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Abstract
Model selection and evaluation are usually strictly
separated by means of data splitting to enable an
unbiased estimation and a simple statistical inference for the unknown generalization performance
of the final prediction model. We investigate the
properties of novel evaluation strategies, namely
when the final model is selected based on empirical performances on the test data. To guard
against selection induced overoptimism, we employ a parametric multiple test correction based
on the approximate multivariate distribution of
performance estimates. Our numerical experiments involve training common machine learning algorithms (EN, CART, SVM, XGB) on various artificial classification tasks. At its core, our
proposed approach improves model selection in
terms of the expected final model performance
without introducing overoptimism. We furthermore observed a higher probability for a successful evaluation study, making it easier in practice
to empirically demonstrate a sufficiently high predictive performance.

This is in particular true when labelled data is expensive to
acquire and datasets are thus only of modest size or the employed statistical methodology is inadequate for the particular study design. This issue is even more severe in critical
applications like automated and assisted medical diagnosis
where consequences could be ultimately life-threatening. In
such scenarios, machine learning researches should conduct
a rigorous model evaluation study and in fact may be even
required to do so by regulators (Pepe, 2003; Knottnerus &
Buntinx, 2009). While regulation is mandatory only in a
few domains today, its introduction is heavily discussed in
many environments (Cath et al., 2018; Gómez et al., 2018;
Olhede & Wolfe, 2018; Pesapane et al., 2018; Reed, 2018).
From a statistical viewpoint, an evaluation study seeks to
provide evidence that a novel prediction model has a sufficiently high performance compared to the reference standard
(which provides the true labels). The true performance is of
course unknown in practice and needs to be estimated based
on data. Much can go wrong in this process which is why
across the machine learning literature the following threeway data split is frequently recommended (Friedman et al.,
2009; Japkowicz & Shah, 2011; Zheng, 2015; Goodfellow
et al., 2016; Géron, 2017):
1. Training: used to train all initial candidate models.

1. Motivation
Impressive progress has been made over the last years in
a vast variety of supervised machine learning applications.
End-to-end deep learning approaches have led to steadily
improving results in traditional domains as well as in novel
settings (LeCun et al., 2015; Jiang et al., 2017; Litjens et al.,
2017; Miotto et al., 2017; Ching et al., 2018).
However, several challenges remain. In this work, we consider overfitting issues and overoptimistic claims concerning
the predictive performance which are still common in applied machine learning (Boulesteix, 2009; Boulesteix &
Strobl, 2009; Jelizarow et al., 2010; Boulesteix et al., 2013).

2. Validation: used for algorithm / hyperparameter selection, the final model results from retraining this
algorithm on training and validation data.
3. Evaluation (Test): used to access the performance of
the final model.
A standard approach to address sampling variability of the
empirical test performance, is to conduct (frequentist) statistical inference of the unknown generalization performance
ϑ. This allows the construction of confidence intervals
CI1−α (ϑ) = (ϑl , ϑu )

(1)
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based on the test data such that CI1−α (ϑ) covers ϑ with
probability 1 − α. More formally, a test decision for the
hypothesis problem
H0 : ϑ ≤ ϑ0

