o (y|)
z,y)=1— < (16)
D D
Moreover, the 02 := o2(x,y) is used to denote the randomness in reward 7(x,y) with o2(z,y) = V,.(r(z,y)|z,y).

Moreover, we denote the true IPS weight % as ¢(x,y) with the estimated version being é(z,y). Also, let w* :=

Wiy wh = Wﬁ and w” := w, be the abbreviation for the weighting functions.

We will start the proof by calculating the expectation of three different components of Rw(w). For the ;5 component, this
term is independent of the distribution of y;, and we have:

E [% Z > wlile) why i) = Ee | S 7(gl0) w62, 9)| = Ba Byr [ w6+ )] (18)
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For the IPS term j3;, with z; ~ P(X) and y; ~ 7o(Y |x).
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where the second equation follows from the fact that conditioning on (z, y), E.[r(z,y)|x, y] = 6(x, y). For the third term
~i, we have
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Combining these three terms and using the formula that Bias(R% (7)) = E[RY (7)] — E, E,~ E,[r], we have

Bias(R™ (r)) = By Eyor [wa A=Wl o+ wI (A= ¢+ A)) + (W +wP +w)s— 5] @1)

B.2. Proof of Theorem 2

Theorem 2 (Variance of the Interpolated Counterfactual Estimator Family). Under the same conditions as in Theorem I,
the variance of RY () with weighting functions w = (w®,w?, w") is

1 o 3
5{% (E,T[w A—wP 5 +wI(A =6+ A))

T

+ (W WP +w7)5]) +E,E, [(wﬁ)%(l - g)%—?} ©)

B, [Vay (w7 (1= Q8 + w7 (1= (6 +A)] }
Proof. We follow the same notation as in Appendix B.1. Let RY () := dogey T(l2:) wiy auy + m(ys|xs) w? B +
7(yi|xi) w] i with the abbreviated version defined as Ry, (), and it is easy to see that V(RY (7)) = 1 V(RY (7).

V(R (1)) = Vi ( By, [RE (M) [2]) + Eo | Vyorr (RE () [2)]

= Vo ( By, (R (1) [2]) + Ex | By, [Vo (R (1) [2,p)la]| + Ex | Viyomy (B[R (1) |2, ] o) (22)

For the first term, using the bias formula in Appendix B.1, it is easy to see that
Vi ( By, R (1) [2]) = Vo (Byunlwgy A = wl, €6+ w3y (A = C(6 + A)) + (wiy +why +w3y)dla])  (23)

For the second term, we will calculate V,.(RY, (7) |z, y) first.

Xy

7(ylr) mo(y|r)
ST Aol 1Y)
= cA(wl)2(1 = )2 V. (r|z,y)

= cA(wl,)?(1 - ¢)?0?

(24)

3

where the first equality follows from the fact that conditioning on (z,y), 3¢y, T(¥l2) Wgy Qg + m(ylz) Wi Yoy is just
a constant, and we use the formula V(a + X) = V(X)) for any constant a, random variable X.

Then for the term E, {]Eyw,ro Vi (RY () |2, y) |x]} , we have

By | Byor [V (R (1) 2, ) 2] = B By, [2(wE))2(1 = )20

(25)
=E,Eyur [c(wgy)Q(l - 4)203]
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Similarly, for the third term, we will calculate E,.[RY, () |z, y] first.

E [RY, (1) 2, 9] = B | S w(5l) wiy 0y + m(yle) wl By + mlul) w3y 7o,
yey

= m(jlz) we 8(z, w’ m(ylz) Wo(y|:r)rx -y m(ylz) mo(y|z)

% Ble) wis 0,9+ B | W 2 ) Folyl) y] T o) Folyla) O T (26)
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ey XA ¥ mo(ylr) To(y|x) Y wo(ylx) 7o (y|z)

=Y wlgle) wip 62, 5) + wiy e(1 = )6 + wiy e(1 = () (6 + A)
gEY

For the term V., (Er [RY, () |, y] |x) , since the first term 3, m(y|z) Wi 4(x,7) is independent of y, then we have

