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Abstract

A common challenge in nonparametric inference is its high computational complexity when data
volume is large. In this paper, we develop computationally efficient nonparametric testing by
employing a random projection strategy. In the specific kernel ridge regression setup, a simple
distance-based test statistic is proposed. Notably, we derive the minimum number of random pro-
jections that is sufficient for achieving testing optimality in terms of the minimax rate. As a by-
product, the lower bound of projection dimension for minimax optimal estimation derived in [40]
is proven to be sharp. One technical contribution is to establish upper bounds for a range of tail
sums of empirical kernel eigenvalues.

Keywords: Computational limit, kernel ridge regression, minimax optimality, nonparametric test-
ing, random projection.

1. Introduction

Computationally efficient statistical methods have been proposed for analyzing massive data sets.
Examples include divide-and-conquer ([41; 19; 10; 32]); random projection ([25; 23; 40; 17]); sub-
sampling ([20; 24; 2]); Nystrom approximations ([14; 27]); and online learning ([5; 29; 12]). In
particular, [40] studied minimax optimal estimation of kernel ridge regression (KRR) under ran-
dom projections, which dramatically reduces computational and storage costs compared to ordinary
KRR. An interesting question arising from this new method is the minimal computational cost re-
quired for obtaining statistically optimal results. This might be viewed as a type of “computational
limit” from statistical perspective. This paper targets on this problem. We will develop computa-
tional limits for the projected KRR estimation and a relating hypothesis testing procedure. Our test-
ing procedure has potential applications in massive data. Traditional nonparametric testing methods
such as locally most powerful test, generalized/penalized likelihood ratio test and distance-based
test [11; 22; 13; 31; 3] may not apply to massive data due to their high computational costs.
We consider the following nonparametric model

yZ:f(xZ)+617 Z:].,,TL, (11)

where x; € X C R® for a fixed @ > 1 are i.i.d. random design points, and ¢; are i.i.d. random noise
with mean zero and variance 0. The regression function f is assumed to belong to a reproducing
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kernel Hilbert space (RKHS) 7. Traditional kernel ridge regression (KRR) method estimates f
through the following penalized least squares:

Jo = argmin{iZ(yi f(xi))2+>\||f||%}, (12)

fen i=1

where || f||3, = (f, f)# with (-, )3 the inner product of H, A > 0 is a smoothing parameter. When
n is large, (1.2) is computationally complex due to the enormous dimension of the kernel matrix;
computational and storage costs of f;, are of orders O(n?) and O(n?), respectively. Recently, [40]
proposed a projected KRR estimator, denoted fr, in which KRR is fitted based on a randomly pro-
jected kernel matrix rather than the original one. Their method successfully reduces computational
and storage costs to O(s3) and O(s?), respectively, when s(< n) random projections are being
used. The problem of computational limit amounts to characterizing the minimal choice of s such
that the projected KRR method maintains statistical optimality.

1.1. Our Contributions

We consider the following nonparametric testing problem

Ho:f=fo vs.Hi: feH\{fo}, (1.3)

where fj is a hypothesized function. We construct a test statistic 7}, x = || Fr—1fo |2, i.e., the squared
empirical distance between ]?R and fo, and derive a lower bound for s, denoted s*, such that T}, »
achieves optimal testing rate. As a by-product, we also derive a lower bound for s, denoted s', such
that fR achieves optimal estimation rate. Table 1 summarizes the values of of s' and s* under both
polynomially decaying kernel (PDK) and exponentially decaying kernel (EDK). We further prove
the sharpness of s and s* in the following sense:

(1) if s = o(sT), there exist s random projections (satisfying Assumption A3) such that J?R is
sub-optimal for some fy;

(2) if s = o(s*), there exist s random projections (satisfying Assumption A3) such that 7}, y fails
to achieve high power even though the local alternatives are separated from some fy by optimal
testing rate.

st s*
_ T 2
m-~order PDK n2m+1 nIm+1

p-order EDK | (logn)'/?  (logn)'/P

Table 1: Values of s* and s* for PDK and EDK. Results summarized from Section 4.4.

We illustrate our main findings in Figure 1.1, where the strength of the weakest detectable signals
(SWDS (see Section 4.3 for detailed definition)) is characterized given any choice of s and A. In
general, we require s > sy for any A > 0, where s, is the number of kernel eigenvalues above .
An important observation is that the smallest SWDS can be achieved at A = A\* and s > sy« := s¥,
where \* represents an optimal choice of A for testing. Even when s < s*, our testing procedure
under a proper A still demonstrates some power as long as SWDS becomes sufficiently large.
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Figure 1: Phase transition in (, s) for signal detection. The horizontal axis is the smoothing param-
eter A, and the vertical axis is the projection dimension s. The shade indicates the values
of SWDS: dark red corresponds to greater values of SWDS than light blue. The vertical
line labeled by “optimal” indicates the choices of A that achieve the smallest SWDS.

One technical contribution of this paper is the generalized local Radermacher complexity (Sec-
tion 3) which allows a unified treatment for nonparametric estimation and testing. The classic local
Radermacher complexity developed by [4] is a special case (with unit variance-to-bias ratio) which
only works for nonparametric estimation. This new technique is obtained by flexibly adjusting the
size of the function class defining the Rademacher average. Our results hold for a general class of
random projection matrix, such as the sub-Gaussian matrix or certain data-dependent matrix. The
procedure can be generalized for composite hypothesis testing (see Section 4.2).

1.2. Related Literature

Computational limits have been addressed in other situations. For divide-and-conquer, [32] derived
a sharp upper bound for the number of distributed computing units in smoothing splines, while [36]
estimated the quantile regression process under an additional sharp lower bound on the number of
quantile levels. For random projection methods, the literature nonetheless only focused on paramet-
ric cases such as compressed sensing, see [9]. For example, [9] showed that the minimum number
of random projections is s logn for signal recovery, where n is the number of measurements and s
is the number of nonzero components in the true signal. Relevant results in nonparametric setting
are still missing.

Notation: Denote ¢;;, the Kronecker delta: d;;, = 1if j = k and d;, = 01if j # k. For
positive sequences a,, and by, put a,, < b, if there exists a constant ¢ > 0 such that a,, < ¢b,, for
alln € N; a, = b, if there exists a constant ¢ > 0 such that a,, < ¢b,. Puta, < b, if a, < b,
and a,, 2> b,. Frequently, we use a, < b, and a,, = O(b,) interchangeably. Pf? = E f(X)?,
1fI2 = Pof? = 23, f(X;)% For a matrix A € R™*", its operator norm is defined as
Al = max,cpn (0} ”l‘é"’ﬁ!?. A random variable X is said to be sub-Gaussian if there exists a

constant o2 > 0 such that for any ¢ > 0, P[|X| > t] < 2exp(—t2/(20?)). The sub-Gaussian norm
of X is defined as || X ||y, = inf{t > 0 : Eexp(X?/t?) < 2}. We will use ¢, c1, c2, C to denote
generic absolute constants, whose values may vary from line to line.
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2. Kernel Ridge Regression via Random Projection

In this section, we review kernel ridge regression and its variant based on random projection. Sup-
pose that we have n i.i.d. observations {(x;,y;)}"_; from (1.1). Throughout assume that f € H,
where . C L?(Px) is a reproducing kernel Hilbert space (RKHS) associated with an inner product
(-, )% and a reproducing kernel function K (-,-) : X x X — R. By Mercer’s theorem, K has the
following spectral expansion:

o0
K(z,a') =) pigi(z)¢i(2), =2’ € X, 2.1)
i=1
where f17 > pp > --- > 0 is a sequence of ordered eigenvalues and the eigenfunctions {¢;}°;

form a basis in L?( Py ). Moreover, for any i, j € N,

(Dis@j)r2pyy = 0i;  and (¢, dj)n = 05/ i

Throughout this paper, assume that ¢;’s are uniformly bounded, a common condition in litera-
ture, e.g., [16], and p;’s satisfy certain tail sum property.

Zioik+l Hi

Assumption Al ck := sup;> [|¢illsup < 00 and supy>4 i

< Q.

Assumption Al is satisfied in two types of commonly used kernels, categorized by the eigen-
value decay rates. The first is j; =< i~2™ for a constant m > 0, called as polynomial decay kernel
(PDK) of order m. The second is p; < exp(—-yiP) for constants v,p > 0, called as exponential
decay kernel (EDK) of order p. Verification of Assumption Al is deferred to Section B.7 in the
Appendix. Examples of PDK include kernels of Sobolev space and periodic Sobolev space (see
[37]). Examples of EDK include Gaussian kernel K (21, x2) = exp(—(z1 — 12)%/2) (see [30D).

Recall the KRR estimator f,, from (1.2). By representer theorem, it has an expression f,(-) =
S ©iK (- x;), where & = (&1, ...,0,)" is a real vector determined by

~ . 2
W = argmin {wTK2w - “w'Ky+ )\wTKw}
n

weRn?
1
= —(K+) 1y, (2.2)
n
— T _ -1 e M nXM it -
Y=, ,yn) , K =[n""K(x;,xj)|1<ij<n. and I € R"*" is identity. This standard proce-

dure requires storing (K2, K, Ky) and inverting K + AI, which requires O(n?) memory usage
and O(n?3) floating operations.

