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Abstract

Sparse Principal Component Analysis (PCA)
is a prevalent tool across a plethora of sub-
fields of applied statistics. While several re-
sults have characterized the recovery error of
the principal eigenvectors, these are typically
in spectral or Frobenius norms. In this paper,
we provide entrywise {2 o bounds for Sparse
PCA under a general high-dimensional sub-
gaussian design. In particular, our results
hold for any algorithm that selects the cor-
rect support with high probability, those that
are sparsistent. Our bound improves upon
known results by providing a finer character-
ization of the estimation error, and our proof
uses techniques recently developed for entry-
wise subspace perturbation theory.

1 INTRODUCTION

Principal component analysis (PCA) is a standard sta-
tistical technique for dimensionality reduction of data
in an unsupervised manner. Given i.i.d mean-zero ob-
servations Xi,...,X,, € RP with covariance matrix
3 € RP*P the goal of PCA is to estimate the leading
k-dimensional subspace of ¥, which has the interpreta-
tion of representing each observation as a linear combi-
nation of principal components, where each principal
component is a direction of maximal variance. The
classical theory of PCA (e.g. Anderson (2003)) shows
that if the number of covariates p is fixed and the num-
ber of samples n tends to infinity, then the leading
eigenvectors of the sample covariance approximate the
leading eigenvectors of the population covariance well.

In the modern era of big data, it is often unrealistic to
assume that p remains fixed in n. In the seminal work
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of Johnstone and Lu (2009), the authors introduced
the spiked covariance model where the leading eigen-
value of the population covariance satisfies \; > 1,
while all other eigenvalues are all 1. In Johnstone and
Lu (2009), the authors showed that if @; is the lead-
ing eigenvector of the sample covariance and u; is the
leading eigenvector of the population covariance, then
(@i1,u1) need not tend to 1 as p and n tend to infin-
ity unless either p/n — 0 or the leading eigenvalue A\;
tends to infinity. They then went on to show that if
A1 remains bounded away from infinity but the leading
eigenvector is sparse then a simple thresholding esti-
mator could yield consistent estimation. Since then,
there has been much work on generalizing the model in
Johnstone and Lu (2009) to settings where either the
leading eigenvalues tend to infinity (Bao et al., 2020;
Cai et al., 2020, 2021; Fan et al., 2020; Yan et al.,
2021) or the leading eigenvectors are sparse (Amini
and Wainwright, 2009; d’Aspremont et al., 2007; Cai
et al., 2013; Gao et al., 2017; Gataric et al., 2020; Gu
et al., 2014; Lei and Vu, 2015; Ma, 2013; Yang et al.,
2015).

In this paper we consider the setting where the lead-
ing eigenvalues of the covariance matrix are bounded
away from zero and infinity, but the leading k& eigen-
vectors are s-sparse as n and p tend to infinity. There
have been substantial theoretical (Banks et al., 2018;
Cai et al., 2013; Krauthgamer et al., 2015; Vu and Lei,
2013; Wang et al., 2016) and methodological (Berthet
and Rigollet, 2013; Chen and Rohe, 2020; Gataric
et al., 2020; Ma, 2013; Rohe and Zeng, 2020; Xie et al.,
2019) developments in sparse PCA. In Vu et al. (2013)
the authors propose a semidefinite program enforcing
sparsity to estimate the leading eigenvectors of the
population covariance given only the sample covari-
ance, and in Lei and Vu (2015) the authors provide
general results for which the algorithm in Vu et al.
(2013) selects the correct support. Similarly, Gu et al.
(2014) propose a nonconvex algorithm that selects the
correct support with high probability.

In many of the existing theoretical results on sparse
PCA, authors are primarily concerned with subspace
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estimation error in spectral or Frobenius norm (e.g.
Cai et al. (2013); Vu et al. (2013); Vu and Lei (2013)).
However, in many situations entrywise guarantees can
lead to more refined results which can be useful for
downstream inference. In this paper, building upon a
host of recent works on entrywise guarantees for eigen-
vectors (Abbe et al., 2020a,b; Agterberg et al., 2021;
Cai et al., 2021; Cape et al., 2019a,b; Charisopoulos
et al., 2020; Chen et al., 2020a; Damle and Sun, 2020;
Fan et al., 2018; Jin et al., 2019; Lei, 2019; Mao et al.,
2020; Xia and Yuan, 2020; Xie et al., 2019; Xie, 2021;
Yan et al., 2021), we study entrywise guarantees for
sparse PCA for a very general class of models. Our
main results hold for any sparsistent algorithm, i.e.
one that selects the correct support for the eigenvec-
tors, with high probability. Sparsistency has also been
studied in other contexts in high-dimensional statis-
tics, such as in sparse linear models (Fan and Li, 2001;
Wainwright, 2009; Zhao and Yu, 2006). See Bithlmann
and van de Geer (2011) for a more comprehensive
overview.

The literature on entrywise eigenvector analysis in-
cludes a suite of tools and techniques to bound the
entries of eigenvectors in ways that classical matrix
perturbation theory (e.g. Horn and Johnson (2012);
Stewart and Sun (1990); Bhatia (1997)) fails to ad-
dress. The Davis-Kahan Theorem (Yu et al., 2014)
provides a useful benchmark for eigenvector analysis,
but this can lead to suboptimal entrywise bounds. The
primary reason for the lack of optimality is due to the
fact that the Davis-Kahan Theorem can be somewhat
coarse, as it fails to take into account the probabilistic
nature of empirical eigenvectors in statistical settings.
Therefore, entrywise eigenvector bounds require care-
ful probabilistic and matrix analysis techniques that
go beyond what the Davis-Kahan Theorem and clas-
sical matrix perturbation theory can do. See Chen
et al. (2020a) for an accessible introduction to entry-
wise eigenvector estimation. The only other work on
entrywise eigenvector analysis in sparse PCA is in Xie
et al. (2019), which is a Bayesian setting under the
relatively stringent spiked model. In this paper we de-
velop entrywise bounds for sparse PCA under a much
more general model class. More specifically, our results
hold for models satisfying a mild eigengap requirement
(see Assumption 4) that includes the spiked model.

The rest of this paper is organized as follows. In Sec-
tion 2 we provide the requisite background for sparse
PCA and existing results on sparsistency. In Section
3 we provide our main results, and Section 4 includes
the discussion. We include a sketch of our main proof
in Section A, but the full proofs are relegated to the
supplementary material.

1.1 Notation

We use capital letters to denote matrices and random
vectors, which will be clear from context, and lower
case letters to denote fixed vectors. We let X1,..., X,
denote a collection of n random variables in RP. For
a generic real-valued random variable X, its v, Or-
licz norm of order « (or just ¥, norm) is defined via
| X1y, == inf{t > 0 : Eexp(]X|*/t) < 1}. Random
variables with finite 1 norm are called subgaussian
and random variables with finite ¥; norm are called
subezponential. More discussion on Orlicz norms is in-
cluded in Appendix C in the supplementary material.

For di > ds, we define the set of matrices U € R%1 %2
with orthonormal columns as Q(dy, d2) and when d =
dy = da, we denote this set as O(d). We use || - ||
as the spectral norm on matrices and the Euclidean
norm on vectors, || - ||r as the Frobenius norm, and
Il - ||max for the maximum entry norm. Except for the
spectral norm, we write || - ||,—4 as the operator norm
from €, — £g; that is ||M|[p—q = supjy, -1 [[Mz|q.
Of particular importance is the 2 — oo norm, which
is the maximum row norm of a matrix. Except for the
maximum entry norm, we write || - ||, to denote the
entrywise p norm of a matrix viewed as a long vector.
For a matrix M, diag(M) extracts its diagonal, and
Tr(M) is its trace. For two symmetric matrices A and
B, we write A = B if A — B is positive semidefinite.
For a matrix M, M;. and M.; denote its j'th row and
7’th column respectively. For a collection of indices J,
M j; denotes the principal submatrix of M found by
taking its columns and rows corresponding to indices
in J, and for a vector x, x[J] denotes the components
of x corresponding to indices in J. For a matrix M,
the operator supp(M) denotes its support, i.e. the
indices corresponding to nonzero components in M.
We denote the reduced condition number of ¥ (with
respect to the dimension k) as k := i—;

For two functions f(n) and g(n), we write f(n) < g(n)
or f(n) = O(g(n)) if there exists a constant C' such
that f(n) < Cg(n) for all n sufficiently large, and we
write f(n) < g(n) or f(n) = o(g(n)) if f(n)/g(n) = 0
as n — oo. In the proofs, a generic constant C' may
change from line to line.

2 SPARSE PCA AND
SPARSISTENCY

Suppose {X;}; € RP are mean-zero random vari-
ables with covariance matrix ¥ and eigenvalues \; >

- > Ap > 0. Define the empirical covariance o=
%2?21 X;X,", which is just the usual method of mo-
ments estimator. We assume that 3 has a sparse k-
dimensional leading subspace, meaning that its leading
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k eigenvectors are s-sparse, in the sense that there is a
set J C {1,...,p} with cardinality at most s, with each
eigenvector’s nonzero support restricted to indices in
J. In the language of Vu and Lei (2013), this setting
refers to row-sparsity (as opposed to column-sparsity).
See Vu and Lei (2013) for a comparison. We denote
the p x k matrix U as the matrix of k orthonormal
eigenvectors of ¥. Since U is assumed row-sparse, it
has at most s nonzero rows. Concretely, this means
that the nonzero support of each column of U is re-
stricted to rows with indices in J. A useful interpre-
tation of the set J is that it corresponds to the subset
of covariates that contribute to the directions of max-
imum variance. In order for ¥ to have a well-defined
(sparse) leading k-dimensional subspace, it must have
an eigengap, meaning that Ay —Ary1 > 0. In Section 3,
Assumption 4 offers a slightly more quantitative con-
dition on this eigengap.

The sparse PCA problem consists of estimating the
matrix U from the observations {X;}}_;. There have
been a number of approaches, including, but not lim-
ited to semidefinite programming Amini and Wain-
wright (2009); d’Aspremont et al. (2007), Fantope
Projection and Selection algorithm (Vu et al., 2013;
Lei and Vu, 2015), nonconvex approaches (Gu et al.,
2014), Bayesian approaches (Xie et al., 2019), amongst
others (Gataric et al., 2020; Chen and Rohe, 2020;
Wang et al., 2014; Ma, 2013). In this paper we con-
sider any algorithm that selects the correct support
with high probability (see Assumption 2) in an asymp-
totic regime where k < s < n < p. From a practical
standpoint, it is useful to consider the regime where k
stays fixed but s tends to infinity as n and p at a rate
s = o(n). This regime is similar to that studied in the
literature on high-dimensional sparse linear models,
where one assumes that the coefficients are s-sparse
with s < n. While it is possible to use analogous
techniques to those in sparse linear models to study
sparse PCA (e.g. Jankovd and van de Geer (2021)),
the unsupervised problem of sparse PCA is markedly
distinct from the supervised setting of sparse linear re-
gression, and often requires additional considerations.

