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Abstract

In this paper, we contribute to the Extreme
Bandit problem, a variant of Multi-Armed
Bandits in which the learner seeks to collect
the largest possible reward. We first study
the concentration of the maximum of i.i.d
random variables under mild assumptions on
the tail of the rewards distributions. This
analysis motivates the introduction of Quan-
tile of Maxima (QoMax). The properties of
QoMax are sufficient to build an Explore-
Then-Commit (ETC) strategy, QoMax-ETC,
achieving strong asymptotic guarantees de-
spite its simplicity. We then propose and
analyze a more adaptive, anytime algorithm,
QoMax-SDA, which combines QoMax with a
subsampling method recently introduced by
Baudry et al. (2021). Both algorithms are
more efficient than existing approaches in two
aspects (1) they lead to better empirical per-
formance (2) they enjoy a significant reduc-
tion of the memory and time complexities.

1 INTRODUCTION

Multi-Armed Bandits (MAB) provide a powerful
framework for balancing exploration and exploitation
in sequential decision making tasks. In a MAB model,
a learner is interacting with K unknown distributions
(called arms) generating rewards, that we denote by
ν1, . . . , νK . In the most classical problem formulation,
the learner sequentially samples the arms in order to
maximize her expected sum of rewards. In this pa-
per, we consider a different setting in which the learner
seeks to collect the largest possible reward. This prob-
lem, first introduced by Cicirello and Smith (2005), is
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referred to as Extreme Bandits or max K-armed ban-
dit. Obtaining the largest possible reward can be of in-
terest for practical scenarios including financial (Gilli
et al., 2006), medical (Neill and Cooper, 2010) or on-
line marketing (Skiera et al., 2010) applications.

Letting Xk,t be the reward obtained from arm k at
time t, a bandit algorithm (or policy) selects an arm It
using past observations and receives the reward XIt,t.
The rewards stream (Xk,t) is drawn i.i.d. from νk and
independently from other rewards streams. In this
work, we assume that all arms have an unbounded
support (the finite support case is studied by Nishi-
hara et al. (2016)). In this context, Carpentier and
Valko (2014) define the extreme regret of a policy as

RπT = max
k≤K

E[max
t≤T

Xk,t]− Eπ[max
t≤T

XIt,t] . (1)

Two types of performance guarantees have been de-
rived in previous works. Using the terminology of
Bhatt et al. (2021), we say that π has a vanishing
regret in the weak sense if

RπT = o
T→∞

(
max
k≤K

E[max
t≤T

Xk,t]

)
(2)

and π has a vanishing regret in the strong sense if

lim
T→∞

RπT = 0 . (3)

While classical bandit algorithms aim for the arm with
the largest expected reward, a good algorithm for ex-
treme bandit should intuitively discover the arm with
the heaviest tail. Existing algorithms for this prob-
lem can be divided into three categories: (1) Fully-
parametric approaches (Cicirello and Smith, 2005;
Streeter and Smith, 2006a) where the distributions
are assumed to be known (Frechet, Gumbel). (2)
Semi-parametric approaches (Carpentier and Valko,
2014; Achab et al., 2017) where distributions sat-
isfy a second-order Pareto assumption. In Carpentier
and Valko (2014), weak vanishing regret is obtained
for second-order Pareto distributions assuming that
a lower bound on a parameter of the distribution is
known to the algorithm. Achab et al. (2017) refine
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this analysis and obtain strong vanishing regret when
this lower-bound is large enough. (3) Distribution-free
approaches (Streeter and Smith, 2006b; Bhatt et al.,
2021) which do not leverage any assumption on the re-
ward distributions. A simple algorithm, ThresholdAs-
cent, was proposed in Streeter and Smith (2006b), but
without theoretical guarantees. Bhatt et al. (2021) re-
cently proposed Max-Median, an algorithm based on
robust statistics that can be employed for any kind
of distribution. Max-Median is proved to have weak
vanishing regret for polynomial-like arms and strongly
vanishing regret for exponential-like arms.

In this work, we revisit the extreme bandit problem
with the idea of designing algorithms based on pair-
wise comparisons of tails with provable guarantees un-
der minimal assumptions on the arms. The motiva-
tion stems from a recent line of work on subsampling
algorithms for classical bandits (Baudry et al., 2020)
which performs “fair” pairwise comparisons of empiri-
cal means based on an equal sample size and attains
good performance for several types of distributions.

In Section 2, we highlight the limitation of comparing
directly the maxima of n i.i.d. samples and introduce
the Quantile of Maxima (QoMax) estimator. Instead
of computing the maximum of n samples, the learner
separates the collected data into batches of equal size
and compute the quantile of order q of the maxima
over the different batches. QoMax is inspired by the
Median of Means estimator (Alon et al., 1999) that
was used for heavy-tail bandits (Bubeck et al., 2013).
We derive upper bounds on the probability that one
QoMax exceeds another, that are instrumental to de-
sign our algorithms. In Section 3, we first propose
an Explore-Then-Commit algorithm using QoMax, for
which we establish vanishing regret in the strong sense
under the mild assumption that the bandit model has
a dominant arm. Albeit simple, this approach requires
some tuning which depends on the horizon T . To
overcome this limitation, we propose in Section 4 the
QoMax-SDA algorithm which combines QoMax with
the subsampling strategy from Baudry et al. (2021).
We prove that it achieves vanishing regret for arms
with exponential or polynomial tails and also provide
some elements of analysis under the weaker dominant
arm assumption. In Section 5, we highlight the effi-
ciency of our algorithms which allow for a significant
reduction of the storage and computational cost while
outperforming existing approaches empirically.

2 COMPARING TAILS

In this section, we motivate our new QoMax estimator
used for comparing the tails of two distributions based
on n i.i.d. samples of each. We first present the

assumptions under which we are able to analyze
QoMax and the resulting extreme bandit algorithms.

We define the survival function G of a distribution ν as
G(x) = PX∼ν(X > x) for all x ∈ R. We shall consider
two different assumptions for arms’ distributions.

Definition 1 (Exponential or polynomial tails). Let
ν be a distribution of survival function G. (1) If there
exists C > 0 and λ > 1 such that G(x) ∼ Cx−λ we
say that ν has a polynomial tail. (2) If there exists
C > 0, λ ∈ R+ such that G(x) ∼ C exp(−λx) we say
that ν has an exponential tail.

These semi-parametric assumptions (which says noth-
ing about the lower part of the distribution) have been
introduced by Bhatt et al. (2021). We remark that a
polynomial tail is a weaker condition than the second-
order Pareto assumption from Carpentier and Valko
(2014). Now, we introduce a general assumption which
allows to compare two (arbitrary) tails.

Definition 2 (Dominating tail). Let G1 and G2 be
the survival functions of two distributions ν1 and ν2.
We say that the tail of ν1 dominates the tail of ν2

(we write ν1 � ν2 ) if there exists C > 1 and x ∈ R
such that for all y > x, G1(y) > CG2(y).

In the rest of the paper, we will consider a bandit
model that has a dominating arm, denoted by 1 with-
out loss of generality: ν1 � νk for all k 6= 1. Under this
assumption, arm 1 is optimal in the sense that for T
large enough an oracle strategy would select this arm
only. To the best of our knowledge, this is the weakest
assumption introduced so far for extreme bandits.

2.1 Comparing Maxima

Let ν1 and ν2 be two distributions from which we ob-
serve n i.i.d. samples denoted by X1,1, . . . , X1,n and
X2,1, . . . , X2,n respectively. A natural idea to com-
pare their tails is to use the samples’ maxima, X+

k,n =
max{Xk,1, . . . , Xk,n} for k ∈ {1, 2}. For these estima-
tors to serve as a proxy for comparing the tails, we need
the probability P(X+

1,n < X+
2,n) to decay fast enough

when ν1 � ν2. To upper bound this probability, we
note that for any sequence (xn),

P(X+
1,n < X+

2,n) ≤ P(X+
1,n ≤ xn) + P(X+

2,n > xn) .

Using first that P(X+
1,n ≤ x) ≤ exp(−nG1(x)) and

then P(X+
2,n > x) ≤ nG2(x), and optimizing for xn

yields the following result, proved in Appendix A.

Lemma 1 (Comparison of Maxima). Assume that
both ν1 and ν2 have either polynomial or exponential
tails, with respective second parameter λ1 and λ2, with
λ1 < λ2 (so that ν1 � ν2). Define δ = λ2

λ1
− 1 > 0,
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then there exists a sequence (xn) such that

max{P(X+
1,n ≤ xn),P(X+

2,n ≥ xn)} = O
(

(log n)δ+1

nδ

)
.

Lemma 1 shows that even under the stronger semi-
parametric assumption, P(X+

1,n ≤ X+
2,n) does not de-

cay exponentially fast, unlike what happens when we
compare the empirical means of light-tailed distribu-
tions. Furthermore, the rate δ is problem-dependent
and can be arbitrarily small. As pointed out by Car-
pentier and Valko (2014) it can actually be seen as
the Extreme Bandits equivalent of the gap in bandits,
we therefore call δ the tail gap. Besides, we prove
in Lemma 4 (in Appendix) a lower bound of order
O(n−(1+δ)), which motivates using more robust statis-
tics on the distributions’ tails.

2.2 Quantile of Maxima (QoMax)

Results similar to those of Section 2.1 have been previ-
ously encountered in the bandit literature. In (Bubeck
et al., 2013), the authors study the problem of ban-
dit with heavy tails, prove a concentration inequality
in n−δ for some δ > 0 and use this result to build
several estimators with faster convergence. Among
them, they consider the Median-of-Means (MoM) in-
troduced by Alon et al. (1999). We build a natural
variant of MoM, that we call Quantile of Maxima (Qo-
Max). The principle of QoMax is simple: the learner
chooses a quantile q, and has access to N = b×n data
X = (Xm,i)m≤n,i≤b. It then allocates the data in b
batches of size n and: (1) find the maximum of each
batch, (2) compute the quantile of order q over the b
maxima. We summarize QoMax in Algorithm 1.

Algorithm 1 Quantile of Maxima (QoMax)
Input: quantile q, b batches of size n, observations

(Xm,i)m≤n,i≤b
for i = 1, . . . , b do

Compute (X+
n )(i) = max{X1,i, . . . , Xn,i}

Return: quantile of order q of {(X+
n )(1), . . . , (X+

n )(b)}

For a finite set of size b, we simply define the quantile
q as the observation of rank dbqe in the list of sorted
data (in increasing order). In the sequel we denote by
X̄q
k,n,b the QoMax of order q computed from b batches

of size n of i.i.d. replications from arm k.

We are now ready to state the crucial property of Qo-
Max estimators that will be used in our two analyses.

Theorem 1 (Comparison of QoMax). Let ν1 and ν2

be two distributions satisfying ν1 � ν2 and q ∈ (0, 1).
Then, there exists a sequence xn, a constant c > 0,

and an integer nν1,ν2,q such that for n ≥ nν1,ν2,q,

max
{
P(X̄q

1,n,b ≤ xn),P(X̄q
2,n,b ≥ xn)

}
≤ exp(−cb) .

If the tails are furthermore either polynomial or expo-
nential with a positive tail gap, then the result holds
for any c > 0 and n larger than some nc,ν1,ν2,q.

It follows from Theorem 1 that P(X̄q
1,n,b ≤ X̄q

2,n,b) ≤
2 exp(−cb) for n large enough. Strikingly, this result
tells us that, under the simple assumption that one tail
dominates the comparison of QoMax computed with
the same parameters will not be in favor of the domi-
nating arm with a probability that decreases expo-
nentially with the batch size.

Remark 1. In general QoMax is not an estimate of
the expectation of the maximum. We will use it to
compare two tails, in order to find the heavier.

Remark 2 (Choice of quantile level q). Note that The-
orem 1 holds for any value of q ∈ (0, 1), but the impact
of q is materialized in the (problem-dependent) sam-
ple size nν1,ν2,q needed for the inequality to hold. For
the practitioner, we think that in most cases choosing
q = 1/2 is appropriate. Still, in Section 5 we exhibit a
difficult setting where a choice of q close to 1 is helpful.

2.3 Proof of Theorem 1

We let kl(x, y) = x log(x/y)+(1−x) log((1−x)/(1−y))
denote the binary relative entropy. Just like for the
analysis of Median-of-Means, the starting point is to
relate deviations inequalities for a QoMax to devia-
tion inequalities for binomial distributions. Letting
(X+

1,n)(i) (resp. (X+
2,n)(i)) denote the maximum over

the i-th batch of observations from ν1 (resp. ν2),

P(X̄q
1,n,b ≤ x) ≤ P

(
b∑
i=1

1
(

(X+
1,n)(i) ≤ x

)
≥ bq

)
≤ exp(−b× kl(q,P(X+

1,n ≤ x))) .

The last step applies the Chernoff inequality to a bino-
mial distribution with parameters b and p = P(X+

1,n ≤
x), and holds whenever P(X+

1,n ≤ x) ≤ q. Similarly, if
P(X+

2,n ≥ x) ≤ 1− q − 1/b, we have

P(X̄q
2,n,b ≥ x) ≤ P

(
b∑
i=1

1
(

(X+
2,n)(i) ≥ x

)
≥b− bq − 1

)
≤ exp(−bkl(1− q − 1/b,P(X+

2,n ≥ x)))

For exponential and polynomial tails, thanks to
Lemma 1 there exists a sequence (xn) such that both
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P(X+
1,n ≤ xn) and P(X+

2,n ≥ xn) converge to zero,
and the result follows easily. Under the dominance as-
sumption, the following result controls the deviations
of the maxima and is proved in Appendix A.

Lemma 2. Assume that ν1 � ν2. Then, for any q ∈
(0, 1) there exists nν1,ν2,q ∈ N, a sequence xn and some
ε > 0 such that for all n ≥ nν1,ν2,q and b large enough,

P(X+
1,n ≤ xn) ≤ q − ε , and P(X+

2,n ≤ xn) ≥ q + ε .

With the notation of Lemma 2, Theorem 1 then holds
for c = min (kl(q, q − ε), kl(1− q − ε/2, 1− q − ε))
provided that the batch size is larger than 2/ε.

3 QoMax-ETC

In this section, we propose QoMax-ETC, a simple
Explore-Then-Commit algorithm using QoMax esti-
mators. The algorithm is reported in Algorithm 2 and
works as follows. First, the learner selects a quantile q,
and given the time horizon T picks a batch size bT and
a sample size nT . Then, the exploration phase starts
where every arm is pulled NT = bT × nT times allo-
cated in bT batches of size nT . At the end of this step,
the learner computes a q-QoMax estimator from the
history of each arm using the different batches. Next
comes the exploitation phase where the algorithm pulls
the arm IT with the largest QoMax until time T .

Algorithm 2 QoMax-ETC
Input: K arms, horizon T , quantile q, number of

batches bT , number of samples per batch nT
for k = 1, . . . ,K do

Pull arm k, bT × nT times
Allocate the data in bT batches of size nT
Compute their QoMax, X̄q

k,nT ,bT
(Algorithm 1)

for t = K × nT × bT + 1, . . . , T do
Pull arm IT = argmaxkX̄

q
k,nT ,bT

We remark that an ETC algorithm has already been
proposed by Achab et al. (2017) for extreme bandits.
Their algorithm differs from ours by the choice of the
arm IT drawn in the exploitation phase: they build
an upper confidence bound on the maximum under
the assumption that the distributions are second-order
Pareto and select IT as the arm with largest upper
confidence bound. In contrast, QoMax-ETC does not
assume anything about the arms distributions.

