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Abstract

In this paper, we study the convergence
properties of off-policy policy optimiza-
tion algorithms with state-action density
ratio correction under function approxi-
mation setting, where the objective func-
tion is formulated as a max-max-min prob-
lem. We first clearly characterize the
bias of the learning objective, and then
present two strategies with finite-time con-
vergence guarantees. In our first strategy,
we propose an algorithm called P-SREDA
with convergence rate O(ε−3), whose de-
pendency on ε is optimal. Besides, in
our second strategy, we design a new off-
policy actor-critic style algorithm named
O-SPIM. We prove that O-SPIM converges
to a stationary point with total complex-
ity O(ε−4), which matches the convergence
rate of some recent actor-critic algorithms
under on-policy setting.

1 INTRODUCTION

Policy improvement is a popular class of methods
in empirical reinforcement-learning (RL) research,
and has attracted significant attention from the the-
oretical community recently [Agarwal et al., 2019],
with many results analyzing the convergence prop-
erties of policy gradient-style algorithms [Xu et al.,
2019b,a, Yuan et al., 2020, Huang et al., 2020b]
and actor-critic algorithms [Fu et al., 2020, Wu
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et al., 2020]. Most existing results require on-policy
roll-outs, which are not available in offline RL, a
paradigm considered crucial to applying RL in real-
world problems [Levine et al., 2020]. While offline
policy optimization algorithms also exist [Liu et al.,
2019, Imani et al., 2018, Zhang et al., 2019c], the
understanding on their finite-time convergence prop-
erty is still limited.

To close this gap, in this paper, we propose two
strategies for off-policy policy optimization with con-
vergence guarantess, based on recent development
in marginalized importance sampling (MIS) meth-
ods [Liu et al., 2018, Zhang et al., 2019a, Uehara
et al., 2019, Yang et al., 2020]. We assume the agent
can only get access to a fixed dataset D collected by
some unknown policies, and formulate the off-policy
learning problem as a max-max-min objective func-
tion below (similar objectives have been considered
by Nachum et al. [2019b], Jiang and Huang [2020],
Yang et al. [2020] without convergence rate analy-
ses):

max
π∈Π

max
w∈W

min
Q∈Q
LD(π,w,Q)

:= max
θ∈Θ

max
ζ∈Z

min
ξ∈Ξ
LD(πθ, wζ , Qξ)

:=(1− γ)Es0∼νD [Qξ(s0, πθ)]

+ EdD [wζ(s, a)
(
r + γQξ(s

′, πθ)−Qξ(s, a)
)

]

+
λQ
2

EdD [Q2
ξ(s, a)]− λw

2
EdD [w2

ζ(s, a)]. (1)

In this objective, we optimize a parameterized pol-
icy πθ ∈ Π with θ ∈ Θ being its parameters, and the
policy class Π can be non-convex. We do so with
the help of linearly parameterized functions wζ ∈ W
and Qξ ∈ Q, which are respectively parameterized
by (ζ, ξ) ∈ Z × Ξ and serve as approximators of the
density ratio and the value functions. We assume
the parameter spaces Θ ∈ Rdim(Θ), Z ⊂ Rdim(Z) and



Ξ ⊂ Rdim(Ξ) are all convex sets. νD and dD are the
empirical approximations of the initial state distri-
bution and the state-action distribution in the data;
see Sec. 2.1 for a formal definition. Qξ(s, πθ) is short
for Ea∼πθ(·|s)[Qξ(s, a)]. 1

The main contributions of this paper is three-fold,
which we summarize below:

A Detailed Analysis of Bias We identify the
inevitable bias between the stationary points of
LD(πθ, wζ , Qξ) and J(πθ), where J(πθ) is the ex-
pected return of πθ. We separate out and charac-
terize the bias terms due to regularization (εreg),
generalization (εfunc), and mis-specification (εdata),
as will be detailed in Sec. 3. Besides, our analysis
also reveals how λQ and λw affect the trade-off be-
tween the convergence speed and the magnitude of
bias. Since the bias is unavoidable, we focus on the
convergence to the points satisfying the following in-
equality, which we call the biased stationary points
of J(πθ) up to ε error.

E[‖∇θJ(πθ)‖] ≤ ε+ εdata + εfunc + εreg (2)

where O(·) only suppresses absolute constants. 2

The rest of the paper then presents two optimiza-
tion strategies for solving Eq.(1) and provides their
convergence analyses.

First Strategy: P-SREDA In our first strat-
egy, we convert the original max-max-min problem
to a standard non-convex-strongly-concave prob-
lem min(θ,ζ)∈Θ×Z maxξ∈Ξ−L(πθ, wζ , Qξ) by simul-
taneously optimizing θ and ζ in the outer min.
Unfortunately, most of the existing non-convex-
strongly-concave optimization algorithms can not
be adapted directly here, because they focus on
minx∈Rd maxy∈Y f(x, y) where the first player can
play an arbitrary vector in Rd, while our objective
function requires boundedness of ζ and ξ in order to
guarantee the smoothness of LD, as we will show
in the proof of Property B.1 in Appendix B. To

1In this paper, we only give analysis for
maxπ∈Π maxw∈W minQ∈Q LD(π,w,Q). In fact, we may
swap the role of w and Q function and obtain another ob-
jective function maxπ∈Π maxQ∈Qminw∈W L′D(π,w,Q),
where L′D is the same as L except that both λQ and
λw are negative. In general, the solutions of Eq.(6) and
those of this new objective are not the same (see [Jiang
and Huang, 2020] for their connections), but we can
give a similar anlysis for L′ with the techniques in this
paper and establish similar convergence results.

2All norms ‖·‖ in this paper is `2 norm for vectors and
operator norm for matrices unless specified otherwise.
The expectation is over the randomness of the algorithm
(e.g., the randomness in SGD) and not that of the data.

tackle this challenge, we propose P-SREDA, which
is adapted from the SREDA algorithm [Luo et al.,
2020] by including a projection step every time after
updating ζ. The proof of P-SREDA is non-trivial be-
cause the projection step will incur additional error
and some crucial steps in the original proof no longer
hold in our case. We overcome these difficulties by
leveraging the properties of LD and carefully choos-
ing the projection sets for Z and Ξ, and prove that
its convergence rate remains O(ε−3), which matches
the lower bound in non-convex optimization [Arje-
vani et al., 2019].

Second Strategy: O-SPIM In our second strat-
egy for solving Eq.(1), we study a novel actor-
critic style framework called O-SPIM (Oracle-based
Stochastic Policy Improvement with Momentum).
In O-SPIM, we alternate between updating ζ and
ξ (the critic update) and updating θ with momen-
tum to achieve a better trade-off (the actor update).
The main technique difficulty is that different from
policy gradient and actor-critic algorithms in the
on-policy setting, here we need to coordinate the
updates of three objects θ, ζ and ξ, and the loss
LD(π(·), wζt , Qξt)—when viewed solely as a function
of the policy parameter θ with fixed parameters for
w and Q—varies across iterations because ζt, ξt are
updated in the critic step. We handle this difficulty
by considering a family of critic update rules that
satisfy a general condition (Condition 5.1), which
enables us to relate the variations ‖ζt+1 − ζt‖ and
‖ξt+1 − ξt‖ with ‖θt+1 − θt‖ and is crucial to estab-
lishing convergence guarantee. We use Oracle to
refer to all critic update subroutines satisfying such
a condition, and present two concrete instantiations
and analyze their convergence properties in Appen-
dices E.2 and E.3. The first one is a least-square
algorithm, and the second one is a first-order algo-
rithm by extending the SVRE [Chavdarova et al.,
2019] from finite-sum setting to stochastic setting.
Using either instantiation (or possibly other subrou-
tines that satisfy our conditions), the convergence
rate of our second strategy is O(ε−4), which matches
the rate of recent actor-critic algorithms in the on-
policy setting [Xu et al., 2020, Fu et al., 2020]

1.1 Related works

Along with the progress of variance reduction tech-
niques for non-convex optimization, there are emerg-
ing works analyzing convergence rates for on-policy
policy gradient methods [Papini et al., 2018, Xu
et al., 2019a,b, Yuan et al., 2020, Huang et al.,
2020a]. Besides, in another line of work [Fu et al.,
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2020, Wu et al., 2020, Hong et al., 2020, Xu et al.,
2020], finite-time guarantees are established for
actor-critic style algorithms. However, all of these
works require online interaction with the environ-
ment, whereas our focus is the offline setting.

Turning to the offline setting, there have been sub-
stantial empirical developments and success for off-
policy PG or actor-critic algorithms [Degris et al.,
2012, Lillicrap et al., 2015, Haarnoja et al., 2018,
Fujimoto et al., 2018], but most of these works ig-
nore the distribution-shift issue and do not provide
convergence guarantees. Recently, there has been a
lot of interest in MIS methods for off-policy evalu-
ation [Liu et al., 2018, Uehara et al., 2019, Zhang
et al., 2019a, Nachum et al., 2019a] and turning
them into off-policy policy-optimization algorithms.
Among them, Liu et al. [2019] presented OPPOSD
with convergence guarantees, but the convergence
relies on accurately estimating the density ratio and
the value function via MIS, which were treated as a
black box without further analysis. Nachum et al.
[2019b], Jiang and Huang [2020] discussed policy
optimization given arbitrary off-policy dataset, but
no convergence analysis was performed. Besides,
[Zhang et al., 2019c] presented a provably conver-
gent algorithm under a similar linear setting with
emphatic weighting [Imani et al., 2018], but only
showed asymptotic convergence behavior and did
not establish finite convergence rate.

In another work concurrent to ours [Xu et al., 2021],
the authors designed DR-Off-PAC, which is moti-
vated by the doubly-robust estimator and their ob-
jective function is similar to ours. However, they
fixed the coefficient of regularization terms and their
bias analysis is much coarser than ours. As a result,
their analysis cannot distinguish between the errors
resulting from regularization and mis-specification,
and do not characterize how the regularization
weights affect the trade-off between bias and con-
vergence speed. Besides, the convergence rate of
their algorithm is O(ε−4), which matches our sec-
ond strategy but worse than our first strategy. Re-
cently, [Lyu et al., 2020] developped VOMPS/ACE-
STORM based on Geoff-PAC [Zhang et al., 2019b]
and the STORM estimator [Cutkosky and Orabona,
2020]. However, as also pointed by [Xu et al., 2021],
the unbiasness of their estimator only holds asymp-
totically, and the convergence property of their al-
gorithms is still unclear.

We summarize the comparison to closely related
works in Table 1 in Appendix.

2 PRELIMINARY

2.1 Markov Decision Process

We consider an infinite-horizon discounted MDP
(S,A, R, P, γ, ν0), where S and A are the state and
action spaces, respectively, which we assume to be
finite but can be arbitrarily large. R : S × A →
∆([0, 1]) is the reward function. P : S × A → ∆(S)
is the transition function, γ is the discount factor
and ν0 denotes the initial state distribution.

Fixing an arbitrary policy π, we use dπ(s, a) =
(1 − γ)Eτ∼π,s0∼ν0

[
∑∞
t=0 γ

tp(st = s, at = a)] to
denote the normalized discounted state-action oc-
cupancy, where τ ∼ π, s0 ∼ ν0 means a tra-
jectory τ = {s0, a0, s1, a1, ...} is sampled accord-
ing to the rule that s0 ∼ ν0, a0 ∼ π(·|s0), s1 ∼
P (·|s0, a0), a1 ∼ π(·|s1), ..., and p(st = s, at = a)
denotes the probability that the t-th state-action
pair are exactly (s, a). We also use Qπ(s, a) =
Eτ∼π,s0=s,a0=a[

∑∞
t=0 γ

tr(st, at)] to denote the Q-
function of π. It is well-known that Qπ satisfies the
Bellman Equation:

Qπ(s, a) =T πQπ(s, a) :=

Er∼R(s,a),s′∼P (·|s,a),a′∼π(·|s′)[r + γQπ(s′, a′)].

Define J(π) = Es∼ν0,a∼π[Qπ(s, a)]= 1
1−γEs,a∼dπ [r(s, a)]

as the expected return of policy π. If π is parame-
terized by θ and differentiable, we have

∇θJ(πθ) =
1

1− γ
Es,a∼dπ [Qπ(s, a)∇θ log π(a|s)]

=
1

1− γ
Es,a∼µ[wπ(s, a)Qπ(s, a)∇θ log π(a|s)].

where the first step is the policy-gradient theorem
[Sutton et al., 2000], and in the second step, we
replace dπ with distribution µ, a state-action dis-
tribution generated by some behavior policies, and

introduce the density ratio wπ(s, a) := dπ(s,a)
µ(s,a) .

In the rest of the paper, we assume we are
only provided with a fixed off-line dataset D =

{(si, ai, ri, s′i)}
|D|
i=1, where each tuple is sampled ac-

cording to si, ai ∼ µ, ri ∼ R(si, ai), s
′
i ∼ P (·|si, ai).

Besides, we do not require the knowledge of be-
havior policies that generate µ. As we also men-
tioned in the introduction, we will use dD to de-
note the empirical state-action distribution induced
from the dataset, which is defined by dD(s, a) =

1
|D|
∑

(si,ai,ri,s′i)∈D
I[si = s, ai = a].

Since the state-action space can be very large, we
consider generalization via linear function approxi-
mation:
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Definition 2.1 (Linear function classes). Suppose
we have two feature maps {φW : S ×A → Rdim(Z)}
and {φQ : S ×A → Rdim(Ξ)} subject to ‖φw(·, ·)‖ ≤
1, ‖φQ(·, ·)‖ ≤ 1. Let Z ⊂ Rdim(Z),Ξ ⊂ Rdim(Ξ)

be the corresponding parameter spaces, respectively,
satisfying CW := max{1,maxζ∈Z ‖ζ‖} < ∞ and
CQ := maxξ∈Ξ ‖ξ‖ < ∞. The approximated value
function Qξ and density ratio wζ are represented by

w(·, ·) = φw(·, ·)>ζ, Q(·, ·) = φQ(·, ·)>ξ.

We use Φw ∈ R|S||A|×dim(Z) to denote the matrix
whose (s, a)-th row is φw(s, a)>, and use Kw to
denote Φ>wΛDΦw, where ΛD is a diagonal matrix
whose diagonal elements are dD(·, ·). Similarly, we
define ΦQ and KQ for φQ(·, ·). Besides, Mπ de-
notes Φ>wΛD(I − γPπ

D)ΦQ, where Pπ
D is the empir-

ical transition matrix induced from the data distri-
bution. Notes that if we never see some s in dataset,
then the corresponding element in ΛD should be 0,
and therefore, the corresponding row in Pπ

D can just
be set arbitrarily without having any effects on the
loss function. Under linear function classes, we can
rewrite LD in Eq.(1) as:

LD(π, ζ, ξ) =(1− γ)(νπD)>ΦQξ + ζ>Φ>wΛDR

− ζ>Mπξ +
λQ
2
ξ>KQξ −

λw
2
ζ>Kwζ.

(3)

We will also denote Λ as the diagonal matrix whose
diagonal elements are µ(·, ·), and denote Pπ as the
transition matrix of π.

2.2 Assumptions

Our first assumption is about the policy class, which
is practical and frequently considered in the litera-
ture [Zhang et al., 2019c, Wu et al., 2020]. In this
paper, we choose Θ = Rdim(Θ) and we will inter-
changeably use Θ and Rdim(Θ) to denote the space
of policy parameter θ.

Assumption A (Smoothness of policy function).
For any s, a ∈ S×A and θ ∈ Θ = Rdim(Θ), πθ(s, a) is
second-order differentiable w.r.t. θ, and there exist
constants LΠ, G and H, s.t. for arbitrary θ1, θ2, θ ∈
Θ:

‖πθ1(·|s)− πθ2(·|s)‖1 ≤ LΠ‖θ1 − θ2‖, (4)

‖∇θ log πθ(a|s)‖ ≤ G, ‖∇2
θ log πθ(a|s)‖ ≤ H. (5)

Note that this assumption is equivalent to Assump. 4
in [Xu et al., 2021] and Assump. 3 in [Zhang et al.,
2020].

We also assume Kw,KQ and Mπ are non-singular.

Assumption B. Denote vmin(·) as the function to
return the minimum singular value. We assume that
vw := vmin(Kw) > 0 and vQ := vmin(KQ) > 0.
Beisdes, there exists a positive constant vM that,
for arbitrary π ∈ Π (i.e. ∀θ ∈ Θ), the matrix Mπ is
invertible, and vmin(Mπ) ≥ vM > 0.

Our assumption on vQ and vw is frequently consid-
ered in the literature, see e.g. Assump. 2 in Zhang
et al. [2020]. Besides, vw and vQ can be computed
from a holdout dataset. Comparing with Xu et al.
[2021], our Mπ is equivalent to matrix A in their As-
sump. 3 if we use the same feature to approximate Q
and w. Although Xu et al. [2021] do not consider vQ
and vw, they have additional constraints on another
two matrices in their Assump. 3.

The next assumption characterizes the coverage of
µ using a constant C, often known as the concen-
trability coefficient in the literature [Szepesvári and
Munos, 2005, Chen and Jiang, 2019].

Assumption C (Exploratory Data). Recall the be-
havior policy is denoted as µ. We assume there ex-
ists a constant C > 0, for arbitrary π ∈ Π and any
(s, a) ∈ S ×A, we have

wπ(s, a) :=
dπ(s, a)

µ(s, a)
≤ C, wπµ(s, a) :=

dπµ(s, a)

µ(s, a)
≤ C

where dπµ(s, a) := (1−γ)Eτ∼π,s0,a0∼µ[
∑∞
t=0 γ

tp(st =
s, at = a)] is the normalized discounted state-action
occupancy by treating µ as initial distribution.

Our Assump. C is slightly stronger than Assump. 1
in Xu et al. [2021] because we have additional con-

straints on ‖d
π
µ

µ ‖∞, but it is still weaker than assum-
ing the behavior policy is exploration enough, which
is used by Zhang et al. [2020] as their Assump. 1.

