Imitation Learning from Observation

A. Proof of Theorem 3.1

Before proving the theorem, we introduce some notations and useful lemmas.

Given a pair of 7 and f, denote random variable v; = K (aj,|},) f(}, 1) — f(Z}, ), recall the definition of the utility
function u(mw, f):

N
1
m(ap|y) f xh+1 sz xh+1 = NZ

Denote v = By p, amr(-0),2/~Py.a [f(z’)] — ]ng%+1 [f(x)]. Itis easy to verify that E;v; = v. We also have |v; —v| < 4K.
‘We can further bound the variance of v; — v as:

HMZ

Var; (v; — v) = E;(v; — v)2 = Eiv? -2 < Eiv?
= E(Kn(aj,|},) f(€h41) — f(@h41))?
< B m(ab|a),) f(h40) — Bl (ap|2)) f(@h 1) f (@) + Eif (@h44)°
<K+1+1<2K,
where we used the fact that | f(x)| < 1,Vz, m(a|z) < 1,Vz, a, and the last inequality uses the fact that a, is sampled from a

uniform distribution over .4. With that, we can apply Bernstein’s inequality to {v; } together with a union bound over IT and
F, we will have the following lemma:

Lemma A.1. Given dataset D = {@h, af,, @y yr } with ), ~ vp,aj, ~ U(A), @)y ~ Pyi i, and D¢ = {Z}, ., } with
Ty, 4 ~ My, for any pair m € 11, f € F, with probability at least 1 — 6,

N
(;7 Z Kﬂ(aﬂxz ‘rh+1 Z f thrl > - ( (z,a,z")~vpmP* [f(l'/)] - EZN,U,;‘L+1 [f(x)]) ’
=1

. 4\/2}( log(2[I[|7/6) , 8K log(2T1[| F|/5)

N N (7

Let us define two loss functions for 7 and f:

be(m) = (1/N) Y Kn(apla),) f*(2h11)

i=1

N N
ci(f) = (1/N) Y K (aj|2,) f (2]41) = (1/N) Z (Zh41)-

i=1

Forany f,g: & x A x X — R, define (f,9) = E(z a)~p, ., f(z,a)g(7, a), where we overload the notation and denote
D as the empirical distribution over the dataset D (i.e., put probability 1/|D| over each data point in D), and D, , as the
marginal distribution over x, a. With this notation, we can see that £;(7) can be written as a linear functional with respect to
U

Et(ﬂ-) = <7T’ Kft>7 3

where K f, is defined such that K f*(z,a) = K 1 | 1[z = %, a = aj| f*(«}_,). Under this definition of inner product,
we have:

max ||7]| <1, max|Kf! < K.
™

It is easy to verify that Algorithm 1 is running Best Response on loss {c:(f)}+ and running FTRL on loss {¢;()}:. Using
the no-regret guarantee from FTRL, for {7}, we have:

T
TR SLE
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Denote 7* and f* as the minimizer and maximizer of Eqn 2, i.e

N
. ( ZKmhpCh (zh1) Z xh+1>. (10)

(7%, f*) = arg mllril arg max

The following lemma quantifies the performance of 7 = ZtT:l mt/Tand f =%, , f*/)T

Lemma A.2. Denote T = Zthl 7t /T and f* = maxjer (E(x,a,m/)wynﬁp* [f(@)] = Egmpg,, [£( )]) We have
1 X N I
7(ap|z,) f $h+1 - sz $h+1 ) < *ZK ah|xh) l'h+1 Zf Thy1) + \/T’

HMZ

where 7T, f* is defined in (10).

Proof. Using the definition of ¢; and the no-regret property on {m; }, we have

I~ (1 5 o 1<,
T2<NZK (ah|z) f* (@h 1) NZ]“(%}ZH))
t= =1 i=1
< mi 1 - 1 a K i 1 N +
< %ﬁf; ¥ ; m(ap|zi) [ (@hir) = 3 ;f (1) | + o=

1 1 o= e RS
O LCEATHCINES-) SIACINES=)Y
pat i—1 t=1 i=1 =1
| _ 1 X .
<7 2 (N ZKW (ahlzh) f* (@hir) — ~ ; ft(ﬁwrl))

We also have:

/ 1 N . 1L
( ah|17h) (932,+1) N Z f(1~7;1+1)>

<
f€{f1- fT}
N ~
<< ZK a‘hlxh xh+1 Zf $h+1>

where the first inequality uses the definition of min, <y, the second inequality uses the fact that the maximum is larger than
g

the average, and the last inequality uses the fact that f * is the maximizer with respect to

Combining the above results, we have:
K

N N

1 . L
E K7( —E E K#* E —.
N1 - 7 (ap|ay,) f* xh+1 N 2 fH( 17h+1 ah|17h JUh+1 £ S (@) ﬁ
O
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Denote 7* and f* as

* , N\ — «
7, £ = axgmin argmax (Eovoanmormr, o [f@)] = Bevr: [£(2]) an

Now we are ready to prove Theorem 3.1

Proof of Theorem 3.1. Denote Oy = 44/ QKIOg(le\,HHFV‘S) + SKlog(QJ‘VH”FW). First, using the concentration result
from Lemma A.1, we have:

|< Zm ah ) (har) ;zf*@zm)—(E@,a,x/)whﬁp*[f< N = Eumpy,, [P (@ >])’

