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Abstract

We introduce a tensor-based model of shared
representation for meta-learning from a di-
verse set of tasks. Prior works on learning
linear representations for meta-learning as-
sume that there is a common shared repre-
sentation across different tasks, and do not
consider the additional task-specific observ-
able side information. In this work, we model
the meta-parameter through an order-3 ten-
sor, which can adapt to the observed task
features of the task. We propose two methods
to estimate the underlying tensor. The first
method solves a tensor regression problem and
works under natural assumptions on the data
generating process. The second method uses
the method of moments under additional dis-
tributional assumptions and has an improved
sample complexity in terms of the number of
tasks. We also focus on the meta-test phase,
and consider estimating task-specific parame-
ters on a new task. Substituting the estimated
tensor from the first step allows us estimat-
ing the task-specific parameters with very few
samples of the new task, thereby showing the
benefits of learning tensor representations for
meta-learning. Finally, through simulation
and several real-world datasets, we evaluate
our methods and show that it improves over
previous linear models of shared representa-
tions for meta-learning.

1 Introduction

One of the major challenges in modern machine learn-
ing is training a model with limited amounts of data.
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This is particularly important in settings where data
is scarce and new data is costly to acquire. In recent
years, several techniques like data augmentation, trans-
fer learning have been proposed to address problems
with limited data. The focus of this paper is meta-
learning, which has turned out to be an important
framework to address such problems. The main idea
behind meta-learning is to design learning algorithms
that can leverage prior learning experience to adapt to
a new problem quickly, and learn a useful algorithm
with few samples. Such approaches have been quite
successful in diverse applications like natural language
processing (Liu et al., 2019), robotics (Nagabandi et al.,
2020), and healthcare (Zhang et al., 2019).

Meta-learning algorithms are often given a family of
related tasks and attempt to use few samples on a new
related task by utilizing the overlap between the new
test task and already seen training tasks. In that sense,
a meta-learning algorithm is learning to learn on new
tasks, and performance improves with experience and
number of tasks (Thrun and Pratt, 1998). Despite
immense success, we are yet to fully understand the
theoretical foundations of meta-learning algorithms.
The most promising theoretical direction stems from
representation learning. The main idea is that the
tasks share a common shared representation and a
task-specific representation (Tripuraneni et al., 2020,
2021): if the shared representation is learned from
training tasks, then the task-specific representation for
the new task can be learned with few samples.

Current models of shared representations for meta-
learning do not take into account two observations —
(1) the training tasks are often heterogeneous, and the
shared representation cannot be captured by a single
parameter, (2) tasks often come with additional task-
specific observable side information, and they should
be part of any representation-based model of meta-
learning. The first situation often arises in robotics,
and various reinforcement learning environments (Vuo-
rio et al., 2019), while the latter is prevalent in rec-
ommender system (Vartak et al., 2017), where items
(tasks) that users rate often come with observable fea-
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tures.

We aim to understand meta-learning of features for
settings where task-specific observable features affect
the outcome. In particular, we are interested in the
following questions. (1) What is the appropriate gener-
alization of meta-learning of linear representation with
task-specific observable features? (2) Moreover, given
samples from T tasks, how can we efficiently learn such
a representation and does it improve sample efficiency
on a new task?

1.1 Contributions

Tensor Based Model. We propose a tensor based
model of representations for meta-learning represen-
tations for a diverse set of tasks. In particular, we
model the meta-parameter through a tensor of order-3,
which can be thought of as a multi-linear function map-
ping a tuple of (input feature, observed task feature,
unobserved task feature) to a real-valued output. As
our model considers task-specific observed features, the
meta-parameter can adapt to particular task and gener-
alizes the matrix-based linear representations proposed
by Tripuraneni et al. (2021).

Estimation. We first determine the identifiable com-
ponent of the shared representation based model, and
estimate the first two factors of the underlying tensor
in the meta-training phase. We propose two methods —
(1) tensor regression based method works with natural
assumptions on the data generating process, and (2)
method of moments based estimation works under ad-
ditional distributional assumptions, but has improved
sample complexity in terms of the number of tasks.

Meta-Test Phase. After estimating the shared pa-
rameters, we focus on the meta-test phase, where a
new task is given. We show that substituting the es-
timated factors from the first step provably improves
error in estimating the task-specific parameters on a
new task. In particular, the excess test error on the

new task is bounded by O (17\%)

the underlying tensor and N is the number of samples
from the new task. As tensor rank r can be quite
small compared to the dimensions, this highlights the
benefits of learning task-adaptive representations in
meta-learning. Finally, through a simulated dataset
and several real-world datasets, we evaluate our meth-
ods and show that it improves over previous models of
learning shared representations for meta-learning.

where r is the rank of

1.2 Related Work

Baxter (2000) was the first to prove generalization
bound for multitask learning problem. However, they
considered a model of multitask learning where tasks

with shared representation are sampled from a gener-
ative model. Pontil and Maurer (2013); Maurer et al.
(2016) developed general uniform-convergence based
framework to analyze multitask representation learning.
However, they assume oracle access to a global empir-
ical risk minimizer. On the other hand, we provide
specific algorithms and also consider task-specific side
information.

The work closest to ours is that of Tripuraneni et al.
(2021), who proposed a linear model for learning repre-
sentation in meta-learning. Our model can be thought
of as a general model of theirs as we do not assume a
fixed low-dimensional representation across tasks, and
can adapt to observable side-information of the tasks.
We also note that Tripuraneni et al. (2020) generalized
the linear model of Tripuraneni et al. (2021) to con-
sider transfer learning with general class of functions,
however, they assume oracle access to a global empiri-
cal risk minimizer, and the common representation (a
shared function) does not adapt to observable features
of the tasks. Finally, Du et al. (2020) also considered
the problem of learning shared representations and ob-
tained similar results. Compared to Tripuraneni et al.
(2020), they consider general non-linear representations,
but the representation again does not depend on the
observable features of the task.

Our work is also related to the conditional meta-
learning framework introduced by Wang et al. (2020);
Denevi et al. (2020). Conditional meta-learning aims
to learn a conditioning function that maps task-specific
side information to a meta-parameter suitable for the
task. Denevi et al. (2020) studies a biased regulariza-
tion formulation where the goal is to find task-specific
parameter close to a bias vector, possibly dependent
on side-information. On the other hand, Wang et al.
(2020) takes a structured prediction framework, and
only proves generalization bounds. Although our frame-
work falls within the conditional meta-learning frame-
work, we want to understand the benefits of represen-
tation learning on a new task.

In this work, we aim to understand meta-learning
through a representation learning viewpoint. How-
ever, in recent years, several works have attempted
to improve our understanding of meta-learning from
other viewpoints. These include optimization (Bernac-
chia, 2021; Gao and Sener, 2020), train-validation split
(Bai et al., 2020), and convexity (Saunshi et al., 2020).
Additionally, there are several recent works on under-
standing gradient based meta-learning (Finn et al.,
2017, 2019; Denevi et al., 2019; Balcan et al., 2019;
Khodak et al., 2019), but their setting is very different
from ours.

Our work is also related to existing work on learning
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mixture of low rank models (Chen and Candeés, 2018;
Chen et al., 2021). In particular, Chen et al. (2021)
set up a tensor regression problem to estimate the un-
derlying tensor, i.e., mixture of matrices. However,
their model is restricted to just one design matrix per
underlying model (task). So although such models can
formulate a meta-learning problem, the setup is limited
to just one sample per task. Kong et al. (2020) also
consider meta-learning under a mixture linear regres-
sion setup. However, like Tripuraneni et al. (2021),
they do not consider task-specific side information.

Finally, we point out that tensors have been used in the
past for transfer learning (e.g., in computer vision (Ko-
niusz et al., 2017)), but they lack provable guarantees.
Here we use tensors to model the meta-parameter in
the presence of task-specific side information. Our es-
timation method uses tensor regression (Zhou et al.,
2013; Tomioka et al., 2011) and tensor decomposition
(Anandkumar et al., 2014a). For tensor regression, we
build upon the algorithm proposed by Tomioka et al.
(2011), and for tensor decomposition we use a robust
version introduced by Anandkumar et al. (2014b).

2 Preliminaries

We will consider standard two-stage model of meta-
learning, consisting of a meta-training phase and a
meta-test phase. In the meta-training stage, we see
N samples from T training tasks and learn a meta
parameter. In the meta-test stage, we see Ny samples
from a fixed target task (say task 0) and learn a target-
specific parameter conditioned on the meta-parameter
and features of the new task 0. We first define our
response model which specifies the particular model of
shared linear representation.

Response model. There are T training tasks and
each task is associated with a pair of observed and
unobserved task feature vector. Task ¢ is character-
ized by (Y3, Z;) where Y; € R?% is the observed task
feature vector and Z; € R% is the unobserved task
feature vector for the ¢-th task. A sample from task
t is specified by a tuple (X, Y}, Z;), where X is some
user feature vector. Given such a data tuple (X, Y, Z;)
the response is given as

R=AX,Y:,Z;) +¢e= Z Aije XY Z +¢ (1)
ik

Here the noise variable ¢ ~ N(0,02%), and A €
Ré1xd2xds j5 the system tensor which we treat as a
multi-linear real-valued function on R% x R% x R%,
Note that, our model generalizes the linear model pro-
posed by Tripuraneni et al. (2021), and the meta-
parameter (tensor A) is not a fixed parameter, and

adapts to the observed feature / side information for
task t. We will assume that the tensor A has CP-rank
r, i.e., there exist matrices A! € RUx7 A2 ¢ Rd=2XT,
and A® € R%>" such that

v
_ 1 42 43
Ai,j’k - Z AsiAsjAsk
s=1

Following Kolda and Bader (2009), we will write A =
[I.; A, A% A®] to denote the rank-r decomposition of
the tensor A. Notice that here we assume that all the
singular values of the tensor A is one. Without making
strong assumptions on the unobserved task features
Zy, general singular values cannot be identified. We
provide a counter-example in section 3.

Training data. Let P be a distribution over the fea-
ture vectors X;’s which we will often refer to as user
feature vectors. Let ) be a joint distribution over
observed and unobserved task feature vectors. Let
{X; : i € [N]} and {(Y3,Z;) : t € [T]} be indepen-
dent random variables, where X1,..., Xy ~jq P and
Y1,21),...,(Yp,Zr) ~ua Q. Conditional on these
(random) feature vectors, let Ry,..., Ry be indepen-
dent realizations of R from the response model in Equa-
tion (1), where

Ri = A(Xi, Yy, Zoiy) + € (2)

Here ¢ : [N] — [T] is a mapping that specifies, for each
training instance 4, corresponding task ¢(i). Therefore,
the training data is given as {X;, Y;(), Ri}ie[n-

Meta-Test data. At test time we are given a fixed
task (say 0) with observed feature Yy and unobserved
feature Z,. We are given N, instances from this
new task, {Xi, YO, Ri}iE[Nz] where Xl, ces ,XN2 ~iid P.
Our goal is to design a predictor f: R4 x R% — R that
maps an input feature and an observed task feature to
a predicted response. We will evaluate our predictor
by its mean squared error on the new task.