Finally, since φw and φQ has bounded norm, the
following variance terms are therefore bounded, and
we use σ(·) to denote their minimal upper bounds:

Assumption D. [Variance] There are constants
σK, σM, σR and σν satisfying

Es,a∼dD [‖Kw − φw(s, a)φw(s, a)>‖2] ≤ σ2
K,

Es,a∼dD [‖KQ − φQ(s, a)φQ(s, a)>‖2] ≤ σ2
K,

Es,a∼dD [‖Φ>wΛDR− φw(s, a)r(s, a)‖2] ≤ σ2
R,

Es∼νD0 ,a∼π(·|s)[‖Φ>QνπD − φQ(s, a)‖] ≤ σ2
ν ,

Es,a,s′∼dD,a′∼π(·|s′)[‖Mπ − φw(s, a)(φQ(s, a)

− γφQ(s′, a′))>‖] ≤ σ2
M.
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2.3 Useful Properties

Under Assumptions above, we have the following im-
portant property regarding the convexity, concavity
and smoothness of our objective function, which will
be central to our proofs. Due to space limits, we
defer a more detailed version (Property B.1) in Ap-
pendix B, in addition to some other useful properties
and their proofs.

Property 2.2 (Convexity, Concavity and Smooth-
ness). For arbitrary θ ∈ Θ, ζ ∈ Z, LD is µξ-strongly
convex w.r.t. ξ ∈ Ξ, and for arbitrary θ ∈ Θ, ξ ∈ Ξ,
LD is µζ-strongly concave w.r.t. ζ ∈ Z, where
µξ = λQvQ and µζ = λwvw. Besides, given that CQ
and CW in Definition 2.1 is finite, LD is L-smooth
with finite L.

In the rest of paper, we will use κζ := λζ/L and
κξ := λξ/L as a short note of the condition number.

3 THE BIASED STATIONARY
POINTS

As alluded to in the introduction, even if we op-
timize Eq.(1), we do not expect that it converges
to the a true stationary point w.r.t. J(πθ) due to
regularization, function-class mis-specification, and
finite-sample effects, which result in the three error
terms in Eq.(2). More concretely, by the triangular
inequality,

‖∇θJ(πθ)‖ ≤ ‖∇θ max
w∈W

min
Q∈Q
LD(πθ, w,Q)‖

+ ‖∇θJ(πθ)−∇θ max
w∈W

min
Q∈Q
LD(πθ, w,Q)‖.

Optimizing our loss function LD(π,w,Q) reduces
the first term but leaves the second term intact. In
the rest of this section we bound the second term by
breaking it down to more basic quantities that can
be bounded under further standard assumptions. To
do so, we need some additional definitions: We use
L(w, π,Q) (as well as L(πθ, wζ , Qξ)) to denote the
asymptotic version of LD as |D| → ∞:

max
π∈Π

max
w∈W

min
Q∈Q
L(π,w,Q)

:= max
θ∈Θ

max
ζ∈Z

min
ξ∈Ξ
L(πθ, wζ , Qξ)

:=(1− γ)Es0∼ν0
[Qξ(s0, πθ)]

+ Eµ[wζ(s, a)
(
r + γQξ(s

′, πθ)−Qξ(s, a)
)

]

+
λQ
2

Eµ[Q2
ξ(s, a)]− λw

2
Eµ[w2

ζ(s, a)]. (6)

Definition 3.1 (Generalization Error). We define
ε̄data to be the minimal value satisfying that, for
arbitrary πθ, wζ , Qξ ∈ Π×W ×Q, we have:

|L(πθ, wζ , Qξ)− LD(πθ, wζ , Qξ)| ≤ ε̄data,
‖∇θL(πθ, w

∗
µ, Q

∗
µ)−∇θLD(πθ, w

∗
µ, Q

∗
µ)‖2 ≤ ε̄data

where (w∗µ, Q
∗
µ) := arg maxw∈W minQ∈Q L(π,w,Q).

ε̄data characterizes the uniform deviation between L
and LD (∇θL and∇θLD, resp.) and can be bounded
by the sample size and the complexity of the func-
tion classes. Such uniform convergence bounds are
standard and we do not further analyze it in this
paper.

Definition 3.2 (Mis-specification Error). Denote
‖ · ‖Λ as the `2-norm weighted by Λ, and define
wπL = arg maxw∈R|S||A| minQ∈R|S||A| L(π,w,Q) given
arbitrary π ∈ Π. We define

ε1 := max
π∈Π

min
w∈W

‖w − wπL‖2Λ,

ε2 := max
w∈W,π∈Π

min
Q∈Q
‖Q− arg min

Q∈R|S||A|
L(π,w,Q)‖2Λ

Based on these definitions and Assumptions in Sec-
tion 2.2, in the following theorem, we provide an up-
per bound for the bias between the stationary points
of our objective function LD and J(π), which is one
of our main contributions. The proofs are deferred
to Appendix C.

Theorem 3.3. [Bias] Based Assumptions in Sec-
tion 2.2 and Definitions above, for arbitrary θ ∈ Θ,
we have:

‖∇θ max
w∈W

min
Q∈Q
LD(πθ, w,Q)−∇θJ(πθ)‖

≤εreg + εfunc + εdata

The bias terms εreg, εfunc and εdata are defined by

εfunc :=
G

1− γ

(√
CεQ + CW

√
γεQC

1− γ

+

√
γεQεWC

1− γ
+ γCQ

√
εW

)
εreg :=

G

1− γ

( C2

(1− γ)
(
λwλQ
1− γ

+ λw)

+
γC(λQ + λQλwC)

(1− γ)3

+
C2(λQ + λQλwC)

(1− γ)3
(
λwλQ
1− γ

+ λw)

√
γC

1− γ

)
εdata := (2κζκξ + 2κζ + 2κξ +

√
2/2)
√

2ε̄data5



where κζ and κξ is the condition number, and

εW :=4
λ2

max

λQλw
ε1 + 2

λmax

µζ
ε2,

εQ :=8
λ3

max

λ2
Qλw

ε1 + (2 + 4
λ2

max

λQµζ
)ε2

with λmax := max{λQ, λw}.

As we can see, ‖∇θ maxw∈W minQ∈Q LD(πθ, w,Q)−
∇θJ(πθ)‖ can be controlled by three terms. εdata
reflects the generalization error and decreases with
sample size (assuming all function classes have
bounded capacity and allow uniform convergence).
εreg depends on the magnitude of regularization, and
will decrease if λw and λQ decreases. As for εfunc,
it depends on the approximation error εW and εQ,
which are proportional to ε1 and ε2. Besides, be-
cause µζ should be proportional to λw, the coeffi-
cients before ε1 and ε2 will not vary significant as
we change λw and λQ, as long as λw ≈ λQ. (ε1 and
ε2 themselves may change with λw and λQ). Overall,
a large dataset, well-specified function classes, and
small λw and λQ will result in a small total bias,
while small λw and λQ can lead to weaker strong-
concavity or strong-convexity of the loss function,
resulting in slower convergence.

Based on the discussion above, our goal is to find
stochastic optimization algorithms, which return a
policy πθ after consuming poly(ε−1) samples from
dataset (we omit the dependence on quantities such
as µζ and µξ), satisfying the biased stationary con-
dition in Eq.(2)

Global Convergence Under Polyak-
 Lojasiewicz Condition If we assume the
policy function class satisfies certain additional
conditions, we can establish the global convergence
guarantee. Take the Polyak- Lojasiewicz condition
as an example, which requires that, there exists a
constant cP  L > 0, s.t., for arbitrary θ ∈ Θ

1

2
‖∇θJ(πθ)‖2 ≥ cP  L(J∗ − J(πθ)). (7)

where J∗ is the value of the optimal policy. As a
result, if the policy class satisfies the P L inequality,
a biased stationary point θ in Eq.(2) indicates that,

E[J(πθ)] ≥ J∗ −
1

cP  L
(ε2 + ε2

data + ε2
func + ε2

reg).

Such condition is provably weaker than the strongly
convexity/concavity [Karimi et al., 2020].

4 Strategy 1: Projected-Stochastic
Recursive Gradient Descent
Ascent

In our first optimization strategy, we rewrite the
original max-max-min problem as a max-min:

arg max
θ∈Rdθ

max
ζ∈Z

min
ξ∈Ξ
LD(θ, ζ, ξ)

→ arg max
θ,ζ∈Rdθ×Z

min
ξ∈Ξ
LD(θ, ζ, ξ) = arg min

θ,ζ∈Rdθ×Z
max
ξ∈Ξ
LD−(θ, ζ, ξ)

where we use LD− as a shorthand of −LD.
Given Assumptions in Sec. 2.2, we know
arg minθ,ζ∈Rdθ×Z maxξ∈Ξ LD−(θ, ζ, ξ) is a non-
convex-strongly-concave problem, which has been
the focus of some prior works [Lin et al., 2019, Luo
et al., 2020]. That said, most of them target at
minx∈Rd maxy∈Y f(x, y) where the first player can
play an arbitrary vector in Rd, while in our setting,
ζ and ξ have to be constrained in bounded sets
to guarantee that LD (and LD−) is L-smooth with
finite L (see the proof of Property B.1 in Appendix
B for details).

Therefore, we introduce Projected-SREDA (Algo-
rithm 1), where we project ζ back to the convex set
Z every time after update. However, the proofs for
original SREDA [Luo et al., 2020] cannot be adapted
directly because the projection step will incur extra
error. To overcome this difficulty, we first study the
following property of our objective function, which
illustrate that the saddle-points of LD given arbi-
trary π ∈ Π have bounded l2-norm.

Property 4.1. Denote Z0 = {ζ|‖ζ‖ ≤ Rζ}
and Ξ0 = {ξ|‖ξ‖ ≤ Rξ} with Rζ :=

1
λwλQvw+v2

M
( 1−γ2

vQ
+λQ) and Rξ := 1

λwλQvQ+v2
M

((1−
γ)λw + 1+γ

vw
). For all π ∈ Π, we have (ζ∗π, ξ

∗
π) :=

arg maxζ∈Rdim(Z) minξ∈Rdim(Ξ) LD(πθ, wζ , Qξ) ∈ Z0×
Ξ0.

As a result, we have Lemma 4.2 below, which is a
key step to control the projection error. We carefully
choose the projection set Z and Ξ; as we increase
the diameter of Z (i.e. R′) and fix the diameter
of Ξ as R0, the angle between ∇ζLD−(θk, ζk, ξk) and
the projection direction ζk+1−ζ+

k+1 increases, which
reflects the decrease of the relative projection error.

Lemma 4.2. According to Alg 1, at iteration k, we
have ζk ∈ Z, ζ+

k+1 = ζk−ηkvζk and ζk+1 = PZ(ζ+
k+1).

Denote R0 := 1
λwvw

(1 + (1 + γ)Rξ) where Rξ is de-
fined in Property 4.1. If we choose Ξ = Ξ0 and
Z = {ζ|‖ζ‖ ≤ R′} with R′ ≥ R0, we have:

〈∇ζLD−(θk, ζk, ξk), ζk+1 − ζ+
k+1〉6



≤ηk
R0 + ηk‖vζk‖
R′ + ηk‖vζk‖

‖∇ζLD−(θk, ζk, ξk)‖‖vζk‖.

Based on this lemma and an appropriate choice of
R′, we can show that Algorithm 1 converges to the
biased stationary points. We omit the detail of the
hyper-parameter choices due to space limits, and
a detailed version of the following theorem and its
proof are deferred to Appendix D.

Theorem 4.3 (Informal). For ε < 1, under As-
sumptions in Section 2.2, by choosing Ξ = Ξ0 and
Z = {ζ|‖ζ‖ ≤ R′ := 8 max{R0, 1}}, Algorithm 1 will

return θ̂ satisfy the following with O(ε−3) stochastic
gradient evaluations.

E[∇θ‖J(πθ̂)‖] ≤ ε+ εreg + εfunc + εgen

Algorithm 1: Projected SREDA

1 Input: initial point (θ0, ζ0), learning rates ηk,
λ > 0, batch size S1, S2 > 0; periods q,m > 0,
number of initial iterations K0; Convex Sets Ξ
and Z; Two functions PiSARAH and
ConcaveMaximizer (Alg. 4) in [Luo et al.,
2020].

2 ξ0 = PiSARAH(−LD−(θ0, ζ0, ·),K0)
3 for k = 0, ...,K − 1 do
4 if mod(k, q) = 0 then
5 draw S1 samples and compute:

6 vk := (vθk,v
ζ
k) = ∇θ,ζLS1

− (θk, ζk, ξk),

7 uk = ∇ξLS1
− (θk, ζk, ξk)

8 end
9 else

10 vk = v′k, uk = u′k
11 end

12 θk+1 = θk − ηkvθk, ζ+
k+1 = ζk − ηkvζk,

13 ζk+1 = PZ(ζ+
k+1)

14 (ξk+1,v
′
k+1,u

′
k+1) =

ConcaveMaximizer(k,m,
S2, (θk, ζk), (θk+1, ζk+1), ξk,uk,vk, λ)

15 end

16 Output: (θ̂, ζ̂) chosen uniformly at random

from {(θk, ζk)}K−1
k=0

5 Strategy 2: Oracle-based
Stochastic Policy Improvement
with Momentum

A natural question is that, can we solve max-max-
min objective directly without merging maxθ maxζ

together? We answer it firmly in this section by
proposing an off-policy actor-critic style algorithm
named O-SPIM in Algorithm 2, where we solve ζ
and ξ with an abstract subroutine Oracle in the
critic step, and update θ with momentum in the ac-
tor step. Our analysis of O-SPIM also contributes
to the understanding of convergence properties of
actor-critic algorithms in the off-policy setting.

Different from the on-policy setting, where distribu-
tion shift is not a problem, our objective function
has three variables to optimize, which causes diffi-
culty in analyzing convergence property. Therefore,
we enforce the following condition on Oracle to
coordinate the actor and critic steps.

Condition 5.1. For any strongly-concave-strongly-
convex objective maxζ∈Z minξ∈Ξ LD(θ, ζ, ξ) with
saddle point (ζ∗, ξ∗) ∈ Z × Ξ, and arbitrary 0 ≤
β ≤ 1 and c > 0, starting from a random initializer
(ζ̄, ξ̄) ∈ Z × Ξ, Oracle can return a solution (ζ̂, ξ̂)
satisfying

E[‖ζ̂ − ζ∗‖2 + ‖ξ̂ − ξ∗‖2]

≤β
2
E[‖ζ̄ − ζ∗‖2 + ‖ξ̄ − ξ∗‖2] + c. (8)

Algorithm 2: Stochastic Momentum Policy Im-
provement with Oracle

1 Input: Total number of iteration T ; Learning

rate ηθ, ηζ , ηξ; Dataset distribution dD;
Oracle parameter β.

2 Set Z = Z0 and Ξ = Ξ0 with Z0 and Ξ0 defined
in Property 4.1.

3 Initialize θ0, ζ−1, ξ−1.

4 ζ0, ξ0 ← Oracle.init(T1, ηζ , ηξ, θ0, ζ−1, ξ−1, d
D).

5 Sample B0 ∼ dD with batch size |B0| and

estimate batch gradient g0
θ = ∇θLB0(θ0, ζ0, ξ0).

6 for t = 0, 1, 2, ...T − 1 do
7 θt+1 ← θt + ηθg

t
θ;

8 ζt+1, ξt+1 ← Oracle(β, θt+1, ζt, ξt, d
D);

9 Sample B ∼ dD;

10 gt+1
θ ← (1− α)gtθ + α∇θLB(θt+1, ζt+1, ξt+1)
// update gθ with batch gradient

11 end

12 Output: Sample θ̂ ∼ Unif{θ0, θ1, ..., θT } and
output πθ̂.

5.1 Analysis of O-SPIM

The key insight of Condition 5.1 is the following
lemma, in which we make a connection between the
actor step and the critic step. As a result, in addition

7



to the smoothness of LD, we can control the shift
between ∇LD(θt, ζt, ξt) and ∇LD(θt+1, ζt+1, ξt+1)
only with the shift of θ (i.e. ηθg

τ
θ ) and hyper-

parameters β and c, which paves the way to com-
paring ∇θLD(θ, ζt, ξt) with ∇θJ(πθ) and finally es-
tablishing the convergence guarantee.

Lemma 5.2. [Relate the shift of ζt and ξt with
θt] Denote (θt, ζt, ξt) as the parameter value at the
beginning at the step t in Algorithm 2, and de-
note (ζ∗t , ξ

∗
t ) = arg maxζ∈Z minξ∈Ξ LD(θt, ζ, ξ) as

the only saddle point given θt. Under Assumptions
in Section 2.2, we have:

E[‖ζt+1 − ζt‖2 + ‖ξt+1 − ξt‖2]

≤6βt+1d2 + 6η2
θCζ,ξ

t∑
τ=0

βt−τE[‖gτθ ‖2] +
6c

1− β
.

where d := max{CW , CQ} is the maximum of diam-
eters of Z and Ξ, Cζ,ξ is a short note of κ2

µ(κξ +

1)2 +κ2
ξ(κµ+1)2, gτθ := 1

ηθ
(θτ+1−θτ ), and ηθ is the

step size of θ.

In the actor step, we introduce another hyper-
parameter α and adopt a momentum-based update
rule, aiming at a better trade-off between the vari-
ance of the gradient estimation in the current step
and the bias of using accumulative gradient in previ-
ous steps. As we will show in the proof of our main
theorem (Theorem F.4 in Appendix F), by choosing
α appropriately, although the trade-off cannot im-
prove the dependence of ε in the convergence rate, it
can indeed reduce the upper bound of E[‖∇θJ(θ̂)‖]
comparing with the case without momentum (i.e.
α = 1)

Now, we are ready to state the main theorem of
our second strategy. We defer the formal version
including the hyper-parameter choices and its proof
to Theorem F.4 in Appendix F.

Theorem 5.3 (Informal). Under Assumptions in
Section 2.2, given arbitrary ε, with appropriate
hyper-parameter choices, by using either Algorithm 3
or Algorithm 4 as Oracle, Algorithm 2 will return us
a policy πθ̂ with total complexity O(ε−4), satisfying

E[‖∇θJ(πθ̂)‖] ≤ ε+ εreg + εdata + εfunc.

5.2 Concrete Examples of Oracle

We provide two concrete examples of Oracle, and
defer the algorithm details and the discussion about
related works to Appendix E.

5.2.1 The Least-Square Oracle

In the linear setting, the saddle-point (ζ∗, ξ∗) has a
closed form, which can be regarded as the regular-
ized LSTD-Q solution [Kolter and Ng, 2009] and can
be represented by Kw,KQ,Mπ and so on. There-
fore, a natural solution is to estimate these matrices
from (a subsample of) the dataset and plug them
into the closed-form solution. We describe this idea
in Alg. 3 and show that it satisfies our definition of
Oracle in Appendix E.2.