The above computational and storage constraints become severe for a large sample size, and thus
motivate the random projection approach proposed by [40]. Specifically, w in (2.2) is substituted
with ST 3, where 5 € R® and S is an s x n real-valued random matrix; see Section 4.1. Then, 3 is
solved as:

B = argmin { BI(SK)KST)B — gﬁTSKy + )\BTSKSTB}, (2.3)
BER® n

= %(SKst +ASKS) 1SKy.
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Hence, the resulting estimator of f becomes

Fr(:) =Y (STBLK (i), (2.4)

i=1

which requires computing and storing (SK2ST,SK ST, SKy), along with inverting an s x s
matrix. The cost in the pre-processing step to compute the kernel approximation normally takes
O(sn?), and can be easily reduced to O(n?(log s)) for suitably chosen random matrices (see Ailon
and Chazelle [1]), which can be further reduced to O(n?(log s)/t) by using ¢ clusters in a parallel
fashion. Furthermore, the memory usage and floating operations are reduced to O(s?) and O(s3),
respectively, when s = o(n). On the other hand, s cannot be too small in order to maintain sufficient
data information for achieving statistical optimality. Critical lower bounds for s will be derived in
Section 4.5.

3. Tail Sum of Empirical Eigenvalues

An accurate upper bound for the tail sum of empirical eigenvalues is needed for studying nonpara-
metric testing and estimation. However, this bound was often assumed to hold in the kernel learning
literature, e.g., [7; 39]. And, the application of concentration inequalities of individual eigenvalues
([33; 8]) only provides a loose bound due to accumulative errors. Recently, the local Rademacher
complexity (LRC) theory ([4]) was employed by [40] to derive a more accurate upper bound that is
useful in studying nonparametric estimation. However, this upper bound no longer works for testing
problems, due to the improper size of the function class defining Rademacher average.

In this section, we establish upper bounds, i.e., Lemma 3.1, for a range of tail sums of empirical
eigenvalues that can be applied to both nonparametric estimation and testing. This result may be of
independent interest. Consider the singular value decomposition K = UDU ", where UU " = I,,
and D = diag(fi1, fo, . . ., lin) With 1y > fig > -+ fi, > 0. For any A > 0, define s, (or s)) to be
the number of 7i;’s (or p;’s) greater than ), i.e.,

Sy =argmin{i: 1; <A} —1, sy =argmin{i: p; <A} — 1. (3.1)
We have the following assumption on the population eigenvalues through s.
Assumption A2 s diverges as A — 0.

Assumption A2 is satisfied in various classes of kernels, including PDK and EDK introduced in
Section 4.4.

For a range of A\, Lemma 3.1 below provides an upper bound for the tail sum of fi; in terms of
population quantities sy and p, , with known orders.

Lemma 3.1 If1/n < A\ — 0, then with probability at least 1 — 4e™ 5, Z?:%H fi < Csaps,,
where C > 0 is an absolute constant.

Clearly, Lemma 3.1 is a sample analog to the tail sum assumption for y; in Assumption Al.
Lemma 3.1 is crucial in the verification of “K-satisfiable” property of random projection matrices
introduced in Section 4. The proof of Lemma 3.1 is based on an adaptation of the classical LRC
theory as explained below.
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In Section 4.4, it will be shown that A and sy /n correspond to (squared-)bias and variance of
f R, respectively. We then define the variance-to-bias ratio as
SA
o
for any A > 0. Consider a bundle of function classes indexed by x:

Fr={feH: fmaps Xto[-1,1],|fI% < kr}, A > 0.

3.2)

R) =

To characterize the complexity of F), we introduce a generalized version of local Rademacher
complexity function:

1 n
Uy(r) = E{ sup — Zaif(a:i)}, r>0, (3.3)
fer i
Pf2<r
where o1, . .., 0y, are independent Rademacher random variables, i.e., P(o; = 1) = P(o; = —1) =

1/2. Let ¥ (+) be an empirical version of ¥ (-) defined as

n

—~ 1

‘I’A(T):E{ sup *Zdz’f(fﬂi) Ty, ,J?n},TZO- (3.4)
fe]'—A n i—1
PanS"' =

When k) < 1, ¥,(-) and T A(+) become the original LRC functions introduced in [4]. Note
that ) =< 1 actually corresponds to the optimal bias vs. variance trade-off required for estimation.
Rather, a different type of trade-off is needed for optimal testing as revealed by [18; 31], which
corresponds to a different choice of k) in F) as demonstrated later in Section 4.4.

Lemma 3.2 says that both ¥ and T A possess unique (positive) fixed points. This fixed point
property is crucial in proving Lemma 3.1. Interestingly, we find that the fixed points turn out to be
proportional to the estimation variance asymptotically.

Lemma 3.2 There exist uniquely positive ry and T such that ¥y(ry) = r) and U A(Ty) = T
Furthermore, if X\ > 1/n, then r) < s\ /n, and there exists an absolute constant ¢ > 0 such that,
with probability at least 1 — e~ “*, T\ < s)/n.

We are now ready to sketch the proof of Lemma 3.1. Detailed proofs are deferred to Appendix
A.1. First, note that

n

> di= > min{A\ i} <) min{A i}

i:§>\ +1 i::S\)\ +1 =1

By Lemma 3.2, we have 7 /k) < A with high probability. Then,

- - 7 n nre
Zmln{Avui} = Zmln{inu’i} = 7\11)\(7‘)\)2 =—2 = )\S)\ < SAHs)y
, 1 %) KX )

where the second step is by Lemma B.1 that

\/I}/\(?A) = Zmln{ ,,uz

the third step follows from the fixed point property stated in Lemma 3.2, and the last step follows
from the definition of y4, givenin (3.1).
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4. Main Results

Consider the nonparametric testing problem (1.3). For convenience, assume fy = 0, i.e., we will
test
Hy:f=0 vs. Hy:feH\{0} 4.1

In general, testing f = fo (for an arbitrary known fp) is equivalent to testing f. = f — fo = 0. So,
(4.1) has no loss of generality. Based on fr, we propose the following distance-based test statistic:

T = || Fzl2. (4.2)

In the subsequent sections, we will derive the null limit distribution of 7}, y (Theorems 4.2 and 4.4),
and further provide a sufficient and necessary condition in terms of s such that 7},  is minimax
optimal (Section 4.5). As a byproduct, we derive a critical bound in terms of s such that fR is
minimax optimal. Proof of such results rely on an exact analysis on the kernel and projection
matrices which requires an accurate estimate of the tail sum of the empirical eigenvalues by Lemma
3.1. Our results hold for a general choice of projection matrix (see Section 4.1 for discussion).

4.1. Choice of Projection Matrix

Recall the singular value decomposition K = UDU". Put U = (Uy, Us) with Uy consisting of
the first 5, columns of U and U, consisting of the rest n — s columns; D = diag(D;, D), with
Dy = diag(ji1, - - -, iz, ), D2 = diag(fig, 11, - - - » [in)-

The following definition of “K -satisfiability” describes a class of matrices that preserve the
principal components of the kernel matrix.

Definition 1 (K -satisfiability) A matrix S € R%*™ is said to be K -satisfiable if there exists a
constant ¢ > 0 such that

[(SUD)TSUL = Ig, |y < 1/2, |SU2DY?|,, < eAV/2.

By Definition 1, a K-satisfiable S will make (SU;) " SU; “nearly” identity as well as down-
weight the tail eigenvalues. Such a matrix will be able to extract the principle information from
the kernel matrix. A special case of the above “K-satisfiability” condition was studied in [40] by
fixing A as the optimal estimation rate. However, by choosing a range of A as threshold to select the
leading eigenvalues, our general form of “K-satisfiability” condition allows us to study estimation
and testing in a unified framework.

Besides, we need the following definition to simplify the statement of our assumptions.

Definition 2 An event £ is said to be of (a,b)-type for a,b € (0,00], if P(P(E|x1,- -+ ,2p) >
1 —exp(—a)) > 1 — exp(—b).

Definition 2 describes events whose probabilities have exponential type lower bounds. It is easy to
see that, if £ is of (a, b)-type, then P(£) > (1 — exp(—a))(1 — exp(—b)). In particular, & is of
(00, 00)-type if and only if £ occurs almost surely.

Throughout the rest of this paper, assume the following condition on S.

Assumption A3
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(a) s > dsy for a sufficiently large constant d > 0.
(b) There exist c1,ca € (0, 00| such that the event “S is K -satisfiable” is of (c1s, casy)-type.

Assumption A3 (a) requires a sufficient amount of random projections to preserve data informa-
tion. Assumption A3 (b) requires .S to be K -satisfiable with high probability which holds in a broad
range of situations such as matrix of sub-Gaussian entries (Example 1) and certain data dependent
matrix (Example 2).

Example 1 Letr S be an s x n random matrix of entries Si;//s, i =1,...,s, j =1,...,n, where
S;j are independent (not necessarily identically distributed) sub-Gaussian variables. Examples
of such sub-Gaussian variables include Gaussian variables, bounded variables such as Bernoulli,
multinomial, uniform, variables with strongly log-concave density (see [28]), or mixtures of sub-
Gaussian variables. The following lemma shows that Assumption A3 (b) holds in all these situations.

Lemmad.l Let S;; : 1 < i < s, 1 < j < n be independent sub-Gaussian of mean zero and
variance one, and \ € (1/n,1). If s > ds for a sufficiently large constant d, then Assumption A3
(b) holds for S = [Si;/V/s]1<i<s,1<j<n.

In the proof of Lemma 4.1, the operator norm of SUs+/ D> is concentrated on the empirical tail
sums of eigenvalues, which can be further bounded by the population version based on Lemma 3.1.

