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Abstract

It has been recently shown in the literature
(Nie et al., 2018; Shin et al., 2019a,b) that
the sample averages from online learning ex-
periments are biased when used to estimate
the mean reward. To correct the bias, off-
policy evaluation methods, including impor-
tance sampling and doubly robust estimators,
typically calculate the conditional propensity
score, which is ill-defined for non-randomized
policies such as UCB. This paper provides a
procedure to debias the samples using boot-
strap, which doesn’t require the knowledge of
the reward distribution and can be applied
to any adaptive policies. Numerical experi-
ments demonstrate the effective bias reduc-
tion for samples generated by popular multi-
armed bandit algorithms such as Explore-
Then-Commit (ETC), UCB, Thompson sam-
pling (TS) and ε-greedy (EG). We analyze
and provide theoretical justifications for the
procedure under the ETC algorithm, includ-
ing the asymptotic convergence of the bias
decay rate in the real and bootstrap worlds.

1 Introduction

Online learning and specifically the multi-armed ban-
dit problem, has seen great success in many applica-
tions, including recommender systems (Li et al., 2011),
clinical trials (Villar et al., 2015), dynamic pricing
(Den Boer, 2015), and A/B testing or online experi-
ments (Burtini et al., 2015). The primary goal of online
learning is to explore available options (arms) while
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maximizing the payoff (or equivalently minimize the
regret) at the same time. Many algorithms or poli-
cies achieve the goal remarkably well, including UCB
(Upper Confidence Bound) (Lai and Robbins, 1985;
Auer et al., 2002) and Thompson sampling (Thompson,
1933). After the conclusion of the experiment and the
collection of the data, typically additional evaluations
need to be conducted based on the collected data with-
out running new experiments. This is usually referred
to as “off-policy evaluation” (Precup et al., 2000; Li
et al., 2011, 2012; Jiang and Li, 2016).

Motivating Example. To illustrate the motivation,
consider the following hypothetical example in early-
stage clinical trials. The online learning framework
has been applied to Phase I/II trials to identify the
optimal dose (Villar et al., 2015; Chen and Khademi,
2020; Aziz et al., 2021). Suppose a clinical trial is
conducted on 100 patients sequentially to evaluate the
efficacy of two drugs, A and B. This can be treated
as a multi-armed bandit problem with two arms. The
manager applies the UCB algorithm to allocate the
drugs to the patients while observing their responses in
terms of health measures. Eventually, the responses of
the 100 patients are recorded, among which 90 patients
are allocated drug A and the remaining 10 patients
are allocated drug B. Apparently, the UCB algorithm
determines that drug A is more efficacious than B.
Suppose, in addition, the manager wants to evaluate
the mean efficacy of the inferior drug B without running
new trials. One natural step is to take the sample
average of the responses from the 10 patients who have
been allocated drug B. Does the quantity reflect the
actual efficacy of drug B?

The answer is no, which has been documented in a few
recent papers (Nie et al., 2018; Shin et al., 2019b,a).
To see the intuition, note that UCB tends to choose
the arm with a higher empirical average. Therefore,
if during the trial the sample average of drug B is
less than its actual mean efficacy, then UCB tends to
choose drug A more often and the realized negative
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bias is not likely to be fully corrected. On the other
hand, if the sample average happens to be higher than
the actual mean, then UCB tends to choose drug B
relatively more and correct the realized positive bias.
Due to the asymmetry, the sample average of drug B
is typically negatively biased.

To correct the bias, the literature on off-policy evalua-
tions provides a few potential methods (Li et al., 2015;
Swaminathan and Joachims, 2015; Jiang and Li, 2016;
Dimakopoulou et al., 2017; Farajtabar et al., 2018;
Hadad et al., 2021), including importance sampling
and doubly robust estimators. Embedded in almost all
the methods, there is a key concept called the propen-
sity score, i.e., the probability that an arm is chosen
in a period under the bandit algorithm. To estimate
the unconditional propensity scores, the distribution
of the rewards of the arms is required because of the
adaptive nature of most bandit algorithms. However,
the lack of prior knowledge of the rewards, not even
their means, is precisely the reason to resort to online
learning in the first place. For conditional propensity
scores, they are readily available for policies with inter-
nal randomization such as TS and EG (Hadad et al.,
2021). However, for other popular policies such as
ETC and UCB which are non-randomized, the meth-
ods do not work and some adjustments have to be used
(Dimakopoulou et al., 2017).

Our Contribution. To overcome the challenge, we
introduce a simulation-based algorithm to debias the
sample means and provide more reliable estimators for
the mean rewards of the arms. At a high level, the
algorithm can be described in the following steps:

1. Based on the collected data from the experiment
in the real world, we construct bootstrap reward
distributions, P ∗1 , . . . , P ∗K , for the K arms. The
bootstrap distribution could be Efron’s bootstrap
(Efron and Tibshirani, 1994) or multiplier boot-
strap (van Der Vaart and Wellner, 1996; Cher-
nozhukov et al., 2013).

2. Simulate independent experiments in the “boot-
strap” world using the same policy as in the real
world, say, UCB. The rewards of the arms in the
bootstrap world are generated using {P ∗k }Kk=1.

3. For a bootstrap experiment, the difference between
the sample average of the rewards of arm k and
the mean reward in the “bootstrap” world EP∗k [X],
which is the sample mean of arm k in the real-
world experiment, provides a realization of the
bias in the “bootstrap” world.

4. Average the realized bias of all the bootstrap ex-
periments and use it to debias the data in the real
world.

The algorithm has the following features. First, it
doesn’t require any knowledge of the probability model
that generates the rewards. This is the benefit of
using bootstrap to construct data-dependent distri-
butions. Second, it is not specific to certain bandit
algorithms. As long as the bandit algorithm that gen-
erates the data in the real world can be replicated in
the bootstrap world, the debiasing procedure works. In
Section 3, we apply the procedure to four popular ban-
dit algorithms: Explore-Then-Commit (ETC), UCB,
Thompson sampling, and ε-greedy. The corrected bias
is always smaller, demonstrating the effectiveness of
the procedure.

We also provide theoretical justifications when applying
the approach to the ETC algorithm. In general, the
exact analytical understanding of adaptive algorithms
is difficult. We follow the literature (Boutilier et al.,
2020; Perchet et al., 2016) and analyze ETC in the
two-armed bandit problem. Specifically, for the ETC
algorithm, we theoretically characterize the biases in
the real world and the bootstrap world when there are
two arms and the rewards are Gaussian. This allows us
to evaluate how well the bootstrap bias approximates
the real-world bias. In particular, we show that:

Informal Result: the bias of the real and bootstrap
worlds decays exponentially as the length of the ex-
ploration phase grows. The ratio of their decay rates
converges to one.

When the rewards are not Gaussian, we show that
the ratio of the decay rate may depend on the tail
behavior of the reward distribution, in particular, the
Legendre-Fenchel transform of the reward distribution.
We provide an asymptotic bound for the ratio.

Finally, we point out that in contrast to existing studies
(e.g. Shin et al. (2019a)) which provide bounds on the
bias for general bandit algorithms, we are able to give
precise estimates of the bias under the ETC algorithm.

Related Work. In online learning problems, reward
samples are collected in an adaptive manner. The
dependence usually leads to bias in the sample average.
This phenomenon is empirically documented in (Xu
et al., 2013; Villar et al., 2015). Theoretically, Nie
et al. (2018) give sufficient conditions under which the
sample mean is negative. Shin et al. (2019b,a) provide
a thorough analysis of the magnitude of the bias in
multi-armed bandit problems.

How to debias the sample mean and learn the actual
mean of the reward has attracted attention in recent lit-
erature. Xu et al. (2013) proposes a debiasing method
by collecting another data log or a “held-out” set. Col-
lecting additional data improves the estimation in most
cases, but it is not always feasible in many applications
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such as clinical trials. In comparison, our method only
relies on the bandit experiment without additional data.
In Nie et al. (2018), the authors provide an MLE-based
approach that models the whole stochastic process and
find the parameter (mean) that yields the maximum
likelihood. Their approach requires the knowledge of
the reward distribution to construct the likelihood func-
tion. Neel and Roth (2018) shows that the bias problem
is mitigated if the data collection procedure is differ-
entially private. Deshpande et al. (2018) introduces
a ridge-type debiased estimator of the ordinary least
squares estimator, which is computed adaptively to
optimize bias-variance tradeoff. The debiasing proce-
dure requires access to the data collection policy to
construct a reasonable regularization parameter of the
ridge estimation. Another line of literature uses the
framework of causal inference. In particular, impor-
tant sampling or propensity scoring has been used in
Li et al. (2015); Swaminathan and Joachims (2015);
Schnabel et al. (2016); Dimakopoulou et al. (2017);
Vlassis et al. (2019); Hadad et al. (2021) to develop
off-policy evaluation schemes. In order to evaluate the
propensity score, the method typically only works for
bandit algorithms with internal randomization such as
Thompson sampling.