In Alg. 3, we use uR to denote Φ>wΛDR and use uπν
to denote Φ>Qν

π
D. Besides, we use (̂·) to denote the

empirical version of the matrices/vectors estimated
via samples. Besides, PΩ(x) means projected x into
set Ω.

Algorithm 3: Projected Least-Square Oracle

1 Input: Distribution dD; Batch Size Nall;

2 ζ ←
(
λwλQK̂w + M̂πK̂−1

Q M̂>
π

)−1(
− (1−

γ)M̂πK̂−1
Q ûπν + λQûR

)
.

3 ξ ←
(
λwλQK̂Q + M̂>

π K̂−1
w M̂π

)−1(
(1−

γ)λwûπν + M̂>
π K̂−1

w ûR

)
.

4 Output: PZ(ζ), PΞ(ξ)

5.2.2 Stochastic Variance-Reduced
Extragradient with Batch Data

Similar to the LSTD, the per-step computational
complexity of the first solver is quadratic in the di-
mension of the feature, which can be expensive for
high dimensional features. Therefore, in Alg. 4, we
present a first-order algorithm inspired by Stochas-
tic Variance Reduced Extra-gradient [Chavdarova
et al., 2019], which reduces the per-step complexity
to O(d) and also satisfies the Oracle condition. Be-
sides, Alg. 4 can also handle general strongly-convex-
strongly-concave problem beyond the linear setting.

In the algorithm, Pζ and Pξ are projection opera-
tors; ∇LN (θ, ζ, ξ) denotes the average gradient over
samples from mini batch data N . We also define:

dNζ (ζ1, ξ1, ζ2, ξ2) =∇ζLN (θ, ζ1, ξ1)−∇ζLN (θ, ζ2, ξ2)

dNξ (ζ1, ξ1, ζ2, ξ2) =∇ξLN (θ, ζ1, ξ1)−∇ξLN (θ, ζ2, ξ2).

It is clear that

E[gζk] = ∇ζLD(θ, ζk, ξk),

E[gζk+1/2] = ∇ζLD(θ, ζk+1/2, ξk+1/2),
8



Algorithm 4: Stochastic Variance-Reduced Ex-
tragradient with Mini Batch Data (SVREB)

1 Input: Stopping time K; learning rates ηζ , ηξ;

Initial wegihts ζ0, ξ0; Distribution dD; Batch
size |N |.

2 Sample mini batch Nζ , Nξ ∼ dD with batch size
|N |

3 gζ0 ← ∇ζLNζ (θ, ζ0, ξ0), gξ0 ← ∇ξLNξ(θ, ζ0, ξ0).

4 ζ1 ← Pζ(ζ0 + ηζg
ζ
0).

5 ξ1 ← Pξ(ξ0 − ηξgξ0).

6 mζ
1,m

ξ
1 ← ∇ζLNζ (θ, ζ0, ξ0),∇ξLNξ(θ, ζ0, ξ0).

7 for k = 1, 2, ...K + 1 do
8 Sample mini batch Nζ , Nξ ∼ dD with batch

size |N |.
9 gζk = mζ

k + d
Nζ
ζ (ζk, ξk, ζk−1, ξk−1).

10 gξk = mξ
k + d

Nξ
ξ (ζk, ξk, ζk−1, ξk−1).

11 ζk+1/2 = Pζ(ζk + ηζg
ζ
k).

12 ξk+1/2 = Pξ(ξk − ηξgξk).

13 Sample mini batch N ′ζ , N
′
ξ ∼ dD with batch

size |N |.
14 gζk+1/2 =

mζ
k + d

N ′ζ
ζ (ζk+1/2, ξk+1/2, ζk−1, ξk−1).

15 gξk+1/2 =

mξ
k + d

N ′ξ
ξ (ζk+1/2, ξk+1/2, ζk−1, ξk−1).

16 ζk+1 = Pζ(ζk + ηζg
ζ
k+1/2).

17 ξk+1 = Pξ(ξk − ηξgξk+1/2).

18 // The following has been computed in step
9 and 10

19 mζ
k+1,m

ξ
k+1 ←

∇ζLNζ (θ, ζk, ξk),∇ξLNξ(θ, ζk, ξk)
20 k ← k + 1.

21 end
22 Output: ζK , ξK

where the expectation only concerns the randomness
of sample when computing g. The above relationship
also holds if we consider gradient w.r.t. ξ.

For this Algorithm 4, we have the following theorem:

Theorem 5.4. Under Assumptions in Section 2.2,
in Algorithm 4, if step sizes satisfy

ηζ ≤
1

50 max{L̄ζ , µζ}
, ηξ ≤

1

50 max{L̄ξ, µξ}

after K iterations, the algorithm will output
(ζK , ξK):

E[‖ζK − ζ∗‖2 + ‖ξK − ξ∗‖2]

≤201

100

(
1− µη

4

)K
E[‖ζ0 − ζ∗‖2 + ‖ξ0 − ξ∗‖2]

+
8σ2

min{µζηζ4 ,
µξηξ

4 }|N |
(
ηζ
µζ

+
ηξ
µξ

)

where (ζ∗, ξ∗) is the saddle point of LD(θ, ζ, ξ) given
input θ.

The theorem implies that Alg. 4 can be used as an
oracle for arbitrary β and c as long as K and |N |
are chosen appropriately. We defer the proofs to
Appx. E.3.1.

6 Conclusion

In this paper, we study two natural optimization
strategies for density-ratio based off-policy policy
optimization, establish their convergence rates, and
characterize the quality of the output policies. In
the future, there are several potentially interesting
directions to study. (i) It would be interesting to
investigate the possibility of improving the depen-
dence on ε on the convergence rate of our second
strategy. (ii) Some of our assumptions are still quite
strong, such as Assump. B and C, where we assume
that some condition holds for any policy π ∈ Π.
An open question is whether we can derive conver-
gence rate when those conditions holds only for the
optimal policy. (iii) In this paper, we consider the
linear approximation forW and Q in order to ensure
the strongly concavity/convexity property of the loss
function w.r.t. ζ and ξ so that the analysis is more
tractable. It is still an open problem whether we
can show some convergence property if W and Q
are more complicated function classes.
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Table 1: Comparison of Convergence Guarantee of Recent Methods

Algorithms Convergence Rate Off-Policy? Detailed Bias Analysis?

SVRPG [Xu et al., 2019a] O(ε−10/3) ×

SRVR-PG [Xu et al., 2019b] O(ε−3) ×

STORM-PG [Yuan et al., 2020] O(ε−3) × N.A.

MBPG [Huang et al., 2020b] O(ε−3) ×
On Policy AC/NAC

[Fu et al., 2020, Xu et al., 2020]
O(ε−4) ×

DR-Off-PAC [Xu et al., 2021] O(ε−4) X ×

P-SREDA (Ours) O(ε−3) X X

O-SPIM (Ours) O(ε−4) X X

A Useful Lemma

Lemma A.1 (Lemma B.2 in [Lin et al., 2020]). Define

Φθ(ζ) = min
ξ∈Ξ
LD(θ, ζ, ξ) φθ(ζ) = arg min

ξ∈Ξ
LD(θ, ζ, ξ), for ζ ∈ Rdim(Z)

Ψθ(ξ) = max
ζ∈Z
LD(θ, ζ, ξ) ψθ(ξ) = arg max

ζ∈Z
LD(θ, ζ, ξ), for ξ ∈ Rdim(Ξ)

Under Assumption A and B, for fixed θ, we have:

(1) The function φθ(·) is κξ = L
µξ

-Lipschitz.

(2) The function Φθ(·) is 2κξL = 2L
2

µξ
-smooth and µζ-strongly concave with ∇Φθ(·) := ∇ζLD(θ, ζ, φθ(ζ)).

(3) The function ψθ(·) is κζ = L
µζ

-Lipschitz.

(4) The function Ψθ(·) is 2κζL = 2L
2

µζ
-smooth and µξ-strongly convex with ∇Ψθ(·) := ∇ξLD(θ, ψθ(ξ), ξ).

Remark A.2 (For clarification). According to Danskin’s Theorem,

∇Φθ(·) := ∇ζLD(θ, ζ, φθ(ζ)) = ∇ζLD(θ, ζ, ξ)|ξ=φθ(ζ)

Therefore, when we compute ∇ζLD(θ, ζ, φθ(ζ)), we can treat φθ(ζ) as a constant. Then, for arbitrary ζ ′, ξ′,
based on Assumption A, we always have:

‖∇Φθ(·)−∇ζLD(θ, ζ ′, ξ′)‖ ≤ L‖ζ − ζ ′‖+ L‖φθ(ζ)− ξ′‖

We have a similar clarification w.r.t. ∇ξΨ(ξ).

Lemma A.3. For α-strongly-convex function f(x) and β-strongly-concave function g(x) w.r.t. x ∈ X,
where X ⊆ Rn is a convex set, we have

‖x− x∗f‖ ≤
1

α
‖∇xf(x)‖, α

2
‖x− x∗f‖2 ≤ f(x)− f(x∗f ) (9)

‖x− x∗g‖ ≤
1

β
‖∇xg(x)‖, β

2
‖x− x∗f‖2 ≤ g(x∗g)− g(x) (10)

where x∗f and x∗g the minimum and maximum of f(x) and g(x), respectively.
12



Proof. Since f(x) is α-strongly-convex, we have

(∇xf(x)−∇xf(x∗f ))>(x− x∗f ) ≥ α‖x− x∗f‖2, f(x) ≥ f(x∗f ) +∇xf(x∗f )>(x− x∗f ) +
α

2
‖x− x∗f‖2.

Since x∗f is the minimizer of f(x), we know that ∇xf(x∗f )>(x − x∗f ) ≥ 0,∀x ∈ X. Combining all the above
inequalities together and we obtain

‖x− x∗f‖2 ≤
1

α
∇xf(x)>(x− x∗f ) ≤ 1

α
‖∇xf(x)‖‖x− x∗f‖, f(x) ≥ f(x∗f ) +

α

2
‖x− x∗f‖2.

which implies

‖x− x∗f‖ ≤
1

α
‖∇xf(x)‖, α

2
‖x− x∗f‖2 ≤ f(x)− f(x∗f ).

By applying the above results for −g(x) which is a β-strongly-convex function and we can complete the

proof. �
Lemma A.4. For positive definite matrix A, and arbitrary α > 0, we have:

(A>A)−1 �
(

(αI + A)>(αI + A)
)−1

Proof. Suppose for symmetric matrix A and B, we have the relationship A � B � 0. According to the
inverse matrix lemma, we have

B−1 −A−1 = B−1 − (B + (A−B))−1 = (B + B(A−B)−1B)−1

Because A � B � 0, we have (B + B(A−B)−1B)−1 � 0, therefore B−1 � A−1.

Then, we only need to prove

(αI + A)>(αI + A) �A>A

We have

(αI + A)>(αI + A) = α2I + α(A + A>) + A>A

Combining A = A> � 0 and α > 0, we can finish the proof. �
Lemma A.5 (Non-negative Elements). We use Pπ

∗ = (Pπ)> ∈ R|S||A|×|S||A| to denote the transpose of
the transition kernel. All the elements in (I − γPπ

∗ )
−1 are non-negative. Moreover, the element indexed by

(si, aj) in row and (sp, aq) in column equals to the unnormalized discounted state-action occupancy of (si, aj)
starting from (sp, aq) and executing π.

Proof. For arbitrary initial state-action distribution vector µ0 ∈ R|S||A|×1, (I− γPπ
∗ )
−1µ0 is a vector whose

elements are unnormalized state-action occupancy with µ0 as initial distribution, which is larger or equal to
0. As a result, by choosing standard basis vector as µ0, we can finish the proof. �

B Useful Properties Implied by Assumptions in 2.2

In this section, we first prove several properties implied by our basic assumptions in Section 2.2.

Property B.1. [A detailed version of Property 2.2] Under Assumption A and B, given that CW :=
max{1,maxζ∈Z ‖ζ‖} and CQ := maxξ∈Ξ ‖ξ‖ are finite, we have:

(a) For arbitrary θ ∈ Θ, ζ ∈ Z, LD is µξ-strongly convex w.r.t. ξ ∈ Ξ, and for arbitrary θ ∈ Θ, ξ ∈ Ξ, LD
is µζ-strongly concave w.r.t. ζ ∈ Z, where µξ = λQvQ and µζ = λwvw.

13



(b) For any ξ, ξ1, ξ2 ∈ Ξ, ζ, ζ1, ζ2 ∈ Z, (s, a) ∈ S ×A,

|Qξ(s, a)| ≤ CQ; |Qξ1(s, a)−Qξ2(s, a)| ≤ ‖ξ1 − ξ2‖;
|wζ(s, a)| ≤ CW ; |wζ1(s, a)− wζ2(s, a)| ≤ ‖ζ1 − ζ2‖.

(c) For any ζ1, ζ2 ∈ Z, ξ1, ξ2 ∈ Ξ, θ1, θ2 ∈ Θ, LD defined in Eq.(1) is differentiable, and there exists constant
L s.t.

‖∇θLD(θ1, ζ1, ξ1)−∇θLD(θ2, ζ2, ξ2)‖+ ‖∇ζLD(θ1, ζ1, ξ1)−∇ζLD(θ2, ζ2, ξ2)‖
+ ‖∇ξLD(θ1, ζ1, ξ1)−∇ξLD(θ2, ζ2, ξ2)

≤L‖θ1 − θ2‖+ L‖ζ1 − ζ2‖+ L‖ξ1 − ξ2‖.

In other words, LD is L-smooth when ζ ∈ Z, ξ ∈ Ξ, θ ∈ Θ.

Proof.

Proof of (a) Since LD is second-order differentible w.r.t. arbitrary ζ ∈ Rdζ and ξ ∈ Rdξ , under Assumption
B, we have:

∇2
ζLD = −λwKw ≺ −λwvwI, ∇2

ξLD = λQKQ � λQvQI.

where I is the identity matrix.

Proof of (b) Because wζ and Qξ are linear and features has bounded l2-norm, and Z and Ξ are all convex
sets with bounded radius, we have:

|Qξ(s, a)| ≤ ‖φQ(s, a)>ξ‖ ≤ CQ, |Qξ1(s, a)−Qξ2(s, a)| ≤ ‖ξ1 − ξ2‖;
|wζ(s, a)| ≤ ‖φw(s, a)>ζ‖ ≤ CW , |wζ1(s, a)− wζ2(s, a)| ≤ ‖ζ1 − ζ2‖;

Therefore, Property B.1-(b) holds.

Proof of (c) We will use , w1, Q1, π1 and LD1 as shortnotes of wζ1 , Qξ1 , πθ1 and LD(θ1, ζ1, ξ1), and the
meaning of w2, Q2, π2 and LD2 are similar.

‖∇θLD1 −∇θLD2 ‖
=‖(1− γ)EνD,a∼π1(·|s0)[Q1(s0, a)∇θ log π1(a|s0)]− (1− γ)EνD,a∼π2(·|s0)[Q2(s0, a)∇θ log π2(a|s0)]

+ γEdD,a′∼π1(·|s′)[w1(s, a)Q1(s′, a′)∇θ log π1(a′|s′)]− γEdD,a′∼π2(·|s′)[w2(s, a)Q2(s′, a′)∇θ log π2(a′|s′)]‖
≤(1− γ)‖EνD,a∼π1(·|s0)[

(
Q1(s0, a)−Q2(s0, a)

)
∇θ log π1(a|s0)]

+ EνD,a∼π1(·|s0)−π2(·|s0)[Q2(s0, a)∇θ log π1(a|s0)] + EνD,a∼π2(·|s0)[Q2(s0, a)
(
∇θ log π1(a|s0)−∇θ log π2(a|s0)

)
]‖

+ γ‖EdD,a′∼π1(·|s′)[
(
w1(s, a)− w2(s, a)

)
Q1(s′, a′)∇θ log π1(a′|s′)]

+ EdD,a′∼π1(·|s′)[w2(s, a)
(
Q1(s′, a′)−Q2(s′, a′)

)
∇θ log π1(a′|s′)]

+ EdD,a′∼π1(·|s′)−π2(·|s′)[w2(s, a)Q2(s′, a′)∇θ log π1(a′|s′)]
+ EdD,a′∼π2(·|s′)[w2(s, a)Q2(s′, a′)

(
∇θ log π1(a′|s′)−∇θ log π2(a′|s′)

)
]‖

≤(1− γ)
(
G‖ξ1 − ξ2‖+GCQEνD [‖π(·|s0)− π(·|s0)‖1] +HCQ‖θ1 − θ2‖

)
+ γ
(
GCQ‖ζ1 − ζ2‖+GCW‖ξ1 − ξ2‖+GCWCQEdD [‖π1(·|s′)− π2(·|s′)‖1] +HCWCQ‖θ1 − θ2‖

)
≤CWCQ(GLΠ +H)‖θ1 − θ2‖+GCQ‖ζ1 − ζ2‖+GCW‖ξ2 − ξ2‖

In the last inequality, we use CW ≥ 1 and 0 < γ ≤ 1. Besides,

‖∇ζLD1 −∇ζLD2 ‖ =‖(Mπ1
−Mπ2

)ξ1 +Mπ2
(ξ1 − ξ2)− λwKw(ζ1 − ζ2)‖
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≤γCQEdD [‖π1(·|s′)− π2(·|s′)‖1] + (1 + γ)‖ξ1 − ξ2‖+ λw‖ζ1 − ζ2‖
≤γCQLΠ‖θ1 − θ2‖+ (1 + γ)‖ξ1 − ξ2‖+ λw‖ζ1 − ζ2‖

‖∇ξLD1 −∇ξLD2 ‖ =‖(Mπ1 −Mπ2)>ζ1 +M>π2
(ζ1 − ζ2) + λQKQ(ξ1 − ξ2)‖

≤γCWEdD [‖π1(·|s′)− π2(·|s′)‖1] + (1 + γ)‖ζ1 − ζ2‖+ λQ‖ξ1 − ξ2‖
≤γCWLΠ‖θ1 − θ2‖+ (1 + γ)‖ζ1 − ζ2‖+ λQ‖ξ1 − ξ2‖

As a result,

‖∇θLD(θ1, ζ1, ξ1)−∇θLD(θ2, ζ2, ξ2)‖+ ‖∇ζLD(θ1, ζ1, ξ1)−∇ζLD(θ2, ζ2, ξ2)‖
+ ‖∇ξLD(θ1, ζ1, ξ1)−∇ξLD(θ2, ζ2, ξ2)‖

≤
(
CWCQ(GLΠ +H) + γ(CQ + CW)LΠ

)
‖θ1 − θ2‖+

(
GCQ + (1 + γ) + λw

)
‖ζ1 − ζ2‖

+
(
GCW + (1 + γ) + λQ

)
‖ξ1 − ξ2‖

Therefore, Condition A-(b) holds with

L = max{CWCQ(GLΠ +H) + γ(CQ + CW)LΠ, GCQ + (1 + γ) + λw, GCW + (1 + γ) + λQ} (11)

�
Property 4.1. Denote Z0 = {ζ|‖ζ‖ ≤ Rζ} and Ξ0 = {ξ|‖ξ‖ ≤ Rξ} with Rζ := 1

λwλQvw+v2
M

( 1−γ2

vQ
+

λQ) and Rξ := 1
λwλQvQ+v2

M
((1 − γ)λw + 1+γ

vw
). For all π ∈ Π, we have (ζ∗π, ξ

∗
π) :=

arg maxζ∈Rdim(Z) minξ∈Rdim(Ξ) LD(πθ, wζ , Qξ) ∈ Z0 × Ξ0.