vs. H1 : ϑ > ϑ0

(2)
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can be made. Hereby, it is required that the type 1 error
rate, the probability of falsely rejecting the null, is (approximately) bounded by the significance level α, e.g. α = 0.05.
This approach may be motivated as follows: We assume
that there is an existing comparator for the prediction task
at hand, either in form of a threshold ϑ0 or the performance
of a reference model fˆ0 . For instance, an automated disease
diagnosis system might only be deemed as useful when it
can provide a classification accuracy of at least ϑ0 = 90%
due to other advantages, e.g. decreased costs or lower invasiveness compared to the reference standard. Similarly,
a company may decide to only replace their existing (and
working) stock price forecasting model if enough evidence
is available that the new candidate model performs better. It
is sometimes criticized that the outcome of a statistical test
is ultimately binary (reject or don’t reject). We argue however that this binary outcome perfectly matches the pending
decision in the given application: either we implement the
candidate model in practice or we don’t.
The statistical testing approach implicitly reflects that we
hereby usually perceive type I errors (concluding a model
performs well enough when it doesn’t) to be more harmful
than type II errors (failing to conclude superiority of a sufficiently good model). This view may be too rigorous for
early-phase studies or algorithmic development attempts. It
is however justified in critical applications and regulated
environments.
Several works investigate and compare statistical methods for the evaluation of prediction models usable for this
framework (Garcı́a et al., 2010; Japkowicz & Shah, 2011;
Raschka, 2018). Some of these methods are tailored towards the comparison of learning algorithms rather than
models (Dietterich, 1998; Nadeau & Bengio, 2000; Hothorn
et al., 2005; Eugster et al., 2008). In this case, each algorithm under investigation produces several models based
on different datasets or partitions of the same dataset. The
results of such a (benchmark) experiment are than based
on a summary statistic of different performance estimates
per algorithm, e.g. the average accuracy. We will however
focus on model comparison and evaluation in this work. In
the terminology of Dietterich (1998, figure 1), we primarily
address research questions 1 and 3.
In a recent comprehensive overview article, Raschka (2018)
presented different multiple tests which allow to conduct
simultaneous inference regarding more than one models on
a single test dataset while still controlling the probability of
making a false positive claim. Raschka (2018) states that ’if
we are honest and rigorous, the process of multiple hypothesis testing with appropriate corrections can be a useful aid
in decision making.’ We certainly agree with this statement.
However, based on our observations, these methods are still
not commonly employed in applied machine learning.

A novel perspective on model selection and evaluation
which helps to justify the use of multiple testing methodology for model evaluation was presented by Westphal &
Brannath (forthcoming 2019). In a nutshell, the authors
propose to evaluate multiple models on purpose to allow the
final model being selected on the test data. The resulting
selection induced bias is countered by using a multiple test
correction based on the approximate multivariate distribution of performance estimates. Westphal & Brannath (forthcoming 2019) used the so-called maxT-approach which is
not well-known in the machine learning literature but has
several appealing properties which we will highlight later.
In numerical simulations of many repetitions over the complete learning-evaluation pipeline this approach resulted in
final models with higher performance and also increased
statistical power, i.e. the probability that the null hypothesis
is correctly rejected. An additional motivation for this approach is given in case learning and evaluation data differ
systematically, e.g. when the learning data is sampled from
a perturbed data distribution. While this should generally
be avoided, it is not uncommon in practice. For instance, diagnostic models in medical research are commonly trained
on retrospectively collected data with potentially unrepresentative characteristics compared to the intended target
population, e.g. on patients with less/more/other comorbidities or following different sample protocols. The evaluation
data on the other hand is usually highly representative due to
a prospective study design with restrictive inclusion criteria.
If this is the case, it can be frustrating not to be allowed
to use the test data for model selection for the sake of an
unbiased estimation and valid statistical inference for the
performance of the single prespecified model. We are not
aware of other publications exploring a similar route, i.e. an
intended model selection based on the test data.
The outline of this work is as follows: In the second section we will briefly introduce basic notation and the most
important statistical aspects. In the third section we show
results of new and extensive numerical simulations in which
we compare the properties of different evaluation strategies.
Finally, in the fourth section, we summarize our results,
point out limitations of our work and give an outlook on
future research.

2. Notation and Statistical Framework
2.1. The Default Data Splitting Approach
The goal of supervised machine learning is to learn a prediction model fˆ : x 7→ ŷ which maps a P -dimensional
feature vector x to a (scalar) label ŷ. This is achieved by
a machine learning algorithm A which takes a learning set
L
L = {zi = (xi , yi )}ni=1
as input. Hereby, L is assumed
to be sampled from the unknown joint data distribution
D = D(X,Y ) , we write L ∼ DnL in short. Usually several
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models are trained as it is rarely known beforehand which
algorithm provides the best results for the problem at hand.
This can be justified with the no free lunch theorem of machine learning (Shalev-Shwartz & Ben-David, 2014). We
assume that that M algorithms Am are used to train models
fˆm , m ∈ M = {1, . . . , M }. A learning algorithm may
depend on one or more so-called hyperparameters, e.g. the
strength of a penalty term. In the following, we will treat the
same algorithm with two different hyperparameter choices
as two different algorithms Am , Ak , m 6= k.
The true performance of the m-th model fˆm is defined as
ϑm = ϑ(fˆm ) = ED [s(fˆm (X), Y )].