Vymy (B R (7) 2,12 ) = Vo, (D2 7 (@hes) wity 8w, 5) + why (1 = Q8 + w3y el = (3 + A)lx)
yeY 27

= Vyomy (Wi o1 = Q)d + Wiy o1 = )0 + A)fa)
Then taking the outer expectation over x, we have:
Ex [ Viro (B[R (7) [2,4]12)] = B | Vg, (i o1 = 08 + w3y o1 = )0 + A)[a)] (28)

Summing all the three terms together, and using the formula V(RY () = i V(RY (n)) for i.i.d RY, we have:

N 1
V(RY (7)) :—{Vz (EW[W“ A—wPCo+wI(A=C(6+A)+ (W +wh +W7)5})
n
(29)
BBy (W) ?e(1 = Q202 | + By Vg (w7 (1 = Q)6+ w7 e(1 = )6 + A))] }
O
B.3. Proof of Theorem 3
Theorem 3 (Bias of CAB). For contexts X1,%2," Ty drawn i.i.d from some distribution P (X) and for actions y; ~
wo(Y |x;), under Condition 1 the bias of Rcap(m) is
EE.[—6ci{e < M} + (a0 — -y M sa1e> my (30)
o B c(1=¢)" (1=
Proof. Note CAB falls into the class of counterfactual estimator with the weighting functions wiy = 1 —
: #o(Fli) B _ #o(yilwi) v
mln{MTme), 1} S W = mln{MW7 1} ,wi = 0.
Using Theorem 1, the bias for Rea () is:
Bias(Rean () = By Eyun | wiy A = Wiy (04 Wiy (A = (0 + A)) + (wly +why + w3, )6 — 6]
M M
—E,E,r|(1 - min{———, 1A — min{ —, 1}¢5
yr | (1= min{ 255 1A = ming 2= 1160 .
M M
=E,Eyur| —C51{e <M 1— - A — - St1{e >M
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while the last equality follows from the fact that &(w, y) 1= 24 = TWLLTOWIEL — ¢(y ) (1 — ((x,y)) O
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B.4. Proof of Theorem 4

Theorem 4 (Variance of CAB). Under the same conditions as in Theorem 3, the variance of RC A ()

R 1 R M M .
V(Roan(r)) = o {ValBal0 = 0C1{e < M)+ (AQ — 575 = = 801{e > M)
+EErfe(l — ¢)%021{c < M} + szaf]l{é > M} +Ep [V, (c(1 = ¢)61{é < M} + M1 {¢ > M})]}

(32)

Proof. The result follows by plugging in the weighting function for CAB with wiy = 1 — min{M #o(Flzy) 1} wh =

m(ylzi) i
min{M%, 1} ,w; = 0 in Theorem 2.

For the term V,, (]E,r WA —wP 6+ WY (A =0+ A)+ (W +wP+ W’Y)é]), using the result from Theorem 3, we
have:

Vo (En[w® A — wP ¢6+ W (A — (6 + A)) + (W™ +wP +w7)5})

) o o ) (33)
=V, (Ealo - 6¢1{e < M} + (A1 - o) o gtone> My)
For the term E,E [(wﬁ)zc(l - C)Qaﬂ , we have
2 2 2 : M 2 2 2
EEq | (w9)2e(1 - ()%02] = B,y {mln{(é(x’y)) (1 - Q)2
= E. Ex (1 - ()20 1{é < M}+AL26(1 —Q%or1{e > M}}
= B, Ex (1 - ()% 1{e < M} ta el - 0202 1{e > M}]
= E,E, :c(l —)2021{e < M}+M7203 1{¢ > M}}
For the last term [E,, {VWO (WP e(1—¢)d+wYe(1—¢)(0+ A))|, then
E [V (WP (1 — g)(s)} —E [V (min{—2— 1}e(1 — g)a)}
T To x ™0 é(I,y)’
~E, [Vﬂo (1= ) e <M} +=se(l = ) e > M})} (35)
~E, [V,m (c(1—C)d1{e < M} +Ms1{e > M})]
Combining all, we have
V(fican(s) = 5 {Va (Bal6 = 601 < M} + (A = ) = s 01(e > M)))
+E,E, [c(l —0)2021{e < M} + M720211{é > M}] +E, [V,ro(c(l —O)01{e < M} + MoL{é > M})} }
(36)