Proof. Recall the definition of LD in Eq.(3):

LD(π, ζ, ξ) =(1− γ)(νπD)>ΦQξ + ζ>Φ>wΛDR− ζ>Mπξ +
λQ
2
ξ>KQξ −

λw
2
ζ>Kwζ.

by taking derivatives w.r.t. ξ and setting it to be zero, we have:

ξ =
1

λQ
K−1
Q

(
M>

π ζ − (1− γ)Φ>Qν
π
D

)
Plug it into LD:

−λw
2
ζ>Kwζ −

1

2λQ

(
M>

π ζ − (1− γ)Φ>Qν
π
D

)>
K−1
Q

(
M>

π ζ − (1− γ)Φ>Qν
π
D

)
+ ζ>Φ>wΛDR

Taking the derivative of ζ and set it to be zero, we have:

ζ∗π =
(
λwλQKw + MπK−1

Q M>
π

)−1(
− (1− γ)MπK−1

Q Φ>Qν
π
D + λQΦ>wΛDR

)
and therefore,

ξ∗π =
1

λQ
K−1
Q

(
M>

π ζ
∗
π − (1− γ)Φ>Qν

π
D

)
=

1

λQ
K−1
Q M>

π

(
λwλQKw + MπK−1

Q M>
π

)−1

·
(
− (1− γ)MπK−1

Q Φ>Qν
π
D + λQΦ>wΛDR

)
+ (1− γ)

1

λQ
K−1
Q Φ>Q(νπD)>

=(1− γ)λw

(
λwλQKQ + M>

πK−1
w Mπ

)−1

Φ>Qν
π
D + K−1

Q M>
π

(
λwλQKw + MπK−1

Q M>
π

)−1

Φ>wΛDR
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=
(
λwλQKQ + M>

πK−1
w Mπ

)−1(
(1− γ)λwΦ>Qν

π
D + M>

πK−1
w Φ>wΛDR

)
where in the third step, we use the inverse matrix lemma:

(λwλQKQ + M>
πK−1

w Mπ)−1 =
1

λwλQ
K−1
Q −

1

λwλQ
K−1
Q M>

π (λwλQKw + MπK−1
Q M>

π )MπK−1
Q

Because ‖φ(·, ·)‖ ≤ 1, it’s easy to prove that, for arbitrary vector x ∈ Rd,

max{‖Mπx‖, ‖M>
π x‖} ≤ (1 + γ)‖x‖

Therefore,

‖ζ∗π‖ ≤(1− γ)‖
(
λwλQKw + MπK−1

Q M>
π

)−1

MπK−1
Q ‖ · ‖Φ

>
Qν

π
D‖

+ ‖
(
λwλQKw + MπK−1

Q M>
π

)−1

‖ · ‖λQΦ>wΛDR‖

≤ 1

λwλQvw + v2
M

(
1− γ2

vQ
+ λQ) := Rζ (12)

‖ξ∗π‖ ≤(1− γ)λw‖
(
λwλQKQ + M>

πK−1
w Mπ

)−1

‖ · ‖Φ>QνπD‖

+ ‖
(
λwλQKQ + M>

πK−1
w Mπ

)−1

M>
πK−1

w ‖‖Φ>wΛDR‖

≤ 1

λwλQvQ + v2
M

((1− γ)λw +
1 + γ

vw
) := Rξ (13)

�

Given the special property of Z0 and Ξ0, we force Z and Ξ satisfying the following condition:

Condition B.2. Z0 ⊆ Z, Ξ0 ⊆ Ξ.

As a direct result, we have:

‖∇ζ max
ζ∈Ru

min
ξ∈Ru

LD(θ, ζ∗θ , ξ
∗
θ )‖ = ‖∇ζ max

ζ∈Z
min
ξ∈Ξ
LD(θ, ζ∗θ , ξ

∗
θ )‖ = 0,

‖∇ξ max
ζ∈Ru

min
ξ∈Ru

LD(θ, ζ∗θ , ξ
∗
θ )‖ = ‖∇ξ max

ζ∈Z
min
ξ∈Ξ
LD(θ, ζ∗θ , ξ

∗
θ )‖ = 0.

Property B.3. [Variance of Estimated Gradient] Under Assumption A, B and D, given convex sets Θ, Z,Ξ,
where Z and Ξ have finite diameter CW and CQ, then there exists constants σθ, σζ , σξ, such that, for arbitrary
θ, ζ, ξ ∈ Θ× Z × Ξ, we have:

Es,a,r,s′,a′,s0,a0
[‖∇θL(s,a,r,s′,a′,s0,a0)(θ, ζ, ξ)−∇θLD(θ, ζ, ξ)‖2] ≤ σ2

θ ;

Es,a,r,s′,a′,s0,a0
[‖∇ζL(s,a,r,s′,a′,s0,a0)(θ, ζ, ξ)−∇ζLD(θ, ζ, ξ)‖2] ≤ σ2

ζ ;

Es,a,r,s′,a′,s0,a0
[‖∇ξL(s,a,r,s′,a′,s0,a0)(θ, ζ, ξ)−∇ξLD(θ, ζ, ξ)‖2] ≤ σ2

ξ .

Here we use Es,a,r,s′,a′,s0,a0
[·] as a shorthand of E(s,a,r,s′)∼dD,a′∼π(·|s′),s0∼νD0 ,a0∼π(·|s0)[·], and use

∇L(s,a,r,s′,a′,s0,a0)(θ, ζ, ξ) to denote the stochastic gradient estimated using a single data point:

∇θL(s,a,r,s′,a′,s0,a0)(θ, ζ, ξ) = (1− γ)Qξ(s0, a0)∇θ log πθ(a0|s) + γwζ(s, a)Qξ(s
′, a′)∇θ log πθ(a

′|s′),

∇ζL(s,a,r,s′,a′,s0,a0)(θ, ζ, ξ) =
(
r + γQξ(s

′, a′)−Qξ(s, a)
)
∇ζwζ(s, a)− λwwζ(s, a)∇ζwζ(s, a),

∇ξL(s,a,r,s′,a′,s0,a0)(θ, ζ, ξ) = (1− γ)∇ξQξ(s0, a0) + wζ(s, a)∇ξ
(
γQξ(s

′, a′)−Qξ(s, a)
)

+ λQQξ(s, a)∇ξQξ(s, a).

(14)
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Proof. Under Linear case and Assumption D, we should have

Es,a,r,s′,a′,s0,a0 [‖∇θL(s,a,r,s′,a′,s0,a0)(θ, ζ, ξ)−∇θLD(θ, ζ, ξ)‖2]

≤2(1− γ)2E[‖Qξ(s0, a0)∇θ log πθ(a0|s0)− E[Qξ(s0, a0)∇θ log πθ(a0|s0)]‖2]

+ 2γ2E[‖wζ(s, a)Qξ(s
′, a′)∇θ log πθ(a

′|s′)− E[wζ(s, a)Qξ(s
′, a′)∇θ log πθ(a

′|s′)]‖2]

≤2(1− γ)2E[‖Qξ(s0, a0)∇θ log πθ(a0|s0)‖2] + 2γ2E[‖wζ(s, a)Qξ(s
′, a′)∇θ log πθ(a

′|s′)]‖2]

≤2(1− γ)2C2
QG

2 + 2γ2C2
WC

2
QG

2

Es,a,r,s′,a′,s0,a0
[‖∇ζL(s,a,r,s′,a′,s0,a0)(θ, ζ, ξ)−∇ζLD(θ, ζ, ξ)‖2]

≤3E[‖φw(s, a)(γφQ(s′, a′)− φQ(s, a))>ξ − E[φw(s, a)(γφQ(s′, a′)− φQ(s, a))>ξ]‖2]

+ 3E[‖φw(s, a)r − E[φw(s, a)r]‖2] + 3λ2
wE[‖φw(s, a)φw(s, a)>ζ − E[φw(s, a)φw(s, a)>ζ]‖2]

≤3σ2
R + 3σ2

MC
2
Q + 3λ2

wσ
2
KC

2
W

Es,a,r,s′,a′,s0,a0
[‖∇ξL(s,a,r,s′,a′,s0,a0)(θ, ζ, ξ)−∇ξLD(θ, ζ, ξ)‖2]

≤3(1− γ)2E[‖φQ(s0, a0)− E[φQ(s0, a0)]‖2] + 32
QE[‖φQ(s, a)φQ(s, a)>ξ − E[φQ(s, a)φQ(s, a)>ξ]‖2]

+ 3E[‖ζφw(s, a)(γφQ(s′, a′)− φQ(s, a))> − E[ζφw(s, a)(γφQ(s′, a′)− φQ(s, a))>]‖2]

≤3(1− γ)2σ2
ν + 3σ2

MC
2
W + 3λ2

Qσ
2
KC

2
Q

which finishes the proof. �

In Linear setting, σ2
θ , σ

2
ζ , σ

2
ξ can be chosen as:

σ2
θ =2(1− γ)2σ2

νG
2C2
Q + 2γ2σ2

MG
2C2
WC

2
Q,

σ2
ζ =3σ2

R + 3σ2
MC

2
Q + 3λ2

wσ
2
KC

2
W ,

σ2
ξ =3(1− γ)2σ2

ν + 3σ2
MC

2
W + 3λ2

Qσ
2
KC

2
Q.

In the following, we will use σ to refer to the max{σθ, σζ , σξ} value satisfying Property B.3.

Finally, we prove a condition which is useful in the analysis of our second strategy. We first introduce some
new notations. Suppose we have a mini batch data N sampled according to dD whose batch size is constant
|N |. Then, we denote the average batch gradients as

∇LN (θ, ζ, ξ) =
1

|N |

|N |∑
i=1

∇L(si,ai,ri,s′i,a′i,si0,a
i
0)(θ, ζ, ξ)

where ∇L(si,ai,ri,s′i,a′i,si0,a
i
0)(θ, ζ, ξ) is defined in Eq.(14).

Property B.4. Under Assumption A and B, there exists two constants two constants L̄ζ and L̄ξ, such that:

EN∼dD [‖∇ζLN (θ, ζ1, ξ1)−∇ζLN (θ, ζ2, ξ2)‖2 + ‖∇ξLN (θ, ζ1, ξ1)−∇ξLN (θ, ζ2, ξ2)‖2]

≤EN∼dD
[
L̄ζ

(
∇ζLN (θ, ζ1, ξ1)−∇ζLN (θ, ζ2, ξ2)

)>
(ζ2 − ζ1) + L̄ξ

(
∇ξLN (θ, ζ1, ξ1)−∇ξLN (θ, ζ2, ξ2)

)>
(ξ1 − ξ2)

]
,

EN∼dD [‖∇ζLN (θ, ζ1, ξ1)−∇ζLN (θ, ζ2, ξ2)‖2 + ‖∇ξLN (θ, ζ1, ξ1)−∇ξLN (θ, ζ2, ξ2)‖2]

≤L̄2
ζ‖ζ1 − ζ2‖2 + L̄2

ξ‖ξ1 − ξ2‖2.

Proof. For simplicity, we use KN
w to denote matrix EN [φw(s, a)φw(s, a)>] (KN

Q is similar) and use MN
π to

denote EN [φ(s, a)φ(s, a)> − γφ(s, a)φ(s′, π)>]

∇ζLN (θ, ζ1, ξ1)−∇ζLN (θ, ζ2, ξ2) = −λwKN
w (ζ1 − ζ2)−MN

π (ξ1 − ξ2)

∇ξLN (θ, ζ1, ξ1)−∇ξLN (θ, ζ2, ξ2) = λQKN
Q (ξ1 − ξ2)−MN

π

>
(ζ1 − ζ2)

17



Therefore,

EN∼dD [‖∇ζLN (θ, ζ1, ξ1)−∇ζLN (θ, ζ2, ξ2)‖2 + ‖∇ξLN (θ, ζ1, ξ2)−∇ξLN (θ, ζ2, ξ2)‖2]

≤2EN∼dD [(ζ1 − ζ2)>(λ2
w(KN

w )>KN
w + MN

π

>
MN

π )(ζ1 − ζ2)]

+ 2EN∼dD [(ξ1 − ξ2)>(λ2
Q(KN

Q )>KN
Q + MN

π

>
MN

π )(ξ1 − ξ2)]

≤2EN∼dD [(ζ1 − ζ2)>(λ2
w(KN

w )2 + (1 + γ)2I)(ζ1 − ζ2)] + 2EN∼dD [(ξ1 − ξ2)>(λ2
Q(KN

Q )2 + (1 + γ)2I)(ξ1 − ξ2)]

≤2EN∼dD [(ζ1 − ζ2)>(λ2
w(KN

w )2 + (1 + γ)2I)(ζ1 − ζ2)] + 2EN∼dD [(ξ1 − ξ2)>(λ2
Q(KN

Q )2 + (1 + γ)2I)(ξ1 − ξ2)]

=(ζ1 − ζ2)>(2λ2
wKw + 2(1 + γ)2I)(ζ1 − ζ2) + (ξ1 − ξ2)>(2λ2

QKQ + 2(1 + γ)2I)(ξ1 − ξ2)

In the first inequality, we use Young’s inequality; in the second one, we use the fact that the largest singular
value of MN

π is less than (1 + γ); the third one is because all eigenvalues of KN
w and KN

Q locate in [0, 1], and

we should have I � KN
w � (KN

w )2 and I � KN
Q � (KN

Q )2. Notice that,

EN∼dD
[
−
(
∇ζLN (θ, ζ1, ξ1)−∇ζLN (θ, ζ2, ξ2)

)>
(ζ1 − ζ2)

+
(
∇ξLN (θ, ζ1, ξ1)−∇ξLN (θ, ζ2, ξ2)

)>
(ξ1 − ξ2)

]
=λw(ζ1 − ζ2)>Kw(ζ1 − ζ2) + λQ(ξ1 − ξ2)>KQ(ξ1 − ξ2)

Therefore,

(ζ1 − ζ2)>(2λ2
wKw + 2(1 + γ)2I)(ζ1 − ζ2) + (ξ1 − ξ2)>(2λ2

QKQ + 2(1 + γ)2I)(ξ1 − ξ2)

≤
2 max{λ2

w, λ
2
Q}+ 2(1 + γ)2

min{λwvw, λQvQ}

(
λw(ζ1 − ζ2)>Kw(ζ1 − ζ2) + λQ(ξ1 − ξ2)>KQ(ξ1 − ξ2)

)
Moreover,

(ζ1 − ζ2)>(2λ2
wKw + 2(1 + γ)2I)(ζ1 − ζ2) + (ξ1 − ξ2)>(2λ2

QKQ + 2(1 + γ)2I)(ξ1 − ξ2)

≤(2 max{λ2
w, λ

2
Q}+ 2(1 + γ)2)

(
(ζ1 − ζ2)>(ζ1 − ζ2) + (ξ1 − ξ2)>(ξ1 − ξ2)

)
As a result, Assumption B.4 holds with

L̄ζ = L̄ξ = max{
2 max{λ2

w, λ
2
Q}+ 2(1 + γ)2

min{λwvw, λQvQ}
,
√

2 max{λ2
w, λ

2
Q}+ 2(1 + γ)2}

�

C The Analysis of Bias

We first prove two propositions, which are crucial for analyzing the biases due to the finite dataset and
mis-specified function classes.

Proposition C.1. For abitrary π ∈ Θ, we have:

‖∇θ max
w∈W

min
Q∈Q
L(πθ, w,Q)−∇θ max

w∈W
min
Q∈Q
LD(πθ, w,Q)‖ ≤ (2κζκξ + 2κζ + 2κξ +

√
2/2)
√

2ε̄data︸ ︷︷ ︸
denoted as εdata

where ε̄data is defined in Definition 3.1.

Proof. For the simplicity of notation, we give the proof for a fixed π.

Denote (w∗µ, Q
∗
µ) parameterized by (ζ∗µ, ξ

∗
µ) as arg maxw∈W minQ∈Q L(π,w,Q) and denote (w∗, Q∗) param-

eterized by (ζ∗, ξ∗) as arg maxw∈W minQ∈Q LD(π,w,Q). First, we try to bound ζ∗ − ζ∗µ. We use Qw and
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QDw (parameterized by ξw and ξDw ) as the short notes of arg minQ∈Q L(π,w,Q) and arg minQ∈Q LD(π,w,Q),
respectively. Then,

|L(π,w,Qw)− LD(π,w,QDw )| ≤ max{L(π,w,QDw )− LD(π,w,QDw ),LD(π,w,Qw)− L(π,w,Qw)} ≤ ε̄data

As a result,

0 ≤LD(π,w∗, Q∗)− min
Q∈Q
LD(π,w∗µ, Q)

≤LD(π,w∗, Q∗)− min
Q∈Q
L(π,w∗, Q) + L(π,w∗µ, Q

∗
µ)− min

Q∈Q
LD(π,w∗µ, Q)

≤2ε̄data

According to Lemma A.1, minQ∈Q LD(π,w,Q) is µζ-strongly concave. Therefore,

‖ζ∗ − ζ∗µ‖ ≤
2

µζ

√
LD(π,w∗, Q∗)− min

Q∈Q
LD(π,w∗µ, Q) ≤ 2

µζ

√
2ε̄data

Next, we bound ‖ξ∗ − ξ∗µ‖. For arbitrary π ∈ Π and w ∈ W, we have:

0 ≤ LD(π,w,Qw)− LD(π,w,QDw ) ≤ LD(π,w,Qw)− L(π,w,Qw) + L(π,w,QDw )− LD(π,w,QDw ) ≤ 2ε̄data

Since LD is µξ strongly-convex, as a result of Lemma A.3, for arbitrary w,

‖ξw − ξDw ‖ ≤
2

µξ

√
2ε̄data (15)

Then, we have

‖ξ∗ − ξ∗µ‖ ≤‖ξ∗ − arg min
ξ∈Ξ
LD(π,w∗µ, Qξ)‖+ ‖ arg min

ξ∈Ξ
LD(π,w∗µ, Qξ)− ξ∗µ‖

=‖ξ∗ − arg min
ξ∈Ξ
LD(π,w∗µ, Qξ)‖+ ‖ arg min

ξ∈Ξ
LD(π,w∗µ, Qξ)− arg min

ξ∈Ξ
L(π,w∗µ, Qξ)‖

≤ L

µξ
‖ζ∗ − ζ∗µ‖+

2

µξ

√
2ε̄data

≤(
2L

µξµζ
+

2

µξ
)
√

2ε̄data

where in the last but two step, we use Lemma A.1-(1).