Our work builds on the bootstrap method, introduced
by Eforn (1979). Due to the data-dependent nature,
bootstrap usually doesn’t require any knowledge of the
distribution itself and is well suited for multi-armed
bandit problems. For example, Hao et al. (2019) re-
places the confidence bound in UCB with the boot-
strap version to circumvent the dependence on model
parameters such as the subgaussian parameter of the
reward distribution. (Eckles and Kaptein, 2014; Os-
band and Van Roy, 2015) use bootstrap in the posterior
distribution of Thompson sampling to improve the com-
putational efficiency. In addition, the bootstrap can
be used to learn model coefficients in contextual ban-
dits (Tang et al., 2015), achieve near-optimal regret
(Vaswani et al., 2018), approximate Thompson sam-
pling (Elmachtoub et al., 2017) and conduct a generally
well-performed algorithm in different models (Kveton
et al., 2019). These papers apply bootstrap as a com-
ponent in the online algorithm, which is different from
our work. Finally, bootstrap has also been used in the
offline setting or off-policy evaluation. (Kostrikov and
Nachum, 2020; Hao et al., 2021) propose a bootstrap
Q-evaluation to evaluate the value of a target policy.
Bibaut et al. (2019) obtains the confidence interval for
its proposed doubly-robust estimator by bootstrapping.
Mary et al. (2014) uses bootstrapping techniques to im-
prove offline evaluation of contextual bandit algorithms
in recommendation applications. In our paper, we fo-
cus on the bias of the sample average reward collected
from a target multi-armed bandit algorithm and use

bootstrap to simulate additional bandit experiments
so that the bias can be evaluated.

Notations. We use K as the number of arms and T
as the number of rounds in the bandit experiment. We
use ·∗ for the corresponding quantity in the bootstrap
world, conditional on the samples.

2 Problem Formulation

Suppose an agent has collected a dataset after running
a bandit experiment. In particular, the agent has ob-
served the number of rounds T , the action sequence
{a1, . . . , aT } where at ∈ [K] = {1, . . . ,K} is the arm
pulled in round t, and the reward sequence {r1, . . . , rT }
where rt ∈ R is the (noisy) reward observed in round
t. In addition, the agent is also aware of the bandit
algorithm that has been implemented, i.e., the dis-
tribution of at given Ft−1 , σ(a1, r1, . . . , at−1, rt−1).
However, the reward distributions P = {P1, . . . , PK}
are unknown, in particular, the mean µk for each arm
k is unknown.

The agent is interested in the average reward of, say,
arm k ∈ [K]. A straightforward approach is to take the
sample average of the rewards generated from arm k:
µ̂k =

∑T
t=1 rtI{at=k}∑T
t=1 I{at=k}

. As documented in the literature
(Nie et al., 2018; Shin et al., 2019b,a), such a statistic is
usually biased, especially for suboptimal arms. That is,
the bias given by EP [µ̂k]− µk is often negative, where
µk is the mean of the reward of arm k. However, the
quantity depends on the algorithm and its interaction
with the unknown P . To show the intractability of
this quantity, consider EP [

∑T
t=1 I{at=k}], the expected

value of the total number of pulls of arm k under a
particular algorithm. This seemingly simple quantity
usually doesn’t have a closed-form expression even
when P is known, for most algorithms such as UCB and
Thompson sampling. It is unclear if we can estimate
the bias and use it to debias the sample averages.

Next, we propose a procedure to estimate the quantity
based on bootstrap (Efron and Tibshirani, 1994) and
in particular, multiplier bootstrap (van Der Vaart and
Wellner, 1996; Chernozhukov et al., 2013).

2.1 Multiplier Bootstrap

In this section, we first introduce the idea of multiplier
bootstrap generally.

Let X = {z1, . . . , zn} be i.i.d. observations from an
unknown distribution F , whose mean is µ. Then the
sample mean and sample variance can be calculated by
µ̂ = z1+···+zn

n and σ̂2 = 1
n

∑n
i=1(zi − µ̂)2. Conditioned

on X , the goal of bootstrap is to construct and simulate
samples from F approximately, say X ∗ = {z∗1 , . . . , z∗m},
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without knowing F .

There are two bootstrap approaches involved in this
study. Efron’s bootstrap (EB) (Efron, 1982) draws
each sample z∗j uniformly randomly from X with re-
placement. That is P(z∗j = zi) = 1

n ,∀ i = 1, . . . , n.
Equivalently, one can think of z∗j =

∑n
i=1 wijzi, where

the weight (w1j , . . . , wnj) has a multinomial distribu-
tion with parameters (1; 1/n, . . . , 1/n).

Another bootstrap approach, which is the focus of
this paper, is referred to as multiplier bootstrap (MB)
(van Der Vaart and Wellner, 1996). It has attracted
the attention of many scholars due to its analytical
tractability (Arlot et al., 2010; Chernozhukov et al.,
2013; Hao et al., 2019). In multiplier bootstrap, we
have z∗j = 1√

n

∑n
i=1(zi − µ̂)wij + µ̂, where the weight

(w1j , . . . , wnj) is a random vector with E[wij ] = 0 and
Var[wij ] = 1. It is clear that E[z∗j ] = µ̂ and Var[z∗j ] =

σ̂2, so MB preserves the sample mean and variance.

In our problem, the data X consists of the ac-
tion sequence {a1, . . . , aT } and the reward sequence
{r1, . . . , rT }. We use MB to construct the distribution
of the reward of each arm with Gaussian weights, i.e.,
wi,j ∼ N(0, 1). Therefore, conditional on X , a reward
from arm k can be generated by

P ∗k ∼ N(µ̂k, σ̂
2
k), (1)

where µ̂k and σ̂k are the sample mean and variance of
the observed rewards from arm k.

2.2 Use Multiplier Bootstrap for Debiasing

It is not a new idea to use bootstrap to correct the bias
in the samples (Efron and Tibshirani, 1994; Steck and
Jaakkola, 2003). But because of the structure of this
application (the sequential nature of the observations),
it is not straightforward to apply bootstrap. We next
elaborate on the major steps and intuition of the algo-
rithm. After collecting the data from the experiment,
we simulate B additional experiments in the bootstrap
world, using the same K, T , and the bandit algorithm.
The reward of the bootstrap experiments is generated
according to (1). Comparing the experiments in the
bootstrap and the real world, the bootstrap reward
distribution only offers an approximation. However,
because the implemented bandit algorithm is known,
the bootstrap experiments correctly capture the in-
tertemporal dependence introduced by the sequential
decision-making. Therefore, the bias calculated in the
bootstrap world may be used to estimate the bias in
the real world, thanks to the known reward distribution
in the bootstrap world. Algorithm 1 demonstrates the
process.

Algorithm 1 Using MB to debias the samples from a
bandit experiment
Require: The horizon T , the number of arms K, the

action sequence {a1, . . . , aT }, the reward sequence
{r1, . . . , rT }, the implemented bandit algorithm

1: Parameters: bootstrap sample size B
2: for b = 1, . . . , B do
3: Simulate a bandit experiment with the same
K, T and bandit algorithm in the bootstrap world,
where the reward of arm k is generated by (1)

4: Record the action sequence
{
a∗b,1, . . . , a

∗
b,T

}
and

the reward sequence
{
r∗b,1, . . . , r

∗
b,T

}
5: Calculate the sample average of the reward of

the arms in the experiment

µ̂∗b,k =

∑T
t=1 r

∗
b,tI{a∗b,t=k}∑T

t=1 I{a∗b,t=k}
, ∀ k = 1, . . . ,K

6: end for
7: Calculate the average bias in the bootstrap world:

Estimated Bias = 1
B

∑B
b=1 µ̂

∗
b,k − µ̂k

8: return the debiased sample average as the estima-
tor for µk, ∀ k = 1, . . . ,K:
µ̂k − Estimated Bias = 2µ̂k − 1

B

∑B
b=1 µ̂

∗
b,k

3 Numerical Performance

In this section, we test the performance of Algorithm 1
for bandit experiments using four popular bandit algo-
rithms, including Explore-Then-Commit (ETC), upper
confidence bound (UCB), Thompson sampling (TS)
and ε-greedy (EG), for T = 100 and K = 2 (also
K = 4). We consider two reward distributions: unit-
variance normal distribution with µ1 = 1, µ2 = 1.5 and
Bernoulli random variables with µ1 = 0.3, µ2 = 0.6.
The detailed implementations of the algorithms are
given below.

• ETC: pull each arm m = 10 times sequentially in
the first mK rounds. Choose the arm with the
highest average reward for the rest of the horizon.

• UCB1: we use the version in Chapter 2.7 of Sutton
and Barto (2018). In particular, in round t, the
arm that maximizes µ̂k(t)+

√
log t/Nk(t) is pulled,

where µ̂k(t) is the empirical average reward of arm
k andNk(t) is the number of rounds arm k is pulled
prior to t. If Nk(t) = 0, then k is considered to be
a maximizing action/arm.

• TS: pull the arm according to its posterior proba-
bility of being the optimal arm (Russo et al., 2017).
We set the prior distribution to be a normal dis-
tribution.
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• EG: pull the arm with the highest empirical aver-
age reward so far (greedy) with probability 1− ε
and selects a uniformly random arm with proba-
bility ε. We set ε = 0.05.