Note that if IT is a permutation matrix, then
X T (IIU) = IIXU = IIUA, where A is the k x k di-
agonal matrix of leading eigenvalues of 3. This shows
that IIU are eigenvectors of IISITT. Therefore, given
the set of nonzero indices J, without loss of general-
ity, we can assume J = {1,...,s} by permuting ¥ if
necessary. We can partition X via

X5 Xjge
Y= ;
(52 5o

e
a similar partition holds for 3 and U. Under the as-
sumption that the leading eigenvectors of 3 are sparse,

Algorithm 1
Require: Sparsistent sparse PCA  algorithm
SparsePCA, empirical covariance matrix )
1: Run SparsePCA algorithm on i, obtaining support
set estimate J C {1,...,p}.
2: Define (7j as the leading k eigenvectors of f]jj.

return Full matrix U , Where

we have from the eigenvector equation that

Xgg 0 Xgge\ (U 20Uy Uy
YU = = = A
(z}Jc Syege) \ 0 »h.Uy 0
which shows also that U; is orthogonal to the matrix
YT and that the leading k eigenvectors and eigenval-

ues of X ;; are exactly the leading k eigenvectors of
with the zeros removed.

An important property of any sparse PCA algorithm is
identifying the support J with high probability. itg
pose U is any estimator for U (or, equivalently, UU T
is any estimator for UU ). In this work we consider a
“debiased” version of sparse PCA under the assump-
tion that U and U contain the same set of nonzero
components, which implies that the estimator U equiv-
alently estimates the support J. We defer the partic-
ular details of this assumption to Assumption 2. Our
estimator is then defined as the following modification
on any sparsistent algorithm: given any set J, let U,
be the s x k matrix of eigenvectors of the principal
W It the al
gorithm is sparsistent, then the correct set J will be
selected with high probability. In this way, the partic-
ular choice of sparse PCA algorithm can be viewed as
a variable selection procedure as opposed to an esti-
mation procedure. The full procedure is presented in
Algorithm 1.

submatrix 3 7, and define U =

A natural question is whether sparsistent algorithms
for sparse PCA exist. The answer is positive: in The-
orem 1 of Lei and Vu (2015), the authors provide de-
terministic conditions on ¥ guaranteeing that the Fan-
tope Projection and Selection estimator is unique and
has support set J with probability at least 1 —O(p~2)

1 . .. .
%(m — 0. Their conditions require an error

when s

bound on ||£— X ||max as well as conditions on the mag-
nitudes of the eigengaps and entries of the projection
matrices. Similarly, Gu et al. (2014) provide general
conditions on ¥ (in terms of the magnitudes of the en-
tries) so that their (nonconvex) algorithm obtains the
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support set J with probability at least 1—O(n~2) when
%g(p) — 0. In general, sparsistency is a property of
an algorithm, and the particular structure of ¥ must
be taken into account. Therefore, our results will hold
for general matrices ¥ with only mild conditions, and
can be coupled with additional structural assumptions

and algorithms to yield improved recovery guarantees.

3 MAIN RESULTS

In order to state our main results, we need a few as-
sumptions. Our main results will be stated for large n
with p, s and k functions of n. We have the following
assumption on the dimensions.

Assumption 1 (Sample Size and Dimension). The
sample size n and dimension p satisfy

slog(p) < n; k< s.

The assumption that slog(p) < n is weaker than the
assumption s < y/n/log(p) as is the condition in Lei
and Vu (2015) for sparsistency. However, this still al-
lows p/n — oo; e.g. p = n° for any ¢ > 1. The second
condition k < s is not explicitly required, but it does
rule out the degenerate case k = O(s), since k < s
by definition. In many works £k = 1 (e.g. Amini and
Wainwright (2009); Elsener and van de Geer (2019);
Jankovd and van de Geer (2021)).

The next assumption imposes the condition that what-
ever variable selection procedure we use selects the cor-
rect support set J with high probability.

Assumption 2 (Sparsistency). The algorithm is
sparsistent, meaning that with probability 1—4 the cor-
rect set J is chosen.

Note that Theorem 1 of Lei and Vu (2015) provides
sufficient conditions for Assumption 2 to hold, as does
Theorem 1 of Gu et al. (2014). In general, this as-
sumption is the hardest to check as it depends on
the particular variable selection algorithm. In Lei and
Vu (2015), the authors show that § = O(p~2) when

s @ — 0 (in addition to some other conditions

omitted here). Similarly, Gu et al. (2014) show that
§ = O(n~%) when Slng(p) — 0 (in addition to other
conditions omitted here). Typically the other con-
ditions include some “signal-strength” requirements,
such as the magnitudes of the entries of ¥ being suffi-
ciently large. The particular details for these require-
ments can be found in Lei and Vu (2015) and Gu et al.
(2014) respectively.

The following assumption imposes general tail con-
ditions on the distribution of the observations
Xy, X5,

Assumption 3 (Randomness). The variables X; are
mean zero and satisfy X; = X'Y/2Y; for independent
random variables Y; with independent coordinates with
unit variance. Furthermore, the 1o norm of each co-
ordinate Y;; satisfies ||Yij|ly, =1 .

This assumption says that the X;’s are linear combina-
tions of Y;’s whose entries are independent. In general,
assuming that each observation is a linear combination
of independent random variables is a little stringent,
but still common in the random matrix theory litera-
ture (e.g. El Karoui (2010); Knowles and Yin (2017);
Bao et al. (2020); Ding (2021); Yang (2019, 2020)).
While a more general result may be possible, Assump-
tion 3 includes the setting that the Y;’s are i.i.d. Gaus-
sians with identity covariance.

The following assumption imposes a quantitative con-
dition on the eigengap (note that the existence of an
eigengap is required for identifiability).

Assumption 4 (Eigenvalues). The top eigenvalues of
Y satisfy

1
on (| EEBTY e
n n 8 8

for some sufficiently large constant C'. In addition, for
all p, we have that 2,41 < (1—€)X\; for some e > &5.

The requirement € > é is somewhat arbitrary and can
be relaxed in general to any constant strictly greater
than zero. The other part of the assumption is re-
quired to obtain enough signal on the top k eigenvalues
of ¥, and hence X ;;. Furthermore, in light of Lemma
1 (our principal submatrix concentration bound), this
ensures that the top k eigenvalues of 3,7 “track” those
of ;7. In lieu of stronger assumptions, such as in
a spiked model, this is the minimum requirement to
guarantee that leading eigenvectors of 3, are well-
defined.

The main results will be stated in terms of the 2 — oo
norm of the difference of two matrices. Recall that for
a matrix M € RP** we have that

1Ml2—00 = max [|M;. 2

that is, ||M||2—c is the maximum (Euclidean) row
norm of the matrix M. Moreover, the 2 — co norm has
some attractive geometrical properties; for example,
for two matrices A and B, we have that ||AB|l2—00 <
lAll2— oo || B||- More discussion on these relationships
can be found in Cape et al. (2019b).

The following assumption concerns the incoherence of
the matrix U, which is defined as ||U||2—00. This as-
sumption is only included to ease interpretation and is
not explicitly required. A more general — albeit more
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complicated — result is provided in the supplementary
material.

Assumption 5 (Incoherence and Conditioning). Sup-
pose ||U|l2=00 S (E)1/2, that k < /s, and that the

~ s

eigenvalues satisfy
A
Ak+1§§<)\§)\k§)\1§1€)\

for some parameters k and .

The requirement k < /s is only needed to simplify
terms. The incoherence assumption states that the
matrix Y ;7 is incoherent in the usual sense. In this pa-
per we do not worry about the particular incoherence
constant as long as it is O(1), whereas in the matrix
completion literature (Candes and Plan, 2010; Can-
des and Tao, 2010; Chen et al., 2020b, 2019) one of-
ten studies the precise dependence on the incoherence
constant. If one desires a more refined understanding
of incoherence, our more general result in the supple-
mentary material shows how our upper bound depends
explicitly on the incoherence of U.

In addition, Assumption 5 should not be confused with
Assumption 4 on the eigengap. The parameter  is the
reduced condition number of the leading k-dimensional
subspace of ¥, and can be much smaller than the usual
(full) condition number of X, especially when the lead-
ing k eigenvalues are of comparable order (or “spiked”)
relative to the bottom p — k eigenvalues. Assumption
4 in fact implies an upper bound on « of order at most
v/n/(slog(p)), but it is useful to think of the setting
that £ = O(1), which corresponds to the case where
the leading k eigenvalues are of comparable order. In
the setting that the eigenvalues are uniformly bounded
away from zero and infinity, this assumption is not par-
ticularly strong; moreover, if the leading k eigenvalues
grow sufficiently fast as a function of n and p, then
the leading k eigenvectors are consistent without ad-
ditional assumptions. Consequently, the primary tech-
nical condition in Assumption 5 is on the incoherence,

e [Ullamoe S (5)2

~ s

Before stating the main theorem, we will require some
notions from subspace perturbation theory (Bhatia,
1997; Stewart and Sun, 1990). For V,V’ € O(p, k),
the quantity

dp(V,V') = inf

V-V'W 1
int e

defines a metric on k-dimensional subspaces invariant
to choice of basis. Therefore, by analogy, one might
wish to study the quantity

oo (VLV) 1= itV = VW o (2)

Unfortunately, for fixed V, V', one cannot necessarily
compute the minimizer in (2) in closed form. However,
for fixed V,V’ the minimizer of (1) is attained using
the singular value decomposition of V' TV’. That is,
let W1 DW,' be the singular value decomposition of
V' TV’. Then the minimizer of (1), denoted W,, satis-
fes W, = W1W2T. In addition,

Therefore, the results will be stated in terms of the
existence of an orthogonal matrix W, € O(k) that
provides an upper bound for the 2 — oo distance.
In the proof, we show that W, is actually a spe-
cific Frobenius-optimal orthogonal matrix. For con-
venience, we also include more information on sub-
space distances in the supplementary material (Ap-
pendix C).

We are now prepared to state our main result.

Theorem 1. Suppose Assumptions 1, 2, 3, 4, and 5
are satisfied, and let U be the output of Algorithm 1.
Then with probability at least 1 — & — p~2, there exists
an orthogonal matriz W, € O(k) such that

g%xn” o = (UW
1
35108(p)

k1
<ty RL080)
n n

Consequently, if k = O(1), then

J k1 1
max |0 — (UW.)il| os(p) , slog(p)

1<i<n n n

As a brief remark, the dependence on the reduced con-
dition number x here may be suboptimal and could po-
tentially be improved — we believe this is primarily an
artifact of our proof technique and not a fundamental
requirement. Recall that in the regime that the eigen-
values are bounded away from zero and infinity, when
the leading k eigenvalues are of comparable order, it
holds that k = O(1).

Note that by taking § = O(p~2) and the conditions in
Lei and Vu (2015) needed for sparsistency, the above
bound holds with probability at least 1 —O(p~?2); sim-
ilarly, under the conditions needed for sparsistency in
Gu et al. (2014), one has § = O(n~2), in which case
the bound holds with probability at least 1 — O(n~2).

4 DISCUSSION

In the regime that the eigenvalues are uniformly
bounded away from zero and infinity in n, then Theo-
rem 1 shows that we have the error rate

- k1 1
max ||U;. — (UW.)s| < max( klos(p) “g(p))

1<i<n n n
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In contrast, under the same conditions, in Frobenius
norm, it has been shown in Cai et al. (2013) that the
minimax rate satisfies

0~ oW 5 /2222,

so Theorem 1 improves upon this. Moreover, our re-
sult improves greatly upon the Frobenius norm bound
in Vu et al. (2013), as well as the Frobenius mini-
max rates studied in Cai et al. (2013) and Vu and
Lei (2013). To the best of our knowledge, this is the
first 2 — oo guarantee for sparse PCA under a generic
sparsistency requirement. A similar result was found
in Xie et al. (2019) for spiked sparse covariance ma-
trices, but here the only assumption on the spike is
Assumption 4, which is a much weaker assumption.