We now analyze QoMax-ETC under a bandit model
ν = (ν1, . . . , νK) such that ν1 � νk for all k 6= 1.

Proposition 1 (Regret of QoMax-ETC). Let π be an
ETC policy sampling NT = nT × bT times each arm

during the exploration phase. If T ≥ KNT ,

RπT ≤ E
[
max
t≤T

X1,t

]
− E

[
max

t≤T−KNT
X1,t

]
︸ ︷︷ ︸

Exploration cost

+ P(IT 6= 1)E
[
max
t≤T

X1,t

]
︸ ︷︷ ︸
Cost of picking a wrong arm

.

We prove this result in Appendix B. This proposition
shows that the regret of the ETC algorithm can be
properly controlled by two factors (1) the probability
of picking a wrong arm for the exploitation phase, (2)
the gap between the growth rate of the maximum over
T or T −KNT observations of the dominant arm, that
we call "exploration cost" as it is fully determined by
the length of the exploration phase and the arms’ dis-
tributions. In the rest of the paper we will assume
that the distribution of the dominant arm satisfies the
following assumption.
Assumption 1. E [maxt≤T X1,t] = o(T ), and for any
γ < 1 if NT = o(T γ) then

E
[
max
t≤T

X1,t

]
− E

[
max

t≤T−KNT
X1,t

]
−−−−−→
T→+∞

0 .

This condition is satisfied for nearly all distributions
encountered in practice (e.g polynomial, exponential
or gaussian tails) as discussed in Appendix A, in which
we provide explicit upper bounds on the exploration
cost. We now state our main theoretical claim for
QoMax-ETC.
Theorem 2 (Vanishing regret of QoMax-ETC). Con-
sider a bandit ν = (ν1, . . . , νK) with ν1 � νk for k 6= 1.
Under Assumption 1, for any quantile q ∈ (0, 1) and
any sequence (bT , nT ) satisfying

bT
log(T )

→ +∞ and nT → +∞ ,

the regret of QoMax-ETC with parameters (q, bT , nT )
is vanishing in the strong sense. Furthermore, for
polynomial/exponential tails with positive tail gaps this
result also holds for bT = Ω(log T ).

Proof. From Theorem 1, there exists constants ck for
k ≥ 2 such that for T large enough (such that nT
becomes larger than nν1,νk,q), it holds that

P(IT 6= 1) ≤
K∑
k=2

P(X̄q
k,nT ,bT

> X̄q
1,nT ,bT

) ≤
K∑
k=2

e−ckbT

It follows that P(IT 6= 1) = o(T−1) if bT / log(T )→∞
and we conclude with Proposition 1 and Assumption 1.
For polynomial or exponential tails, as the above in-
equality holds for any value of ck, bT = Ω(log T ) is
sufficient to obtain P(IT 6= 1) = o(T−1).
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Even if Theorem 2 is stated in an asymptotic way,
we emphasize that its proof provides a finite-time up-
per bound on the probability of picking a wrong arm,
P(IT 6= 1), that is valid provided that T is larger than
some (problem-dependent) constant. In particular, T
needs to be large enough so that nT ≥ maxk 6=1 nν1,νk,q
where nν1,νk,q is the number of samples need in The-
orem 1 for the concentration of QoMax. This number
is not always large. For example if we have two Pareto
distributions with parameters λ1 = 1.5 and λ2 = 2,
nT = 3 is enough. Using our regret decomposition,
this result would lead to a finite-time upper bound on
the extremal regret for distributions for which a finite-
time bound on the exploration cost is available.

For satisfying the theoretical requirements while ob-
taining good empirical performance, we recommend
using bT = (log(T ))2 and nT = log(T ) when running
the algorithm. All the experiments reported in Sec-
tion 5 use these values. QoMax-ETC is computation-
ally appealing and has strong asymptotic guarantees.
However in practice we found that its performance can
vary significantly depending on the choices of bT and
nT , which should in particular use a reasonable guess
for the horizon T . For this reason, in the next section
we propose QoMax-SDA, which is still based on Qo-
Max comparisons but is anytime (i.e. independent on
T ) and requires less parameter tuning.

4 QoMax-SDA

In this section we present QoMax-SDA, an algorithm
using a subsampling mechanism based on LB-SDA
(Baudry et al., 2021). We detail the key principles
of the algorithm and propose a theoretical analysis.

4.1 Algorithm and Implementation

From a high level QoMax-SDA follows the structure
of the subsampling duelling algorithms introduced in
Baudry et al. (2020). The algorithm operates in
successive rounds composed of (1) the selection of a
leader, (2) the different duels between the leader and
the challengers and (3) a data collection phase. We
develop each of those steps in the sequel.

At the beginning of a round r, the learner has access
to the history of the different arms denoted X rk . For
the needs of the QoMax, the collected rewards for arm
k are gathered within bk(r) batches of equal size nk(r)
such that |X rk | = bk(r)nk(r). nk(r) is called the num-
ber of queries and corresponds to the number of times
the arm k has been selected by the learner at the end of
round r. The leader at round r, denoted by `(r), is the
arm that has been queried the most up to round r. The
K − 1 remaining arms are called challengers. In case

of equality, ties are broken according to any fixed rule
(e.g at random). Formally, `(r) = argmaxk≤K nk(r).

Once the leader is selected, K − 1 duels with the dif-
ferent challengers are performed. We denote Ar+1 the
set of arms that will be pulled at the end of round r.
An arm k is added to Ar+1 in two cases (1) if it wins
its duel or (2) if its number of queries is too small:
nk(r) ≤ f(r) for a fixed function f(r) representing the
sampling obligation. If no challenger is added to Ar+1

the leader is pulled. We now detail the duel procedure
that is reported in Algorithm 3. We assume that an
infinite stream of rewards is available for each arm, in
the form of an array with an infinite number of rows
and columns, so that we denote the rewards of arm
k by (Xk,n,b)n∈N,b∈N, where Xk,n,b corresponds to the
n-th sample of b-th batch from arm k. We further as-
sume that the number of batches available for an arm
k depends only on its number of queries nk(r) so that
bk(r) = dB(nk(r))e for some function B. The duel
is a comparison of the QoMax of the challenger using
its entire history and the QoMax of the leader on a
subsample of its history.

Algorithm 3 Duel (q-QoMax comparison)
Input: q, arm k, leader `, current history, batch count

and batch size: (Xm, bm, nm) for m ∈ {k, `}
QoMax computation:

1. Compute Ik = QoMax(q, bk, nk,Xk) (Alg. 1)

2. Collect the subsample Y` = (X`,i,j)i∈N ,j∈B ⊂
X` for N = [n` − nk + 1, n`] and B = [1, bk].

3. Compute I` = QoMax(q, bk, nk,Y`) (Alg. 1)

Return: argmaxm∈{k,`}Im

Our subsampling mechanism is inspired by LB-SDA
and works as follows. When comparing the leader `(r)
with a challenger k: (1) we only consider the rewards
collected from the nk(r) last queries of arm `(r) (as in
LB-SDA), and (2) we only keep the bk(r) first batches
for `(r). This way, the QoMax from the leader and
the challenger is computed using the same amount of
data. Taking the last queries introduces some diversity
in the subsamples encountered when ` is often pulled
(we refer to Baudry et al. (2021) for details) and using
the first batches allows for a reduction of the storage
need (see Implementation tricks).

We now detail the data collection procedure that is
used by QoMax-SDA and illustrated on Figure 1. If
we query arm k with parameters (Xk, nk, bk, B, `) at
round r, (1) we update existing batches: collect a (nk+
1)-st query for all existing batches (Xk,nk+1, b)b≤bk .
(2) Create new batches: while bk < B(nk + 1), collect
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the nk + 1 rewards (Xk,n,b)n≤nk+1,bk<b≤B(nk+1).

Combining all those elements gives QoMax-SDA re-
ported in Algorithm 4.
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Figure 1: Illustration of the CollectData procedure at
round r for a challenger k ∈ Ar+1.

Algorithm 4 QoMax-SDA
Input: K arms, quantile level q
exploration function f , batch function B
Initialization: r ← 0
∀k ∈ {1, ...,K}: nk ← 0, bk ← 0, Xk ←emptyarray2d
for r ≥ 1 do

r ← r + 1, A ← {}, `← leader(nk,Xk)
if r = 1 then
A ← {1, . . . ,K} (Draw each arm once)

else
for k 6= ` ∈ {1, ...,K} do

if nk < f(r) or Duel(k, `) = k then
A ← A∪ {k}

if |A| = 0 then
A ← {l}

for k ∈ A do
CollectData(Xk, nk, bk, B, `) , update Xk, bk
nk ← nk + 1

Implementation tricks Our algorithm can enjoy
a significant reduction of storage with two different
tricks. (1) An efficient storing of the maxima: for
arm k in the batch b every time a new sample x is
collected, all stored values smaller than x (if any) are
deleted. The new sample x and the round where x was
received are then stored. (2) An efficient CollectData
procedure. We could use the same procedure for all the
arms and obtain a number of batch for the leader that
scales as nγ . If the algorithm ends up pulling an arm
most of the time (which is expected), this will create
new batches for the leader that are never used in the
duels because with our subsampling mechanism, only
the first bk batches are used when the leader competes

with arm k. Instead, the CollectData procedure is
only applied to the challengers (see Algorithm 6) and a
batch is added to the leader only when it has to match
the number of batches of the second most pulled arm.
Those tricks are detailed in Appendix D.1.

Note that a sampling obligation, through the explo-
ration function f (independent on T ), is necessary un-
der general assumptions as in all existing algorithms.

4.2 Extreme Regret Analysis

We now provide an analysis of QoMax-SDA under the
same assumption as before: ν1 � νk for all k 6= 1. Let
Nk(t) denote the number of pulls of arm k at time t.
We start with a generic regret decomposition.
Proposition 2 (Regret decomposition with a low
probability event). Define the event

ξT := {N1(T ) ≤ T −KMT } ,
where (MT )T∈N is a fixed sequence. Then, for T ≥
KMT , for any constant xT ∈ R, it holds that,

RπT ≤ E
[
max
t≤T

X1,t

]
− E

[
max

t≤T−KMT

X1,t

]
︸ ︷︷ ︸

Exploration cost

+ xTP(ξT ) + E
[
max
t≤T

X1,t1

(
max
t≤T

X1,t ≥ xT
)]

︸ ︷︷ ︸
Cost incurred by ξT

.

The proof of this result follows the analysis from Car-
pentier and Valko (2014) and is given in Appendix C,
which contains the proofs of all results from this sec-
tion. The “cost incurred by ξT ” features two terms.
Interestingly, only the first term depends on the algo-
rithm. We upper bound it below.
Lemma 3 (Upper bound on P(ξT )). For any q ∈
(0, 1), any MT and any γ > 0, under QoMax-SDA
with parameters B(n) = nγ and f(r) = (log r)

1
γ ,

P(ξT ) = O
(

(log T )
1
γM

− 1
1+γ

T

)
.

Moreover, for all k 6= 1, E[nk(T )] = O((log T )1/γ).

Sketch of proof. We first prove that P(ξT ) is upper
bounded by

∑K
k=2 P(Nk(T ) ≥ MT ). Using that

Nk(T ) = bk(T ) × nk(T ) = nk(T )1+γ and Markov in-
equality we obtain

P(ξT ) ≤M−
1

1+γ

T

K∑
k=2

E[nk(T )] .

It remains to study the expected number of queries
of sub-optimal arms k ≥ 2. This can be done follow-
ing the outline of Baudry et al. (2021) and using the
deviation inequalities from Theorem 1.
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The second term in the “cost incurred by ξT ” only de-
pends on the distribution of the optimal arm and can
be further upper bounded assuming exponential and
polynomial tails, leading to the following result.

Theorem 3 (Upper bound on the regret of Qo-
Max-SDA). For any quantile q, any γ > 0, defining
the parameters of QoMax-SDA as B(n) = nγ and
f(r) = (log r)

1
γ . The regret of QoMax-SDA is (1)

vanishing in the strong sense for exponential tails (2)
vanishing in the weak sense for polynomial tails.

Sketch of proof. For parametric tails, we can calcu-
late the growth rate of E[maxt≤T X1,t] with respect
to T . This permits to tune the values of MT and xT
to properly balance the terms in the regret decompo-
sition. The difference in the convergence for (1) and
(2) comes from the fact that the exploration cost scales
logarithmically with the time horizon when using ex-
ponential tails, whereas the dependency is polynomial
with polynomial tails.

We note that there is no hope to upper bound the
last term in our current regret decomposition assum-
ing only that arm 1 dominates the others, so we could
not establish vanishing regret for QoMax-SDA under
this assumption. As can be seen in the proof of Propo-
sition 2, the “cost incurred by ξT ” is actually an upper
bound on E [1(ξT ) maxt≤T X1,t]. If this term were up-
per bounded by P(ξT )E [maxt≤T X1,t]

1, we would get
a regret decomposition closer to that in Proposition 2,
leading to a strongly vanishing regret for QoMax-SDA
using Lemma 3. Even if we were not able to prove
this, we note that (1) QoMax-SDA achieves state-of-
the-art performance for exponential and polynomial
tails (2) Lemma 3 provides a strong indicator of the
good performance of QoMax-SDA under more general
assumptions, as it shows that the algorithm queries
each sub-optimal arm O((log T )

1
γ ) times.

We now turn our attention to the practical benefits of
using our QoMax-based algorithms.

5 PRACTICAL PERFORMANCE

In all of our experiments, we compare QoMax-SDA
and QoMax-ETC with ThresholdAscent (Streeter and
Smith, 2006b), ExtremeHunter (Carpentier and Valko,
2014), ExtremeETC (Achab et al., 2017) and Max-
Median (Bhatt et al., 2021). We use the parameters
suggested in the original papers (see Appendix D for
details and remarks on the tuning). Namely, b = 1

1This is intuitively true as under ξT , arm 1 underper-
forms, hence 1(ξT ) and X+

1,T are expected to be negatively
correlated

for ExtremeHunter/ETC, s = 100, δ = 0.1 for Thresh-
oldAscent, εt = (t+1)−1 for MaxMedian. For QoMax-
ETC, we use bT = (log T )2 batches of nT = log T sam-
ples. This matches the size of the exploration phase
of ExtremeETC and allows for a fair comparison. For
QoMax-SDA, we choose γ = 2/3, which seems to work
well across all examples. All the results presented in
this section are obtained with these values.

5.1 Time and Memory Complexity

We summarize in Table 1 the storage and computa-
tional time required by the different adaptive and ETC
algorithms that we consider, with the aforementioned
parameters. The smallest values in each category are
colored in blue. We do not include ThresholdAscent in
the table because the comparison is unfair, as it uses a
fixed number of data but is not theoretically grounded.
We refer the reader to Bhatt et al. (2021) for the com-
plexities of the baselines, and we give a few insights
on how we obtained the results for QoMax algorithms
(details can be found in Appendix D.2).