T T
<z ( ZKw (ahloi) F* <xh,+1>}v_2f*<az~z+l>> (B e [F ()] = x~#;+1[f*<x>1)|
1 ; -
< T Z (CN) =Cn.

t=1

On the other hand, for 7*, f*, we have:

N N
1 Tl ) £5 (0 1 * (0 * *
‘ (N ZKW*(ah‘xh)f (Th1) — N Z f (xh+1)> - (E(m,a,x’)wyhﬂ*P* [ (@) = Egmpg ,, [f (@])‘ (12)
i=1 i=1
< Cy. (13)
Define f/ = max e (% vazl Kr*(ap|ah) f(2h 1) — + Zivzl f(#,1)). Combine the above inequalities together, we
have:

maXE(m a,x’ )~ T P* [f(.f/)] - ExNu;Jrl [f(.ﬁl?)] = E(a:,a7:v’)~1/h7_rP* [.f ( )] GENltthl [f ( )]

feF
T

<< ZKW ap ) f* (@h41) Z (Zhi1) +Cn
al K

<= ZKW (af,|,) F* (@h11) Nz (Zh41) ﬁ +Cn

N
1 P K
<% ZKW (af ) ' (@h41) *sz:f Thi1) \/TJFCN
<E($aw NVhW*P*[f( )] TN/Lh+1[f( )}+2CN+

* ! *
< E(m,a,z’)wvhw*P* [f ($ )] - Ez~u2+1 [f (IL’)] +2CN + ﬁa
where the first equality uses the definition of f*, the second inequality uses Lemma A.2, the third inequality uses the fact
that 7* and f* are the min-max solution of (10), and the fifth inequality uses the fact that f* is the maximizer of (11) given
w*. Hence, we prove the theorem.

O
B. Proof of Theorem 3.2
Lemma B.1. There exists a distribution D € A(X), such that for any two datasets S; = {x1,...,xp} and So =
{z4,..., 2} where x; and x| are drawn i.i.d from D, as long as M = O(log(|X])), then:

lim Pr([S1NSy=0]) =

|X|—00
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Proof. We simply set D to be a uniform distribution of X. Denote |X'| = N, and M = O(log(NN)). The probability of .S}
and S5 does not have any overlap samples can be easily computed as:

P(S1 NSy =0) > P(S; NSy =0 and Sy does not have repeated samples).
Note that the probability that S; does not have repeated samples can be computed as:
P(S; does not have repeated samples) = (1 — 1/N)(1 —2/N)(1 — (M —1)/N).
When N — oo and M = O(log N), we have:

J\}im P(.S; does not have repeated samples) = 1.
—00

Now, conditioned on the event that .S does not contain repeated samples, we have:
P(S1 NSy =0)=(1—M/N)M = (1 — M/N)N/M)=M?/N)

Take N — oo, we know that lim, (1 — 1/2)% = 1/e and limy_,o, M?/N = 0, hence we have:

lim (l—M/N)K: lim (1_M/N)(N/M)(MZ/N) — lim (1/6)MZ/N:1.
N—oc0 N —o0 N —oc0
Hence we prove the lemma by coming two results above. O

We construct the MDP using the above lemma. The MDP has H = 2, two actions {a, a*}, and the initial distribution p
assigns probability one to a unique state & € X. The expert policy 7* is designed to be 7*(a*|%) = 1, i.e., the expert’s
action at time step h = 1 is a*. We split the state space X into half and half, denoted as X; and X5, such that X1 N Xy = ()
and || = |X,| = N/2. We design the MDP’s dynamics such that P(+|Z, a) assigns probability 2/N to each state in X
and assigns probability O to any other state in Xo. We design P(-|Z, a*) such that it assigns probability 2/N to each state in
X5 and zero to each state in X.

Denote D* = {:igi) }M | as the states generated from the expert by executing a* at #. For any two policies 7 and 7/, such
that 7(a*|#) = 1 and 7’(a|#) = 1, denote D = {24}, as the dataset sampled from executing 7 at & M many times, and

D' = {xg(i)}izl as the dataset sampled from executing 7’ at £ M many times. From Lemma B.1, we know that

lim P(DND*=0) =1, lim P(D*'ND =0) =1.
N —oc0

N—oc0

Hence asymptotically either D nor D’ will overlap with D*, unless M = Q(poly(N)) = Q(poly(|X|)).

C. Proof of Theorem 3.3

We first present some extra notations and useful lemmas below.

Lemma C.1 (Performance Difference Lemma (Kakade & Langford, 2002)). Consider a policy ® = {m1,..., 7} and
w* = {n},..., 75} We have:

H
J(m) = J(7*) = ZExNMZT [EaNﬂh('lx)Q;(L(x’ a) — Vif(x)] .
h=1

Note that under our setting, i.e., the cost function does not depend on actions, the above equation can be simplified to:
H
J(m) = J(7*) = Bop [Eam, (1) Qi (2,0) = Vi ()] (14)
h=1

H
= ZE‘TNM;T [anwh,w’NPLa [V}:+1(x/)} _anﬂ}’;@’NPm,@ [V}le(l'/)]] ) (15)

h=1
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where we use Bellman equations, i.e., Q% (¢, a) = c(z) +Epup, , Vi1 (2) and Vi¥ (2) = c(2) + Eanrr arnp, , Viig, (@)

Note that for any h, we have:

[Eonigy [Banmnanpea Vi @)] = Banmy arnp, o [Viia (@]

< |Bompig [Bammormpya [V (2)]] = z~u,§Ea~n, @'mPay [Vieer (2)]]
+ ’Erwt; anvh x'~ Py g [Vh+1( )] w~u, a~7r, 2/ ~Py [ ]|
<dg,, (Tnlpf s 1) + |Becps Bannt armp,., Vi1 (2')] — EzN%r]anrh wnPy o (Vi (@))]|
< dz, ., (Tulpf s why1) + An + 2epe, (16)

where the first inequality comes from the triangle inequality, the second inequality comes from the fact that V', | € Fp 41,
and in the third inequality, we denote Aj, = max e r |Eqn i [f(2)] = Egeopur [ f ()] |, and ey is introduced because I', V7,
might not in F},.

Now we are ready to prove the main theorem.

Proof of Theorem 3.3. We consider the h’th iteration. Let us denote w = {my,...,7_1} and uy, as the observation
distribution at time step h of following policies 7 starting from the initial distribution p. Denote y17, ,  as the observation

distribution of the expert policy 7w* at time step h + 1 starting from the initial distribution p. Note that the dataset {igﬁrl S

is generated from distribution p , ;. The data at D is generated i.i.d by first drawing sample ng) from pj (i.e., executing

(4)

1, ...Th_1), and then sample action a,(f) ~ U(A), and then sample z;, ,

from the real system P ) ).
Ty »p

Mapping the above setup to the setup in Theorem 3.1, i.e., set
vn = uf, T =OUK>/e), N =0O(K log(|Il||F|/5)/),
Algorithm 1 will output a policy 7, such that with probability at least 1 — §:

dF o (Trlpg > phi1) < ﬂrggl dF, o, (Tlph s i) + €

Recall the definition of refined inherent Bellman Error €], with respect to F, and 7w*:

= r ‘) /2-
€hen =  ax min 1f = Trgllur+us) /2

Denote f as:

f=ang max (Beopp [Banriclo) srmpea F@0)] = Boy [Bacony iy, o [f@)])

and g as:

g = arg g?elg}l g — Fhf”(u,’{-i—uﬁ)ﬂ

"Note that here we actually prove the theorem under a more general setting where we could have cost functions at any time step h.
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Now we upper bound minger, dr, ., (7|uf, pj; 1) as follows.

min d-7:h+1 (7T|H;:a ﬂ2+1) < d]:thl (W}*LW;:, N;H—l)

melly,
= fg}:a}i{#I }ELENM;LO‘NT(;:%/NPL&f(x/) - EwNH;LvaNﬂ}:aw’NPx,a f(x/)’
= max |Boyy {]an;clx),mwpm,a[f(x')}] — By {an;(-lx),xwpm,a[f(x’)]}‘

Ea;Nug [anﬂfl(-\w),x’wpz,a [f(x/)]] - Exwufb {Ea~7r;(~|:1:),w’~P$,a [f(.%‘/)}] ‘
< ‘Em~p‘,’f [g(.’L’)] - E:IW/L,*L [Q(CC)H + EmN/A,*L [g(x) - ]EaNTr,*L,:r’NPI,afA(x/)}

< }Iéaf};f |E$NM‘;’{ [f(iﬂ)] - Erw,u; [f(l’)” + QEQCN(H;:'HJ;L)/Q |:|§(CE) - anﬂz,m/NPT,af(x/)q

< max [Bovy [£(@)] — Bongy [F(@)]] + 265

= Ay + 26{),3,

Ezmau;: [g(l‘) - EaNW;L,w’NPI,af(xl)]‘ +

where the first inequality comes from the realizable assumption that 7;; € II, the second inequality comes from an application
of triangle inequality, and the third inequality comes from the definition of ey, and the fact that § € F,.

After learn 7y, 7 is updated to @ = {71, ..., 7 }. For Ap 41, we have:

Ah"l‘l = fg}'(%il EQZNME+1 [f(m)] - E$NMZ+1 [f(m)]

=  max ’EINM‘}’:)QNWh7w/NPz,a [f(x/)] - EZDNN; 7aN7T}:>1,NPw,a [f(x/)H
fE€EFn+1 '

= d s (TaluRs phaa) < min dr, (7] wh 1) + O(€) < An + 26, + O(e).

Define Ag = maxy [Ez,[f(2)] — Eznp[f(2)]| = 0, we have for any A,

Ap < 2hep, + O(he).

Now we link Ay, to the performance of the policy J (7). From (16), we know that:

[Eamig [Banmianpr [Vir1 ()] = Banri wrnpe, [V (2)]]]
< dz o (TRllE s Bha1) + An + 2€be

< Ap+0(e) + 261, + Ap + 26, = 2Ap + 4ep,, + O(e)

< 4dhey,, + O(2he) + 4ey,, + O(€) = O(hey,,) + O(he).