(3)

Hereby, s is a similarity measure between prediction and
label such as s(ŷ, y) = 1(ŷ = y) for (binary) classification
tasks (on which we will focus later). In practice, P
only sample
estimates (empirical performances) ϑ̂m = n1 i s(ŷi , yi )
are available whereby the summation is meant to include all
observations in the relevant dataset. It is well known that
model selection based on the same data that was used for
training generally favours (over)complex models. The usual
recommendation to avoid overfitting the training data is to
estimate performances on independent data (Friedman et al.,
2009; Japkowicz & Shah, 2011; Zheng, 2015; Goodfellow
et al., 2016; Géron, 2017). Hence we assume that the learning data is split into training data T ∼ DnT and validation
data V ∼ DnV . The performance of the resulting intermedi−
= Am (T ), m ∈ M, (with training restricted
ate models fˆm
to T ) are compared based on the validation performances.
Usually, the empirical validation performance ϑ̂− is maximized to select the best algorithm m∗ = arg maxm∈M ϑ̂−
m.
The final prediction model fˆm∗ is the result of retraining the
algorithm Am∗ on the whole learning data L = T ∪ V as
a non-decreasing generalization performance (on average)
can be expected from any reasonable learning algorithm. We
will call this approach the default selection rule hereafter.
A third and final dataset is eventually needed to allow for an
unbiased performance estimation and, if needed, rigorous
statistical inference regarding the true performance of the
final model ϑm∗ . This is due to the fact that the validation estimate for the final model m∗ is overoptimistic due to
selection induced bias. The magnitude of this bias is increasing in the number of models M that are compared (Jensen
& Cohen, 2000). The final evaluation (or test) dataset will
be denoted as E ∼ DnE . This simple evaluation strategy
works because of the complete separation of model selection (based on V) and evaluation (based on E). However, it
might suffer if the selection results in a suboptimal model.
From a strict statistical viewpoint (i.e. if we seek to control
the type 1 error rate), we are not allowed to change our
hypothesis which is implied by our model choice after we
have investigated the evaluation data.

2.2. Simultaneous Evaluation of Multiple Models
The evaluation approach proposed by Westphal & Brannath
(forthcoming 2019) can be formalized by allowing arbitrary
selection rules r : L 7→ S ⊂ M = {1, . . . , M }. That is to
say, a subset of models S ⊂ M is selected for evaluation
based on L, particularly based on ϑ̂− . For simplicity, we
will assume that the models are ordered such that the valida−
tion estimates form a decreasing sequence ϑ̂−
1 ≥ . . . ≥ ϑ̂M .
In effect, we have S = {1, . . . , S}, S ≤ M . In the evaluation phase we now have to simultaneously evaluate all
selected models m ∈ S. By evaluation we mean estimation
of the unknown parameter vector ϑ = (ϑ1 , . . . , ϑS ) and a
test decision for the hypothesis system
H = {H0m : ϑm ≤ ϑ0 , m ∈ S}.

(4)

The goal of the evaluation study is hence to reject at least
one null hypothesis H0m , i.e. provide evidence that at least
one model has a sufficiently high performance. We are
particularly interested in the unknown performance ϑm∗
of the final model. In the remainder of this work, we will
focus on the most obvious way to choose the final model,
namely the model with the highest evaluation performance
m∗ = argmaxm∈S ϑ̂m (E). As a result model selection and
evaluation now overlap (if S > 1) and statistical methods
are needed to resolve bias introduced this way.
In general, a multiple test may be used to deal with
hypothesis system (4). A multiple test is a mapping
ϕ : E 7→ {0, 1}S whereby hypothesis H0m gets rejected if
and only if ϕm = 1. We will employ a particular test, the
so-called maxT-approach which is also known as the projection method (Hothorn et al., 2008; Dickhaus, 2014). It
is based on the approximate multivariate normal distribu·
tion of the sample estimates ϑ̂ ∼ NS (ϑ, Σ̂) where Σ̂ is a
consistent estimate of the true covariance matrix Σ of ϑ̂.
Usually, when performance is defined as in (3), Σ̂ is the
standard sample covariance of the similarity matrix


Q = s(fˆm (xi ), yi ) i=1,...,nE
(5)
m=1,...,S

scaled by the factor 1/nE . To compute Q, predictions for all
evaluation observations need to be obtained for all selected
models. In the following, we assume that the sample covariance matrix can be decomposed as Σ̂ = D̂ −1/2 R̂D̂ −1/2
whereby D̂ is the diagonal matrix of sample variances and
R̂ the estimated correlation matrix. From this, a vector of
test statistics can be constructed as
T = D̂ −1/2 (ϑ − ϑ0 ).