For QoMax-ETC, the memory needed is KbT and the
time complexity is in O(max(nT bT , bT log bT )) due
to the collection phase and the quantile computation.
Plugging the values of bT and nT gives the result. The
time complexity of QoMax-SDA is in O(KT log T ) as
its main cost consists in sorting data online, just like
MaxMedian. The storage of QoMax-SDA is obtained
thanks to the two tricks: one allows to keep O(log T )
batches, the other O(log T ) samples per batch for the
leader. On the contrary, the complexity for the chal-
lengers remains in O(log T log log T ), therefore the de-
pendency in K only appears as a second order term.

Table 1: Average time and storage complexities of Ex-
treme Bandit algorithms for a time horizon T .

Algorithm Memory Time

Extreme Hunter T O(T 2)

MaxMedian T O(KT log T )

QoMax-SDA O((log T )2) O(KT log T )

Extreme ETC O
(
K(log T )3

)
O

(
K(log T )6

)
QoMax-ETC O(K(log T )2) O(K(log T )3)

QoMax-SDA offers an exponential reduction of the
storage cost compared to ExtremeHunter and MaxMe-
dian, while being as computationally efficient as Max-
Median. On the other hand, choosing the same length
for the exploration phase of the two ETC leads to a
significantly smaller time complexity for QoMax-ETC.
Hence, both QoMax-SDA and QoMax-ETC present a
substantial improvement over their counterparts.
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5.2 Empirical Performance

We compare the empirical performance of the QoMax
algorithms with the different competitors on synthetic
data. We reproduced 6 experiments from previous
works2: all experiments from Bhatt et al. (2021) (Ex-
periments 1-4 for us), and the experiments 1 and 2
from Carpentier and Valko (2014) (5-6 here). We also
implement new experiments with other families of dis-
tributions to highlight the generality of our approach.
Due to space limitation, we present in this section (1)
our methodology for evaluating Extreme Bandits al-
gorithms, and (2) the results for the experiment 1 of
Bhatt et al. (2021), as it illustrates well our findings
across all the settings we tested. We analyze the re-
sults for the other experiments in Appendix D.

Empirical evaluation We consider 4 performance
criteria: (I) an empirical evaluation of the extreme
regret, (II) the fraction of pulls of the optimal arm,
(III) the empirical distribution of the number of pulls
of the optimal arm and (IV) the empirical distribution
of the maximal reward, estimated over N = 104 inde-
pendent trajectories for different values of the horizon
T . Most works report only (I), and (II) was first pro-
posed by Bhatt et al. (2021). Our analysis shows that
the extreme regret of a strategy is closely related to its
capacity to sample the optimal arm T −o(T ) times, so
we think that (II) is indeed a good performance indi-
cator. Criterion (III) completes it by displaying the
following quantiles of the empirical distribution of best
arm pulls: q ∈ [1%, 10%, 25%, 50%, 75%, 90%, 99%].
Regarding (I), we note that estimating the expecta-
tion E[maxt≤T XIt,t] featured in the extreme regret
is very hard, and that approximations of E[X+

1,T ] :=
E[maxt≤T X1,t] are known only for a few families.
Standard Monte-Carlo estimators will have a very
large variance due to the heavy tails of the distribu-
tions (see illustrations in Appendix D). Hence, we pro-
pose the following estimation strategy when a tight
approximation of E[X+

1,T ] is known. We first find
q̃ = q̃ν1,T such that E[X+

1,T ] is equal to the quantile
of order q̃ν1,T of ν+

1,T . We then compute the empirical
quantile of order q̃ of the collected rewards, denoted
by X̂T (q), as an estimator of their expected maximum.
This allows to compute what we call Proxy Empirical

Regret (PER), Rproxy
T =

E[X+
1,T ]−X̂T (q)

E[X+
1,T ]

, where the nor-

malization facilitates the check of a weakly vanishing
regret. We are able to compute (I) for experiments
1-6. When (I) is not available we recommend looking
at (IV) with the same quantiles as for (III).

2Our code is available here

Experiment 1 We consider K = 5 Pareto distribu-
tions with parameters [1.1, 1.3, 1.9, 2.1, 2.3]. We chose
this experiment because it enters in the theoretical
guarantees of most baselines. The QoMax-based algo-
rithms outperform their competitors in this problem,
both in terms of (I) and (II) (see Figure 2). QoMax-
SDA learns faster, but at horizon T = 5×104 the ETC
are close. The quantile q = 0.5 performs (very) slightly
better than q = 0.9. Strikingly, QoMax algorithms
surpass the two baselines designed for this paramet-
ric setting (ExtremeHunter, ExtremeETC). We also
observe that the performance of ThresholdAscent and
MaxMedian stops improving early, even if MaxMedian
is competitive for T ≤ 104. To understand this phe-
nomenon, we look at (III) (Table 3 in Appendix D).
Surprisingly, for at least 25% of the trajectories Max-
Median ended up playing the optimal arm less than 35
times over 5× 104 pulls3. On the other hand, QoMax-
SDA (q = 0.5) selects the optimal arm at least 2× 104

times for 99% of them. It also obtains much higher
statistics on the empirical distribution of the maxima
(see Table 4 in Appendix D, criterion (IV)).

Other Experiments The benefits of QoMax are
also clear from experiments 2 to 5: we verify that
they work well for Exponential (experiment 3), Gaus-
sian tails (experiment 4), as well as for other Pareto
examples (experiments 2 and 5) including one where
the tail gap is 0 (experiment 2). The impact of the
number of arms is discussed, showing that for reason-
able time horizons QoMax-SDA should be preferred
over QoMax-ETC (experiment 4). Experiment 6 al-
lows to discuss the limits of QoMax in a difficult sce-
nario, in which the 2nd-order Pareto assumption al-
lows ExtremeHunter and ExtremeETC to outperform
all other algorithms. In this example, setting q = 0.9
has a benefit as well as enforcing the sample obliga-
tion. Finally, in additional experiments we consider
different families of heavy-tail distributions stressing
out the generality of the dominance assumption under
which QoMax algorithms are efficient.

Conclusion Overall, QoMax-based algorithms seem
to be solid choices for the practitioner, as demon-
strated in a variety of examples. Their strong theo-
retical guarantees and implementation tricks reducing
the time and space complexities make them an efficient
solution for the Extreme Bandits problem.

3Furthermore, we discuss in Appendix C a potential
issue in the analysis of MaxMedian

https://github.com/ExtremeBandits/ExtremeBandits_submission
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Figure 2: Proxy Empirical Regret (I) and Percentage of best arm pulls (II) averaged over 104 independent
trajectories for T ∈ {103, 2.5× 103, 5× 103, 7.5× 103, 9× 10, 104, 1.5× 104, 2× 104, 3× 104, 5× 104}.
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Supplementary Material:
Efficient Algorithms for Extreme Bandits

A PROPERTIES OF MAXIMA

We first recall the notation from Section 2. We consider i.i.d. samples (X1,i) and (X2,i) from two distributions
ν1 and ν2 and denote by X+

1,i and X
+
2,i their maxima. Our goal is to upper bound

max
{
P
(
X+

1,n ≤ xn
)
,P
(
X+

2,n ≥ xn
)}

for a well chosen sequence (xn) under exponential and polynomial tails (Lemma 1) and under the weaker as-
sumption that ν1 � ν2 (Lemma 2). In both cases, we start by writing

P
(
X+

1,n ≤ xn
)

= (1−G1(xn))n ≤ exp(−nG1(xn)) (4)

P
(
X+

2,n ≥ xn
)
≤

n∑
i=1

P(X2,i ≥ xn) = nG2(xn), (5)

where G1 and G2 are the survival functions of ν1 and ν2 respectively.

A.1 Proof of Lemma 1

Lemma 1 (Comparison of Maxima). Assume that both ν1 and ν2 have either polynomial or exponential tails,
with respective second parameter λ1 and λ2, with λ1 < λ2 (so that ν1 � ν2). Define δ = λ2

λ1
− 1 > 0, then there

exists a sequence (xn) such that

max{P(X+
1,n ≤ xn),P(X+

2,n ≥ xn)} = O
(

(log n)δ+1

nδ

)
.

Proof. The key of the proof is to consider xn "slightly" below G−1
1 (1/n). Consider the exponential tails first, for

which G1(x) ∼ C1 exp(−λ1x) and G2(x) ∼ C2 exp(−λ2x), for some (C1, λ1) and (C2, λ) with λ1 < λ2. Hence,
for any ε > 0 it holds that for x large enough, G1(x) ≥ (1− ε)C1 exp(−λ1x) and G2(x) ≤ C2(1 + ε) exp(−λ2x).
So, we prove without loss of generality the result by continuing the proof as if the survival functions were exactly
equal to their equivalents, as we don’t assume anything on C1 and C2.

We let δ = λ2

λ1
− 1 and choose

xn =
1

λ1
(log n+ log(C1)− log(δ log n)) .

We now simply compute G1(xn) and G2(xn). First,

G1(xn) = C1 exp(−(log n+ logC1 − log(δ log n))

=
δ(log n)

n
.

Then,

G2(xn) = C2 exp

(
−λ2

λ1
(log n+ logC1 − log(δ log n)

)
=

1

n
λ2
λ1

× (δ log n)
λ2
λ1 × C2

C
λ2
λ1
1
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So finally, using Equation (4) and (5) we obtain

P
(
Y +
n ≥ xn

)
= O

(
(log n)δ+1

nδ

)
and P

(
X+
n ≤ xn

)
≤ 1

nδ
,

which gives the result.

Now we consider polynomial tails, for which G1(x) = C1x
−λ1 and G2(x) = C2x

−λ2 for x large enough. This
time we define the sequence

xn = (C1n)
1
λ1 × (δ log n)−

1
λ1 ,

with δ = λ2

λ1
−1, as above. We obtain exp(−nG1(xn)) = n−δ, and nG2(xn) = O

(
(logn)δ+1

nδ

)
, giving the result.

A.2 Proof of Lemma 2

Lemma 2. Assume that ν1 � ν2. Then, for any q ∈ (0, 1) there exists nν1,ν2,q ∈ N, a sequence xn and some
ε > 0 such that for all n ≥ nν1,ν2,q and b large enough,

P(X+
1,n ≤ xn) ≤ q − ε , and P(X+

2,n ≤ xn) ≥ q + ε .

Proof. Let q ∈ (0, 1). We define the sequence (xn) by

G1(xn) = 1− q 1
n ,

so that P(X+
1,n ≤ xn) = q.

As ν1 � ν2, there exists a constant C > 1 such that G1(x) ≥ CG2(x) for x large enough. Hence, as xn → +∞
it holds that G1(xn) > CG2(xn) for n large enough.

For such large enough n we have

P(X+
2,n ≤ xn) = (1−G2(xn))n

≥ (1− 1

C
G1(xn))n

=

(
1− 1

C

(
1− q 1

n

))n
.

Now we can consider the asymptotic behavior of this quantity, using first that 1 − q 1
n ∼ − log q

n , and deducing
that

lim
n→∞

(
1− 1

C

(
1− q 1

n

))n
= q

1
C .

Hence, for any ε0 > 0 when n is large enough we have for this specific choice of xn

P(X+
n,1 ≤ xn) = q and P(X+

2,n ≥ xn) < 1− q 1
C + ε0 .

It is clear from this point that if we change a bit xn in order to have P(X+
n,1 ≤ xn) ≤ q− ε, for some ε > 0, then

P(X+
2,n ≥ xn) ≤ 1−(q−ε) 1

C +ε holds for n large enough. Taking ε small enough to obtain 1−(q−ε) 1
C +ε < 1−q−ε

concludes the proof.

A.3 Lower Bound

A natural question is whether the rate obtained in Lemma 1 can be improved, and if it is really impossible to
achieve an exponentially decreasing probability as for the comparison of empirical means. We show that this is
not the case even under semi-parametric assumptions with the following result.
Lemma 4 (Lower bound). Assume that both ν1 and ν2 have either polynomial or exponential tails, with respective
second parameter λ1 and λ2, with λ1 < λ2 (so that ν1 � ν2).

P
(
X+

1,n ≤ X+
2,n

)
= Ω

(
n−

λ2
λ1

)
.
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Proof. Letting fk and Fk be the pdf and cdf of the distribution νk for k ∈ {1, 2}. We lower bound the probability
of interest as follows:

P(X+
1,n ≤ X+

2,n) ≥ P(X2,1 ≥ max
1≤i≤n

X1,i)

= EX∼ν2 [F1(X)n] =

∫
R
f2(x)F1(x)ndx

≥
∫ +∞

mn

f2(x)F1(x)ndx ≥ F1(mn)nG2(mn) ,

for any choice of mn. If we choose mn = F−1
1 (1− 1

n ), we have for exponential tails mn = 1
λ1

(logC1 + log n). If
we plug this into G2 we obtain a lower bound in e−1 C2

C
λ2/λ1
1

1

n
λ2
λ1

. The same can be done for polynomial tails.

A.4 Maxima of (semi)-parametric distributions

We first introduce a few notation to ease the presentation. In this section, we let (Xi)i∈N be an i.i.d. sequence
from the distribution ν1 whose survival function is denoted by G1. For any integers n,m with n < m, we let
X+
n:m = maxi∈{n,...,m}Xi and use the shorthand X+

n = X+
1:n.

We first recall known results about the rate of growth of the expected maximum for distributions that have
exponential or polynomial tails.
Proposition 3. If ν1 has an exponential tail with parameters C1 and λ1, it holds that

E
[
X+
T

]
∼

T→∞

1

λ1
log(T )

If ν1 has a polynomial tail with parameters C1 and λ1 > 1, it holds that

E
[
X+
T

]
∼

T→∞
T

1
λ1 C

1
λ1
1 Γ

(
1− 1

λ1

)
Proof. For exponential tails, we refer the reader to Appendix A.1 of Bhatt et al. (2021). For polynomial tails,
we can use Theorem 1 of Carpentier and Valko (2014) which applies to second-order Pareto distributions, and
in particular Pareto distributions, for which G(x) = C

xλ
for x large enough, with exact equality. To handle our

semi-parametric assumption, we first note that for all B,

E
[
X+
T

]
= E

[
X+
T 1
(
X+
T ≤M

)]
+ E

[
X+
T 1
(
X+
T > M

)]
= E

[
X+
T 1
(
X+
T ≤M

)]
+

∫ ∞
M

(
1− (1−G1(x))T

)
dx

The first terms tends to zero when T goes to infinity for any distribution that has an unbounded support, so if
GC,λ(x) = C

xλ
is the survival function of an exact Pareto distribution, it follows that for all M > 0∫ ∞

M

(
1− (1−GC,λ(x))T

)
dx ∼ T 1

λ1 C
1
λ
1 Γ

(
1− 1

λ

)
.