MSE(f) = E [(/(X, Yo) ~ A(X, Yo, Z0) — <)?]
— o2 +E {(f(X, Yo) — A(X, Y, ZO))Q} .

In order to design the predictor on the new task, we
need estimates of tensor A, and unobserved task feature
on the new task Z.

Notations. For a matrix B € R%*9 we will write
| Bll,, to denote its operator norm, which is defined

o | Bz, . .
as || B|l,, = max,cpa et~ For matrix B, we will

J
For a tensor A € R x42%ds we write its spectral norm

write | Bl|p = /32, ; Bi; to denote its Frobenius norm.
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[Allop = Mm@y, —jy),=)=l,=1|A(z,y, 2)|. Like a ma-
ik Afﬂ.)k to denote
the Frobenius norm of the tensor A. We sometimes

use the tensor by slices, for the 3-order tensor A, we
denote its horizontal slices as A;.., for j € [dy].

trix, we will also write ||A|| p =

We will use two types of special matrix products in our
paper. Given matrices A € R%X92 and B € Rs>ds,
the Kronecker product A ® B € Ré1ds*d2da g

A@B=1la1®b; a1 ®by...aq, ®bg,—1 g, @ by, ]
For matrices A € R%*% and B € R%*%2 _their Khatri-
Rao product A ® B € R%dsxdz ig

AOB= [al ® b1 as ® by e Qdy ®bd2]

In addition, we denote standard basis vector as e;
whose coordinates are all zero, except i-th equals 1.

3 Estimation

We estimate the parameters of our model in two steps —
(1) estimate the shared tensor using the meta-training
data, and (2) estimate the parameters of the test task
using the meta-test data and the estimate of the shared
tensor. However, it turns out that even when there
is a single task in the meta-training phase, the third
factor A% cannot be identified for general tensor with
orthogonal factors. First, we show that the general
response model defined in eq. (1) is not identifiable
unless all the singular values are one.

Lemma 1. Consider the response model R; =
A(Xs, Y1), Zu(iy) + i specified in (1). Then the under-
lying tensor A is not identifiable if the singular values
are not all ones.

Proof. We show that the statement is also true for
simpler matrix based linear representations for mul-
titask learning. In that case, the responses are gen-
erated as R = 2" Bz for an orthonormal matrix B.
Now consider the model R = 2" BWz for a diago-
nal matrix W. Even if we assume that ||z]|, = 1,
given a choice of W and z, one can choose W/ £ W
and 2/ # z st. ' BWz = 2" BW'2’. A possible
choice is W/(1,1) = MW (1,1), W'(2,2) = W(2,2)/ Az,
2 =21/, 2h = Aoz and 23 /25 = (A3 —1)/(1—-1/)3}).
Note that this choice guarantees that Hz’ H o =1 U

We now construct an example which shows that two
different tensors with identical A', A2 but different
A3 leads to the same observed outcomes. The proof
of lemma 2 details this construction and shows that
it is impossible to approximate A3 either in terms
of Frobenius norm or in therms of the sinf distance.

Because of this impossibility result, we estimate the
first two factors of the tensor A in the meta-training
phase. In the meta-test phase, we substitute estimates
of A' and A? and recover the parameters for the new
task. We provide two ways to estimate the factors. The
first method uses tensor regression; the second method
uses the method-of-moments.

Lemma 2. Consider the response model R; =
A(Xi, Y4y, Zyiy) + €i specified in (1). Then it is im-
possible to approzimate A3 either in terms of Frobenius
norm or in terms of sinf distance.

Proof. We construct an example where di = dy =
ds = d and rank r = d/2. First consider the ten-
sor A = [I; A, A%, A%] where A' = A? = A® =

[ Trscr } Suppose the observed feature vector
O(dfr)xr

- (L 1 1
Y = (\/E’ NI d) and the unobserved feature
vector 2 (#, %, ey %, 0,.. 0) Then for any
feature vector X the expected response on this task is

where the last equality uses r = d/2. We now consider
anew tensor B = [I,; A, A%, B3]. The first two factors
of B are the same as the first two factors of A, but the
third factor is different. Let C® be a bidiagonal matrix
of dimension (r + 1) x r with the leading diagonal and
the diagonal entries just below the leading diagonal
entries consisting of all ones.

1
— 0 o ... 0
oL 0 0
o3 — 0 11 0
= V2 V2
I 0 0 o ... el
3
Then B3 = { 0 c } . The observed task feature Y
(r—=1)xr

remains as it was but the new unobserved task feature

is given as Zy = ﬁ,ﬁ,...,%). Then it can be

checked that the new responses are given as

R = B(X.,Y, Zg)

‘Z 17 (vmt vm) - ZX

Therefore, we have two instances where the first two
factors of the underlying tensors (A' and A2) and the
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observable task feature (V) are the same, but different
choices of the third factor and hidden feature vector give
the same response. Moreover, for the given choices of
A3 and B? it can be easily verified that || 43 — B3HF =

. T :
O(r) and sin (A3, B3) = HA?’lB3HOp = % = sin(7/4).

Therefore, even if we exactly know the factors A' and
A2, it is impossible to approximate A2 either in terms
of Frobenius norm or in terms of sin # distance. O

3.1 Tensor-Regression Based Estimation

In order to see why tensor regression can help us re-
cover the shared tensor, we first show an alternate way
to write the response R;, as defined in Equation (2).
Define

z=z Zr]" e RTX4s (3)

to be the matrix corresponding to the unobserved
features of the T training tasks. Then A x3 Z =
A(lq,,1g,, Z) € RI1xd2XT g the tensor corresponding
to unobserved parameters, defined as

d

(Ax3 Z)ije =Y AijrZine
k=1

Additionally, we define a covariate tensor X; €

R xd2XT corresponding to the observed features as:
X Yr ift=1t@
Xi('7 B t) = t® 1 (Z) (4)
0d1 X do O0.W.

Then, according to Equation (2), we have the following
linear regression model for the i-th response.

R1:<X1,A X3 Z>+57, (5)

Therefore, we can use tensor regression to get an esti-
mate of A x5 Z. Since the three factors of A are A', A2,
and A3, it can be easily seen that the CP-decomposition
of A x3 Zis [I; A, A%, ZA3] = [G~1; AL, A% ZA3G].
Here G is a diagonal matrix with i-th entry 1/||ZA%||,
and normalizes the columns of ZA3. Because of this
particular form of the tensor A X3 Z, we can run a ten-
sor decomposition of the estimate of A x3 Z to recover
Al A% and ZA3G. However, there is a catch as we
have an estimate of A x3 Z, instead of the exact tensor.
So we need the tensor decomposition method to be
robust to the estimation error. Algorithm 1 describes
the full algorithm for recovering A from the training
samples.

Tensor Regression Details and Guarantees.
Throughout this section, we will make the following
assumptions about the data generating distribution.

(Al) le s 7XN ~iid N(O7 Z)

ALGORITHM 1: Tensor-Regression Based Estima-
tion
Input: (Xz, }/t(i)7 Rl) for 1 = 1, ey N

1. Solve the following tensor regression problem:

B= arg min

BeR41 Xda XT

{;]Z (Ri — (X, B))* + AIIBIS}

=1

2. Run a robust tensor decomposition of B of CP-rank r:

[[W; El, §2, ég]] — Robust—Tensor—Decomposition(§7 )

Output: Return A/><3\Z = [I; §1’ §2’ §3/I/I7]]

(A2) Yi,..., Y7 ~iua N(0,5,).

(A3) For each 4, t(i) ~ Unif{1,...,T}.

Equation (6) is the tensor regression step to obtain an
estimate of B = A x3 Z. We use a regularized least
squared regression, introduced by Tomioka et al. (2011).
Here || Bl is the overlapped Schatten-1 norm of the
tensor B, which is defined as the average of mode-wise
nuclear norms, i.e., ||Bl|g = 1/3 Zi:l By ll,- Since
matrix nuclear norm is a convex function, the tensor
regression problem stated in Equation (6) is also a
convex problem, and can be solved efficiently.

For a tensor of dimension d; x ds X T', we introduce
the following notation, which will appear frequently in
our bounds.

D, = \/a-i-\/@—f—\/f-l- d1T++/doT++/drdy (8)

The next theorem states the guarantees of the tensor
regression step.

Theorem 1. Suppose Assumptions (A1)-(A3) hold,

and N > O (MTD%)

TN . Then, with probability at

least 1 — e*Q(Df), we have

O'TDl\/?j' >

|B-BJ|.<0 (Amin(Ey)/\min(Z)\/ﬁ

The full proof is provided in the supplementary mate-
rial. Here we provide an overview of the main steps
of the proof. Our analysis builds upon the work by
Tomioka et al. (2011), who analyzed the performance
of tensor regression with overlapped Schatten-1 norm.
The main ingredient of the proof is to show that under
certain assumptions restricted strong convezity (RSC)
holds. This property was introduced by Negahban and
Wainwright (2011) in the context of several matrix es-
timation problems, and ensures that the loss function
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has sufficient curvature to ensure consistent recovery of
the unknown parameter. Tomioka et al. (2011) proves
that when the covariate tensors X; are normally dis-
tributed, RSC holds with a fixed constant. For our
setting, the covariate tensors are defined in Equation (4)
and are not necessarily distributed from a multivariate
Gaussian distribution. However, we can generalize the
original proof of Negahban and Wainwright (2011) to
show that under Assumptions (A1) (X;-s are normally
distributed) and (A2) (tasks are sampled uniformly
at random), RSC still holds for our setting, but with
constant O(1/T). Then we show that the parameter
A can be chosen to be a suitably large constant to get
the error bounds of Theorem 1.

Tensor Decomposition Details and Guarantees:
Having recovered the tensor A x3 Z, we now aim to
recover the factors A, A2, and ZA3. Since we do not
have the exact tensor A x3 Z, but rather an estimate
of the tensor, we apply robust tensor decomposition
method (step 2 of Algorithm 1) to recover the factors of
A x3 Z. For robust tensor decomposition method, we
will apply the algorithm of Anandkumar et al. (2014b).
It is in general impossible to recover the factors of
a noisy tensor without making any assumptions. So
we will make the following assumptions about the un-
derlying tensor A = [I,; A, A%, A3]. We will write
d= max{dl, dg, T}

(B1) The columns of the factors of A are orthogonal,
i'.e., ’<A},A]1<> = (47, 43) = (A}, A%) = 0 for all
i 7.

(B2) The components have bounded 2 — p for some p,
ie., dp < 3,

mae {477, (] 114%75p. 47

H2—>p ||2—)p

(B3) Rank is bounded, i.e., r = o(d).

Additionally, recall the definition of Z, the matrix of
unobserved features.

z=z Zr]" e RT*ds

(Z1) da%w Li, x 272 X ﬁ Iy, for some v > 0.
3

(22) K(272) = 3==xZ2) <14 0(\/r/d).

Although assumptions (Z1) and (Z2) might seem strong
requirements on the matrix of unobserved features,
they are usually satisfied when the unobserved task
feature matrix is drawn from gaussian distribution. For
example, if Z; ~juq N(0,v14,) then the assumptions
hold for small enough v.

b < 140(1).