O
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B.5. Proof of Bias and Variance of CAB-DR

Theorem S (Bias of CAB-DR). For contexts x1,x2,- -, drawn i.i.d from some distribution P(X) and for actions
yi ~ 7o(Y ), under Condition I the bias of Roappr(T) is

E,E {CAﬂ{é <M} +A(1- %

)1{é > M}} (37)

Proof. CAB-DR is also an instance in the Interpolated Counterfactual Estimator Family with the weighting function:

wiy =1, Wiﬁ = min{M f:fgilff)) , 1} W) = — min{M?((yy’lff)) , 1}. Using Theorem 1, the bias for CAB-DR is:

Bias(RCABDR(ﬂ')) =E,E; |w*A—-wl(i+w'(A- C(O0+A))+ (we +w# +w)d — 6]
. M . M
= By B [A = min{ =5, 1105 —min{ 7=, THA = 06+ A))}

e (38)
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Theorem 6 (Variance of CAB-DR). Under the same conditions as in Theorem 3, the variance of Rc ABDR(T)

V(Rcappr(m)) = %{Vm (E,T[(s +CATL{e < M} + A1 — %)n{é > M}])

M2
+E,E, [c(l — O%0?{e < M} + —o?1{e > M}} (39)

+ Eq |V (c(1 = O(=A)1{e < M} — MAL{e > M})| }

Proof. The proof follows by using Theorem 2 with the weights wiy = l,wiﬁ = min{M ?&ﬁf)),l} Wy =
— min{ M@= 1}
m(yilws) > " [

For the first term, following directly from Appendix B.5, it is easy to see
a B ¥ a B vy _ P M P
v, (Eﬂ[w A—wP O+ w (A—C(0+A))+(w* +w’ +w )5}) =V, (IEW[(?—FCA]l{c < M}+A1-Z)1{e> M}])
(40)

For the second term E,E[(w?)2¢(1 — ¢)202], since CAB and CAB-DR has the same weighting function w”, this term is
exactly the same for CAB and CAB-DR.

For the third term E,, |V, (w” ¢(1 — )6 + w7 e(1 — ¢)(6 + A))} , we have
B [, (07 (1 = 6 +37 (1= )(6+ )| = B [V (min 7. 1}e(1 = )8 = minf 7 1e(1 = 5+ A)]
E, [Vﬂo(_ min{%, 1le(1— O)A)

~E, [V,ro (e(1 = O)(=A)1{e < M} —MA1{e > M})

(41)

Combining all the three terms will give us the variance for Reagp r(m). O
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C. Experiment Details

In this section, we provide experiment details for both the BLBF and LTR settings.

C.1. BLBF

In the BLBF experiment, specifically, given a supervised dataset {(z;,y})}?_,, where x is i.i.d drawn from a certain fixed
distribution P(X") and y* € {1,2,--- , k} denotes the true class label. For a particular logging policy 7o, the logged bandit
data is simulated by sampling y; ~ 7o()|x;) and a deterministic loss 7(x;, y;) is revealed. In our experiments, the loss is
defined as r(z;,v;) = 1{y; # y;} — 1. The resulting logged contextual bandit data S = {z;, y;, 7(x;, ys), mo(ys|z:) } is
then used to evaluate the performance of different estimators.

For evaluation, we split each dataset equally into train and test sets. For the train set, we use 10% of the full-information data
to train the logger 7o and loss predictor 7,.(z), with loss estimates defined by 0(z;, y) = 1{m,(z;) # y} — 1. The policy 7
we want to evaluate is a multiclass logistic regression trained on the whole train set. Finally, we use the full-information test
set to generate the contextual bandit datasets S for off-policy evaluation of sizes n = 200, 500, 2000. We evaluate the policy
« with different estimators on the logged bandit feedback of different sizes and treat the performance on the full-information
test set as ground truth R(7). The performance is measured by MSE. We repeat each experiment 500 times and calculate
the bias, variance and MSE.