Now assume that G1(x) ∼ C1x
−λ1 when x tends to infinity. For all ε > 0 there exists M > 0 such that for

x > M ,

(1− ε) C
xλ
≤ G1(x) ≤ (1 + ε)

C

xλ

and

E
[
X+
T

]
≤ E

[
X+
T 1
(
X+
T ≤M

)]
+

∫ ∞
M

(
1− (1−G(1+ε)C1,λ1

(x))T
)
dx ∼ T 1

λ1 ((1 + ε)C1)
1
λ1 Γ

(
1− 1

λ1

)
E
[
X+
T

]
≥ E

[
X+
T 1
(
X+
T ≤M

)]
+

∫ ∞
M

(
1− (1−G(1−ε)C1,λ1

(x))T
)
dx ∼ T 1

λ1 ((1− ε)C1)
1
λ1 Γ

(
1− 1

λ1

)
,

which permits to conclude the proof.
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We now recall Assumption 1, under which we analyse QoMax-ETC and QoMax-SDA.

Assumption 1. E [maxt≤T X1,t] = o(T ), and for any γ < 1 if NT = o(T γ) then

E
[
max
t≤T

X1,t

]
− E

[
max

t≤T−KNT
X1,t

]
−−−−−→
T→+∞

0 .

In order find a sufficient condition for Assumption 1 to be satisfied, for any constant U > 0 we write

E[X+
T ]− E[X+

T−NT ] = E
[
X+
T−NT+1:T1

(
X+
T = X+

T−NT+1:T

)]
≤ E

[
X+
T−NT+1:T1

(
X+
T = X+

T−NT+1:T

)
1
(
X+
T−NT+1:T ≤ B

)]
+ E

[
X+
T−NT+1:T1

(
X+
T−NT+1:T > B

)]
≤ BP

(
X+
T = X+

T−NT+1:T

)
+

∫ ∞
B

P
(
X+
T−NT+1:T > x

)
dx

= B
NT
T

+

∫ ∞
B

P
(
X+
NT

> x
)
dx

≤ BNT
T

+NT

∫ ∞
B

P(X1 > x)dx

≤ NT
(
B

T
+

∫ ∞
B

G1(x)dx

)
.

where we have used the fact that that maximum has the same probability to be attained in each batch of size
NT and the union bound P

(
X+
NT

> x
)
≤∑NT

i=1 P(Xi > x).

To prove that Assumption 1 is satisfied for exponential and polynomial tails, in each case we exhibit a value of
B such that the resulting upper bound tends to 0.

Exponential tails In that case G1(x) = O
(
C1e

−λ1x
)
and there exists a constant C > 0 such that

E[X+
T ]− E[X+

T−NT ] ≤ NT
(
B

T
+ C

∫ ∞
B

e−λ1xdx

)
= NT

(
B

T
+
C

λ1
e−λ1B

)
.

If there exists γ ∈ (0, 1) such that NT = o(T γ), choosing B = log(T )
λ1

yields limT→∞ E[X+
T ]− E[X+

T−NT ] = 0.

Polynomial tails In that case G1(x) = O
(
C1x

−λ1
)
for λ1 > 1 and there exists a constant C > 0 such that

E[X+
T ]− E[X+

T−NT ] ≤ NT
(
B

T
+ C

∫ ∞
B

1

xλ1
dx

)
= NT

(
B

T
+
C

λ1
B1−λ1

)
Choosing B = T 1/λ1 yields

E[X+
T ]− E[X+

T−NT ] ≤
(

1 +
C

λ1

)
NT

T 1− 1
λ1

If for all γ ∈ (0, 1), NT = o(T γ) then in particular NT = o(T 1− 1
λ1 ) and limT→∞ E[X+

T ]− E[X+
T−NT ] = 0.
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B PROOFS OF SECTION 3 (ETC)

Proposition 1 (Regret of QoMax-ETC). Let π be an ETC policy sampling NT = nT × bT times each arm
during the exploration phase. If T ≥ KNT ,

RπT ≤ E
[
max
t≤T

X1,t

]
− E

[
max

t≤T−KNT
X1,t

]
︸ ︷︷ ︸

Exploration cost

+ P(IT 6= 1)E
[
max
t≤T

X1,t

]
︸ ︷︷ ︸
Cost of picking a wrong arm

.

Proof. We recall that NT = bT × nT is the number of pulls of each arm during the exploration phase of the
ETC algorithm (see Algorithm 2) and that Xk,t corresponds to the observation of arm k at time t (if any). The
ETC simplifies a lot the study of the extremal regret, as we can separate the explore and commit phase in the
analysis. First, an exact decomposition of the expected value of the policy is

E
[
max
t≤T

XIt,t

]
= E

[
max

{
max
k

max
t≤KNT

Xk,t, max
t=[KNT+1,T ]

XIT ,t

}]
.

We obtain the lower bound by simply ignoring the exploration phase.

E
[
max
t≤T

XIt,t

]
≥ E

[
max

t=[KNT+1,T ]
XIt,t

]
= E

[
max

t=[KNT+1,T ]
XIT ,t

]
= E

[
max

t=[KNT+1,T ]
XIT ,t

K∑
k=1

1(IT = k)

]

=

K∑
k=1

E
[

max
t=[KNT+1,T ]

XIT ,t1(IT = k)

]

=

K∑
k=1

P(IT = k)E
[

max
t=[KNT+1,T ]

Xk,t

]
≥ P(IT = 1)E

[
max

t=[1,T−KNT ]
X1,t

]
= (1− P(IT 6= 1))E

[
max

t=[1,T−KNT ]
X1,t

]
≥ E

[
max

t≤T−KNT
X1,t

]
− P(IT 6= 1)E

[
max
t≤T

X1,t

]
.

The fourth equality holds because the fact that arm k is chosen by the algorithm after the exploration phase
is independent of the rewards that are available for arm k in the exploitation phase. We also used that as the
distributions are supported on R the expectation of their maximum is positive for T large enough. This concludes
the proof.
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C PROOFS OF SECTION 4 (SDA)

C.1 Proof of Proposition 2

Proposition 2 (Regret decomposition with a low probability event). Define the event

ξT := {N1(T ) ≤ T −KMT } ,

where (MT )T∈N is a fixed sequence. Then, for T ≥ KMT , for any constant xT ∈ R, it holds that,

RπT ≤ E
[
max
t≤T

X1,t

]
− E

[
max

t≤T−KMT

X1,t

]
︸ ︷︷ ︸

Exploration cost

+ xTP(ξT ) + E
[
max
t≤T

X1,t1

(
max
t≤T

X1,t ≥ xT
)]

︸ ︷︷ ︸
Cost incurred by ξT

.

Proof. We recall that Nk(t) denotes the number of pulls of arm k at time t.

E
[
max
t≤T

XIt,t

]
≥ E

[
max

n≤N1(T )
X1,n

]
(keeping observations from a single arm)

≥ E
[

max
t≤N1(T )

X1,t1(ξcT )

]
≥ E

[
max

t≤T−KMT

X1,t1(ξcT )

]
= E

[
max

t≤T−KMT

X1,t

]
− E

[
max

t≤T−KMT

X1,t1(ξT )

]
≥ E

[
max

t≤T−KMT

X1,t

]
− E

[
max
t≤T

X1,t1(ξT )

]
.

At this step the decomposition is very similar to the one of the ETC proof. However, this time the event ξT is
not independent on the maximum on the available rewards so we need to control the expectation more precisely.
We use the notation X+

T = maxt≤T X1,t for simplicity, and then consider a constant xT ∈ R and write

E
[
max
t≤T

X1,t1(ξT )

]
= E[X+

T 1(ξT )] ≤ E[X+
T 1(ξT )1(X+

T ≤ xT )] + E[X+
T 1(ξT )1(X+

T ≥ xT )]

≤ xTP(ξT ) + E[X+
T 1(X+

T ≥ xT )] .

This concludes the proof.

Before going further with this result, we can make a few remarks.

Remark 3 (Comparison with the regret bound for ETC strategies). The expression we obtain can be compared
with the result for the ETC strategies. The first part (exploration cost) is similar, with MT as the total num-
ber of samples collected during the exploration phase. The second term is more complicated as we simply had
P(ξT )E[maxt≤T X1,t] for the ETC strategy. We now require this decomposition because the event ξT is correlated
with all rewards from arm 1. However, the upper bound P(ξT )E[maxt≤T X1,t] should hold because intuitively ξT
and the maximum should be negatively correlated, as ξT corresponds to arm 1 under-performing. This seems
however very intricate to prove.
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C.2 Proof of Lemma 3

Lemma 3 (Upper bound on P(ξT )). For any q ∈ (0, 1), any MT and any γ > 0, under QoMax-SDA with
parameters B(n) = nγ and f(r) = (log r)

1
γ ,

P(ξT ) = O
(

(log T )
1
γM

− 1
1+γ

T

)
.

Moreover, for all k 6= 1, E[nk(T )] = O((log T )1/γ).

Proof. We recall ξT := {N1(T ) ≤ T −KMT }. First, using
∑K
k=1Nk(T ) = T , we remark that

P(N1(T ) ≤ T −KMT ) ≤ P(∃k ≥ 2, Nk(T ) ≥MT ) ≤
K∑
k=2

P(Nk(T ) ≥MT ) ,

We denote by rT the index of the round for which the number of observations equals or exceeds T . As at least
one observation is collected at the end of the round it holds that rT ≤ T . Hence, we can obtain

P(N1(T ) ≤ T −KMT ) ≤
K∑
k=2

P(nk(rT )bk(rT ) ≥MT ) ≤
K∑
k=2

P(nk(T )bk(T ) ≥MT ) .

Using bk(T ) = nk(T )γ and Markov inequality gives

P(N1(T ) ≤ T −KMT ) ≤
K∑
k=2

P(nk(T )1+γ ≥MT ) ≤
K∑
k=2

P(nk(T ) ≥M
1

1+γ

T ) ≤
K∑
k=2

E[nk(T )]

M
1

1+γ

T

.

For all k ≥ 2, Lemma 5 (proved in Section C.3) shows that E[nk(T )] = O
(

(log T )
1
γ

)
, with the tuning we choose

for the algorithm. This concludes the proof.

C.3 Proof of Lemma 5

The remaining part consists in upper bounding the expectation of the number of queries of each suboptimal arm
for T rounds of QoMax-SDA, for which we will apply techniques similar to the proof of LB-SDA (see Baudry
et al. (2021)).

Lemma 5. Under QoMax-SDA with parameters B(n) = nγ and f(r) = (log r)
1
γ , for all k ≥ 2, there exists a

constant Ck such that the number of pulls of arm k at time T satisfies

E[nk(T )] ≤ Ck (log(T ))
1
γ +O(1) .

Proof. In the proof, we denote the q-QoMAx from arm k using the samples between the sample n1 and the
sample n2, X̄

q
k,n1:n2

and the q-QoMax from arm k using the first n samples by X̄q
k,n. Note that we omit the

dependency in the batch size b because this one is implicit through B(n) = nγ .
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(1) A first decomposition. We start with a decomposition similar to the one proposed for LB-SDA, which
is that for any function n0(T ) we have

E[nk(T )] = E

[
T−1∑
r=0

1(k ∈ Ar+1)

]
= E

[
T−1∑
r=0

1(k ∈ Ar+1, `(r) = 1)

]
+ E

[
T−1∑
r=1

1(k ∈ Ar+1, `(r) 6= 1)

]

≤ E

[
T−1∑
r=0

1(k ∈ Ar+1, `(r) = 1, nk(r) ≤ n0(T ))

]
+ E

[
T−1∑
r=0

1(k ∈ Ar+1, `(r) = 1, nk(r) ≥ n0(T ))

]

+ E

[
T−1∑
r=1

1(`(r) 6= 1)

]

≤ n0(T ) + E


T−1∑
r=0

1(k ∈ Ar+1, `(r) = 1, nk(r) ≥ n0(T )︸ ︷︷ ︸
A

+ E

[
T−1∑
r=1

1(`(r) 6= 1)

]
,

where we used that
T−1∑
r=0

1(k ∈ Ar+1, nk(r) ≤ n0(T )) ≤
T−1∑
r=0

1(k ∈ Ar+1, nk(r) ≤ n0(T ))

≤
T−1∑
r=0

n0(T )∑
n=1

1(k ∈ Ar+1, `(r) = 1, nk(r) = n)

≤
n0(T )∑
n=1

(
T−1∑
r=0

1(k ∈ Ar+1, `(r) = 1, nk(r) = n)

)

≤
n0(T )∑
n=1

1 = n0(T ) ,

as the event {k ∈ Ar+1, nk(r) = n} can only happen at one round.

(2) Upper bound for A. Now, we can upper bound the counterpart with nk(r) ≥ n0(T ), using the concen-
tration from Theorem 1.

A := E

[
T−1∑
r=0

1(k ∈ Ar+1, `(r) = 1, nk(r) ≥ n0(T ))

]

≤ E

[
T−1∑
r=0

1(k ∈ Ar+1, X̄
q
k,nk(r) ≥ X̄

q
1,n1(r)−nk(r)+1:n1(r), `(r) = 1, nk(r) ≥ n0(T ))

]

≤ E

[
T−1∑
r=0

1
(
X̄q
k,nk(r) ≥ xnk(r), nk(r) ≥ n0(T ), k ∈ Ar+1

)]

+ E

[
T−1∑
r=0

1
(
X̄q

1,n1(r)−nk(r)+1:n1(r) ≤ xnk(r), `(r) = 1, nk(r) ≥ n0(T ), k ∈ Ar+1

)]
,

where we used that if the QoMax of k exceeds the QoMax of 1, then it is either larger than xn or the QoMax of
1 is smaller than xn for any arbitrary choice of xn. In our case, we will choose a convenient value of xn to use
Theorem 1. Using union bounds on the number of queries it then holds that

A ≤ E

T−1∑
r=0

T−1∑
nk=n0(T )

1(X̄q
k,nk
≥ xnk , k ∈ Ar+1, nk(r) = nk)


+ E

T−1∑
r=0

T−1∑
nk=n0(T )

T−1∑
n=r/K

1(X̄q
1,n−nk+1:n ≤ xnk , `(r) = 1, nk(r) = nk, k ∈ Ar+1, n1(r) = n)

 .
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We now use the same trick as before to reduce the double sum on r and nk to only one sum, and write that

A ≤ E

 T−1∑
nk=n0(T )

1(X̄q
k,nk
≥ xnk)

T−1∑
r=0

1(k ∈ Ar+1, nk(r) = nk)

+ E

 T−1∑
nk=n0(T )

T−1∑
n=r/K

1(X̄q
1,n−nk+1:n ≤ xnk)


≤

T−1∑
nk=n0(T )

P(X̄q
k,nk
≥ xnk) +

T−1∑
nk=n0(T )

T−1∑
n=r/K

P(X̄q
1,n−nk+1:n ≤ xnk)

≤
T−1∑

nk=n0(T )

P(X̄q
k,nk
≥ xnk) + T

T−1∑
nk=n0(T )

P(X̄q
1,nk
≤ xnk) .

Plugging the concentration result from Theorem 1, one has

A ≤
T−1∑

nk=n0(T )

e−ckb(nk) + T

T−1∑
n=n0(T )

e−c1b(n) ≤ Te−ckb(n0(T )) + T 2 exp(−c1b(n0(T ))) .