(6)

Under the least favourable parameter configuration
ϑ = ϑ0 = (ϑ0 , . . . , ϑ0 ) ∈ RS we have
·

T ∼ NS (0, R̂)

(7)
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due to the multivariate central limit theorem. Standard packages allow the numerical calculation of a critical value cα
such that, given ϑ = ϑ0 ,
Z
P(max Tm ≤ cα ) ≈
φS (x, R̂)dx = 1 − α.
m∈S

(−∞,cα ]S

(8)

selection rules (based on the validation data) and the same
statistical inference framework (on the test data). That is
to say, the same multiple test we be employed in all cases,
namely the maxT-approach described in the last section.
Our main focus is how different selection rules impact the
final model performance. Furthermore, we will compare
estimation bias, statistical power and type 1 error rate.

Hereby, φS (· , R̂) is the density function of the
S−dimensional standard normal distribution with correlation matrix R̂. Altogether, this leads to a simultaneous
test procedure ϕ by defining ϕm = 1 ⇔ Tm > cα . This
test controls the family wise error rate (FWER) in the strong
sense asymptotically (as nE → ∞). That is to say that the
probability of any hypotheses in (4) being falsely rejected
is bounded by the significance level α for all possible parameter configurations ϑ. If S = 1, the maxT-approach is
equivalent to a standard Z-test. It is also possible to construct a simultaneous confidence region for the parameter
vector ϑ with (approximate) coverage probability 1 − α.
Additionally, a corrected point estimator ϑ̃ may be defined
via

The simulation study is inspired by previous work but was
vastly extended regarding several aspects (Westphal & Brannath, forthcoming 2019). Most importantly, the diversity
of learning algorithms (EN, RPART, SVM, XGB) was increased. The diversity of learning tasks was also increased
as we now deal with unbalanced classification problems
based on nonlinear risk scores. In addition, the number of
candidate algorithms was increased to 200 = 4 · 50 and the
hyperparameters are now sampled randomly instead of grid
based. In total, we simulated 72,000 instances of the complete machine learning and evaluation pipeline and trained
200 models twice (pre and post validation) on each instance.

ϑ̃m = ϑ̂m − c0.5 · se(
ˆ ϑ̂m ),

All numerical experiments have been conducted in R (R
Core Team, 2013). We used many existing packages, most
importantly the batchtools (Lang et al., 2017) package
for processing batch jobs and the mvtnorm (Genz et al.,
2018) for computations concerning the multivariate normal
distribution. For the machine learning part, we employed the
caret1 package as a wrapper for methods from glmnet,
rpart, LiblineaR, and xgboost.

(9)

whereby c0.5 fulfils equation (8) with α = 0.5. This corrected estimator is median-conservative, i.e. the probability P(∪m∈S {ϑ̃m > ϑm }) that any component ϑ̃m overestimates the true performance ϑm is approximately (as
nE → ∞) bounded by 0.5. Further details are provided by
Westphal & Brannath (forthcoming 2019).
The maxT-approach due to Hothorn et al. (2008) is not
widespread in applied machine learning but has several appealing properties: (a) It is applicable to a wide variety
of performance measures due to the employed normal approximation. (b) It takes into account the similarity of the
models via the estimated correlation structure of the empirical performances. It is therefore less strict (smaller cα ) if
similar models are evaluated. Simpler approaches such as
the Bonferroni correction ignore the correlation structure
completely (Dickhaus, 2014). (c) The framework allows
corrected (median-conservative) performance estimates via
(9) which is useful even if statistical testing is not of direct scientific interest. On the downside, the approximate
nature of the procedure may result in too liberal test decision for small test sets. In the following section, the pros
and cons of our multiple testing approach will be assessed
systematically in an extensive simulation study.