For learning, we first split the original dataset into training (48%), validation (32%) and test sets (20%). Following
(Swaminathan & Joachims, 2015a), the policy we want to learn lies on the space F := {m,, : w € RP} with 7, as the
stochastic linear rules defined by:

T (y|z) = (42)

Here, ¢(z,y) denotes the joint feature map between context x and action y, and Z(z) is a normalization factor. The
training objective is defined by 7°** = argmin, .z R°(m,) + A||w||2, where ) is selected through the lowest /75 ()
on the validation set. To avoid local minimum, the objective is optimized via L-BFGS using scikit-learn with 10 ran-
dom starts. The performance of the learned policy 7¢%! is measured via expected error on the test set, defined as:
L S By omest (w1 [L{yi # y; }]. Similar to evaluation, we use 20% of the training data to train the multiclass

Ntest =1

logistics regression as logging policy with default hyperparameter. While for the estimated loss d(x, y), we train the logistic
regression using 10% training data with tuned hyperparameter selected from the validation set. All the result is averaged
over 10 runs with n = 5000.

C.2.LTR

In the LTR experiment, we use 10% of the training set for learning a DM, which reflects that we typically have a small
amount of manual relevance judgements. The DM is a binary Gradient Boosted Decision Tree Classifier calibrated by
Sigmoid Calibration (Platt et al., 1999). We use A(rank) = rank as the performance metric which can be interpreted as the
average rank of the relevant results. The examination probability (propensity) that we use is p(x, mo(x), d) = m.
For the evaluation experiments, to get a ranking policy for evaluation, we train a ranking SVM (Joachims, 2002) on the
remaining 90% training data. As input to the estimators, different amounts of click data are generated from the test set. For
each experiment, we generate the log data 100 times and report the bias, variance, and MSE with respect to the estimated

ground truth from the full-information test set.

For the learning experiments, we derived a concrete learning algorithm based on propensity SVM-Rank that conducts
learning from biased user feedback using different estimators. The SVM-style algorithm (Joachims, 2002; 2006; Joachims
et al., 2017) optimizes an upper bound on different estimators and details are in Appendix C.3. We compare the performance
of different estimators using different amounts of simulated user feedback with the proposed learning algorithm. As input
to the propensity SVM-Rank, different amount of click data is simulated from the 90% training data. Specifically, we
present the performance using 1 sweep of the data in Table 2. We grid search C for propensity SVM-Rank and M for
different estimators and conduct hyperparameter selection with 90 percentile cIPS on user feedback data simulated from the
validation set for 5 sweeps. All the experiments are run for 5 times and the average is presented.
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C.3. Generalized Propensity SVM-Rank

We now derive a concrete learning algorithm that conducts learning from biased user feedback using different estimators
from the Interpolated Counterfactual Estimator Family. It is based on SVM-Rank (Joachims, 2002; 2006; Joachims et al.,
2017) but we expect other learning to rank methods can also be adapted to the estimators.

The generalized propensity SVM-Rank learns a linear scoring function f(z,d) = w - ¢(zx, d) with ¢(z, d) describing how
context = and document d interact. It optimizes the following objective

. 1 ¢ o
W = argming ¢ iw Sw + e Z Z |:’wl-j06ij + Oingﬁij] Z &ijk

v g k#j (43)
st. Vi, k#j7 w-[p(x;,dij) — d(xi, din)] > 1 — &,

where w is the parameter of the generalized propensity SVM-Rank and C' is a regularization parameter. The training
objective optimizes an upper bound on the estimator with average rank of positive examples metric(A(rank) = rank) since

Z Z wikag; + oijw?jﬂij (rank(d;;|z;, m(z;)) — 1)
i J

ZZ Z wikayj + Oijw?jﬁij : Z Hw - [¢p(xs, dix) — ¢(w4,dij)] > 0}
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< Z Z wisag; + Oijw?jﬁij : Zmax(l —w - [p(s,dij) — ¢(x4,dir)], 0)
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