Let n0 the integer for which Theorem 1 can be applied between the arm 1 and any arm k for k ≥ 2. Now we
choose, n0(T ) = max

(
b−1

(
2 log T
c1

)
, b−1

(
log T
ck

)
, n0

)
. With this choice, we get

A = E

[
T−1∑
r=0

1(k ∈ Ar+1, `(r) = 1, nk(r) ≥ n0(T ))

]
= O(1) . (6)

If we define b(n) = nγ , using Equation (6) and the decomposition for E[nk(T )], it holds that for some constant
C

E[nk(T )] ≤ C(log(T ))
1
γ + E

[
T−1∑
r=0

1(`(r) 6= 1)

]
+O(1) . (7)

The next step of the proof is to have a deeper look at E
[∑T−1

r=0 1(`(r) 6= 1)
]
.

(3) Upper bound for E
[∑T−1

r=0 1(`(r) 6= 1)
]
. We provide a similar decomposition as in Baudry et al. (2021),

considering the case where arm 1 has already been leader and the alternative. Before that we recall the following
property obtained by the definition of the leader

`(r) = k ⇒ nk(r) ≥
⌈ r
K

⌉
.

We then define ar =
⌈
r
4

⌉
, and write that

P (`(r) 6= 1) = P ({`(r) 6= 1} ∩ Dr) + P
(
{`(r) 6= 1} ∩ D̄r

)
, (8)

where we define Dr the event under which the asymptotically dominating arm has been leader at least once in
[ar, r].

Dr = {∃u ∈ [ar, r] such that `(u) = 1}.
We now explain how to upper bound the term in the left hand side of Equation (8). We look at the rounds larger
than some round r0 that will be specified later in the proof.

We introduce a new event

Bu = {`(u) = 1, k ∈ Au+1, nk(u) = n1(u) for some arm k} .
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Under the event Dr, {`(r) 6= 1} can only be true if the leadership has been taken over by a suboptimal arm at
some round between ar and r, that is

{`(r) 6= 1} ∩ Dr ⊂ ∪r−1
u=ar{`(u) = 1, `(u+ 1) 6= 1} ⊂ ∪ru=arBu . (9)

This is because a leadership takeover can only happen after a challenger has defeated the leader while having
the same number of observations. Moreover, each leadership takeover has been caused by either (1) a QoMax
of a challenger is over-performing, or (2) a QoMax of the leader is under-performing, with a sample size in each
case larger than sr = dar/Ke. In addition, each of these QoMax can only cost one takeover (thanks to the
subsampling scheme), hence we can simply use an union bound on these events. In summary, after defining some
r0 > 8 we have that

E

[
T−1∑
r=0

1(`(r) 6= 1,Dr)
]
≤ r0 + E

[
T−1∑
r=r0

(
r∑

u=ar

1(Bu)

)]

≤ r0 + E

[
T−1∑
r=r0

(
r∑

n=sr

(
1(X̄q

1,n ≤ xn) +

K∑
k=2

1(X̄q
k,n ≥ xn)

))]

≤ r0 +

T−1∑
r=r0

r∑
n=sr

(
P(X̄q

1,n ≤ xn) +

K∑
k=2

P(X̄q
k,n ≥ xn)

)

≤ r0 +

K∑
k=1

T−1∑
r=r0

r∑
n=sr

exp(−ckb(n))

≤ r0 +

K∑
k=1

T−1∑
r=r0

r exp(−ckb(sr))

= O(1) ,

since b(sr) = sγr = Ω(rγ). This is true if sr0 ≥ n0, which is the condition that allows the use of the concentration
inequality from Theorem 1. We consider r0 large enough to satisfy this condition.

We now handle the case when the asymptotically dominant arm has never been leader between ar and r, which
implies that it has lost a lot of duels against the respective leaders of many rounds. We introduce

Lr =

r∑
u=ar

1(Cu) ,

with Cu = {∃k 6= 1, `(u) = k, 1 /∈ Au+1}. It is proved in Chan (2020) that

P(`(r) 6= 1 ∩ D̄r) ≤ P(Lr ≥ r/4) . (10)

and the author uses the Markov inequality to provide the upper bound

P(Lr ≥ r/4) ≤ E(Lr)
r/4

=
4

r

r∑
u=ar

P(Cu) . (11)

From this step we can refactor
∑r
r=r0

P(Lr ≥ r/4) using the following trick from Baudry et al. (2020),

T−1∑
r=r0

4

r
1(u ∈ [ar, r]) =

T−1∑
r=r0

4
1(u ≤ r)

r
1(ar ≤ u) ≤ 4

u

T−1∑
r=r0

1(ar ≤ u)

≤ 4

u

T−1∑
r=r0

1(dr/4e ≤ u) ≤ 4

u

T−1∑
r=r0

1(r/4 ≤ u+ 1)

≤ 4

u
× 4(u+ 1) ≤ 32 .
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With this result we obtain that

T−1∑
r=r0

P(`(r) 6= 1 ∩ D̄r) ≤
T−1∑
r=r0

P(Lr ≥ r/4) ≤ 32

T−1∑
r=ar0

P(Cr) .

Now we can have a more precise look at P(Cr) = P(∃k 6= 1, `(r) = k, 1 /∈ Ar+1). We recall that we defined in the
algorithm a forced exploration f(r), ensuring that nk(r) ≥ f(r) for any arm k and any round r.

T−1∑
r=ar0

P(Cr) ≤
T−1∑
r=ar0

P
(
{X̄q

1,n1(r) ≤ xn1(r)} ∪Kk=2

{
X̄q
k,nk(r)−n1(r)+1:n1(r) ≥ xn1(r), `(r) = k

})

≤
T−1∑
r=ar0

r/2∑
n=f(r)

P(X̄q
1,n ≤ xn) +

K∑
k=2

T−1∑
r=ar0

r/2∑
n=f(r)

r∑
nk=dr/Ke

P(X̄q
k,nk−n+1:nk

≥ xn)

≤
T−1∑
r=ar0

r/2∑
n=f(r)

exp(−c1b(n)) +

K∑
k=2

T−1∑
r=ar0

r/2∑
n=f(r)

r exp(−ckb(n))

≤
T−1∑
r=ar0

r

2
exp(−c1b(f(r))) +

K∑
k=2

T−1∑
r=ar0

r2

2
exp(−ckb(f(r))) ,

where the use of the concentration from Theorem 1 is permitted only if f(ar0) ≥ n0. Now, this result
provides a sound theoretical tuning for the forced exploration parameter as a function of b, as choosing

f(r) ≥ maxk

(
4 log r
ck

) 1
γ

ensures

T−1∑
r=ar0

P(Cr) = O(1) .

Hence, we obtain the final result that for some constant Ck it holds that

E[nk(T )] ≤ Ck(log(T ))
1
γ +O(1) ,

under the assumptions that Theorem 1 can be applied and that the forced exploration is of the same scaling as
the regret, namely f(r) = Ω((log r)

1
γ ).

C.4 Proof of Theorem 3

Theorem 3 (Upper bound on the regret of QoMax-SDA). For any quantile q, any γ > 0, defining the parameters
of QoMax-SDA as B(n) = nγ and f(r) = (log r)

1
γ . The regret of QoMax-SDA is (1) vanishing in the strong

sense for exponential tails (2) vanishing in the weak sense for polynomial tails.

Proof. We instantiate the decomposition of Proposition 2 using the value of P(ξT ) obtained in Lemma 3. Plugging
all of these values and using similar tricks as those already used in Appendix A.4 to establish Assumption 1 for
semi-parametric tails, we write for π being any instance of QoMax-SDA with parameter γ,
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RπT ≤ E
[
max
t≤T

X1,t

]
− E

[
max

t≤T−KMT

X1,t

]
︸ ︷︷ ︸

Exploration cost

+xTP(ξT ) + E
[
max
t≤T

X1,t1

(
max
t≤T

X1,t ≥ xT
)]

︸ ︷︷ ︸
Cost incurred by ξT

≤ KMT

[
BT
T

+

∫ +∞

BT

G1(x)dx

]
︸ ︷︷ ︸

(A1)

+xT
C(log T )

1
γ

M
1

1+γ

T︸ ︷︷ ︸
(A2)

+T

∫ +∞

xT

G1(x)dx︸ ︷︷ ︸
(A3)

,

for any values of xT , BT ,MT , that we now specify for each of the two families considered.

Exponential tails We recall that if G1(x) = O(exp(−λx)), then for any y ∈ R we have∫ +∞

y

G1(x)dx = O (exp(−λy)) .

First, if we choose BT = 1
λ log(T ) then (A1) vanishes for any choice of MT = Tα with 0 < α < 1. Similarly,

choosing xT = 2
λ log T ensures that (A3) = O(1/T ). Then, (A2) is in O

(
(log T )

1+ 1
γ

M
1

1+γ
T

)
, which is vanishing for any

choice of MT = Tα, α ∈ (0, 1). We conclude that for exponential tails, limT→∞RπT = 0.

Polynomial tails Consider again MT = Tα, for some α ∈ (0, 1). This time,

∫ +∞

y

G1(x)dx = O
(

1

yλ−1

)
.

Plugging into (A3), we get a term of order O(T × x1−λ
T ). Let’s take xT = T β for some β ∈ (0, 1), we then have

(A3) = O(T 1+β(1−λ)) .

Now consider (A2), omitting the polylog terms we obtain

(A2) = O(T β−
α

1+γ ) .

Consider finally (A1). Choosing BT = T
1
λ (as in Appendix A.4) we obtain the tightest upper bound on the

exploration cost:

(A1) = O
(
MT

T 1− 1
λ

)
= O(Tα−1+ 1

λ ) .

To get the smallest order with this proof technique we want to equalize all these three exponents, which gives

α− 1 +
1

λ
= β − α

1 + γ
= 1 + β(1− λ) .

For simplicity we write β = 1
λ + η and try to find η instead. Re-writing the the three equalities yields

α+
1

λ
− 1 =

1

λ
+ η − α

1 + γ
=

1

λ
− (λ− 1)η .

This can be further simplified in
α− 1 = η − α

1 + γ
= −(λ− 1)η .



Dorian Baudry1, Yoan Russac2, Emilie Kaufmann1

This gives in particular a system of two equations with two unknowns η and α. By substituing α we get

η − 1− (λ− 1)η

1 + γ
= −(λ− 1)η

⇔ η [1 + γ + λ− 1 + (λ− 1)(1 + γ)] = 1 ,

which gives η = 1
λ(2+γ)−1 and α = λ(1+γ)

λ(2+γ)−1 .

Plugging in these values, we obtain that (A1), (A2) and (A3) are all in O
(
T

1
λ−

λ−1
λ(2+γ)−1

)
= o(T 1/λ). Recalling

the rate of growth of the maximum for polynomial tails given in Proposition 3 we get that for polynomial tails

RπT = o
T→∞

(
E
[
max
t≤T

X1,t

])
.

C.5 Possible Mistake in the Analysis of Max-Median

In the proof of Theorem 4.1 of Bhatt et al. (2021) the authors upper bound

P
(
m(n) ≥ vn,Wi(n) ≥ (1 + δ)λ−1

i log(m(n))
)

where vn = 1
a

∑n
d=1 εd, m(n) = minkNk(n) and Wi(n) is the index used by Max-Median for arm i, which is the

order statics of order bNi(n)/m(n)c. To do so, they use union bounds and concentration of a binomial random
variable, which can be rewritten as follows:

P
(
m(n) ≥ vn,Wi(n) ≥ (1 + δ)λ−1

i log(m(n))
)
≤

∑
m≥vn

∑
k≥m

P
(
Oi,k

(⌊
k

m

⌋)
≥ (1 + δ)λ−1

i log(m)

)

≤
∑
m≥vn

∑
k≥m

P
(
Sk ≥

k

m

)
,

where Sk counts the number of observations among the k first observations from arm i that are exceeding
(1 + δ)λ−1

i log(m). From the tail assumption, Sk is a binomial distribution with parameter k and p = ai/m
1+δ.

To upper bound this last probability, the authors use an exponential Markov inequality with a particular value
of θ. Using instead Chernoff inequality, which consists in optimizing over θ to get the smallest possible upper
bound, one obtains

P
(
Sk ≥

k

m

)
= P

(
Sk
k
≥ 1

m

)
≤ exp

(
−kkl

(
1

m
,
ai

m1+δ

))
,

provided that k/m exceeds the mean ai/m1+δ, where kl(x, y) = x log(x/y) + (1 − x) log((1 − x)/(1 − y)) is the
binary relative entropy. Hence, for n large enough,

P
(
m(n) ≥ vn,Wi(n) ≥ (1 + δ)λ−1

i log(m(n))
)
≤
∑
m≥vn

∑
k≥m

exp

(
−kkl

(
1

m
,
ai

m1+δ

))
.

In the proof of Theorem 4.1, Bhatt et al. (2021) end up summing a quantity that does not depend on m,
exp(−kδ/2), but it seems to be obtained by mistaking k/m by m in the tail probability of the binomial distri-
bution. Without this mistake and with the tightest possible bound on the tail of a binomial distribution, the
upper bound we obtain does depend on m. More precisely as

kl

(
1

m
,
ai

m1+δ

)
∼ δ log(m)

m
,

when m tends to infinity, one obtains an upper bound of order

Bn =
∑
m≥vn

∑
k≥m

exp

(
−k δ log(m)

m

)
=
∑
m≥vn

exp
(
−m δ log(m)

m

)
1− exp

(
− δ log(m)

m

) .
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Given that
exp

(
−m δ log(m)

m

)
1− exp

(
− δ log(m)

m

) ∼ m1−δ

δ log(m)
,

when m tends to infinity, we don’t see how we can get
∑
nBn <∞ (for any small enough δ) which is needed in

the rest of the proof of Theorem 4.1 in order to be able to apply Borel Cantelli’s lemma.
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D COMPLEMENTS OF SECTION 5: PRACTICAL PERFORMANCE OF
QOMAX ALGORITHMS

D.1 Implementation Tricks for QoMax-SDA

X r
k

<latexit sha1_base64="X+I0QrLew+FtDjBdp3ibrNMyIqU="></latexit><latexit sha1_base64="X+I0QrLew+FtDjBdp3ibrNMyIqU="></latexit><latexit sha1_base64="X+I0QrLew+FtDjBdp3ibrNMyIqU="></latexit><latexit sha1_base64="FxhV61gd5tvesiCTMg8n03wJiQ0="></latexit>

nk(r)
<latexit sha1_base64="R02yJv7yfNHk3cegrSKR/E0jt/E="></latexit><latexit sha1_base64="R02yJv7yfNHk3cegrSKR/E0jt/E="></latexit><latexit sha1_base64="R02yJv7yfNHk3cegrSKR/E0jt/E="></latexit><latexit sha1_base64="b6pdU1RXK/UiUyQfKEj5S0HwLKI="></latexit>

bk(r)
<latexit sha1_base64="4vN2T/HwDyr75aGed3FeZ/sc3UU="></latexit><latexit sha1_base64="4vN2T/HwDyr75aGed3FeZ/sc3UU="></latexit><latexit sha1_base64="4vN2T/HwDyr75aGed3FeZ/sc3UU="></latexit><latexit sha1_base64="4vN2T/HwDyr75aGed3FeZ/sc3UU="></latexit>

X r
`(r)