Our bounds can also be compared to the spiked co-
variance matrix setting ¥ = UAU T + o021, where U
is no longer sparse but Ay — oo in n and p. In this
setting the eigenvectors U of ¥ are consistent in the fol-
lowing sense. Define the effective rank ¢(X) := %12)
Theorem 1 of Cape et al. (2019b) (see also Yan et al.
(2021) and Cai et al. (2021)) shows that if Ay = d/k,

t(2) = o(n), k = O(1), and A\, — 02 = Ay, then

max ||Uz _ (UW*)’L” < \/maX{t(ETz,log(d)} &3

1<i<n p

Here the primary error is no longer in detecting the
leading eigenvectors (as the assumption that A\; > d/k
implies large enough separation), but rather in the
inherent statistical error implicit from the difference
$ — ¥. Our upper bound requires that J is either
known or can be estimated consistently (Assumption
2), so that our error depends on the inherent statistical
error from 3 77 —277. In contrast, we do not optimize
for factors of A1 in our upper bound, as the setting
for sparse PCA typically assumes that the eigenvalues
remain bounded in n and p. We instead need only the
(milder) eigenvalue separation in Assumption 4.

Suppose instead of just observing Xi,..., X, € RP,
one also observes response variables Y; € R. Con-
sider the linear model Y; = X, 3 + ¢;, where ¢; is a
mean-zero error term with variance o2. Suppose one
first performs unsupervised dimensionality reduction
on the data matrix via sparse PCA and then computes
B using ordinary least squares with the reduced data
matrix. The 2 — oo bound in Theorem 1 could pro-
vide a partial answer to the out-of-sample prediction
performance using a variable selection procedure. To
be concrete, define B as the output of ordinary least
squares by regressing Y; along X UUT, where U is the
output of the sparse PCA procedure in Algorithm 1
and X is the n x p matrix of predictors. Following

Huang et al. (2020), we can bound the risk of a new
sample point (z,,Y;) via

E|[Y: — 2] Bspeall’| X
<pT(I-vUNx(I-0U")B
02 1~ - AT
+ Tr[(UUTXTXUUT> 2] + 02,
n n
where the first term represents the bias, the second
term represents the variance, and the third term (o?)

is the noise intrinsic to the problem. The bias term
can be expanded further via

Br(I-vUNE(I-0U")B
=g (UUT —UuUN)S(UUT -UUT)B
+28T (00T —UuUN)E(1I-UUT)B
+ Aer[18]13-

Consider the second term. This could be bounded by
noting that

|BT(UUT —uUuT)S(I-UU")p|
<||sTOUT —vUT)| |z -vuT)sl,
< NerllBllos1BILINITTT = UU T |2 00

This bound has a factor of |[UUT —UU ||, Which,
while not exactly the same as what appears in Theo-
rem 1, is closely related to it by appealing to notions
in subspace perturbation theory (see, e.g. Lemma 1
of Cai and Zhang (2018)). Therefore, through similar
analysis, one could obtain bounds for the other bias
and variance terms with respect to the eigenvalues of
%, the quantity |[UUT — UU ||z 500 and the quan-
tities |||l and ||8]lcc. Consequently, these bounds
would complement those in Theorem 1 of Huang et al.
(2020) as sparse PCA is typically needed in a regime
when t(X) 2 n, whereas Huang et al. (2020) study the
setting that v(X) = o(n).

Finally, our upper bound depends on the debiased es-
timator U, which is the matrix of eigenvectors of S
A key requirement is that any algorithm obtains the
correct set J with probability at least 1 — §. In gen-
eral, one must consider the output of an optimization
procedure to determine whether a specific algorithm
obtains the correct set J. If one additionally wanted
to test whether a certain row of U is equal to zero
(i.e., whether ¢ € J), then one would need to con-
struct a different debiased estimator as in Jankova and
van de Geer (2021) that uses the first-order necessary
optimality conditions. This procedure therefore relies
heavily on the particular algorithm used, whereas our
bounds hold for generic algorithms.
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5 OVERVIEW OF THE PROOF OF
THEOREM 1

The full proof of Theorem 1 is in the supplementary
material, though we include a brief overview here.
First, our main upper bound holds without Assump-
tion 5, and we provide this general upper bound in
Theorem 2 (stated in the supplementary material A)
and show how Theorem 1 can be deduced from As-
sumption 5. To prove Theorem 2, we first show the
following principal submatrix concentration bound.

Lemma 1 (Principal Submatrix Concentration). Let
J be an index set of {1,...,p} of size s. Then

log(
1277 = Zosll <M <\/7 +1/ 8(p >

with probability at least 1 — O(p~*).

The proof is somewhat standard and primarily follows
arguments detailed in Wainwright (2019) via e-nets
and concentration, though we include it in Section B.1
for completeness. It is also very similar to a result in
Amini and Wainwright (2009) for Gaussian random
variables. To the best of our knowledge, there is no
general result of this form in the literature for subgaus-
sian random vectors. The following Lemma shows that
the leading k eigenvalues of S, are well-separated
from its bottom eigenvalues.

Lemma 2 (Existence of an Eigengap). Under the
event in Lemma 1 and Assumption 4, the eigenvalues
of Xy5 and Xy satisfy

Ak — Aky1 < Ak — Akt1
8 )

Ak — App1 > Ak — Ajt1 2> _T;

Consequently, this bound holds with probability at least
1-0(p™).

We also note that A\gyr1(Xs5) < Agy1 by the Cauchy
interlacing inequalities (Horn and Johnson, 2012), and
the top k eigenvalues of ¥ ;; are the same as those of
> by the eigenvector equation. These lemmas set the
stage for our main analysis.

As an immediate consequence of Lemmas 1 and 2, we
can obtain the following propos1t10n concerning the
spectral proximity of U, sUT g to U,u7 7, ensuring that
U; (and hence U) is well-defined.

Proposition 1 (Spectral Proximity).
sumptions of Theorem 2, we have that

-~ log
U;UT — 0,07 2
0,0 Jjnwk_ml[ﬁ

with probability at least 1 — O(p~

Under the as-

We use this bound several times in our subsequent
analysis. After these preliminary bounds, which are re-
stated for convenience in the supplementary material,
we develop an expansion for the difference U; — U, W,
in terms of the error matrix (X — f]) and deterministic
quantities depending only on X. Informally, we show
that we have the “first-order” approximation

Uy —U;W, = Sy —UsU 255U A7 + R,
where R is a residual term and A is the diagonal matrix
of the k leading eigenvalues of ;. Lemma 2 ensures
that the eigenvalues of A can be bounded with respect
to the eigenvalues of ¥. The residual term R (the
terms 71,75, and T3 in the supplementary material) is
bounded in Lemmas 3, 4, and 5 with tools from com-
plex analysis (Greene and Krantz, 2006), matrix per-
turbation theory (Bhatia, 1997), and high-dimensional
probability (Wainwright, 2019; Vershynin, 2018).

To bound the leading term in 2 — co norm, we show
that it can be further decomposed into two terms, that
we dub J; and Js, by the decomposition

(Sys —UUT S50 U5 = (25 — 250U +ULA LU Uy
L= Jl + ‘]27

where U, is the s X (s —k) matrix such that [U;, U, ] is
an orthogonal matrix. The first term reflects the error
from the randomness and the leading subspace U; and
the second term reflects the influence of U, on Uj.

The term J, = U, A, U] Uy is bounded using a ma-
trix series expansion for the matrix U; (Lemma 6).
More explicitly, we define the perturbation £ := Sy—
UJU}—ZJJUJU;, and we show that we can write

Uy=> E™UAU;)TAT

m=0

We then analyze each term in 2 — oo norm, take a
union bound for the first O(log(n)) terms and bound
the remaining part of the series coarsely using the spec-
tral norm. Similar techniques have been used in Cape
et al. (2019a); Xie et al. (2019); Tang (2018) and Tang
et al. (2017), but our analysis requires additional con-
siderations due to the fact that we do not have a mean-
zero perturbation since EE = U | UIEJJUL UI. How-
ever, the matrix FU; is mean-zero since UIU 7=0.

The remaining term J; = (f]JJ — EJJ)UJ is then an-
alyzed directly through its block-structure (Equation
(7)). Letting X be the n X p matrix whose rows are the
observations, by Assumption 3, X = YX/2, where Y
is an n X p matrix of independent random variables
with unit variance. Then the empirical covariance
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Y= %XTX and hence

~ 1
Xi== ((El/Q)JJYIYJ(El/z)JJ + EbGQcY;YJ(El/z)JJ

n

where we have abused the notation

£Y2 _ (21/2),..
Above, the n x p matrix Y is partitioned via Y =
[Y7,Y;e], where Yy and Yje are the variables corre-
sponding to J and its complement, J¢, respectively.
This term is bounded in Lemmas 7, 8, and 9. Lemmas
7 and 8 are standard applications of matrix perturba-
tion theory (via Proposition 1) and standard concen-
tration inequalities such as Bernstein’s inequality, but
Lemma 9 requires studying the spectral properties of
the matrix X ;. and its relation to U; (Proposition
2).

Our proof is then completed by combining and ag-
gregating all of these bounds. Throughout the proof
we make heavy use of several important concentration
inequalities and notions from subspace perturbation
theory, so Appendix C in the supplementary material
contains additional information on these topics.
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Supplementary Material:
Entrywise Recovery Guarantees for Sparse PCA
via Sparsistent Algorithms

Abstract

This supplementary material contains all the proofs of our main results. Appendix A contains the
proof of Theorem 1, Appendix B contains the proofs of additional lemmas needed en route the the
proof of the main theorem, and Appendix C contains additional background material on Orlicz norms,
concentration inequalities, and subspace perturbation theory.

A Proof of Theorem 1

In this section we prove Theorem 1. First, Theorem 1 is actually a consequence of the following more general
theorem that does not require Assumption 5. Section A.1 develops the preliminary bounds in terms of principal
submatrix and eigenvalue concentration (Lemmas 1 and 2), and in Section A.2 we prove Theorem 2. In Section
A.3 we show how Theorem 1 can be deduced by combining Theorem 2 with Assumption 5. En route to the
proof of Theorem 2 we introduce several technical lemmas; we prove these in Section B. Recall that we denote

K= i—; as the (reduced) condition number of X.

Theorem 2. Suppose Assumptions 1, 2, 3, and 4 are satisfied. Then with probability at least 1 —§ — p~2, there
exists an orthogonal matriz W, € O(k) such that

HlaX ||U —(UW)||S51+52+53+54+(€5

1<i<
where
KA slo lo
L L L.
Ak — Akt
A2 slog( )
E = L U o
e SV W 1U]|2—
slo l'i)\l/ .
E3:= g(p) L min <||E||rln/a2x7 \/)\71“[]2%00)
n Ak — Agr1
£, — Ak+1 2 klog(p) I Ak+1 3slog( )7
Ak n Ak n
1 1
g t\ slog(p) | [klog(p)
Ae = Agp1 "

A.1 Preliminary Bounds

Note that by Assumption 2, we need only examine the s x k matrix of eigenvectors of S,y and By respectively.
We will develop an expansion for the difference U; — U;W, by viewing 3, as a perturbation of ¥ ;;. For
convenience we restate the initial preliminary bounds in the main paper. Except for Proposition 1, the proofs
are in Section B.1. The first is the following principal submatrix concentration bound.

Proceedings of the 25" International Conference on Artifi-
cial Intelligence and Statistics (AISTATS) 2022, Valencia,
Spain. PMLR: Volume 151. Copyright 2022 by the au-
thor(s).
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Lemma 1 (Principal Submatrix Concentration). Let J be an index set of {1,...,p} of size s. Then

150 = sl S <\/;+ W)
n n

with probability at least 1 — O(p~™).