We consider B = 1, 000 bootstrap simulations in Algo-
rithm 1 when calculating the debiased sample average
in Step 8. To evaluate the bias in the real world,
E[µ̂k] − µk, we run the bandit experiment L = 1000
times and take the average. We also report the debi-
ased sample average using MB or EB. The numerical
experiments are conducted on a PC with 3.10 GHz
Intel Processor and 16 GB of RAM.

Moreover, we implement the two propensity score based
methods in Hadad et al. (2021): the inverse propensity
score weighted (IPW) estimator and the augmented
inverse propensity weighted (AIPW) estimator, for EG
and TS. Note that both estimators are unbiased: if
we run a large number of bandit experiments and take
the average bias, it is going to be zero. In addition,
both estimators only work for bandit algorithms with
internal randomization. Therefore, we compare the
mean-squared error (MSE) of our method and these
two methods for EG and TS.

Table 1 demonstrates the performance of Algorithm 1.
The column “E[µ̂k]− µk” reports the bias of arm k in
the real world, and it is estimated by the sample aver-
age 1

L

∑L
l=1 (µ̂l,k − µk), where µ̂l,k denotes the sample

mean of arm k in the l−th bandit experiment in the real
world. The “Estimated Bias" in the bootstrap world
in Table 1 is calculated as follows. For each of the l-th
bandit experiment, we use B = 1000 bootstrap simula-
tions to apply Algorithm 1 and calculate the bias in the
bootstrap world by 1

B

∑B
b=1 µ̂

∗
l,b,k − µ̂l,k, where µ̂∗l,b,k

denotes the sample average reward of arm k in the b−th
bootstrap simulation (see Lines 5–7 of Algorithm 1).
Then the “Estimated Bias” in the bootstrap world is
computed by 1

L

∑L
l=1

(
1
B

∑B
b=1 µ̂

∗
l,b,k − µ̂l,k

)
. Finally,

the “Corrected E[µ̂k]” in the bootstrap world is esti-
mated by 1

L

∑L
l=1

(
2µ̂l,k − 1

B

∑B
b=1 µ̂

∗
l,b,k

)
(c.f. Line 8

of Algorithm 1), which shows the average debiasing
effect. In all the instances, Algorithm 1 is able to give
a more accurate estimator for the mean reward of each
arm. Although there are occasions when the bias is
already quite small and Algorithm 1 over-corrects, Al-
gorithm 1 is very effective in achieving bias reduction
overall.

In Figures 1, 2, 3 and 4, we provide more information
about the performance of Algorithm 1. In particular,
we show the histogram of the raw sample mean as well
as MB corrected sample means among the 1,000 bandit
experiments. The average is illustrated by the dashed
vertical lines and the actual mean reward by the solid

vertical lines. Again, after applying MB to the sample
means, the bias is significantly reduced.

To compare to IPW and AIPW, Figures 5 and 6 illus-
trate the MSE of the corrected mean rewards among
the 1000 bandit experiments. The MSE of all meth-
ods decrease as the horizon T increases although the
MSE of MB appear to be constants. Actually it also
decreases by around 10% when T increases from 25 to
100 in the figures. However, because the magnitude
of the MSE of MB is smaller than that of IPW and
AIPW, it becomes difficult to observe this decreasing
pattern when the MSE of three methods are plotted
in the same figure. When T is small (e.g. T = 25),
there is some fluctuation of the MSE curves because
the number of samples is too small, and in this case
we can find that the MSE of IPW and AIPW is much
larger compared with the MSE of MB. A large variance
is a common issue for propensity score based methods.
By trading off a little bias for variance reduction, Al-
gorithm 1 seems to be more robust for small T . When
T = 100, all methods achieve a similar level of MSE.
We also remark that when T becomes very large (e.g.
T ≥ 10000), the MSE of all three estimators become
very small and close to zero.

We also briefly discuss the effect of the bootstrap size
B on the bias estimation and correction. For simplic-
ity, we present results for the ETC algorithm with
Gaussisan rewards in the two-armed bandit problem.
Below we report the corrected mean estimators for
the two arms. From Table 1, the corrected means are
[0.9859, 1.5072] when B = 1000. In our experiments
we find that the corrected means are [0.9847, 1.5073]
when B = 50, [0.9853, 1.5058] when B = 100, and
[0.9854, 1.5075] when B = 500. This shows that when
B is of moderate size, our algorithm already corrects
the bias very well and produces results that are very
close to the true means [1, 1.5].

Finally, we also conduct additional bandit experiments
with K = 4 arms: Gaussian reward with mean µ =
{2, 2.5, 3, 3.5} and standard deviation σ = {2, 1, 2, 1},
and Bernoulli reward with mean µ = {0.4, 0.5, 0.7, 0.8}.
The four algorithms are repeated 1, 000 times, each
instance with B = 1, 000 bootstrap simulations for
both Efron’s bootstrap and Gaussian multiplier boot-
strap. The results are presented in Appendix A. They
further demonstrate the effectiveness of the proposed
algorithm.

4 Theoretical Results for ETC

In this section, we analyze the performance of Algo-
rithm 1 when the ETC algorithm (see Section 3) is
used in the bandit experiment. The next lemma char-
acterizes the sign of the bias of the ETC algorithm in
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Table 1: Debaising using Algorithm 1 for a two-armed bandit problem

Algorithm Reward
Real World Bootstrap World

E[µ̂k]− µk E[µ̂k] Estimated Bias Corrected E[µ̂k]

Arm 1 Arm 2 Arm 1 Arm 2 Arm 1 Arm 2 Arm 1 Arm 2

ETC Normal -0.0518 -0.0324 0.9482 1.4676 -0.0377 -0.0396 0.9859 1.5072
Bernoulli -0.0184 -0.0167 0.2816 0.5833 -0.0148 -0.0156 0.2964 0.5989

UCB Normal -0.3407 -0.0348 0.6593 1.4652 -0.2026 -0.0361 0.8619 1.5012
Bernoulli -0.0384 -0.0035 0.2616 0.5965 -0.0406 -0.003 0.3022 0.5996

TS Normal -0.3717 -0.0504 0.6283 1.4496 -0.1804 -0.0268 0.8087 1.4764
Bernoulli -0.0458 -0.0098 0.2542 0.5902 -0.03 -0.0032 0.2842 0.5934

EG Normal -0.167 -0.109 0.833 1.391 -0.1171 -0.0958 0.9501 1.4868
Bernoulli -0.0508 -0.0828 0.2492 0.5172 -0.0533 -0.0377 0.3025 0.5549
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Figure 1: Debiasing using bootstrap under ETC
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Figure 2: Debiasing using bootstrap under UCB
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Figure 3: Debiasing using bootstrap under TS
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Figure 4: Debiasing using bootstrap under EG
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Figure 5: MSE comparison under TS
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Figure 6: MSE comparison under EG

the real world.

Lemma 1. Bias of arm k, EP [µ̂k] − µk, is negative
when the ETC algorithm is used for all k ∈ [K].

Although the result is a special case of Nie et al. (2018),
in the proof (see Appendix B) we are able to explicitly
characterize the bias of the sample average of arm k,
in the form

EP [µ̂k]− µk (2)

=
T −mK

m+ T −mK
· EP

[
(µk − µ̂k(mK))I{amK+1=k}

]
,

where µ̂k(mK) is the sample average reward of arm
k in the first mK rounds. The bias is fully generated
by the correlation between µk − µ̂k(mK), which is
the deviation of the sample average in the exploration
phase from the mean, and I{amK+1=k}, which is the
event that arm k is chosen in the exploitation phase.
The ratio outside the expectation adjusts for the length
of the exploration/commit phases. The expression (2)

allows us to derive the main theoretical results in the
paper.

4.1 Two Arms with Gaussian Rewards

In this section, we consider the special case whenK = 2
and the rewards of both arms are generated from the
normal distribution. That is, the reward of arm i is
generated from N(µi, σ

2
i ) for i = 1, 2. We first compute

the bias explicitly using the sample mean when the
ETC algorithm is used.
Proposition 1. Under the ETC algorithm, for K = 2
and Gaussian rewards, the bias of the sample average
of arm k’s reward is

EP [µ̂k]− µk (3)

= −T − 2m

T −m

σ2
k√

2π(σ2
1 + σ2

2)m
exp

[
− m

2(σ2
1 + σ2

2)
(µ1 − µ2)

2

]
.

We have the following observations from Proposition 1:

• The bias is always negative for both arms, con-
firming Lemma 1.

• If σ1 = σ2, then the bias is equal for both arms.
This may be counter-intuitive, as one would expect
that the better arm is more likely to be chosen
after the exploration phase and the sample average
is thus less biased.

• Given σ1 and σ2, the bias is maximized when
µ1 = µ2, i.e., when the two arms are hard to
distinguish.

• Given the reward distributions, the bias is decreas-
ing exponentially in m.