As a directly application of Property B.1, we have:

‖∇θ max
w∈W

min
Q∈Q
L(πθ, w,Q)−∇θ max

w∈W
min
Q∈Q
LD(πθ, w,Q)‖

=‖∇θL(πθ, w
∗
µ, Q

∗
µ)−∇θLD(πθ, w

∗
µ, Q

∗
µ)‖+ ‖∇θLD(πθ, w

∗
µ, Q

∗
µ)−∇θLD(πθ, w

∗, Q∗)‖
≤
√
ε̄data + L‖ζ∗ − ζ∗µ‖+ L‖ξ∗ − ξ∗µ‖

≤(2κζκξ + 2κζ + 2κξ +
√

2/2)
√

2ε̄data

�

Proposition C.2. For arbitrary π ∈ Π, we have:

Edµ [|w∗µ(s, a)− wπL(s, a)|2] ≤ εW := 4
λ2

max

λQλw
ε1 + 2

λmax

µζ
ε2

Edµ [|Q∗µ(s, a)−QπL(s, a)|2] ≤ εQ := 8
λ3

max

λ2
Qλw

ε1 + (2 + 4
λ2

max

λQµζ
)ε2

where (w∗µ, Q
∗
µ) denotes the saddle point of L(π,w,Q) constrained by w,Q ∈ W × Q (i.e. ζ ∈ Z, ξ ∈ Ξ),

(wπL, Q
π
L) denotes the saddle point of L(π,w,Q) without any constraint on w and Q (i.e. w and Q can be

arbitrary vectors in R|S||A|), λmax = max{λQ, λw}, µζ is defined in Property 2.2.
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Proof. In the following, we will frequently consider two loss functions. The first one is L(π,w,Q) defined in
Eq.(6), where w and Q are parameterized by ζ and ξ, respectively, and we will write (w,Q) ∈ W ×Q. The
second one is F(π, x, y) defined by:

F(π, x, y) =(1− γ)(νπ0 )>Λ−1/2y + x>
(

Λ1/2R− (I− γΛ1/2PπΛ−1/2)y
)

+
λQ
2
y>y − λw

2
x>x

where (x, y) ∈ R|S||A| × R|S||A|. For simplification, in the following, we will use maxx miny as a short note
of maxx∈R|S||A| miny∈R|S||A| .

As we can see, the difference between L(π,w,Q) and F(π, x, y) is not only that we don’t have any constraint
on x and y, but also that we absorb one Λ1/2 into vector x and y. In another word, for arbitrary π,w,Q,
we have

L(π,w,Q) = F(π,Λ1/2w,Λ1/2Q).

Obviously, F(π, x, y) is λw-strongly-concave-λQ-strongly-convex and λmax-smooth w.r.t. x, y ∈ R|S||A|.

In the following, we use w∗R parameterized by ζ∗R to denote arg maxw∈W miny F(π,Λ1/2w, y). Accord-

ing to Lemma A.1, miny F(π, x, y) is a 2
λ2

max

λQ
-smooth and λw-strongly-concave function with gradient

∇x miny F(π, x, y). Since ∇xF(π,Λ1/2wπL,Λ
1/2QπL) = 0, we have,

λw
2
‖Λ1/2w∗R − Λ1/2wπL‖2

≤F(π,Λ1/2wπL,Λ
1/2QπL)−min

y
F(π,Λ1/2w∗R, y) (Strong concavity of miny F(π, x, y))

=F(π,Λ1/2wπL,Λ
1/2QπL)− max

w∈W
min
y
F(π,Λ1/2w, y)

≤F(π,Λ1/2wπL,Λ
1/2QπL)−min

y
F(π,Λ1/2wζπ , y) (wζπ is defined in Def. 3.2)

≤λ
2
max

λQ
‖Λ1/2wζπ − Λ1/2wπL‖2 (Smoothness of miny F(π, x, y))

=
λ2

max

λQ
‖wζπ − wπL‖2Λ =

λ2
max

λQ
ε1 (see definition of ε1 in Def.3.2)

which implies

‖Λ1/2w∗R − Λ1/2wπL‖2 ≤ 2
λ2

max

λQλw
ε1 (16)

Applying Lemma A.1 for (w,Q) ∈ W × Q, we know minξ∈Ξ L(π,wζ , Qξ) is µζ-strongly-concave w.r.t. ζ.
Since ζ∗ is the minimizer of minξ∈Ξ L(π,wζ , Qξ) and Z is a convex set, we have

µζ
2
‖ζ∗ − ζ∗R‖2 ≤L(π,w∗µ, Q

∗
µ)− min

Q∈Q
L(π,w∗R, Q) (Strong concavity of minQ∈Q L(π,w,Q); Lemma A.3)

=F(π,Λ1/2w∗µ,Λ
1/2Q∗µ)− min

Q∈Q
F(π,Λ1/2w∗R,Λ

1/2Q)

≤F(π,Λ1/2w∗µ,Λ
1/2Q∗µ)−min

y
F(π,Λ1/2w∗R, y)

≤F(π,Λ1/2w∗µ,Λ
1/2Q∗µ)−min

y
F(π,Λ1/2w∗µ, y)

(Because w∗R = arg maxw∈W miny F(π,Λ1/2w, y))

≤λmax

2
‖Λ1/2Q∗µ − arg min

y
F(π,Λ1/2w∗µ, y)‖2

(Smoothness of F(π, x, y) for fixed x and ∇y miny F = 0)

≤λmax

2
ε2
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In the last but two inequality, we use the fact that F(π,Λ1/2w∗µ, ·) is λmax-smooth and

∇y miny F(π,Λ1/2w∗µ, Q) = 0; in the last equality, we use the definition of ε2 in Def. 3.2. Combing (b)
in Property B.1 with Lw = 1, for arbitrary s, a ∈ S ×A, we have:

|w∗µ(s, a)− w∗R(s, a)|2 ≤ ‖ζ∗ − ζ∗R‖2 ≤
λmax

µζ
ε2 (17)

Therefore, as a result of Eq.(16) and Eq.(17):

Edµ [|w∗µ − wπL|2] ≤2Edµ [|w∗R − wπL|2] + 2Edµ [|w∗R − w∗µ|2]

=2‖Λ1/2w∗R − Λ1/2wπL‖2 + 2Edµ [|w∗R − w∗µ|2]

≤4
λ2

max

λQλw
ε1 + 2

λmax

µζ
ε2

According to Lemma A.1 again, arg miny F(π, x, y) is λmax

λQ
-Lipschitz w.r.t. x, we have

Edµ [|Q∗µ −QπL|2] = ‖Λ1/2Q∗µ − Λ1/2QπL‖2

≤2 ‖Λ1/2Q∗µ − arg min
y
F(π,Λ1/2w∗µ, Q)‖2︸ ︷︷ ︸

bounded by ε2

+2‖ arg min
y
F(π,Λ1/2w∗µ, y)− Λ1/2QπL‖2

≤2ε2 + 2
λmax

λQ
‖Λ1/2w∗µ − Λ1/2wπL‖2 ≤ 8

λ3
max

λ2
Qλw

ε1 + (2 + 4
λ2

max

λQµζ
)ε2

As a result,

εW = 4
λ2

max

λQλw
ε1 + 2

λmax

µζ
ε2; εQ = 8

λ3
max

λ2
Qλw

ε1 + (2 + 4
λ2

max

λQµζ
)ε2

�
Theorem C.3 (Bias resulting from regularization). Let’s rewrite Eq.(6) in a vector-matrix form:

max
w∈W

min
Q∈Q
L(π,w,Q) := (1− γ)(νπ0 )>Q+ w>Λ

(
R− (I − γPπ)Q

)
+
λQ
2
Q>ΛQ− λw

2
w>Λw

where νπ0 and Pπ denotes the initial state-action distribution and the transition matrix w.r.t. policy π,
respectively; Λ ∈ R|S||A|×|S||A| denotes the diagonal matrix whose diagonal elements are dµ(·, ·). Denote
(wπL, Q

π
L) as the saddle point of L(π,w,Q) without any constraint on w and Q (i.e. W = Q = R|S||A|), then

we have:

wπL =wπ +
(
λwλQI + (I − γPπ)Λ−1(I − γPπ

∗ )Λ
)−1(

λQR− λQλwwπ
)

QπL =Qπ −
(
λwλQI + Λ−1(I − γPπ

∗ )Λ(I − γPπ)
)−1(

λwλQQ
π + λw(1− γ)Λ−1νπ0 )

)
where wπ = dπ

dµ is the density ratio and Qπ is the Q function of π. we use Pπ
∗ = (Pπ)> to denote the

transpose of the transition matrix.

Proof. Recall the loss function

L(π,w,Q) = (1− γ)(νπ0 )>Q+ w>ΛR− w>Λ(I − γPπ)Q+
λQ
2
Q>ΛQ− λw

2
w>Λw

By taking the derivatives w.r.t. Q, since Λ is invertible, the optimal choice of Q should be:

Q =
1

λQ
Λ−1((I − γPπ

∗ )Λw − (1− γ)νπ0 )
21



Plug this result in, and we have

L(π,w,Q) =− 1

2λQ

(
(1− γ)νπ0 − (I − γPπ

∗ )Λw
)>

Λ−1
(

(1− γ)(νπ0 )− (I − γPπ
∗ )Λw

)
+ w>ΛR− λw

2
w>Λw

Taking the derivative w.r.t. w, and set it to 0:

0 =
1

λQ
Λ(I − γPπ)Λ−1

(
(1− γ)(νπ0 )− (I − γPπ

∗ )Λw
)

+ ΛR− λwΛw

As a result,

wπL =
(
λwI +

1

λQ
(I − γPπ)Λ−1(I − γPπ

∗ )Λ
)−1( 1

λQ
(I − γPπ)Λ−1(1− γ)νπ0 +R

)
=
(
λwλQI + (I − γPπ)Λ−1(I − γPπ

∗ )Λ
)−1(

(I − γPπ)Λ−1(I − γPπ
∗ )ΛΛ−1(I − γPπ

∗ )
−1(1− γ)νπ0 + λQR

)
=wπ +

(
λwλQI + (I − γPπ)Λ−1(I − γPπ

∗ )Λ
)−1(

λQR− λQλwwπ
)

and

QπL =
1

λQ
Λ−1

(
(I − γPπ

∗ )Λw
π
L − (1− γ)νπ0

)
=

1

λQ
Λ−1

(
(I − γPπ

∗ )Λw
π
L − (I − γPπ

∗ )Λw
π
)

=
1

λQ
Λ−1(I − γPπ

∗ )Λ
(
λQλwΛ + Λ(I − γPπ)Λ−1(I − γPπ

∗ )Λ
)−1(

λQΛR− λQλwΛwπ
)

=
(
λwλQ(I − γPπ

∗ )
−1Λ + Λ(I − γPπ)

)−1(
ΛR− λwΛwπ

)
=
(
λwλQ(I − γPπ

∗ )
−1Λ + Λ(I − γPπ)

)−1(
Λ(I − γPπ)Qπ − λwΛwπ

)
=Qπ −

(
λwλQ(I − γPπ

∗ )
−1Λ + Λ(I − γPπ)

)−1(
λwλQ(I − γPπ

∗ )
−1ΛQπ + λwΛwπ

)
=Qπ −

(
λwλQI + Λ−1(I − γPπ

∗ )Λ(I − γPπ)
)−1(

λwλQQ
π + λw(1− γ)Λ−1νπ0 )

)
�

Lemma C.4. Under Assumption C:

‖wπ − wπL‖2Λ ≤
C2(λQ + λQλwC)2

(1− γ)4
, ‖Qπ −QπL‖2Λ ≤

C2

(1− γ)2
(
λwλQ
1− γ

+ λw)2

where (wπ, Qπ) and (wπL, Q
π
L) are defined in Theorem C.3. ‖x‖Λ = x>Λx denotes the norm of column vector

x weighted by Λ.

Proof. From Theorem C.3, we have

wπL =wπ +
(
λwλQI + (I − γPπ)Λ−1(I − γPπ

∗ )Λ
)−1(

λQR− λQλwwπ
)

QπL =Qπ −
(
λwλQI + Λ−1(I − γPπ

∗ )Λ(I − γPπ)
)−1(

λwλQQ
π + λw(1− γ)Λ−1νπ0 )

)
We use 1 ∈ R|S||A|×1 to denote a vector whose all elements are 1. Then, we have

‖wπ − wπL‖2Λ =‖
(
λwλQI + (I − γPπ)Λ−1(I − γPπ

∗ )Λ
)−1(

λQR− λQλwwπ
)
‖2Λ
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=‖
(
λwλQI + Λ1/2(I − γPπ)Λ−1(I − γPπ

∗ )Λ
1/2
)−1

Λ1/2
(
λQR− λQλwwπ

)
‖2

≤‖Λ−1/2(I − γPπ
∗ )
−1Λ(I − γPπ)−1

(
λQR− λQλwwπ

)
‖2

=‖Λ−1/2(I − γPπ
∗ )
−1ΛQ̃π‖2

≤ (λQ + λQλwC)2

(1− γ)2
‖Λ−1(I − γPπ

∗ )
−1Λ1‖2Λ

=
(λQ + λQλwC)2

(1− γ)2
‖Λ−1(I − γPπ

∗ )
−1dµ‖2Λ

=
(λQ + λQλwC)2

(1− γ)4
‖wπdµ‖2Λ ≤

C2(λQ + λQλwC)2

(1− γ)4

where in the first inequality, we use Lemma A.4; in the third equality, we use Q̃π to denote the Q function
after replacing true rewards with λQR−λQλwwπ; in the second inequality, we use Lemma A.5 and the result
that |λQR − λQλwwπ| ≤ λQ + λQλwC given Assumption C; in the last inequality, we use Assumption C
again. Similarly,

‖Qπ −QπL‖2Λ ≤‖
(
λwλQI + Λ−1(I − γPπ

∗ )Λ(I − γPπ)
)−1(

λwλQQ
π + λw(1− γ)Λ−1νπ0 )

)
‖2Λ

=‖
(
λQλwI + Λ−1/2(I − γPπ

∗ )Λ(I − γPπ)Λ−1/2
)−1

Λ1/2
(
λQλwQ

π + λw(1− γ)Λ−1νπ0 )
)
‖2

≤‖Λ1/2(I − γPπ)−1Λ−1(I − γPπ
∗ )
−1
(
λwλQΛQπ + λw(1− γ)νπ0 )

)
‖2

=‖λwλQΛ1/2(I − γPπ)−1Λ−1(I − γPπ
∗ )
−1ΛQπ + λwΛ1/2(I − γPπ)−1wπ)‖2

≤‖λwλQ
1− γ

Λ1/2(I − γPπ)−1Λ−1(I − γPπ
∗ )
−1Λ1 + λwΛ1/2(I − γPπ)−1wπ)‖2

≤‖(I − γPπ)−1
(λwλQ

1− γ
wπdµ + λww

π
)
‖2Λ

≤ C2

(1− γ)2
(
λwλQ
1− γ

+ λw)2

where in the last but third inequality, we use Lemma A.5 and the fact that wπ is also non-negative. �
Lemma C.5. Under Assumption C, for arbitrary function f(s, a),

(1− γ)Es0∼ν0,a0∼π[f(s0, a0)] + γEs,a,s′∼dµ,a′∼π[wπ(s, a)f(s′, a′)] = Edµ [wπ(s, a)f(s, a)] (18)

γEs,a,s′∼dµ,a′∼π[f2(s′, a′)] ≤ 1

1− γ
Es,a∼dπ

dµ
[f2(s, a)] ≤ C

1− γ
Es,a∼dµ [f2(s, a)] (19)

where dπdµ := (1 − γ)Eτ∼π,s0,a0∼dµ(·,·)[
∑∞
t=0 γ

tp(st = s, at = a)] is the normalized discounted state-action
occupancy by treating dµ(·, ·) as initial distribution; s, a, s′ ∼ dµ, a′ ∼ π is a short note of s, a ∼ dµ, s′ ∼
P (s′|s, a), a′ ∼ π(·|s′).

Proof. Eq.(18) can be proved by the equation:

dπ(s, a) = (1− γ)ν0(s)π(a|s) + γ
∑
s′,a′

p(s|s′, a′)dπ(s′, a′)π(a|s)

For Eq.(19), the first step is because γ
∑
s′,a′ d

µ(s′, a′)p(s|s′, a′)π(a|s) ≤ 1
1−γ d

π
dµ(s, a), and the second step

is the result of Assumption C. �
Theorem 3.3. [Bias] Based Assumptions in Section 2.2 and Definitions above, for arbitrary θ ∈ Θ, we
have:

‖∇θ max
w∈W

min
Q∈Q
LD(πθ, w,Q)−∇θJ(πθ)‖
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≤εreg + εfunc + εdata

The bias terms εreg, εfunc and εdata are defined by

εfunc :=
G

1− γ

(√
CεQ + CW

√
γεQC

1− γ

+

√
γεQεWC

1− γ
+ γCQ

√
εW

)
εreg :=

G

1− γ

( C2

(1− γ)
(
λwλQ
1− γ

+ λw)

+
γC(λQ + λQλwC)

(1− γ)3

+
C2(λQ + λQλwC)

(1− γ)3
(
λwλQ
1− γ

+ λw)

√
γC

1− γ

)
εdata := (2κζκξ + 2κζ + 2κξ +

√
2/2)
√

2ε̄data

where κζ and κξ is the condition number, and

εW :=4
λ2

max

λQλw
ε1 + 2

λmax

µζ
ε2,

εQ :=8
λ3

max

λ2
Qλw

ε1 + (2 + 4
λ2

max

λQµζ
)ε2

with λmax := max{λQ, λw}.

