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Abstract

Consider the problem of minimizing functions that are Lipschitz and strongly convex, but not nec-
essarily differentiable. We prove that after 1" steps of stochastic gradient descent, the error of the
final iterate is O(log(T")/T") with high probability. We also construct a function from this class for
which the error of the final iterate of deterministic gradient descent is Q(log(T)/T). This shows
that the upper bound is tight and that, in this setting, the last iterate of stochastic gradient descent has
the same general error rate (with high probability) as deterministic gradient descent. This resolves
both open questions posed by Shamir (2012).

An intermediate step of our analysis proves that the suffix averaging method achieves error
O(1/T) with high probability, which is optimal (for any first-order optimization method). This
improves results of Rakhlin et al. (2012) and Hazan and Kale (2014), both of which achieved error
O(1/T), but only in expectation, and achieved a high probability error bound of O(loglog(T")/T),
which is suboptimal.

Keywords: Gradient Descent, Lipschitz Functions, Strong Convexity, Martingales, High Probabil-
ity Analysis, Lower Bounds.

1. Introduction

Stochastic gradient descent (SGD) is a popular first order method which dates back to 1951 (Robbins
and Monro, 1951). It is a very simple and widely used iterative method for minimizing convex
loss functions. In a nutshell, the method works by querying an oracle for a noisy estimate of a
subgradient, then taking a small step in the opposite direction. The simplicity and effectiveness of
this algorithm has established it as an essential tool for applied machine learning (Schmidt et al.,
2017; Johnson and Zhang, 2013). See (Bubeck, 2015) or (Hazan, 2015) for more details about SGD.

The efficiency of SGD is usually measured by the rate of decrease of the error — the differ-
ence in value between the algorithm’s output and the true minimum. The optimal error rate is known
under various assumptions on f, the function to be minimized. In addition to convexity, common as-
sumptions are that f is smooth (gradient is Lipschitz) or strongly convex (locally lower-bounded by
a quadratic). Strongly convex functions often arise due to regularization, whereas smooth functions
can sometimes be obtained by smoothening approximations (e.g., convolution). Existing analy-
ses (Nemirovski et al., 2009) show that, after 1" steps of SGD, the expected error of the final iterate
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is O(1/\/T) for smooth functions, and O(1/T) for functions that are both smooth and strongly
convex; furthermore, both of these error rates are optimal without further assumptions.

The non-smooth setting is the focus of this paper. One example of this setting is with ¢; reg-
ularized learning problems. As another example, the objective for ¢3 regularized support vector
machines (Shalev-Shwartz et al., 2011) is strongly convex but not smooth.

A trouble with the non-smooth setting is that the error of (even deterministic) gradient descent
need not decrease monotonically with 7, so it is not obvious how to analyze the error of the final
iterate. A workaround, known as early as Nemirovsky and Yudin (1983), is to output the average of
the iterates. Existing analyses of SGD show that the expected error of the average is ©(1/+/T) for
Lipschitz functions (Nemirovsky and Yudin, 1983), which is optimal, whereas for functions that are
also strongly convex (Hazan et al., 2007; Rakhlin et al., 2012) the average has error ©(log(T")/T")
with high probability, which is not the optimal rate. An alternative algorithm, more complicated
than SGD, was discovered by Hazan and Kale (2014); it achieves the optimal expected error rate
of O(1/T). Suffix averaging, a simpler approach in which the last half of the SGD iterates are
averaged, was also shown to achieve expected error O(1/T") (Rakhlin et al., 2012), although im-
plementations can be tricky or memory intensive if the number of iterations 7" is unknown a priori.
Non-uniform averaging schemes with optimal expected error rate and simple implementations are
also known (Lacoste-Julien et al., 2012; Shamir and Zhang, 2013).

Shamir (2012) asked the very natural question of whether the final iterate of SGD achieves
the optimal rate in the non-smooth scenario, as it does in the smooth scenario. If true, this would
yield a very simple, implementable and interpretable form of SGD. Substantial progress on this
question was made by Shamir and Zhang (2013), who showed that the final iterate has expected
error O(log(T)/v/T) for Lipschitz f, and O(log(T)/T) for strongly convex f. Both of these
bounds are a log(T") factor worse than the optimal rate, so Shamir and Zhang (2013) write

An important open question is whether the O(log(T)/T') [expected] rate we obtained
on [the last iterate], for strongly-convex problems, is tight. This question is important,
because running SGD for T iterations, and returning the last iterate, is a very common
heuristic. In fact, even for the simpler case of (non-stochastic) gradient descent, we do
not know whether the behavior of the last iterate... is tight.

Nesterov and Shikhman (2015) take an alternative approach and study a similar question (only in
the non strongly-convex case, however). They develop a different first-order algorithm for which
the individual iterates converge in value at the optimal rate to the true minimum. Their result makes
the question of Shamir (2012) even more interesting; we now know that such algorithms actually
exist and it was conceivable that SGD is one of them. Earlier, Tang and Monteleoni (2013) gave
positive results on Shamir’s question for restricted classes of functions.

Our work shows that the log(7") factor is necessary for the standard step sizes, both for Lipschitz
functions and for strongly convex functions, even for non-stochastic gradient descent. So both of the
expected upper bounds due to Shamir and Zhang are actually tight. This resolves the first question
of Shamir (2012). In fact, we show a much stronger statement: any convex combination of the last
k iterates must incur a log(7'/k) factor. Thus, suffix averaging must average a constant fraction of
the iterates to achieve the optimal rate.

Recently, Jain et al. (2019) consider the setting where the time horizon, 7', is fixed ahead of time.
They show that in both the strongly-convex case and the Lipschitz case, a suitable choice of step
size gives the final iterate the optimal convergence rates of O(1/T") and O(1/+/T), respectively. On
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the other hand, for the strongly-convex and stochastic case, when T' is unknown, they show that no
choice of step size gives the individual iterates of SGD the O(1/T") rate for every 7.

High probability bounds on SGD are somewhat scarce; most of the literature proves bounds
in expectation, which is of course easier. The inefficiency' of selecting the best of many indepen-
dent trials of SGD makes the existence of high probability bounds for a single execution of SGD
more interesting and useful. Some known high-probability bounds for the strongly convex setting
include (Kakade and Tewari, 2008), for uniform averaging, and (Hazan and Kale, 2014; Rakhlin
etal., 2012), which give a suboptimal bound of O(loglog(T)/T) for suffix averaging (and a variant
thereof). In this work, we give two high probability bounds on the error of SGD: O(1/T') for suffix
averaging and O(log(T")/T) for the final iterate. Both of these are tight. (Interestingly, the former
is used as an ingredient for the latter.) The former answers a question of Rakhlin et al. (2012, §6),
and the latter resolves the second question of Shamir (2012).

2. Preliminaries

Let X' be a closed, convex subset of R", f: X — R be a convex function, and df(z) the subd-
ifferential of f at . Our goal is to solve the convex program min,cy f(x). We assume that f is
not explicitly represented. Instead, the algorithm is allowed to query f via a stochastic gradient
oracle, i.e., if the oracle is queried at x then it returns § = g — Z where g € df(z) and E[2] = 0
conditioned on all past calls to the oracle. The set X is represented by a projection oracle, which
returns the point in X closest in Euclidean norm to a given point z. We say that f is a-strongly
convex if

f4) 2 J@) +{gy—a)+ 5 ly—al® VyaeX.geofi). (M

Throughout this paper, ||-|| denotes the Euclidean norm in R™ and [T'] denotes the set {1,...,T}.

We say that f is L-Lipschitz if ||g|| < L for all x € X and g € df(x). For the remainder
of this paper, unless otherwise stated, we make the assumption that « = 1 and L. = 1; this is
only a normalization assumption and is without loss of generality (see Appendix F). For the sake of
simplicity, we also assume that ||Z|| < 1 a.s. although our arguments generalize to the setting when
Z are sub-Gaussian (see Appendix F or Harvey et al. (2018)).

Let Iy denote the projection operator on X. The (projected) stochastic gradient algorithm is
given in Algorithm 1. Notice that there the algorithm maintains a sequence of points and there
are several strategies to output a single point. The simplest strategy is to simply output z741.
However, one can also consider averaging all the iterates (Polyak and Juditsky, 1992; Ruppert, 1988)
or averaging only a fraction of the final iterates (Rakhlin et al., 2012). Notice that the algorithm also
requires the user to specify a sequence of step sizes. The optimal choice of step size is known to be
ne = ©(1/t) for strongly convex functions (Nemirovski et al., 2009; Rakhlin et al., 2012). For our
analyses, we will use a step size of n, = 1/t.

1. It is usually the case that selecting the best of many independent trials is very inefficient. Such a scenario, which is
very common in uses of SGD, arises if f is defined as >_." | f; or E,, [ f., ]. In such scenarios, evaluating f exactly
could be inefficient, and even estimating it to within error 1/7 requires ©(T?) samples via a Hoeffding bound,
whereas SGD uses only O(T') samples.
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Algorithm 1 Projected stochastic gradient descent for minimizing a non-smooth, convex function.
1: procedure STOCHASTICGRADIENTDESCENT(X C R", z; € X, step sizes 11,12, . . .)
2: fort < 1,...,T do

3: Query stochastic gradient oracle at z; for g, such that E[g; | g1,...,G1—1] € Of (z1)
4: Yey1 < x+ — Mege (take a step in the opposite direction of the subgradient)
5: Zig1 < Ha(yes1) (project y441 onto the set X')
TT41 (final iterate)
6: return either T%rl ijll Ty (uniform averaging)

ﬁ ZtT;q} /241 Lt (suffix averaging)

3. Our Contributions

Our main results are bounds on the error of the final iterate of SGD: an Q(log(7")/T") lower bound
(even in the non-stochastic case) and a O(log(7") log(1/9)/T") upper bound with probability 1 — 6.
These results resolve both open questions of Shamir (2012).