Example 2 Let S = U, ST , where U is an n X s matrix consisting of the first s columns of U. Then
it trivially holds that, almost surely, (SU)" SUy = I3, and |S UQD;/2H017 =0, i.e., Assumption A3
(b) holds.

The eigen-decomposition in Example 2 is as burdensome as computing the matrix inverse, which
is not preferred in practice. The purpose of this example is to illustrate one situation that satisfies
Assumption A3, also useful for deriving computational limits (see Section 4.5).

4.2. Testing Consistency

In this section, we derive the null limit distribution of (standardized) T, » as standard Gaussian, and
then extend our result to the case of composite hypothesis testing.

Theorem 4.2 Suppose that A — 0 and s — 0o as n — 0o. Suppose Assumption A2 is satisfied.
Then under Hy, we have

T — Un
U i>N(O,l), asn — oo.
On,\
Here, iy ) = EHO{Tn,/\|ﬁL',S} = tr(AQ)/n, UTQL’)\ = VarHO{Tn7>\|;U’S} — 2tr(A4)/n2 with
@ = (11,0 x0) and A= KST(SK*ST +- ASKST)"'SK.

Theorem 4.2 holds once s diverges (no matter how slowly). Theorem 4.2 implies the following
testing rule at significance level a:

an,)\ = I(|Tn,)\ - ,un)\| > zl—a/QO-n,)\) 4.3)

where 21 _ /o is the 100 x (1 — «/2)th percentile of N (0, 1).
As an important consequence of Theorem 4.2, we comment that the optimal estimation rate in
[40] can also be obtained as a by-product; see the following Corollary 4.3 with proof in B.5.
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Corollary 4.3 Suppose that 1/n < \ < 1 and Assumption AI-A3 holds. Then with probability
approaching one, it holds that

I fr = foll2 < Crax,

where vy, x = X + i\ and C'is an absolute constant.

From Corollary 4.3, the best upper bound can be obtained through balancing A and i, ». Denote
! the optimizer. This in turn provides a lower bound s' for s according to (3.1), i.e., s = s ae In
Section 4.4, we will show that the upper bound under Af is minimax optimal, and further provide
explicit orders for s in concrete settings.

In practice, it is often of interest to test certain structure of f, e.g., linearity,

lmear . f c L( )VS Hlmear . f ¢ [,(X),

where £(X) is the class of linear functions over X C R®. Testing H\"¥ can be easily converted
into simple hypothesis testing problem as follows. Suppose that fo( ) 50 + 51 x is the “true”
function under H}"*. The corresponding MLE is fo( ) = Bo+ 51 x, where 3 = (XX 1 Xy =
(50, 51) By defining f* = f — fo, it amounts to testing f* = 0. Correspondingly, we define
y* =y — y,, where y, = (fo(xl) ..,fo(xn)) = Hyand H = X T(XXT)~1X. This leads to
the randomly projected KRR estimator f7, pand Ty =||f R\ 2, whose null limit distribution is given
in the following theorem.

Theorem 4.4 Suppose that A — 0 and s — oo as n — 00. Suppose Assumption A2 is satisfied.
Under H, (l)i"e“r , we have
T* _ M*
A PmA i>N(0,1), asn — oo,

*
Un)\

where iy, | = EHlmcar{ oale, 51 =tr((I- H)A?(I-H))/n and{anA}2 Vangmr(T;’ﬂa:,S) =
2tr((I — H)A4(I H))/n?.

Clearly, our testing procedure and theory can be easily generalized to polynomial testing such
as Hg(’ly : f is polynomial of order q.

4.3. Power Analysis

In this section, we investigate the power of T}, ) under a sequence of local alternatives. The follow-
ing result shows that 7;, ) can achieve high power provided that s diverges fast enough and the local
alternative is separated from the null by at least an amount of d,, ». Here we call d,, ) as the weakest
detectable signals (SWDS) or separation rate.

Theorem 4.5 Suppose that 1/n < A — 0 as n — oo, Assumption Al-A2 are satisfied, and
Assumption A3 holds for ¢y, ca € (0,00]. Then for any € > 0, there exist positive constants Ce and
N¢ such that, with probability greater than 1 — e~ 1% — e~ 25,

inf inf  Pp(dpn=1z,5) >1—¢,

n>Ng fenB
HflanCedn,x

where dy, \ = \/A+ o, and B={f € H : | f|ln < C} for a constant C and Py(-|x, S) is the

conditional probability measure under f given x, S.
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In view of Theorem 4.5, to maximize the power of T}, ), one needs to minimize d,, = /A + oy »
through balancing A and o,, . Denote A\* the optimizer. The lower bound s* for s is obtained via
(3.1), i.e., s* = sy». The explicit forms of \* and s* varies for different reproducing kernels, and
lead to specific optimal testing rate, depending on their eigendecay rate.

4.4. Examples

Next, we derive the lower bounds for s to achieve optimal estimation and testing in two featured
examples: PDK and EDK, based on the main results obtained in Corollary 4.3 and Theorem 4.5. It
is easy to check that Assumption A1 and A2 hold for these two examples; see Section B.7.

Theorem 4.6 For the two kinds of eigenvalue decaying rates, suppose Assumption A3 holds, we
have the following optimal estimation and testing rates by properly choosing the tuning parameters
and the lower bound of projection dimension:

¢ Polynomially decaying kernel (with z; < i~2™)

__2m_
— When A\ < f0||7% = Op(n 2m+1).
- When A < n~ T and s pe nTRET with m > 3/2 n,\ achieves the minimax optimal

rate of testing n~ T,
¢ Exponentionally decaying kernel (with ;; < exp(—~iP))

— When A < (logn)'/Pn=" and s > (logn)'/?, HfR — foll2 = Op(n~"(logn)'/P).
— When )\ < (logn)"/®P)n=" and s > (logn)/?, T, \ achieves the minimax optimal rate

1
of testing n=s (logn)r.

Based on Lemma 3.1, Lemma A.1 characterized the order of y,, » and o, \ as iy, » < sy/n and
oy, /\ = sy /n? with high probability. It follows from Corollary 4.3 that f r has the convergence rate

T\ = A+ s)/n. On the other hand, \ is the bias of f r by Lemma B.3, and s) /n is the variance of
f r by (??) and Lemma A.1. Hence, the optimal estimation rate ol A ([40]) is achieved as follows

r;rb)\ = argmin{)\ PA> s,\/n}.

To find the lower bound for s in achieving optimal testing, by Theorem 4.5, d,, \ =< /X + /sx/n,
then the optimal separation rate dy, ([18], [38]) can be achieved by another type of trade-off, i.e., the
bias of fr v.s. the standard derivation of T}, y, as follows

di? = argmin{)\ PA> \/a/n}

For PDK example, Theorem 4.6 can be directly achieved based on (3.1), p; =< i 2™

,and s) =<
A~ 7w The results for EDK can be achieved similarly.

It is worth emphasizing that A, sT are different from \*, s*, indicating a fundamental difference
between estimation and testing. A more explicit reason for such a difference in minimax rate is due
to two different types of trade-off, as illustrated in Figure 2. Table 1 summarizes our findings of this

section.

10
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1fr = foll?

as?: A

Tn)\

Hnx @ —
n

Soleeen X oo
o
>

(a) (b)

Figure 2: Trade-offs for achieving (a) optimal estimation rate; (b) optimal testing rate.

4.5. Sharpness of s" and s*

In this section, we will show that s* and s' derived in PDK and EDK are actually sharp. For
technical convenience, define

s _] nm@ KisPDK
(logn)~%/P, K is EDK

Our first result is about the sharpness of s'. Theorem 4.7 shows that when s < s, there exists
a true function f such that || fr — f||? is substantially slower than the optimal estimation rate.

Theorem 4.7 Suppose s = O(ST). Then there exists an s X n random matrix S satisfying Assump-
tion A3, such that with probability greater than 1 — e~ CMon _ g=c15 _ o=C25x it holds that

N 2
sup HfR - an > TZL7)\7
feB
where c is a constant independent of n, and c1, ¢z € (0, 00| are given in Assumption A3 (b).

We sketch the constructive proof as follows; detailed proof can be found in Appendix A.6. Note
that

177 — f1I2 = | Ec fr — f1I2 + | fr — Ee frl% + (R Ee fR) (EefR—fo)ET1+T2+T3,

where Ty = || Ec fr — f|2 = |[UTKST(SK2ST + ASKST)"LSKf — UTf|2. Let § = U,
where Uj is the first s columns of U. Let f(-) = S°1; K (4, -)w; withw = (wy,- -+ ,w,)" = Ua,
a € R™ satisfying

1 .
R
Then || f||3, = na' Da = ny % 41 Qi = C, and
1 & 1
| Ee fr— flln—nza 2 (4N =) +n Z O] =~ D B 2 fiae 2 Gpae > M.

i=s+1 i=s+1

11
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The last inequality holds with probability greater than 1 — e~"" by Lemma B.2. Furthermore,

it can be shown that 71 = Op(A), Ty = 0,(11), and T3 = op(T}) . Then with probability at least
1— efnén’

sup || fr — folli 2 sup | Ec fr — folln > CAT.

fo€B foeB

Our second result is about the sharpness of s*. Theorem 4.8 shows that when s < s*, there
exists a local alternative f that is not detectable by T, y even when it is separated from zero by d};.
In this case, the asymptotic testing power is actually smaller than the nominal level c.