3. Simulation Study
3.1. Goal
The goal of our simulation study is to compare different
model evaluation strategies. We will combine different

3.2. Software

In addition, two newly developed packages were used:
SEPM2 (Statistical Evaluation of Prediction Models) provides the selection and statistical inference framework.
SEPM.MLE3 provides all functions used to conduct the numerical experiments presented in this work. To reproduce
the simulations and analyses we recommend to follow the
instructions provided in the public R project SEPM.PUB4
3.3. Setup
For the simulation study, we will focus entirely on binary
classification and prediction accuracy. In the following, we
will describe some of its main features.
3.3.1. DATA GENERATION
Training, validation and evaluation datasets T , V and E
are sampled from the same distribution D = D(X,Y ) . In
addition, a large population dataset P with 100,000 observations is generated. It is not used for selection or
1

https://github.com/topepo/caret/
https://github.com/maxwestphal/SEPM
3
https://github.com/maxwestphal/SEPM.MLE
4
https://github.com/maxwestphal/SEPM.PUB
2

Improving Model Selection by Employing the Test Data

evaluation but rather to calculate the ground truth (e.g.
true classifier accuracies) with high precision. The standard
p error of calculated ’true’ proportions is bounded by
0.5(1 − 0.5)/nP ≤ 0.0016.
For each dataset, we firstly generate feature data X ∈ RP
from a multivariate standard normal distribution with
P = 50 features whereby only Pact < P active features
contribute to define the labels Y . In half of the cases the
features are independent of each other. For the other half
of instances features are redundant. That is to say, for each
active feature, we have one ’partner’ feature which is correlated (ρ = 0.5) to the active feature but does not contribute
any information towards the true label.
True labels are then generated based on a risk score which
is a function g : x 7→ p = P(Y = 1|X = x) ∈ (0, 1).
We used six different risk scores. The first two (A, B) are
linear in X and depend on Pact = 5 features (Westphal
& Brannath, forthcoming 2019). They result in balanced
learning problems, i.e. π = P(Y = 1) = 0.5. The next
two (C, D) are nonlinear risk scores also based on Pact = 5
features. The last two (E, F) are also nonlinear and based on
Pact = 9 features. The risk scores for scenarios C through
F were inspired by prediction tasks used by Friedman (1991,
p. 35) and Breiman (1996, p. 139) and are tuned such that
πC = πE = 0.3 and πD = πF = 0.15. Besides these
realistic class balances we checked that all tasks have a
realistic optimal performance ϑopt which is defined as the
accuracy of the classifier resulting from thresholding the
true (data-generating) risk score at 0.5, compare table 1.
Altogether we investigate 24 = 6 · 2 · 2 different scenarios
resulting from all combinations of risk score (A-F), feature
distribution (independent [I] or redundant [R]) and size of
the learning data nL (either 400 or 800). The validation data
size was set to nV = nL /4 in all cases. For each of the 24
distinct scenarios, we generated 3,000 data instances.
3.3.2. M ACHINE LEARNING
For every data instance, we train M = 200 models with
randomly sampled hyperparameters on the training data T
and again (with the same hyperparameters) on the learning
data L = T ∪ V. We employed the following learning
algorithms (in brackets: number of hyperparameters):
• EN: Elastic Net - Penalized Logistic Regression (2)
• CART: Cost-Sensitive Classification and Regression
Trees (2)
• SVM: L2 Regularized Linear Support Vector Machines
with Class Weights (3)
• XGB: eXtreme Gradient Boosting (7)