Theorem 3.1 Suppose f is 1-strongly convex and 1-Lipschitz. Suppose that Z; (i.e., E[gi] — G,
the noise of the stochastic gradient oracle) has norm at most 1 almost surely. Consider running
Algorithm 1 for T iterations with step size 1y = 1/t. Let * = argmin,cy f(x). Then, with
probability at least 1 — 6,

f(zri1) — f(2¥)

IN

O<10g<T> lTogu/a))

The assumptions on the strong convexity parameter, Lipschitz parameter, and diameter are with-
out loss of generality; see Appendix F. The bounded noise assumption for the stochastic gradi-
ent oracle is made only for simplicity; our analysis can be made to go through if one relaxes the
a.s. bounded condition to a sub-Gaussian condition (Harvey et al., 2018). We also remark that a
linear dependence on log(1/4) is necessary for strongly convex functions; see Appendix G.

Our main probabilistic tool to prove Theorem 3.1 is a new extension of the classic Freedman
inequality (Freedman, 1975) to a setting in which the martingale exhibits a curious phenomenon.
Ordinarily a martingale is roughly bounded by the square root of its total conditional variance (this is
the content of Freedman’s inequality). We consider a setting in which the total conditional variance?
is itself bounded by (a linear transformation of) the martingale. We refer to this as a “chicken and
egg” phenomenon.

Theorem 3.2 (Generalized Freedman) Ler {d;, F;}!' | be a martingale difference sequence.
Suppose vi_1 > 0, i € [n] are F;_1-measurable random variables such that E [exp(Ad;) | Fi—1] <

exp (’\2—2’01_1> foralli € [n], \ > 0. Let Sy = Zﬁzl d; and V; = 2221 vi—1. Let a; > 0 and set

2. As stated, Theorem 3.2 assumes a conditional sub-Gaussian bound on the martingale difference sequence, whereas
Freedman assumes both a conditional variance bound and an almost-sure bound. These assumptions are easily
interchangeable in both our proof and Freedman’s proof. For example, Freedman’s inequality with the sub-Gaussian
assumption appears in (Fan et al., 2015, Theorem 2.6).
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Q = maX;c[,) . Then

n

t

T

Pr St > xand V; < a;d; + 6 < exp|———— Yz, 3 > 0.
i > ( 4o +86/w>

The proof of Theorem 3.2 appears in Appendix C. Freedman’s Inequality (Freedman, 1975) (as
formulated in (Fan et al., 2015, Theorem 2.6), up to constants) simply omits the terms highlighted
in yellow, i.e., it sets o = 0.

Next we give a matching lower bound on the last iterate’s error in deterministic gradient descent.

Theorem 3.3 For any T’ and any constant ¢ > 0, there exists a convex function fr : X — R, where
X is the unit Euclidean ball in RT, such that fr is (3/c)-Lipschitz and (1/c)-strongly convex, and
satisfies the following. Suppose that Algorithm 1 is executed from the initial point 1 = 0 with step
sizes 1y = c/t. Let * = argmin,c y fr(z). Then

logT
— > 2
fr(zr) = fr(z*) > e T (2)
More generally, any weighted average X of the last k iterates has
. In(7T") — In(k
fr(@) — fr(z*) > InZ) ~ In(k) 3)

4c- T
So suffix averaging must average a constant fraction of iterates to achieve the optimal O(1/T) error.

Remark 3.4 In order to incur alog T factor in the error of the T'-th iterate, Theorem 3.3 constructs
a function fr parameterized by T. It is also possible to create a single function f, independent of
T, which incurs the log T factor for infinitely many T. This is described in Remark B.2. The details
can be found in the full version of the paper (see Harvey et al. (2018)).

Interestingly, our proof of Theorem 3.1 requires understanding the suffix average. (In fact this
connection is implicit in Shamir and Zhang (2013)). Hence, en route, we prove the following high
probability bound on the error of the average of the last half of the iterates of SGD.

Theorem 3.5 Suppose f is 1-strongly convex and 1-Lipschitz. Consider running Algorithm 1 for
T iterations with step size n; = 1/t. Let x* = argmin,c» f(x). With probability at least 1 — §,

Remark 3.6 This upper bound is optimal. Indeed, Appendix G shows that the error is Q(log(1/0)/T)
even for the one-dimensional function f(x) = z%/2.

Theorem 3.5 is improves the O (log(log(T')/8)/T) bounds independently proven by Rakhlin
et al. (2012) (for suffix averaging) and Hazan and Kale (2014) (for EpochGD). Once again, we defer
the statement of the theorem for general strongly-convex and Lipschitz parameters to Appendix F.

Remark 3.7 (The Lipschitz case) Theorem 3.1 and Theorem 3.3 also have analogues in case of
functions that are Lipschitz but not strongly convex: f(xr11) — f(z*) = O(log(T) log(1/8)/VT)
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with probability at least 1 — 6, and there exists f7 with fp(x741) — fr(z*) = Q(og(T)/V/T). The
formal statement and the proof appear in the full version of the paper (Harvey et al., 2018). Note
that suffix averaging is less interesting in the Lipschitz setting because uniform averaging is already
optimal. Furthermore, the high probability bound for uniform averaging follows via a standard
application of Azuma’s inequality.

4. Techniques

Final iterate. When analyzing gradient descent, it simplifies matters greatly to consider the ex-
pected error. This is because the effect of a gradient step is usually bounded by the subgradient
inequality; so by linearity of expectation, one can plug in the expected subgradient, thus eliminating
the noise (Bubeck, 2015, §6.1).

High probability bounds are more difficult. (Indeed, it is not a priori obvious that the error of
the final iterate is tightly concentrated.) A high probability analysis must somehow control the total
noise that accumulates from each noisy subgradient step. Fortunately, the accumulated noise forms
a zero-mean martingale but unfortunately, the martingale depends on previous iterates in a highly
nontrivial manner. Indeed, suppose (X) is the martingale of the accumulated noise and let V;_; =
E [(Xt — X 1)? | X1, X ] be the conditional variance at time ¢. A significant technical
step of our analysis (Lemma 6.4) shows that the total conditional variance (TCV) of the accumulated
noise exhibits the “chicken and egg” phenomenon alluded to in the discussion of Theorem 3.2.
Roughly speaking, we have Zthl Vi—1 < aXp_1+5 where o, 8 > 0 are scalars. Since Freedman’s

inequality shows that X7 < 4/ Z;‘FZI Vr, an inductive argument gives that X7 < /aX7_1+ 8 <

\/ av/aXr_o+ B+ S ---. This naive analysis involves invoking Freedman’s inequality 7’
times, so a union bound incurs an extra factor log 7T in the bound on X7. This can be improved
via a trick (Bartlett et al., 2008): by upper-bounding the TCV by a power-of-two (and by T, it
suffices to invoke Freedman’s inequality log T" times, which only incurs an extra factor loglog 7" in
the bound on X

Notice that this analysis actually shows that X; < \/2221 Vi for all t < T, whereas the
original goal was only to control X7. Any analysis that simultaneously controls all Xy, t < T,
must necessarily incur an extra factor log log T". This is a consequence of the Law of the Iterated
Logarithm?®. Previous work employs exactly such an analysis (Hazan and Kale, 2014; Kakade and
Tewari, 2008; Rakhlin et al., 2012) and incurs the log log T" factor. Rakhlin et al. (2012) explicitly
raise the question of whether this log log T" factor is necessary.

Our work circumvents this issue by developing a generalization of Freedman’s Inequality (Theo-
rem 3.2) to handle martingales of the above form, which ultimately yields optimal high-probability
bounds. We are no longer hindered by the Law of the Iterated Logarithm because our variant of
Freedman’s Inequality does not require fine grained control over the martingale over all times.

Another important tool that we employ is a new bound on the Euclidean distance between the
iterates computed by SGD (Lemma 6.3). This is useful because, by the subgradient inequality,
the change in the error at different iterations can be bounded using the distance between iterates.

Various naive approaches yield a bound of the form ||z, — z3|* < %.

We derive a much

3.Let X; € {—1,+1} be uniform and i.i.d. and St = >, , X;. The Law of the Iterated Logarithm states that
: 5
lim supr ﬁ =1as.
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stronger bound, comparable to ||z, — x||* < #ﬁjbz}. Naturally, in the stochastic case, there are
additional noise terms that contribute to the technical challenge of our analysis. Nevertheless, this
new distance bound could be useful in further understanding non-smooth gradient descent (even in
the non-stochastic setting).

As in previous work on the strongly convex case (Shamir and Zhang, 2013), the error of the
suffix average plays a critical role in bounding the error of the final iterate. Therefore, we also need

a tight high probability bound on the error of the suffix average.

Suffix averaging. To complete the optimal high probability analysis on the final iterate, we need a
high probability bound on the suffix average that avoids the loglog 7" factor. As in the final iterate
setting, the accumulated noise for the suffix average forms a zero-mean martingale, (Xt)g /20 but
now the conditional variance at step ¢ satisfies V; < a;V;_1 + Beer/Vi—1 + 4, where 1, is a mean-
zero random variable and oy, 5; and ~; are constants. In Rakhlin et al. (2012), using Freedman’s
Inequality combined with the trick from Bartlett et al. (2008), they obtain a bound on a similar
martingale but do so over all time steps and incur a loglogT factor. However, our goal is only
to bound X7 and according to Freedman’s Inequality Xp < 4 /ZtT:T /2 V. So, we aim to bound

ZtT:T /2 Vi To do so, we develop a probabilistic tool to bound the T-th iterate of a stochastic process
that satisfies a recursive dependence on the (¢ — 1)-th iterate similar to the one exhibited by V;.