Theorem 4.8 Suppose s = o(s*). Then there exists an s X n projection matrix S satisfying
Assumption A3 and a positive nonrandom sequence [3,, \ satisfying lim,,_,o. B, x = 00 such that,
with probability at least 1 — e~ "0 — e=€15 _ g=C25x

li inf P = 1|z, S) <
im sup }IelB 't (DnA |z, S) < a,

— 00

where c is a constant independent of n, and c1, ca2 € (0, 00] are given in Assumption A3 (b). Recall
1 — « is the significance level.

The proof of Theorem 4.8 is similar as that of Theorem 4.7, except that a different true function
is constructed as f () = > | K(z;, -)w; withw = (w1, - ,w,)" = Uc, where o € R satisfies

4.5)

C ~-1 .
az_{flLs—l'ugs—l-k forZ:(gs—i—k) k:1727"'73_1;
7

otherwise,

with ¢ > 1 as an integer satisfying (g + 1)s < s*; see Appendix A.7 for detailed proof.

In view of Theorems 4.5 and 4.8, we observe a subtle phase transition phenomenon for testing
the existence of signals as shown in Figure 1.1. The precise order of s* in specific situations can be
found in Table 1.

We remark that Theorem 4.8 can hold for any K-satisfiable random matrix S, by constructing
the true function f with ||f||z < C and ||f||?> > fis+1, such that under f, % is asymp-
totically standard normal. This implies that the power of the test will converge to o Specifically,
we construct such f with an expression )" ;| K (x;, -)w;, where w; is selected from the orthogo-
nal complement of a subsapce properly generated by .S and K. When s < s*, we can show that
Tist1 > d? with high probability, which implies that even if the norm of f is greater than d;, our
test still cannot achieve high power. Theorem 4.7 can be generalized in a similar manner for any .S
satisfying Assumption A3.
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Appendix A. Proof of Main Results
In this section, we present main proofs of Lemma 3.1, Theorem 4.2, Theorem 4.4, Theorem 4.5,
Theorem 4.6, Theorem 4.7 and Theorem 4.8 in the main text.

A.l. Proof of Lemma 3.1

Proof By Lemma 3.2, there exist fixed points 7, and 7 for ¥y and T A, respectively. Plugging
these fixed points into (B.1) and (B.2) in Lemma B.1, we have

)\ =< fZﬁAmm{ ,,ul} (A.1)

015

™\ =< 72/1/\m11'1{ ,,ul} (A.2)

Lemma 3.2 further shows that 7y =< s)/n, and 7)/k)\ < A; for the empirical version, let
d = sy, then with probability at least 1 — 4e™ %, 7) =< s)/n leads to 7)/k) =< A. Recall that
S\ = argmin{i : 1; < A} — 1. Then by (A.2), with probability at least 1 — 4e~ 53,

SRS

Z me{/\ I} = me{—,uz} <72 /Ky < Asy/n,
=5y +1

=1
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where the last step is by k) = 73, and 7'y < s, /n. Therefore,

n
D fi S Asy < saftsy,

i=’§/\+1

based on the definition (3.1) that A < ps, . [ |

A.2. Proof of Theorem 4.2

Proof Let A = KST(SK?ST + ASKST)"1SK, under the null hypothesis, 7}, , = +eT AZe.
We first derive the testing consistency of 7}, x conditional on © = (z1,---,z,) and S. By the
Gaussian assumption of €, we have pi,, x = E (T, |z, S) = (8% 4nd Ui,,\ = Var (T, \|z, S) =

n
2tr(A%)/n?. Define U = %, then for any t € (—1/2,1/2), we have

log Ec (exp(itU))
—log Ec (exp(ite’ A%/(non,»))) — itpin,/(n0n,2)
= — 5 logdet(, — 20tA? /(0 3)) — it/ (102 2)
=it - tr(A%)/(non) — £ tr(AY) /(0?07 3) + O tr(A%) /(0o \)) — ithn/ (n0,N)
=—t2/2+ O’ tr(A%) /(ner, ).

where ¢ = v/ —1, E¢ is the expectation with respect to €, and I, is n X n identity matrix. Therefore,
to prove the normality of U, we need to show tr(A6)/ (n3027 ) = o(1). Note that

tr(A%)  tr(A9) . 1
(nda )~ tr(AY) /tr(AT))

where tr(AS) = tr (I+A(SK2ST)"1SKST)76) and tr(A%) = tr (I[4+A(SK2ST)"1SKST)™).
Since tr(A%)/tr(A?) < 1, it is sufficient to prove m =o0(1) asn — oo.
Let (SK?ST)"1SK ST = PAP~!, where A is an s x s diagonal matrix, then

tr(A?) = tr (I + A) ™) = Zsz(l +AN)

i=1

with A; as the ith diagonal element in A. Next we show AA has at least min{s, 5 } bounded eigen-
values. Notice that (SK25T)"1SK S has the same non-zero eigenvalues as K'/2S T (SK2ST)1SK'/2.
For K =UDU', let U = (Us,Un—s), D = (Ds, D) with Dy = diag{ji1," -+ ,fis}, Dn—s =

diag{fis+1, -, ln}- Let S = SUs, So = SUp,—s, I('l/QST(SKQST)_l,S’I(l/2 can be rewritten
as the block matrix:

Dy/?8T - - A A
1/2aT 20T\—1qpl/2 _ s' 91 2aT\~1 1/2 12 _ (A1 A2
K'28T(SK*ST)"'SK <D1/2 o | (sK2ST)7 (5Dl 8up)2) < 4 A4),

n—s~2
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where A; = D;/leT(SKQST)*lng;/z. By Lemma B.5 of the eigenvalue interlacing for princi-
pal submatrices theorem, we only need to prove AA; has at least min{s, s } bounded eigenvalues.
Using Binomial Inverse Theorem,

(SK2ST)™" = ($,D28]) " — (S1D287)'T(5,D25T) ", (A3)
where I is a symmetric matrix defined as
I'= 5D, 57 (S2D; oS3 +8D; .53 (Si1D3S]) ' 8D; (57) ™ 5Dy S5
Plugging (A.3) into Ay, we have
D28 (SK28T)~15,DY? = D' — H,

where H is a semi-positive matrix. Based on Lemma B.6 of Weyl’s inequality, the i*"* eigenvalue
of D71 is greater than the i'" eigenvalue of A;. Recall 5y = argmin{i : i; < A} — 1, we have
A < 1fori=1,---,5,. Hence, there exist at least min{s, 5 } bounded eigenvalues for AA;.
Finally, we have

tr(A%) > C'min{s,5\}, where C is some constant. (A4)

When n — oo and A — 0, we have s — oo and s — oo by Assumption A2. On the other hand, by
Lemma 3.2, with probability at least 1 — e~ “**, sy < 5, for 1/n < A < 1. Therefore, 5 — 0o as

. 2
n — oo and A — 0. Then E.(e®®V) — e~ T with probability approaches 1 as n — oo and A — 0.
We next consider E; s E(eV) by taking expectation w.r.t z, S on E.(e®V). We claim
2

. t .
Eg sEc(e™) — e 2 fort € (—3, 3). If not, there exists a subsequence of r.v {x,, Sh }, such

; _2 . ; P
that for Ve > 0, | Ez,, ., Ee e —e7 7| > ¢. On the other hand, since E, etV (@ng,Sny) 5 o=5
which is bounded, there exists a sub-sub sequence {aznkl s, }, such that
l

itU(mnkl,Snk,) a.s t2
l e 2.

€

2
. ; 2 Lo .
Thus by dominate convergence theorem, Eg, g,  Ee e®™ — e~ 2, which is a contradiction.
1"k

n, A~ Hn, A

T, . s
Therefore, we have U = =2 A asymptotically converges to a standard normal distribution. W

A.3. Proof of Theorem 4.4

Proof Under H, [lji“ear, it can be shown that

1
A= ﬁe’(I — H)A*(I — H)e

with 15\ = tr (I — H)AX(I = H)) fnand o7, = /240 (I = H)AY(I — H)) /n.

Similar to Theorem 4.2, we only need to prove tr ((I — H)A?*(I — H)) — oo asn — oo,
Notice that tr ((I — H)A*(I — H)) = tr (A%(I — H)) = tr(A?) — tr(A?H). For tr(A*H), we
have tr(A2H) = tr(A%2H?) = tr(HA%H). Since rank(HA?H) < a+ 1, and Apax (HAH) < 1,
therefore tr(A%?H) < a + 1. Recall a is the dimension of z. Finally we have tr ((I — H)A?(I —
H)) > min{s,5\} — a — 1. The last step is based on the proof of Theorem 4.2. [ |
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A.4. Proof of Theorem 4.5

We prove the the testing is minimax optimal as stated in Theorem 4.5.
Proof

nl|frl? =n|KST(SK2ST + ASKST) 'SKf+ KST(SK2STASKST) 'SK¢|?
—n||Ec frl2 + n| KST(SK2ST + ASKST) " 'SKe|?
+2(Ec fr) KST(SK2ST + ASKST) ' SKe
=11 +1» + T5. (AS)
Lemma B.3 shows that || f —E, J?RH% < O\ with probability 1 —e €15 —e~%5x_ Set ' = v/2C.
Given the separation rate || f||2 > C’IQdi’)\ =2C(A+ 0p,)), we have