Proof. Firstly, by applying the triangle inequality:

‖∇θ max
w∈W

min
Q∈Q
LD(πθ, w,Q)−∇θJ(πθ)‖ ≤‖∇θ max

w∈W
min
Q∈Q
LD(πθ, w,Q)−∇θ max

w∈W
min
Q∈Q
L(πθ, w,Q)‖︸ ︷︷ ︸

Bounded in Proposition C.1

+ ‖∇θ max
w

min
Q
L(πθ, w,Q)−∇θ max

w∈W
min
Q∈Q
L(πθ, w,Q)‖︸ ︷︷ ︸

t1

+ ‖∇θJ(πθ)−∇θ max
w

min
Q
L(πθ, w,Q)‖︸ ︷︷ ︸

t2

where we use maxw minQ as a short note of maxw∈R|S||A| minQ∈R|S||A| .

In the following, we again use (wπθL , Q
πθ
L ) to denote the saddle point of L(πθ, w,Q) without any constraint on

w and Q, and use (w∗µ, Q
∗
µ) to denote the saddle point of L(πθ, w,Q). Next, we upper bound t1 and t2 one

by one. For simplicity, we use s, a, s′ ∼ dµ, a′ ∼ πθ as a short note of s, a ∼ dµ, s′ ∼ P (s′|s, a), a′ ∼ πθ(·|s′).

Upper bound t1 With misspecification Definition 3.2, we can easily bound t1:

t1 =‖∇θL(πθ, w
∗
µ, Q

∗
µ)−∇θL(πθ, w

πθ
L , Q

πθ
L )‖

≤ 1

1− γ
‖(1− γ)Eνπθ0

[
(
Q∗µ(s0, a0)−QπθL (s0, a0)

)
∇θ log πθ(a0|s0)]‖

+
γ

1− γ
‖Es,a,s′∼dµ,a′∼π[w∗µ(s, a)

(
Q∗µ(s′, a′)−QπθL (s′, a′)

)
∇θ log π(a′|s′)]‖
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+
γ

1− γ
‖Es,a,s′∼dµ,a′∼π[(w∗µ(s, a)− wπθL (s, a))

(
Q∗µ(s′, a′)−QπθL (s′, a′)

)
∇θ log π(a′|s′)]‖

+
γ

1− γ
‖Es,a,s′∼dµ,a′∼πθ [(w∗µ(s, a)− wπθL (s, a))Q∗µ(s′, a′)∇θ log π(a′|s′)]‖

≤ G

1− γ
Eνπθ0

[|Q∗µ(s, a)−QπθL (s, a)|] +
γCWG

1− γ
Es,a,s′∼dµ,a′∼πθ [|Q∗µ(s′, a′)−QπθL (s′, a′)|]

((1− γ)νπ0 (s, a) ≤ dπ(s, a) ≤ Cdµ(s, a))

+
γG

1− γ
Es,a,s′∼dµ,a′∼πθ [|(w∗µ(s, a)− wπθL (s, a))

(
Q∗µ(s′, a′)−QπθL (s′, a′)

)
|]

+
γCQG

1− γ
Es,a,s′∼dµ,a′∼πθ [|w∗µ(s, a)− wπθL (s, a)|]

≤ G

1− γ

√
Eνπθ0

[|Q∗µ(s, a)−QπθL (s, a)|2] +
γCWG

1− γ

√
Es,a,s′∼dµ,a′∼πθ [|Q∗µ(s′, a′)−QπθL (s′, a′)|2]

+
γG

1− γ

√
Edµ [|wπθL (s, a)− w∗µ(s, a)|2]Es,a,s′∼dµ,a′∼πθ [|Qπθ (s′, a′)−Q

πθ
L (s′, a′)|2|]

+
γCQG

1− γ

√
Edµ [|w∗µ(s, a)− wπθL (s, a))|2]

≤ G

1− γ

√
CEdµ [|Q∗µ(s, a)−QπθL (s, a)|2] +

CWG

1− γ

√
γC

1− γ
Edµ [|Q∗µ(s, a)−QπθL (s, a)|2]

+
G

1− γ

√
γC

1− γ
Edµ [|wπθL (s, a)− w∗µ(s, a)|2]Edµ [|Qπθ (s, a)−QπθL (s, a)|2|]

+
γCQG

1− γ

√
Edµ [|w∗µ(s, a)− wπθL (s, a))|2]

≤ G

1− γ

(√
CεQ + CW

√
γεQC

1− γ
+

√
γεQεWC

1− γ
+ γCQ

√
εW

)
In the last equation, we first use Eq.(19) in Lemma C.5, and then apply Proposition C.2.

Upper bound t2 Similarly, we can give a bound for t2:

t2 =‖∇θJ(πθ)−∇θL(πθ, w
πθ
L , Q

πθ
L ))‖

≤ 1

1− γ
‖(1− γ)Eνπθ0

[
(
Qπθ (s0, a0)−QπθL (s0, a0)

)
∇θ log πθ(a0|s0)]

+ γEdµ [wπθ (s, a)
(
Qπθ (s′, a′)−QπθL (s′, a′)

)
∇θ log π(a′|s′)]‖

+
γ

1− γ
‖Edµ [(wπθ (s, a)− wπθL (s, a))

(
Qπθ (s′, a′)−QπθL (s′, a′)

)
∇θ log π(a′|s′)]‖

+
γ

1− γ
‖Edµ [(wπθ (s, a)− wπθL (s, a))Qπθ (s′, a′)∇θ log π(a′|s′)]‖

=
1

1− γ
‖Edµ [wπθ (s, a)

(
Qπθ (s, a)−QπθL (s, a)

)
∇θ log π(a|s)]‖ (Eq.(18) in Lemma C.5)

+
γ

1− γ
‖Es,a,s′∼dµ,a′∼πθ [(wπθ (s, a)− wπθL (s, a))

(
Qπθ (s′, a′)−QπθL (s′, a′)

)
∇θ log π(a′|s′)]‖

+
γ

1− γ
‖Es,a,s′∼dµ,a′∼πθ [(wπθ (s, a)− wπθL (s, a))Qπθ (s′, a′)∇θ log π(a′|s′)]‖

≤ CG

1− γ
Edµ [|Qπθ (s, a)−QπθL (s, a)|]

+
γG

1− γ
Es,a,s′∼dµ,a′∼πθ [|(wπθ (s, a)− wπθL (s, a))

(
Qπθ (s′, a′)−QπθL (s′, a′)

)
|]

+
γG

(1− γ)2
Es,a,s′∼dµ,a′∼πθ [|wπθ (s, a)− wπθL (s, a)|]
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≤ CG

1− γ

√
Edµ [|Qπθ −QπθL |2] +

γG

(1− γ)2

√
Edµ [|(wπθ (s, a)− wπθL (s, a)|2]

+
γG

1− γ

√
Edµ [|wπθL (s, a)− wπθ (s, a)|2]Es,a,s′∼dµ,a′∼πθ [|Qπθ (s′, a′)−Q

πθ
L (s′, a′)|2|]

≤ CG

1− γ

√
Edµ [|Qπθ −QπθL |2] +

γG

(1− γ)2

√
Edµ [|(wπθ (s, a)− wπθL (s, a)|2]

+
G

1− γ

√
γC

1− γ
Edµ [|wπθL (s, a)− wπθ (s, a)|2]Edµ [|Qπθ (s, a)−QπθL (s, a)|2|] (Eq.19 in Lemma C.5)

≤ G

1− γ

( C2

(1− γ)
(
λwλQ
1− γ

+ λw) +
γC(λQ + λQλwC)

(1− γ)3
+
C2(λQ + λQλwC)

(1− γ)3
(
λwλQ
1− γ

+ λw)

√
γC

1− γ

)

�

D Missing Examples and Proofs for Strategy 1

D.1 Equivalence between Stationary Points

Theorem D.1. [Equivalence Between Stationary Points] Under Assumptions in Section 2.2, given Z and Ξ
with finite CQ and CW , suppose there is an Algorithm provides us with one stationary point (θT , ζT , ξT ) of
the non-concave-strongly-convex objective maxθ,ζ minξ LD(θ, ζ, ξ) after running T iterations, statisfying the
following conditions in expectation over the randomness of algorithm.

E[‖∇θ,ζLD(θT , ζT , φθT (ζT ))‖] :=E[‖∇θLD(θT , ζT , φθT (ζT ))‖+ ‖∇ζLD(θT , ζT , φθT (ζT ))‖]

≤ ε

(κξ + 1)(κζ + 1)
(20)

where φθ(ζ) = arg minξ∈Ξ LD(θ, ζ, ξ) and κζ and κξ are the condition numbers, then in expectation θT is a
biased stationary point satisfying Eq.(2).

Proof. Eq.(20) implies that

max{E[‖∇θLD(θT , ζT , φθT (ζT ))‖],E[‖∇ζLD(θT , ζT , φθT (ζT ))‖]} ≤ ε

(κξ + 1)(κζ + 1)
(21)

We can upper bounded E[‖∇θJ(πθT )‖] with the triangle inequality:

E[‖∇θJ(πθT )‖] ≤E[‖∇θLD(θT , ζT , φθT (ζT ))‖]︸ ︷︷ ︸
Bounded in Eq.(21)

+E[‖∇θLD(θT , ζ
∗, ξ∗)−∇θLD(θT , ζT , φθT (ζT )))‖]

+ E[‖∇θLD(θT , ζ
∗, ξ∗)−∇θJ(πθT )‖]︸ ︷︷ ︸

Bounded in Theorem3.3

≤ ε

(κξ + 1)(κζ + 1)
+ εfunc + εreg + εdata + E[‖∇θLD(θT , ζ

∗, ξ∗)−∇θLD(θT , ζT , φθT (ζT )))‖]

where we use ζ∗, ξ∗ to denote the saddle-point of maxζ∈Z minξ∈Ξ LD(θT , ζ, ξ); in the last inequality we use
Eq.(21) and Theorem 3.3.

Next, we try to bound the last term. According to the definition, ζ∗ is also the maximum of function
ΦθT (·) = minξ∈Ξ LD(θT , ·, ξ) defined in Lemma A.1. Applying Property (2) in Lemma A.1, Lemma A.3, and
inequality (21), we obtain that

‖ζT − ζ∗‖ ≤
1

µζ
‖ΦθT (ζT )‖ =

1

µζ
‖∇ζLD(θT , ζT , φθT (ζT ))‖ ≤ ε

µζ(κξ + 1)(κζ + 1)
26



Then we can bound:

‖∇θLD(θT , ζ
∗, ξ∗)−∇θLD(θT , ζT , φθT (ζT ))‖

≤L‖ζT − ζ∗‖+ L‖ξ∗ − φθT (ζT ))‖ = L‖ζT − ζ∗‖+ L‖φθT (ζ∗)− φθT (ζT ))‖

≤(L+ Lκξ)‖ζT − ζ∗‖ ≤
εκζ

1 + κζ

where in the first inequality we use the smoothness Assumption A, and in the second inequality we use (1)
in Lemma A.1. As a result,

E[‖∇θJ(πθT )‖] ≤ ε

(κξ + 1)(κζ + 1)
+

εκζ
1 + κζ

+ εfunc + εreg + εdata

≤ε+ εfunc + εreg + εdata

�

In the following subsections, we will introduce the Projected-SREDA Algorithm revised from [Luo et al.,
2020] and prove that it provide us a stationary points required by Theorem D.1.

We choose Θ = Rdθ , Ξ = Ξ0, and Z = {ζ|‖ζ‖ ≤ R′}, where Ξ0 is defined in Property 4.1 and R′ will be
determined later. For simplicity, we use LD− = −LD to denote the minus of original loss function, which
should be a non-convex-strongly-concave problem and aligns with the setting of [Luo et al., 2020].

D.2 Verification of the Assumptions in [Luo et al., 2020]

In this section, we verify that Assumptions 1-5 in [Luo et al., 2020] are satisfied under our Assumption A, B
and D.

Assumption 1

inf
θ∈Rdθ ,ζ∈Z

max
ξ∈Ξ
LD−(θ, ζ, ξ)

≥− max
θ∈Rdθ ,ζ∈Z,ξ∈Ξ

(1− γ)‖(νπD)>ΦQξ‖+ ‖ζ‖‖Φ>wΛDR‖+ ‖ζ‖‖Mπ‖‖ξ‖+
λQ
2
‖ξ‖2‖KQ‖+

λw
2
‖ζ‖‖Kw‖

≥ − max
θ∈Rdθ ,ζ∈Z,ξ∈Ξ

(1− γ) + ‖ζ‖+ (1 + γ)‖ζ‖‖ξ‖+ +
λQ
2
‖ξ‖2 +

λw
2
‖ζ‖

Because ‖ζ‖ and ‖ξ‖ are bounded for arbitrary ζ, ξ ∈ Z × Ξ, Assumption 1 holds.

Assumption 2 The proof is almost identical to the proof of Property B.1-(b) and we omit here. Assump-
tion 2 holds by choosing L according to (11).

Assumption 3 Under our linear function classes setting, it holds obviously.

Assumption 4 Hold directly by choosing µ = λQvQ.

Assumption 5 Identicial to the Condition B.3. We prove Condition B.3 holds in Appendix B under our
Assumptions.

D.3 Useful Lemma

In this subsection, we first prove several useful lemma.

Lemma D.2. Under Assumption B, for arbitrary θ ∈ Θ and ξ ∈ Ξ, the solution for maxζ∈RdZ LD(θ, ζ, ξ)
has bounded `2 norm.
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Proof. Recall the loss function LD:

LD(π, ζ, ξ) = (1− γ)(νπD)>ΦQξ + ζ>Φ>wΛDR− ζ>Mπξ +
λQ
2
ξ>KQξ −

λw
2
ζ>Kwζ

Taking the derivative w.r.t. ζ and set it to 0, we have:

ζ∗ =
1

λw
K−1
w (Φ>wΛDR−Mπξ)

Given that ‖ξ‖ ≤ Rξ for ξ ∈ Ξ, we have:

‖ζ∗‖ ≤ 1

λw
‖K−1

w ‖(‖Φ>ΛDR‖+ ‖Mπ‖‖ξ‖) ≤
1

λwvw
(1 + (1 + γ)Rξ)

�

In the following, we will use R0 := 1
λwvw

(1 + (1 + γ)Rξ) as a shortnote. Next, we are ready to prove the
following lemma which is crucial for the analysis of the effect of projection step.

Lemma 4.2. According to Alg 1, at iteration k, we have ζk ∈ Z, ζ+
k+1 = ζk − ηkvζk and ζk+1 = PZ(ζ+

k+1).

Denote R0 := 1
λwvw

(1 + (1 + γ)Rξ) where Rξ is defined in Property 4.1. If we choose Ξ = Ξ0 and Z =
{ζ|‖ζ‖ ≤ R′} with R′ ≥ R0, we have:

〈∇ζLD−(θk, ζk, ξk), ζk+1 − ζ+
k+1〉

≤ηk
R0 + ηk‖vζk‖
R′ + ηk‖vζk‖

‖∇ζLD−(θk, ζk, ξk)‖‖vζk‖.

Proof. First of all, if ζ+
k+1 ∈ Z, then ζk+1 − ζ+

k+1 = 0, and the Lemma holds. Therefore, in the following, we

only consider the case when ζ+
k+1 /∈ Z. Because ζk ∈ Z, in the case, we must have ‖vζk‖ > 0.

Because we are considering Z is a high dimensional ball. For ζ+
k+1 /∈ Z, we have

ζk+1 = PZ(ζ+
k+1) = ζ+

k+1

R′

‖ζ+
k+1‖

which means,

ζk+1 − ζ+
k+1 = (

R′

‖ζ+
k+1‖

− 1)ζ+
k+1

Denote ζ∗k = minζ∈Z LD−(θk, ζ, ξk). Then we have:

〈∇ζLD−(θk, ζk, ξk), ζk − ζ∗k〉 ≥ 0, ‖ζ∗k‖ ≤ R0

Then we have:

〈∇ζLD−(θk, ζk, ξk), ζk+1 − ζ+
k+1〉

‖∇ζLD−(θk, ζk, ξk)‖‖vζk‖

=(
R′

‖ζ+
k+1‖

− 1)
〈∇ζLD−(θk, ζk, ξk), ζ+

k+1〉
‖∇ζLD−(θk, ζk, ξk)‖‖vζk‖

=(
R′

‖ζ+
k+1‖

− 1)
〈∇ζLD−(θk, ζk, ξk), ζk − ηkvζk ± ζ∗k〉

‖∇ζLD−(θk, ζk, ξk)‖‖vζk‖28



= (
R′

‖ζ+
k+1‖

− 1)︸ ︷︷ ︸
smaller than 0

〈∇ζLD−(θk, ζk, ξk), ζk − ζ∗k〉
‖∇ζLD−(θk, ζk, ξk)‖‖vζk‖︸ ︷︷ ︸

larger than 0

+(
R′

‖ζ+
k+1‖

− 1)
〈∇ζLD−(θk, ζk, ξk), ζ∗k − ηkv

ζ
k〉

‖∇ζLD−(θk, ζk, ξk)‖‖vζk‖

≤(
R′

‖ζ+
k+1‖

− 1)
〈∇ζLD−(θk, ζk, ξk), ζ∗k − ηkv

ζ
k〉

‖∇ζLD−(θk, ζk, ξk)‖‖vζk‖

≤(1− R′

‖ζ+
k+1‖

)
‖ζ∗k‖+ ηk‖vζk‖

‖vζk‖
(‖ζ+

k+1‖ ≥ R′ and 〈a, b〉 ≤ ‖a‖‖b‖)

≤(1− R′

R′ + ηk‖vζk‖
)
R0 + ηk‖vζk‖
‖vζk‖

(‖ζ+
k+1‖ ≤ R′ + ηk‖vζk‖)

=ηk
R0 + ηk‖vζk‖
R′ + ηk‖vζk‖

Because R′ = 8 max{R0, 1}, and ‖vk‖ ≥ ‖vζk‖, we have

R0 + ηk‖vζk‖
R′ + ηk‖vζk‖

≤R0 + ηk‖vk‖
R′ + ηk‖vk‖

≤
R0 + ε

5κξL

R′ + ε
5κξL

≤ R0 + 1

R′ + 1
≤ 1

4

where in the third inequality we use the constraint that ε < 1 and the fact that κξ > 1, L > 1 in our

setting. �

D.4 Main Proofs for Theorem 3.1

The proofs for Theorem D.5 is almost the same as those for the original SREDA algorithm. We will only
show those key Lemmas or Theorems in [Luo et al., 2020] which need to be modified as a result of the
additional projection step, and omit those untouched. In the following, we will frequently use x+

k+1 to denote

(θk+1, ζ
+
k+1) before the projection and use xk+1 to denote (θk+1, ζk+1) after the projection.