Lemma 3 (Informal Statement). Suppose tensor A

satisfies the assumptions (B1)-(B3), the matriz of un-

observed features Z satisfies assumptions (Z1)-(Z2),
22

A o’szDfr I _
and N > O S ) Then the tensor A
L ;1\1, ;1\2, Z/Z?’] output by Algorithm 1 satisfies

1 — 9 ~ [ cTDir
W) <0 (7R,
— ~ TDqrt®
ZA_zA| <o | T
l lo<o(702)

where p = \/Amin(Z272) Amin (Zy) Amin (2).

The proof shows that when the assumptions (B1)-(B3)
and (Z1)-(Z3) are satisfied, we can apply robust tensor
decomposition method to the tensor A x3 Z. Note that
the bound for the third factor ZA3 is worse by a factor
of /7. This is because we recover an estimate of ZA3G
for a diagonal matrix G from tensor decomposition and
then post-multiply this estimate by another diagonal
matrix to obtain an estimate of ZA3.

max {]| 4T -

3.1.1 Meta-Test

During the meta-test phase, we are given a new task
(i.e., task 0 with observed feature Yy € R%, and hid-
den feature Zy € R%), and our goal is to learn the
unobserved parameter of this task with as few samples
as possible. As is standard in the meta-learning lit-
erature, we get a new training sample from the new
task, and our goal is to perform well on the test sam-
ple drawn from the new task. There are N, train-
ing samples from the new task, where the features
X1,...,Xn, are drawn iid from a distribution P. We
will assume each feature X; is mean-zero, has covari-
ance matrix ¥ (E[X;X]] = ¥), and ¥-subgaussian i.e.,
Efexp(v™X;)] < exp (1/2 ||21/2y||§). The observed re-

sponses on these Ny points are given as
R; = A(X, Yo, Zo) + i

where €; ~ijiqg N(0,1). Define Xy to be the matrix
corresponding to the features on the new task, i.e.,

X = [ X Xn,]" € RN:xh

We aim to estimate A3"Z, by substituting the estimates
of A! and A%. Notice that the response R; can also be
expressed as

Ri= (YgA?2 0 X]AYAY Zy + ¢;.

Therefore, we can solve the following least square re-
gression problem.

J— '
A37Zy = arg min
agERT

N ~ 2
‘R _(YgAzoe XoAl)aoH2 . ()
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If we write V = (Y7 A2 ® XyAl), then the solution of
Problem 9 is given as A3 Zy = (V'V)~'V'R. Now our
prediction on a new test instance X from the new task
is given as (YOTA2 ® XgAl)jm. With slight abuse of
notation we will write this prediction as A(XO, Yy, 20).

The next theorem bounds the mean squared error in
the meta-test phase.

Theorem 2 (Informal Statement). Suppose
max{||Al — AY||,.,[|A2 — A%||,} < 6.  Addition-
ally, Ny > O(r) and |YJA2| > n Yolly for all i € [r].
Then for dimension-independent constants By, and Bs
we have

with high probability.

The proof of the theorem shows that the mean squared
— 2
error can be bounded as O (r||A%7Z, — A3 Zy||,) +

0 (62 ||A/3T70||3) Then we write down the first term
as a sum of bias and variance term and establish re-
spective bounds of O(r?/Ny) and O(r?62). Finally,
we show that the Ls-norm of m cannot be too
large and is bounded by O(r). Substituting these three
bounds on the upper bound on the mean squared error
gives us the desired result. Note that the theorem
requires a lower bound on the inner product between
the new task feature Yy and the columns of A2. This
can be avoided with a slightly worse dependence on
. F:irst, we can eliminate all columns ¢ such that
[Yg AZ| > n||Yoll,- If there are 7/ such columns, we
work with a tensor of rank r — 7’ in the meta-test phase.
The reduction in rank increases mean squared error by
at most O(r?n?). Now if we choose 7 = o /r we get a
bound of O(B1746% + Bar*/N) on the excess error.

This theorem implies that for a new task, the num-
ber of samples needed is Ny = O(r?/¢) if we want to
achieve a test error of € on the new task. If we were
to run a least squares regression on the new task from
scratch, the required number of samples would have
been O((dy + dz)/€). As the CP-rank of the tensor A
can be smaller (often a constant) than the dimension
of the unobserved features, transfer of the knowledge
of the tensor A provides a significant reduction in the
number of samples on the new task.

4 Method-of-Moments Based
Estimation

In this section, we provide a new algorithm that esti-
mates the underlying tensor A and also has optimal
dependence on the number of tasks (T') under some
additional distributional assumptions. In particular,
we will assume Xi ~iid N(O, Id1)7 }/t ~iid N(O, Id2)7 and
Zy ~iia N(0,14,). Our algorithm is based on repeated
applications a method-of-moments based estimator pro-
posed by Tripuraneni et al. (2021), and we briefly sum-
marize that estimator. Suppose the i-th response is
given as R; = X/ Boy(;) +¢; and each X; ~iiq N(0, Iy, ),
and B € R“*" has orthonormal columns. Then it is
possible to recover B from the top r singular values of
the statistic & >N | R2X; X].

Recovering A'. For our setting, the i-th response
is given as R; = A(X;, Yy, Zy(iy) + €. If we want to
recover the first factor A' then we can rewrite the i-th
response as

Ri = X7 A1) (Zyiy ® Yyia)) + €
= X] A (A% 0 A)(Zyy) @ Vo)) +eie

0

Since each X; is drawn from a standard normal dis-
tribution, we can recover Al from the top-r singular
values of the statistic & S~ | R2X, X].

Recovering A%. We can recover A? through a similar
method. We can rewrite the i-th response as

R; = Yt-Ei)A@)(Zt(i) ® X;)+ &
= YtT(i)A2 W(A? © AN (Zyi) ® X;) +e

O]

Since each Y; is drawn from a standard normal dis-
tribution, we can recover A2 from the top-r singular
values of the statistic & Zf\il RfYt(i)YtT(i).

ALGORITHM 2: Method-of-Moments Based Esti-
mation

Input: (X, Yy, Ri) fori=1,...,N.

1. UDU" « top —r SVD of &+ "N RIX;X]. Set A' =U.

2. UDU™ + top —r SVD of & S | R?Y;(;)Y(,). Set A> =U.

Output: Return Al and A2.

Theorem 3. Suppose X; ~iua N(0,14), Yi ~ia
N(0,14,), and Z; ~iia N(0, Ig,). Then the factors Al
and A? returned by Algorithm 2 satisfies the following
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guarantees
. ~ 1 dﬂ"
sinf(Al,A") <O TN , and
- dar
. 2 2 < 2
sm9(A,A)O< N>

with probability at least 1 — T exp(—Q(min{dy, d2})).

Once Algorithm 2 estimates A! and A2, we again es-
timate A%7Z; in the meta-test phase. We can show
a meta-test theorem similar to Theorem 2, and the
details are provided in the appendix.

5 Experiments

We first evaluate our tensor-based representation learn-
ing through a simulation setup. For this experiment,
we generated data from a low-rank tensor of order-3.
We chose a tensor of dimension 100 x 50 x 50 and of CP-
rank 10. We generated a training dataset of N = 1000
points and estimated the factors A' and A? using both
the tensor regression (Algorithm 1) and the method
of moments (Algorithm 2). For the meta-test phase,
we selected a new test task with observed feature Y
of dimension 50 and unobserved feature Zy of dimen-
sion 50. As described in Section 3.1.1, we estimate

A3TZy by substituting the estimated factors from the
meta-training step.

We plot the meta-test error for various values of Na,
the number of samples available from the new task.
As we increase No, test error for predicting outcome
on a new test instance X, decreases significantly, as
shown in Figure la. We compare our method with the
matrix-based representations for meta learning devel-
oped by Tripuraneni et al. (2021). They assume that
the response from a task ¢ with unobserved feature
Z; € R" and i-th feature X; is given as

Ri = XlBZt +&;

where matrix B € R4¥". Recall that, for our setting,
each training instance is given as (Xj, Yy(;), ;). Since
Tripuraneni et al. (2021) assume that there is no avail-
able side-information for the tasks, the most natural
comparison would be to ignore the observable task fea-
tures Y; and consider each input as (X;, R;). So we
consider two natural dimensions of the matrix B. First,
we estimate a matrix of dimension dids X d3 where
X; ® Yy is the i-th feature. Second, we estimate a
matrix of dimension (dy + d2) x d3 where [X;Y}(;)] is
the i-th input feature. We compare these two differ-
ent types of matrix based methods with both tensor
regression and method-of-moments based method. As

Figure 1la shows both tensor methods perform equally
well, but they are significantly better than the matrix
methods.

We now consider two real-world datasets. Both the
datasets were used in the context of conditional meta-
learning to show the benefits of task-specific side-
information (Denevi et al., 2020).

Schools Dataset (Argyriou et al., 2008). This dataset
consists of examination records from 7" = 139 schools
(task). The number of samples per task (n;) varied
from 24 to 251. Each instance represents an individual
student, and is represented by a feature of dimension
dy = 26. The outcomes are their exam scores. As task
specific feature of task ¢ we use Y; = n% ()
where ¢(z;) is a vector of dimension da = 50 con-
structed from a random Fourier feature map. This
is built as follows. First sample v from Unif[0, 27]%.
Then a matrix U € R%*% is sampled from N(0,021).
Finally, we set

o(z;) = \/?COS (Uz; +v) € R%.
2

Lenk Dataset (McDonald et al., 2016; Lenk et al.,
1996). This is a computer survey data where T =
180 people (tasks) rated the likelihood of purchasing
one of 20 different personal computers. So there are
20 different samples from each task. The input has
dimension d; = 13 and represents different computers’
characteristics, while the output is an integer rating
from 0 to 10. As task specific feature of a task ¢t we
use Yy = o ngl @(z;) where ¢(z;) = vec(z;(R;, 1)7);
the sum is over all z;-s belonging to the task .

To construct the meta-training set, we sampled 50 tasks
uniformly at random and then sampled n; (n; = 20
for Schools and n; = 10 for Lenk) responses from each
task. Since we do not know the value of r, we also
constructed a meta-evaluation set by selecting another
set of n; samples from the selected tasks. The meta-
evaluation set was used to select the best value of r
during meta-training phase. The meta-test set was
constructed by selecting a fixed task and then gradu-
ally increasing the number of samples from that task.
Figures 1b and lc respectively compare our method
with two different types of matrix based representa-
tion learning for different values of No. We found that
the tensor regression method performs better than the
method-of-moments based estimator and only results
for Algorithm 1 are shown. Our method performs sig-
nificantly better than the matrix based methods for
Lenk. Although our method performs slightly worse on
Schools, the test error increases by at most 5%. Over-
all, the performance on the synthetic dataset and two
real-world datasets demonstrate the benefits of using
tensor based representations for meta-learning.
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Figure 1: Test-error vs the number of samples from a new task (Ns)

6 Conclusion and Open Questions

In this work, we develop a tensor-based model of shared
representation for learning from a diverse set of tasks.
The main difference with previous models on shared
representations for meta-learning is that our model in-
corporates the observable side information of the tasks.
We designed two methods to estimate the underlying
tensor and compared them in terms of recovery guar-
antees, required assumptions on the tensor, and mean
squared error on a new task.