~ n ~
Ty =n|| Be frll% = S11f1l7 = nllf — Ec frllz = nC(A+ 0p ) = nCA = nCoy

with probability at least 1 — e*Cf — e~ 2% 'where cy, cg is specified in Assumption A3.
Next, notice that T3 = (E, fz) ' Ae. Consider " A%y, where n = (1,--- ,7,) € R"is an
arbitrary vector. Since 77 A% < Apax(A2)n 7, where A? has the same non-zero eigenvalue as

A% =(SK2ST + ASKST) 'SK2ST(SK2ST + ASKST) 'SK?5T = (I + A(SK2ST) " 1SKS) 2
then we have |A2[,, < 1, and Apax(A2) < 1. Therefore,

E T3 = (B fr) ' A%Ee fr) < (Be ) (Ee fr) = T,
then

1T1
C.}, where C; satisfies P(&;) > 1 — ¢,
E={T5> —5_1/2T11/2}. Finally, with probability at least 1 — e~ 1% — =253

(!Tsl > e TPl )
<

Define & = {T1 > Cnoya}, & = {P0t=

On, A

LT+ Ty + T3) — pinn
Pf<n _— mn, Zzlfa/2 :E,S)
T +Ty, 1Th—
ZPf< 1+ 2 4 n 2 = Hn,\ > 21 s E1NENES :B,S)
'I’LO'nV/\ O'n’>\
T (1 — e—1/2771/2
ZPf( 1( - )—05221_a/2, E1N&ENé&s m,S)
7’L(Tn7)\
1
>p (01—7 SO > 2 EINE mg)
f ( \/m) e Z Rl-a/2,¢1 2 3

:Pf(gl NéN 83) >1-3¢

The second to the last equality is achieved by choosing C' to satisfy

1 1 1
< — and 50 —Ce > 21_q2-

VCOnoyxe 2
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A.5. Proof of Theorem 4.6

To prove Theorem 4.6, we only need to prove the orders of 1, » and Ufl »- Suppose that H is
generated by an m-order PDK or v-order EDK. The following Lemma characterizes the orders of
fin,x and o2 | for PDK and EDK.

Lemma A.1

(a) (PDK) Suppose that 1/n < X\ — 0 as n — oco. Meanwhile, Assumption A3 holds with c1,ca €
(0, 00] and m > 3/2. Then with probability at least 1 — e=cmn®" = /=0 _ o—c1s
it holds that i, \ < sx/n and 07217 \ = sy/ n?, where ¢, is an absolute constant depending on
m only.

—C2S8
—e 2)\’

(b) (EDK) Suppose that H. is generated by EDK with v > 0, p > 1. Suppose that Assumption A3
holds with c1, co € (0, 00]. Then with probability at least 1 — e—Cvpnllogn)™2/P _ p—c1s _ e C28x
it holds that pu,, \ < sx/n and O'TQL \ = s,\/nQ, where c., ,, is an absolute constant depending on
Y, D-

Proof We first analyze the orders of u,, \ and o, 5 for PDK, i.e., Lemma A.1 (a). Recall in (A.4),
we proved that tr(A) 2 min{s, 5 }. Next we show with probability approaching 1,

tr(A%) < tr(A2) < tr(A) < 5. (A.6)

On the other hand, when A > 1/n, by Lemma B.2 (a), with probability at least 1—6_%”(27”73)/(27"71),
S\ =< s). Combining (A.4) with (A.6), we have 02 , < s\/n? and p, < s/n with probability
approaching 1. ’

Note that tr(A) = tr(A), where A = DUT(SK?ST + ASKST)~1SUD. A can be written

~ (A A,

A==t 2
with A; = DS (SK2ST+ASKST) 18 D,,and Ay = D,,_ S5 (SK2ST+ASKST)19,D,,_,.
Here Dy = diag{fi1,- - , fis}, Dn—s = diag{fis+1, "+ , n}, S1 = SUs, and Sy = SU,,_,, where

Us is the first s column of U and U,,_, is the last n — s column of U. _
Let A = diag{A1, A2} = diag{D? + ADs, D?_, + A\D,,_}. Then A; can be expressed as

as

51 = DS§I(§1A1§;— + §2A2§;)_1§1D3
=D2A7" — D,ST(S1A157) 71 ((S9A285 )~ + (S1A1S7) ™)) (S1A18] ) 1S D
Therefore, B B
tr (D1S) (SK2S"T + ASKST)™1$1Dy) < tr(DIATY) < sy (A7)
The last inequality is deduced by the following step

S ~ s ~ s
271 Hi Hi ~ 1 o
tr(DlAl):E 'a‘_;_)\—k E ﬁ‘j_ASS,\—i-X E Hi < 28y
i=1 " i=s+1 " i=5\+1
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with probability at least 1 — ememnZm=A/EMI _o—e1s _ o—easx by | emma B.2(a) and Lemma 3.1.
Next, we consider A4. Note that

tr (Dn—sS5 (SK2ST + ASKST)"18,D,,_)
<tr (Dn—sS3 ASKST) 'Sy, )

%tr (((§2Dn,s§J)—1§1DS§I +sts)*1) < sfis/\ (A.8)

We show sjis/(Asx) < C with probability approaching 1, where C'is some absolute constant. Then
by (A.8), tr(A4) < sy. If dsy < s < n'/(2™) then by Lemma B.2(a), we have i, /2 < [is < 3us/2
with probability at least 1 — e=¢mn®" /"™ ‘yhere m > 3/2. Then

Slks < 3sps < st—2m

ASy T 2Asy si_Qm

= 0(1).

If s > n'/(2™)_ based on the proof of Lemma B.2, in (B.3) and (B.4),

P(|1; — pil = i + rl_Qm) <1—exp(—c,né g2 /r )

=1 om—1

Lete=n""2m s and r = n2m s2m-1, then

~ ~ _ _2m—1
S < SpsE 4+ sriTEM =~ Tam

_/p(2m=3)/(2m—1)

with probability at least 1 — e . The probability is obtained by calculating ng?/r?
Based on the assumption 1/n < A < 1, Asy < A1-1/(2m) >n 27‘;7 Finally we have i‘;; < C’,
i.e., spis/\ < Csy, where C' is some bounded constant.

Combining with (A.7), we have

tr(A) = tr(A) < tr(Ay) + tr(Ay) < sy,

. oy 2m—3)/(2m—1 .
with probability at least 1 — e—'n! s } s e~ 2% where ¢ is a constant only de-

pending on m and ¢y, co > 0 are defined in Assumption A3.

Next, we prove Lemma A.1 (b). Following the same notation and strategy in the proof of Lemma
A.1 a, (A.7) also holds for EDK, with probability at least 1 — e~ ¢v.»"(log n)TAP _ gmeis _ gmeasy
by Lemma B.2 (a) and Lemma 3.1. For EDK, (A.8) also holds. Next we will prove that tr(ﬁg) <
sfis/A < Csy, where C' is an absolute constant. If dsy < s < n'/27¢ £ n®forany 0 < ¢ < 1/2,
then by Lemma B.2 (b), jis < % ts. Therefore

Sfs < Shs
Asy ™ SAHsy

<1

with probability at least 1 — e~ ¢v»7(lo8 ")_2/p, where the last inequality is by the fact that sy, =<
se~7%" is decreasing w.r.t s when yps? — 1 > 0. When s > nl/2, by Lemma B.2 (b),
-~ 2 2
Skts < S s < NS~ —ys? — o(1),
)\8)\ )\8)\ S\
with probability at least 1—e~". Thus, we achieve tr (D,,—sSy (SK2ST+ASKST)"18,D,,_)

sy with probability at least 1 —e—¢v.»"(l0g )27, Combining with (A.4) and (A.7), we have tr(A)

—cy pn(logn)=2/P _ e C1S _ o—C28x

| IRTANVAN

s with probability at least 1 — e
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A.6. Proof of Theorem 4.7

Proof Notice that
n 2 0 2 n T2 27 =T 7
1= fol2 = 1B Fr— foll2 + 1 — B Fall2 + = (Fa — B Fn) " (B Fr — o)
= Ty + Ty +1T5.
We first consider 77 as follows:

IEe fr = follz = | KST(SK>ST + ASKST) "' SK fo — foll2
= | UTKST(SK?ST + \SKST)"'SK fo — UT fo| 2.

Let S = U, where U, is the first s columns of U. Let fo(-) = > " | K(z;,-)w; with w =
(wy,- - ,wy)" = Ua, where o € R™ satisfies

1C~—1 L )

%2: nsHi for z—'s—l-l,-'- ,28; (A.9)
0, otherwise.

Then || fo|2, = na"Da=nY7 ., a?fi; = C, and
I Ee fr — fol2 —nZa 3 (i + 27! +n2a
i=1 i=s+1
1 t

Ejmzu has > Al (A.10)
i=s+1

The last inequality holds with probability greater than 1 — =™ by Lemma B.2. On the other hand,
there always exists A > Af, such that the corresponding s, = s /d. Then by (A.10), with probability
greater than 1 — e~ "0n,

C»J
| o

I B fr = folln < ps < 3
i.e., T1 = Op(A), based on the definition (3.1) for s.
Furthermore, we have 7o = Op(un,x) = Op(2*) by the proof of Corollary 4.3. Note that

;
A satisfies AT = s—* Then for A > Af, we have Ty = 0,(T}). Therefore, T3 = op(T1) due to
1/2 1/2

Shsy XA,

Cauchy-Schwarz 1nequahty T3 < T, . Finally, with probability at least 1 — e~"%7,

sup || fr — foll2 = sup || Ec fr — foll2 > Cpas > CAT.
foeB fo€B

The last step is based on the definition of At and the fact that 2s < s. |

A.7. Proof of Theorem 4.8

Proof Without loss of generality, here we consider Hy : f = fy with fo = 0. We construct the true
fC) =" K(zi, )w; withw = (wy, -+ ,wy,) " = Ua, where a € R" satisfies
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CY,L‘:

(A.11)

2 %%ﬁ;s{i—k fori:(gs+k) k:172a"'75*1;
0 otherwise.