To prove Proposition 1, we use the bias characteriza-
tion (2). Under the Gaussian assumption of reward
distributions, the sample average µ̂k(mK) in the ex-
ploration is still Gaussian; In addition, whether the
arm k is chosen in the exploitation phase amounts to
the comparison of average rewards of two arms which
both follow Gaussian distributions. This allows us to
obtain the explicit formula for the bias in (3) in the
two-arm setting. For multiple arms, it is difficult to
obtain such explicit formulas due to the comparison
of multiple Gaussian distributions (Kim and Nelson,
2007).

Next, we investigate the effect of using Gaussian multi-
plier bootstrap to estimate (3) and correct the bias. In
order to generate the reward in the bootstrap world,
we need to obtain the sample mean and variance in (1).
There are two outcomes in the context of ETC. If arm
one has a higher average in the exploration phase,
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then we have µ̂1 = 1
T−m

(∑m
i=1 ri +

∑T
i=2m+1 ri

)
,

σ̂2
1 = 1

T−m

(∑m
i=1(ri − µ̂1)2 +

∑T
i=2m+1(ri − µ̂1)2

)
,

µ̂2 = 1
m

∑2m
i=m+1 ri, and σ̂2

2 = 1
m

∑2m
i=m+1(ri − µ̂2)2.

This outcome happens with probability P(N(µ1,
σ2
1

m ) >

N(µ2,
σ2
2

m )) = Φ

(
(µ1−µ2)

√
m√

σ2
1+σ2

2

)
. Otherwise, arm two

has a higher average in the exploration phase. We
have µ̂1 = 1

m

∑m
i=1 ri, σ̂

2
1 = 1

m

∑m
i=1(ri − µ̂1)2, µ̂2 =

1
T−m

∑T
i=m+1 ri, and σ̂2

2 = 1
T−m

∑T
i=m+1(ri − µ̂2)2.

This outcome occurs with probability Φ

(
(µ2−µ1)

√
m√

σ2
1+σ2

2

)
.

After obtaining µ̂k and σ̂k for k = 1, 2, we can apply
Proposition 1 to the bandit experiments in the boot-
strap world, i.e., Step 7 in Algorithm 1. In particular,
when B → ∞, the law of large numbers implies that
the bias in the bootstrap world is given by

lim
B→∞

1

B

B∑
b=1

µ̂∗b,k − µ̂k = EP∗ [µ̂
∗
k]− µ̂k (4)

= −T − 2m

T −m

σ̂2
k√

2π(σ̂2
1 + σ̂2

2)m
exp

[
− m

2(σ̂2
1 + σ̂2

2)
(µ̂1 − µ̂2)

2

]
.

Note that the bias is conditional on the data obtained
from bandit experiment in the real world, X , i.e.,
the action sequence {a1, . . . , aT }, the reward sequence
{r1, . . . , rT }.
To compare the estimated bias in the bootstrap world,
(4), to the actual bias in the real world, (3), note that
in the bootstrap world, we simply replace µk and σk
by the sample version µ̂k and σ̂k. Such analytical
tractability is one of the major benefits of Gaussian
multiplier bootstrap. We define following quantity:

gk(µ1, µ2, σ
2
1 , σ

2
2)

= log

T − 2m

T −m
σ2
k√

2π(σ2
1 + σ2

2)m
exp

[
−

m

2(σ2
1 + σ2

2)
(µ1 − µ2)

2

] ,

which is the logarithm of the absolute value of bias for
arm k in the real world. The corresponding quantity
in the bootstrap world is thus gk(µ̂1, µ̂2, σ̂

2
1 , σ̂

2
2). We

focus on the logarithm because, as shown in Proposi-
tion 1, the bias decays exponentially fast asm increases.
Therefore, we focus on the ratio of the decay rate. Our
next result states that the ratio converges to one asymp-
totically.
Theorem 1. Consider the ETC algorithm for K = 2
and Gaussian rewards. Choosing T > 2m, for k = 1, 2,
we have

lim
m→∞

gk(µ̂1, µ̂2, σ̂
2
1 , σ̂

2
2)

gk(µ1, µ2, σ2
1 , σ

2
2)

= 1, in probability.

Theorem 1 provides a theoretical justification for the
performance of Algorithm 1. At least for the ETC

algorithm, when the exploration phase lengthens, the
biases from the bootstrap world and the real world
converge in the logarithmic sense.

Instead of the ratio of the log-biases, one may hope to
obtain a stronger result: the convergence of the ratio
of the biases themselves. We caution that the claim is
not true in general. This is because the exponential
may distort a small error and lead to divergence.

To prove Theorem 1, we perform a Taylor expansion
of gk(µ̂1, µ̂2, σ̂

2
1 , σ̂

2
2) at the point (µ1, µ2, σ

2
1 , σ

2
2). We

then show that ∇gk/gk = O(1) and ||(µ̂1 − µ1, µ̂2 −
µ2, σ̂

2
1 − σ2

1 , σ̂
2
2 − σ2

2)|| converges in probability to zero
as m→∞. See Appendix D for details.

4.2 General Rewards

In this section, we extend the setting in Section 4.1 by
considering general rewards. In particular, we consider
the ETC algorithm with K = 2 and the subgaussian
reward distributions. The reward distribution of the
first arm has mean µ1 and variance proxy parameter
a2, i.e. E[eλ(X1−µ1)] ≤ exp(λ

2a2

2 ) for all λ ∈ R. It
is well known that σ2

1 , Var(X1) ≤ a2, where the
equality holds when X is Gaussian. For simplicity, we
assume the reward of the second arm is deterministic
and equals µ2. The analysis can be extended to the
general subgaussian setting.

To facilitate the presentation, we recall some defini-
tions from the large deviations theory (Dembo and
Zeitouni, 1998). Define the log moment generating
function η(h) = log E[ehX1 ] for the reward of arm one.
Note η is convex and continuously differentiable on
R with η′(0) = E[X1] = µ1 (Lemma 2.2.5 of Dembo
and Zeitouni (1998)). Set H = {η′(h) : h ∈ R}. The
Legendre-Fenchel transform of η is given by

Λ∗(x) = sup
h∈R

(hx− η(h)).

Define ζ by the implicit equation η′(ζ) = µ2 when
µ2 ∈ H. The next result characterizes the bias in this
setting in the real world.

Proposition 2. Under the ETC algorithm, for K =
2, subgaussian reward for arm one and deterministic
reward for arm two, the bias of the sample average of
arm one’s reward is

EP [µ̂1]− µ1 =
T − 2m

T −m
e−mΛ∗(µ2)√
2πmη′′(ζ)

(−c∗ + o(1)),

(5)

as m→∞, where c∗ > 0 is a constant.

The constant c∗ in the expression is semi-explicit. The
value depends on whether the rewardX1 has a lattice or



Ningyuan Chen*, Xuefeng Gao*, Yi Xiong*

non-lattice law, which is given in (20) in the appendix.
Proposition 2 shows that the bias of arm one decays
exponentially fast to zero with rate Λ∗(µ2) as m grows.
This is a similar pattern to Proposition 1. In fact, in
the special case that X1 ∼ N(µ1, σ

2
1), one can readily

verify that η(h) = µ1h+ 1
2σ

2
1h

2, Λ∗(µ2) = 1
2σ2

1
(µ1−µ2)2

and c∗ = σ2
1 . Hence, (5) is consistent with (3) when

the rewards are Gaussian.

To prove Proposition 2, we build upon the bias charac-
terization in (2), and use tools from large deviations
theory. We need the large deviations theory since one
has to compare the average rewards of two arms in the
exploration to decide which arm to pull in the exploita-
tion phase for the ETC algorithm. Mathematically,
to obtain (5), we build on the Bahadur-Rao theorem
(Theorem 3.7.4 in Dembo and Zeitouni (1998)) and pro-
vide precise estimates for the tail probabilities and tail
expectations for the average of i.i.d. random variables.
The details of the proof can be found in Appendix E.

Next, we consider the bias estimate in the bootstrap
world. With Gaussian bootstrap multiplier, the boot-
strap distribution (1) is always Gaussian with distribu-
tion N(µ̂1, σ̂

2
1), capturing the first- and second-order

moments of the original distribution. As a result, we
can infer from (4) that the bias of arm one in the
bootstrap world is given by

lim
B→∞

1

B

B∑
b=1

µ̂∗b,1 − µ̂1 = EP∗ [µ̂
∗
1]− µ̂1

= −T − 2m

T −m
σ̂2

1√
2πσ̂2

1m
exp

[
−mΛ̂∗(µ2)

]
,

where the exponential decay rate of the bias in the
bootstrap world is given by

Λ̂∗(µ2) =
1

2σ̂2
1

(µ̂1 − µ2)2. (6)

Comparing Λ̂∗(µ2) in (6) to Λ∗(µ2) in (5), we have:

Theorem 2. Under the same assumptions of Proposi-
tion 2, the ratio of the decay rate of the biases in the
bootstrap world and the real world is asymptotically
bounded by

lim
m→∞

Λ̂∗(µ2)

Λ∗(µ2)
≤ a2

σ2
1

,

where σ2
1 and a2 are the variance and the variance proxy

of the subgaussian reward from arm one, respectively.