There are many interesting directions for future work.
An interesting direction is to generalize our model and
consider non-linear models of shared representations
that incorporates the observable side-information of the
tasks. Finally, we just leveraged the framework of order-
3 tensor in this work, and it would be interesting to
see if we can leverage higher order tensors for learning
shared representations for meta-learning.
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A Proof of Theorem 1

Our analysis builds upon the work by Tomioka et al. (2011), who analyzed the performance of tensor regression
with overlapped Schatten-1 norm. Recall the definition of the term Dy = v/d; + v/da + VT + Jdids + Vdi T +
VdoT'. Tomioka et al. (2011) showed that when (1) the true tensor B has multi-way rank bounded by 7, i.e.

max {rank(B(l)), rank(Bz)), rank(B(g,)} <r, (2) the number of samples N > ¢;7 D% and (3) the covariate tensors

O‘D1
VN

X; are drawn iid from standard Gaussian distribution, then choosing A > ¢

o], =0 ()

with high probability. In order to state the main ideas behind the proof and how they can be adapted for our
setting, we introduce the following notations.

guarantees the following:

(10)

o X :RAxdXT RN defined as X(W); = (X;, W).

Adjoint operator X* : RN — R%1*dxT defined as X(2) = Zf\il ;X

e Given a tensor A € R4 *4xT write its k-th mode as Ay as Ay = A’(k) + A,(/k) where the row and column

space of A/(k) are orthogonal to the row and column spaces of By, respectively.

A constraint set C = {A € RU X1 (1)rank(Af,)) < 2r Vk and (2) ZkHA’(’k)

A LA S

Definition 1 (Restricted Strong Convexity). There exists a constant x(X) such that for all tensors in A € C, we
have

||3€<§>||2 > w(X)[| A%

With this definition, Tomioka et al. (2011) proves the guarantee in eq. 10 in three steps.

1. If the restricted strong convexity is satisfied with a constant x(X) and A is chosen to be at least
2]|%*(2)|.. 1, then we have the following guarantee:

mean ’

M) | an

|o- ], <0 (25

2. Gaussian design (i.e. X; ~ N(0, I4, xa,xT) satisfies restricted strong convexity with constant «(X) = O(1).

3. Additionally, Gaussian design satisfies H%*(?)H = O(oD;1V/'N) with high probability.

mean
We now carry out these steps for our setting. First, lemma 4 proves that our setting satisfies restricted strong
convexity with high probability. As a result of this lemma, we see that our setting satisfies restricted strong
convexity with constant x(X) = %. Compared to Tomioka et al. (2011), we don’t get a constant
independent of the number of tasks T' and it gets worse with increasing 7. The constant is O(1/T) because
of uniform sampling, where each individual samples one task uniformly at random out of T tasks. For other
assignment scheme, the constant could be adjusted appropriately.

Recall, that we need to choose A > %H.’{*(?)Hmean Lemma 5 lemma provides a lower bound of O(¢D;/v/N)

on H%*(?)Hmean. Now we substitute, A = O (%) and k(X) = (M) in equation 11 to get the

main result for our setting. If we fix d; and ds, then the bound scales as % This is worse by a factor of v/T'

compared to the result of Tomioka et al. (2011). Because of uniform sampling the number of effective samples is

VT _ _ T
v/N/T, and one should expect a bound of TN I

is the dual norm of ||-||4 and is defined as [|A[| ... = 1/3 Zi:lHW%)Hop

alfl
mean
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Lemma 4. Suppose X1,..., Xy ~iiq N(0,%), Y1,...,Yp ~iia N(0,%,), and t(i) ~ Unif{1,...,T} for each i. If
N > O(rD}Amax()/Amin(Ey)), then for any A € C, the following holds
||X(A)||2 > \/)‘min(zy)Amin(E)
VN 6vVT

1Al

with probability at least 1 — e~ XN/T)

Proof. We first assume Xy, ..., Xy ~ijig N(0,I) and derive our result. We will then see how a standard trick
handles the case of general covariance matrix.

Since ¥, is a positive-definite matrix, we can right its eigen-decomposition as ¥, = UT DU where U €€ R%2xdz
is an orthonormal matrix. This implies that there exists a matrix M = UD'/? such that Xy=M T M. Moreover

the columns of M form an orthogonal basis of R% and Ly norm of any column of M is at least /\iﬂ/ii(Ey). Given

a tensor A € C let us define a new tensor Ay € R4 ¥4 T defined as Ay(a,b,t) = Al, M. We first prove the
following result.
\/N - 4\F 3VTN S

(12)

We can assume that | A /|| = 1. Otherwise, we construct a new tensor A = A/||Aps||, and the new tensor has
HAMHS ~1/3 ZkHAM(k)H =1/ MM ) ZkHA(k)H =||Allg /lAx ]| g, and the claim is valid upto rescaling
* *
by [|Al| . We now proceed similar to the proof of proposition 1 in Negahban and Wainwright (2011). First, by a
peeling argument very similar to the proof of proposition 1 in Negahban and Wainwright (2011), it is enough to
consider the case [|[Ays||g < ¢ and show the following:
H%(A)Hz > 1L thy
VN ~ 4T VIN

for all tensors A in the set R(t) = {I € R"*=XT Py =1and |Tyllg <t}  Let SV
{ue RN :|lull, =1} and for all u € SN~ we define Z, A = (u, X(A)) for any A € RN *%*T Note that,

N N
ZuA = Z u; (X, A) = Zul <Xth—(r¢), A::t(i)> ~
i=1 i=1

Moreover,

]E[(ZU,A— uw] ZE ZYt Ala,b,t) — ulA (a,b,) b |V,

i,a,t
- % Z Z Sy (b, ) (uiA(a, b, t) — uiA'(a, b, t))?
,a,t b
1
20 > By (0 ) (Wil e b, 1) —wiA (a.b,6)* (wid (0. ) — A (a6, 1))
it bA

We now use the eigen-decomposition of ¥, = M TM to get the following result.

E[(Zua - Zua)| = Tznm weM — A M
1,a,t
il Z (uZAath—uA/ M )
zatb

—||u®AM—u ® Ay
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where in the last line we write Ay, for the tensor Ajys(a,b,t) = A, M,. We now consider a second mean-zero
gaussian process Wy a = ﬁ ((g,u) + (G, Apr)), where g € RN and G € R *4*T are iid with N(0,1) entries.
We have

1 1
E[(Was —~ Wara)?] = Rl o+ S|ans = 84,2

We now verify that the two gaussian processes (Z, ) and (W, a) satisfy the requried conditions of Gordon-
Slepian’s inquaility (lemma 6). We always have the following inequality Hu Ay —U ® A/MHi«“ < Hu - u’HZ +
HAM — A’Mﬂi for all pairs (v, A) and (v, A’). Moreover, if A = A’, then Ay = A}, and equality holds.

Therefore, the two required conditions of Gordon-Slepian inequality(lemma 6) are satisfied for the gaussian

process (Wa u)aer(t),uesy—1 and (Za u)aer@),uesv-1 we get the following inequality:

E inf sup Wa, <E inf sup Za.u
AER(L) yesN-1 AER(E) yesN -1

which helps us bound infacr () H%(A)H2

E inf ||X(A =K inf Z >E inf Ww.
Agla(t)” @], lAé%(t)ueS;£—1 wh | = lAg}z(t)u:;?_l “’A]
E L) +E| inf —= (@, Au)
= sup — (g, u inf — (G,
ueSZ\I’)*l VT g AeR() /T M
ZE [lgl,) - —=E | sup (G.Au)
= = - T = y =M
T VT AER(t)

> ﬁ - ﬁE [”GHmean]

Here the last inequality uses (G, Anr) <||G|leanllB0llg < HG |l pean- Moreover, for a random gaussian matrix
of dimension m; X mo the expected value of its operator norm is bounded by /mi + /ms. This gives us

E [ Clea) = B |60 | = D1/

E[ianeR(t)Hx(A)Hz] > 1 tDy
N /T 3VIN
2],

Now the function f({X;}icin)) = infacr() TN s 1/+/N-Lipschitz. Therefore for all § > 0, we have

1A, _ 1 D »N
P inf 2 < — —5l <2 —_
<Aé%<t> JN " oJT VTN = 2O T

Now substituting § = 1/(4v/T) we get that the identity defined in eq. 12 holds. We now relate the norms
of Ay and A. Let k = 1 and Ay = U1 D,V;" be the corresponding singular value decomposition. Then

HA(U H* = Tr(D;). If we define V; a new matrix with s-th column @y (b, t) = 3, v1.5(V',t)M (b, b), then we have

Apry = Ulle/lT. This implies that HA(l)H* = HAM’(DH*' Similarly, it can be shown that HA(Q)H* = HAM’(2)

*

and HA(S) = HAM’(S) . This implies that |Allg =||Aam||g. For the Frobenius norm we use the fact that the
* *
columns of M, form an orthogonal basis of R and get ||AM||% = Ea’b’t(A;th)Q > Amin(2y) ZMHAMH% =

/\min(Zy)HAH%. The previous two relations give us the following bound.

Hgg(A)||2>||AM||F_ Dy 1Al >)\rln/ii(2y)|lAHF_ D, 1A
VN T svIN ST T /AN
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On the other hand, from the definition of the constraint set C we get |Allg = 3 ZkHA(k) H* <y HA <
gﬁZkHAI(k)HF < %ﬁZkHA(k)HF = /2r||A| . Therefore we have,
[N, | M)A _ Davar o Ay
VN T AT 3VIN 7T 6T "
as long as N > O(rD? /Amin(Zy)-
Finally, we consider the case when X;,..., Xy ~jq N(0,X) for a general covariance matrix . We define the

following operator Ty, : R4 xd2XT _ Rd1xd2XT Jefined as Ts(A)qy = \/EA(U. We also define a gaussian random
operator X’ : R4*42xT" — RN defined as X} = (X/,Tx(A)). Here for each i, we define X/ as:

X! () t) :{ RUUVEXG () =t

0 0.W.

Since each ¥~1/2X; is drawn from standard gaussian distribution, we have
1/2

@), | A,
VN = 6JT

as long as N > O(rDiAmax(2)/Amin(Xy). In deriving the above result, we use the inequality HTZ(A

I

s <

)\rln/gx( Y)|[|Allg. Now, from the definition X'(A); = <Xi’,TE(A)> = (X, A) = X(A);. A)HF =
H\/EA(UHF > )\rln/ii(E) A H = )\Iln/li( 2)||A|| . Substituting this bound on the Frobenius norm gives us the
desired result. O
Lemma 5. ,

P (|3 (2)]],00 < 200VND1 ) = 1 = 267200,
Proof. As eq,...,en are iid drawn from N(0,0?) and the Euclidean norm H?H2 is 1-Lipschitz we get,

P (\H?HQ SR 05) < 2exp (~02/2)

Substituting 6 = v/N and observing that IEH?||2 < 40+/N, we get that with probability at least 1 — exp(—Q(N)),
H?H2 is bounded by 50v/N. We will write £ to denote this event.