Theorem 4.1 Let (X;)]_, be a stochastic process and let (F;)L_, be a filtration such that X, is
Fi measurable and Xy is non-negative almost surely. Assume that E [exp(AX1)] < exp(AK) with
probability 1, for A € (0,1/K]. Let o, € [0,1) and i,y > 0 for every t. Let w; be a mean-zero
random variable conditioned on F; such that |w| < 1 almost surely for every t. Suppose that
Xii1 < oy Xy + B/ Xy + 4 for every t. Then, the following hold.

e Foreveryt, Pr[X; > Klog(1/9)] < ed.
e More generally, if o1,...,07 > 0, then Pr [Zthl 01 Xy > Klog(1/6) Zthl o | <ed,

2ve 267 >

l—ot’ 1—a

where K = maxj<i<T (

The recursion X;11 < ay + B/ X; + ¢ presents two challenges that make it difficult to
analyze. Firstly, the fact that it is a non-linear recurrence makes it unclear how one should unwind
X¢41. Furthermore, unraveling the recurrence introduces many ; terms in a non-trivial way. Inter-
estingly, if we instead consider the moment generating function (MGF) of X, 1, then we can derive
an analogous recursive MGF relationship which removes this non-linear dependence and removes
the w,; term. This greatly simplifies the recursion and leads to a surprisingly clean analysis. The
proof of Theorem 4.1 can be found in Appendix D. (The recursive MGF bound which removes the
non-linear dependence is by Claim D.1.)

Deterministic lower bound. As mentioned above, a challenge with non-smooth gradient descent
is that the error of the 7T-th iterate may not monotonically decrease with 7', even in the determin-
istic setting. The full extent of this non-decreasing behavior seems not to have been previously
understood. We develop a technique that forces the error to be monotonically increasing for Q(T)
consecutive iterations. The idea is as follows. If GD takes a step in a certain direction, a non-
differentiable point can allow the function to suddenly increase in that direction. If the function were
one-dimensional, the next iteration of GD would then be guaranteed to step in the opposite direction,
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thereby decreasing the function. However, in higher dimensions, the second gradient step could be
nearly orthogonal to the first step, and the function could have yet another non-differentiable point
in this second direction. In sufficiently high dimensions, this behavior can be repeated for many
iterations. The tricky aspect is designing the function to have this behavior while also being con-
vex. We show that this is possible, leading to the unexpectedly large Q2(log(7")/T") error in the T-th
iteration. We believe that this example illuminates some non-obvious behavior of gradient descent.

5. Lower bound on error of final iterate

In this section we prove that the final iterate of SGD has error that is suboptimal by a factor Q(log T'),
even in the non-stochastic case. Specifically, we define a function f = fr, depending on 7', for
which the final iterate produced by Algorithm 1 has f(z7) = Q(log(T")/T'), thereby proving (2).
We give the proof of Theorem 3.3 in the case where ¢ = 1. Theorem 3.3 can be obtained in full
generality from the analysis in this section by replacing f with % [ and using the step-sizes 7, = §.
Let X be the Euclidean unit ball in R”. IDefine f : X — R and h; € R” fori € [T + 1] by

1
f(z) = max Hij(z)  where  H;(z) :h}x+§|ya;\|2

i€[T+1]
a;  (f1<j<i) :
hi; = — ifi =7 < = — for 7 € [T')).
J 1 (sz. j._T) and aj ST T1-7) (for j € [T))
0 fi<j<T)

It is easy to see that f is 1-strongly convex due to the % ||JJH2 term. Furthermore f is 3-Lipschitz
over X because ||V H;(z)|| < ||hi]| + 1 and ||hs]|* < 1+ %Z]Tﬂ ﬁ < 1+ ;. Finally, the
minimum value of f over X is non-positive because f(0) = 0.

Subgradient oracle. In order to execute Algorithm 1 on f we must specify a subgradient oracle.
First, we require the following claim, which follows from standard facts in convex analysis (Hiriart-
Urruty and Lemaréchal, 1996, Theorem 4.4.2).

Claim 5.1 Of(x)isthe convex hull of { h; + x : i € Z(x) }, where Z(z) = {i : H;(x) = f(z) }.

Our subgradient oracle is non-stochastic: given z, it simply returns h; + x where i’ = min Z(x).

Explicit description of iterates. Next we will explicitly describe the iterates produced by executing
Algorithm 1 on f. Define the points z; € R” fort € [T+ 1] by 2; = 0 and

Ll Gl it L SRS RO R
Ztj = t—1

0 (ift <j<T).

(fort > 1).

We will show inductively that these are precisely the first T iterates produced by Algorithm 1 when
using the subgradient oracle defined above. The next claim follows easily from the definition of z;.
Claim 5.2

® 2> ﬁforj <tand z ;=0 forj>t.

o [|z1]] = 0and ||z < 5 fort > 1. Thus 2z € X forallt € [T + 1]

The “triangular shape” of the h; vectors allows us to determine the value and subdifferential at z;.
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Claim 5.3 f(z;) = Hy(z) for all t € [T + 1]. The subgradient oracle for f at z; returns hy + z;.

Proof We claim that htht = h]zt for all © > t. By definition, z; is supported on its first ¢ — 1
coordinates. However, h; and h; agree on the first ¢ — 1 coordinates (for ¢ > t). This proves the first
part of the claim.

Next we claim that z;r hy > z;r h; for all 1 < ¢ < t. By the definition of z; and h;:

t—1 t—1 t—1
2 (he — hi) = 2g(heg —hig) = Y zej(heg —hig) = zilai+1)+ Y zja; > 0.
J=1 j=i j=it1

These two claims imply that Hy(z;) > H;(z) for all i« € [T + 1], and therefore f(z;) =
Hy(z). Moreover Z(z;) = {i : Hi(z) = f(z) } = {¢t,..., T+ 1}. Thus, when evaluating the
subgradient oracle at the vector z;, it returns the vector h; + 2. |

Since the subgradient returned at z; is determined by Claim 5.3, and the next iterate of SGD
arises from a step in the opposite direction, a straightforward induction proof allows us to show the
following lemma. A detailed proof is in Appendix B.

Lemma 5.4 The vector x in Algorithm 1 equals z, for every t € [T + 1].

The value of the final iterate is easy to determine from Lemma 5.4 and Claim 5.3:
T

T
1 1 log T
f@ri1) = flzri1) = Hroa(erer) 2 ;hTH,j'ZTH,j Z ;2(1“4-1—])2T Z T

(Here the second inequality uses Claim 5.2.) This proves (2). A small modification of the last
calculation proves (3); details may be found in Claim B.1. This completes the proof of Theorem 3.3.

6. Upper bound on error of final iterate

We now turn to the proof of the upper bound on the error of the final iterate of SGD, in the case
where f is 1-strongly convex and 1-Lipschitz (Theorem 3.1). Recall that the step size used by
Algorithm 1 in this case is ; = 1/t. We will write §; = g; — 2;, where g, is the vector returned by
the oracle at the point x4, g: € 0f(z¢), and Z; is the noise. Let F; = o(Z1, ..., 2;) be the o-algebra
generated by the first ¢ steps of SGD. Finally, recall that ||2;|| < land E[2; | F;—1] = 0.

We begin with the following lemma which can be inferred from the proof of Theorem 1 in
Shamir and Zhang (2013). For completeness, we provide a proof in Appendix E.

Lemma 6.1 Let f be 1-strongly convex and 1-Lipschitz. Suppose that we run SGD (Algorithm 1)
with step sizes ny = 1/t. Then

/2 1 4 . logT
flzp) < T/2+1 Z f(z) Zm Z (Z4, mp — ) ) +O< T )

t=T/2 k=1 t=T—k

suffix average Z, the noise term

Lemma 6.1 asserts that the error of the last iterate is upper bounded by the sum of the error of the
suffix average and some noise terms (up to the additive O (log T'/T") term). Thus, it remains to show
that the error due to the suffix average is small with high probability (Theorem 3.5) and the noise
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terms are small. We defer the proof of Theorem 3.5 to Subsection E.1. By changing the order of
summation, we can write Zp = ZtT:T /2( 2, wy ) where

t

wy = Z aj(xy — x5) and ;=
j=T/2

1
(T=)(T—-j+1)

The main technical difficulty is to show that Z7 is small with high probability. Formally, we
prove the following lemma, whose proof is outlined in Subsection 6.1.

Lemma 6.2 Zr <O <w> with probability at least 1 — 9.

Given Theorem 3.5 and Lemma 6.2, the proof of Theorem 3.1 is immediate.

6.1. Bounding the noise

The main technical difficulty in the proof is to understand the noise term, which is denoted Zr.
Notice that Z7 is a sum of a martingale difference sequence. The natural starting point is to better
understand the TCV of Z7, which is at most Z;‘F:T /2w |%. We we will see that this expression is
bounded by a linear transformation of Zr. This “chicken and egg” relationship inspires a new prob-
abilistic tool (generalized Freedman’s Inequality) which disentangles the TCV from the martingale.

The main challenge in analyzing ||wy|| is precisely analyzing the distance ||z; — ;|| between

~ 112
SGD iterates. A loose bound of ||z; — z;]|* < (¢t — J) Z;Zj Hi%” follows easily from Jensen’s

inequality. In Appendix E, we prove the following tighter bound, potentially of independent interest.

Lemma 6.3 Suppose f is 1-Lipschitz and 1-strongly convex. Suppose we run Algorithm 1 for T
iterations with step sizes n; = 1/t. Let a < b. Then,

b—1 . 12 b—1 b—1 , .
2 lgill (f(za) = f(23)) (Zi, ®i — x4 )
|za — | Szza:ﬂJr?iza: ; +2iza:-

1

Using Lemma 6.3 and some delicate calculations we obtain the following upper bound on
ZtT:T /2 ||wy||?, revealing the surprisingly intricate relationship between Zp (the martingale) and

Z?:T /2 l|we||? (its TCV). This is the main technical step that inspired our probabilistic tool (the
generalized Freedman’s Inequality).