Each algorithm was used to train M/4 = 50 models on
each data instance. These particular algorithms were chosen in order to achieve a good compromise between high
performance and low training time. Details regarding the
implementation and theoretical background are given in the
caret documentation1 and by Kuhn & Johnson (2013).
3.3.3. S ELECTION RULES
Our main focus is the comparison of the following two
selection rules, motivated by previous research (Westphal &
Brannath, forthcoming 2019).
(a) default: evaluate the best the validation model only
(b) within 1 SE: evaluate all models within one standard
error of the best validation model
To reduce the computational costs for our simulation and
potentially avoid a loss in statistical power we limited
the number of selected model by imposing the condition
√
S ≤ b nE e. This can be motivated by noting that we have
−1/2
tr(Σ) = O(SnE ) for the trace of the covariance matrix
of ϑ̂. Furthermore, we also included two oracle rules for
comparison which cannot be implemented in practice. The
oracle [train] rule selects the single best model based on true
performances ϑ−
m (before retraining) and the oracle [learn]
rule is based on the true performances ϑm of the final models. For each of the 72,000 learning data sets, five test sets
with different sizes nE ∈ {100, 200, 400, 800, 8000} were
sampled. All evaluation strategies are finally employed to
the same 360,000 resulting combinations (L, E).
3.4. Main Results
The main results described here are averaged over all learning instances and stratified by relevant factors. A much
more detailed supplementary report with several additional
analyses is available online5 .
3.4.1. P REDICTION TASKS
The 24 considered scenarios are summarized in table 1. The
six different data distributions A-F are defined by the according risk score which are either linear (L) or nonlinear (N).
The label depends either on Pact = 5 or 9 active features.
The fourth column shows the prevalence of the positive
class π = P(Y = 1). For each combination of data distribution A-F and learning sample size nL ∈ {400, 800} the
two rightmost column show the mean over all corresponding simulation instances of the maximum true performance
ϑmax = maxm∈M ϑm for the case M = 200. These numbers are somewhat smaller when nL = 400 and when the
5
https://maxwestphal.github.io/SEPM.PUB/
MLE_SIM_ACC.html
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Table 1. Description of the classification tasks investigated in the
simulation study. Each task is defined by the its label distribution
(A-F), number of learning samples (400 or 800) and an independent
(I) or redundant (R) feature distribution.
D

TYPE

Pact

π

ϑopt

A

L

5

.50

.885

B

L

5

.50

.860

C

N

5

.30

.951

D

N

5

.15

.966

E

N

9

.30

.950

F

N

9

.15

.963

nL

ϑmax [I]

ϑmax [R]

400
800
400
800
400
800
400
800
400
800
400
800

.878
.882
.850
.856
.885
.867
.892
.901
.854
.865
.891
.900

.877
.881
.850
.855
.853
.865
.890
.899
.852
.864
.890
.900

features are independent (I) rather than redundant (R), as
expected. The variation of ϑmax across simulation instances
is rather small, the largest standard deviation of 0.009 was
observed for task (C, 400, I). The distance of ϑmax to ϑopt ,
the optimal achievable performance, can be seen as a proxy
of how well the considered algorithms are able to learn each
task. Overall, the XGBoost algorithm is most likely to learn
the best prediction model for most tasks. For tasks A and B
however, the elastic net frequently provides the best models.
3.4.2. F INAL MODEL PERFORMANCE
Our main goal is to investigate if our approach can be successfully used to improve model selection. Figure 1 shows
the empirical distribution of performance gains ∆ϑ as observed in the simulation study. ∆ϑ is defined as the difference between the true model performance ϑm∗ resulting
from using the within 1 SE selection rule and the default
selection rule. A positive ∆ϑ means a higher performance
for the former approach.
The mean performance gain is always greater than zero and
this effect is increasing in nE and decreasing in nV = nL /4.
This is also true when stratifying the analysis further for
learning task (see supplementary report). The magnitude of
the mean effect varies between 0.8% and 0.9% accuracy if
nE = nV . We furthermore observe that the distribution of
∆ϑ is skewed as a large gain (5% or greater) is much more
likely than an equally great loss in model performance. We
also tested if the expected performance gain is significantly
different from zero for the primary analysis (M = 200,
nV = nE ). The according null hypothesis H0 : E∆ϑ = 0
can be rejected in the overall analysis (nsim = 72000) for
the significance level α = 5%. This is also the case when
conducting Bonferroni-corrected tests in all 24 encompassed
scenarios (nsim = 3000). That is to say, in all 24 individual scenarios, the multiplicity-adjusted lower confidence
bounds for E∆ϑ are greater than zero.

Figure 1. Gain in final model performance ∆ϑ when the final selection is conducted on the test data depending on the number of
learning observations nL and the number of test observations nE .