1 3
I (Pl = 5 25
k=1

We now bound the operator norm of each of the three modes of %*(?) separately. Our proof follows the
main ideas of the proof of Corollary 10.10 of Wainwright (2019). Since X* (?)(1) € RaxLT we choose 1/4-
cover {u',...,ut} of the set S4~ = {u € R :||ul, =1}, and 1/4-cover {v',...,v™2} of the set ST~ =
{veR%®T :||v|, = 1}. Note that, we can always choose the covers so that M; < 9d1 and My < 9%T.

“+ max

= su
D op l€[Ms]

op ’UeSd2T—1

=)

o]

=@ :

x(7 (1)UH <
Similarly one can show that

o], =

+ max <uJ x* v>
op  JE€[Mi] ( )(1)

This establishes the following bound on the operator norm in terms of the covers.

Hae*(? 7

<2 max
JE[M],l€[M2]

where 77! = <uj,%*(?)(1)vl>
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Using the definition of X*(Z), we get

N N
Zﬂ::E:eiGH“&(UM>::§:£i Xi(a) Y (b)o! (b, £(i))u (a) (13)

i=1 i=1 a,b

Since each entry of X; is drawn iid from N(0,1), Z7! is a zero mean gaussian random variable with variance

2
2

-

N 2 N
doerd {u (@) | Do b (@)Y (0) | <D > {w(a }ZZ T (01) D> _{v! (be, 1(3))}* <
i=1 a b i=1 a bo

=1

The last inequality uses — the observed task features are normalized, v € S%~! and v € §%7~!. Conditioned on
the event the variance of each Z7! is bounded by 50v/N. Now we can provide a high probability bound on the
operator norm.

P H%*(?)(l)H Z TN S P2 max
op JE[My],le[M2]

S Y P (’Zﬂ

JE[M,] jE[M2)]

T2 T2
< 2My M; exp { 0o 2N} 2 exp { 500’1;[]\7 + (dy + doT) logQ}

Wﬂziw>

> TN/2>

If we choose Ty > 200v/ N Dy, we get

P (=@

By a similar argument, we can bound the operator norm of the other two modes of %*(?)

2 20m/ﬁD1> < 2exp {—2D5}

O

Lemma 6 (Gordon’s Inequality). Let (Xut)uecver and (Yut)ucurer be two mean zero Gaussian processes
indezed by pairs of points (u,t) in a product space U x T'. Assume that we have

1. E(Xut — Xus)? < E(Yus — Yus)? for all u,t, s.
2. B(Xu — Xos)? > E(Yuy — Yos)? for allu #v and t, s.

Then we have

E inf sup X, < E 1nf sup Yur
uwel teT Uter

Proof. See Ledoux and Talagrand (2013), chapter 3. O

B Formal Statement and Proof of Lemma 3

First, we state weaker set of assumptions under which the bounds of lemma 3 holds. We will make the following
assumptions about the underlying tensor A = [I,; A!, A%, A3)].

(A1) The columns of the factors of A are orthogonal i.e. <A%, A]l> <A2 A2> <A3 A3> =0 for all 7 # j.

(A2) The components have bounded norm i.e. Ip < 3, max {HAlT H 1142

}<1+ouy

2—p 2—p ’ 2—p

(A3) Rank is bounded i.e. r = o(d).
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Recall the definition of Z, the matrix of unobserved features.

2=1[21 - Zr]" eRT*% (14)

Let Z(s) denote the s-th column of the matrix Z. We will make the following assumptions about Z.

(21) momly, < 272 < \/ld—g 14, for some v > 0.
3

.
(22) K(2T2) = j==Z.2) <14 0(\/r/d).
Lemma 7. Suppose tensor A has rank r CP-decomposition A = [I,; A, A% A3] and satisfies the as-

sumptions (A1)-(A3), the matriz of unobserved features Z satisfies assumptions (Z1)-(Z2), and N =
Q (% min {3—16, 1°§T}>, Then we have the following guarantees:

min min

O e ] e e

o ~ VAmax(Z T Z)T Dyl
zAs—zAY| <O 7
H HF N ( V Amin(ZTZ)Amin(Ey)Amin(E)\/N

Proof. We will be using the robust tensor decomposition algorithm proposed by Anandkumar et al. (2014b). We
first review the necessary conditions and the guarantees of their main algorithm. We are given a tensor S=S5+v
where S € R%*%XT hag rank-r decomposition S = [W;S!, 52, 5% and ¥ is a noise tensor with spectral norm
¥ =||¥|. We will write the singular values as wy; > wg > ... > w, > 0 with v = wy /w,. Let d = max{d,ds,T}.
Moreover, suppose the tensor S satisfies the following conditions.

1 .1 2 .2
(st (s2.52)

(S2) The components have bounded norm i.e. max {HSIHOP, SQHOP,

‘SlTH } <1+40(1). 2

b )

3 3
(s3,59)

S3Hop} <1+ O( r/d) and for some

. : Iylog(d)
(S1) The components are incoherent i.e. max;; { } < %.

st
2—)p7

p < 3, max {HSlTH ,

2—p

2—p

(S3) Rank is bounded i.e. r = o(d'-?/polylog(d)).

(S4) ¢ < min{é70 ( 105’")}.

(S5) Tensor norm of S is bounded i.e. ||S|| < O(w;) and sz—# w;(s?, s]1><s,2,s?>s§’H < %W.

(S6) The maximum ratio of the weights satisfy v = O <min {\/g, d1'5/r}).

When the underlying tensor S satisfies the conditioned above, Anandkumar et al. (2014b) proposed an algorithm
that returns an estimate [W;St, 52, 53] with the following guarantees:

s {J5 - ], J- , J- 1],} 20 (422 wa [ - ], <00

Consider the tensor B = A x3 Z. We now check that the conditions (S1)-(S6) are also satisfied when we consider
the tensor B. B has the following rank r CP-decomposition B = [G~1; A, A%2) Z A3G] where the i-th entry of the

2For a matrix M € R™*" define IM][,_,, = supy =i [[Mul|,.
q
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diagonal matrix G is G; =1/ ||ZA3H2. This means that the rank of B is also r and (S3) is satisfied. The singular
values of B are given by ||ZA3
any 1.

||2 for i € [r]. As each column of A? is normalized, the following result holds for

2
Amin(Z2T2) < HZAEH2 <A (2T 2)

Therefore, the maximum ratio of singular values of the tensor B is bounded by \/Amax(ZT Z)/Amin(Z7T Z) which
is bounded by v/d and assumption (S6) is satisfied.

We will write C' to denote the matrix ZA3G. Note that the i-th column of C is given as ZA§/||ZA§’H2. In order to

it : olylo ZA3ZAY ZA3,ZAY
check condition (S1), we need to verify |(C¢,C’j>| < L\fg() Note that{ C;, Cj | = |< j‘| < |<Am;n(ZTZ>)|'

(A3 n A3)TZTZ (A3 4+ A%) = A3 2T ZA3 4 A3 27243 4243 2T Z A3
Using assumption (Z2) we get,

1 T T 1 2 1
A3 ZTEB < — BT ZTZA A 2Tz < 2 _ ()
i 7 = ﬁdg 0 % J ] = /dg d§.5+'y /d3

In order to check (S2), notice that || B! ||Op = ||AlHOlD <140 (\/ /d ) Same result holds for B?. For the third

B, =1124°C],, < 120y 47 mass by < 3225314, < (14 OW/7D).

For the second part of (S2), we just need to bound ||(ZA3G T||2_>p
H(ZA3G)TH2 = HZA?’GH [By lemma 8 of Krishnan et al. (2018)
—p T
HZASG:EH <[2llop max HA?’GxH
I”"””p/(p H= Pzl )= 2

=12,y A%

=l

’GA?’T

3T Amax (2T Z T
SENEN HHS MHAS [, <1+o)

The last line uses (A2), (A3), and (Z2).
If we write B = B + ¥, from the guarantees of tensor regression (theorem 1) we have ¢ = || ¥|| < |||, <

0 ( (oTle ) So as long as, N > O (‘% min {3—16, 1°§T}>, condition (S4) is satisfied.

y)AIIl]Il(E)r Amin(Ey)Q/\min(

We now verify condition (S5). Fix three vectors a € R b € R%, and ¢ € RT with [|a|l, =|bll, =|lc|, = 1.

B(z,y, 2 ZG )i(A2 1) ((ZAG) Te);

.
< maxG; ! HAl a
(2

] iz,
< a7

lallo|[42" |, Iolla]|ZAG) T el
2—3

2—3 2—3

(24G)"|| = O(maxG)

_ T
<maxG;, ! HAl
1 2—p

a

2—p 2—p

The first inequality uses Corollary 3 from Anandkumar et al. (2014b), which applies Holder’s inequality three
times. The inequality on the following fact. For any matrix M, |[[M||,_,5 <||M]|,_,, which follows from the
definition of ||-|[,_,, and p < 3. Finally, the second part of condition (S5) follows immediately as the columns of
Al and A? are orthonormal.
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Therefore, we conclude that the tensor B = A x 3 Z satisfies assumptions (S1)-(S6) and we can apply robust tensor
decomposition algorithm from Anandkumar et al. (2014b). As we can write B as B = [G~1; A, A%, ZA3G], we
get the following guarantees.

max ;1\1—141 ,;1\2—142 ,Z/A\3C1’—2A3G §O ol Dir and
(I - 2, 7 -1, 4 |} =o( )

\/m>‘rrlirl(z.y))‘min(Z)\/Jv

|67 -e, <0 (xmm<zj>z;i;r<z)¢ﬁ )

Since we also have an estimate of G~! we can estimate ZA3 by ZASGG-1. Then we have the following guarantee.
|z47 - za| -|zA4%GG - za%GG |
—|zaGe - zatGa + za%GG - zabGe ||
F

26 - zaal @2, +|zava] 67 - o]
F F F 2

<| 26 - zac] (|6 -, +|e], ) + vizate] @ - |
F F F op 2
-6 VE(ZTZ)oTDyrt?
Amin () Amin (£)VN
O
C Formal Statement and Proof of Theorem 2
Theorem 4. FEach covariate vector X; is mean-zero, satisfies IE[XZ-XZ-T] = Y and X-sub-gaussian, and

R . 2
max {HAl - A1HF ,HA2 - AQHF} < 4. Additionally, suppose that Ny > O (7’ <HY0||§ ij%‘((g))) 10g(2/51)), and

’YOTAQi

> n||Yolly for alli € [r]. Then with probability at least 1 — §; we have

N ~\2 B By r?
Ex, [(A(XO»YOaZO) — A(Xo, Yo, Zo) } =0 <7]21T252 + 7]22N2> ,

Amax 2 2 2 E]| Xol|2
for By = 3=V g ]| X, | 2|15 1311 Zoll3 and By = 51l

Proof. Mean squared error is given as
N N 2
EXO |:<A(X07YbaZO) 7A(X0aY07ZO)> :|

— 2
=Ex, ((YJA? © Xy ANAT Zy — (Y, A% 0 XJAl)A3TZU>

We will write u € R” to denote the vector (YT A2 ® XgAL) and @ to denote its estimate (Y, A2 ® XoAL).