Lemma 6.4 (Main Technical Lemma) There exists positive values Ry = O <IO§,22T>, Ry =
0] (10:ng), and Cy = O(logT), Ay = O (1(;52T> for all t such that
T ) T-1 C T—1
Z Hth2 §R1—|—R2Ha:T/2—x*H + Z Tt<ZAt, U)t>+ Z <£’t, At($t—$*)>. (4)
t=T/2 t=T/2 t=T/2

~O(logT/T)Zr

This bound is mysterious in that the left-hand side is an upper bound on the total conditional
variance of Zp, whereas the right-hand side essentially contains a scaled version of Zr itself. This
is the “chicken and egg phenomenon” alluded to in Section 4, and it poses another one of the main
challenges of bounding Z7. This bound inspires our main probabilistic tool, Theorem 3.2.

10
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Theorem 3.2 (Generalized Freedman). Let {d;, F;}!" ; be a martingale difference sequence. Sup-
pose v;_1 > 0,7 € [n] are F;_j-measurable random variables such that E [exp(A\d;) | Fi—1] <
exp </\2—2fui_1> foralli € [n], A > 0. Let S; = 25:1 d; and V; = Zﬁzl vi_1. Let o; > 0 and set
Q = maX;¢[,) ;. Then

n t
Pr[U{SthanthSZoeidH-ﬂ}

x
< _— A 0.
et — = ©XP < 4o + 86/36) =p >

In order to apply Theorem 3.2, we need to refine Lemma 6.4 to replace the terms HmT /2 — H2
and Zgﬂ:}l /2< Zt, Ay(zy — x*) ) with sufficient high probability upper bounds. In Rakhlin et al.
(2012), they showed that ||z, — z*||* < O(loglog(T")/T') for all L <+ < T simultaneously, with
high probability, so using that would give a slightly suboptimal result. In contrast, our analysis
only needs a high probability bound on ||z /2 —T* H2 and Z;‘F:T /2 At ||z — a* ||; this allows us to
avoid a log log T' factor here. Indeed, we have
Theorem 6.5 Both of the following hold:

o Forallt > 2, ||z; — z*||* < O (log(1/6)/t) with probability 1 — 6, and

. Zthz o |z — 2> = O (Z?:Q % log(l/é)) w.p. 1=, forall oy > 0.

The proof of Theorem 6.5 (Subsection 6.2) uses our tool for bounding recursive stochastic
processes (Theorem 4.1). So, we need to expose a recursive relationship between ||z, — z*||?
and ||z, — 2*||* that satisfies the conditions of Theorem 4.1. Interestingly, Theorem 6.5 is also the
main ingredient in the suffix averaging analysis (Subsection E.1). We now have enough to give our
refined version of Lemma 6.4, which is now in a format usable by Freedman’s Inequality.

Lemma 6.6 For every 6 > 0 there exists positive values R = O (WM), Cy =0 (logT)
such that ZtT:T/2 Jwe|* < R+ ZtT:_j}/Q %( Z¢, wy ), with probability at least 1 — 6.

Proof The lemma essentially follows from combining our bounds in Theorem 6.5 with an easy
corollary of Freedman’s Inequality (Corollary C.4) which states that a high probability bound of M
on the TCV of a martingale implies a high probability bound of v/ M on the martingale.

Let Ry, Ry, Cy, and A; be as in Lemma 6.4, and consider the resulting upper bound on

T 2 . . 12 log? T'log(1/6)

>_t=r/2 |[we|”. The first claim in Theorem 6.5 gives R HxT/2 —x H = O (=52 be-
cause Ry = O (logT'/T).

By the second claim in Theorem 6.5, we have Z?:_TI/Q A2 ||z —2*]* = O (10%# 10g(1/<5)>

logT
T2

with probability at least 1 — § because each A; = O < > Hence, we have derived a high

probability bound on the total conditional variance of ZZ:T /2( 2, Ae(ze — 2¥) ). Therefore, we
turn this into a high probability bound on the martingale itself by applying Corollary C.4 and obtain

Z?:_Tl/ﬂ Zt, Ar(xy —2%) ) = 0O (@M) with probability at least 1 — 6. [
Now that we have derived an upper bound on the total conditional variance of Z7 in the form

required by our Generalized Freedman Inequality (Theorem 3.2), we are finally ready to prove
Lemma 6.2 (our high probability upper bound on the noise, Z7).

11
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Proof (of Lemma 6.2). We have demonstrated that Z satisfies the “Chicken and Egg” phenomenon
with high probability. Translating this into a high probability upper bound on the martingale Zr
itself is a corollary of Theorem 3.2.

Indeed, consider a filtration {]:t}tT:T /2 Let d¢ = ( at, by ) define a martingale difference
sequence where ||a;|| < 1and E[a; | F;—1] = 0. Suppose there are positive values, R, oy, such

that max;_, ofan} =0 (\/R) and 3.7, /2 1) < S /2 aidy + Rlog(1/6) with probability

at least 1 — 8. Corollary C.5 bounds the martingale at step 7' by V'R log(1/4) with high probability.
To conclude, Lemma 6.6 allows us to apply Corollary C.5 with a; = 2, by = wy, ap = (Cy/t)
fort =T7/2,....T — 1, ar = 0, max_; ,{at} = O (log T/T),and R = O (log? T/T%). W

6.2. High Probability Bounds on Squared Distances to =*
We prove Theorem 6.5. The following claim can be extracted from (Rakhlin et al., 2012).

Claim 6.7 (Proof of Lemma 6 in Rakhlin et al. (2012)) Suppose f is 1-strongly-convex and 1-
Lipschitz. Define Yy = t|xiq — || and Uy = ( 21, 2e41 — )/ |01 — 2|y Then

Yipr < (T)Y;H-Ut Tt i

This claim exposes a recursive relationship between ||z;; — #*||* and ||2; — 2*||* and inspires our
probabilistic tool for recursive stochastic processes (Theorem 4.1), used to prove Theorem 6.5:
Proof (of Theorem 6.5). Consider the stochastic process (Yt);fz_ll where Y; is as defined by Claim 6.7.
Note that Y; satisfies the conditions of Theorem 4.1 with X; = Y;, Wy = Uy, oy = % =1-1/t,
Bt = 2/v/t, and vy = 4/(t + 1). Observe that U; is a F;;1 measurable random variable which is

mean zero conditioned on F; Furthermore, note that |U;| < 1 with probability 1 because ||2;+1]| < 1

. . . 2
with probability 1. It is easy to check that max;<;<7 (12_702 , 12_Bat

= §8 with the above setup. We

claim that ||z — 2*||* < 8 with probability 1. Indeed by 1-strong-convexity and 1-Lipschitzness of
f.wehave ||z — 2*|| > (g, 20 — 2% ) > 3 ||lzg — 2*||%. Apply Theorem 4.1 to obtain:

e Foreveryt=1,...T —1,Pr[Y; > 8log(1/0)] < ed.
e Leto > 0fort =1,..., T~ 1. Then, Pr | Y20 o}y > 827 of | <eo.

Recalling that Y; = ¢ ||z;41 — 2*||* and setting o} = o/t proves Theorem 6.5. |

7. Open questions

There remain some interesting open questions. The first is whether or not there exists a sequence of
step sizes for which the individual iterates obtain, for all ¢, error o(log(t)/t) in the strongly-convex
cases and o(log(t)/+/t) in the Lipschitz case. Note that in the strongly convex case, (Jain et al.,
2019) showed that for a fixed 7', one can obtain a rate of O(1/T") for the last iterate and that in the
stochastic setting, no choice of step sizes yields expected error O(1/t) for all ¢ > 0.

Another question is to determine the exact dependence on § of our high probability upper bound
on the error of the final iterate. In the strongly-convex case, our best lower bound has an additive
log(1/4), factor whereas our upper bound has a multiplicative factor of log(1/d). In contrast, for the
final iterate in the Lipschitz case, we do not know a log(1/4) lower bound on the error; conceivably
the upper bound could be improved to O((log(T') + y/log(1/4))/VT).

12
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Appendix A. Standard results

Lemma A.1 (Exponentiated Markov) Let X be a random variable and \ > 0. Then Pr[ X > t] <

exp(—At) E[exp(AX)].

Theorem A.2 (Cauchy-Schwarz) Let X andY be random variables. Then [E[ XY ||? <E [ X?|E[Y?].

Theorem A.3 (Holder’s Inequality) Ler X1,..., X, be random variables and p1, . ..,p, > 0 be
suchthaty_; 1/p; = 1. Then E [T[; | X;|] < TT7-, (E[]|X;[Pi ])l/pi

Lemma A4 Let X1, ..., X, be random variables and K1, . . ., K,, > 0 be such that E [ exp(AX) |

exp(AK;) forall A < 1/K;. ThenE [exp(AY ;" Xi)] <exp(AY 1 K;) forall A <1/>7" | K;.

Proof Let p; = Z?Zl K;/K; and observe that p; K; = Z’;:l K. By assumption, if \p; < 1/K;
(ie. A <1/3°% ) K;) then E [exp(Ap; X;) | < exp(Ap; K;). Applying Theorem A.3, we conclude
that

E[exp()\zn:Xi)lgﬁ [exp(Api X;) ] 1/pZ<Hexp)\pK)/pl—exp)\ZK

=1 =1
|

Lemma A.5 (Hoeffding’s Lemma) Let X be any real valued random variable with expected
value E[ X | = 0 and such that a < X < b almost surely. Then, for all A\ € R, E [exp (AX)] <

exp (A%(b— a)?/8).

Claim A.6 ((Vershynin, 2018, Proposition 2.5.2)) Suppose there is ¢ > 0 such that for all 0 <

A< % E [exp ()\QXQ) ] < exp (/\2(:2) for some constant c. Then, if X is mean zero it holds that
E [exp (/\X) ] < exp ()\202),

forall A € R.