Choose g > 1 to be an integer satisfying (g + 1)s < s*. By definition,

s—1

T ~
1f13 = na' Da = ”Za§s+kﬂgs+k =C
k=1

and

s—1

-1

c ¢

2 T2 2 ~2 ~

Hf”n =na D a = nzagsﬁ-kﬂgs—&-k = s—1 Z:ugs-i-k'
k=1 k=1

Then by Lemma B.2, with probability at least 1 — e~"%7,

c «
[¥alEe= o Hgsts = 5721,,\61 2,

where ﬁfm = %u(gﬂ)s/us*, and Bi,)\ — 00asn — 00, d*? = \* X fugr.

Let S = Us, where Us is the first s columns of U. Then S satisfies Assumption A3 with ¢; =
c2 = +00, i.e., the K-satisfiability holds almost surely. SU = (S1.52), where S1 = SUs = Isxs
and S = SU,,—s = 0. Recall in eq. (A.5) for nT}, ). Plugging S and f into 77, we have

Ti=f KST(SK2ST + \SKST) 'SK2ST(SK2ST + A\SKST)"'SK f
= f'UDST(SD*S"T + ASDST)~'5D2S"(SdST + ASDST)~'SDU" f

S ﬂ4
2 i
=n o ———— =0,
2 Gy

where the last step is by the construction of « that oy = a5 = 0. T} = 0 < noy, . Furthermore,
|T5| = T11/20Pf(1) = op; (noy, »). Therefore

Tn,)\ = Hn,\ :Tl + 13 + TQ/n - Hn

On,\ non A On,\
To/n — pin
On,\
~4N(0,1).

Then we have, as n — oo, with probability at least 1 — e~"0n — g=¢15 _ o253

inf P ¢/\:1$7S SP ¢)\:1$,S = .
feB?”f“nZﬁn,/\d* f( e | ) f( n, | )
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Appendix B. Additional Proofs and Technical Lemmas
B.1. Some key lemmas

We first show that () and U (r) have an asymptotically equivalent expression in terms of ;s
(11;’s) for a wide-ranging «, where [i;’s are the eigenvalues of K (in a descending order i1 > iz >

- > ln > 0). Recall that u;’s are eigenvalues of the kernel function K; see (2.1). W) (r) and
T A(r) are defined in (3.3) and (3.4), respectively.

Lemma B.1

(a) Suppose 1 > 1/n. For any A > 1/n, it holds that

1 & T
v =, | — in{—, i} B.1
A(1) n;mmln{mwz} (B.1)
(b) Forany \ > 0, it holds that
~ 1< r
v =, |- in{—, 1;}. B.2
A7) ”izlm min{ i} (B.2)

Proof We first prove (B.2). Define ¢ = (z1,--- ,x,). Let (K, (-,-)) be aRKHS H. Any f € H
can be presented as f(-) = Y I ;K (z4,-) + &(-) with §(-) L span{K(x1,-), -, K(zn,")}.
Therefore f(z;) = > i, c;iK(xj,x;) forj = 1,--- ,n. Let f = (f(21), -, f(x,)) ", we have
f = nKec, where K is the kernel matrix, ¢ = (¢1,--- ,¢,) . Let K = ®®' with ® = UD'Y/?2,
Then nKc = n®®' ¢ = \/n®B with /n® "¢ = 3. Then we have

> i) =n’c'K’e=n8"® 08 =np DV2UTUD?g =0 8.
i=1 =1

Note that P, f2 = L 3% | f(2;)? < ris equivalent to ;" ; 82fi; < r. Therefore,

sup | oif(2i)fP = sup n’lo' K = sup nlo " @8>
feR o fEF BER™ T, B2<ny
Puf?<r Puf?<r Sy Bi<r

Define Fy = {8 € R"[ 31 7 < ka, Yoiy B2l <}, and Fy = {8 € R"| 21, dif? <
1}, where d; = (kymin{1,7/(kafii)}) " So Fy C Fy\ C v2F. Let A = diag{dy,--- ,dy}.
Then we have

)

:13) —E (0T<I>A_1(I>Ta

E ( sup loT®B|?
BER”,Z?:l B?SK)\
Z?:l BfﬁzST

:13) = E< sup |0 ®ATY/2A23)2
BEF)

:E( sup |0 ®A2d)?

z) = E(|loT A3

")
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Note that
n A.
E(oToA 0 olz) = tr (@AT1®T) = tr (A~ Mdiag{fi, - fin}) = 3 %
i=1 %i
Therefore, by Kahane-Khintchine inequality, we have
~ I~ 1« r
LG =, |- wi/d; = | — in{z;, —}.
A(r) n ;NZ/ i n ;“A min{zi;, H}\}
Similarily, we can achieve (B.1). |
B.2. Properties of eigenvalues
Lemma B.2
(a) Suppose that K has eigenvalues satisfying ji; < i~2™ withm > 3/2. Thenfori =1, - - - ,nt/2m),

—4m/(2m—1)

~ 1 ;
P <|Mz’ — | < 2/%) >1—e ™
where c,, is an universal constant depending only on m.

(b) Suppose that K has eigenvalues satisfying p; < exp(—~iP) with v > 0, p > 1. Then for
i = o(n'/?),

—~ 1 -
P(|f; — | < 5/11‘) >1— e o
where c- p, is an universal constant depending only on vy and p.
Fori = O(nl/g), we have

P (| — | <ips) >1— e am,

where ¢
9.

~p Is an universal constant depending only on y and p.

Proof We apply the proof of Theorem 3 in [8] to deduce our results. Recall in Theorem 3 of [8],
forl1<i:<n,1<r<n,

s — | < pal|Coll + por 4 Asr, (B.3)

where As, = > | pi, and ||Cy || satisfies

n&2
P(ICs) 2 &) < r(r+ 1)emrie, (B4)

based on Lemma 7 in [8]. M is an absolute constant here.
First we prove Lemma B.2 (a). Consider the polynomial decaying kernel with j; = i~2™.
Notice that

o oo ,,alme
As, =< E i< 72" dr =
. , 2m —1
i=r+1
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S 1
Consideri =1,--- ,n2m, let
7,,1—2m 1

om—1  4M"

2m/(2m—1)

then r = a,? , where a,, is a constant only depends on m. Let £ = i. Plugging r into

(B.4), we have

—4m/(2m—1)

1 ,
Pllcy) = 7) < emorm ,
where c,,, = (64M*a2,)~! is an universal constant depends on 1. Then we obtain that

—4m/(2m—1)

- 1 ;
P(!Mi — pi| < 5/%’) >1—e ™

Next, we prove Lemma B.2 (b). Consider the exponential decaying kernel with p; =< e~ For
1 <r <n,whenp =1, then

e ) 00 e T
As, =< Z e "< / e dr = ;
i=r+1 r v
when p > 2, using integration by parts, we have
oo ] 00
As, =< Z e §/ e dg
i=r+1 r
o0
1 e — P2 16_Wpdx <aype .

ypro—t r PP ’

Fori = o(n'/?), let i, + As, < (14 ayp)e™ ™ = Lu;, we have r = b, i, where b, , is a
constant only depends on ~y, p. Then plugging € = i and r into (B.4), we have

P(lcgl > ) < e

where ¢y, = (64M 41)%7]3)*1 is an absolute constant only depends on v, p. Finally, by (B.3), we
have

~ 1 _
P(|Mi — il < 5/%) S
When i > n'/2, we do not need a very tight bound. Let & = 4, = i, then we have
P<|ﬁi — il < iMz’) >1—e 9",

/

,p 18 an absolute constant only depends on 7, p. |

where ¢
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B.3. Proof of Lemma 3.2

Proof We first observe that F) = star(Fy, 0), the star-hull of F), at zero. Note that the supremum
in the definitions of ¥y and T » is based on “quadratic type” constraints Pf? < r and P, f? < r.
Then following [6], V) and v A are both sub-root functions, and thus have unique nonzero fixed
points. Also refer to [21] for the definitions of star-hull and sub-root functions. Define

o

n fEFN
Pnf2§'r

. ~ 16 1 ¢
WA(r) = WaA(r) + — = E{ sup - > oif (i)
i=1
where ¢; is a constant. Then by Theorem 4.2 in [4], the fixed points 7 and 7 of W (r) and \/I\l’A (r)
satisfy: ry < 7’y with probability at least 1 — 4e~?, provided that ry > ¢,6/n.
Letr = r) in Lemma B.1, we have

ry =< Z/@\ mln{ ,m} (B.5)

Define 1), = argmin{i : u; < ry/kx} — 1, then (B.5) implies

nrs

hEm Z i (B.6)

Kx
1=nx+1
Note that ~ ~
Dimhey M _ 1 n k41 D ipyn b <1+2C,
Kpk41 k koo (k+ 1D

where C' = supy>4 % < 0o by Assumption Al. Therefore, 72 1 pti S Mafiny+1 <

m— Then by (B.6), we have = A xm— 1.e., ) < m . Note

X Tx Ay
foy > X =
R\ nNK) S\

and recall s\ = argmin{i : ; < A} — 1 which implies ft5, 11 < A < 5, . Then,

Py 5 A Bsatl s Hontl (B.7)
/2NN E) sx+1

Note that yux /k is a decreasing function of &, we thus have 7, < s) + 1 by (B.7),i.e., )y < sy. On
the other hand,
T NI sy (1)

< -2 PoxAIa T 2

/'1'77)\“1‘1 H)\ S)\ ~ S)\ Y
ie., M"ﬁ: < “‘“ ,and we have ) + 1 2 sy, i.e., 7\ = Sa. Therefore My < sx. Then, we achieve
that r) < A Suppose there exists an constant ¢, such that ry > CQ ,let § = cas)/c1, then with
probablhty greater than 1 — e™“*, 7y < r) < s5/n, where c = 7% |
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B.4. Bound of the bias term in , ) in Corollary 4.3

In this section, we show that the bound of the bias term in r,,  in Corollary 4.3.