— 2 — — 2
Ex, (aTA3TZO - uTA3TZO> = Ey, <(a —u)TA3 Zg+uT (A3 2y — A3TZO)>
— |2 - T 2
< 2B, lli — ul3]|| 437 Zo|| + 2B, ull3]|| 43T Zo — A* Zg
2 2
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r r 2 2 .
Now, [[ull; = 37 (Yo" AD2(X A})? < 00, 1Yol ]| A2 |1 XI5 ]| A1 = rI[ Yol Xoll5- As Xo is drawn from a

zero-mean, Y-subgaussian distribution, we have ]E|]\u||§] = O(||Y0||§ rIEI]|XO||§]). Moreover,

o — a2 = 7 [ 43X A — (¥ 42)(x] A1)
i=1

r . . a2
= 3 [ AT AL - XT A+ XT AN A2 - v A2
i=1

<23 (Y ADA(XJ AL - X AD? +2) (X ADA(Y) A2 - v A2)?

i=1 i=1

r 2 .12 .12 . 2
2 2 2 2
<2 ) vl 42| ixon | atay | 3] 42 [l |42 - 42|
i=1

=21 xolBmal (4 - A+ 42 - 42 )

2 2
< 4] Xol5/1Yoll5 0

Thercfore, E[ja — ul3] = O(| oI5 E[| Xo[|5]6?)-

This gives us a bound of

—— 2 2
O { IYoll3 El Xoll5] (52 AT 7|+ A3T — A%z, ) (16)
2 2
— 2 N ~ N
on the mean-squared error. We first bound HA?’TZO — 43" Zy|| . Recall that if we write V = (Yo A2 © X AY),
2

—_— ~ ~ 71 ~
then we can write 43 ' Z, as (VTV) VTR.

A3T 7, — A3

(77)

- (v77) WA Zy 1 e) - A 2,
(7'7)
( "

~\ —1
TV) VTvad z,— A

Lemmas 8 and 9 respectlvely bound the bias and the variance term. Substituting these bounds we get

HA?’TZ A3z = 0(01 UBR 027"62) for C; =
2

1 max(z) 1
EAEs o) and Cy = ||ZOH2 We now consider

the remaining term HZOH in the upper bound on MSE (eq. (16)).
2

2 N —1 2
HA3TZO :H(VTV) VT (VA3 Z +e)

2

_H VTV) VTR

2
N1 2 =1 T 2
< 2H(VTV) Ve 2—1—2H(VTV> VTvad z, 2




Samuel Deng, Yilin Guo, Daniel Hsu, Debmalya Mandal

The first term can be bounded by Cl e by lemma 8. The second term can be bounded as follows.

N1 T 2
H(VTV) VTvasTz, 2

<[ @ i, |4,

gHWWIH oqmngN2Amax<2>>ruzo||§

ST

and lemma 10
op

{..H("}Tv) 1VT

e

RS

=0 O(1Y0 13 N2Amax ()| Zol I3
<N277 ||YO||2 mm

=0 (Cz 772> for Cy = )\max >)

)\nun(E) ||ZO||2

2

— 2
Therefore, we have bound HA?’TZO by %NLZ + C’gn%. Substituting the upper bounds on A3T 7|l and
2 2
— 2
HA?’TZO - A3TZ0 in equation 16 establishes the desired bound. O
2

Lemma 8. Each covariate vector X; is mean-zero, satisfies E[X;X,'] = ¥ and X-sub-gaussian. Additionally,

ly for all i € [r]. Then with probability

2
suppose thatNy > O | r ("f;g'gm) log‘(2/§1)>, and’YOT/ﬁi >

at least 1 — 61 we have

777y e

2
<0 "
2 Non?([Yo 5 Amin (E)

o~ ~ 2 PPN ~
Proof. The bias term is given as H(VTV)’lstH = &' V(V'V)™2V T e. By the Hanson-Wright inequality
2 ————
=M
(Vershynin (2018), lemma 6.2.1) we have

t2 t
P (‘ETMs — E[ETME;‘]‘ > t) <2exp [ —cmin | ——, ———
M7 1M,

Therefore, we have e " Me < Ele " Me] + O (HMHF 10g(2/61)) +0 <||MHOp 10g(2/51)) with probability at least

1 — 61/2. From the singular value decomposition of V, it is easy to see that [ M]|op = H‘A/(IA/T‘A/)_Q‘A/T
op

foor-

. Moreover, lemma 13 proves that with probability at least 1 — d; /2, the matrix M is invertible and
op

2
Y max (2
||MHOp S (Wm) as long as N2 2 O <fr (l 0”2 mm((z))> 10g(2/61)> .

Since rank(M) < rank( ) <7, we have [ M| < /r||M],, < (WM) By a similar argument we
get Ele " Me] = Tr(M) < r|Mll,, < O (smpwsievy ) This gives us €' Me < 0 (i ). O
Lemma 9. Each covariate vector X; is mean-zero, satisfies E[X;X,/] = ¥ and %-sub-gaussian. Ad-

ditionally, assume that max {HAl - A1HF ,HA2 — A2

2
0 ( ("f?z”g ii::‘:%;) log<2/61>>, and |YV;T 42| >

F} < 6, and sinf(A3,A%) < §r. If Ny >

ly for alli € [r], then with probability at least 1 — 61 we
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have

PP Y 2 Amax (S
H(VTV) VTVA3TZ0—A3TZ0 :O<“W()||ZO||§¢52>

2 > Amin (%)

Proof. Our proof resembles the proof of Lemma 19 of Tripuraneni et al. (2021), but there are some im-

portant differences. First note that, by lemma 11 we can write V = vV + Ey for a matrix Ey with
[EVlop < O(Yollz v/ N2Amax(2)d). This gives us the following bound on the variance.

N1 ) 2
H (VTV) VTvad'z,— A% 7,

2
2

o~ ~ o~ — 1
VIvadTz,— A3z, + (VTV) VTE, A 7,

2

2

<

T2
A3 ZOH
2

2
2
1Ev[I5p
op

~ oA\ —2
< V(VTV) VTl O(1Y0l12 Nodmax(2)6%)7(| Zo |2 (17)

. 3T 2 r 3T 2 r 3112 2 2 =S (ST —2 ST
The last line uses HA 20H2 = Y (A% Z0)% < S 14%E N Zol2 = rll Zo)l?. Now ||V (v v) v
ey

and ’

op

and lemma 13 proves that with probability at least 1 — §;/2, the matrix VTV is invertible

op

o~ ~\ —1
(v79) .

2
Yoll2 Amax (2 o
<0 (Wm) as long as Ny > O (r (| 7(;2”2 /\((Z))> 10g(2/(51)>. Substituting the

1
upper bound on the operator norm of (VTV) gives the desired bound.

Lemma 10. If No > O(rlog(1/61)) then we have

I, =0 3t VoA

with probability at least 1 — §1.

Proof.

~ 12
v

= Amax ((YJAZ O XA (Y A2 0 XAl))
op
= NoAmax (UT(leX)U>
N

where in the last line we write U € R%<" to denote the matrix with columns U; = (Y, A2)A}. The matrix U

has orthogonal columns and [|U]|,, <||Yo[,- Therefore, we can apply lemma 12 to obtain that as long as N >

rlog(1/01), we have Apax (UT(A%XTX)U> is bounded by O (HUTZUHOp + /\maX(E)HYng) with probability at
least 1 —d;1. Moreover, ||UTEU||Op is bounded by /\maX(E)HYOH; This establishes a bound of O(Ng)\max(Z)HYng)

owﬁ -

2
op
Lemma 11. Suppose, max {H/il - AlHF ,HAQ - AQHF} < 6. If Ny > O(rlog(1/61)) then we have

[7 -], <0 (¥l VN Awnt0)
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with probability at least 1 — d1.

Proof. We will write Al = Al + E', and A2 = A% + E2. Note that we have HElHF <9, HEQHF <.
Hf/ vl = H(YOUP ©XAY) — (Y A2 X AY)
op op
=042+ B o x(aT + BY) - (v 4% 0 241
op
<o) o (xAy| +|o A e @B 4|07 @ (vEY
op op op

Consider the first term.

|0 e 0 ()|

op

e (057 2) 0 (00)) (0 B2 (200

1
= NoAmax <UT(NXTX)U>
2

where in the last line we write U € R9*" to denote the matrix with columns U; = (Y, E2)Al;. Note that U has or-
thogonal columns as the columns of A! are orthogonal. Moreover, [|U],, <[|U][r < HY0||2||E2||F <||Yol5 0. There-
fore, we can apply lemma 12 to get that as long as Ny > rlog(1/d1), we have )\maX(UT(NiQXTX)U) is bounded

by O (||UT2U||0p + Amax(z)(s?nyoug) with probability at least 1 — d1. Moreover, [UTSU]| = Amax(S)||U5 <
)\max(E)ézHYOHg. This establishes a bound of O(+/Amax(X)N26||Ys||,) on H(YOTEQ) © (XAl)H . By a similar
op

argument, one can establish a bound of O(y/Amax(X)N26|[Yoll,) on the second term ||(Y," A%) (XEI)HOP, and a
bound of O(y/Amax(X)N26||Yo|l,) on the third term || (Y, 42) © (XAl)EoHop. O

Lemma 12. Suppose each covariate x; is mean-zero, satisfies E[zz "] = ¥ and X-subgaussian. Moreover, A and
B are rank r matrices with orthogonal columns. Then the following holds

< O [ A (Z) max{| 4|2, .| BI2,} <\/:+ - \/@+ 1og(;/5)>

.
ATMB—ATEB
n

op

with probability at least 1 — 0.

Proof. The proof is very similar to the proof of lemma 20 from Tripuraneni et al. (2021). O

> n||Yolly for alli € [r]. Then the

2
Lemma 13. Suppose, Ny > O (r <|);°2|§’;\“:‘:((EE))) 10g(1/52)> , and‘YOTAzl_

matriz (VTV) is invertible and

H(‘?Tv)—l

1
<0 ;
o Nom?[[Yo[l Amin (%)

with probability at least 1 — do.