Proof Without loss of generality, assume ¢ = 1; otherwise replace X with X /c. Using the numeric

inequality e < x + e* which is valid for all z € R, if [A| < 1 then E [exp(AX)] < E[AX ] +

E [exp(A2X?) ] < exp(A?). On the other hand, if [A| > 1, we may use the numeric inequality*
ab < a?/2 + b?/2, valid for all a, b € R, to obtain

E[exp(AX)] < E [exp(A?/2 + X?/2)] < exp(A\?/2) exp(A?/2) = exp(\?).
|

Claim A.7 Suppose X is a random variable such that there exists constants ¢ and C such that
Elexp(AX)] < cexp (AC) forall A\ < 1/C. Then, Pr[ X > C'log(1/d)] < ced.

Proof Apply Lemma A.1 to Pr[X >¢]toget Pr[X >t] < cexp(—At+ AC). Set A = 1/C
and t = C'log(1/9) to complete the proof. [ |

Claim A.8 ((Hiriart-Urruty and Lemaréchal, 1996, Eq. (3.1.6))) Let X be a convex set and x €
X CR™ Then |[x(y) — z| < |ly — | for all y € R".

4. Young’s Inequality

15
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A.1. Useful Scalar Inequalities

Claim A9 Forl<a<b Y, o <209

Proof

b 1 b 1 - . b—a+1
Y gp S [ - Ve i

. . t—j 1
Claim A.10 Forany1 < j <t < T, we have TtV < Nk

Proof The function g(z) = % has derivative
1 - 1 /1
/
(-5 k()
9 (@) \/5( 2z NAVEET:
This is positive for all z > 0 and 5 > 0, and so
t—j _T-J

<,

for all 0 < ¢t < T'. This implies the claim.

Claim A.11

Proof The sum may be upper-bounded by an integral as follows:

m

vl /mldx _ 11
(=k+1 e Jy o koom
Claim A.12 Let o = W Let a,b be such that a < b < T. Then,

1 1
= _ < .
ZO‘J T-b T-atl ~ T-b

Proof

b 1 1
ZO‘J - Z (T - )T —j+1) Z< <j—1>>’

Jj=a

which is a telescoplng sum.

Claim A.13 Suppose a < b. Then, log(b/a) <(b—a)/a.

Claim A.14 Leth > a > 1. Then, Y0_ L <log (b/(a —1)).

16
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Appendix B. Omitted proofs from Section 5

Proof (of Lemma 5.4). By definition, z; = z; = 0. By Claim 5.3, the subgradient returned at
x1 18 hy + x1 = hq, so Algorithm 1 sets yo = x1 — m1h; = eq, the first standard basis vector.
Then Algorithm 1 projects onto the feasible region, obtaining x5 = I1x(y2), which equals e; since
y2 € X. Since z also equals e, the base case is proven.

So assume z; = x; for 2 < t < T; we will prove that 2,47 = x441. By Claim 5.3, the
subgradient returned at x; is §g: = ht + 2. Then Algorithm 1 sets ;11 = ¢ — 1:G¢. Since x; = 2
and 7y = 1/t, we obtain

1
Y4l = Ztj — ;(ht,j + zt,5)

t—1 1
= = #g— phe
—i—1)a. ; for j < 1)
t—1 1—-(t—j—1)a; . 1 aj (for j
- = { = (?’”;t) — 8 —1 dorj=1)
0 (forj = 1) 0 (forj>t)

a; (forj < t)

_1 1-(t—j—1)a; (forj<t) _1 - .
t{ } ; 1 (forj=t)

) >
0 (forj = 1) 0 (forj>1)
1—(t—j)aj (for j < t)
n 1 (forj =1t)
0 (forj >t+1)

SO yr+1 = ze41- Since xpy1 = My (y41) is defined to be the projection onto X, and y;11 € X by
Claim 5.2, we have 2111 = Yey1 = 2¢+1- |

Claim B.1 Forany k € [T), let * = ZZ;;_ k42 ATt be any convex combination of the last k

iterates. Then
In(7T") — In(k)

fla) > B

Proof By Lemma 5.4, xy = z Vt € [T + 1]. By Claim 5.2, every z; > 0so & > 0. Moreover,
ze;>1/2T forallT —k+2<t<T+1land1 < j <T —k+ 1. Consequently, z; > 1/2T for

17
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alll1 <j <T —k+1. Thus,

f(z) > h}ﬂa’: (by definition of f)
T—k+1 T
= > hryy &+ Y bty
j=1 Z\l/’;f J=T—k+2 X5
T—k+1

v
™
&

ﬁ —

vV
5=
i~
|

+

—_| =
d

v
—_
—
i
£
£
—_
ISH
8

4T
|

Remark B.2 In order to achieve large error for the 7T'-th iterate, Theorem 3.3 constructs a function
parameterized by 7. It is not possible for a single function to achieve error w(1/7") for the T-th
iterate simultaneously for all T', because that would contradict the fact that suffix averaging achieves
error O(1/T). Nevertheless, it is possible to construct a single function achieving error g(T),
for infinitely many 7', for any function ¢g(7") = o(log(T)/T), e.g., g(T') = log(T)/(T log™(T"))
where log*(T') is the iterated logarithm. Formally, we can construct a function f € /5 such that
inf, f(xz) = 0 but limsupp fé}((sz)) = +o0. The main idea is to define a sequence 71 < Th <
T3 < ... and consider the “concatenation” of c¢; f,, ca fr,, .. . into a single function f (here, ¢;
are appropriate constants chosen to ensure that f remains Lipschitz). Essentially, one can imagine
running multiple instances of gradient descent in parallel where each instance corresponds to a bad
instance given by Theorem 3.3, albeit at different scales. However, this construction has a slight loss
(i.e., the log™(7T')) to ensure that f remains Lipschitz. The details are discussed in the full version
of this paper (Harvey et al., 2018).

Appendix C. Proof of Theorem 3.2 and Corollaries

In this section we prove Theorem 3.2 and derive some corollaries. We restate Theorem 3.2 here for
convenience.

Theorem 3.2. Let {d;, 7;}!_; be a martingale difference sequence. Suppose v;—1 > 0, i € [n]
are JF;_i-measurable random variables such that E [exp(\d;) | Fi—1] < exp (’\72111-,1) for all

i€[n], A\>0.LetS; = Ele d;and V; = Zle vi—1. Leta; > 0 and set @ = max;e|, ;. Then

n t
Pr[U{SthanthSZQidi—i-ﬁ}

t=1 i=1

< exp (_x) VY, > 0.
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Proof (of Theorem 3.2). Fix A < 1/(2«) and define ¢ = ¢(), a) as in Claim C.2. Let A = A+c\2av.
Define Uy := 1 and for t € [n], define

t t 19
Up(N) ::exp<Z(A+cA2aH Z% )

i=1 =1

Claim C.1 U;(\) is a supermartingale w.r.t. Fy.
Proof Forallt € [n]:

5\2

E [Z/{t()\) ’ ft—l} = ut_1<)\) exp (- ’Ut_1> E [exp (()\ + c)\zat)dt) ‘ ‘Ft—l]

A2 A+ eX2q;)?
<Up—1(X)exp <—2Ut—1> exp <(2)Ut—1>

A2 A2
<U—1(N) exp _?"Ut—l exp ?Ut—l

=Ui—1(N),

where the second line follows from the assumption that E [exp(Ad;) | Fi—1] < exp ( Ve 1) for

all A > 0 and the third line is because \ + c\2q; < A (since ¢ > 0 and o; < «). We conclude that
Uy () is a martingale w.r.t. F;. [ |

Define the stopping time 7 = min { ¢ : Sy > z and V; < St audi + B } with the convention
that min () = oo. Since U; is a supermartingale w.r.t. F;, Urx, is a supermartingale w.r.t. ;. Hence,

n t
U{StzxandWSZaidz‘—i-B}

=1 i=1

B TAn
= Pr | S7an > 2 and Vpp, < Z a;d; + 8
i i=1

Pr

TAn

=Pr | ASpan > Az and eAX*Vip, < X ond; + a%]
L =1

T An

<Pr| Y (At aid)d; — X’V > Ax — cA?B
=1

<E -exp(—Az + c\2p).

TAn
€Xp (Z()\ + Oéi)\z)di — C)\2VT/\n>

=1
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Recall that ¢ was chosen (via Claim C.2) so that cA? = % Hence,

TAnN TAn XQ
E [exp <Z()\ + i) d; — c)\QVTAn> exp (Z()\ + aiX?)d; — 2VT/\n>

i=1 =1
=E[Urpn(N)] < 1.
Since A < 1/(2«) was arbitrary, we conclude that

n t
Prhj{&zxmw%§§:m@+ﬁ}

t=1 =1

=E

< exp(—Az + c\?p)

< exp(—Az + 2)\2ﬂ),

1

1
%1487z < 2a 1© conclude that

where the inequality is because ¢ < 2. Now, we can pick A =

Claim C.2 Let « > 0 and A\ € [0,1/2«a). Then there exists ¢ = c(A\,«) € [0,2] such that
2cA? = (A + cA?a)?
Proof If A = 0 or a = 0 then the claim is trivial (just take ¢ = 0). So assume a, A > 0.

The equality 2cA? = (X + cA%a)? holds if and only if p(c) == a?A\2c? + (2Aa — 2)c + 1 = 0.
The discriminant of p is (2« — 2)? — 4a2)\? = 4 — 8)\a. Since Aa < 1/2, the discriminant of p is
non-negative so the roots of p are real. The smallest root of p is located at
_2-2aX — /(20X — 2)2 — 42202
N 22202
_ IT—adA—v1-2aA
N a2 )2 )

Set v = a\. Using the numeric inequality /1 — z > 1 — 2/2 — 22 /2 valid for all z < 1, we have
1—y—(1-v-29)
2
On the other hand, using the numeric inequality /1 — 2 < 1—2/2 — x? /8 valid forall 0 < z < 1,

we have )
1= =0 =r=9/2) _

C

= 2.

c<

0.