3.4.3. E STIMATION
Evaluating only a single model has the undeniable advantage
that an unbiased point estimate can be obtained from the
test data. In contrast, evaluating multiple promising models
and choosing the final model based on the test data is prone
to selection induced bias. This is shown in the top row
of figure 2: The mean relative bias of the naive estimator
(sample mean) is around +2% for small test sets. This is the
reason why the former approach is so popular and frequently
recommended in the literature.
In contrast, the corrected estimator ϑ̃m∗ introduced in equation (9) is rather biased downward by a similar margin (bottom row of figure 2). This bias also vanishes asymptotically.
This conservatism makes the corrected estimate preferable
for evaluation studies. Besides the bias, we also analysed the
mean squared error and mean absolute deviation of ϑ̂m∗ and
ϑ̃m∗ . Regarding these characteristics, the two estimators
perform very similarly in our simulation.
3.4.4. T EST DECISIONS
In a rigorous model evaluation study, we may require that
∗
rejection of the null hypothesis H0m : ϑm∗ ≤ ϑ0 is necessary to conclude superiority of the final model fˆm∗ over
the benchmark ϑ0 . Figure 3 shows exactly this rejection
rate π(δ) = P(ϕm∗ = 1|δ) given δ = ϑmax − ϑ0 . Hereby
ϑmax is the true performance of the best candidate model
m ∈ M, compare table 1.
When δ ≤ 0, the global null is true, i.e. all models are worse
than the benchmark ϑ0 . In this case π(δ) coincides with the
type 1 error rate of the statistical test and hence should be
bounded by α. The (one-sided) significance level α = 2.5%
is indicated as the red dashed line in figure 3. Apparently,

Improving Model Selection by Employing the Test Data

Figure 2. Relative deviation between estimated and true final
model performance for the naive (top) and corrected (bottom)
estimator. In this figure, only instances with nL = 400 are shown.

control of the type 1 error rate is possible for all employed
selection rules. Only when model selection is perfect (oracle [learn] rule), the observed false positive rate of the test
is slightly above α. This can be explained by the asymptotic
nature of the employed statistical test. We remark here, that
the test decision for all models m ∈
/ S which have not been
selected is to retain the null hypothesis. This definition is
obvious but necessary to make selection rules comparable
(Westphal & Brannath, forthcoming 2019).
In the more interesting case δ > 0, the global null is no
longer true, i.e. there are models with sufficiently high performance ϑm > ϑ0 . The rejection rate π(δ) then almost
coincides with statistical power, i.e. the probability to correctly identify such a model. To be precise, π(δ) may also
contain false positive test decisions for fm∗ , the empirically best model on the test data, when δ > 0. We found
in separate analyses that this difference is minor and only
noteworthy at all for small positive δ. The curves showing
the raw statistical power thus look almost identical to those
shown in figure 3 for δ > 0 and are provided in the supplementary report. Either way, evaluating multiple promising
models increases statistical power uniformly (for all δ > 0).
For most of the investigated range of δ, the gain in power is
substantial as it lies between 10 and 20 percent. This gain is
decreasing in the number of validation samples nV = nL /4.
3.4.5. S ENSITIVITY ANALYSES
We conducted several sensitivity analyses to investigate if
the results change under modified conditions. They are
described very briefly below. Details can be found in the
supplementary report.
Most importantly, we stratified all analyses further by learning task scenario, i.e. label and feature distribution. In all

Figure 3. Overall rejection rate, i.e. probability to falsely (δ ≤ 0)
or correctly (δ > 0) identify a sufficiently good prediction model.

cases the results were qualitatively similar to the those in
the main (global) analysis. In particular we observed an
increased final model performance and improved statistical
power when multiple models are evaluated simultaneously.
The case of fewer than 200 initial candidate models was
also emulated. For this purpose, we repeated the complete
analysis after randomly sampling 40 or 100 from the 200
available models for each simulation instance. Hereby, we
enforced that each of the four learning algorithms is represented equally in all sets of candidate models M, i.e. each
M (still) contains M/4 models of each type. In summary,
none of the previously reported results is particularly sensitive to this change, neither qualitatively nor quantitatively.
We also investigated how our multiple testing approach compares against selection based on model complexity, at least
for the subset of elastic net models (M = 50). A traditional
selection rule in this case is to minimize the number of nonzero model coefficients under the side condition that the
validation performance is within one standard error of the
best validation model (Friedman et al., 2009, p. 61, p. 244).
Somewhat surprisingly, this selection rule didn’t even outperform the default approach regarding model performance
and quality of test decisions. Moreover, it may be very difficult in general to find a criterion which measures model
complexity for all candidate models when those are the
result of a diverse set of learning algorithms.
Finally, we examined the effect of using the well-known
Bonferroni correction instead of the advertised maxTapproach in conjuction with the within 1 SE selection rule.
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This multiple test is based on dividing the global significance level α by the number of selected models S to obtain
a local significance level αloc = α/S. As expected, the
Bonferroni correction results in a less powerful test procedure as it ignores the dependency structure of test statistics.
The rejection rate was decreased by up to 10%, depending
on the benchmark ϑ0 . The employed statistical test has no
influence on model selection, as we would still pick the
model with the highest empirical performance on the test
data as the final model.