Proof. From the definition of the matrix ‘7, we have

VIV = (v, A2 0 xAY)T (Y, A2 0 X AL).
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If we define a matrix U € R4*" with columns U; = (YOTAf)A}, then it can be verified that Niz‘A/TIA/ =
U’ ( 1 XTX) U. This gives us E[+- VTV] UTSU. Therefore, we can write N%XA/T?/ =&+ UTYU, for a
matrix & with E[€] = 0. Since matrlx U has orthogonal columns and [|U],, <|[Yo|l, we can apply lemma 12 to
conclude that as long as No > O(rlog(1/61)) we have [|E],, < O ( maX(E)HYOHE \/r/N2>. On the other hand,
' UTSUx

.
by
Amin(UT2U) = min 72172”}/0“2 min  — =%

_ 2 2y
2€RI3 140 .TTLE wERM w£0 ’LUT =7 ||Y0H2 )\mm(z)

2

The first inequality follows from substituting w = Uz and observing that w w = 2 TU TUz > min; YOTAQi xlr >

||Y0H2 77295 x. Therefore,
1 ~r~
)\min (VTV> 2 )\min(UTEU) — )\max(g)

> 0 (I1%oll3 n*Amin () = 1€l
> O (%3 (1% Amin (%) = Amax () V/r/N2) )

2 ~ o~ ~_ o~
Therefore, as long as Ny > r (%i‘\ g))) , NLZVTV is invertible and so is VT V.
v

Now, (VTV)~! = NL(NLV )= Ni(é'—l- UTXU)~!. Moreover,

€]l L Anax(E) [7
-1 < Tyu)-1 —_ Mlop  _ = Amax\&) [ T
e, <l@m=m e, @ 50) - 2\ )V NS

Therefore, as long as Ny > O ( 2 A’z“”‘g)))

min

)_15H0p < 1/4. Therefore, we can apply lemma 14

to conclude that (EVTV)_ = (UTSU)™' + F where || F||,, < %H(UTEU)_lHOp. Therefore, ||(VTV)71|| <
op
4 Ty -1 _ _4 1 4
3N> H<U EU) HOp T 3Nz Amin(UTEU) < 3N2n2| Yo 3 Amin(2) © =

Lemma 14 (Restated lemma 23 from Tripuraneni et al. (2021)). Let A be a positive-definite matriz and E is
another matriz satisfying ||[EA™|| < 1. Then (A+ E)~' = A7 + F where 1F,p < %HA’lHOpHEA*lHOp

D Proof of Theorem 3

We first recall the method of moments estimator from Tripuraneni et al. (2021). If the response R; = X" Bay ;) and
each X; ~iiq N(0, I, ) then we have [i SV RZXiXT} = 2+ (1+Te(T)) Iy, where T' = & 32} Boygya [, BT
If we write A = & Ly, Q) ( ) to be the empirical task matrix we have E [ SV R?XiXiT} = B(2A)BT +
B, (14 Tx(T")) I, B|. So that we can recover B from the top r singular values of the statistic 1 sz\; R2X; X,

Moreover, theorem 3 of Tripuraneni et al. (2021) proves that such an estimate B satisfies sin 6(B, B) < \/% )
where v = ¢,.(A) and k = Tr(A)/(rv).

Recovering A' . Let us consider the estimation of the first factor A'. The response of the i-th individual is

given as
Ri = X Aq)(Zysy) © Yyw)) + & = X1 AT (A% © A%) T (Zyay ® Vi) +€i

Pl
=Pl

Therefore, we recover A' from the top r singular values of % Zi\;l R2X;X,". In order to obtain a bound

on sin#(A', A1) we need to bound eigenvalue and trace of the empirical task matrix A = & SN | Pl Py T
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Since each t(i) is a uniform random draw from {1,...,7}, we have A = E[A] = %Zthl PthtlT = (A%
ANTLST (Z, oY) (Zi oY) (AP0 A%) =LA 0A)T(ZT oY) ET o YT)T(4 @ A2). We first bound
the eigenvalues of A and then use matrix concentration inequality to bound the eigenvalues of the empirical task
matrix A.

)\min(A) = %)‘min«ZT © yT)(ZT © yT)T) = %)\min (ZTZ & yTJ}) = %)\min(ZTZ)/\min(yTy)

The first equality follows from the observation that A2 ® A' has orthonormal columns, and the last equality
follows because the eigenvalues of Kronecker product of two matrices are given as the Kronecker product of
eigenvalues of the two matrices. Since each Z; ~jq N(0,I4,), the minimum singular value of Z is bounded by
VT — /d3 with probability at least 1 — 2exp(—O(ds)) (see e.g. theorem 4.6.1 of Vershynin (2018)). This implies
that Apin (27 Z) = omin(2)? > T/4 with probability at least 1 — 2exp(—O(d3)) as long as T > 4d3. Similarly,
it can be shown that Amin(YTY) > T/4 with probability at least 1 — 2exp(—O(dz)) as long as T > 4d,. This
establishes a high probability lower bound of T/16 on Ayin(A).

Moreover, for any i € [N],

-
Amax (PiiyPiy ) = Amax(Zet) @ Ya) (Zety @ Ya) T) = Amax(Zei) Zitsy © Yooy Yaoy)
2 2
< AnlaX(Zt(z‘)Z;Ei)))‘maX(K(i)}/;—(l;)) SHZt(i) 5 Yt(z‘) 5

When Z;(;) is drawn from standard Normal distribution’ Zy(i) , < 2+/d3 with probability at least 1 —exp(—O(d3)).

By a union bound over all T tasks we have for all ¢ € [T7,||Z||, < 21/d3 with probability at least 1 —T exp(—O(d3)).
A similar argument shows that for all ¢ € [T7,||Y;||, < 2v/d> with probability at least 1 —7 exp(—O(ds)). Therefore,

we are guaranteed that )\maX(Ptl(i)Ptl(i)T) < 16dads for all i, with probability at least 1 — T exp(—O(min{ds, d3})).
Now we can apply matrix concentration inequality (lemma 15) to derive the following result.

(i = 3) <avem {0 (73}

Similarly, we can establish an upper bound on the maximum eigenvalue of A.

P ()\max(l_X) > 32T) < diexp {—O (3;2;) } .

Therefore, Tr(A) < rAmax(A) < 32rT with probability at least 1 — dy exp {70 (TN/d2d3)}. Moreover, Kk =
Tr(A)/(rAmin(A) = O(1). This implies the following bound on the distance between Al and Al

. 11 41 rdar ) dir
sme(A,A)g0< VN)O( TN).

Recovering A2 . We can provide a bound on the error in estimating A? through a similar approach. The
response of individual ¢ can be written as

R, = Yt—(ri)A(Q)(Zt(i) ® XZ) +é& = Yt—(ri)Az W(AS © AI)T(Zt(i) & Xz) +&;

P2
=Pt

Therefore, we can recover A2 from the top r singular values of % Zivzl RfY}/(i)Yt(Ti). Now the empirical task matrix
is A = % Zfil Ptz(i)Ptz(i)T. We now bound the eigenvalue and trace of the empirical task matrix. Since each ¢(7) is a
uniform random draw from {1,...,T}, we have A = E[A] = % Zthl P,?Pf—r =(A30Ah)T 1 ZtT:1 E[(Z:®X)(Z:®
X)T(@0Al) = (A0A)T 2, (Zi0ls)(Zel,) (A2 0A") = H(A0ANT (2T ely,) (2T ely,) T (420 A

1 1 1
Amin(A) = Tamin((z—r (9 Idl)(ZT ® Idl)—r) = To—min(ZTZ & Idl) 2 TO—min(ZTZ)
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Since each Z; ~jq N(0,14,), the minimum singular value of Z is bounded by VT — \/d3 with probability at least
1 — 2exp(—0(d3)) (see e.g. theorem 4.6.1 of Vershynin (2018)). This implies that Apin(Z7 Z) = omin(Z)? > 1/4
with probability at least 1 — 2exp(—0O(d3)) as long as T' > 4d3. Moreover, for any ¢ € [N],

-
Amax (P Py ) = Amax(Zeiiy @ Xo) (Zuay @ Xi) 1) = Amax(Zi(a) Zyay ® Xi X;')

2
< Amax(Zugiy Ziy) Mana(XiX]) |22 |11

When Z,(;) is drawn from standard Normal distribution ‘ Zy(3) , < 24/d3 with probability at least 1 —exp(—O(d3)).

By a union bound over all T" tasks we have for all ¢ € [T, || Z;||, < 2v/d3 with probability at least 1T exp(—O(d3)).
A similar argument shows that for all i € [N],||X;[|, < 2v/d; with probability at least 1—T exp(—O(d)). Therefore,

we are guaranteed that )\max(Ptl(i)Ptl(i)T) < 16d;d3 for all ¢, with probability at least 1 — N exp(—O(min{d;,ds})).
Now we can apply matrix concentration inequality (lemma 15) to derive the following result.

P (Amm(A) < ;) < dyexp {—O (di\;?’) } .

Similarly, we can establish an upper bound on the maximum eigenvalue of A.

P (ha(R) > 8) < dy exp {—0 (dﬁg) } .

Therefore, Tr(A) < 8r with probability at least 1 — d; exp {—O (N/d1d3) } Moreover, £ = Tr(A)/(rAmin(A)) =
O(1). This implies the following bound on the distance between A? and A2

- dor dar
i 2 2 < haz = &2r
sm@(A,A)O( » ) O(”N>'

Lemma 15 (Restated theorem 5.1.1 from Tropp (2015)). Consider a sequence of { Xy}, independent, random,
Hermitian matrices of dimension d x d. Assume that the eigenvalues of each Xy is bounded between [0, L]. Let
Y =1/N3" . Xk, tmin = Amin(E[Y]), and pimax = Amax(E[Y]). Then we have

/J,minN/L
e—E
P ()\min(y) <(1- E)Nmin) <d (16)15‘| Ve € [0,1)
68 /J'maxN/L
> <d|————
P (Amax(Y) > (14 €)ptmax) < d {(1 n 5)1+s] Ve € [0, 00)

E Meta-Test for Method-of-Moments Based Estimation

In the meta-test phase, (X;, R;) for i = 1,..., Ny are observed for a task with specific feature Y. The model can

be expressed as
Ri=Yo®X;)"(A20 ANA3 Zy +¢&;, fori=1,...,N,.

If we denote the latent task factor A3T Z, as a vector o € R”, o can be estimated from the least square problem
with A" and A2 substituted by their estimators from the meta-training phase

& = argmin,,

R-(Y,ox")T(i20 Al)aH .
2

For notation simplicity, throughout this section we denote (Yo @ XT)T (A2 A!) as M, and (YoeXxT)T(A2e AY)

as M. In addition, we let My denote Y," A2 XJ A', My denote Y,' A2® XJ A'. Then the least square estimation

becomes PN
a=[M"MT'MTR.
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After obtaining the estimation of the task with observable and latent features Yy and «, a test sample is collected
on this task with input Xy. Then the estimation error can be expressed using the notation as

Ex, [(A(XO,YO,a) - A(XO,YO,&)>2]

=Ex, {((Yo ® Xo) (A2 0 ANa — (Yo @ Xo) T (A% Al)a)Q]

—~ 2
—Ex, “MO& _ MQO(H2:| .