First of all, the following condition still holds

‖xk+1 − xk‖2 ≤ ‖x+
k+1 − xk‖

2 ≤ ε2

25κ2
ξ

where the first inequality results from the property of projection and the second one holds because of the
choice of learning rate ηk. The condition above corresponds to the ‖xk+1−xk‖2 ≤ ε2

x in [Luo et al., 2020]. As
a result, all the Lemmas and Theorems in the Appendix B of [Luo et al., 2020] still hold for our Projected-
SREDA. Besides, because the PiSARAH will not be effected by our projection step, the results in Appendix
C of [Luo et al., 2020] also holds.

Similarly, we consider the following decomposition:

LD−(xk+1, ξk+1)− LD−(xk, ξk) = LD−(xk+1, ξk)− LD−(xk, ξk)︸ ︷︷ ︸
Ak

+LD−(xk+1, ξk+1)− LD−(xk+1, ξk)︸ ︷︷ ︸
Bk

Because the proof of Lemma 14 and Lemma 15 in [Luo et al., 2020] only depends on the previous lemmas,
they still hold and we list them here.

Lemma D.3. Under Assumptions of Theorem D.5, we have E[Bk] ≤ 134ε2

κξL
for any k ≥ 1

Lemma D.4. Under Assumptions of Theorem D.5, we have

E‖∇θ,ζ max
ξ∈Ξ
LD−(θ, ζ, ξ)‖ ≤ E‖vk‖+

15

7
ε

However, the final proof for Theorem D.5 can not be adapted from [Luo et al., 2020] directly because of the
projection. In the following, we show our proof targeted at our Projected-SREDA:
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Theorem D.5. For ε < 1, under Assumption A, B, D, with the following parameter choices:

R′ = 8 max{ 1

λwvw
(1 + (1 + γ)Rξ), 1}, Rξ =

1

λwλQvQ + v2
M

((1− γ)λw +
1 + γ

vw
),

ηk = min
( ε

5κξL‖vk‖
,

1

10κξL

)
, λ =

1

8L
, S1 = d2250

19
σ2κ2

ξε
2e, S2 = d3687

76
κξqe, q = dε−1e,

∆LD− = max
θ∈Θ,ζ∈Z,ξ∈Ξ

LD−(θ, ζ, ξ)− LD−(θ0, ζ0, ξ0), K = d
50κξL∆LD−

ε2
e and m = d1024κξe

and the same parameter choices for PiSADAH as in [Luo et al., 2020], Algorithm 3 outputs θ̂, ζ̂ such that

E[‖∇θ,ζ max
ξ∈Ξ
LD−(θ̂, ζ̂, ξ)‖] ≤ O(ε)

with O(κ3
ξε
−3) stochastic gradient evaluations.

Proof of Theorem D.5. Based on the update rule of θ and ζ in Algorithm 1, we have:

Ak ≤〈∇θ,ζLD−(xk, ξk), xk+1 − xk〉+
L

2
‖xk+1 − xk‖2 (Smoothness of LD−)

≤〈∇θ,ζLD−(xk, ξk), x+
k+1 − xk〉+ 〈∇θ,ζLD−(xk, ξk), xk+1 − x+

k+1〉+
L

2
‖x+

k+1 − xk‖
2

(the property of projection)

=− ηk〈∇θ,ζLD−(xk, ξk),vk〉+ 〈∇ζLD−(xk, ξk), ζk+1 − ζ+
k+1〉+

Lη2
k

2
‖vk‖2

≤− ηk〈∇θ,ζLD−(xk, ξk),vk〉+
ηk
4
‖∇ζLD−(xk, ξk)‖‖vζk‖+

Lη2
k

2
‖vk‖2 (Lemma 4.2)

≤− ηk〈∇θ,ζLD−(xk, ξk),vk〉+
ηk
4
‖vk‖2 +

ηk
4
‖∇θ,ζLD−(xk, ξk)− vk‖‖vk‖+

Lη2
k

2
‖vk‖2

(Triangle Ineq.; ‖vζk‖ ≤ ‖vk‖; ‖∇ζLD−‖ ≤ ‖∇θ,ζLD−‖; ‖∇ζLD− − vζk‖ ≤ ‖∇θ,ζLD− − vk‖)

≤ηk
2
‖∇θ,ζLD−(xk, ξk)− vk‖2 − (

ηk
4
− Lη2

k

2
)‖vk‖2 +

ηk
4
‖∇θ,ζLD−(xk, ξk)− vk‖‖vk‖ (‖∇θ,ζLD−‖ ≥ 0)

The choice of the step size implies that

(
ηk
4
− Lη2

k

2
)‖vk‖2 ≥min{ 1

40κξL
− 1

200κ2
ξL
,

ε

20κξL‖vk‖
− ε2

50κ2
ξL‖vk‖2

}‖vk‖2

≥min{ 1

50κξL
,

3ε

100κξL‖vk‖
}‖vk‖2

≥ ε2

50κξL
min

(‖vk‖
ε

,
‖vk‖2

2ε2

)
≥ ε2

50κξL
(
‖vk‖
ε
− 2)) (min(|x|, x2/2) ≥ |x| − 2)

=
1

50κξL
(ε‖vk‖ − 2ε2)

Therefore,

E[Ak] ≤ 1

20κξL
E[‖∇θ,ζLD−(xk, ξk)− vk‖2]− 1

50κξL
(ε‖vk‖ − 2ε2) +

ε

20κξL
E[‖∇θ,ζLD−(xk, ξk)− vk‖]

≤ 1

20κξL
E[‖∇θ,ζLD−(xk, ξk)− vk‖2]− 1

50κξL
(ε‖vk‖ − 2ε2) +

ε

20κξL

√
E[‖∇θ,ζLD−(xk, ξk)− vk‖2]
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≤ 1

20κξL
· 19

1125
κ−2
ξ ε2 − 1

50κξL
(ε‖vk‖ − 2ε2) +

ε

20κξL
·
√

19

1125
κ−1
ξ ε

(Corollary 2 in [Luo et al., 2020])

≤ ε2

20κξL
− 1

50κξL
ε‖vk‖

Therefore, combining with Lemma D.3 and taking average over K, we have

1

K

K−1∑
k=0

E[LD−(xk+1, ξk+1)− LD−(xk, ξk)] ≤ 1

K

K−1∑
k=0

(
ε2

20κξL
− 1

50κξL
ε‖vk‖+

134ε2

κξL
)

Consequently, we have:

ε

50κξL

1

K

K−1∑
k=0

‖vk‖ ≤
135ε2

κξL
+

∆LD−
K

which means

1

K

K−1∑
k=0

‖vk‖ ≤ 6750ε+
50κξL∆LD−

Kε

Under Assumptions A and B and Condition that that both Z and Ξ have finite diameter, ∆LD− is a finite

constant. By choosing K = d 50κξL∆LD−
ε2 e, we have:

E‖∇θ,ζ max
ξ∈Ξ
LD−(θ̂, ζ̂, ξ)‖ =

1

K

K−1∑
k=0

E‖∇θ,ζ max
ξ∈Ξ
LD−(θk, ζk, ξ)‖ ≤

1

K

K−1∑
k=0

(E‖vk‖+
15ε

7
) ≤ 6754ε

which finishes the proof. �

E Concrete Examples for Saddle-Point Solver Oracle

E.1 Connection with Previous Methods

The inner optimization oracle in our second strategy essentially solves the off-policy policy evaluation prob-
lem, i.e., given a policy, compute its value function and marginalized importance weighting function. Among
the plethora of works studying off-policy policy evaluation with linear function approximation, [Liu et al.,
2020] connected the GTD family and stochastic gradient optimization, and established finite-sample analysis
for their off-policy algorithms. Their convergence rate is worse than ours, because their objective is only
convex-strongly-concave, whereas our objective is strongly-convex-strongly-concave thanks to the regular-
ization on the parameters of the Q function.

Besides, [Du et al., 2017] adapted variance-reduced stochastic gradient optimization algorithms for policy
evaluation, which can be extended to off-policy setting. However, they focused on the finite-sum case and
their algorithms will be inefficient for our purpose when the dataset is prohibitively large. Besides, they did
not analyze the bias resulting from regularization and approximation error, which we do in this paper.

E.2 The First Example for Saddle-Point Solver Oracle

In the proof of Property 4.1, we show that in our linear setting, it’s possible to derive a close form solution
for ζ∗, ξ∗ = arg maxζ∈Z minξ∈Ξ LD(θ, ζ, ξ) for arbitrary θ ∈ Θ:

ζ∗π =
(
λwλQKw + MπK−1

Q M>
π

)−1(
− (1− γ)MπK−1

Q Φ>Qν
π
D + λQΦ>wΛDR

)
,
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ξ∗π =
(
λwλQKQ + M>

πK−1
w Mπ

)−1(
(1− γ)λwΦ>Qν

π
D + M>

πK−1
w Φ>wΛDR

)
.

Therefore, we can directly use our sample data to estimate K, M, Φ>ΛDR and Φ>νπD and then estimate
(ζ∗, ξ∗). In this section, we provide an algorithm based on this idea in Alg. 3, and prove that such algorithm
satisfies the requirement of the Oracle in Definition 5.1.

E.2.1 Estimation Error of Least-Square Oracle

We first show a useful Lemma:

Lemma E.1 (Matrix Bernstein Theorem (Theorem 6.1.1 in [Tropp, 2015])). Consider a finite sequence
{Sk} of independent, random matrices with common dimension d1 × d2. Assume that

ESk = 0 and ‖Sk‖ ≤ L for each index k

Introduce the random matrix
Z =

∑
k

Sk

Let v(Z) be the matrix variance statistic of the sum:

v(Z) = max{‖E(ZZ∗)‖, ‖E(Z∗Z)‖}

= max{‖
∑
k

E(SkS
∗
k)‖, ‖

∑
k

E(S∗kSk)‖}

Then,

E‖Z‖ ≤
√

2v(Z) log(d1 + d2) +
1

3
L log(d1 + d2)

Furthermore, for all t ≥ 0

P{‖Z‖ ≥ t} ≤ (d1 + d2) exp
( −t2/2
v(Z) + Lt/3

)
For Algorithm 3, we have the following guarantee:

Proposition E.2. Suppose we have N−(s, a, r, s′, a′, a0) tuples independently sampling according to dD×π,

and N ≥ max{2σ2
K + 4σmin

3 , 2σ2
M + 8(1+γ)σmin

3 } 4
σ2

min
log 2d

δ . For arbitrary 1/5 > δ > 0, with probability at least

1 − 5δ, K̂w, K̂Q, M̂ are invertible and their smallest eigenvalues (for M̂ we consider the smallest sigular
values) are larger than vw/2, vQ/2 and vM/2, respectively, while the following conditions hold at the same
time:

‖Kw − K̂w‖ ≤
2

3Nall
log

2d

δ
+

√
2σ2

K

Nall
log

2d

δ
= O(

σK√
Nall

)

‖KQ − K̂Q‖ ≤
2

3Nall
log

2d

δ
+

√
2σ2

K

Nall
log

2d

δ
= O(

σK√
Nall

)

‖Mπ − M̂π‖ = ‖M>
π − M̂>

π ‖ ≤
4(1 + γ)

3Nall
log

2d

δ
+

√
2σ2

M

Nall
log

2d

δ
= O(

σM√
Nall

)

‖ûπν − uπν‖ ≤
4

3Nall
log

2d

δ
+

√
2σ2

ν

Nall
log

2d

δ
= O(

σν√
Nall

)

‖ûR − uR‖ ≤
4

3Nall
log

2d

δ
+

√
2σ2

R

Nall
log

2d

δ
= O(

σR√
Nall

)
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Proof. First, we try to bound ‖Kw − K̂w‖. We take a look at a series of random matrices

Ai = Kw − φw(si, ai)φw(si, ai)
>, i = 1, 2, ...

where (si, ai) are sampled from dD independently. Easy to verify that Ai has the following properties as a
result of ‖φw(s, a)‖ ≤ 1:

E[Ai] = 0, ‖Ai‖ = ‖Kw − φw(s, a)>φw(si, ai)
>‖ ≤ 1

Under Assumption D, according to the Matrix Bernstein Theorem and the union bound, we have:

P (
‖
∑N
i=1Ai‖
Nall

≥ ε) ≤P (σmax(

N∑
i=1

Ai) ≥ Nallε) + P (σmax(

N∑
i=1

−Ai) ≥ Nallε)

≤2d exp(− Nallε
2/2

σ2
K + ε/3

)

which implies that, with probability 1− δ:

‖Kw − K̂w‖ ≤
2

3Nall
log

2d

δ
+

√
2σ2

K

Nall
log

2d

δ
= O(

σK√
Nall

)

The discussion for K̂Q is similar and we omit here. As for ‖Mπ − M̂π‖, notice that,

‖Mπ − (φw(s, a)φQ(s, a)> − γφw(s, a)φQ(s′, a′))‖ ≤ 2(1 + γ)

‖M>
π − (φQ(s, a)φw(s, a)> − γφQ(s′, a′)φw(s, a))‖ ≤ 2(1 + γ)

Therefore, w.p. 1− δ,

‖Mπ − M̂π‖ = ‖M>
π − M̂>

π ‖ ≤
4(1 + γ)

3Nall
log

2d

δ
+

√
2σ2

M

Nall
log

2d

δ
= O(

σM√
Nall

)

As for the bounds for the difference of vectors ‖ûπν − uπν‖ and ‖ûR − uR‖, since vectors are special cases of
matrices (or we can concatenate the vector with a zero-vector to make a n × 2 matrix and make the proof
more rigorous), again, we can apply the same technique again. Notice that,

‖uR − φw(s, a)r(s, a)‖ ≤ 2

‖uπν − φQ(s0, a0)‖ ≤ 2

Besides, for random column vectors x with bounded norm, we should have

‖Ex[xx>]‖ ≤ tr(Ex[xx>]) = Ex[tr(xx>)] = Ex[x>x] = ‖Ex[x>x]‖

As a result, combining Assumption D, we have

‖ûπν − uπν‖ ≤
4

3Nall
log

2d

δ
+

√
2σ2

ν

Nall
log

2d

δ
= O(

σν√
Nall

), w.p. 1− δ

‖ûR − uR‖ ≤
4

3Nall
log

2d

δ
+

√
2σ2

R

Nall
log

2d

δ
= O(

σR√
Nall

), w.p. 1− δ

Therefore, w.p. 1 − 2δ the concentration results in this Proposition hold. Next, we derive the smallest

eigenvalues of K̂w, K̂Q and M̂π when n is large enough. For arbitrary x ∈ Rd×1 with ‖x‖ = 1, we have:

x>K̂wx =x>Kwx+ x>(K̂w −Kw)x ≥ vw − ‖Kw − K̂w‖33



x>K̂Qx =x>KQx+ x>(K̂Q −KQ)x ≥ vQ − ‖KQ − K̂Q‖

|x>M̂πx| ≥|x>Mx| − |x>(M̂−M)x| ≥ vM − ‖M− M̂‖

Therefore, easy to verify that, when the concentration results hold,andN ≥ max{8σ
2
K

v2
w

+ 16
3vw

, 8
σ2
K

v2
Q

+ 16
3vQ

, 8
σ2
K

v2
M

+

32(1+γ)
3vM

} log 2d
δ , K̂w, K̂Q, M̂ are invertible and their smallest eigenvalues (for M̂ we consider the smallest

sigular values) are larger than vw/2, vQ/2 and vM/2 �

Next, we are ready to show that Algorithm 3 is also an example of the Oracle Algorithm.

Theorem E.3. Algorithm 3 satisfies the Oracle Condition 5.1 with β = 0 and arbitrary c > 0, with a proper
choice of Nall.

Proof. Denote ζ∗, ξ∗ as the saddle-point of LD given θ, and use ζ̂∗, ξ̂∗ to denote the ζ and ξ in Algorithm
3 before the projection. Given the proposition above, we are ready to bound ‖ζ∗ − ζ̂∗‖ and ‖ξ∗ − ξ̂∗‖. We
list two properties below which we will use frequently later. Firstly, for arbitrary invertible d × d matrices
A and B, we have:

‖A−1 −B−1‖ = ‖A−1(B−A)B−1‖ ≤ ‖A−1‖‖B−A‖‖B−1‖

Secondly, for arbitrary d× d matrices X1,Y1,X2,Y2, we have:

‖X1Y1 −X2Y2‖ = ‖X1(Y1 −Y2) + Y2(X1 −X2)‖ ≤ ‖X1‖‖Y1 −Y2‖+ ‖Y2‖‖X1 −X2‖

Then, we have

‖ζ∗ − ζ̂∗‖

≤(1− γ)‖
((
λwλQKw + MπK−1

Q M>
π

)−1

MπK−1
Q −

(
λwλQK̂w + M̂πK̂−1

Q M̂>
π

)−1

M̂πK̂−1
Q

)
uπν‖

+ (1− γ)‖
(
λwλQK̂w + M̂πK̂−1

Q M̂>
π

)−1

M̂πK̂−1
Q (uπν − ûπν )‖

+ ‖
(
λwλQK̂w + M̂πK̂−1

Q M̂>
π

)−1

λQ(uR − ûR)‖

+ ‖
((
λwλQKw + MπK−1

Q M>
π

)−1

−
(
λwλQK̂w + M̂πK̂−1

Q M̂>
π

)−1)
λQuR‖

≤(1− γ)‖
(
λwλQKw + MπK−1

Q Mπ

)−1

‖‖λwλQKw + MπK−1
Q Mπ − λwλQK̂w − M̂πK̂−1

Q M̂>
π ‖

· ‖
(
λwλQK̂w + M̂πK̂−1

Q M̂>
π

)−1

‖‖MπK−1
Q ‖

+ (1− γ)‖
(
λwλQK̂w + M̂πK̂−1

Q M̂>
π

)−1

M̂πK̂−1
Q ‖‖MπK−1

Q − M̂πK̂−1
Q ‖

+ (1− γ)
σν√
N
‖
(
λwλQK̂w + M̂πK̂−1

Q M̂>
π

)−1

M̂πK̂−1
Q ‖+ λQ

σR√
Nall
‖
(
λwλQK̂w + M̂πK̂−1

Q M̂>
π

)−1

‖

+ λQ‖
(
λwλQKw + MπK−1

Q Mπ

)−1

‖‖λwλQKw + MπK−1
Q Mπ − λwλQK̂w − M̂πK̂−1

Q M̂>
π ‖

· ‖
(
λwλQK̂w + M̂πK̂−1

Q M̂>
π

)−1

‖

=O
( 1

vQ(λwλQvw + v2
M)2
√
Nall

(λwλQσK +
σM
vQ

+
σK
v2
Q

) +
σν

vQ(λwλQvw + v2
M)
√
Nall

+
λQσR

(λwλQvw + v2
M)
√
Nall

+
λQ

(λwλQvw + v2
M)2
√
Nall

(λwλQσK +
σM
vQ

+
σK
v2
Q

)
)

log
2d

δ
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=O
( 1 + λQvQ
vQ(λwλQvw + v2

M)2
(λwλQσK +

σM
vQ

+
σK
v2
Q

) +
σν

vQ(λwλQvw + v2
M)

+
λQσR

(λwλQvw + v2
M)

)√
Nall log

2d

δ

where we omit constant number in O(·).