Lemma B.3 Suppose that 1/n < X\ < 1 and Assumption A3 holds with ¢y, ca € (0, 00|. Then with
probability greater than 1 — e~ 1% — e~ 2%,

I Ee fr — foll2 < O,

where C'is a positive absolute constant.

Proof Suppose the true function is fo, then y; = fo(xi) + ¢ fori = 1,--- n. Notice that
Ec fr(-) = Z?:l(SBT)iK(-,xi) with g = %(SK'ZST + AMSKST)"'SK f,, where f, =
(fo(x1),- -, folxzn)) . Itis in fact the solution of a noiseless version of quadratic program:
1
3" = argmin {—||f0 —nKSTBI2 + n)\BTSKSTB}. (B.8)
BeRs T

To prove || E, fr— fo |2 < C\ with probability approaching 1, we only need to find an 3, such
that

L fo - nKSTRIZ +nABTSKST < O
n

with probability at least 1 — e~ 1% — ¢~ 2% where ¢y, co are defined in Assumption A3. Note that

K=UDU". Setting z = ﬁUTfO, (B.8) is equivalent to (B.9) as follows:

4t = argmin {||z — /nDSTB|3 + n)\BTgTDgﬁ}. (B.9)

BER®

Let z = (21, 2) ", where z; € R**, and 2z € R"**. Correspondingly, divide D into Dy, D,
where Dy = diag{jii,--- , 5, } and Dy = diag{fig,+1, -, in}. Denote S = SU = (51, 52)

with §1 € RS%5) gs the left block and Sy € RSX("=5)) a5 the right block. We construct an 3 as

~ 1 ~ ~~
8= ﬁsl(SlTSl)_lDflzl c R%.

Plugging E into (B.9), we see that
Iz — VDS B3 = |21 — VnD1S{ B3 + |22 — D253 S1(S{ S1) 7 Dyl = 17 + T3

It is obvious that T? = 0, and next we analyze T5.

Note that for any f(-) € H, there exists an n x 1 vector w, such that fo(-) = > | K (-, z)w;+
&(-), where £(-) € M is orthogonal to the span of {K(-,x;),i = 1,---,n}. Then, {(z;) =
(¢, K(-,xj)) = 0, and fo(z;) = >.i i K(zj,xj)w;. Therefore f, = nKw, where K is the
empirical kernel matrix. Suppose || fol|% < 1, then

1 1
nw Kw<||foly <1=nmw KK 'Ku' <1= —f, K 'f<1=>—f,'/UD U f, <1,
n n
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which leads to the ellipse constrain that |[D~1/2z||, < 1, where 2 = ﬁU Tfo. Obviously,

1D ?21)ls < 1, |Dy?2)ls < 1. Notice that LfTULUS £ < £TU2D;'US f < n, then
FTUU,) f < n), and

—1/2 —1/2
Ty < ||z2]l2 + |V D2lopl v/ D253 lopl Sl (ST 51) el D1 2 [l DY 221 ]y < (1 4+ 36)VA

with probability at least 1 —e =% —e~°2% by Assumption A3. Therefore, we have || z— DS 3|2 <
'\, where ¢/ = (1 + 3¢)?. For the penalty term,
~1/2 ~1/2 1/2 1/2 —1/2 ~1/2
nBTSKSTH <= Dt 4 2 D P11 21l 52D5 | Dy * ST gl Dy || D121
<1+,

where c is constant from the definition 1. Finally, we can claim that

I Ee fr — foll2 < ||z — vaDST 3|2 + nA\3TST DS < Ox

with probability at least 1 — e =15 — ¢~°2%x| where c is some constant, C' = 2 + 10c? + 6¢ is an

absolute constant. ]

B.5. Proof of Corollary 4.3

Proof Denote E. fR as the the expectation of fR w.r.t €. Note that
Ifr = folls < 2017k = Ec FRI + 2 Ee fr — ol
i I € L
and || fr - E. frll? = fAzf’ where ”f”‘/’? < and |A?],, < 1. Recall || - ||y, is the
sub-Gaussian norm. Here ||¢||l, < L, with L as an absolute constant. Then by Hanson-Wright

concentration inequality ([26]) (stated in Lemma B.4), with probability greater than 1 — e~ 1% —
e C25A ,

n n ~ ~ tr(A?
P(Ifr — B Fall2 B~ B Falls > T fo )
n
2 2
:P<16TA26— tr(A%) > tr(A )‘w75>
n n 2n

2(A?)  tr(A?)
AR A A2,

<exp ( — cmin ( )) < exp(—ctr(AQ)),

where | - || is the Frobenius norm. The last inequality holds by the fact that || A% (|2 < | A2, tr(A?)
and |A2|,, < 1. Lastly, by (A.4), tr(A?) > min{s,5)} > 3\, which goes to +00 as n — oo, we
i = gMn A

Meanwhile, it follows from Lemma B.3 that || E. fr— fo |2 = Op(N). This completes the proof
of Corollary 4.3. |

28



SHARP NONPARAMETRIC TESTING UNDER RANDOM PROJECTION

B.6. Proof of Lemma 4.1

In this section, we first prove the following (B.10) and (B.11):

:c) >1—exp ( — cls) (B.10)

1 3
P(\/5 < Amin(SUL) < Amax(SUL) < \@

almost surely, where ¢; > 0 is an absolute constant independent of n, $; Apin (SU1) (Amax(SU7))
is the smallest (largest) singular value of SU;.

P(P(HSUQDé/Qu‘,p <cAz)>1- 6—6’15> >1— e, (B.11)
where ¢ and c’1 are constants independent of n, s and ¢ = 1/2. The result of Lemma 4.1 directly
follow from (B.10) and (B.11).

Proof For K = UDU", let U = (Uy,Us) with U; € R and Uy € R ("=5)) Recall
S = ﬁS *, where S* is the random matrix with independent centered sub-Gaussian entries (with
variance as one), then each row S} is independent sub-Gaussian isotropic random vectors in R",
ie., ES;“S;‘T = Iyxn, 9 =1,---,s. Let SU; = %(m,--- ,Ms) |, where 7; € R3*! with each
entry 1;; = S;‘TUl(j), Uy(j) is the jth column of Uy, j = 1,- -+, 5).

Firstly, conditional on x, by the definition of sub-Gaussian random vector, each entry 7;; is
sub-Gaussian, 7; and 7;(i # j) are independent, and 7); is isotropic sub-Gaussian random vector
due to the fact that E(np;n, |2) = U (ES;S;T)Uy = Is, «3,. By Theorem 5.39 in [35], for any
t>0,

- C —t C t
P<\/§ \/5 S Amin(scfl) S )\max(SUl) S \/§+ \/a—i_ ‘.CL')

Vs Vs
>1 — 2¢t’
almost surely. Let t = ?, and d > (0.02C)2, we have
P(i < Amin(SUL) < Amax(SUL) < \/gjm) >1—2e /% (B.12)
ﬁ — min — max = 2 -

almost surely. Here C, ¢ > 0 only depend on the sub-Gaussian norm L := max; ||7; ||, conditional
on x. Note that n; = S;‘TUZ-,

T T T
1U; Sillyn = sup (U 57, v) [l = sup |l 57|y, and
reSir—1 RES"fl

n n
T
sup [IsTS718, = 13- w3, < €S R2ISyIR, < © max (15513,
keSn-1 o <j<n

=1

Therefore, L < max; j [|S7;|y,, which is bounded. Lastly, we have

P<P(\}§ < Amin(SU1) < Amax(SUL) < \/g

Set ¢; = ¢/32. Then (B.10) has been proved.

m) >1- 26—05/25> —1.
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Next, we prove (B.11). Define A = {z : xsatisfies > " 5 ;1 1ii < Csyus,}. Then P(z €
A) > 1— 4e~** by Lemma 3.1.