4. Conclusion
4.1. Summary and Interpretation
’The test data should not guide model selection and instead
only be used for the assessment of a single (independently
selected) model.’ The main contribution of the present work
is the demonstration that this omnipresent recommendation
in machine learning should not be considered irrefutable. A
simultaneous evaluation of multiple models is possible when
suitable statistical methods are employed to counter the
induced overoptimism. Moreover, our proposed evaluation
strategy has two major advantages.
Firstly, in all scenarios investigated in our simulation, the
expected model performance was increased compared to
the default approach. This can be explained by the fact that
effectively more data is used to inform the model selection,
namely the test data which is otherwise only used for an
assessment of a single prespecified prediction model. In
other words, our approach enables the researcher to correct
mistakes made due to the imperfect model ranking in the
validation stage. The expected net benefit of this approach
in our simulation study, just under one percent classification
accuracy when nV = nE , may seem small. It may however
also be seen as a relative decrease in classification error of
0.01
(roughly) 10% = 1−0.9
.
The second benefit is the increased statistical power. In practice, the researcher has in effect a largely increased chance
to show that at least one of the candidate models performs
sufficiently well. The increase in power was substantial,
between 10% and 20% in most relevant situations. In other
words, less observational units are needed to achieve the
same power. This is an important factor as conducting evaluation studies in regulated environments such as medical
diagnosis can be very costly.
The main drawback of our approach is the introduced upward bias of the final performance estimate in the evaluation
study. However, we showed that it is possible to adjust
for this bias with a corrected, median-conservative estimator which is arguably preferable in the context of model
evaluation.

4.2. Limitations and Outlook
Our conclusions are mainly based on an extensive simulation study. As a consequence, the results cannot be extrapolated naively to all possible machine learning scenarios.
However, our conclusions are not limited to the employed
learning algorithms and data distributions. We rather see
those as reasonable to generate the truly relevant characteristics, namely the distribution of (intermediate) performances
ϑ− , ϑ and their dependence structures. These characteristics are partially analysed in table 1 and in the supplementary report. The range of the best learned model accuracy
(85%-90%) in relation to the theoretically optimal accuracy
(86%-97%) seems very realistic to us.
The biggest restriction of our simulation study may be the
investigated learning sample sizes nL . We feel that 400 to
800 learning samples are realistic for applications in assisted
disease diagnosis - our main target application. In ’big data’
scenarios however, the performance gain will eventually
vanish as all standard errors in the validation phase tend
to zero asymptotically. In this regard, our within 1 SE rule
’converges’ to the default selection rule as nV → ∞.
The extension to other predictions tasks other than binary
classification or other performance measures is easily possible. All that is required is the asymptotic multivariate
normality of the performance estimate ϑ̂. This is the case
when performance (or error) estimates are computed as a
sample average over (dis)similarities between predictions
and labels and in many other cases.
A natural question directly motivated by this work concerns
the optimal number of models to include in the evaluation
study. In a post-hoc analysis of our simulation data, we
found that after a rapid gain in expected model performance
when increasing the number of models from a single one to
a few, this gain vanishes again when including even further
models. This is intuitive, as evaluating too many models will
lead to a shift of the selection bias issue from the validation
to the test data. Based on another recent work, we plan to
model the expected utility, e.g. the final model performance,
more explicitly in a Bayesian framework at the time point
of model selection for evaluation (Westphal, 2019).
An important extension of the present work will be the
simultaneous assessment of more than one performance
measure for multiple models. At least for medical diagnosis
applications, the most important example in this regard is
the assessment of sensitivity and specificity of a binary
classifier as co-primary endpoints. That is to say, the goal
of the evaluation study is to show superiority in both these
endpoints for at least one model under control of familywise error rate. We are looking forward to adapt our recent
multiple testing approach to this more complex setting in
the future (Westphal et al., 2019).
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