N =

Cc
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C.1. Corollaries of Theorem 3.2

In this paper, we often deal with martingales, M,,, where the total conditional variance of the mar-
tingale is bounded by a linear transformation of the martingale, with high probability (which is what
we often refer to as the “chicken and egg” phenomenon — the bound on the total conditional vari-
ance of M,, involves M,, itself). Transforming these entangled high probability bounds on the total
conditional variance into high probability bounds on the martingale itself are easy consequences of
our Generalized Freedman inequality (Theorem 3.2).

Lemma C.3 Ler {d;, F;}}_, be a martingale difference sequence. Let v;_1 be a F;_i measurable
random variable such that E [exp (A\d;) | Fi—1] < exp ()‘;Ui_1> forall X > 0 and for all i € [n].
Define S, = Y1, d; and define V,, = > vi_1. Let § € (0,1) and suppose there are positive
values R(6) > 0, and non-negative values {c; }'_; such that Pr [V, < > | a;d; + R(5)] > 1—-6.
Then,

22
Pr(s 21 <040 (g sRe)
Proof Fix ¢ € (0,1). Define the following events: £(z) = {S, > x}, G = {V,, < >, aud; +
R(6)}.
Pr(S,>z| = Pr[€(x)NG] + Pr[&(z) NG°]
< Pr[€(x)ANG]+Pr[G°]
——
<5
< 6 +exp (— v’ > ,
4 (max]_ {a;}) x + 8R(0)
where the final inequality is due to applying Theorem 3.2 to Pr[E(x) A G]. |

In this paper, we use Lemma C.3 in the following ways:

Corollary C4 Let {]-'t}tT:l be a filtration and suppose that a; are Fi-measurable random vari-
ables and by are F;_1-measurable random variables. Further, suppose that

1. |lat|| < 1 almost surely and E [a; | Fi—1] = 0; and
2. Ethl 1b¢]|* < Rlog(1/8) with probability at least 1 — O(9).
Define dy = ( at, by ). Then Zthl di < O(@log(l/&)) with probability at least 1 — O(9).

Proof Since ||a;| < 1, by Cauchy-Schwarz we have that |d;| < ||b;||. Therefore, E [exp (Ady) | Fy—1] <
exp (%2 |be]|*) for all A by Lemma A.5. Next, applying Lemma C.3 with d; = { ay, b; ) and
vi_1 = ||be]|*, a; = 0 for all 4, and R(8) = Rlog(1/9) yields

2

d T
Pr Lz:;dt Z$] < 6+ exp <—8leg(1/5)>'
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The last term is at most 0 by taking x = v/8 Rlog(1/4). [ |

Corollary C.5 Let {]:t}thl be a filtration and suppose that a; are Fi-measurable random vari-
ables and by are F;_1-measurable random variables. Define d; = ( ay, by ). Assume that ||a;|| < 1
almost surely and E[a; | Fi—1] = 0. Furthermore, suppose that there exists R > 0 and non-

negative values {oy} ' where max{oa}1_;' = O (\/E) such that exactly one of the following
holds for every § € (0,1)

1. Zt Llbel)? < Zt ! ayd; + Rlog(1/8) with probability at least 1 — O(9).

2. 0 bell? < S ewdy + RA/Tog(1/6) with probability at least 1 — O(6).
Then thl di < O(VRlog(1/6)) with probability at least 1 — 6.

Proof We prove only the first case, the second case can be proved by bounding /log(1/d) by
log(1/6) and using the proof of the first case.

Since [|a¢|| < 1, by Cauchy-Schwarz we have that |d;| < ||b¢||. Therefore, E [exp (Ady) | Fi—1] <
exp (/\72 ||bt||2) for all A\ by Lemma A.5. Next, applying Lemma C.3 with d; = ( a4, b; ) and
2 with ap = 0, and R(8) = Rlog(1/4) yields

ve—1 = ||b

1‘2

4 (maxt 11{at}> x + 8R1log(1/9)

T
Zdtzx] < 6+ exp

The last term is at most ¢ by taking z = © (\/Elog(l/cs)) because max, ' {oy} = O (\/E)
|

Appendix D. Proof of Theorem 4.1

Theorem 4.1. Let (X;)._, be a stochastic process and let (F;)~_; be a filtration such that X; is
JF: measurable and X; is non-negative almost surely. Assume that E [exp(AX7)] < exp(AK) with
probability 1, for A € (0,1/K]. Let oy € [0,1) and S,y > O for every ¢. Let @, be a mean-
zero random variable conditioned on F; such that |w;| < 1 almost surely for every t. Suppose that
Xii1 < oy Xy + B/ X + 4 for every t. Then, the following hold.

e Forevery t, Pr[X; > Klog(1/0)] < ed.
e More generally, if o1, ...,07 > 0, then Pr [Ethl o Xy > Klog(1/0) Zthl o: | <ed,

2 257
where K' = maxi<i<r (1_73“7 Tar ) -

Proof (of Theorem 4.1).
We begin by deriving a recursive MGF bound on Xj.

Claim D.1 Suppose 0 < X\ < minj<;<r ( 252 ) Then for every t,

Elexp(AXti1)] < exp()\%)E[eXp </\Xt(1—;at>>].
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Proof
Observe that 2072/ X; 2 < %X, because |;| < 1 almost surely. Since 37 X; is F;-measurable,

we have E [exp </\2 B2/ X ) | Fi } < exp ()\2 Bth) for all \. Hence, we may apply Claim A.6
to obtain

Eexp (A /X)) | 7| < exp (A282X0). 5)
Hence,

E [exp (AX¢41) ]

IN

exp (/\atXt + )\ﬁtwt\/ft + )\’yt> } (by assumption)
()\OétXt + )\’}/t) [exp ()\ﬁtd)t \/)Tt) | ]:t] ]
(N Xy + N2BEX; + M) | (by Eq. (5))

()\ (Oét + Aﬂt) + >\7t) ]

1 1-—
exp ()\fyt + A X, ( —;at>) ] (because \ < 25;%).
t

IN
H =H= =2 ="
l—|'_"?l—|lﬁ
»

IN

Next, we prove an MGF bound on Xj.
Claim D.2 For every t and for all 0 < A < 1/K, E[exp (AX})] < exp (AK).

Proof Let A < 1/K. We proceed by induction over ¢. The base case holds by assumption. Assume
that E [exp (AX}) ] < exp (AK). Now, consider the MGF of X;;1:

1
E {exp (A% LAX, < + at)) } (by Claim D.1)

E [exp (AX¢11) ]

IN

2

1
exp ()\'yt +)\K< —;at>> ,

where the first inequality is valid because A < 1/K < minj<;<r ( 25 ) and the second inequality

IN

follows because (1 + «;)/2 < 1 and so we can use the induction hypothesis since A(1 + ay)/2 <
A < 1/K. Furthermore, because K > 27,/ (1 — o) we have

K > 29 M

S e T ()

which shows that v; + K (1£2) < K. Hence,
Elexp (AX¢+1)] < exp(AK),
as desired. |

Now we are ready to complete the proof of both claims in Theorem 4.1.The first claim from
Theorem 4.1 follows by observing our MGF bound on X; and then applying the transition from
MGF bounds to tail bounds given by Claim A.7.

Next, we prove the second claim from Theorem 4.1. Claim D.2 gives that for every ¢ and for
all A < 1/(0¢K), we have E [exp (Ao X¢)| < exp (AoyK). Hence, we can combine these MGF

bounds using Lemma A.4 to obtain E [exp </\ Z;le atXt> } < exp ()\K Zthl at) for all A <
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-1
(K Zle at> . With this MGF bound in hand, we may apply the transition from MGF bounds to
tail bounds given by Claim A.7 to complete the proof of the second claim from Theorem 4.1. W

Appendix E. Omitted proofs from Section 6
The following lemma is standard.
Lemma E.1 Let f be an I-strongly convex and 1-Lipschitz function. Consider running Algorithm 1

for T iterations. Then, for every w € X and every k € [T,
T

T T
> [f(m - f(w)} < % > mllgel® + 271% gk —wl® + > (&, 20— w).
t=k t=k

t=Fk
Proof

1
(@) = fw) < (g, ze—w) — 5 |z — w)|? (by strong-convexity)

. 1 . . R
:<gt,xt—w>—§llwt—wll2+<zze,a:t—w> (Gt = gt — %)
1 1 . .
— (@t — Yiy1s xt*w>*§\\$t*w\|2+<zta T —w) (Ye+1 = ¢ — MeGt)
t

1 1 .
= (e gl + e = wlP — s = wl? ) = 3o = wlP + (o =)

1 . 1 .
< o Imanl? + hie = 0l = o = wl? ) = 3 o= wlf + (2o = ).