Since (SU2D5/2)T(SU2D;/2) has the same non-zero eigenvalues as SUngUQTST, it is equiv-
alent to prove A\pax(SUz Do UQ—r S T) < A, where A\pax(+) refers to the maximum singular value. For

every v € 8*7!, v = K + w, where k belongs to the 1/2-net N = {1, - -- , uas} of the set S571,
here M < €2%; and ||w|| < 1/2, where || - || is the Euclidean norm. Then
|SUDUY ST [y = sup  ||SU2DU, S|
vl|=1ress—1
< sup [[SU2DoUy S k| + sup [[SU2DoUy S
KESS—1 wESS*
< max [|SUDyU, ) STk[ + quUgDQUQ ) ST ops
KESS™1
therefore

|SU2 DU, ST, < 2 max, |SU2 DU, ST k|| = 2 ma>_<1 [(SUsDoUy STk, k)|

=2 max |&'SUsDyUy STk| == max |k'S*UyDylUy S* k|,
KRESS—1 S keSs—1

where the last equality is by the definition that S = S*//s.
Note that n = S *T € R™ is a sub-Gaussian vector, and = Z k;S7; is independent with
n; fori,j e {1,--- ,n},i# j;also, E(n;) =0,

Var (ngan;i) = Zs;ﬁ? Var(S5};) < C,
j= Jj=

where the last inequality is due to the fact that Z
Wright inequality (stated in Lemma B.4), we have

1 J =1 LetQ = 1UQDQUQT. By Hanson-

eminf_t2 _ __t
P(n/Qn — tr(Q)] >tz € A) < 2¢ " FHIGR FaTn (B.13)

Conditional on @ € A, tr(Q) = 1 tr(DU) Us) = 2377 a1 i < 25 A < LA, where L is some
absolute constant by the assumption that s > ds. The penultlmate 1nequa11ty is based on Lemma
3.1 and the definition of s) in eq. (3.1). Also, note that

S\ ~
||QHF—* r(D3) < 2M5A+1 E i < 2/15/\—1-1)\
i=5)\+1

the last step is based on Lemma 3.1 for € A. Lett = L)\/2, then

t2 S A
> = = .
IQUE — Hsy+1 Qo

Therefore, (B.13) can be further stated as

P(In'Qn — tx(Q)] > LA/2]aw € A) < 26~ I/ Clioxst) < ge=c'ls,
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where the last inequality is by the definition of fis, 1. Finally, taking union bound over all u € N,
we have

P(P(||SU2D2U2TST lop < BLA|T) > 1 — e—<C’L—2>S)

21>(P(||£>‘U2D2U2TST lp < 3LA| € A) >1— e—<C’L—2>S) -P(a: € A) >1 - 4e.

Letc = 3L, ¢y = dL —2 > 0and co = 1/2. Then, we have proved (B.11). Finally, taking
¢1 = min{éy, ¢} }, where ¢; refers to (B.10) and ¢} refers to (B.11), Lemma 4.1 have been proved.
|

B.7. Verification of Assumption A1

Let us verify Assumption Al in PDK and EDK.
First consider PDK with p1; < i~2™ for a constant m > 1/2 which includes kernels of Sobolev
space and Besov Space. An m-th order Sobolev space, denoted H" ([0, 1]), is defined as

H™([0,1]) ={f : [0,1] = R|fY) is abs. cont for j = 0,1,--- ,m —1,
and f™ € Ly([0,1])}.

An me-order periodic Sobolev space, denoted H(*(I), is a proper subspace of ([0, 1]) whose
element fulfills an additional constraint g\)(0) = ¢ (1) for j = 0,...,m — 1. The basis functions
¢i’s of H'(I) are

g, L= O)
$i(2) = V20cos(2mkz), i=2kk=12,...,
V20sin(2rkz), i=2k—1,k=1,2,....

The corresponding eigenvalues are por = fop—1 = 0'2(27Tk)_2m for k > 1 and pug = oo. In this
case, sup;>1 [|¢|lsup < co. Forany k > 1,

i L </Oox de.%': kliQm k/jlk
el ~ 2m—1"~ 2m —1

Therefore, there exists a constant C' < 0o, such that

oo .
sup D i1 Mi

=(C < .
k>1 kg

Hence, Assumption A1 holds true. Verification of Assumption A1 on the eigenfunctions for Sobolev
space kernel can be found in [31].

Next, let us consider EDK with 1; < exp(—~yiP) for constants v > 0 and p > 0. Gaussian kernel
K(z,2') = exp (—(x — 2')?/0?) is an EDK of order p = 2, with eigenvalues 11; < exp(—mi*) as
1 — 00, and the corresponding eigenfunctions

Bilx) = (V3/4) /(21 ity 2 (DR (5 ) ),
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where H;(-) is the i-th Hermite polynomial; see [34] for more details. Then sup;~; ||¢;|sup < 00
trivially holds. For any £ > 1,

> o P 1 kP *p-1 P 1 kP
E wi S / e "dr = re —/ ——e Wdr < ce
Mt k YPkP™ koYpaP YPRP™

Therefore,
o .
sup D imr1 Mi < 50
k>1 kg
Hence, Assumption A1l holds.

B.8. Auxiliary lemmas

Lemma B.4 (Hanson-Wright inequality [26]) Let X = (X1,---,X,) € R™ be a random vector
with independent components X; which satisfy E X; = 0 and || X;|y, < K. Let Abeann xn
matrix. Then, for everyt > 0,

t2 t
P(]XTAX—EXTAX] >t> < 26xp<—cmin , )
(K4HAH%15 KQHAH)

Here || A|| s is the Hilbert-Schmidt (or Frobenius) norm of A.

Lemma B.5 (Eigenvalue interlacing theorem) Suppose A € R™*™ is symmetric. Let B € R™*™

with m < n be a principal submatrix (obtained by deleting both i—th row and i—th column for
some values of i). Suppose A has eigenvalues A1 < --- A\, and B has eigenvalues 1 < -+ < Bp,.
Then

Mk < Bk < Akgnem fork=1,---,m.

Andifm=n—1,
MBS <SPl < B < A

Lemma B.6 (Weyl’s inequality) Let M, H and P are n X n Hermitian matrices with M = H + P,
where M has eigenvalues (11 > --- > un, and H has eigenvalues vi > --- > v,, and P has
eigenvalues p1geq - - - py. Then the following inequalities hold fori =1,--- ,n:

Vit pn < i S Vit
If P is positive definite, then this implies
Wi > vy, Yi=1,--- n.

Appendix C. Simulation Study

In this section, we examine the performance of the proposed testing procedure through simulation
studies in Sections C.1 and C.2.
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C.1. Simulation Study I: PDK

Data were generated from the regression model (1.1) with f(x) = ¢(3830,17(z) +203,11(x)), where
Ba,p is the density function for Beta(a, b), z; b Unif[0, 1], €; i N(0,1) and c is a constant. To fit
the model, we consider the periodic Sobolev kernel with eigenvalues po; = pg;—1 = (2m’)_2m for
i > 1; see [15] for details. Set n = 29,219 211 212 and Hy : f = 0. The significance level was
chosen as 0.05 and the Gaussian random projection matrix was applied in this setting.

We examined the empirical performance of the distance-based test 7;, » The projection dimen-
sion s was chosen as 2n” fory = 1/(4m+1),2/(4m+1),3/(4m+ 1), with m = 2 corresponding
to cubic splines. The smoothing parameter A was chosen by a projection version of Wahba’s GCV
score ([37]) based on fR. Specifically, our new GCV score is defined as follows

LY (1 - Ag(N)?Y
(Ltr(r = As(V)?

where Ag = KST(SK2ST + ASKST)"'SK is a projection version of the classical smoothing
matrix. Our new GCV score enjoys much computational advantage than the classical one in our
empirical study.

Empirical size was evaluated at ¢ = 0, and power was evaluated at ¢ = 0.01, 0.02,0.03. Both
size and power were calculated based on 500 independent replications. Figure 3 (a) shows that the
size of our testing rule approach the nominal level 0.05 under various choices of (s, n), demonstrat-
ing the validity of the proposed testing procedure. Figure 3 (), (c), (d) displays the power of T}, ».
Under various choices of ¢ and =, it is not surprising to see from Figure 3 (b), (c), and (d) that the
power approaches one as n or c increases. Rather, a key observation is that the power cannot be
further improved as -y grows beyond the critical point 2/(4m + 1) when ¢ > 0.02. This is consistent
with our theoretical result; see Theorem 4.8.

Vs(N\) = A >0,

C.2. Simulation Study II: EDK

In this section, we consider a multivariate case and test Hy : f = 0. Data were generated from
2 .
yi = c(xjy + 2waxi0 + 4viwioxi3) + €, i =1, n,

where (z;1, xi2, x;3) follows from N (p, I3) with u = (0,0,0),¢; ~ N(0,1),and ¢ € {0,0.05,0.1,0.15}.
Specifically, we chose the Gaussian kernel

K(x,x') = e~3 Zia(@i=a))?,
We considered sample sizes . = 2% to n = 2'2 and sketch dimensions s = 1.21log(n), 1.2(log n)%/2,
1.2(logn)?2. For each pair (n, s), experiments were independently repeated 500 times for calculat-
ing the size and power.

Interpretations for Figure 4 about the size and power are similar to those for Figures 3. Interest-
ingly, we observe that the power increases dramatically as -y increases from 1 to 1.5, while becomes
stable near one as v > 1.5. This is consistent with Theorem 4.6. Figure 5 demonstrates the signifi-
cant computational advantage of our test statistics (corresponding to v < 1 for PDK, and v < 2 for
EDK) over the testing procedure based on standard KRR.
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Figure 3: Size and power for T}, 5 with projection dimension and signal strength varies.
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Figure 4: Size and power for 7, \ with varying projection dimensions. Signal strength ¢ = 0 for
(a); ¢ = 0.05 for (b); ¢ = 0.1 for (¢); ¢ = 0.15 for (d).
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Computing time for our testing rule with varying projection dimensions: (a) is polyno-
mially decay kernels; (b) is exponentially decay kernels.
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