<latexit sha1_base64="XvM8SbXau52h2NXmUNKztqd5zCY="></latexit><latexit sha1_base64="XvM8SbXau52h2NXmUNKztqd5zCY="></latexit><latexit sha1_base64="XvM8SbXau52h2NXmUNKztqd5zCY="></latexit><latexit sha1_base64="YaQDBncBXs4f4bxTBMVERQ5VaVE="></latexit>

b`(r)(r)
<latexit sha1_base64="omrYQ12kqsQl6iK3Yo2d8VlwUcU="></latexit><latexit sha1_base64="omrYQ12kqsQl6iK3Yo2d8VlwUcU="></latexit><latexit sha1_base64="omrYQ12kqsQl6iK3Yo2d8VlwUcU="></latexit><latexit sha1_base64="omrYQ12kqsQl6iK3Yo2d8VlwUcU="></latexit>

n`(r)(r)
<latexit sha1_base64="UuMjsGObpVzbJOGWl5H1REJax8g="></latexit><latexit sha1_base64="UuMjsGObpVzbJOGWl5H1REJax8g="></latexit><latexit sha1_base64="UuMjsGObpVzbJOGWl5H1REJax8g="></latexit><latexit sha1_base64="UuMjsGObpVzbJOGWl5H1REJax8g="></latexit>

data kept for the leader
<latexit sha1_base64="TfBwPv+IXdroQG6PcHDRlTHnCkM="></latexit><latexit sha1_base64="TfBwPv+IXdroQG6PcHDRlTHnCkM="></latexit><latexit sha1_base64="TfBwPv+IXdroQG6PcHDRlTHnCkM="></latexit><latexit sha1_base64="N1zjjgGzh+FNkkOnJ4I6O0rpLhc="></latexit>

in the duel with k
<latexit sha1_base64="cCp1qq0visGBD9uX02WmUfsGuoQ="></latexit><latexit sha1_base64="uIBe3CvV4r8n1fjpF0EJMpIuQWc="></latexit><latexit sha1_base64="uIBe3CvV4r8n1fjpF0EJMpIuQWc="></latexit><latexit sha1_base64="J29xVtm9g35Hs9TuzvpqpNPOHGE="></latexit>

n
<latexit sha1_base64="vZ6eNcX773PmpqwxUxVubAW+WUY="></latexit><latexit sha1_base64="5lodwdVbCUf3p2Hmr1p+74fJCcw="></latexit><latexit sha1_base64="5lodwdVbCUf3p2Hmr1p+74fJCcw="></latexit><latexit sha1_base64="NVAHdI71dETOkvFoIOjrf5P/h4I="></latexit>

b
<latexit sha1_base64="lseLiOqkOsAAbTikk7C/LTqP+cU="></latexit><latexit sha1_base64="K/PLP9i3/k3gE6ScWnI5+l4JyDo="></latexit><latexit sha1_base64="K/PLP9i3/k3gE6ScWnI5+l4JyDo="></latexit><latexit sha1_base64="733qeDvNPBApkGmaOJ2byOEUA5M=">AAACtXicjVLLTsMwEJyGVykFyplLRIXEqUq4wBEJDhyLRB9SqVDiusXUeWA7SFXFD3Dl4xB/AH/B2gQJqBA4SjKe3Rl7vY5zKbQJgpeKt7S8srpWXa9t1GubW9uNeldnhWK8wzKZqX4caS5FyjtGGMn7ueJREkvei6enNt6750qLLL00s5wPk2iSirFgkSGqfd1oBq3ADX8RhCVoohxZ4xlXGCEDQ4EEHCkMYYkImp4BQgTIiRtiTpwiJFyc4wE10haUxSkjInZK3wnNBiWb0tx6aqdmtIqkV5HSxz5pMspThO1qvosXztmyv3nPnafd24z+cemVEGtwQ+xfus/M/+psLQZjHLsaBNWUO8ZWx0qXwp2K3bn/pSpDDjlxFo8orggzp/w8Z99ptKvdnm3k4q8u07J2zsrcAm92l9Tf8Gc3F0H3sBUSvghQxS72cEBtPMIJztFGhyxHeMSTd+bdencf98CrlBdiB9+Gp98B4YeM3A==</latexit><latexit sha1_base64="O/Nll1aAUEyTFEf5sbTs1b43hao=">AAACuXicjVJdS8MwFD2rX3NOnb76UhyCT6P1RR8FQXzcwH3AHNJm2QzL2pKkwhj+Al/1t4n/QP+FN7EDdYimtD05956T3NzEmRTaBMFryVtZXVvfKG9WtqrbO7u1vWpHp7livM1SmapeHGkuRcLbRhjJe5ni0TSWvBtPLmy8e8+VFmlybWYZH0yjcSJGgkWGqFZ8W6sHjcANfxmEBaijGM209oIbDJGCIccUHAkMYYkImp4+QgTIiBtgTpwiJFyc4wEV0uaUxSkjInZC3zHN+gWb0Nx6aqdmtIqkV5HSxxFpUspThO1qvovnztmyv3nPnafd24z+ceE1Jdbgjti/dIvM/+psLQYjnLkaBNWUOcZWxwqX3J2K3bn/pSpDDhlxFg8prggzp1ycs+802tVuzzZy8TeXaVk7Z0Vujne7S2pw+LOdy6Bz0ggJtwKUcYBDHFMbT3GOKzTRdpaPeMKzd+lJT39eBa9U3Il9fBte/gEARo43</latexit><latexit sha1_base64="O/Nll1aAUEyTFEf5sbTs1b43hao=">AAACuXicjVJdS8MwFD2rX3NOnb76UhyCT6P1RR8FQXzcwH3AHNJm2QzL2pKkwhj+Al/1t4n/QP+FN7EDdYimtD05956T3NzEmRTaBMFryVtZXVvfKG9WtqrbO7u1vWpHp7livM1SmapeHGkuRcLbRhjJe5ni0TSWvBtPLmy8e8+VFmlybWYZH0yjcSJGgkWGqFZ8W6sHjcANfxmEBaijGM209oIbDJGCIccUHAkMYYkImp4+QgTIiBtgTpwiJFyc4wEV0uaUxSkjInZC3zHN+gWb0Nx6aqdmtIqkV5HSxxFpUspThO1qvovnztmyv3nPnafd24z+ceE1Jdbgjti/dIvM/+psLQYjnLkaBNWUOcZWxwqX3J2K3bn/pSpDDhlxFg8prggzp1ycs+802tVuzzZy8TeXaVk7Z0Vujne7S2pw+LOdy6Bz0ggJtwKUcYBDHFMbT3GOKzTRdpaPeMKzd+lJT39eBa9U3Il9fBte/gEARo43</latexit><latexit sha1_base64="LT89zJgvOh6Q1JWboOKDfRtGJck="></latexit><latexit sha1_base64="LT89zJgvOh6Q1JWboOKDfRtGJck="></latexit><latexit sha1_base64="K/PLP9i3/k3gE6ScWnI5+l4JyDo="></latexit><latexit sha1_base64="K/PLP9i3/k3gE6ScWnI5+l4JyDo="></latexit><latexit sha1_base64="K/PLP9i3/k3gE6ScWnI5+l4JyDo="></latexit><latexit sha1_base64="K/PLP9i3/k3gE6ScWnI5+l4JyDo="></latexit><latexit sha1_base64="LT89zJgvOh6Q1JWboOKDfRtGJck="></latexit>

Figure 3: Illustration of the subsampling mechanism used by QoMax-SDA between the leader and a challenger
k at round r.

In this section we detail the CollectData procedure used for QoMax-SDA (see Algorithm 1) and briefly introduced
in Section 4. In particular, in Algorithm 5 we describe the second implementation trick that allows to reduce
significantly the memory complexity of QoMax-SDA. The principle is actually quite simple: the "last-block"
subsampling that considers a subsample of the leader’s history of the same size as the challenger’s to compute
their QoMax will take the last queries for the leader as illustrated on Figure 3. Moreover, as we look for the
maximum of this subsample on each batch, it is clear that we can remove a lot of information. For instance,
imagine that the last data pulled for a batch is its global maximum. Then all previously stored data in this
batch is useless when looking at the last block and can be deleted. If we apply this principle recursively, we have
the following: (1) the newly pulled observation is necessarily kept (in case we consider a last block of size 1), (2)
we can remove all observations smaller than this last data: again, looking at these samples in the past will not
change anything for the value of the maximum. To implement this trick we store a list of data and a list of their
indexes (i.e to which query of the arm they correspond) in order to know where to look at when performing the
subsampling step for the leader. More than a storage trick, this is also time efficient: the global maximum of the
batch is simply the first element of the list, and for a subsample of batches between queries n` − nk and n` the
subsample maximum is simply the observation corresponding to the first index in I` (defined in Algorithm 6)
larger than n` − nk.

Details of the procedure CollectData. Considering Algorithm 5 for the addition of new data, we can
summarize the procedure in very few steps: (1) For each arm k that is queried, add one observation to each
of its existing batches. (2) For each queried arm k that is not the leader, collect as many batches as
necessary to match the number of batches B(nk). (3) Collect as many batches as necessary for the leader to
match the number of batches of the arm with the second largest number of queries.

Algorithm 5 Efficient Update of a list of maxima for QoMax-SDA
Input: List of indices I = {i1, . . . , iL}, sorted list X = {X1, . . . , XL}, X1 > X2 > · · · > XL,

new index i, new data X
Search step: Find the largest j satisfying Xj > X (Binary Search)

Update step:
Set X ← {X1, X2, . . . , Xj , X} // Remove Xj+1, . . . , XL and add X

Set I ← {i1, . . . , ij , i} // Remove ij+1, . . . , iL and add i

Return: List of indices I, list of data X .
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Algorithm 6 Collect Data at the end of a round for QoMax-SDA

Input: K arms with data Xk stored as (I(j)
k ,X (j)

k )j∈{1,...,bk}, number of queries nk for each arm, distributions
(νk)k∈K , A: set of arms chosen by QoMax-SDA, ` current leader, B function controlling the batch size

for k ∈ {1, . . . ,K, `} do
if bk > 0, k ∈ A then

nk ← nk + 1 // Update the number of queries of arm k

for j ∈ {1, . . . , bk} do
Collect X ∼ νk (Update batch j) // Add one observation in each existing batch j of Xk

(I(j)
k ,X (j)

k )← EfficientUpdate(I(j)
k ,X (j)

k , nk, X) (Alg. 5)

if k 6= ` then
Bnew = B(nk) // New batch size computed with B if k is a challenger.

else
Bnew = maxk 6=` bk // If k is leader, align its batch size to the second most pulled challenger.

while bk ≤ Bnew do
I(bk+1)
k ,X (bk+1)

k ← {}, {}
for i ∈ {1, . . . , nk} do

Collect X ∼ νk // Collect nk data to form a new batch

(I(bk+1)
k ,X (bk+1)

k )← EfficientUpdate(I(bk+1)
k ,X (bk+1)

k , i,X) (Alg. 5)

Add (I(bk+1)
k ,X (bk+1)

k ) in Xk
bk ← bk + 1

Return: X1, . . . ,XK

Empirical evidences of the efficiency of the storage trick (Algorithm 5). We propose simulations to
verify that the solution we propose to store the data used by QoMAx-SDA is indeed efficient. We performed
1000 simulations for each sample size N ∈ [102, 5×102, 103, 2×103, 5×103, 104, 2×104, 3×104, 5×104]), and for
4 distributions: (1) a Pareto distribution with tail parameter 1.1, (2) a Pareto distribution with tail parameter
3, (3) an exponential distribution with parameter 1, (4) a standard normal distribution. We report in Figure 4
the average number of data stored by the algorithm for each sample sizes, along with the empirical 5% and 95%
quantiles on the 1000 simulations and the curve y = log(N) for comparison. We observe that: (1) The results
do not depend on the distribution. (2) All 4 curves are very close to exactly log(N), which is as small as ≈ 10
for a sample size of 5× 104. (3) 90% of the simulations have no more than 17 data stored, and the maximum we
observe on all 4 experiments is actually 23 which is very small compared to N = 5× 104.

Therefore, we conclude that the trick we introduced is indeed efficient and our experiments corroborate the
intuition that it allows to store O(logN) data out of N on average. We now prove it formally in Lemma 6

Lemma 6 (Expected memory with the efficient storing of maxima). Denote by CN the random variable denoting
the memory usage of a random i.i.d sample of size N drawn from any distribution with the implementation trick
from Alg. 5. For any ν, it holds that

E[CN ] =

N∑
n=1

1

n
∼ log(N) .

Proof. Denote the sorted random samples by X1 > · · · > XN . As the observations are i.i.d, all of them are
equally likely to be in the last position. We consider IN the random variable denoting the index of the last
observation, it holds that

E[CN ] =
1

N

N∑
j=1

E[CN |IN = j] .

Then, we remark that if IN = j, all observations of higher order Xj+1, . . . , XN are removed from the history.
Hence, it only remains to count the average amount of data considering only X1, . . . , Xj−1, which is equal to
E[Cj−1] and add 1 for the last observation. Using that E[C1] = 1,
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Figure 4: Average number of data kept in memory with the efficient storage of maxima, for 1000 simulations
with sample size N ∈ [102, 5× 102, 103, 2× 103, 5× 103, 104, 2× 104, 3× 104, 5× 104] and the empirical 5% and
95% quantiles.

E[CN ] =
1

N

N∑
j=1

E[CN |IN = j] =
1

N

N∑
j=1

(1 + E[Cj−1])

⇒ (N + 1)E[CN+1]−NE[CN ] =

N+1∑
j=1

(1 + E[Cj ])−
N∑
j=1

(1 + E[Cj ]) = 1 + E[CN ]

⇒ (N + 1)(E[CN+1]− E[CN ]) = 1

⇒ E[CN+1] = E[CN ] +
1

N + 1

⇒ E[CN ] =

N∑
n=1

1

n
.

D.2 More on the Storage/Computation Time

In this section we detail the computation of the storage constraints and time complexities reported in Table 1.
We restate them in Table 2 and express them as a function of their parameters.

ThresholdAscent (Streeter and Smith, 2006b). After simplifying the statement of the algorithm presented
in their paper (beginning of Section 3) for continuous distributions, we find out that the algorithm actually
considers the s largest observations observed so far where s is a parameter of the algorithm. Indeed as long
as the threshold is larger than s observations, the threshold is increased. The authors suggest taking s = 100,
implying a memory complexity as small as 100 observations. After remarking this, the implementation of the
algorithm is simplified largely (see our code): we can drop all data that are not in the s largest observed so far,
and the index needs to be re-computed only if this list changes. Asymptotically we expect this list to change
very rarely, hence the time complexity of the algorithm is dominated by the check that an observation is larger
than the s-th largest reward collected so far.

ExtremeHunter/ExtremeETC (Carpentier and Valko, 2014; Achab et al., 2017). The values we
provide for these algorithms in Table 2 come directly from Achab et al. (2017). We recall that in Table 1 we
considered b = 1, but we remark that even with b very large (b = +∞ corresponds to exact Pareto distributions)
the memory and time complexities cannot go below K(log T )2 and K(log T )4 respectively.
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Table 2: Average time and storage complexities of Extreme Bandit algorithms according to their parameters for
a time horizon T .