Theorem 2 characterizes the relationship of the decay
rates of the biases in the real and bootstrap worlds.
It reveals one potential drawback of bootstrap despite
its good performance in Section 3. Only the first-

and second-order moments captured by the Gaussian
multiplier bootstrap are not sufficient to characterize
the asymptotic decay rate. The actual decay rate
may depend on the tail behavior, which is captured
by a and the Legendre-Fenchel transform Λ∗. This is
in general hard to capture using bootstrap, including
Efron’s bootstrap. Still, Theorem 2 provides a bound
for the ratio, which is attained when the reward indeed
has a Gaussian distribution. For the details of the
proof of Theorem 2, see Appendix F.

5 Conclusions and Future Research

In this paper, we study the problem of inferring the
mean reward of the arms from the data generated in
a multi-armed bandit experiment. The procedure we
propose is based on bootstrap and doesn’t require any
knowledge of the reward distribution. It can be used
for a wide range of bandit algorithms. We demonstrate
strong performance in numerical examples and analyze
the theoretical properties for the ETC algorithm.

Our current theoretical analysis is limited to the ETC
algorithm. It remains an open direction to analyze
the procedure for other algorithms such as UCB and
Thompson sampling. The major difficulty is to charac-
terize the bias in a tractable way under such algorithms,
where the adaptive data collection procedure induces
complex dependency among rewards. Another interest-
ing direction is to consider the finite-sample analysis of
the bias reduction via bootstrap, which is more relevant
given that the bias is typically larger in small samples.
This may require a different set of mathematical tech-
niques, and we leave it for future work.
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Supplementary Material:
Debiasing Samples from Online Learning Using Bootstrap

A Additional experiments

We conduct additional bandit experiments with K = 4 arms: Gaussian reward with mean µ = {2, 2.5, 3, 3.5}
and standard deviation σ = {2, 1, 2, 1}, and Bernoulli reward with mean µ = {0.4, 0.5, 0.7, 0.8}. The four bandit
algorithms (ETC, UCB, TS, EG) with the same parameters setting as Section 3 are repeated 1, 000 times, each
instance with B = 1, 000 bootstrap simulations for both Efron’s bootstrap and Gaussian multiplier bootstrap.
The results are presented below. They further demonstrate the effectiveness of the proposed algorithm.

To further illustrate the effect of the bootstrap size B on bias corrections, we report the following results for
the ETC algorithm with the four-armed Gaussian bandit problem. From Table 2, we observe that the corrected
means are [2.0191, 2.4927, 3.0013, 3.4921] when B = 1000. We vary B in our experiments and find that the
corrected means are [2.0221, 2.4942, 3.0012, 3.4906] when B = 50, [2.018, 2.4926, 3.0007, 3.493] when B = 100, and
[2.0185, 2.4924, 3.0007, 3.4923] when B = 500, respectively. Similar as in the two-armed setting, we find that when
B is of moderate size, our algorithm already corrects the bias very well.

Table 2: Debiasing using Bootstrap for a Four-Armed Bandit Problem.

Algorithm Reward Arm
True Environment MB Environment EB Environment

E[µ̂k]− µk E[µ̂k]
Estimated Corrected Estimated Corrected

Bias E[µ̂k] Bias E[µ̂k]

ETC

Normal

Arm1 -0.0197 1.9803 -0.0388 2.0191 -0.0369 2.0172
Arm2 -0.0219 2.4781 -0.0146 2.4927 -0.0142 2.4924
Arm3 -0.0347 2.9653 -0.036 3.0013 -0.0355 3.0008
Arm4 -0.1537 3.3463 -0.1459 3.4921 -0.1462 3.4924

Bernoulli

Arm1 -0.006 0.394 -0.0064 0.4005 -0.0092 0.4032
Arm2 -0.0102 0.4898 -0.0127 0.5024 -0.0158 0.5055
Arm3 -0.0366 0.6634 -0.0263 0.6897 -0.0284 0.6918
Arm4 -0.029 0.771 -0.0259 0.797 -0.0273 0.7983

UCB

Normal

Arm1 -0.8538 1.1462 -0.2737 1.4198 -0.3998 1.546
Arm2 -0.7435 1.7565 -0.2109 1.9674 -0.2136 1.9701
Arm3 -0.5521 2.4479 -0.1479 2.5959 -0.1482 2.5961
Arm4 -0.699 2.801 -0.4529 3.2539 -0.5017 3.3026

Bernoulli

Arm1 -0.0661 0.3339 -0.0564 0.3904 -0.0503 0.3843
Arm2 -0.0666 0.4334 -0.0580 0.4914 -0.0539 0.4873
Arm3 -0.0393 0.6607 -0.0363 0.6969 -0.0380 0.6986
Arm4 -0.0119 0.7881 -0.0121 0.8002 -0.0137 0.8018

TS

Normal

Arm1 -0.7917 1.2083 -0.2996 1.5079 -0.3321 1.5404
Arm2 -0.2872 2.2128 -0.1701 2.3829 -0.1721 2.3848
Arm3 -0.2594 2.7406 -0.1401 2.8807 -0.1398 2.8804
Arm4 -0.6559 2.8441 -0.4913 3.3354 -0.4974 3.3415

Bernoulli

Arm1 -0.0856 0.3144 -0.0467 0.3611 -0.0423 0.3567
Arm2 -0.0879 0.4121 -0.0408 0.4529 -0.0391 0.4513
Arm3 -0.0526 0.6474 -0.0283 0.6757 -0.0299 0.6773
Arm4 -0.0346 0.7654 -0.012 0.7774 -0.0135 0.7789

EG

Normal

Arm1 -0.2252 1.7748 -0.2128 1.9876 -0.2204 1.9952
Arm2 -0.1482 2.3518 -0.1039 2.4556 -0.1078 2.4595
Arm3 -0.3591 2.6409 -0.2167 2.8576 -0.2235 2.8644
Arm4 -0.959 2.541 -0.5405 3.0815 -0.5554 3.0964

Bernoulli

Arm1 -0.1115 0.2885 -0.0652 0.3537 -0.0704 0.3590
Arm2 -0.1310 0.3690 -0.0820 0.4510 -0.0957 0.4646
Arm3 -0.1517 0.5483 -0.0985 0.6467 -0.1168 0.6650
Arm4 -0.1182 0.6818 -0.0831 0.7649 -0.1083 0.7901
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B Proof of Lemma 1

Proof. For arm k, the average rewards of the whole decision horizon T is

µ̂k =


∑km
t=(k−1)m+1 rt+

∑T
t=Km+1 rt

m+T−mK , if k = amK+1,∑km
t=(k−1)m+1 rt

m = µ̂k(mK), if k 6= amK+1.

Hence we have

EP [µ̂k] = EP
[
µ̂k(mK)I{k 6=amK+1} + µ̂kI{k=amK+1}

]
.

Note for each k = 1, . . . ,K, EP [µ̂k(mK)] = µk. Then the bias of arm k is given by

EP [µ̂k]− µk = EP
[
(−µ̂k(mK) + µ̂k)I{k=amK+1}

]
=

T −mK
m+ T −mK

· EP

[(∑T
t=Km+1 rt

T −mK
− µ̂k(mK)

)
I{k=amK+1}

]

=
T −mK

m+ T −mK
· EP

[
(µk − µ̂k(mK)) I{k=amK+1}

]
, (7)

where the expectation is completely determined by the joint distribution of (µ̂k(mK))i with independent marginals.
In particular, the marginal distribution of µ̂k(mK) is simply the average of m i.i.d. rewards associated with arm
k. Mathematically, we have

EP [µ̂k]− µk =
T −mK

m+ T −mK
·
∫
R

(µk − x)P(k = amK+1)P(µ̂k(mK) ∈ dx)

≤ T −mK
m+ T −mK

·
∫
R

(µk − x)P(max
k′ 6=k

µ̂k′(mK) ≤ x)P(µ̂k(mK) ∈ dx).

Therefore, the bias is negative since
∫
R(µk − x)P(µ̂k(mK) ∈ dx) = µk − EP [µ̂k(mK)] = 0, and

P(maxk′ 6=k µ̂k′(mK) ≤ x) puts more weights on larger values of x. �

C Proof of Proposition 1

Proof. Recall for a general K−armed bandit problems with continuous rewards, the bias of the sample mean of
arm k has the following expression:

EP [µ̂k]− µk =
T −mK

m+ T −mK
· EP

[
(µk − µ̂k(mK))I{µ̂k(mK)>maxk′ 6=k µ̂k′ (mK)}

]
.