Using Performance Difference Lemma (Lemma C.1), we know that:
H
J(m) = J(7*) < Z UE@L'NMZ{ [E(I/Nﬂ'}ul'/’\’Pm,a [Vh*+1(x/)] - EaNTr;,l"NPm,a [Vh*-f-l(m/)” ‘
h=1

H
< Z 4hep, + 4ep, + O(2he) + O(e)
h=1

< 4H?¢, + 2He},, + O(2H?¢) + O(He) = O(H?¢},) + O(H?¢)

D. Proof of Proposition 4.1

We first show the construction of the MDP below. The MDP has horizon H, 27 — 1 many states, and two actions {, 7}
standing for go left and go right respectively. All states are organized in a perfect balanced binary tree, with 2/~ many
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leafs at level h = H, and the first level h = 1 contains only a root. The transition is deterministic such that at any internal
state, taking action [ leads to the state’s left child, and taking action r leads to the state’s right child. Each internal node
has cost zero, and all leafs will have nonzero cost which we will specify later. Note that in such MDP, any sequence of
actions {ay,...,ag—1} with a; € {l,r} deterministically leads to one and only one leaf, and the total cost of the sequence
of actions is only revealed once the leaf is reached.

The first part of the proposition is proved by reducing the problem to Best-arm identification in multi-armed bandit (MAB)
setting. We use the following lower bound of best-arm identification in MAB from (Krishnamurthy et al., 2016):

Lemma D.1 (Lower bound for best arm identification in stochastic bandits from (Krishnamurthy et al., 2016)). For any
K >2ande € (0, \/1/78} and any best-arm identification algorithm, there exists a multi-armed bandit problem for which
the best arm i* is € better than all others, but for which the estimate i of the best arm must have P(% #1*) > 1/3 unless the
number of samples collected T is at least K /(72¢2).

Given any MAB problem with K arms, without loss of generality, let us assume K = 2% — 1 for some H € NT. Any such
MARB problem can be reduced to the above constructed binary tree MDP with horizon H, and 27 — 1 leafs. Each arm in the
original MAB will be encoded by a unique sequence of actions {ay, }—;' with aj, € {I,7}, and its corresponding leaf. We
assign each leaf the cost distribution of the corresponding arm. The optimal policy in the MDP, i.e., the sequence of actions
leading to the leaf that has the smallest expected cost, is one-to-one corresponding to the best arm, i.e., the arm that has the
smallest expected cost in the MAB. Hence, without any further information about the MDP, any RL algorithm that aims to
find the near-optimal policy must suffer the lower bound presented in Lemma D.1, as otherwise one can solve the original
MAB by first converting the MAB to the MDP and then running an RL algorithm. Hence, we prove the first part of the
proposition.

For the second part, let us denote the sequence of the observations from the expert policy as {ih}thl, i.e., the sequence of
states corresponding to the optimal sequence of actions where the last state 2y has the smallest expected cost. We design an
IL algorithm as follows.

We initialize a sequence of actions a = ). Atevery level h, staring at h = 1, we try any sequence of actions with prefix
a o[ (a o a means we append action a to end of the sequence a), record the observed observation mil 11> we then reset and
try any sequence of actions with prefix a o 7, and record the observed observation xﬁl - 1f xﬁl 41 = Th+1, then we append [
to a, i.e., a = a o, otherwise, we append r, i.e., @ = a o r. We continue the above procedure until h = H — 1, and we
output the final action sequence a.

Due to the deterministic transition, by induction, it is easy to verify that the outputted sequence of actions a is exactly equal
to the optimal sequence of actions executed by the expert policy. Note that in each level h, we only generate two trajectories
from the MDP. Hence the total number trajectories before finding the optimal sequence of actions is at most 2(H — 1).
Hence we prove the proposition.

E. Reduction to LP

Let us denote a set {y;}?%] such that {y1,...,yn} = {z1,...,2n}, and {yn41...,92n} = {2},..., 2\ }. Denote
d; j = D(y;,y;) fori # j,and ¢; = 1/N fori € [N]and ¢; = —1/N fori € [N + 1,2N]. We formulate the following LP
with 2N variables and O(N?) many constraints:

2N
max Zciai, St,V’L 75 j, —Ldi’j S Q; — @y S Ldi’j, V’L, -1 é (67 S 1. (17)
i=1

Q150 Q2N 4
Denote the solution of the above LP as «]. We will have the following claim:
Claim E.1 (LP Oracle). Given F in (5), {z;}},, and {x'}X_|, denote {a;}2, as the solution of the LP from (17), we
N N IN |,
have: sup ;¢ » (Zi:l fla)/N=>"2, f(:v;)/N) =Y. car.

Proof of Claim E.1. Given the solutions {a; }2%], we first are going to construct a function f : X — R, such that for any y;,

%

we have f(y;) = o, and f € F. Denote L* = max;; |} — aj|/d; ;. Note that L* < L. The function f is constructed
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as:

i€[2N]

f(a;) = max (—1, min (1, min L*D(y;, z) + af))

First of all, we show that for any y;, we have f (y;) = af. For any j # i, we have:

L*D(y;j,u:) + o = |of — af| +of > af,
where the first inequality uses the definition of L*. Also we know that —1 < af < 1. Hence we have that for y;,
max(—1, min(1, min;c (a2 L*D(y;,v:) + aj*.)) = of.

Now we need to prove that f is L-Lipschitz continuous. Note that we just need to prove that min, L*D(y;, ) + o is
L-Lipschitz continuous, since for any L-Lipschitz continuous function f(x), we have max(1, f(z)) and min(—1, f(z)) to
be L-Lipschitz continuous as well.