Henceforth, we assume the correct support set J is known; it is the correct set J with probability at least 1 — &
by Assumption 2. As discussed in the main paper, using Lemma 1, we can derive the following eigenvalue bound,
which we present as a lemma below.

Lemma 2 (Existence of an Eigengap). Under the event in Lemma 1 and Assumption 4, the eigenvalues of 77
and Xy satisfy

~ AL — A ~ AL — A
Ak — Akg1 2> %; /\k*>\k+12w'

Consequently, this bound holds with probability at least 1 — O(p~*).

Finally, we have the following sin © distance error between U; and Uj.

Proposition 1 (Spectral Proximity). Under the assumptions of Theorem 2, we have that

S log(p
U, Uy - 0,0 2
0507 ~ 05071 % 55— [ /2 + 22

with probability at least 1 — O(p~*).
Proof of Proposition 1. By the Davis-Kahan Theorem (Bhatia, 1997; Yu et al., 2014) and Lemma 2,

120 = Sul
Ak — A1
< 175 — s

~

U, U] —U, U || <

Ak — Akt

By Lemma 1, with probability at least 1 — O(p~*), the numerator can be bounded by

15,5 =Sl < M <\/§+ W)

Combining this and Equation (3) gives the result. O

In the proofs that follow, we will use the fact that by Proposition 1, we have that

A1 slog(p)

U,ul —U0,07
|U;U; JJHNAk_AkH pa

which is a little more amenable to downstream analysis. In addition, we use several equivalent expressions for
the spectral norm of the difference of projections; see Lemma 10 in Appendix C for a discussion of how to equate
these.

A.2 Proof of Theorem 2

We now proceed with the proof. At a high level, the argument consists of a deterministic matrix decomposition,
each term of which we bound in probability. Define A as the diagonal k x k matrix of eigenvalues of X ;7. Define
W, to be the matrix

W, :=argmin |U; — U;W || .
Weo(k)
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Is is well-known that W, can be computed from the singular value decomposition of U}rﬁ J (e.g. Abbe et al.
(2020b); Cape et al. (2019b); Chen et al. (2020a)).

We now expand the difference via
Uy —U;W,=U; —U;U Uy —Usp(W, —U; Uy)
=U; —U;AUJU; A + U AU U;A —U;U Uy — Uy (W — U Uy)
=U; —U;AUJ U A + U (AU Uy —UJ U AN —U; (W, — U, Uy)
=U;AN"Y — U AU U;A Y + Uy(AU] Uy —UJU;ANA™Y — Uyp(W, — U Uy)
= (U;A—U;AUJUHNA Y+ U (AU Uy —UJU;ANAY —U; (W, — U Uy)
=A+T, - Ty, (4)
where
A:=(U;A-U;AU;]Uy)A™Y
T, :=Us;(AU; Uy — U, U;A)A!
Ty:=Us;(W, —U,Uy).
Both T and T3 are analyzed concisely in Lemmas 3 and 4 as follows. Their proofs are in Section B.2. The
proof of Lemmas 3 and 4 are both rather straightforward and based on previous results in entrywise eigenvector

analysis (Abbe et al., 2020a,b; Agterberg et al., 2021; Cai et al., 2021; Cape et al., 2019a,b; Chen et al., 2020a;
Tang et al., 2017; Xia and Yuan, 2020; Xie et al., 2019; Xie, 2021; Yan et al., 2021).

Lemma 3 (Bound on T7). We have that
[Ull200AT  slog(p)
KAk = A1) m

kA ||Ul2—00  [log(p)
Jr
>\k n

(U (AU Uy —UJ U A)A 200 S 3

= 51
with probability at least 1 — O(p~™*).
Lemma 4 (Bound on Tb). We have that

[Ull2—00AT slog(p)
(A = Apg1)? 1

:82

U (W = U U200 S

with probability at least 1 — O(p~*).

Expanding Equation (4) into 75 and Ty:
We further expand the remaining term in (4) by viewing 3, as a perturbation of U U] %,y and using
the eigenvector-eigenvalue equation via
A= (U;A-U;AU)U;)A?
= (8505 —S,5U;U; U)AY
= (UU]Sy5U0;5 + (855 = UsU] 855 U5 — £5,U,U; Up)A™!
=U;U 855Uy —U;UJUNAY + (855 —UsU; S5,)U;A7T
=T5+ 1Ty,
where
Ts:=U;U;%;5(Uy —U;U; U )AY
Ty = (Sy; —UsU; Sy5)Us;AL
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The term T3 can be analyzed via techniques from complex analysis. We present this bound as a lemma, but
defer the proof to Section B.3.

Lemma 5 (Bound on T3). We have that

\3/2

N -~ slo .
VUsUT E55(Ts — UsUTO) A amsm < ) 2228 L min <|z||;{3x, \/A1||U|2—>oo)
n MMk — Akg1)

553

with probability at least 1 — O(p~3).

Expanding T, in terms of J; and Js:
We now proceed to bound Ty. We have by Lemma 2 and properties of the 2 — oo norm that

(277 = UsUT 250U A oo < (S5 = UsUT S 500725500

|
Ak

1 A N
S TkH(ZJJ —UsU;S70)Us |20 (5)
Note that U 7 is the matrix of eigenvectors of )y 77 and hence is not independent of the error matrix » JJ —
U JU}—Z 77, SO one cannot bound the maximum row norm of the matrix above with standard ‘concentration
techniques. Let U, be the matrix such that [U;,U.] is an s x s orthogonal matrix, and let U, be defined
similarly. Define also A and A} as the matrix of bottom s — k eigenvalues of ¥;; and X respectively. Since
U] Uy =0, we have that

1 . _
YkH(EJJ_UJU:]rEJJ)UJHQﬁoo
_ L (mﬁj LA - UJAJUJ) 0,
)\k 2—o00
- - . - 1 N
< ™ (UJAUJT +UA U] —U;N U] — ULALUI> Uy + EHULALUIUJH%OO
2—00
1 o N 1 -
< 57 = Zs)Usll2m00 + ~—[ULALU Uslla—soo
>\k )\k
= i ae + o 1] (6)
= >\k 1||12— 00 )\k 2(|2— 00
where

Jii=(Ss0—S55)Us;

Jg L= UJ_AJ_UIﬁ.].
The term Jy can be bounded in the following lemma, but it is rather technical; moreover, it requires some
analysis that is relatively novel in the subspace estimation literature; in particular, we combine some ideas from

Xia and Yuan (2020) as well as Cape et al. (2019a); Xie et al. (2019); Tang (2018); Tang et al. (2017). The proof
is in Section B.4.

Lemma 6 (Bound on J;). The term Jo satisfies

- klo slo
NULALU U200 S H2>\k+1\/ # + )\k+1/€3#

S Eai

with probability at least 1 — O(p~3).

Further expanding the term J;:
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What remains is to bound the first term of (6); i.e. the term J;. First, note that by Assumption 3,
each vector X; € R? is of the form X; = ¥1/2Y;, where EY;Y;" = I. Let X be the n x p matrix whose rows are
the X;’s; it follows that X = Y'X!/2. Let Y be partitioned via Y = [Y;, Y], where Y7 is the n x s matrix of
variables corresponding to those in J, and Y. is the n X p — s matrix of the other variables. Define through
slight abuse of notation the matrix lel/ch := (XY2) ;.. With these notations in place, we observe that since
¥ = 1(XTX) we have the block structure

ST

0 ((El/Q)JJYfoI(El/z)JJ + Y LY (SY2) 15+ (SY2) 1Y Ve (S50 T + E.l]/JQCYJ—EYJC(E‘lI{IzC)T>.

n
Therefore, we observe that
. -1
(Xys =%y)Us = n <(Zl/2)JJ(YJTYJ - ”I)(El/z)u + EIJ{]QCYJTCYJ(E”Q)JJ

+ (22) 1Y) Yoo (B0 T + (VY — nf)(zbffcf) 0y. (7)

Here the identity matrices are of size s and p — s respectively in order of appearance. In light of the structure
in (7), define the matrices

1 ~
K:= 5(21/2)“(1/]1@ —nI)(ZY?) ;U
1 By
Ky = E23{]%YJIYJ(E”Q)JJUJ;

1 3
Ky = E(EI/Q)JJYJTYJC(EIJ{JQc)TUJ;
1 N
Ky:= Ez}{,{(yﬁyﬂ —nl)(SY2)TU,.
Then

Ji= 355 =250, =K + Ko + K3 + Ky.

We have lemmas that bound the 2 — oo norms of each of these matrices. Each of these bounds follows essentially
the same set of steps:

1. Bound the 2 — oo norm using properties of the 2 — oo norm in terms of the maximum entry.

2. Write each entry as a sum of mean-zero subexponential random variables and use either Bernstein’s inequality
or the Hanson-Wright inequality (see Appendix C) to bound the result.

The proofs for these lemmas are in Sections B.5 and B.6. Recall that we define & via

KA\ slog(p) n klog(p)

852

- /\k — >\k+1 n n
1 A7 slog(p) klog(p)

= — =+ )\1 .
M\ — A1 m n

Lemma 7 (The matrix K1). The matriz Ky satisfies

A slog(p) N
— X1 M n

S EsAk

1= (SY2) 1 (VY = nD)(SY2) 15U 200 S "

1
n

with probability at least 1 — O(p~*).
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Lemma 8 (The matrix Ks). The matriz Ko satisfies

klog(p) AT slog(p)
_|_
n )\k — )\k—i-l n

IS YY) 0
S Es Ak
with probability at least 1 — O(p~*).
Lemma 9 (The matrices K3 and Ky). The matrices K3 and Ky satisfy

slog(p) A
n A — Akg1

S EsAk;

1 -
[ROESIRER CROVIA N AP

To1/2 o1 1/2\TF slog(p) A
(Y Ye —n)(XF ) U o S
Hn Jre(YyeYye =nl)(E770) Ullasee S P VR Vi
S EsA

with probability at least 1 — O(p~3).

Putting it together:

We are now ready to complete the proof. We have that

+ 171200 + 1722500

2—00

1T — UsWillamseo < H (UJ[\ - UJAUT(?) At

< H (UJ[\—UJAUTU) A! +&+ &

2—00
< | Ts]l200 + [|T4ll2—00 + &1 + E2
< | Tullzmoo + &1+ E2+ &5

< [M1ll2m00 £ [[/2]l2—500
N "

< Mll2—o

+ & +E + &

+ &6 +E+E+E

1
S I <K1||2—>oo + || K225 00 + | K3ll2—00 + ||K4||2_>OO> L E 4+ E L E L E,

<E+HE+E+EL+ES

with probability at least 1 — O(p~2). Consequently, by the union bound and Assumption 2, this bound holds
with probability at least 1 —J — p~2 as desired.

A.3 Proof of Theorem 1

In this section we show how Theorem 1 can be deduced from Theorem 2. We simply bound &; through & using
the additional assumptions introduced in Assumption 5.

Note that under Assumption 5, we have that A1 < % and Ar > A, implying that Ay — Agy1 > % In addition
A1 < kA, Therefore,

|
A

A
IN
=
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Therefore,
KA slo lo
b= A2 g, [PED
k — Nk+
slo lo
sﬁﬁnUH%W ok | 25 )||U||H>o
< 2 Vsklogp) K log()
< 25log®) klog(p) (8)
~ n n b

where the penultimate inequality comes from the fact that ||U|s—s00 < (k/s)'/? and that k < /5. Similarly,
% __stots)

(Al — Akt1)?