Formally, we have

Theorem 5. Suppose each covariate x; is mean-zero, satisfies Elzx '] = ¥ and L-subgaussian, and €;’s are i.i.d.

mean -zero, sub-gaussian variables with variance parameter 1, independent of x;. If‘YOTAQi > lly for all
i €[r], and No > O ((r +log2/62) ( L ’\“L"((Z))) ), then with probability at least 1 — dy, we have
. 2
Ex, {(A(XO,YO,a) —A(XO,YO,&)> ] 0 (cms +Cp— )
Ny
max 2 2 max
for €y =E || Xol|I1%0l13 (3228) " el and €2 = B [1Xo]13] 5328 -
Proof. The error can be written as
Mod — M()Ck
=Mo(M M) "M (Ma+ &) — Mya
=Mo(MTM)*M" (M + M — M)a+ My(MTM)*M'E — Mya
=(Mo — M) — Mo(M T M)™*M T (M — M)+ Mo(M T M) ME.
Thus, by Lemma 16, 17, 18, 19, 20, 21, we have
[0 — oo
< |8 - 2|l +|| 3| | 3TTRD)| ||37 laly
op op op op op
+HJ\A40(J\7TJ\7)*1J\7T£H
2
< O (lall, V7SI Xl Yo ) + O (Xo||2|YO||2 ——
12[Yollz Amin () V2
AN )Yolly - Yolly 53/ Nor X (3 )
HX0||2 1 1 Amax(Z)
+0 \/r+log2/52 —
(\/ max V 2 Amm( )
Amax () 1 Amax(2) 1 1
= XollolIYolly 6 —=— Xollyg S log2/6 .
0 (IxolLl¥all, 35 % ilall ) + 0 (n ol Yo o2 e
O

Lemma 16. Suppose each covariate x; is mean-zero, satisfies Elzx'] =X and %-subgaussian, and €;’s are i.i.d.

mean -zero, sub-gaussian variables with variance parameter 1, independent of x;. If‘YOTfi?i > lly for all

2
i €[r], and Ny > O ((r+10g2/62) (n%f\:“i"((g))) ), we have

e Xol? 1 1 Apax(D) )2
HMO(]\/ZTM)*IMTSHZ <0 <”0H2(7’+log2/6g) <n ()> ) :

/\max(z) N2 n?
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with probability at least 1 — d2/2.

Proof. Note that
_ —~ e~ 2
HMO(_z\AﬂJwrlMeH2 = £Tqe,

with G = M(Wﬂ)_lmﬁo(ﬂTﬂ)_lﬂT. By the Hanson-Wright inequality (Vershynin (2018), lemma 6.2.1)
we have
T T : 2 t
P ’e Ge — E[e Gs]' >t) <2exp | —cmin [ ——F, ——
G 1Gllop
Thus, £TGE < E[ETGE] + O (||G||F 10g(2/51)> +0 (||G||0p 10g(2/51)), with probability at least 1 — 8; /2. By

Lemma 17 19, 21,

EIETGE) = Te(M(M T M)~ My Mo(M M) M)

<G,
P 2 (e~
< THMMT (MT M) T Mo
op op op
T Amax (2 1
< (@) ( 2 )\mm > ”XO” ” 0“2 2|Y0||2)\min(E)N2>

Amax(E)
Amin(2)
r )\maX(E)

with probability at least 1 — §;, when Ny > O ((r +1log2/6;) (77% i“a"((z))) ) In addition, |G| y/log2/61 <

V/rlog2/61]|Gl|,,. Therefore,
£TGE<0 (r||GH0p + (log2/81)[1Gll,, + v/rlog 2/51\\G||0p)
<0 ((r+10g2/61)|Gl,)

r +10g2/61 Amax(X)
O( 774 A12111n( )HXOH .

IN

Lemma 17. Suppose each covariate x; is mean-zero, satisfies E[zxT] =X and L-subgaussian, and ‘YOTAQZ- >

n(2)

I <o <21 1) ;
op 721 Yoll5 Amin (2) Na

2 —
nllYolly for alli € [r]. When Ny > O ((7“ +1log 1/62) (n%%"(z)) ), the matriz MM is invertible and

s

with probability at least 1 — d.

Proof. Note that M = (Yo @ XT)T (A2 ® A!) = (Y @ X)(A2 @ A!) = YT A2 © X AL. Thus, by defining matrix
U € R4*" with columns U; = (Y, A2) AL, it can be written that MM = UTXTXU. Note that the columns of U
are orthogonal with each other. Since E[- MTM] [UT(NizXTX)U] UTSU, we let - /\rM E+UTSU
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with matrix £ satisfying E[£] = 0. In addition, we have

nUmp=HA%mau§A%;ﬂ

op

<||AY|| max|Y," A2
op i€[r]

<[4 -1voll, max] 43
op 1E|T

W=

IN

N N 2
Al | 0] 42
P 1€[r]

=1-|IYolly -1 =[Yoll,-

Thus, applying Lemma 12, we conclude that as long as N» > O(r + log(1/d1)) we have [£],, <

O (Amax(Z)HYOHE ( Hb]gv(j/‘h))) with probability at least 1 — &;. Besides,

w' Tw

TrrT
b))
Amin (U T3U) = min v U XUz > 2HYOH2 min

202 )
2€Rr Tz R Wl w =77 [1Y0 3 Amin (%),

where the first inequality follows from substituting w = Uz and observing
w'w=2"U"Uz >min|Y, A?)?z Tz > r]QHYEJH; z' .
3
Therefore,

)\min(Ni]/w'\T]/\I) Z Amin(UTEU) - )\max(g)
2

2
> (1Yol Amin(E) = 1€,

r+logl/é
> O [ 721Y0]l3 Mnin(Z) — Amax (2)[| Yo I \/7

r+logl/d;

Y > 2)\min D) *Amax b
1Yol | » (%) () N,

2 —
Therefore, as long as No > O ( (r +log1/4y) (L@)> ) L MTM is invertible and so is M M. Now

() » Ny ,
(MTA)! = (% MTM) = 7 (E+UTEU)™!. Moreover,
H(UTEU)_l <H(UTZU)_ ||5|| M <0 )\Inax(z)i 7’+10g 1/(51
- = Xm0 20) =\ M) 7P N

7]2 min(z)

Lemma 14 we have (]\%M\'—M\)*l = (UTSU) + F, where |||, %H(UTEU)*IHOlD and

2
Therefore, as long as Ny > O ((r +log1/d2) (L M) )7 we have H(UTZU)—15||OP < 1/4. Finally, applying

o~ 4 4 1
s < L S T —
3NV. P 3N 2 Yo 5 Awin(2)

H(UTEU)‘l
2
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Lemma 18. Suppose each covariate x; is mean-zero, satisfies Elzz"] = ¥ and X-subgaussian, and
max{sin §(A!, A1), sin (A%, A%)} < 5, then if Ny > O(r +log1/61), we have

<0 (HY0||2 5\/N2mmm(z)) ,
op

HZ\//TfM

with probability at least 1 — 07 .
Proof. Write A' = A' + E', A2 = A% + E2. Note that A A'T + A'A'T = I, , we have

HA1 _ At ALT A I — AT Al

—[Av AT ar v, - AT
op

o <A

+HA1
op

op

<1-sinf(A, AY) +1-sin?2 (A, A1) = O(6),

op op

where the last inequality is due to

HIT CATAY = A (I — ATTAY) =1 = A (AT AY) = 1 — cos (AL, AY)
op

1 — cos? 9(/11,141) B sin? Q(Al,Al)
14 cosf(Al, A1) 14 cosf(Al, AL)

< sin? (A, AY) = 62,

where 9(/11, A1) is the principal angle between column subspaces of A' and A'. Therefore,
same way, ||E2||Op < O(4). Now,

ElHop < O(d), in the

Hz\?— M| =|roeaxT)T(A2eAY) - (Yoo xT)T (420 AY)

op op

=||(Y,F A2 0 X AY) — (Y, A2 0 xAY)

op

=|(Y, (A2 + E*) o X(A' + EY)) — (Y, A2 0 xAY)

op

+HY0TE2 ® X B!
op

IN

Yy A2 0 XE!

+HYJE2 © XA
op

op
Consider the first term,

2
= Amax (Yo' A2 @ XEY) T (Y, A2 © XEY))

H%TA2 ® XEl
op

1
= )‘maX(UTXTXU) = NQ)‘max(UT(EXTX)U)a

where U € R4*" has columns U; = (Y, A2)E] with A? and E} being columns of A% and E'. Note
that U], < 1¥oll 2]l < Vol V7B = O(/Fl¥olly 6), by Lemma. 12, Amax(UT (3 X)) is upp-

per bounded by O (HUTZUHOP + )\max(Z)rHYong 52\/%\%2}/&). Moreover,

A(E)r||Yol3 0%, Thus, when Ny > O(r +10g1/261), Amaa(UT (5 X T X)U) < O(Amax(2)7[|Yo[3 6%). Therefore,
vy 42 0 XE'| <O (5||Y0\|2 Ngmmax(z)).

UTSU|| < Amax(DTZ, <

The second term HYOTE2 ® XAlﬂop and the third term HYOTE2 ® XElHop can be shown in the same way having
an upper bound of the same magnitude. O

Lemma 19. Suppose each covariate x; is mean-zero, satisfies Elzx"] = ¥ and X-subgaussian, and Ny >
O(r +1log1/61). Then

s

< 0 (MaAmax(DI¥013)

op

with probability at least 1 — 07 .
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Proof. Write
= Amax (M M) = Ao (YT A2 © X AN T (Y, A% 0 X AY))
op

1
= A (UT (AT 2)U) = Nodao (U (57X T X)),
2

e

where U has orthogonal columns U; = (Y," A2)AL. Since 10, <I¥ollo mé[u](HA?H <|[[¥oll,. By Lemma 12, when
i€lr 2

Ny > O(r+1log1/d1),

1 r+logl/é
s (0T (= T200) 0 ([0750] 4 A (DTl 1| L ) < 002 361

Therefore, MMT

< O(NoAmax (2)[|Yol2) with probability at least 1 — . O
op

Lemma 20. If max{sinf(A!, A'),sin (A2, A2)} <6, then

|30 — 20| <O (vl Kol 1¥oll)

Proof. Let A2 = A2 + E2, A' = A' + E', then

HM\O_MO

S H}/OTAZ @XJEl
op

_|_H}/0TE2 @XOTAl
op

+HYOTE2 o XJ B!
op

op

The first term ||Y," A% © X E* ij = Amax(U T Xo Xy U), where U has columns U; = (Y," A?)E}. Using the upper
bound of||E1HOp in Lemma 18 we have ||U]|,, <|[Yoll,||E*||» < O(\/7[Yoll, 6). Therefore,

|vor 42 0 x] BY||| < \IUIE,1Xll3 < O (VA Xollal Yol 6)

Thus, | ¥ — M| < O(/75]1 Xo LYol .

Lemma 21. .
|35, <10l Yol

Proof.
|

= exg | =[xTu|  <IXolbIUll, <1l %ol

op —

where U has columns U; = (YT A?) Al O



	Introduction
	Contributions
	Related Work

	Preliminaries
	Estimation
	Tensor-Regression Based Estimation
	Meta-Test


	Method-of-Moments Based Estimation
	Experiments
	Conclusion and Open Questions
	Proof of Theorem 1 
	Formal Statement and Proof of Lemma 3
	Formal Statement and Proof of Theorem 2
	Proof of Theorem 3
	Meta-Test for Method-of-Moments Based Estimation