2my
Now, summing ¢ from k to 7T,
T
7o) = fw)
t=k
T T T
]. ~ 112 ]. ]. 1 2 1 1 2 A~
< = - S - B - -
NTIEES) (e ) el (g 3) s w4 o)
=0
1 & 1 T
< S mlalP + ok —wlP+ D (g me—w) (= 1/1),
2 2n
t=k t=k
as desired. [ |

Proof (of Lemma 6.1). Let k € [T — 1]. Apply Lemma E.1, replacing k with T — k and w = zp_
to obtain:

T T T
> (s = sler-n] < 3 3 wlad+ ¥ (e —or)
t=T—k t=T—k t=T—k
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Now, divide this by k + 1 and define S, = ST, f () to obtain
T T

1 1
Sk — ) < —— 5 v
k= f(@r k)_2(k+1) > nellael? t > (G @ —arg)
t=T—k t=T—k
Observe that kS;_1 = (k + 1)Sx — f(z7_k). Combining this with the previous inequality yields
1 d 1 <
kESk—1 = kSkp+(Sk— ) < kSpt+——— 2ty Tt—TT_ k).
-1 k+(Sk—f(zr_i)) < k+2(k+1) Z e [19e )1 +k+1 Z (24, mp—a7_))
t=T—k =T—k
Dividing by k, we obtain:
1 T T
< S AR - .
Sk-1 < Skt 2k + 1) > mellael oD k—i—l > (G —arg)
t=T—k t:T k
Thus, by induction:
flzr) = So
T/2 . T T2 T
< ST/2+27 Z 7]t”§t||2+27 Z (2, — 27—k )
— Qk(k: +1) Rt — k(k+1) Rl
T/2 ] T T/2 T
- T/2+1 Z J +Zm > el +Zkk+1 2 {anm =),
t=T/2 k=1 t=T—Fk t:T k

Note that ||§;||* < 4 and n; = 1/t. So we can bound the middle term as
T/2 T T/2 T

1 A 1
Z2k(k+1) 2 mllal” < Zkk+1 Z t

k=1 t=T—-k t=T—-k
T/2

1
2Lk

T/2
>

k=1

()

This completes the proof. |

IN
el e

el

I
Q
OE]

E.1. Upper Bound on Error of Suffix Averaging

To complete the proof of the final iterate upper bound (Theorem 3.1), it still remains to prove the
suffix averaging upper bound (Theorem 3.5). In this section, we prove this result as a corollary of
the high probability bounds on ||2; — x*|| that we obtained in the previous subsection.
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Proof (of Theorem 3.5). By Lemma E.1 with w = z* we have

T T T
* 1 ~ 1 * 5 *
Z [f(z) = f(2")] < B Z 77t|\9t||2+2 |22 — H2+ Z (Z,zp—a"). (6)
t=T/2 t=T/2 '17/2 t=T/2
(b) o~

(a) (©)
It suffices to bound the right hand side of (6) by O(log(1/d)) with probability at least 1 —§. Indeed,
bounding ||g||* by 4, (a) in (6) is bounded by O(1). Theorem 6.5 bounds (b) by O(log(1/4)).
Theorem 6.5 implies Z?:T/2 |z — 2*||* = O(log(1/d)) with probability at least 1 — §. So,
Corollary C.4 bounds (c) by O(log(1/6)) with probability at least 1 — 4. [

E.2. Proof of Lemma 6.4
Proof (of Lemma 6.4). Recall from Section 6 that o; = m and wy = ZE;IT /2 aj(zy —
$j).

Definition E.2 Define By = ZtT:T/Q T%m Z;:T/g aj |z — mj”Q-
. T 2
ClaimE3 3, 1) [lw]” < Br.

Proof Let A; = Zz_lT /2 @j- Then

2

T-1
2 2 Qj
[Jwe]|” = A Z — (@ — )
j=T/2
T-1 a
2 j 2
<4 Z — llze =l
j=T/2
1 t—1
2
S Z aj lloy — xj”,
j=T/2

where the first inequality is due to the convexity of ||-||* and the second inequality is Claim A.12. I

Lemma 6.3. Suppose f is 1-Lipschitz and 1-strongly convex. Suppose we run Algorithm 1 for T’
iterations with step sizes 1, = 1/t. Let a < b. Then,

[ b—1 b—1 , .
9 19l (f(za) = f(x1)) (Zi, xi — xq )
— < E 0 49 E 2 E _—.
||1:a $b|| = s Z.2 + o i + £ i
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Proof (of Lemma 6.3).
lza = z6|® = [0 — T (w)II3
< |lza — w5 (Claim A.8)
|za — To—1 + Tp—1 — Yo |l5
= [lza — zo-1ll3 + o1 — moll3 + 2( m—1G6-1, Ta — Tp—1)

= @0 — zo-1]13 + n_y NG6-11l3 + 2{o—186-1, Ta — Tp—1 )

= ||z — xp_1 5 + 771 1961115 + 20 196—15 Ta — To1 ) + 2(M-13_1, Tp_1 — Ta )

Repeating this argument iteratively on ||xq — 2p—1||, [|[2a — To—2]|» - - -» [[Ta — Ta+1]|, We obtain:

|xa — xp <Z||91H2_|_QZ 9i, Ta — ¥ i) +2Z Zlaxz $a>.

Applying the inequality (g;, x4 —x;) < f (ma) — f(=;) to each term of the second summation gives
the desired result. u

Using Lemma 6.3 and the bound HQtHQ < 4 for all ¢, let us write By < Ay + Ay + A3 where

M ::42 _le 22’

t=T/2 j=T/2 i=j
T t—1 t—1
,_ 1 (FJ - Fz) ,_ *
A2 = 2 Z m Z Q; Zf (Where Fa = f(f]fa) — f(.'lj )),
t=T/2 j=T/2 i=
T 1 t—1 t71<2? CC—.'IZ'>
. . (2] (2 J
My =23 g 2 ) 5 '
t=T/2 j=T/2 i=j

Let us bound each of the terms separately.
ClaimE4 A; < o(log & )>.

Proof This follows from some straightforward calculations. Indeed,

A1:4Z _le Zz

tT/2 J=T/2  i=j
t—1
1 (T —7)
S4Z > S ;
oy —t+1 :m(T—J)(T—JH) (T/2)
<
= T/22 zT;Q —t~|—1 Z T g+1

< O(long )>.

27



TIGHT ANALYSES FOR NON-SMOOTH STOCHASTIC GRADIENT DESCENT

Claim E.5
log(T) log(T) 2 log(T)\ — . .
h < 0550 ) + (B fara - a4 0(F5G) ) B (i)

We will prove Claim E.5 in the next section.

Claim E.6

where C; == ZKT:Z-H T%Hl = O(log(T)).

Proof Rearranging the order of summation in Az we get:

T 5 t—1 t—1 (3 75— 25 )
M= D o X

t=T/2 j=T/2  i=j
_ A —1

B i 2 i (20, 2y (@ —aj))
B T—t+1 i

t=T/2 i=T/2
_ oy 2y lw)

T—t+1 i
t=T/2 i=T/2

T 2
T-1 <Zti+1 T—t+l>
= > (z - w; )

i=T/2
T—1 e
- Z < (%) T/UJ’L >)
i=T/2
as desired. [ |

The previous three claims and the fact that By is an upper bound on ZtT:T /2 l|we||* (Claim E.3)
complete the proof of Lemma 6.4. |

E.3. Proof of Claim E.5

Let us rewrite

and determine the coefficients 7.

Claim E.7 Foreacha € {|T/2],....,T —1}, v, = O(IOg(T)).
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Proof In the definition of A», the indices providing a positive coefficient for F,, must satisfy j = a,
1 < a,and a <t — 1. Hence, the positive contribution to -y, is:

T 9 t—ll
> T—t+10‘a;i

t=1+a
- 2
: t:;a (T—Hla“> (log (T/(a~ 1))> (by Claim A.14)
T
- t;a (T—2t+10‘a> <T;iﬁl) (by Claim A.13)
- £ () (525
S Nt D)\ T =) (T —at+ 1))\ a1
1 & 9
:Tat;a(THl)(al)

The terms contributing to the negative portion of v, satisty, ¢ = a, 7 < a, and a < t — 1. The
negative contribution can be written as

a

T 2 1
~ 2 T X

t=1+a J=T/2
T
- _t—;a <T—i+ 1> (i) (Tl—a N T/21+ 1)
-3 ) () )

- _(T/2+11)(T—a)tzT: (T—i+1)<2a_2f+2>

- g 3 (1) (%)
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where on the last line we used 7' — 1 < 2 |7T'/2] < T. Now, combining the positive and negative
contribution we see:

1 T-2
< 1—
Ta = —aZT—t—|—1<a—1 T+2< 2% ))

t=1+4+a

1 <T+2—2a—1)(1— 2a)>
T—at - —t+1 a—1)(T+2)
1 <T+2—2 1)+2<T—§31<“—1)>
T—at 1+ —t—|—1 (a—1)(T+2)
<
- —at; T—t—|—1<T+2 a—l))
T
1 2 2(T —a) +2(T - a)
< < T —
= Tat:zl;raTt+1< (T+2)(a—1) ) (a=T-1)
B 1 ZT: 4
B (T+2)(a-1) 47 T—t+1
T
2 4
< _ [ >T/2
= (T+2)(T )t:;aT—tH (a2T/2)
_ O<10g( )>’
as desired. [ |
Proof (of Claim E.5).
T—-1
A2 = Z 'VaFa
a=T/2
T-1
< <1°g ) f(z (z*)  (by ClaimE.7)
a:T/Q
1 T—-1
log(T)\ (1 1 N . N
< 0< gT(z ><2 e |1Gell + 5 g/ — 2 H;+ > (s w—a >> (by Lemma E.1)
t=T/2 /2 t=T/2
T—-1
log(T) 1 log(T . log (T . " N
< o(*D) 5 15080 v - 405 3 sty il <2
t=T/2 t=T/2
T-1
log(T) log (T N log (T R N
< O< ifz >+O( ng )>H95T/2_37 H;—i—O( %SQ )> Z(zt,xt—x )
t=T/2
as desired. |
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E.4. Proof of Claim 6.7
Proof (of Claim 6.7). We begin by stating two consequences of strong convexity:
L ge,ae —x*) > f(m) — f(@*) + § || — 2%,
2. flze) — f(x*) > Loy —2*|>  (since 0 € f(a*)).
The analysis proceeds as follows:
[e41 — af*Hz =[x (zt — nege) — x*HQ
< @ —mge — 2*||* (Claim A.8)
= |z — 27® = 200(ge, w0 — &%) + 07 ||
e — 2%11* = 2mi(ge, 20 — &%) + 20 (B, 0 — 27) + 07 e

* * 1 * s * ~
o = a1 = 20 ) = 1)) = § s = 2+ 20z ) + o [l

IN

IN

2 \ . " ;
(1 - t> e = 2™ + 20 (20w — @) + 0 (192

t—2\Y,_, 2 \/ﬂ [Fals
Y ‘U, .
(t)t—1+tt1 1 e

Recall that ||j;||* < 4 because 2, < 1 and f is 1-Lipschitz. Multiplying through by ¢ and bounding
l|G¢]|? by 4 yields the desired result. [

Appendix F. Generalizations

In this section, we discuss generalizations of our results. In Subsection F.1, we explain that the
scaling of the function (e.g., Lipschitzness) can be normalized without loss of generality. In Sub-
section F.2, we explain how the assumption of almost surely bounded noise can be relaxed to sub-
Gaussian noise in our upper bounds (Theorems 3.1 and 3.5).