<Dy,

<H2V log )

n

< 28108(p) (9)

~
n

52::

U200

For &,

slog(p) KJ)\}/Q

in ( [1S]12 VAU 200
B i (S VIO

slog(p) kA
<
N PR v v AUz

Es =

< K2 Slog( )

1Ul200

<2 k 1og(p)

~
n

(10)

since ||U|la—s00 < (k/s)'/2. For £, we have that since Apy1 < \g, then

2 A\et1 [ klog(p) +)\k+1 3slog(p)
)\k n >\k n

~ n n

5421'6

Finally, for &, we see that

Kh slog(p) | [klog(p)
A=Akl M n

55::

< 2s8log) | [klog(p)

~
n n

(12)
The condition number is always larger than 1. Hence, combining (8),(9),(10),(11) and (12) completes the proof.

B Proofs of Intermediate Lemmas

In this section we collect the proofs of the Lemmas needed en route to the proof of Theorem 2. All the lemmas
are self-contained and repeated for convenience.
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B.1 Proofs of Lemmas 1 and 2

First, we recall the statement of Lemma 1.

Lemma 1 (Principal Submatrix Concentration). Let J be an index set of {1,...,p} of size s. Then

150 =l S <\/§+ W)
n n

with probability at least 1 — O(p~*).

Proof of Lemma 1. The result is similar to Amini and Wainwright (2009), but for general subgaussian ensembles
as opposed to Gaussian ensembles. The proof is standard via an e-net; we follow similarly to the proof of
Theorem 6.5 in Wainwright (2019).

Let A = X, — X,;. First take an 1/8-net of the S*~1 sphere; denote these vectors vy, ...,vx, where N < 17°
(see Example 5.8 in Wainwright (2019)). Then for any s-unit vector v, there exists some vector v; of distance
at most € = % to v. Therefore

(v, Av) = (v, Avj) + 2((v = v;), Avy) + (v — vj, A(v = v5)).
Hence, we see that by the triangle inequality and Cauchy-Schwarz,
(v, Av)| < (v, Avg)] + 2| Allllo = vj [[[lv; [| + 1] [Jo = v; |1
< Ifug, Ay} + 1A,

where the final inequality comes from the fact that v; is at most distance % to v. Letting v denote the unit
vector achieving sup(v, Qu) and rearranging we have that

4] < 2w, Av,)] <2 max |(vi, Avi).

So we therefore have that

BlepAD) < B exp(2A ma (0, 809D ) < 3 (Blexp(2A(, Aui)) + Blexp(~2A(0s Au) ).

i=1

We now bound the mgf above, which is the primary technical difference between this and Theorem 6.5 in
Wainwright (2019). Denote X;[J] as the vector X; with only the components in J, and let w be an arbitrary
unit vector. From the assumption the X;’s are iid we have that

Eexp(tu' Au) HEX [exp( [(X;[J] T u)? —UTEJJU]>:|

(Exl e (L0l — a0 )] )

Let € be a Rademacher random variable independent of X;. Then by the contraction property of Rademacher
random variables,

x| oxp (LIOGLTT0? — 785 )| < B (211D Tw0?) |

o k
=S u(3) B
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where the first is by the series expansion for the exponential, and the second is by noting that the ¢ are rademacher
and hence have vanishing odd moments.

Note that by assumption the X;’s can be written as X; = %'/2Y; for some independent Y;’s satisfying || Y34, < 1.
Then ||XY/ 2Y;|lys < v/A1. Hence, by equivalence of the subgaussian norm, the moments satisfy

T,\4 ( ) 1/2
E((X1l)T0)"™) < oy (VBeAV)™

From this, we deduce

1+;(21k)!(3f)2kE((Xl[J]Tu 4k < (1 (2t> (4k)! (\/> )\1/2)

,i 2%))! 27 (2k)!
(e )

which is a geometric series. Hence, since 72— < e2? for all a € [0,1/2], we have that

—a —

oo 21
16¢ 16¢ 2
1 E —e*A < 2[—e€\
+k_1(”e 1) _exp([ne 1])

for all [t| < 33557 Therefore, we have shown
t2
Eexp(tu' Au) < exp (5127164)\%).

From here, using the sum, we have that for all [¢| < that

E(exp(t]|A]])) < Z ( exp(2t{v;, Av;))) +E(exp(—2t<vi,Avi>)))

< 2N6204876 )\1

2)\2
< exp(C— + 4s),

since 2(17%) < e**. Therefore, by the Chernoff bound,
202
]P’(HA > 77) < exp (C’nl +4s — nt).

__m
20N

Minimizing over ¢t shows that

is the minimizer provided that n < Plugging this value of ¢ in yields

32e2

2
7771
p(181> ) < exp (15— 222
= € n g_ nz
SO Taon )|

Suppose 1 = Ca\; <\/§ + 4/ 4105(]”)> for some sufficiently large constant Cy. Note that Assumption 1 ensures

that this choice of 7 satisfies 7 < % since s/n = o(1) and log(p)/n = o(1). Therefore, with this choice of 1, we
have that

exp [n(‘; _ 42“)} < exp(~4log(p))

<p
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Consequently, recalling that A = ;7 — X7 we have that

. s 41o
PHXU—ELN>CbM(¢n+\/§m>]§p4

as desired. O

Again, we recall the statement of Lemma 2.

Lemma 2 (Existence of an Eigengap). Under the event in Lemma 1 and Assumption 4, the eigenvalues of 377
and Xy satisfy

- A — )\ ~ A — A
A — Akg1 > 2k Tkt Ak = Akg1 2> %;
~ A
A > —.
b=y

Consequently, this bound holds with probability at least 1 — O(p~*).

Proof of Lemma 2. By Weyl’s inequality, the event in Lemma 1 implies that for all 1 <4 < s that

&—Xﬂsch(¢Z+V%%m>

Note that ¥ ;; is a principal submatrix of X; hence its eigenvalues satisfy A\;(X ;) < A; for all i > k + 1 (when
1 < ¢ < k we have equality). Therefore, By Assumption 4, we have that

A 1
Mo = Mot 2 Ak = A1 (Bg) = Ol (\/§+ W)
1
> A= A1 — Oy <\/§+ W)
n n
7

§(>\k — Abt1)

S Ak */\k+1,
- 8

Y

and similarly for e — Ak+1. For the final bound,

> A — A\k/8
> M
— 4
which completes the proof. O

B.2 Proof of Lemmas 3 and 4

First we will recall the statement of Lemma 3.
Lemma 3 (Bound on T7). We have that

[Ull2—00AT  slog(p)
k(A — A1) n

kA ||U]l2—00  [log(p)
Jr
>\k n

U (AU Uy —UJ U A)A ™ 2s00 S 5y

551

with probability at least 1 — O(p~*).
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Proof of Lemma 3. Note that by properties of the 2 — oo norm, we have
U (AU T = UF U M)A |2 so0 < |1 Ugllasoo IAUF U = U TA|AL (13)
We note that A, < Ay with probability 1 — O(p*4) by Lemma 2. Furthermore, by the eigenvector equation,
AUJU; —UJU;A = (U;N)TU; — U UA
= (SU) U -U;S,,U0,
Uy (S5 —20)U;.

In addition,
UJ (S5 =350 0, =U; (S5 =Sy )UUTUs+UJ (S5 —355) (I —U;UN) Uy
The second term satisfies
U5 (S0 =0T = UsU) U < U (S5 = San)IT = UsUy )0y
Note that

(S0 = 20Ul < 1255 = Sas U]
<|Zs5 =S

since Uy has orthonormal columns. Therefore, by Lemma 1,
T S < S IOg (p)
10y Eas =)l S\ — |- (14)

Note that ||(I — U;U])Us|| < ||sin® (U, Us)|| < | UsU; —UsUT || (see Lemma 10 in Appendix C). Therefore,
by Proposition 1, we have that

A1 slog(p))
I-U;UNU. . 15
O P et (i (15)

In summary, we have shown so far that by (13), (14), and (15),

< NUl2m00A? slog(p)
~ (A= Akgr) n
1Ul2 00

+ THUJT(EJJ — S )UUTUy|.

Uy (AU Uy = UFUsA) A 500

Therefore, we focus on bounding the term
1UJ (S05 = £50)UsUF Uy .
Naively, [|U] U,|| < 1 so by submultiplicativity, we have that
U (S0 = San)UsUFUs|| < |US (Zas = E50)Us -
For any indices i and k, the entry of the above matrix can be written as

R D)0 0T BT )W) = 3 5 (T K00 (Wa)0) = U TS0 )
= =1

3

This is a sum of independent, mean-zero subexponential random variables. Therefore, to apply the generalized
Bernstein inequality (see Theorem 3 in Appendix C), we need to find the 1)1 norm of the above random variable.
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By properties of the 17 norm, we have that

1((U) s X)X, (U)x) = (U) 52U )-illgy < CIU) 5 X)X (U1) )l
< CNUR) 5 Xl 1K (U1) ks
= Cll(U7) S Yl [V Y2 (U ) ki
= VAN U Yl [(U) 1Y

< Cy N

<Ch

since X; = X172V}, the (Uy).; are the eigenvectors of ¥ and the vectors Y are assumed to be subgaussian with
unit 19 norm. Therefore, by the generalized Bernstein inequality (Theorem 3), we have that for fixed i, k, that

(jé Us)is (XX — B(X X >><UJ>.k>zt) é?exp[—conmi“ (utmtﬂ

Since log(k) < log(p), taking t = C’/\“/w for some constant C' yields that

2log(k) + 4log(p)
n

(U] (By7 = Ss0)Up)ik| < C>\1\/

<2y oe®)

~ n
with probability at least 1 — O(p~*k~=2). Therefore,

1UT (S35 = S5)Us | < UJ (S5 = Ssn)Uslp
<E|US (S50 = 270U |lmax

< Ck)\l\/210g(k) + 4log(p)

n

<k, log(p)
n

with probability at least 1—O(p~*) by taking a union bound over all k2 entries. Therefore, putting it all together,
we see that

[Ul2—00A]  slog(p)
k(A — Aep1)  n

kMU |2-00 [log(p)
+
)\k n

U5 (AUT O = U OB o S 5

with probability at least 1 — O(p~*) as desired. O

Now we prove Lemma 4.

Lemma 4 (Bound on T3). We have that

||U||2Hoo)‘1 slog(p)
(/\k — )\k-i-l) n
= 52

U (W = U] U200 S

with probability at least 1 — O(p~™*).

Proof of Lemma 4. This proof follows similarly to ideas in Cape et al. (2019a); Abbe et al. (2020b); Lei (2019).
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By properties of the 2 — oo norm, we have

U3 (W = U U l2m00 < 1Us]|2m00 |We = U Uy |l.

We will now analyze the term inside the spectral norm. Note that W, is the Frobenius-optimal Procrustes
transformation. Let Vﬁ)VQ—r be the SVD of U}— U;. Then ¥ contains the sines of the canonical angles between
Uy and U; (see Bhatia (1997) or Stewart and Sun (1990) for details; Lemma 10 in Appendix C also contains
equivalent expressions for the sin © distances). Then, letting #; be the canonical angles and o; = cos(6;),

W, = U Usll = WV, = VisVy |

=1 =X
élgéxkl( o)l
< -
< jmax (1= 0;)
= maxsin?(6;)
J

= |u,u; - U,05 |2
AP slog(p)
~ ()\k — >\k+1)2 n

with probability at least 1 — O(p~*) by Proposition 1. O

B.3 Proof of Lemma 5

Recall the statement of Lemma 5.
Lemma 5 (Bound on T3). We have that

\3/2

. L slo .
1UU; 855U = UsUs UpA 200 S 2(p) = min <|Z||Il‘ﬂ/a?x? % /\1||U|2—>oo)
no MMk — Aks1)

= 53
with probability at least 1 — O(p~3).