Algorithm Memory usage Time complexity

ThresholdAscent s O(KT )

Extreme Hunter T O(T 2)

MaxMedian T O(KT log T )

QoMax-SDA O((log T )2 + (K − 1) log(T ) log log(T )) O(KT log T )

Extreme ETC K(log T )2+
1
b O

(
K(log T )2×(2+

1
b )
)

QoMax-ETC KbT O (max {KbTnT ,KbT log(bT )})

MaxMedian (Bhatt et al., 2021). In short, MaxMedian essentially tracks the quantile of order 1/m(t) for
each arm, where m(t) is the number of samples from the arm that has been pulled the least. Technically, even if
it is unlikely, all observations could be used in the future (if we continuously collect data that are smaller than
all values we obtained so far). For this reason, all T observations have to be stored.

QoMax-ETC (this paper). The storage required is simply KbT , which corresponds to storing online the
maximum of each batch (bT batches) for each arm. Collecting the bT maxima takes a O(K × nT × bT ) time
(collecting an observation and comparing it with a current maximum costs O(1)). At the final step of the
exploration phase, computing the QoMax takes an additional O(KbT log bT ), which is the cost of sorting K lists
of size bT . So, as a function of (nT , bT ), the complexity of the algorithm is O (max {bT × nT , bT log bT }).

QoMax-SDA (this paper). We recall that QoMax-SDA uses a batch size nγ for an arm that has been queried
n times, a forced exploration (log r)1/γ , and that the total number of queries of every sub-optimal arm is provably
O((log T )1/γ) (see Theorem 2). We start with the computation of the memory capacity and detail how the two
implementation tricks presented in D.1 work: (1) indexing the number of batches of the leader to the second
most pulled arm allows to reduce the number of batches of the leader from T γ to O

((
(log T )1/γ

)γ)
= O(log T ),

for any γ. Then, we look at how many data are stored in each batch, and (2) according to Lemma 6 the efficient
storage of maxima allows to store only O(logN) observations out of N on average. This gives O(log T ) for the
leader, and O(log log T ) for the challengers. This explains why the dependency of K in the memory becomes
a second order term for T large enough. Then, we consider the computational time, which can be divided into
two steps that are executed at each round: (a) updating the lists of values (each batch of the K arms), and (b)
computing the K − 1 QoMax for the challengers and the K − 1 QoMax for the leader. Operation (a) requires
to find the index from which previous data can be erased. As the list is sorted (by construction), this can take
up to (logN) with N the sample size of a batch using a binary search. Hence, this gives O(log log T ) for each
batch of the leader and O(log log log T ) for each batch of the challengers. On the other hand, for step (b) the
efficient storage ensures that we have access to the maximum of each batch at constant cost (first observation of
the list), and we only need to find the quantiles over the different batches, giving O(2(K − 1) log T ). Hence, we
can report an overall O(KT log T ) time complexity, or a O(T log T log log T ) when T is very large. We report
the first, because if K = 5 then log log T > K only for T > 1065, which is unreasonably large.

D.3 Supplementary for Section 5 : Additional Experiments

In this section we provide the complete results for all the experiments we performed and that were advertised
in Section 5. We first reproduce the experiments from previous papers, and then consider a few new settings.
Before that, we detail the parameters used for each algorithm.

The code to reproduce the experiments is available on Github.

Parameters for All Experiments. We recall the parameters we used for the different experi-
ments. For each experiment, we run N = 104 independent trajectories for 10 time horizons T ∈
[1000, 2500, 5000, 7500, 9000, 10000, 15000, 20000, 30000, 50000]. This methodology is computationally expensive

https://github.com/ExtremeBandits/ExtremeBandits_submission
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but allows for a fair comparison between ETC and more adaptive strategies. Furthermore, it is also a way to
stabilize the results because if the same trajectories were used to plot the results for different time horizons then
a few extreme trajectories for some algorithms would have too much influence on our conclusions. This is not
a problem as all runs for T ≤ 20000 are actually quite fast with parallel computing, and the total computation
time of our experiments is largely dominated by the experiment with T = 50000.

The parameters we used are the following:

• ThresholdAscent: s = 100, δ = 0.1, as suggested in Streeter and Smith (2006b).

• ExtremeETC/ExtremeHunter: b = 1, as in Carpentier and Valko (2014). As the authors, we use δ = 0.1
for the experiments instead of the theoretical value that is too large for the time horizons considered,
and D = E = 10−3 for the UCB. Other theoretically-motivated parameters are r = T−1/(2b+1) (fraction
of samples used for the tail estimation), N = (log T )

2b+1
b (length of the initial exploration phase). δ =

exp(− log2(T ))/(2TK) in the paper but set to 0.1 here.

• MaxMedian: The exploration probability is set to εt = 1/(1 + t) as suggested in Bhatt et al. (2021).

• QoMax-ETC: We test q = 1/2 and q = 0.9, bT = (log T )2 and nT = log T to match both the theoretical
requirements of Section 3 and the length of the exploration phase of ExtremeETC for a fair comparison.

• QoMax-SDA: f(r) = (log r)
1
γ and B(n) = nγ for γ = 2/3, which works well across all the experiments we

performed. The quantile is either equal to q = 1/2 or q = 0.9.

D.3.1 Experiments 1-6

We describe the setting of each experiment, that we will then refer by their number (e.g exp.1).

1. (exp.1 in Bhatt et al. (2021)): K = 5 Pareto distributions with tail parameters λk ∈ [2.1, 2.3, 1.3, 1.1, 1.9].

2. (exp.2 in Bhatt et al. (2021)) K = 7 Pareto distributions with λk ∈ [2.5, 2.8, 4, 3, 1.4, 1.4, 1.9]. All arms have
a scaling C = 1 except arm 5 with C5 = 1.1. Hence ν5 is the dominating arm from a slight margin.

3. (exp.3 in Bhatt et al. (2021)) K = 10 Exponential arms with a survival function Gk(x) = e−λkx with
parameters λk = [2.1, 2.4, 1.9, 1.3, 1.1, 2.9, 1.5, 2.2, 2.6, 1.4].

4. (exp.4 in Bhatt et al. (2021)) K = 20 Gaussian arms, with same mean µk = 1,∀k, and different variances
σk = [1.64, 2.29, 1.79, 2.67, 1.70, 1.36, 1.90, 2.19, 0.80, 0.12, 1.65, 1.19, 1.88, 0.89, 3.35, 1.5, 2.22, 3.03, 1.08, 0.48].
The dominant arm has a standard deviation 3.35.

5. (exp.1 in Carpentier and Valko (2014)) K = 3 Pareto distributions with λ ∈ [5, 1.1, 2].

6. (exp.2 in Carpentier and Valko (2014)) K = 3 arms, including 2 Pareto distributions with λk ∈ [1.5, 3],
and arm 3 is a mixture Dirac/Pareto: pull 0 with 80% probability, reward from a Pareto distribution with
λ = 1.1 with 20% probability. Hence, the last arm dominates asymptotically.

Objective of each experiment. Before reporting the results, we explain why each experiment is interesting
in our opinion for the empirical evaluation of Extreme Bandits algorithms. Experiment 1 is quite difficult
because the tail gap between arm 3 and arm 4 is relatively small.Otherwise, all algorithms are supposed to have
guarantees in this setting so their comparison is fair. Experiment 2 allows to consider a semi-parametric setting
with a tail gap δ5−6 = 0, hence it only holds that ν5 � ν6: we check whether the algorithms are able to (1) pull
5 and 6 most often, and (2) arbitrate in favor of arm 5. Then, experiments 3 and 4 allow to test the different
algorithms respectively with exponential and gaussian tails (with different variances), showing the performance
of the algorithms when the tails are not polynomial. Moreover, a larger number of arms is considered in these
experiments. Finally, experiment 5 is relatively easy and more of a sanity check for the performance of each
algorithm (it was exp.1 in Carpentier and Valko (2014)). Experiment 6 will be interesting for discussing the
limits of parameter-free approaches, as the dominant tail provides low rewards with relatively high probability.
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Results For each experiment, we report the results according to the criteria (I)-(IV) that are introduced
in Section 5. The criteria (I)-(II) are reported side by side for each experiment in Figures 5-10. Tables 3-13
associated with (III) report the result for the statistics on the number of pulls of the best arm on all trajectories
at T = 5 × 104 . Finally, Tables 4-14 related to (IV) report the results for the statistics on the empirical
distribution of the maxima on all trajectories at T = 5× 104.

We summarize our key observations on the results with the following points:

• On the non-robustness of reporting the average maximum collected. Several examples can serve to
illustrate this point. For experiment 1 (Table 4) if we look at the average maximum only, we would conclude
that QoMax-SDA with q = 1/2 is by far the best algorithm with an average of 1.8× 105 (1.1× 105 for the
second). However, we see that the quantiles of the maxima distributions are almost identical to those of
other QoMax algorithms. Hence, even if 99% of their distribution matches, QoMax-SDA with q = 1/2 has
a nearly 70% better average caused by less than 1% of the trajectories. The same thing seems to happen on
different problems: the 104 and 8.5× 103 of 1/2-QoMax-ETC and ExtremeETC are clearly over-estimated
means in experiment 2 considering that they both have the same quantiles as 1/2-QoMax-SDA (even a
bit worse), which has an average of 7.5 × 103, and MaxMedian with 7.9 × 103. This variability is even
more striking in Experiment 5 (see Table 12) where ExtremeETC has three times the average maximum
of ExtremeHunter. Without surprise, this phenomenon is more present when the tails are heavier. Hence
looking at the average maxima is meaningful with the statistics from Experiments 3 and 4 with lighter tails.

• Quantiles. We recall that for metric (I) we use a quantile to estimate the expectation of the maximum,
q̃ = P(X+

T ≤ E[X+
T ]) ≈ exp(−TG(E[X+

T ])). In the experiments we plug the equivalents of E[X+
T ] in each

setting: for Pareto distribution we obtain q̃ = exp
(
− 1

Γ(1−1/λ)λ

)
, for exponential we obtain q̃ = e−1, and

for Gaussian distributions we compute the value numerically (c.f notebook provided with the code).

• QoMax Performance. QoMax algorithms clearly outperform their competitors in Experiments 1, 3, 4
and 5 according to all criteria. As those experiments include polynomial, exponential and gaussian tails
with different number of arms, this shows the generality and efficiency of the QoMax approach. QoMax-
SDA seems to work better than QoMax-ETC, in particular it is competitive even for small time horizons
(T < 5× 103) in most experiments. However, we see that QoMax-ETC almost matches the performance of
QoMax-SDA for T = 5×104. For a practitioner who would be interested in larger time horizons QoMax-ETC
seems to be a perfectly suitable choice.

• On the contrary, ExtremeHunter performs significantly better than ExtremeETC for larger horizons:
the probability of mistake of the latter is still quite large, and the ability of ExtremeHunter to recover
from a mistake is valuable, but we recall that the time complexity of ExtremeHunter is detrimental for
the practitioner. Results from Experiments 3 and 4 show that the two algorithms are not able to handle
exponential and gaussian tails.

• ThresholdAscent is never the best algorithm but has the advantage of being consistently better than the
uniform strategy (according to (II)), as it always pulls the best arm at a frequency larger that 1/K. It is
the most stable baseline in terms of (III) (it always has the narrowest range for the statistics we consider),
but this is detrimental to its capacity to collect large values.

• We tested MaxMedian on larger time horizons than in the original paper, which explains the difference in
some results. Indeed, we observe that in Experiments 1, 3, 5, MaxMedian is quite competitive for shorter
time horizons (T ≤ 104), but almost stops improving at this step. This suggests that the algorithm does
not explore enough, which is confirmed by a closer look at (III): the number of pulls of the best arm are
either very close to 0% or to 100% in most of the cases, which is a behavior specific to this algorithm
and that we would like to avoid in practice. This behavior also has an impact on the statistics on the
maxima distributions (IV). The exploration function may be partly responsible for this : in Experiment 4
MaxMedian fails with the Gaussians4, and actually commits to the worst arm at an early stage. Indeed,
with 20 arms and εt = 1/(t+1) we are very likely to have at least one arm that is never sampled twice, while
this is the case the order statistics used is always the minimum, favoring the arm with the lowest variance
instead of the largest. We think that a deterministic forced exploration could at least partially solve this.

4which is not what Bhatt et al. (2021) obtained, but we were not able to find why we could not reproduce their results.
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• In Experiment 2 MaxMedian performs very well and commits very early to the best arm for most of the
trajectories. QoMax algorithms are clearly slower, but still pull the best arm more than 50% of the time.
Moreover, when we add the number of pulls of the second best arm we get around 90% for all QoMax
algorithms, which is clearly competitive. Indeed, the empirical regret of both QoMax-SDA (Figure 6 (left))
is close to the one of MaxMedian, and we see in Table 6 that their quantiles of the maxima distributions are
also very close to the one of MaxMedian. Hence, we think that QoMax-SDA may have chosen more often
the second best arm when it provided very large rewards, which is not a problem according to the initial
objective of the algorithms.

• Experiment 6 shows that in some examples parametric algorithms can perform much better than non-
parametric approaches. Indeed, the distribution of arm 3 enters in the second-order Pareto family, and the
parameter b = 1 makes ExtremeHunter calibrate its parameters with the ≈ 5% best samples of each arm.
This is enough for the algorithm to "detect" the Pareto tail of the mixture and sample it most often. Most
of the other algorithms fail, including QoMax, to the exception of ThresholdAscent which still pulls the best
arm 40% of the time at T = 5 × 104. However, this experiment also illustrates two important remarks on
QoMax: the 0.9-QoMax-SDA performs much better than the others, showing that when the tails are harder
to detect choosing a larger quantile can be valuable. Furthermore, we tested another experiment imposing
at least 100 samples in each batch. This time, 0.9-QoMax-SDA was able to pull the best arm 60% of the
time. Hence, this gives the practitioner the ability to increase the exploration and the quantile q if very
difficult tails are expected, which depends on the characteristics of the real problem at hand.

Considering all these points, we think that QoMax-ETC and QoMax-SDA are very practical solutions in addition
to their strong theoretical guarantees. They work well on most examples with the same parameters (avoiding
painful tuning), including settings with different kind of tails (polynomial, exponential, gaussian) with different
number of arms, and both easy and hard instances. We saw however with experiment 6 the limits of a distribution-
free approach if we consider a hard problem. It also showed that in this case augmenting the quantile q (and/or
the forced exploration function f for QoMax-SDA) used in QoMax algorithms can be beneficial. Furthermore, we
can recommend to use QoMax-ETC when the time horizon will be very large (larger than 5×104 for instance) and
QoMax-SDA for smaller time horizons, as it seems to learn faster on all examples but is more computationally
demanding.

D.3.2 Experiments with Log-Normal and Generalized Gaussian Distributions

In this section we add two new experiments, considering two new families of distributions: (1) the log-normal
distribution (2 parameters (µ, σ), if X follows a log-normal distribution with these parameters then log(X) ∼
N (µ, σ)), and (2) the generalized normal distribution (a parameter β and a density ∼ exp

(
−|x|β

)
).

• Experiment 7: We consider K = 5 log-normal arms with parameters µk ∈ [1, 1.5, 2, 3, 3.5] and σk ∈
[4, 3, 2, 1, 0.5]. When T is large enough the parameter σ determines which arm dominates (arm 1 in our
case).

• Experiment 8: We consider K = 8 generalized gaussian arms with parameters βk ∈ (0.2 × i)i∈{1,...,8}.
Hence, the heavier tail is arm 1.