To prove Proposition 1 with K = 2, we first consider the special case where the arm 1 follows N(µ1, σ
2
1) while the

arm 2 has deterministic rewards µ2, i.e. σ2 = 0. Then we have the bias of arm 2 is clearly zero, and the bias of
arm 1 is given by

EP [µ̂1]− µ1 =
T − 2m

T −m
· EP

[
(µ1 − µ̂1(2m))I{µ̂1(2m)≥µ2}

]
, (8)

where µ̂1(2m) = 1
m

∑m
i=1 ri with ri generated from N(µ1, σ

2
1). Note that µ̂1(2m) is a random variable following

the normal distribution N(µ1,
σ2
1

m ). Hence we obtain

EP
[
(µ1 − µ̂1(2m))I{µ̂1(2m)≥µ2}

]
=

σ1√
m
· E
[
−Z · I{

Z>
µ2−µ1
σ1/
√
m

}] ,
where Z ∼ N(0, 1). Notice that E

[
Z · I{Z>c}

]
= φ(c) for any c, where φ is the density function of N(0, 1). It

follows that

EP
[
(µ1 − µ̂1(2m))I{µ̂1(2m)≥µ2}

]
= − σ1√

m
φ

(
µ2 − µ1

σ1/
√
m

)
= − σ1√

2πm
exp

[
−1

2

(
µ2 − µ1

σ1

)2

m

]
.
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On combining with (8), we immediately obtain the expression for the bias of arm 1 in (3).

Next we consider the setting where the reward of arm 2 follows N(µ2, σ
2
2) with σ2 > 0. The bias of arm 1 is

clearly given by

EP [µ̂1]− µ1 =
T − 2m

T −m
· EP

[
(µ1 − µ̂1(2m))I{µ̂1(2m)>µ̂2(2m)}

]
, (9)

where µ̂2(2m) ∼ N(µ2,
σ2
2

m ) since µ̂1(2m) = 1
m

∑2m
i=m+1 ri with ri obtained from N(µ2, σ

2
2). The difference between

(8) and (9) is just that we substitute a deterministic value µ2 by a normal random variable µ̂2(2m). So it follows
that

EP
[
(µ1 − µ̂1(2m))I{µ̂1(2m)>µ̂2(2m)}

]
=

∫
y

[
− σ1√

2πm
exp

[
−1

2

(
y − µ1

σ1

)2

m

]
· φ
(
y − µ2

σ2/
√
m

)
·
√
m

σ2

]
dy

= − σ1

2πσ2

∫
y

exp

[
− m

2σ2
1

(y − µ1)2 − m

2σ2
2

(y − µ2)2

]
dy.

Note that

− m

2σ2
1

(y − µ1)2 − m

2σ2
2

(y − µ2)2 = − m

2σ2
1σ

2
2

(√σ2
1 + σ2

2y −
σ2

2µ1 + σ2
1µ2√

σ2
2 + σ2

1

)2

+
σ2

2σ
2
1

σ2
2 + σ2

1

(µ1 − µ2)2

 .
Hence, we can obtain

EP
[
(µ1 − µ̂1(2m))I{µ̂1(2m)>µ̂2(2m)}

]
= − σ1

2πσ2

∫
y

exp

− m

2σ2
1σ

2
2

(√
σ2

1 + σ2
2y −

σ2
2µ1 + σ2

1µ2√
σ2

2 + σ2
1

)2
 dy · exp

[
− m

2(a2 + σ2)
(µ1 − θ)2

]

= − σ2
1√

2π(σ2
1 + σ2

2)m
exp

[
− m

2(σ2
1 + σ2

2)
(µ1 − µ2)2

]
.

Therefore, the bias of arm 1 is

EP [µ̂1]− µ1 = −T − 2m

T −m
σ2

1√
2π(σ2

1 + σ2
2)m

exp

[
− m

2(σ2
1 + σ2

2)
(µ1 − µ2)2

]
.

This proves (3) for k = 1.

Similarly, one can compute the bias of arm 2 by

EP [µ̂2]− µ2 =
T − 2m

T −m
· E
[
(µ2 − µ̂2(2m))I{µ̂2(2m)>µ̂1(2m)}|P

]
,

where µ̂1(2m) = 1
m

∑m
i=1 ri ∼ N(µ1,

σ2
1

m ) and µ̂2(2m) = 1
m

∑2m
i=m+1 ri ∼ N(µ2,

σ2
2

m ). Using a similar argument, we
can obtain that the bias of arm 2 is

EP [µ̂2]− µ2 = −T − 2m

T −m
σ2

2√
2π(σ2

1 + σ2
2)m

exp

[
− m

2(σ2
1 + σ2

2)
(µ1 − µ2)2

]
.

Therefore, the proof is complete. �

D Proof of Theorem 1

Proof. We prove the result for k = 1 as the proof for k = 2 is similar. Recall

g1(µ1, µ2, σ
2
1 , σ

2
2) = log

(
T − 2m

T −m
σ2

1√
2π(σ2

1 + σ2
2)m

exp

[
− m

2(σ2
1 + σ2

2)
(µ1 − µ2)2

])
. (10)
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To prove the result, we will perform Taylor expansion of the (random) function g1(µ̂1, µ̂2, σ̂
2
1 , σ̂

2
2) at the point

(µ1, µ2, σ
2
1 , σ

2
2). We can readily compute that the first order (partial) derivatives of g1 in (10) are given by

∂g1

∂µ1
(µ1, µ2, σ

2
1 , σ

2
2) = −m(µ1 − µ2)

σ2
1 + σ2

2

,

∂g1

∂µ2
(µ1, µ2, σ

2
1 , σ

2
2) =

m(µ1 − µ2)

σ2
1 + σ2

2

,

∂g1

∂σ2
1

(µ1, µ2, σ
2
1 , σ

2
2) =

1

σ2
1

− 1

2(σ2
1 + σ2

2)
+
m(µ1 − µ2)2

2(σ2
1 + σ2

2)2
,

∂g1

∂σ2
2

(µ1, µ2, σ
2
1 , σ

2
2) = − 1

2(σ2
1 + σ2

2)
+
m(µ1 − µ2)2

2(σ2
1 + σ2

2)2
.

Hence we can write ∇g1(µ1, µ2, σ
2
1 , σ

2
2) =


−d1m
d1m

d2m+ e1

d2m− e2

, where d1, d2, e1, e2 are nonzero constants that are

independent of m.

To perform the Taylor expansion, we recall and introduce the stochastic “o” symbol, see Van der Vaart (2000).
For a sequence of random variables {Xn, n = 0, 1, 2, . . .}, the expression Xn = oP (1) denotes that (Xn) converges
to zero in probability. Furthermore, for a given sequence of random variables {Rn, n = 0, 1, 2, . . .}, the notation
Xn = oP (Rn) means Xn = YnRn with Yn = oP (1). We will show later that ||(µ̂1−µ1, µ̂2−µ2, σ̂

2
1−σ2

1 , σ̂
2
2−σ2

2)|| =
oP (1) as m→∞. Then Lemma 2.12 of Van der Vaart (2000) guarantees that we can take the Taylor expansion
of g1(µ̂1, µ̂2, σ̂

2
1 , σ̂

2
2) at point (µ1, µ2, σ

2
1 , σ

2
2):

g1(µ̂1, µ̂2, σ̂
2
1 , σ̂

2
2) = g1(µ1, µ2, σ

2
1 , σ

2
2) +∇g1(µ1, µ2, σ

2
1 , σ

2
2)T


µ̂1 − µ1

µ̂2 − µ2

σ̂2
1 − σ2

1

σ̂2
2 − σ2

2

+ oP


∥∥∥∥∥∥∥∥
µ̂1 − µ1

µ̂2 − µ2

σ̂2
1 − σ2

1

σ̂2
2 − σ2

2

∥∥∥∥∥∥∥∥
 .

It follows that

g1(µ̂1, µ̂2, σ̂
2
1 , σ̂

2
2)

g1(µ1, µ2, σ2
1 , σ

2
2)

= 1 +

∇g1(µ1, µ2, σ
2
1 , σ

2
2)T


µ̂1 − µ1

µ̂2 − µ2

σ̂2
1 − σ2

1

σ̂2
2 − σ2

2


g1(µ1, µ2, σ2

1 , σ
2
2)

+

oP


∥∥∥∥∥∥∥∥
µ̂1 − µ1

µ̂2 − µ2

σ̂2
1 − σ2

1

σ̂2
2 − σ2

2

∥∥∥∥∥∥∥∥


g1(µ1, µ2, σ2
1 , σ

2
2)
. (11)

To prove Theorem 1, we proceed to show the second and the third terms of (11) will both converge to zero
in probability as m → ∞. For notational convenience, in the following we use ĝ1, g1 and ∇g1 to denote
g1(µ̂1, µ̂2, σ̂

2
1 , σ̂

2
2), g1(µ1, µ2, σ

2
1 , σ

2
2) and ∇g1(µ1, µ2, σ

2
1 , σ

2
2), respectively.