Proof of Lemma 5. Note that since U] ¥;; = AU , we have that

. o U 3 3
|UU} 255U —UsUJUD)AH2ms00 < 111200 !\2_)00 U} S50, —U;U; Uy
k

U1l 200

< X—HAUI(ILU} ~U; U
k
On the other hand,
T T Trr \A—1 HUA1/2||2%00 /27T (77, _ T77
(UsU; 255U —UsU; Up)A™ 2000 < 3 AU (Us = U U; Ul
k

/. L
< VBl 112077 7,57 — 0,07,

k

where the term ||X||max comes from the fact that
UsUJ £i5] = [((UAY2);, (UAYV2);)],

and hence that

JUIAI oy 0 = max / (UAV/2),, (UAV2);)

<max\/|(UsU] )il

< max \/ ‘EZ]L
2,3
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since the eigenvalues of ¥ are all positive. Therefore,

. - 1 .
|UU; 875U —U;UJ U )A om0 < 3 min (\/ AU 2= oo |AY2U T (U, U] = USUJ ),
k

max

ISIMZIAY2UT (@,07 - UsUT >||) (16)

Therefore, what remains is to analyze

IAY2U T (U507 = UsUT)]-

To find this bound, we will represent the difference U JU}— -U JU}r using the holomorphic functional calculus as
done in Lei (2019) for the spiked Wigner matrix setting. This technique has been used extensively in studying
eigenvector perturbation; e.g. Mao et al. (2020); Lei (2019); Koltchinskii and Xia (2016); Xia (2021); Wahl
(2019a,b). More specifically, let C denote a contour on the complex plane with real part ranging from A; — 1 to
A1 + 1, and with imaginary part ranging from —+ to . Then, for a proper choice of 7, the top k eigenvalues of
both X7, and 3 lie in C, and one can write the difference of the spectral projections via a complex integral

L 1 ~ 1
U, U] —U U] =—|=— ¢ (Sy5—21)""d ——7{2 —zI)7d
JUy JU s {2m.]£(w 1) ZQM.C(JJ zI)" dz
by the residue theorem (e.g. (Greene and Krantz, 2006)). Using the identity A~! — B~! = B~1(4 — B)A™1,
and assuming the real number 7 is chosen appropriately so that the contours are the same, the integrals can be
combined to arrive at the expression

.. 1 & &
U,U0; —U,U; = _%i(zw =27 (85 = B5)(Bgg - D)z,

Premultiplying by A/ 2U] yields (formally) that

-~ 1
IAV2UT(U,U] —U,U) )| = .

fAlpU:]r(ZJJ — ZI)_I(iJJ — ZL]L])(i']J — ZI)_le
C

Note that the matrix is diagonalizable by the same eigenvectors as Yz, so that
Ul (S5 —2D)" =U;(Us(A—2D)"UJ)+ U (UL(AL — 2I)*U]
= (A—-zD)"'U;
by orthonormality, where U, are defined as the s x s completion of U such that [U;,U,] is an s x s orthogonal

matrix. Therefore, we have

)

- 1 N o~ R
IAY2U (U0 —UsU))| = 27TH 74 AVEA =27 UF (87 = 20)[U, U] (Aau — 2I) " dz
C

where A,y is the diagonal matrix of all the eigenvalues of f],],].

The rest of the proof mirrors closely that of Lemma A.8 in Lei (2019). Recall that in order to do all these
manipulations, we required that the parameter 1 was chosen such that the contour C contains the top k eigenvalues
of X 75 and X ;. In fact, Lemma 2 shows that the choice

o DT Akt
4
suffices. To see this, note that by Lemmas 1 and 2,

|5\k — | € w

b

~ A — A
[Ak1 — Apt1] < kaHa
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so that the interval A\ + 7 contains 5\k, the interval \; + 7 does not contain 5\k+1, and both S\k and S\kJr] satisfy

Ak — X — | >n/2
Ak — M1 — 1| > 1/2.

Therefore, the top k eigenvalues of 37 lie within C with high probability and the bottom eigenvalues lie outside
of it. With this particular choice of 1, we can proceed to bound the integrand along the contour C. We will
conduct the rest of the analysis assuming that this event holds; it does with probability at least 1 — O(p~—).

Define a := A\, — n and b := A\; + 1. We decompose the contour C into the following sets

Gi={z=atzizec(-—7)} C:={z=z+yi:x€lab]}
Cs:={z=b+uaxi,x€(—,7)} Ci:={z=z—vi:z¢€a,b]}.

Let Z(z) be the integrand. Observe that

| gz = f, frer] s + e £,

Therefore, we bound the above integrals directly. The tricky analysis will be along C; and Cs; we will show that
the integral along C; and C4 tend to zero for large . To this end, we will focus on C; first. Note that

f.

Z(z)d= Z(z)dz Z(z)dz Z(z)dz||.

dz (17)

NV2(A = 20T (S — )0, O (Rt — zf>1\

<f
C1

< HUJT@JJ —Xy0)[U,UL]

AYEA =207t dz

‘U}(f)y =50, 0]

2l

L

First, recall the definition of a := A\ — 1. The term on the right-most side satisfies
1

' N P

for all z since (\; — a) > 1/2. Therefore, we are left to bound the middle term, for which we must bound

H(Aa” — ZI)_l

dx.

AYV2(A = (a+ m)I)—lH H(Aau —(a+ai)I)™!

(Aall - (a + Z‘Z.)I)71

1/2
A
max

1<i<k \/(\; — a)? + a2

Define the function

g(u;z,a) == \/m.

Then

/\1/2 1/2 1
I S G . e —
S — ) 122 uann (g(u’x’ a)) (n? 4 x2)1/4

The details of the function g are carried out in Lei (2019); the analysis therein implies

sup g(u;z,a) < atn I + a_H?H
9 k) = T 7 z|</a -z an-*
S g gy T Delo v
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Therefore the integral from (17) satisfies

/j IAY2(A = (a+20) D) [[|(Aan = (a + i) 1)~ da

f— ! ( atn +\/mﬂ )1/2d$

o A+ 22 (2 + 22)1/4 \/mlx\ﬁ\/ﬁ 1 || >/an
[ ) o )
— Jzl<yam (n? + 2)3/4 \/W lz|>/an (n? + 22)3/4 Ui

a-+mn 1/ 1
<4Va+n +x2d +4< ) / CETDED 2+x2)3/4da:
x\<\ﬁ77 n lz|>/an 1

1/4 oo
+ 1
<8/a+n / d +8<an7l> /\ﬁ(n2+3?2)3/4dx
ar

/ a/ 1/4 1 o 1
<8F—— ot / du+8(a+n> 1/2/ aya7a du
1+u n n va/n (1+U)

1/4 00
Vi 1 1
n n n Va/n U
Vatn a+n\"* 1 2
< 167 +8 — -
n 7 nt/2 (a/n)Y/
5\/a+77+(a+77>1/4 1
7

a al/2’

Recall that a + 1 = Ag; 1 = (A — Agg1)/4. With these, the bound becomes (up to constants)

J.

AYVZA = 2D U (S5 =250, 0L) (Aay — 21)1‘ dz

\K 1 R
VA sy, =S Sy — S )U.
N)\k_)\kHH( JJ J7) J||+/€ )\1/2||( 77 7)UJ|]
A N
< LH(EJJ —Xs50)U;|-
Ak — Akt1

The exact same argument goes through for contour Cs as well. We will see that the contours along the imaginary
axis tend to zero as y — 0o. Assuming this for the moment, by Equation (16), we see that the final bound is of
the form

1 - .
SCINAUT @07 ~ U0 min (nzn;(fx, wanm)

S5 —S)U. A .
5||( 77 = %77) J||< VAL )mm(ﬂli(zfx,\ﬁllUllzﬁoo)

Ak Ak — Akt

By Lemma 1, we have that the term ||(3;; — X;;)Uy|| can be bounded via

1
n

with probability at least 1 — O(p~*). Therefore, the bound becomes
saain (121320 VAT ).

\3/2
Ak (Al — A1

slog(p)

which is the desired bound.
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It remains to show that the integrals tend to zero along the curves Co and C4. Let Z(z) denote the integrand.
Then for sufficiently large +,

b
) 1zt = /

< (b—a) sup
z€la,b]

=0(v7?),

which tends to zero as v — o0. O

AN = (2 +5) ) U] (S50 — Sun) U0 (Ra — (2 +7i) 1)t |dz

AV = (z+y))TUS (S5 = Sun)Us0 L (Aay — (2 +~i)I) ™1

B.4 Proof of Lemma 6

First, recall the statement of Lemma 6.

Lemma 6 (Bound on J3). The term Jo satisfies

~ klo slo
U AU Ol S 20y B o 2108 (D)

S Eal
with probability at least 1 — O(p~3).
Recall the definition of J5 via
Jo :=U, A UU;.
Again U, is the matrix such that the s x s matrix [Uy, U, ] is orthogonal.
Proof of Lemma 6. Define the matrix E := ;; — U;U; $;,;U;U; . Note that
UsA—EU; =U;U] % 5,U;U; Uy

Following Cape et al. (2019a) (see also Xie et al. (2019); Tang et al. (2017); Tang (2018)), by Assumption 4, the
spectra of E' and A are disjoint almost surely, so the matrix U can be expanded as a matrix series (Theorem
VII.2.2 in Bhatia (1997)) via

Uy=Y_ E™UAU;)U; A=,
m=0
Therefore,
Jo=UL A U[U; =ULA U EUNUTUA? + Y UL A LU E™UAU; U A~ ™D
m=2

since the 0-th term cancels off because U] U; = 0. Taking the first term and setting R to be the rest of the
series, we have that,

NULALU[U5U] ||lams00 = |[ULALU] EUSAU] UA™2 |55 00 + || Rl|2—00, (18)
where R is the residual to be bounded. We first bound the leading term. We have that
|ULALUTEUSAUT UsA "% |osoo < |ULALUT EUS|l2—00\) 5. (19)

We note that since UIUJ =0, then

EUy = (55 —UsUSS U Uy = (25— 250)Uy.
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Define ¥+, := U, A U . In light of the block structure in (7), we see that we can write ¥+ ;EU, via the sum of
the terms

1
H(Eb) <(21/2)JJ(YJTYJ —nl)(ZY?) 1+ 2 YV (22,

+ (SY2) Y Y (ST 4 S (v Ly — nI)(zbf,i)T> U,.

Recalling that (ElJ/JZC)TUJ = 0, this yields the only the terms

1 Y'Y
E(Eb) ((ZI/Z)JJ(YJTYJ —nI)(ZY?) 15 + EiGQcY;YJ(Zl/Q)JJ) Uy = Zfz@”%ﬂ( Jn S _ f) UsAY?

+x5, e YJ‘YJ UsAY2,

Define A3y := X5 ,(X%/2) 5, which satisfies [|A3/s] < v/A1Apt1. In 2 = co norm, we have that

YTY
(A3/2< Jn J —I)UJ> .
ij

Y'Y
||A3/2( Jn - I) UsAY2||2500 < v/kAr max
1,3

Define the matrix M via My := (A3/2)iUsj. Fixing i and j, note that we can write the 4, j entry above as
1 n
M Y, EY, Y. M Y. —EY,Y,
%l: kl(n qz:l qltqk — qlt gk )’ zq:z kl( qlt gk ql qk)‘

sﬁz

q

ZMkl (ququ — ]EYquqk) ‘
Kl
ZMkl< YuY — Eququ> ;

< max

which is a quadratic form in the random variables Y,; (for fixed ¢). To bound this, we will apply the Hanson-
Wright inequality (Theorem 4 in Appendix C), which requires bounding the Frobenius norm of M. Note that
we can bound the Frobenius norm of M via

IM17 = M,

k.l

= Z(A3/2)12kUl2j
k,l

= [ 43/213 00
2
< (\/ /\1/\k+1> .