Consider any two points 2 and 2’ such that = # 2. Denote  as arg min; L*D(y;, ) + o and 2’ = arg min; L*D(y;, ') +
af. We have:

z) = f(&') = L*D(y;,2) + of — (L*D(y;,2') + o)

L ( Y T ) ?/ - (L*D(yﬁ/v .17/) + OZ;)

< L*D(z,2'),

where for the first inequality we used the definition of ¢, and the second inequality uses the triangle inequality. Similarly,
one can show that

IN /-\>

fl@) = f(a') > —L*D(z, ).

Combine the above two inequalities and the fact that L* < L, we conclude that f is L-Lipschitiz continuous.

Now we have constructed f such that f(y;) = o forall i € [2N] and f € F. Now suppose that there exists a function
J' € Fsuch that | 5, f(@)/N = 350 f/(@)/N] > |0 flaa)/N = 350, f/(a)
some ¢ € [2N], f'(y;) # af. However, since f e F, we must have that { f/(y;) }22 satlsﬁes all constrams in the LP in (17).

Hence the assumption that Zi:l cif'(yi) > Zz 1 ciaf contradicts to the fact that {al 1 18 the maximum solution of the
LP formulation in (17). Hence we prove the claim.

O

F. Proof of Corollary 5.1

Since in this setting, F}, for all h € [H] contains infinitely many functions, we need to discretize Fj, before we can apply
the proof techniques from the proof of Theorem 3.3. We use covering number.

Denote NV(X, €, D) as the e-cover of the metric space (X, D). Namely, for any x € X, there exists a z’ € N(X, ¢, D)
such that D(2’, z) < e. Consider any function class F = {f : X = R, || f|lz < L, || fllcc < 1} with L € RT. Below we
construct the e-cover over F.

For any f € F, denote f € RW (X-eP)l with the i-th element f; being the function value f(;) measured at the i-th element
x; from N'(X,¢e,D). Hence F = {f : f € .7-"} € RVXeD)l and || f||o < C forany f € F. Denote N'(F,a, || - o) as
the a-cover of F. Let us denote the set N = {f € F: f € N(}' a, | [loo)}-

Claim F.1. With the above set up, for F’s (o 4+ 2Le)-cover, i.e., N(F,a + 2Le, || f|loc), we have

[N (X,e,D)|
N(F a+2Le, |- oo)] < IN(F o[- )| < (1) .

[e%

Proof. By definition, we know that for any f € F, we have that there exists a f* € F such that || f — f*||oc < a. Now
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consider ||f — f*||oo. Denote 2* = arg max, |f(x) — f*(x)| and 2*" is its closest point in N'(X, ¢, D). We have:
sup|f(x) = fH(@)] = [£(z") = f1(a7)] < |[f(@*) = F@*)] + | £ @) = f*(2")]
<|f(a) = F@)] + [F@*) = f2@)] + [ f* (@) = £ (@)
< Le+a+ Le=2Le+ a,

where the last inequality comes from the fact that f, f* are L-Lipschitz continuous, D(z*,z*") < ¢, || f — f*|lcc < @ and
x*" € N (X, ¢, D). Hence, we just identify a subset of F such that it forms a o + 2Le cover for F under norm | - || .

Note that A" is a a-cover with || - || for F which is a subset of [N (X, €, D)|-dimension space. By standard discretization
along each dimension, we prove the claim. O

From the above claim, setting up « and € properly, we have:

‘N( / ” ” )‘ - K [N (X,e/(3KL),D)|
) ) c

Extending the analysis of Theorem 3.3 simply results extending the concentration result in Lemma A.1. Specifically via
Bernstein’s inequality and a union bound over IT x N'(F, ¢/ K, || - ||« ), We have that forany 7 € I, f € N(F,¢/K, || - ||o0)>
with probability at least 1 — 4,

N
‘(N ZKW ah|$h) $ﬁ+1 Zf $h+1 ) - (E(w,a,m’)~uth* [f( )] INMh+1[f( )])|

=1

<4

\/2K IN(X,e/(3KL),D)|log(2|II|K/e(6)) n 8K |N(X,e/(3KL),D)|log(2[II|K/(ed))
N N '

Now using the fact that N'(F, ¢/ K, || - ||) is an e-cover under norm || - ||, we have that for any 7 € II, f € F, with
probability at least 1 — 4,

N
’ (]1[ Z KW(GHQUZ thrl Z f :Eh+1 ) - (E(I,a,x’)wvth* [f(m/)] - E"L’Nl‘*}*wrl [f(l')]) ‘
=1

< 4\/2K V(. ¢/(BKL), D)|1og(2U[3C/€(d)) | 8K IN(X, e/(3K L), D)|log(2|I|3C/(ed))
= N N

+ 2e.

The rest of the proof is the same as the proof of Theorem 3.3.