We first show the second term of (11) converges to 0 in probability. Note that∣∣∣∣∣∣∣∣
1

g1
· ∇gT1


µ̂1 − µ1

µ̂2 − µ2

σ̂2
1 − σ2

1

σ̂2
2 − σ2

2


∣∣∣∣∣∣∣∣ ≤

∥∥∥∥∥∥∥∥
−d1m/g1

d1m/g1

(d2m+ e1)/g1

(d2m− e2)/g1

∥∥∥∥∥∥∥∥ ·
∥∥∥∥∥∥∥∥
µ̂1 − µ1

µ̂2 − µ2

σ̂2
1 − σ2

1

σ̂2
2 − σ2

2

∥∥∥∥∥∥∥∥ .
It is easy to see from (10) that g1 = Θ(m) as m → ∞. Then there exists a constant 0 < C < ∞ such that

limm→∞

∥∥∥∥∥∥∥∥
−d1m/g1

d1m/g1

(d2m+ e1)/g1

(d2m− e2)/g1

∥∥∥∥∥∥∥∥ ≤ C. Hence it suffices to show

lim
m→∞

P


∥∥∥∥∥∥∥∥
µ̂1 − µ1

µ̂2 − µ2

σ̂2
1 − σ2

1

σ̂2
2 − σ2

2

∥∥∥∥∥∥∥∥ ≥ ε
→ 0, i.e.,

∥∥∥∥∥∥∥∥
µ̂1 − µ1

µ̂2 − µ2

σ̂2
1 − σ2

1

σ̂2
2 − σ2

2

∥∥∥∥∥∥∥∥
P−→ 0. (12)
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To this end, we can compute that

P


∥∥∥∥∥∥∥∥
µ̂1 − µ1

µ̂2 − µ2

σ̂2
1 − σ2

1

σ̂2
2 − σ2

2

∥∥∥∥∥∥∥∥ ≥ ε


≤ P
(
|µ̂1 − µ1|+ |µ̂2 − µ2|+ |σ̂2

1 − σ2
1 |+ |σ̂2

2 − σ2
2 | ≥ ε

)
≤ P

(
|µ̂1 − µ1| ≥

ε

4

)
+ P

(
|µ̂2 − µ2| ≥

ε

4

)
+ P

(
|σ̂2

1 − σ2
1 | ≥

ε

4

)
+ P

(
|σ̂2

2 − σ2
2 | ≥

ε

4

)
.

We know that

P
(
|µ̂1 − µ1| ≥

ε

4

)
= P

(
|µ̂1 − µ1| ≥

ε

4

∣∣∣ arm 1 chosen)P(arm 1 chosen) + P
(
|µ̂1 − µ1| ≥

ε

4

∣∣∣ arm 2 chosen)P(arm 2 chosen)

≤ P
(∣∣∣∣x1 + . . .+ xT−m

T −m
− µ1

∣∣∣∣ ≥ ε

4

)
+ P

(∣∣∣∣x1 + . . .+ xm
m

− µ1

∣∣∣∣ ≥ ε

4

)
≤ 16σ2

1

(T −m)ε2
+

16σ2
1

mε2
,

where the last inequality comes from Chebyshev’s inequality. Therefore, we can obtain lim
m→∞

P
(
|µ̂1 − µ1| ≥ ε

4

)
→ 0,

since T −m ≥ m. Similarly, we can obtain that lim
m→∞

P
(
|µ̂2 − µ2| ≥ ε

4

)
→ 0, lim

m→∞
P
(
|σ̂2

1 − σ2
1 | ≥ ε

4

)
→ 0 and

lim
m→∞

P
(
|σ̂2

2 − σ2
2 | ≥ ε

4

)
→ 0. This establishes (12), and it follows that the second term of (11) converges to 0 in

probability.

Finally, we show that the third term of (11) also converges to 0 in probability. From (12), we have

oP


∥∥∥∥∥∥∥∥
µ̂1 − µ1

µ̂2 − µ2

σ̂2
1 − σ2

1

σ̂2
2 − σ2

2

∥∥∥∥∥∥∥∥
 P−→ 0. Moreover, g1 = Θ(m) which implies lim

m→∞
1
g1

= 0, then it follows that

oP


∥∥∥∥∥∥∥∥
µ̂1 − µ1

µ̂2 − µ2

σ̂2
1 − σ2

1

σ̂2
2 − σ2

2

∥∥∥∥∥∥∥∥


g1

P−→ 0.

Therefore, we can deduce from (11) that the result in Theorem 1 holds. �

E Proof of Proposition 2

Proof. Recall from (7) that the bias of arm 1 is given by

EP [µ̂1(T )]− µ1 =
T − 2m

T −m
· EP

[
(µ1 − X̄m)I{X̄m≥µ2}

]
. (13)

We focus on estimating the quantity

G(X̄m) := EP
[
(µ1 − X̄m)I{X̄m≥µ2}

]
.

We first consider the case µ1 < µ2. Then

G(X̄m) = E
[
(µ2 − X̄m)I{X̄m≥µ2}

]
+ (µ1 − µ2)P(X̄m ≥ µ2). (14)
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Since µ1 < µ2, for the second term of (14), by the Bahadur-Rao theorem (Theorem 3.7.4 Dembo and Zeitouni
(1998)), we have

P(X̄m ≥ µ2) =
e−mΛ∗(µ2)√
2πmη′′ (ζ)

(c0 + o(1)), (15)

where η(h) = log E[ehX1 ], ζ > 0 is defined by the implicit equation η′ (ζ) = µ2 for a given µ2 > µ1, and Λ∗ is the
Legendre-Fenchel transform of η:

Λ∗(x) = sup
h∈R

(hx− η(h)).

The constant c0 > 0 depends on the reward distribution Xi is lattice or non-lattice, and it is given by

c0 =


1
|ζ| , if Xi has a non-lattice distribution,

d
1−e−|ζ|d ,

if Xi has a lattice distribution, so that P(Xi = µ2) ∈ (0, 1), and d is the largest number to
make (Xi − µ2)/d is (a.s.) an integer number.

(16)

In addition, for the first term of (14), we also have the following result, the proof of which is deferred to the end
of this section.

Lemma 2. Let Xi be i.i.d. random variables with mean µ1 and logarithmic moment generating function
η(h) = logE[ehXi ] and ζ is defined by the implicit equation η′ (ζ) = µ2 for a given µ2 > µ1. Let
Jm(µ2) = −ζ2

√
2πmη′′ (ζ)m exp (mΛ∗(µ2)).

(a) If the law of Xi is non-lattice, then

lim
m→∞

Jm(µ2)EP [(µ2 − X̄m)1{X̄m≥µ2}] = 1.

(b) If Xi has a lattice law, so that P(Xi = µ2) ∈ (0, 1), (Xi − µ2)/d is (a.s.) an integer number, and d is the
largest number with this property, then

lim
m→∞

Jm(µ2)EP [(µ2 − X̄m)1{X̄m≥µ2}] =
ζd · e−ζd

1− e−ζd
.

Therefore, we have

EP
[
(µ2 − X̄m)I{X̄m≥µ2}

]
=

e−mΛ∗(µ2)√
2πm3η′′(ζ)

(c1 + o(1)),

where c1 is an explicit constant which also depends on whether the reward Xi is lattice or non-lattice:

c1 =


− 1
ζ2 , if Xi has a non-lattice distribution,

− d·e−ζd
(1−e−ζd)ζ

, if Xi has a lattice distribution, so that P(Xi = µ2) ∈ (0, 1), and d is the largest
number to make (Xi − µ2)/d is (a.s.) an integer number.

Hence we obtain when µ1 < µ2,

G(X̄m) =
e−mΛ∗(µ2)√
2πmη′′ (ζ)

(
c0(µ1 − µ2) +

c1
m

+ o(1)
)

=
e−mΛ∗(µ2)√
2πmη′′ (ζ)

(c0(µ1 − µ2) + o(1)) , (17)

where c0 > 0 is given in (16). Hence we have completed the proof for the case µ1 < µ2.
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We next consider the case when µ1 > µ2. Then {X̄m ≥ µ2} is not a rare event anymore when m is large, but
{X̄m ≤ µ2} is a rare event with small probabilities. We can compute

G(X̄m) = EP
[
(µ1 − X̄m)I{X̄m≥µ2}

]
= 0− EP

[
(µ1 − X̄m)I{X̄m≤µ2}

]
= (µ2 − µ1)P(X̄m ≤ µ2) + EP

[
(X̄m − µ2)I{X̄m≤µ2}

]
, (18)

where the second equality is due to the fact that EP (µ1 − X̄m) = 0. Applying Bahadur-Rao theorem to compute
the first term in (18) and use a similar argument as in Lemma 2 to compute the second term in (18), we can
similarly obtain that when µ1 > µ2,

G(X̄m) =
e−mΛ∗(µ2)√
2πmη′′(ζ)

(c0 · (µ2 − µ1) + o(1)), (19)

where ζ is the solution to the equation η′(ζ) = µ2 and now ζ < 0 when µ1 > µ2. The constant c0 > 0 is given in
(16).