Therefore, applying the Hanson-Wright inequality shows that

t? t
P YlYk—EYlYk>‘>t)SQeXp(—cmin{ ,})
( . ( ok~ Bty 1 ]

Set t := O\/log(s)“og J5108(0) /X 1. Then since logn(p) = o(1), we see that with probability at least 1 —
O(s7'k~1p=5) that

(Yquqk ) ‘ \F/\zm\/m




Entrywise Sparse PCA

Taking a union bound over all n random variables shows that with probability at least 1 — O(s~ 1k~ 1p~%),
Y'Y k1
/k)\l (Ad/Z( J 1J —I)UJ> M
n ij n

Taking a union bound over all s rows and k columns yields that with probability at least 1 — O(p~*),

klog(p)
—

S A Akt

Y'Y
||A3/2( Jn ! I>UJA1/2|2—>OC S A1

For the other term, proceeding similarly,

VLY,
15877 =0 A a0 < Ak max

Y'Y
(e )
ij

Z Z E‘#JZJJF) kY Y (Us)i

k=s+1 =1

Mk max max
q

For fixed ¢, i, and 7, note that k ranges from s+ 1 to p and [ ranges from 1 to s, so this is a sum of independent
exponential random variables. We will bound these using Bernstein’s inequality (Theorem 3 in Appendix C).
Note that the £5 norm of the coefficients is bounded by

1/2 1/2
Z Z (S5, 002 (UNE < IS5, 0013
k=s+1 =1

500 < (2V/ A1 Ak41)?

Similarly,
max | (27, 25) i (U] < 1Us oo max ] (25,257 e

< 2|Us]l2500 VA1 Ak 1-

By the generalized Bernstein Inequality (Theorem 3), we have for any fixed 4,7, and ¢ that

12 t
>t <2exp{—cmin( , >}
< ) (VA Ae+1)? U255 00 VAL AR41

Taking ¢t = A A\pi1 \/log(s)+1°g7l(k)51°g(p) shows that this holds with probability at least 1 — O(s~'k~1p~?).
Taking a union bound over s rows, k& columns, and n different random variables shows that with probability at
least 1 — O(p~*) that

Z Z =5 Y Y (Us )y

k=s+11=1

155,25 YJCY"U A2 00 < /AR max ((zbziﬁ)y‘iy‘] UJ)
, }
S A1 klog(p) (21)
Combining (21) and (20) with (19) yields that
IULALUT EUSAUSUSAT?U ||2 00 S AikHUlALUIEUJHMO
“ Ak ()\1)\ klong(p)>
S 52/\k+1 k‘lng(p). (22)

So what remains is to bound the residual term R in (18). Recall the definition of R via

R:=> UA U E"UAU;U;A- Y.

m=2
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We will bound for each m, but for clarity, we will first study the case m = 2. We have that

UMUB*U; =UA U (B —UsUS5,UU0 (S5 — UsUS S 5,U,U7 U,y
=ULALU (805 = UUTS1UUT (00 — 200)Us
=UL AL UL (255 —250)°Us + (ULALUL)* (205 — S50)Us.
The first term is readily bounded by Lemma 1, and the second term can be bounded using the techniques in the
previous part of the proof of this Lemma.

We now generalize this strategy for each m, by first providing a similar identity to the one above. Define
A=Y ;5 — ;5. Note that by definition £ = A + UJ_AJ_UI and that EU; = AU;. Then we have that

UA U E™U; =U, AU E™ AU,

UM UTE™ A+ U AU )AU,;
=U AU E™2AU; +U A U E™2U, A U] AU;. (23)

Let s(m) be the set of indices such that s; + ... + s, = m. Then for all m we have that

UAMUE"U; =U A U] [ S OATULALUT)2AS(ULA LU ) - (ULA LU ) A | U,
s(m)
which is essentially a noncommutative Binomial Theorem.

First, consider the case that sy, ..., s,, has only single powers of A appearing. If A appears all the way on the
right hand side; that is, s, = 1, then for any integer mg, we have that

m m klo
JULAT UL AU |l2500 < CALS, (Al i(p)))

with probability at least 1 — O(p~*) using analogous techniques to the steps leading up to Equation (22) (i.e.
the case mg = 1). If A is not on the right hand side, suppose that its index is s, = 1. Then this term is of the
form

(UJ_AJ_UI)1+81+52+"'+89*1 A(UJ_AJ_UI)SQH-&--“-&-SW U;=0

since U | Uy = 0. So the only terms that have at most one factor of A appearing are those that show up as AU .

Next, if s1,..., 8, is a set of integers and at least two of the terms s; that appear on the A factor are greater
than 1, then

JULALUT A ULALUT )™ A (ULALUT) - (ULALUT )" AU s < [APATS,

provided that ||A]| < Agy1, which happens by Assumption 1 and the spectral norm concentration in Lemma
1 with probability at least 1 — O(p~*). Fix this event. Then for any m, there are at most 2™ ways to select
exponents with a power of at least two on the term ||A||. Therefore, this implies that for fixed m

IULALUTE™Uj 2500 < |ULATU AU ||
+ > |ULALUT A - (ULA LU A U || o0

{m:exponent on ||A|| is at least 2}

klog(p))

< ONY, <>\1 -

> + 2" A AR

This bound corresponds to one such m, and hence is its own event. In order to bound for all m, we follow a
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strategy in Xia and Yuan (2020). Let m := [log(p)]. Then

(o)
1Y ULALUTE™U AUFUZA™ ) 0o

m=2
[e3e] . )\1
Z |ULALUT E™Uy 200 —ip Yoz
m=2 3
u T mm )\ m Al
<> UAUE UJHMOA,,LH + Z |[ULALUE UJ||MOAm+1

||
o

m

il klog(p)\ A
<3 (o 0y )
m=2 k

mym A
29 (2 A I e
- k

o0
£y mH [Ny

m=m

m=m

Define

o1 : = Cm(/\l klog(p)))

n
b2 0= kAL AP

Then the three sums above can be written as

mml [e%e] m+1 2

u“ )\Zi 2" AN A1 )‘k—i-l kg1 Negr ) 5P
61;::2 \p QZ B + M lA| Z /\m+1~ v +65(1+¢) " + A "

A2 A slog(p)
<5 REL 5, TEEL 2y 1—g)les(®),
SO T w1

Here, the penultimate inequality follows from the fact that by Assumption 4, we have that for some ¢ > 1/64,
2Mi+1/Ak < 1 —¢, and hence the second term’s geometric series converges. The final inequality follows from the
assumption A\j41/\x < (1—¢). Note that this event holds with probability at least 1—O(log(p)p~*) > 1-0(p~3).
Noting that

INEp

by Lemma 1, we see that the resulting bound for the residual satisfies

A A lo
1Bl S 01 (57)7 4 02570 4+ Sigﬁ(l )loE(@)
! 1
< )\k+1 <A1\/W> )\k+1 AT A 4 2 Ls(p)(l_g)log(p)

A klog(p))) >\k+1 N

)\k+1
K/

K

Akﬂ 2 klog(p)) )\k+1 - 5 8log(p)
Al Al
n

klog(p)
n

1
< Hz)\kﬂ 11"433 s og(p)
n
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with probability at least 1 — O(p~2) by the assumption & > &;. Combining with our initial bound in (22), we
see that

klog(p)

1
3 slog(p)
n

< 2
o0 ~v
| J2l2— KAkt + Akt1

with probability at least 1 — O(p~3) as desired. O

B.5 Proof of Lemmas 7 and 8

Recall the statement of Lemma 7.
Lemma 7 (The matrix K7). The matriz K; satisfies

AP slog(p)
— Xyl M n

S EsAk

- klo
I 5200V Vs = nD) )00 s S 5 1oy L)

1
n
with probability at least 1 — O(p~™*).

Recall K, is given by

1 ~
Ky := E(EI/Q)JJ(YJTYJ —nI)(2Y?) ;0.

Proof of Lemma 7. Note that since U;U] + U, U = I, we have that
1L (2) 50 () ¥y = nD)(EY2) 150 s < 1 (2) 5 (V] ¥y = D) (SY2) 105U Ul
I E2) 0 (Y =) (EY2) UL UL O e
<1 (52) 15 (VT Yy = nD)(S2) 150 asoe U7 |
+ ||%(21/2)JJ(Y]Y, —nI)(ZY?) 15U L |20 |lUT T ||
< VRIS (521507 Vs = nI)(EY) 15U
VRS2 5 (VT Vs = nD)(52) 55U s [UT T, (24)

We bound each term inside the max norm, using a strategy similar to the beginning of the proof of Lemma 6.
For the first term, note that we can write the absolute value of its i, j entry via

‘711 Z Z ((El/Z)JJ> Z_k(ququ - EYYy)) ((21/2)JJUJ>

qa ki kg

< max > ((21/2)“> (YorYq — ]Eququ))<(21/2)JJUJ)
k.l ik lj
We focus on bounding for fixed ¢. This is a quadratic form in the random variable {Y,;};_,. Define the matrix
M via
My = ((21/2)JJ> ((El/Z)JJUJ)
ik 1
Note that

|M|% = Z ((El/Q)JJ)Q ((21/2>JJUJ>2

Kl ik lj
< MNEY) 11550
< AL
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Therefore, for any fixed ¢, i, and j, applying the Hanson-Wright inequality (Theorem 4 in Appendix C),
1/2 1/2 [t
P Z (E )JJ (quY:]l — E}/qkyql)) (Z )]JUJ >t) < 26Xp — cmin F7 m .
ik 1

k.l
Setting ¢ = C)\; \/log(S)Jrlog(kaog(p) and taking a union bound for all n» random variables shows that with
probability at least 1 — O(s~tk~1p~*) that

> ((El/z)wlk(quYqz —EYyYq)) ((21/2)JJUJ>

k.l

lj

log(p)

max
q

<\

~

lj
Therefore, taking a union bound over all s rows and k columns shows that with probability at least 1 — O(p~*)

that

1 lo
225 (0 Yo =) (52) 50U e 222, (25)

The exact same argument yields with the same probability that

log(p)

1
Hﬁ(zl/Q)JJ(YJTYJ - nI)(21/2)JJUL”max ,S )\1 (26)

Combining (24) with (25) and (26) yields
1 ~ 1
\\E(El/Q)JJ(YJTYJ —nI)(2Y%) 1505|2500 < \/EHﬁ(Zl/Q)JJ(YJTYJ —nI)(2Y) 15U |l max

1 -
+ ﬁ\|*(21/2)JJ(YIYJ —nI)(EY2) 13U L max||UT Uy

/klog slog )||UTU I

So what remains is to bound the term HUl U]H However, we note that this is simply (by a factor of v/2) the
sin © distance between the subspace U;U | ; and U,u7 ; (see Lemma 10 in Appendix C). Therefore, by Proposition
1, we have that this can be bounded by

A1 slog(p)

Ulo

Putting it all together, this yields that with probability at least 1 — O(p~*) that

1 -
[ K1 l2—00 = ||E(21/2)JJ(Y]YJ —nD)(SY?) 15Us 2500

22 1 k1
1 slog(p) Y og(p)7

~ /\k — )\k+1 n n

which is the desired bound. O

Again, we repeat the statement of Lemma 8.