G. FAIL in Interactive Setting

Recall that with {m,...,7,_1} being fixed, we denote v}, as resulting observation distribution resulting at time step h. The
interactiveness comes from the ability we can query expert to generate next observation conditioned on states sampled from
vp—the states that would be visited by learner at time step h. Let us define d(m|vy,, 7}) as:

d}'hﬂ(ﬂ"l/hﬂr}:) £ max (ExNVhEaNﬂ'J/NPz‘a[f(x/)] - ExNVhEaNﬂ'*axlNPw,a[f(x,)}) .
fE€Fht1

Note that different from dz, ., (7|vh, g 1), in dz, ., (7|vk, 7 ), the marginal distributions on 2 are the same for both
and 7} and we directly access 7 to generate epxert observations at h + 1 rather than thorough the expert observation
distribution p , ;. In other words, we use IPM to compare the observation distribution at time step i + 1 after applying 7
and the observation distribution at time step i + 1 after applying 7*, conditioned on the distribution vy, generated by the
previously learned policies {r1,...,7—1}. In Algorithm 5, at every time step h, to find a policy 7, that approximately
minimizes dz,_, (7|vx, 7};), we replace expectations in d, , , (7|vy,, 75 ) by proper samples (line ?? and line ??), and then
call Algorithm 1 (line 2?).
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Algorithm 3 1IFAIL(II, F, ¢, n, T)
I: Setw =10
2: forh=1to H — 1do
3 D=0, D=1

4 fori = 1tondo

5 Reset x(li) ~ pand from xz(-l) execute w = {7r1, R 7Th,1} to generate xﬁj)

6: Execute a ~ U(A) to generate ng-)u and add it to D

7 Reset again a:{“ ~ p and from jf) execute w = {m,...,T,_1} to generate jégf)
8 Ask expert to execute its policy at ig) for one step, observe 50531, and add it to D
9:  end for

10:  Set 7y, to be the return of Algorithm 1 with inputs (ﬁ, D, I, F, T )

11:  Append 7, to 7
12: end for

Proof. Recall the definition of d(7|vy, 77),

d}'h+1 (m|vp, 7)) = max (EINVhEaNW,I’NPz,a[f(xl)] - EINVhEaNﬂ'*1I/NPz,a[f(x,)}) )
fE}-h+1

with v, being the distribution over A}, resulting from executing policies {71, ..., Th—1}.
We will use Lemma A.1, Lemma A.2, and Lemma C.1 below.

The Performance Difference Lemma (Lemma C.1) tells us that:

NE

J(?T) — J(Tl'*) = EINH‘;{ []anﬂ-h’m/wpz’a IZV;Z(+1((E/)] — ]Ea’\‘ﬂ';:,x,NPI,a [V;:(Jrl(fﬂ/)]]

>
I
—

M=

’EINM}{ [EaNﬂh7$lNPm,a [Vh:—l(x/)] _EaNTr;,:v’NPm,a [fo-i-l(x/)]”

>
Il
_

M=

dz, o (Talug , mh), (18)

>
I

1

where the last inequality comes from the realizable assumption that V;* € F,.

At every time step h, mapping to Theorem 3.1 with v, = uT, T = 4K? /€%, n = K log(|I1||F|/5) /€, we have that with
probability at least 1 — §:

A,y (Talpf, mh) < min dg,  (7|lpgry), +e.
melly,

Note that minqer, dz, , (7|uf, 75;) < dF,., (7h|uf, ;) = 0, since 75, € IIj, by the realizable assumption. Hence, we
have that:

dfh+1 (7h|ﬂgv W;L) <e
Hence, using (18), and a union bound over all time steps h € [H]|, we have that with probability at least 1 — 4,
J(m) — J(m*) < He,

with T = 4K?/e2, and N = K log(H|I1||F|/8)/€%. Since in every round h, we need to draw N many trajectories, hence,
the total number of trajectories we need is at most H K log(H|IL||.F|/3) /€.

O
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H. Relaxation of Assumption 2.1

Our theoretical results presented so far rely on the realizable assumption (Assumption 2.1). While equipped with recent
advances in powerful non-linear function approximators (e.g., deep neural networks), readability can be ensured, in this
section, we relax the realizable assumption and show that our algorithms’ performance only degenerates mildly. We
relax Assumption 2.1 as follows:

Assumption H.1 (Approximate Realizability). We assume 11 and F is approximate realizable in a sense that for any
h € [H], we have minyem, max, o ||7(alz) — 7} (a|z)|| < em and minger, ||f — Vii|oo < €.

The above assumption does not require F and II to contain the exact V;* and 7}, but assumes F and II are rich enough

to contain functions that can approximate V,* and 7 uniformly well (i.e., e and ey are small). Without any further
modification of Algorithm 2 and Algorithm 5 for non-interactive and interactive setting, we have the following corollary.

Corollary H.2. Under Assumption H.1, for € € (0,1) and § € (0,1), with T = O(K/€?), n = O(K log(|I1||F|H/6)/e?),
with probability at least 1 — 0, (1) for non-interactive setting, FAIL (Algorithm 2) outputs a policy w with J(m) —
J(7*) < O (H?(eve + €) + H(er + en)), and (2) for interactive setting, IFAIL (Algorithm 5) outputs a policy  with
J(m) — J(m*) < O(He+ Her + Hery), by using at most O((HK /€?)log(|I1||F|/8)) many trajectories under both
settings.

The proof is deferred to Appendix H.1.

H.1. Proof of Corollary H.2

Proof of Corollary H.2. For any h, denote gy, as

_ : R Ve
gh—arggggﬂg Virlloo

Below we prove the first bullet in Corollary H.2, i.e., the results for non-interactive setting.

Non-Interactive Setting Using PDL (Lemma C.1), we have

: i [Barsy oy atmpen Vil (@] = Bom Banmy arpn o Vi (2]
=1
+ [Eonpiz Banrtarnpr o [Via ()] = Bonpg By o, o [V (2]
= i |]E'~UNH7; [EaNﬂ’Lax/NPm,a [gh+1(x/)]] - EQUNMZEGNTF;,.’K/NP;C:Q [Q}L+1($/)]|
h=1
+ By Banry arm Py o (9541 (2)] = Bampr Banrs arnp, , [gha1(2")]] + der

<

M=

(d]:h,+1 (,/Th‘:ufga ,LL;;) + Ah + 46]:) .