We run the same algorithms as for Experiments 1-6, with the exact same parameters for all of them. This time
we cannot report (I) because we cannot compute the proxy empirical regret. Hence, we report in Figure 11
and Figure 12 the number of pulls of the dominant arm for the two experiments, along with the statistics
corresponding to evaluation criteria (III)-(IV) for these experiments. These two additional experiments further
highlight the generality and performance of QoMax algorithms compared to the other Extreme Bandits baselines.
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Experiment 1

Figure 5: Experiment 1: Proxy Empirical Regret (left) and Number of pulls of the dominant arm (right),
averaged over 104 independent trajectories for T ∈ {103, 2.5 × 103, 5 × 103, 7.5 × 103, 9 × 10, 104, 1.5 × 104, 2 ×
104, 3× 104, 5× 104}.

Table 3: Statistics on the number of pulls of the best arm at T = 5× 104, Experiment 1.

Algorithm Average (%) 1% 10% 25% 50% 75% 90% 99%

QoMax-SDA (q = 1/2) 92 42 90 93 94 95 95 95
QoMax-SDA (q = 0.9) 93 14 87 93 96 97 98 98
QoMax-ETC (q = 1/2) 89 90 90 90 90 90 90 90
QoMax-ETC (q = 0.9) 88 3 90 90 90 90 90 90

ExtremeETC 71 3 3 90 90 90 90 90
ExtremeHunter 79 3 5 89 90 90 90 90
MaxMedian 72 0 0 0 100 100 100 100

ThresholdAscent 53 46 50 52 53 55 56 57

Table 4: Statistics on the distributions of maxima at T = 5 × 104, Experiment 1. Results divided by 100 to
improve readability.

Algorithm Average 1% 10% 25% 50% 75% 90% 99%

QoMax-SDA (q = 1/2) 1852 41 81 130 245 547 1350 11371
QoMax-SDA (q = 0.9) 1042 39 78 128 239 529 1363 12539
QoMax-ETC (q = 1/2) 1058 40 79 126 232 530 1324 11054
QoMax-ETC (q = 0.9) 919 34 75 122 230 511 1301 10080

ExtremeETC 882 16 44 86 183 426 1089 9515
ExtremeHunter 1092 21 61 104 208 477 1226 9799
MaxMedian 785 3 37 83 180 436 1126 9240

ThresholdAscent 748 27 51 82 156 351 853 7771
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Experiment 2
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Figure 6: Experiment 2: Proxy Empirical Regret (left) and Number of pulls of the dominant arm (right),
averaged over 104 independent trajectories for T ∈ {103, 2.5 × 103, 5 × 103, 7.5 × 103, 9 × 10, 104, 1.5 × 104, 2 ×
104, 3× 104, 5× 104}.

Table 5: Statistics on the number of pulls of the best arm at T = 5× 104, Experiment 2.

Algorithm Average (%) 1% 10% 25% 50% 75% 90% 99%

QoMax-SDA (q = 1/2) 58 2 6 23 72 88 91 92
QoMax-SDA (q = 0.9) 56 1 6 21 66 88 94 97
QoMax-ETC (q = 1/2) 60 3 3 3 84 84 84 84
QoMax-ETC (q = 0.9) 52 3 3 3 84 84 84 84

ExtremeETC 44 3 3 3 85 85 85 85
ExtremeHunter 46 3 3 3 71 85 85 85
MaxMedian 86 0 0 100 100 100 100 100

ThresholdAscent 31 20 25 28 31 34 36 40

Table 6: Statistics on the distributions of maxima at T = 5 × 104, Experiment 2. Results divided by 100 to
improve readability.

Algorithm Average 1% 10% 25% 50% 75% 90% 99%

QoMax-SDA (q = 1/2) 75 8 13 18 30 56 112 657
QoMax-SDA (q = 0.9) 69 8 13 18 30 56 113 614
QoMax-ETC (q = 1/2) 98 7 12 17 28 51 105 616
QoMax-ETC (q = 0.9) 65 7 12 17 28 52 107 564

ExtremeETC 85 5 12 17 28 53 108 638
ExtremeHunter 61 7 12 17 28 52 100 522
MaxMedian 79 6 13 19 31 57 116 664

ThresholdAscent 46 5 9 13 21 38 77 418
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Experiment 3
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Figure 7: Experiment 3: Proxy Empirical Regret (left) and Number of pulls of the dominant arm (right),
averaged over 104 independent trajectories for T ∈ {103, 2.5 × 103, 5 × 103, 7.5 × 103, 9 × 10, 104, 1.5 × 104, 2 ×
104, 3× 104, 5× 104}.

Table 7: Statistics on the number of pulls of the best arm at T = 5× 104, Experiment 3.

Algorithm Average (%) 1% 10% 25% 50% 75% 90% 99%

QoMax-SDA (q = 1/2) 81 2 72 82 86 88 88 89
QoMax-SDA (q = 0.9) 80 2 59 80 87 91 93 95
QoMax-ETC (q = 1/2) 73 3 77 77 77 77 77 77
QoMax-ETC (q = 0.9) 69 3 3 77 77 77 77 77

ExtremeETC 13 3 3 3 3 3 77 77
ExtremeHunter 15 3 3 3 3 7 67 77
MaxMedian 59 0 0 0 98 100 100 100

ThresholdAscent 27 21 24 26 28 29 31 33

Table 8: Statistics on the distributions of maxima at T = 5× 104, Experiment 3.
Algorithm Average 1% 10% 25% 50% 75% 90% 99%

QoMax-SDA (q = 1/2) 32 26 28 29 31 34 37 43
QoMax-SDA (q = 0.9) 32 25 28 29 31 34 37 44
QoMax-ETC (q = 1/2) 32 25 28 29 31 34 36 43
QoMax-ETC (q = 0.9) 31 24 27 29 31 33 36 43

ExtremeETC 26 18 21 23 25 29 32 39
ExtremeHunter 27 19 22 23 26 29 32 39
MaxMedian 31 21 25 28 31 33 36 43

ThresholdAscent 29 23 25 27 29 31 34 41



Dorian Baudry1, Yoan Russac2, Emilie Kaufmann1

Experiment 4
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Figure 8: Experiment 4: Proxy Empirical Regret (left) and Number of pulls of the dominant arm (right),
averaged over 104 independent trajectories for T ∈ {103, 2.5 × 103, 5 × 103, 7.5 × 103, 9 × 10, 104, 1.5 × 104, 2 ×
104, 3× 104, 5× 104}.

Table 9: Statistics on the number of pulls of the best arm at T = 5× 104, Experiment 4.

Algorithm Average (%) 1% 10% 25% 50% 75% 90% 99%

QoMax-SDA (q = 1/2) 76 4 74 77 78 79 80 80
QoMax-SDA (q = 0.9) 84 3 75 85 89 90 91 91
QoMax-ETC (q = 1/2) 48 3 51 51 51 51 51 51
QoMax-ETC (q = 0.9) 48 3 51 51 51 51 51 51

ExtremeETC 11 3 3 3 3 3 52 52
ExtremeHunter 14 3 3 3 3 25 48 52
MaxMedian 0 0 0 0 0 0 0 0

ThresholdAscent 18 15 16 17 18 19 20 20

Table 10: Statistics on the distributions of maxima at T = 5× 104, Experiment 4.
Algorithm Average 1% 10% 25% 50% 75% 90% 99%

QoMax-SDA (q = 1/2) 14 13 13 14 14 15 16 17
QoMax-SDA (q = 0.9) 15 13 13 14 14 15 16 17
QoMax-ETC (q = 1/2) 14 12 13 13 14 15 15 17
QoMax-ETC (q = 0.9) 14 12 13 13 14 15 15 17

ExtremeETC 12 10 11 11 12 13 14 16
ExtremeHunter 13 10 11 12 13 14 14 16
MaxMedian 5 3 4 4 5 6 7 10

ThresholdAscent 13 12 12 13 13 14 15 16
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Experiment 5
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Figure 9: Experiment 5: Proxy Empirical Regret (left) and Number of pulls of the dominant arm (right),
averaged over 104 independent trajectories for T ∈ {103, 2.5 × 103, 5 × 103, 7.5 × 103, 9 × 10, 104, 1.5 × 104, 2 ×
104, 3× 104, 5× 104}.

Table 11: Statistics on the number of pulls of the best arm at T = 5× 104, Experiment 5.

Algorithm Average (%) 1% 10% 25% 50% 75% 90% 99%

QoMax-SDA (q = 1/2) 97 97 97 97 97 97 97 97
QoMax-SDA (q = 0.9) 99 98 99 99 99 99 99 99
QoMax-ETC (q = 1/2) 95 95 95 95 95 95 95 95
QoMax-ETC (q = 0.9) 95 95 95 95 95 95 95 95

ExtremeETC 95 95 95 95 95 95 95 95
ExtremeHunter 95 95 95 95 95 95 95 95
MaxMedian 95 0 100 100 100 100 100 100

ThresholdAscent 74 73 73 74 74 74 74 74

Table 12: Statistics on the distributions of maxima at T = 5 × 104, Experiment 5. Results divided by 100 to
improve readability.

Algorithm Average 1% 10% 25% 50% 75% 90% 99%

QoMax-SDA (q = 1/2) 1179 46 84 133 251 556 1405 11239
QoMax-SDA (q = 0.9) 1325 47 88 140 267 582 1444 12836
QoMax-ETC (q = 1/2) 1055 45 84 134 250 565 1347 11434
QoMax-ETC (q = 0.9) 944 43 82 133 247 547 1395 11038

ExtremeETC 3428 42 83 132 245 542 1362 9944
ExtremeHunter 910 44 83 132 241 553 1386 11555
MaxMedian 939 2 70 124 240 548 1378 10239

ThresholdAscent 1096 35 67 107 200 445 1151 9105
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Figure 10: Experiment 6: Proxy Empirical Regret (left) and Number of pulls of the dominant arm (right),
averaged over 104 independent trajectories for T ∈ {103, 2.5 × 103, 5 × 103, 7.5 × 103, 9 × 10, 104, 1.5 × 104, 2 ×
104, 3× 104, 5× 104}.

Table 13: Statistics on the number of pulls of the best arm at T = 5× 104, Experiment 6.

Algorithm Average (%) 1% 10% 25% 50% 75% 90% 99%

QoMax-SDA (q = 1/2) 14 1 1 2 4 15 45 95
QoMax-SDA (q = 0.9) 36 0 1 3 22 75 90 98
QoMax-ETC (q = 1/2) 3 3 3 3 3 3 3 3
QoMax-ETC (q = 0.9) 15 3 3 3 3 3 95 95

ExtremeETC 79 3 3 95 95 95 95 95
ExtremeHunter 87 3 85 95 95 95 95 95
MaxMedian 1 0 0 0 0 0 0 5

ThresholdAscent 43 27 34 38 43 49 53 60

Table 14: Statistics on the distributions of maxima at T = 5 × 104, Experiment 6. Results divided by 100 to
improve readability.

Algorithm Average 1% 10% 25% 50% 75% 90% 99%

QoMax-SDA (q = 1/2) 60 5 9 12 21 41 91 635
QoMax-SDA (q = 0.9) 120 6 10 15 28 64 155 1144
QoMax-ETC (q = 1/2) 40 5 8 11 18 33 64 306
QoMax-ETC (q = 0.9) 59 5 8 12 20 40 93 702

ExtremeETC 267 6 14 24 47 108 266 2687
ExtremeHunter 232 8 17 28 53 116 305 2620
MaxMedian 35 0 7 10 17 30 60 306

ThresholdAscent 136 7 12 18 33 70 170 1299
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Figure 11: Experiment 7 (Log-normal arms): Number of pulls of the dominant arm, averaged over 104 indepen-
dent trajectories for T ∈ {103, 2.5× 103, 5× 103, 7.5× 103, 9× 10, 104, 1.5× 104, 2× 104, 3× 104, 5× 104}.

Table 15: Statistics on the distributions of number of pulls of the best arm at T = 5× 104, Experiment 7.

Algorithm Average 1% 10% 25% 50% 75% 90% 99%

QoMax-SDA (q = 1/2) 94 85 94 95 95 95 95 95
QoMax-SDA (q = 0.9) 97 89 96 97 98 98 98 98
QoMax-ETC (q = 1/2) 90 90 90 90 90 90 90 90
QoMax-ETC (q = 0.9) 90 90 90 90 90 90 90 90

ExtremeETC 55 3 3 3 90 90 90 90
ExtremeHunter 63 13 40 45 53 90 90 90
MaxMedian 7 0 0 0 0 0 0 100

ThresholdAscent 57 55 56 57 58 58 58 58

Table 16: Statistics on the distributions of maxima at T = 5 × 104, Experiment 7. Results divided by 1000 to
improve readability.

Algorithm Average 1% 10% 25% 50% 75% 90% 99%

QoMax-SDA (q = 1/2) 1393 73 151 257 488 1090 2259 13764
QoMax-SDA (q = 0.9) 1401 79 163 260 524 1171 2830 13839
QoMax-ETC (q = 1/2) 1337 77 154 245 430 1007 2664 13651
QoMax-ETC (q = 0.9) 1459 84 150 251 461 987 2419 12654

ExtremeETC 957 6 12 30 214 581 1511 7422
ExtremeHunter 867 32 85 156 297 666 1569 10855
MaxMedian 76 0 0 0 0 0 15 1678

ThresholdAscent 1043 43 94 160 311 667 1648 10715
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Figure 12: Experiment 8 (Generalized Gaussian arms): Number of pulls of the dominant arm, averaged over 104

independent trajectories for T ∈ {103, 2.5× 103, 5× 103, 7.5× 103, 9× 10, 104, 1.5× 104, 2× 104, 3× 104, 5× 104}.

Table 17: Statistics on the distributions of number of pulls of the best arm at T = 5× 104, Experiment 8.

Algorithm Average 1% 10% 25% 50% 75% 90% 99%

QoMax-SDA (q = 1/2) 91 91 91 91 91 91 91 91
QoMax-SDA (q = 0.9) 97 97 97 97 97 97 97 97
QoMax-ETC (q = 1/2) 82 82 82 82 82 82 82 82
QoMax-ETC (q = 0.9) 82 82 82 82 82 82 82 82

ExtremeETC 80 3 82 82 82 82 82 82
ExtremeHunter 82 80 82 82 82 82 82 82
MaxMedian 31 0 0 0 0 89 100 100

ThresholdAscent 44 44 44 44 44 44 44 44

Table 18: Statistics on the distributions of maxima at T = 5 × 104, Experiment 8. Results divided by 100 to
improve readability.

Algorithm Average 1% 10% 25% 50% 75% 90% 99%

QoMax-SDA (q = 1/2) 30 14 17 21 27 35 46 75
QoMax-SDA (q = 0.9) 31 14 18 21 27 34 46 94
QoMax-ETC (q = 1/2) 29 13 17 20 26 34 45 76
QoMax-ETC (q = 0.9) 29 14 17 20 26 35 45 88

ExtremeETC 28 4 17 20 25 33 43 78
ExtremeHunter 29 13 17 20 25 34 45 78
MaxMedian 11 0 0 0 0 21 33 65

ThresholdAscent 24 10 14 16 21 28 38 74
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