Lemma 8 (The matrix Ks). The matriz Ko satisfies

klog(p) A slog(p)

<A
! Ak = Akt1 M

~

1 ~
| SRV (SY) 1020
< Eshe

with probability at least 1 — O(p~*).
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Recall that
Ky :=SY2Y v, (8Y%),,0,

Proof of Lemma 8. We have that
H%Eﬁ(fcyﬁmwmﬁ.fHm < H%EE(ECYJIYJ(21/2>.UUJ||M
ISR TY S (EY2), U aooeIUT O
< VRISV T (22) 10U
VRIS SRV (52) U s UL 05 (21)

We bound each norm inside the max separately. Define the random variable 7;; as the %, j entry of the matrix
SY2Y LY, (£Y2),,U;. Then

L O o el /2
- n Z Z J{]r zlfgi)l,k ((Zl/Q)JJUJ) ,
g=1k=11=1 kj

where §(+l i = Yqs11Yqk. Following a strategy similar to the proof of Lemma 6, we have to bound both the
maximum and sum of squared 1 norms of the random variable

1 $1/2
Qqlj = E[ J/Jc]zlfs.H k((zl/Q)JJUJ)
kj
The squared entries satisfy

1 2

1
1222 ((2000) 1B, < =R (22000

kj kj

Summing up over gq,, 5,

n s p—s 2
Z ZHaqu”?/)l = ZZ ]]c i) < by /2) JUJ>

q=1k=11=1 == kj

§Z<21/2 JUJ) YA

2—00
kj

1/2
< Al 5

||2~>oo
" .

Also,

1 1/2
< VA s

By the the Generalized Bernstein inequality (Theorem 3 in Appendix C),

R e O P ot s pwe )
Mij S Z€Xp | — cnmin 172 .
>‘1||EJ/JL 2— 00 ”EJJL 2—00

max || agj[|y,
q,l.J

Again taking t = C||E%i l2—00 VAL \/log(s)+log§lk)+4 106() shows that this holds with probability 1 —
O(s7'k~!p=*). Taking a union over all s rows and k columns of the matrix yields that
1 lo
||gzb{fch;YJ(Zl/Q)JJUJ||max SISV am00 VAL 20)
< Ay @)

n
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Applying precisely the same argument to the other term yields with probability 1 — O(p~*) that

1 lo
|22 YTV (572) 150 o My B,

Therefore, combining these bounds with the initial bound in (27) and Proposition 1 and the equivalent expressions
for the sin © distances (Lemma 10 in Appendix C), we have that with probability at least 1 — O(p~™*),

1 ~ 1
HKQHZ*}OO = ||EE}]{IQCYTJ—FCYJ(El/2)J.]UJ||2%oo S \/EHﬁE}/JiY};YJ(21/2).].]UJ||max

1 -
VSISV LY (8Y2) 15U L [UT T |

< klog(p) . AT slog(p)
n /\k*>\k+1 n

as desired. O

B.6 Proof of Lemma 9

It will be useful to collect some properties of the matrix ElJ{JZC, which we state as a proposition.

Proposition 2 (Properties of the Matrix E},{,zc). The matrix E},{,QC satisfies

1/2
IZ5e < 2v/A
Furthermore, the left singular subspace of ElJ/JQC must contain columns of U, .

Proof of Proposition 2. First, we note that

5= | (oo (Zl/;m) |

21/2
< ||E||1/2 H < 1/2 > H
Yy ge
<24/,

since eigenvalues bound eigenvalues of any principal submatrix. For the second claim, note that
$1/2 (UJ> B ( (£1/2),, (zlﬁgﬂc> (UJ)
0 (ZY2) y5e)T Y e 0
— ([JOJ> A1/2.

This shows that the matrix (ZlJ/JQC)T satisfies (El/ JQC)TU J = 0, so that its null space must contain the space

spanned by U;. However, this also shows that since (ElJ/JQC)T € R(P=%)%s then its rank is at most s — k. Hence,

define (Zyﬁ)T = V1DV, as the reduced singular value decomposition of (ZlJ/ﬁ:)T. Since its rank is at most
s — k, we have that V; € O(p —s,s — k), Vo € O(s,s — k), and D is an s — k x s — k diagonal matrix of singular

values.

Since (E§G2C)TUJ = V1DV, U; = 0, the term V5 € O(s, s — k) must span a space perpendicular to Uj. The only
matrix up to choice of basis in Q(s, s — k) satisfying V,' U; = 0 is the matrix U, which establishes the second
claim. -

Therefore, all this shows that

e The left singular subspace of ElJ{JQ contains columns of U} ;
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e Its singular values are all uniformly bounded by 2+/\1.
We are now prepared to prove Lemma 9.
Lemma 9 (The matrices K3 and K4). The matrices K3 and K4 satisfy

slog(p) A%
n Ag— Akt

1 -
||ﬁ(El/z)JJYJTYJC(Elszzc)TUJHz—mo <

< EsAk;
112 oo 1/2 slog(p) AT
=YY Y e —nD)(BYA)TU
Hn Jye(YyeYe =nl) (555 ) 200 S n A — Mot
S Eshk

with probability at least 1 — O(p~3).

Proof of Lemma 9. Let ElJ/ﬁ have singular value decomposition U; DV ", where U, € O(s,s — k), Dy > 0,
1<i<s—k, VeOp-s,s—k). Wewill show the result for D;; > 0, though the same proof goes through if
D;; = 0 for some i.

Then the term K3 satisfies

Y/ Ve
n

153200 = [[(SY2) 15 (=2 T U200

Y, YJC

< |(82) ;=== VDU [ U200

YYc
< [|(21/2) =L

VDU UL |2 [UTTs |
Y/ Ye .
< NEY2) 10~V flamoo VUL TS . (28)

The term ||U] Uy|| can be bounded via Proposition 1 and Lemma 10 in Appendix C. So what remains is to
bound the 2 — oo norm in (28). Note that the matrix V is of column dimension at most (s — k). Hence, each
of the s rows of the matrix (£'/2);,Y;Y .V is of dimension at most s — k.

Following a strategy similar to that in Lemmas 7 and 8, we have that
Y/ Y.
n
Y/ Ye
n

1(ZY2)s Vlzw00 < Vs — kmax

)

(2Y2) s

Y/ Y. v
n

g

< Vsmax |(3?),, 4
]

(]

By analogous arguments as in Lemma 8, the 4, j entry is a sum of independent mean-zero subexponential random
variables, each with ¢; norm bounded %\/Al. Therefore, by Bernstein’s inequality, any 4, j entry is bounded by

C \E log(p)

n

with probability at most 1 — O(p~3). Combining with Proposition 1, we have the bound

slo
[Kollomse S My 2222

<\ slog(p) M slog(p)
~ n )\k — )\k+1 n

< A slog(p)
PV VST

\UlU,|




Entrywise Sparse PCA

as desired.

For the term K4, we see that

Y LY.
1/2 cl J
il = 232 (225

Y, Y. -
1/2 clJ
< 152 (2~ 1)Vl /RIUTO )

YLY e -
< VIR (P~ 1) ViU, (20)

We will bound the term inside the max norm for fixed 7 and j. Observe that

sz (Yo _ )y ZZ Yo — EY1Y) Vi
JJe n ; J]L . YorYo — EYqrYq)Vij
i q

> (2%) (YorYar — EYqYo)Vij |-
ik

k.l

- I) VDU Uyll2-s00

max

< max
q

We will first bound the term inside the absolute value for fixed ¢ by Hanson-Wright (Theorem 4 in Appendix
C). Let M be the matrix defined via

My = (EIJ/Jz> Vij-
ik

Then

2 2
1/2 1/2 1/2
Mz =3 (EJGC) 2=y (EJGC) < IEY2 12, < 4.
1k ik

k.l k

Therefore, by applying the Hanson-Wright inequality, for any fixed ¢ it holds that

IP’( t) <2e ( cmin{ t ¢ })
X - — 0 ].
= e An [[M]]

Setting t = Cv/A \/ log(s) +1°g(k)+5log(p ) and taking a union bound over all ¢ random variables shows that for
fixed 7 and j, with probabﬂlty at least 1 — O(s~ 1k~ 1p™),

YLY e
(e (5 -1)v),
]

Taking a union bound over s rows and k columns shows that with probability at least 1 — O(p~*),

I=Y2 (Y”Y‘“ - )vnmax S Vo)

Therefore, from the initial bound in (29) and Proposition 1,

Z (ZlJ/JQC) (quY:;l - Eququ)Wj >
Tl ik

< V)

Y /LY. -
1Ko = =57 (JnJ - I) VDU Uyl|2-00

YTYE 7
1/2 cl J
gsz{,C( I 1)vmax|uiw||

|
<y 28

- slog(p ) A2
no Ap— Mgyl

as desired. O
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C Background Material on Orlicz Norms, Concentration, and Subspace
Perturbation

Here we briefly discuss Orlicz 1, Norms and Bernstein’s inequality for subexponential random variables.

The Orlicz Norm of order « for a real-valued random variable X is defined via
| X |, :=inf{t > 0: Eexp(|X]|*/t) <1}

Random variables with finite ¥s norm are called subgaussian and those with a finite 1); norm are called subez-
ponential. Generally speaking, if X is subgaussian, then X is subexponential and [ X?||,, < [ X][7,. One also
has the “Cauchy-Schwarz” bound || XY ||y, S | X ||y |Y |, (Vershynin, 2018).

For subexponential random variables, one has the following generalized Bernstein’s inequality. See Theorem
2.8.2 in Vershynin (2018) for the proof.

Theorem 3 (Theorem 2.8.2 in Vershynin (2018)). Let Xi,...,Xn be independent, mean zero subexponential
random variables and let a = (a;)Y.,. Then there exists a universal constant ¢ > 0 such that for all t > 0, we

have that
P >ty <2exp {—cmin ( £ t )}
; - K2|jal3" Kllal|o

N
E a; X;
=1

where K = max; || X; ||y, -

We also make use of the Hanson-Wright Inequality. See Theorem 6.2.1 in Vershynin (2018) for the proof.

Theorem 4 (Hanson-Wright Inequality ~Theorem 6.2.1 in Vershynin (2018)). Let X1,...,Xn be independent,
mean-zero subgaussian random variables. Let M be some fixred N x N matriz. Then there exists a universal
constant ¢ > 0 such that for all t > 0, we have that

H"{ >t}<2exp<—cmin{ £ ¢ })
— )T KYM[%" K2(|M]|[J )’

where K = max; ||.X; ||y, -

> MuXiX; — EMu X, X,
ol

We also use several notions from subspace perturbation theory. Suppose U and U are two dy X ds matrices with
orthonormal columns with ds < d;. The sin © distance between the subspaces spanned by U and U is defined
as follows. Let I —UU " = U, U/ . Then the (spectral) sin © distance is defined as

[sin©(Uy, Us)|| : = |TTUL.
Throughout the supplementary material, we use several equivalent terms for the sin © distance. We present this

here as a lemma, the statement of which is slightly modified from Lemma 1 of Cai and Zhang (2018).
Lemma 10 (Modified from Lemma 1 of Cai and Zhang (2018)). The sin © distance between two matrices satisfies

| sin©(U,U) inf  ||U—-UW| <V2||sin®U,U)|;

< inf
WWWT=1I,,

|sin®(U, )| < |UUT —UUT|| < 2|[sin®(T,U)].
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