>
I

1

Now repeat the same recursive analysis for dz, , (7 |p};, 17,) as we did in proof of Theorem 3.3 in Appendix C, we can
prove the first bullet in the corollary.

Now we prove the second bullet in Corollary H.2, i.e., the results for interactive setting.
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Interactive Setting Again, using Performance Difference Lemma (Lemma C.1), we have

M=

J(ﬂ') - J(ﬂ'*) = EmNﬂ}f [Ea~7rh,x’~Pz,a [Vl:ll(x/)} - anﬂz’xl"‘Px,a [fo+1(x/)]]

=
Il
—_

M=

|]Ex~u;; [Ea~m”x'~Px,a [V}j—&-l(x/)} _EaNW,*L,x'NPw,a [Vif+1($/)ﬂ|

>
Il
—

M=

|Eompr [BammyaimPy o [9041(2")] = Bannp armp, o [gn11(2")]] |

>
Il
—

+

EIN#EEaNM,,z’NPz,a[Vl:+1(x/) - gh+1($/)” + |E:r~#7{Ea~7r;,z’~Pz,a[Vl:+1($/) - gh+1($/)”

max |Egmpr [Banm,aimpy, (7)) = Bannt arnp,., ()] + 267
fE€EFhs1

M=

=
Il
—_

I
M=

(A7, (Talafe ) + 2€7)

>
Il
—

Now repeat the same steps from the proof of Theorem 5.2 after (18) in proof of Theorem 5.2, we can prove the second bullet
in the corollary.

O

I. Missing Details on ILFO with State Abstraction
We consider the bisimulation model from (6). The following proposition summarizes the conclusion in this section.

Proposition I.1. Assume Bisimulation holds (Eq. 6) and set Fr, = {f : | flloo < 1, f(z) = f(&'),Vz, 2’ s.t. d(x) = ¢p(a’)},Vh €

[H] to be piece-wise constant functions over the partitions induced from ¢. We have:
1. V¥ is a piece-wise constant function for all h € [H],
2. €pe =0,
3. supjer, (Efil f(z;)/N — ZZV:I f(z})/N) can be solved by LP, for all h € [H],

4. given any {x;}N.,, the Rademacher complexity of Fj is in the order of O(\/|S|/N), i.e.,
(1/N)E; [sup e 7, Zf\;l o:f(z;)] = O(y/|S|/N), with o; being a Rademacher number.

The above proposition states that by leveraging the abstraction, we can design discriminators to be piece-wise constant
functions over the partitions induced by ¢, such that inherent Bellman error is zero, and the discriminator class has bounded
statistical complexity. Below we prove the above proposition. The first two points in the above proposition were studied in
(Chen & Jiang, 2019). For completeness, we simply prove all four points below.

Piece-wise constant V*  First, we show that V" () is piece-wise constant over the partitions induced from ¢. Starting
from H, via (6), we know that V7 (z) = c(x), which is piece-wise constant over the partitions induced from ¢. Then let us
assume that for i + 1, we have V| (z) = V¥, (2') for any z, 2’ s.t. ¢(x) = ¢(a’). At time step h, via Bellman equation,
we know:

Vir(@) = Eqors (o) Barm Py o Vi (2).
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Hence for any two x, 2’ with ¢(x) = ¢(x’), we have:

V}f(x) - V;:((CU/) = EaNW*(-Im),x”NPm,afo+1(x”) - IEaw'fr*( |z’),z" ~ Py Vh+1( H)

z!a

=Y maz) (Y D (P@le,a) - Pla”|t,a) Vi (")

seES ' ep—1(s)

:Zﬂ*(abc) ZV}:‘H(S) Z (P(x"|x,a) — P(z"]|2’,a)) | =0,

SES ' ep—1(s)

where the second and the last equality use (6). In the third equality above, we abuse the notation V¥, (s) for s € S to
denote the value of V}*, , () for any x such that ¢(z) = s.

Inherent Bellman Error With 7, = {f : || fllec < 1, f(z) = f(2'),Vz, 2’ s.t. (x) = ¢(a’)},Vh € [H], we can show
€ébe = 0 as follows. For any z, 2’ € X with ¢(x) = ¢(2'), f € Fry1, we have:

Eqmrnt (|0 B npy o f(2") = Bamnr () Barnp,,  f(2")

z’,a

=Y m ) [ D fls) Y (P@|r,a) = Pa"|d',a) | =0,

SES z"ep—1(s)

where again we abuse the notation f(s) to denote that value f(x) for any x such that ¢(x) = s. Namely, I';, f is also a
piece-wise constant over the partitions induced from ¢. Since || f||oo < 1, itis also easy to see that || f||co < 1. Hence we
have ['y f € Fp.

Reduction to LP  Regarding evaluating sup ;. 7, (ZZ 1 fzi)/N — El L f(@h)/N ) we can again reduce it an LP.