F.1. Scaling assumptions
For most of this paper we consider only convex functions that have been appropriately normalized,
due to the following facts.
e Strongly convex case. The case of an a-strongly convex and L-Lipschitz function can be
reduced to the case of a 1-strongly convex and 1-Lipschitz function.
e Lipschitz case. The case of an L-Lipschitz function on a domain of diameter R can be
reduced to the case of a 1-Lipschitz function on a domain of diameter 1.

We will discuss only the first of these in detail. The second is proven with similar ideas.
The main results from this section are as follows.

Theorem F.1 Suppose f is a-strongly convex and L-Lipschitz, and that Z; has norm at most L
almost surely. Consider running Algorithm [ for T' iterations with step size 1, = é Let x* =
argming,c y f(x). Then, with probability at least 1 — 0,

2 o o
f@re) — f(@) < o(ilg(TﬂTg(W)
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Theorem F.2 Suppose f is a-strongly convex and L-Lipschitz, and that Z; has norm at most L
almost surely. Consider running Algorithm 1 for T' iterations with step size 1y = é Let x* =
argming y f(x). Then, with probability at least 1 — 0,

t=T/2

We prove these theorems by reduction to Theorem 3.1 and Theorem 3.5, respectively. That is,
suppose that f is a function that has strong convexity parameter « and Lipschitz parameter L. We
construct a function g that is 1-Lipschitz and 1-strongly convex (using Claim F.4) and a subgradient
oracle such that running SGD on g with this subgradient oracle is equivalent to running SGD on f.
Formally, we show the following:

Claim F.3 Suppose f is a-strongly convex and L-Lipschitz on a domain X C R"™. Let the initial
point x1 € X be given. Let g be as defined in Claim F.4. Then, there is a coupling between the
following two processes:

e the execution of Algorithm 1 on input f with initial point x1, step size n; = 1/(at) and
convex set X

e the execution of Algorithm I on input g with initial point &1 := (a/L)x1, step size iy = 1/t
and convex set (a/L)X

such that the iterates of the second process correspond to the iterates of the first process scaled by
o/ L. That is, if we denote by T, the iterates of the execution of SGD using g and x for the execution
on f, then &y = (a/L)xy.

Now, suppose we are given an a-strongly convex and L-Lipschitz function, f, an initial point

and a convex set X'. We obtain Theorem F.1 and Theorem F.2 by performing the above coupling and
executing SGD on the 1-Lipschitz and 1-strongly convex function. We may apply our high prob-
ability upper bounds to this execution of SGD because it satisfies the assumptions of Theorem 3.1
and Theorem 3.5. Finally, because of Claim F.3, we can reinterpret the iterates of the execution of
SGD on g as a scaled version of the iterates of the execution of SGD on f. This immediately proves
Theorem F.1 and Theorem F.2. Now, let us prove Claim F.3.
Proof (of Claim F.3). The coupling is given by constraining the algorithms to run in parallel and
enforcing the execution of SGD on g to use a scaled version of the outputs of the subgradient oracle
used by the execution of SGD on f. That is, at step ¢, if g; is the output of the subgradient oracle
of the execution of SGD on f, then we set the output of the subgradient oracle of the execution of
SGD on g at step t to be %gt.

In order for this coupling to make sense, we have to ensure that this subgradient oracle for g is
valid. That is, we must show that at each step, the subgradient oracle we define for g returns a true
subgradient in expectation, and that the noise of this subgradient oracle is at most 1 with probability
1. We show by induction, that at each step Z; = (a/L)xy.

By definition, ; = (a/L)x;. Now, assume Z; = (a/L)x;. Let g, be the output of the
subgradient oracle for SGD running on f. The subdifferential for g at Z; is %8 f () using the chain
rule for subdifferentials. Therefore, the subgradient oracle for g is certainly valid at this step. Now,

1~ da ~ 114 1~
Yt+1 = Tt — 570¢- Meanwhile, 11 = Ty — $70: = $ (vt — 5;Gt) = FYi+1. Therefore,

Tip1 = o nyx (Ge+1) = Mo nyx (e+1(e/L)) = (/) L) x (ye+1) = (/L) 141
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as desired. ]

Claim F.4 Let f be an a-strongly convex and L-Lipschitz function. Then, g(z) = 1z f (é:c) is
1-Lipschitz and 1-strongly convex.

Proof First we show that g is 1-Lipschitz:
o

L L L
Selr(Ee) - 1(L0)| = x| Ea-u)] = b

The inequality holds since f is L-Lipschitz.
Now we show that g is 1-strongly convex. A function h is « strongly convex, if and only if the
function x +— h(z) — § ||| is convex. Indeed, for g:

1 L 1 L L? L
sz lolt = faf(Eo)-g el = So(#(5e)-5m101%) = fa(7(50) -5

The function on the right is convex because f is a-strongly convex. This implies that z — g(z) —
3 ||||? is convex, meaning that g is 1-strongly convex. [

IN

lg(z) —g(y)| =

L
—z
o

)

F.2. Sub-Gaussian Noise

In this section, we relax the assumption that ||| < 1 with probability 1 and instead assume that
for each t, ||Z||, is sub-Gaussian conditioned on F;_;. The proof of the extensions are quite easy,
given the current analyses. See the full version (Harvey et al., 2018) of our paper for statements and
proofs of this extension.

Main ideas. Most of our analyses can remain unchanged. The main task at hand is identifying the
places where we use the upper bound ||Z;|| < 1 outside of the MGF analyses (using this bound
inside an MGF is morally the same using the fact that ||Z;|| is sub-Gaussian). The main culprit is
that we often bound ||g;||* by 4. Instead we must carry these terms forward and handle them using
MGFs. The consequences of this are two-fold. Firstly, this introduces new MGFs to bound, but
intuitively these are easy to bound because the terms they were involved in in the original analy-
sis were sufficiently bounded and therefore their MGFs should now also be sufficiently bounded.
Furthermore, removing these constant bounds results in many of our MGF expressions to include
more random terms which we previously ignored and pulled out of our MGF arguments because
they were constant. But again, these terms can be dealt with by first isolating them by applying an
MGEF triangle inequality (using Holder or Cauchy-Schwarz) and then bounding their MGF.

Appendix G. Necessity of log(1/0)
In this section, we show that the error of the last iterate and suffix average of SGD is 2(log(1/9)/T)
with probability at least §.

Lemma G.1 ((Klein and Young, 2015, Lemma 4)) Let X1, ..., X1 be independent random vari-
ables taking value {—1,+1} uniformly at random and X = % 23:1 X;. Then for any 0 < ¢ <

O(T),

Pr [X > \/CT} > exp(—9¢2/2).
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Consider the single-variable function f(z) = 322 and suppose that the domain is X = [—1,1].
Then f is 1-strongly convex and 1-Lipschitz on X. Moreover, suppose that the subgradient oracle
returns x — Z where Z is —1 or +1 with probability 1/2 (independently from all previous calls to the

oracle). Finally, suppose we run Algorithm 1 with step sizes 1, = 1/t with an initial point z; = 0.
Claim G.2 IfT > O(log(1/0)) then f(xpy1) > Q(log(1/9)/T) with probability at least é.

Proof We claim that 2,1 = % Zle z; for all t € [T] where Z; is the random sign returned by the
subgradient oracle at iteration 7. Indeed, for t = 1, we have yo = x; — n1(x1 — 21) = Z; since
m = 1. Moreover, xo = Iy (y2) = y2 since |y2| < 1. Now, suppose that x; = ﬁ Zf;} %;. Then
Yt+1 = Tt — nt(l‘t — ft) = % 22:1 21 Since |yt+1| S 1, we have Tt4+1 = Yt+1-

Hence, by Lemma G.1 with ¢ = /log(1/6), we have 27,1 > +/log(1/8)/v/T with probability
at least () (provided 7' > O(log(1/6))). We conclude that f(z74+1) > 10g(1/9) \ith probability

2T
at least Q(9). [ |

We can also show that Theorem 3.5 is tight. To make the calculations simpler, first assume 7’
is a multiple of 4. We further assume that the noise introduced by the stochastic subgradient oracle
is generated as follows. For 1 < ¢ < T'/2and t > 37/4, 2, = 0. For T/2 < t < 3T'/4, first
define A; = z;f:t +. Then we set 2 to be iﬁt with probability 1/2. Note that A; > 1/4 for

T/2 <t < 3T/4so we still have |z;| < 1 for all £.

Claim G.3 If T > O(log(1/6)) then f (ﬁ AT xt) >0 (M) with probability at
least ).

Proof Proceeding as in the above claim, we have z;.1 = % Zgzl Z;. We claim that

T+1 3T/4

1 1
Z Tt = —— = Z At?:/t- (7)
T/2+1 t=T/2+1 T/2+1 t=T/2
To see this, we have
T T T

1 1 1
S IR 3
T/2+1 2102 T/2+1 gy t P

1 & a 1
“TpiiXt 2 g

t=max{4,T/2}

| BT
= ) A,
T/2+1,%,

where the last equality uses the assumption that 2, # 0 only if 7/2 < t < 37'/4 and changes the
name of the index. Notice that A;Z; is j:i with probability 1/2 so we can write Eq. (7) as

1 T/4+1
SRR
4T/2+1) —
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where X are random signs. Applying Lemma G.1 with ¢ = /log(1/¢), we conclude that Eq. (7)
is at least Q(y/log(1/5)/+/T) with probability at least (5) (provided T > O(log(1/4))). So we

conclude that f (ﬁ ZtT:j} 241 l’t> >Q (M) with probability at least €2(6). [
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