Finally, we can combine (13), (17) and (19) to infer that the bias of arm 1 is given by

EP [µ̂1]− µ1 =
T − 2m

T −m
e−mΛ∗(µ2)√
2πmη′′(ζ)

(−c∗ + o(1)),

as m→∞, where the constant c∗ is given by

c∗ = c0 · |µ1 − µ2| > 0, (20)

with c0 > 0 given in (16). The proof is therefore complete. �

E.1 Proof of Lemma 2

Proof. We adapt the proof of Bahadur-Rao theorem (Theorem 3.7.4 Dembo and Zeitouni (1998)) to our setting.
When µ1 < µ2, recall η(h) = log E[ehX1 ], and Λ∗(x) = suph∈R(hx−η(h)). Then define Dη := {h ∈ R : η(h) <∞}.
Then in Int{Dη}, we have η′(h) = E[X1 exp(hX1−η(h))], η′′(h) = E[X2

1 exp(hX1−η(h))]−E[X1 exp(hX1−η(h))]2.
And ζ is the solution to the implicit equation η′(ζ) = µ2 if µ1 < µ2, then Λ∗(µ2) = ζµ2 − η(ζ). We follow Dembo
and Zeitouni (1998) and define a new probability measure P̃ by dP̃

dP = exp (ζx− η (ζ)) and let Zi = Xi−µ2√
η′′(ζ)

. Then

it follows that Zi are i.i.d. random variables satisfying EP̃ [Zi] = 0,EP̃ [Z2
i ] = 1,EP̃ [Z3

i ] := z3 <∞. We also define
ψm := ζ

√
mη′′ (ζ),Wm =

∑m
i=1 Zi√
m

, Fm is the cumulative distribution function of Wn under measure P̃ , then we

know that X̄m = µ2 +
√
η′′ (ζ) /mWm. Therefore, we can calculate

EP [(µ2 − X̄m)1{X̄m>µ2}]

= EP̃ [exp(−m
(
ζX̄m − η(ζ)

)
· (−

√
η′′ (ζ) /mWm) · 1{X̄m>µ2}]

= − exp (m(ζµ2 − η(ζ))) ·
√
η′′ (ζ) /m · EP̃ [exp

(
−mζ

√
η′′ (ζ) /mWm

)
·Wm1{Wn>0}]

= − exp (−mΛ∗(µ2)) ·
√
η′′ (ζ) /m ·

∫ ∞
0

exp(−ψmx)xdFm.

Hence,

Jm(µ2)EP [(µ2 − X̄m)1{X̄m>µ2}]

= ζ2
√

2πmη′′ (ζ)m ·
√
η′′ (ζ) /m ·

∫ ∞
0

exp(−ψmx)xdFm

=
√

2πψ2
m

∫ ∞
0

exp(−ψmx)xdFm(x)

= −
√

2πψ2
m

∫ ∞
0

Fm(x) exp(−ψmx)(−ψmx+ 1)dx.
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Let t = ψmx, then

Jm(µ2)EP [(µ2 − X̄m)1{X̄m>µ2}]

= −
√

2πψm

∫ ∞
0

Fm(t/ψm) exp(−t)(−t+ 1)dt

= −
√

2πψm

[∫ ∞
0

(Fm(t/ψm)− Fm(0)) exp(−t)(−t+ 1)dx+

∫ ∞
0

Fm(0) exp(−t)(−t+ 1)dt

]
.

Note that
∫∞

0
exp(−t)(−t+ 1)dx = 0, therefore, we have

Jm(µ2)EP [(µ2 − X̄m)1{X̄m>µ2}] = −
√

2π

∫ ∞
0

ψm (Fm(t/ψm)− Fm(0)) exp(−t)(−t+ 1)dt.

We now discuss the lattice and non-lattice cases separately.

(a) When X1 has a non-lattice law, the Berry-Esseen expansion Feller (2008) of Fm(x) yields

lim
m→∞

[√
m sup

x

∣∣∣∣Fm(x)− Φ(x)− z3

6
√
m

(
1− x2

)
φ(x)

∣∣∣∣] = 0,

where z3 = EP̃ [Z3
i ] <∞.

Let Cm := −
√

2π
∫∞

0
ψme

−t(−t + 1)

[
Φ
(

t
ψm

)
+ z3

6
√
m

(
1−

(
t
ψm

)2
)
φ
(

t
ψm

)
− Φ(0)− z3

6
√
m
φ(0)

]
dt. Note that

ψm = O(
√
m), then we can get

lim
m→∞

∣∣Jm(µ2)Eµ[(µ2 − X̄m)1{X̄m>µ2}]− Cm
∣∣ = 0.

Moreover,

lim
m→∞

Cm = lim
m→∞

(−
√

2π)

∫ ∞
0

ψme
−t(−t+ 1)

[
Φ

(
t

ψm

)
− Φ(0)

]
dt

+ lim
m→∞

(−
√

2π)

∫ ∞
0

ψme
−t(−t+ 1)

[
z3

6
√
m

(
1−

(
t

ψm

)2
)
φ

(
t

ψm

)
− z3

6
√
m
φ(0)

]
dt

= lim
m→∞

(−
√

2π)

∫ ∞
0

ψme
−t(−t+ 1)

[
Φ

(
t

ψm

)
− Φ(0)

]
dt

Taylor expansion of Φ( t
ψm

) shows that Φ( t
ψm

) = Φ(0) + t
ψm

φ(0) + O( t
2

m ), where φ is the density function of
N(0, 1). Therefore by dominated convergence theorem we have

lim
m→∞

Cm = (−
√

2π)

∫ ∞
0

e−t(−t+ 1)tφ(0)dt =
√

2πφ(0) = 1.

Thus, we obtain

lim
m→∞

Jm(µ2)EP [(µ2 − X̄m)1{X̄m>µ2}] = 1.

(b) When X1 has a lattice law, we have Zi = Xi−µ2

η′′(ζ) ∈ {
md
η′′(ζ) : m ∈ Z}. From the Berry-Esseen expansion Feller

(2008), we have

lim
m→∞

[
√
m sup

x

∣∣∣∣∣Fm(x)− Φ(x)− z3

6
√
m

(
1− x2

)
φ(x)− φ(x)g

(
x,

d√
η′′ (ζ)m

)∣∣∣∣∣
]

= 0,

where g(x, h) = h
2 − (xmod h) if (xmod h) 6= 0 and g(x, h) = −h2 if (xmod h) = 0. Then,

lim
m→∞

Jm(µ2)EP [(µ2 − X̄m)1{X̄m>µ2}]

= 1 + lim
m→∞

(−
√

2π)

∫ ∞
0

ψme
−t(−t+ 1)

[
φ

(
t

ψm

)
g

(
t

ψm
,
ζd

ψm

)
− φ(0)g

(
0,
ζd

ψm

)]
dt.
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Since ψmg
(

t
ψm

, ζdψm

)
= g(t, ζd), then

lim
m→∞

Jm(µ2)EP [(µ2 − X̄m)1{X̄m>µ2}]

= 1 + lim
m→∞

(−
√

2π)

∫ ∞
0

e−t(−t+ 1)

[
φ

(
t

ψm

)
g(t, ζd)− φ(0)g(0, ζd)

]
dt

= 1−
√

2πφ(0)

∫ ∞
0

e−t(−t+ 1) [g(t, ζd)− g(0, ζd)] dt

= 1−

( ∞∑
n=0

e−nζd

)∫ ζd

0

e−t(−t+ 1)(ζd− t)dt

= 1−
[

1

1− e−ζd
·
(
1− e−ζd − ζde−ζd

)]
=

ζde−ζd

1− e−ζd
.

The proof is hence complete. �

F Proof of Theorem 2

Proof. First, in the proof of Theorem 1 (see (12)), we have established that |µ̂1−µ1|+ |σ̂2
1−σ2

1 |
P−→ 0 as m→∞,

where σ2
1 = V ar(X1), the variance of the reward from Arm 1. This result does not depend on the assumption of

Gaussian rewards. It then follows from the continuous mapping theorem (Theorem 7.10 DasGupta (2011)) that

Λ̂∗(µ2) =
1

2σ̂2
1

(µ̂1 − µ2)2 P−→ (µ2 − µ1)2

2σ2
1

, as m→∞.

Next, we show that Λ∗(µ2) ≥ (µ2−µ1)2

2a2 , where Λ∗(µ2) is given in (5). Recall that X1 − µ1 is sub-Gaussian with
variance proxy parameter a2, i.e. E

[
eλ(X1−µ1)

]
≤ exp(a

2

2 λ
2) for all λ ∈ R. It follows that when µ1 < µ2 we have

the Chernoff-Hoeffding bound:

P(X̄m ≥ µ2) ≤ e−
m(µ2−µ1)2

2a2 ,

where X̄m = 1
m

∑m
i=1Xi is the average of m i.i.d sub-Gaussian rewards from Arm 1. Hence,

lim
m→∞

1

m
logP (X̄m ≥ µ2) ≤ − (µ2 − µ1)2

2a2
.

On the other hand, from formula (15), we know that

lim
m→∞

1

m
logP (X̄m ≥ µ2) = lim

m→∞

1

m
log

(
c∗ + o(1)√
2πmη′′(ζ)

)
− Λ∗(µ2) = −Λ∗(µ2).

Therefore, we have

Λ∗(µ2) ≥ (µ2 − µ1)2

2a2
=

(µ2 − µ1)2

2σ2
1

· σ
2
1

a2
.

When µ1 > µ2, the proof is similar by studying P (X̄m ≤ µ2), and hence we omit the details. The proof is
complete. �
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