Denote « € [—1, 1] S|, where the i-th entry in « corresponds to the i-th element in S. We denote « as the entry in « that
corresponds to the state s in S. Take {xz i1, and compute ¢; = Zfil 1(¢(x;) = s) forevery s € S (i.e., ¢; is the number
of points mapped to s). Take {z/}¥ ; and compute ¢, = Zf\il 1(¢(x}) = s). We solve the following LP:

3

max (csas/N — cas/N),
a€cRISI )
seS

st as € [-1,1],Vs € S.

Denote the solution of the above LP as o*. Then f*(z) = o).
Complexity of Discriminators Fj, Regarding the complexity of F, note that F;, essentially corresponds to a |S|-dim box:
[~1,1]15I. Again, consider a dataset {x;}_, and the counts {c,}.cs. For any f, and Rademacher numbers o € {—1,1}%,
we have

N
Z;aif(ﬂh =3 f ) w<> | D> ai

s€ES  icp1(s) s€S |licp—1(s)

N .
i=10i

Note that (E, )2 <E, (Zl 1 0i)? = N, which implies that E, | Zf\;l oi] <V/'N. Hence,

E, Zozf (@) <D Bol D ol <) Ve <Y VN/ISI= VNISI.

s€S i€p=1(s) s€ES sES

Now, we can show that the Rademacher complexity of F}, is bounded as follows:

N
. /NTSIN — 1181
fs;g_)h gazf(x,)] < V/N|S|/N N

o
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Algorithm 4 Min-Max Game (D*, D, 11, F, T, 6p)
1: forn =0to T do
2:  f" =argmaxsecr u(mgn, f) (LP Oracle)
3 u™ = u(mgn, )
4 Ot = 0" — Vou(men, f*) (Policy Gradient)
5
6

. end for
: Output: 7" with n* = arg min,, ¢y u”

J. Additional Experiments

When we design the utility in (3), we sample actions from U (.A) and then perform importance weighting. This ensures that
in analysis the variance will be bounded by K. In practice, we can use any reference policy to generate actions, and then
perform importance weighting accordingly. Assume that we have a dataset D = {x},, aj,, p},, ¥}, | } N | and the expert’s

dataset D* = {i}_,}N',, where p}, is the probability of action a}, being chosen at z},. We can form the utility as follows:

N N’

ulm, £) £ Y (wlail2h) /i) f (@) /N =D f (@) /N (19)

i=1 i=1

As long as the probability of choosing any action at any state is lower bounded, then the variance of the above estimator is
upper bounded. This formulation also immediately extends FAIL to continuous action space setting. For a parameterized
policy 7y, given any f, we can compute Vgu(mg, f) easily. If aj, ~ my(+|2) (i.e., on-policy samples), then for any fixed f,
the policy gradient Vyu(mg, f) can be estimated using the REINFORCE trick:

N
Vou(mo, flo=s, = (1/N) Y Va(Inmo(ap|z},)lo=0,) f () 41)- 20)

=1

With the form of Vyu(mg, f), we can perform the min-max optimization in Alg. 1 by iteratively finding the maximizer
™ = argmaxy u(m, , f) using LP oracle, and then perform gradient descent update 0"+ = 6" — n"Vou(mgn, f™).
See Algorithm 4 below. Note that in Algorithm 4 the dataset D = {z},, a},, p},, =}, , , } contains pj, which is the probability
of aj, being chosen at xj,. We can integrate Algorithm 4 into the forward training framework.

Algorithm 5 FAIL* ({I1;, }n, {Fr}n, €, 0,0/, T)
I: Setw = ()
2: forh=1to H—1do
3:  Initialize 7,
Extract expert’s data at i + 1: Djq = {JE%H};’;
Dl :(Z),...D}LZQ
fori =1tondo
Execute {71, ..., mp—1} to generate 7 = {x%, at, pi, 2, ... 2l _,,ab_,,ph_, 2t} with pi = m(al|z})
Forany t € [h — 1], add (2}, a}, p}, zi ) to Dy
Execute aj, ~ U(A) to generate xj, ,, and add (x},, aj,, p},, ¥}, ;) to Dy with pj, being the probability correspond-
ing to the uniform distribution over A
10:  end for
11:  Forallt € [h], update 7, to be the return of Algorithm 4 with inputs (Dt+1, Dy, Uy, Frya, T, 7rt>

12: end for

R A A

In Algorithm 2, at every time step h, we execute the current sequence of policies w = {1, ..., m,_1} to collect samples
at time step h, i.e., z,. We then throw away all generated samples {x1,...,x,_1} except x;. While this simplifies the
analysis, in practice, we could leverage these samples {x1, ..., z,_1} as well, especially now we can form the utility with
on-policy samples and compute the corresponding policy gradient ((20)). This leads us to Alg. 5. Namely, in Algorithm 5,
when training 7, we also incrementally update 7y, . .., m,_1 using their on-policy samples (Line 11 Algorithm 5).
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Figure 3. Performance of expert, FATL* (Algorithm 5), FAIL(Algorithm 2), and GAIL (without actions) on three control tasks. For the
top line, we fix the number of training samples while varying the number of expert demonstrations (6, 12, 25). For the bottom line, we fix
the number of expert demonstrations, while varying the number of training samples. All results are averaged over 10 random seeds.

We test Algorithm 5 on the same set of environments (Figure 3) under 10 random rand seeds, with all default parameters.
We observe that FAIL* can be more sample efficient especially in small data setting (e.g., 0.25 million training samples).
Implementation of Algorithm 5 and scripts for reproducing results can be found in https://github.com/wensun/
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