Similarly, we have

‖ξ∗ − ξ̂∗‖

≤‖(1− γ)λw

((
λwλQKQ + M>

πK−1
w Mπ

)−1

−
(
λwλQK̂Q + M̂>

π K̂−1
w M̂π

)−1)
uπν‖

+ ‖(1− γ)λw

(
λwλQK̂Q + M̂>

π K̂−1
w M̂π

)−1

(uπν − ûπν )‖

+ ‖
((
λwλQKQ + M>

πK−1
w Mπ

)−1

M>
πK−1

w −
(
λwλQK̂Q + M̂>

π K̂−1
w M̂π

)−1

M̂>
π K̂−1

w

)
uR‖

+ ‖
(
λwλQK̂Q + M̂>

π K̂−1
w M̂π

)−1

M̂>
π K̂−1

w (uR − ûR)‖

=O
( λwvw + 1

vw(λwλQvQ + v2
M)2

(λwλQσK +
σM
vw

+
σK
v2
w

) +
σR

vw(λwλQvQ + v2
M)

+
λwσν

(λwλQvQ + v2
M)

)√
Nall log

2d

δ

As a result, for arbitrary 1/5 > δ > 0, w.p. at least 1− 5δ,√
‖ζ∗ − ζ̂∗‖2 + ‖ξ∗ − ξ̂∗‖2 ≤ ‖ζ∗ − ζ̂∗‖+ ‖ξ∗ − ξ̂∗‖

=O
( 1 + λQvQ

vQ(λwλQvw + v2
M)2
√
Nall

(λwλQσK +
σM
vQ

+
σK
v2
Q

) +
σν

vQ(λwλQvw + v2
M)
√
Nall

+
λQσR

(λwλQvw + v2
M)
√
Nall

+
λwvw + 1

vw(λwλQvQ + v2
M)2

(λwλQσK +
σM
vw

+
σK
v2
w

) +
σR

vw(λwλQvQ + v2
M)

+
λwσν

(λwλQvQ + v2
M)

)√
Nall log

2d

δ

(22)

For simplicity, we use CLS to as a shorthand of

O
( 1 + λQvQ
vQ(λwλQvw + v2

M)2
(λwλQσK +

σM
vQ

+
σK
v2
Q

) +
σν

vQ(λwλQvw + v2
M)

+
λQσR

(λwλQvw + v2
M)

+
λwvw + 1

vw(λwλQvQ + v2
M)2

(λwλQσK +
σM
vw

+
σK
v2
w

) +
σR

vw(λwλQvQ + v2
M)

+
λwσν

(λwλQvQ + v2
M)

)
Next, we try to convert the above high probability bound to an upper bound for expectation. We use X to
denote ‖ζ∗ − ζ̂∗‖2 + ‖ξ∗ − ξ̂∗‖2 and treat it as a r.v.. Then, we have:

P (X ≤ C2
LS

Nall
log2 2d

δ
) ≥ 1− 5δ

or equivalently,

P (X ≤ x) ≥ 1− 10d exp(−
√
xNall
CLS

)

Therefore, computing the expectation of the distribution described by the following C.D.F. can provide us
an upper bound for E[X]:

FX(x) = P (X ≤ x) = 1− 10d exp(−
√
xNall
CLS

)

As a result,

E[X] ≤
∫ ∞
x=0

(1− FX(x))dx =

∫ ∞
x=0

10d exp(−
√
xNall
CLS

)dx
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=10d

∫ ∞
x=0

exp(−x)d
C2
LS

Nall
x2 = 20d

C2
LS

Nall

which means that,

E[‖ζ∗ − ζ̂∗‖2 + ‖ξ∗ − ξ̂∗‖2] = 20d
C2
LS

Nall
(23)

Because ζ ∈ Z and ξ ∈ Ξ, the projection can only shrink the distance:

E[‖ζ∗ − PZ(ζ̂∗)‖2 + ‖ξ∗ − PΞ(ξ̂∗)‖2] ≤ E[‖ζ∗ − ζ̂∗‖2 + ‖ξ∗ − ξ̂∗‖2]

As a result, for arbitrary c, we can choose Nall = 20d
C2
LS

c in Algorithm 3, and Algorithm 3 satisfies the
oracle condition with β = 0:

E[‖PZ(ζ)− ζ∗‖2 + ‖PΞ(ξ)− ξ∗‖2] ≤ c (24)

�

E.3 The Second Example for Saddle-Point Solver Oracle

In this section, we provide another example for the oracle in Definition 5.1 based on first-order optimization,
which is inspired by SVRE[Chavdarova et al., 2019].

E.3.1 Proofs for Algorithm 4

For simplification, we will use ω = [ζ, ξ] ∈ Z×Ξ := Ω to denote the vector concatenated by ζ and ξ. Similarly,

gt = [−gζt , g
ξ
t ], and FN (ω) = E(s,a,r,s′,a0,a′)∼N{[−∇ζL(s,a,r,s′,a0,a

′)(θ, ζ, ξ),∇ξL(s,a,r,s′,a0,a
′)(θ, ζ, ξ)]}, where

N is the mini batch data sampled according to dD, and ∇L(s,a,r,s′,a0,a
′)(θ, ζ, ξ) is the gradient computed

with one sample (s, a, r, s′, a0, a
′). We use F (ω) := EN∼D[FN (ω)] to denote the gradient expected over entire

dataset distribution. Besides,

ηgt =[−ηζgζt , ηξg
ξ
t ]; η2‖ω‖2 = η2

θ‖ζ‖2 + η2
ξ‖ξ‖2; µ‖ω‖2 = µζ‖ζ‖2 + µξ‖ξ‖2

L̄2‖w‖2 =L̄2
ζ‖ζ‖2 + L̄2

ξ‖ξ‖2; η2L̄2 = η2
ζ L̄

2
ζ + η2

ξ L̄
2
ξ ; ηµ = ηζµζ + ηξµξ

The update rule for Algorithm 4 can be summarized as

Extrapolation : ωt+1/2 = PΩ(ωt − ηgt)
Update : ωt+1 = PΩ(ωt − ηgt+1/2)

Besides, in this section, the expectation E concerns all the randomness starting from the beginning of the
algorithm.

Lemma E.4 (Lemma 1 in [Chavdarova et al., 2019]). Let ω ∈ Ω and ω+ := PΩ(w+u), then for all w′ ∈ Ω,
we have

‖ω+ − ω′‖2 ≤ ‖ω − ω′‖2 + 2u>(ω+ − ω′)− ‖ω+ − ω‖2

Lemma E.5 (Adapted from Lemma 3 in [Chavdarova et al., 2019]). For any w ∈ Ω, when t > 0, we have

‖ωt+1 − ω‖2 ≤ ‖ωt − ω‖2 − 2ηg>t+1/2(ωt+1/2 − ω) + η2‖gt − gt+1/2‖ − ‖ωt+1/2 − ωt‖2

and when t = 0, we have

‖ω1 − ω‖2 ≤ ‖ω0 − ω‖2 − 2ηg>0 (ω1 − ω)
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Proof. For t = 0, by simply applying Lemma E.4 for (ω, u, ω+, ω′) = (ω0,−ηg>0 , ω1, ω), we have:

‖ω1 − ω‖2 ≤‖ω0 − ω‖2 − 2ηg>0 (ω1 − ω)− ‖ω1 − ω0‖2 ≤ ‖ω0 − ω‖2 − 2ηg>0 (ω1 − ω)

For t > 0, the proof is exactly the same as Lemma 3 in [Chavdarova et al., 2019]

�
Lemma E.6 (Bound ‖gt − gt+1/2‖2). For t > 0, we have:

E[‖gt − gt+1/2‖2] ≤10E[‖FN (wt)− FN (ω∗)‖2] + 10E[‖FN (ω∗)− FN (wt−1)‖2] + 5L̄2E[‖wt − wt+1/2‖]

Proof. For t > 0:

E[‖gt − gt+1/2‖2]

=E[‖FN (wt)− FN (wt−1) +mt − FN ′(wt+1/2) + FN ′(wt−1)−mt‖2]

=E[‖FN (wt)± FN (w∗)− FN (wt−1)− FN ′(wt+1/2)± FN ′(wt)± FN ′(w∗) + FN ′(wt−1)‖2]

≤5E[‖FN (wt)− FN (ω∗)‖2] + 5E[‖FN (ω∗)− FN (wt−1)‖2]

+ 5E[‖FN ′(wt+1/2)− FN ′(wt)‖2]] + 5E[‖FN ′(wt)− FN ′(ω∗)‖2] + 5E[‖FN ′(ω∗)− FN ′(wt−1)‖2]

=10E[‖FN (wt)− FN (ω∗)‖2] + 10E[‖FN (ω∗)− FN (wt−1)‖2] + 5E[‖FN ′(wt+1/2)− FN ′(wt)‖2]]

where in the inequality we use the extended Young’s inequality; in the last equation we use the fact that

EN∼D[‖FN (wt)− FN (w)‖2] = EN ′∼D[‖FN ′(wt)− FN ′(w)‖2], ∀w ∈ Ω

Besides, according to Assumption B.4

E[‖FN ′(wt+1/2)− FN ′(wt)‖2]] ≤ L̄2E[‖wt − wt+1/2‖]

As a result,

E[‖gt − gt+1/2‖2] ≤10E[‖FN (wt)− FN (ω∗)‖2] + 10E[‖FN (ω∗)− FN (wt−1)‖2] + 5L̄2E[‖wt − wt+1/2‖]

�
Proposition E.7. With Property B.1, for arbitrary θ, the operator F (ω) satisfying:(

F (ω1)− F (ω2)
)>(

ω1 − ω2

)
≥ µ‖ω1 − ω2‖2

Proof. Based on Property B.1, we have:

−LD(θ, ζ1, ξ2) ≥− LD(θ, ζ2, ξ2)−∇ζLD(θ, ζ1, ξ1)>(ζ2 − ζ1) +
µζ
2
‖ζ2 − ζ1‖2

−LD(θ, ζ2, ξ1) ≥− LD(θ, ζ2, ξ2)−∇ζLD(θ, ζ2, ξ2)>(ζ1 − ζ2) +
µζ
2
‖ζ2 − ζ1‖2

LD(θ, ζ1, ξ2) ≥LD(θ, ζ1, ξ1) +∇ξLD(θ, ζ1, ξ1)>(ξ2 − ξ1) +
µξ
2
‖ξ2 − ξ1‖2

LD(θ, ζ2, ξ1) ≥LD(θ, ζ2, ξ2) +∇ξLD(θ, ζ2, ξ2)>(ξ1 − ξ2) +
µξ
2
‖ξ2 − ξ1‖2

Sum up and we can obtain(
F (ω1)− F (ω2)

)>(
ω1 − ω2

)
:=
(
F (ζ1, ξ1)− F (ζ2, ξ2)

)>(
[ζ1, ξ1]− [ζ2, ξ2]

)
=−

(
∇ζLD(θ, ζ1, ξ1)−∇ζLD(θ, ζ2, ξ2)

)>
(ζ1 − ζ2) +

(
∇ξLD(θ, ζ1, ξ1)−∇ξLD(θ, ζ2, ξ2)

)>
(ξ1 − ξ2)

≥µζ‖ζ2 − ζ1‖2 + µξ‖ξ2 − ξ1‖2 := µ‖ω1 − ω2‖2

�
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Theorem 5.4. Under Assumptions in Section 2.2, in Algorithm 4, if step sizes satisfy

ηζ ≤
1

50 max{L̄ζ , µζ}
, ηξ ≤

1

50 max{L̄ξ, µξ}

after K iterations, the algorithm will output (ζK , ξK):

E[‖ζK − ζ∗‖2 + ‖ξK − ξ∗‖2]

≤201

100

(
1− µη

4

)K
E[‖ζ0 − ζ∗‖2 + ‖ξ0 − ξ∗‖2]

+
8σ2

min{µζηζ4 ,
µξηξ

4 }|N |
(
ηζ
µζ

+
ηξ
µξ

)

where (ζ∗, ξ∗) is the saddle point of LD(θ, ζ, ξ) given input θ.

Proof. When t > 0, from Lemma E.5, we have

‖ωt+1 − ω∗‖2 ≤‖ωt − ω∗‖2 − 2ηg>t+1/2(ωt+1/2 − ω∗)− ‖ωt+1/2 − ωt‖2 + η2‖gt − gt+1/2‖2

Next, we use Pt+1 to denote E[‖ωt+1 − ω∗‖2] + τE[‖FN (ω∗)− FN (wt)‖2], where τ will be determined later,
then we have

Pt+1 =E[‖ωt+1 − ω∗‖2] + τE[‖FN (ω∗)− FN (wt)‖2]

≤E[‖ωt − ω∗‖2]− 2ηE[F (ωt+1/2)>(ωt+1/2 − ω∗)]− E[‖ωt+1/2 − ωt‖2]

+ η2E[‖gt − gt+1/2‖2] + τE[‖FN (ω∗)− FN (wt)‖2]

− 2ηE[(mt − F (ωt−1))>(ωt+1/2 − ω∗)]
(E[g>t+1/2(ωt+1/2 − ω∗)] = E[(F (ωt+1/2)− F (ωt−1) +mt)

>(ωt+1/2 − ω∗)])

≤E[‖ωt − ω∗‖2]− 2ηE[F (ωt+1/2)>(ωt+1/2 − ω∗)]− (1− 5η2L̄2)E[‖ωt+1/2 − ωt‖2]

+ (τ + 10η2)E[‖FN (wt)− FN (ω∗)‖2] + 10η2E[‖FN (ω∗)− FN (wt−1)‖2]

+ 2η
√
E[‖mt − F (ωt−1)‖2]E[‖ωt+1/2 − ω∗‖2]

(Lemma E.6 and Cauthy Inequality: E[a>b|c] ≤
√

E[‖a‖2|c]E[‖b‖2|c])
≤E[‖ωt − ω∗‖2]− 2ηE[F (ωt+1/2)>(ωt+1/2 − ω∗)]− (1− 5η2L̄2)E[‖ωt+1/2 − ωt‖2]

+ (τ + 10η2)E[‖FN (wt)− FN (ω∗)‖2] + 10η2E[‖FN (ω∗)− FN (wt−1)‖2]

+
8η

µ
E[‖mt − F (ωt−1)‖2] +

µη

8
E[‖ωt+1/2 − ω∗‖2] (2

√
|a>b| ≤ ‖a‖2 + ‖b‖2)

≤E[‖ωt − ω∗‖2]− 2ηE[F (ωt+1/2)>(ωt+1/2 − ω∗)]− (1− 25η2L̄2 − 2τL̄2)E[‖ωt+1/2 − ωt‖2]

+ (2τ + 20η2)E[‖FN (wt+1/2)− FN (ω∗)‖2] + 10η2E[‖FN (ω∗)− FN (wt−1)‖2]

+
8σ2

|N |
(
ηζ
µζ

+
ηξ
µξ

) +
µη

4
(E[‖ωt+1/2 − ωt‖2 + E[‖ωt − ω∗‖2])

(Condition B.3; Young’s Inequality; E[‖FN (ωt+1/2)− FN (ωt)‖2] ≤ L̄2E[‖ωt+1/2 − ωt‖2])

≤E[‖ωt − ω∗‖2]− 2ηE[F (ωt+1/2)>(ωt+1/2 − ω∗)]− (1− 25η2L̄2 − 2τL̄2)E[‖ωt+1/2 − ωt‖2]

+ (2τL̄+ 20η2L̄)E[(FN (ω∗)− FN (wt+1/2))>(ω∗ − wt+1/2)] + 10η2E[‖FN (ω∗)− FN (wt−1)‖2]

+
8σ2

|N |
(
ηζ
µζ

+
ηξ
µξ

) +
µη

4
(E[‖ωt+1/2 − ωt‖2 + E[‖ωt − ω∗‖2]) (Assumption B.4)

=E[‖ωt − ω∗‖2]− (2η − 20L̄η2 − 2τL̄)E[(F (ωt+1/2)− F (w∗))>(ωt+1/2 − ω∗)]
− (1− 25η2L̄2 − 2τL̄2)E[‖ωt+1/2 − ωt‖2] + 10η2E[‖FN (ω∗)− FN (wt−1)‖2]
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+
8σ2

|N |
(
ηζ
µζ

+
ηξ
µξ

) +
µη

4
(E[‖ωt+1/2 − ωt‖2 + E[‖ωt − ω∗‖2])

By Prop. E.7, we have:

(F (w∗)− F (ωt+1/2))>(ω∗ − ωt+1/2) ≥ µ‖ω∗ − ωt+1/2‖2 ≥
µ

2
‖wt − ω∗‖2 − µ‖wt+1/2 − wt‖2 (25)

By choosing 0 < ηζ ≤ 1
50 max{L̄ζ ,µζ}

, 0 < ηξ ≤ 1
50 max{L̄ξ,µξ}

, and τ = 15η2, we know

2η − 20L̄η2 − 2τL̄ = 2η − 50L̄η2 ≥ 0

As a result, we can use (25) to get:

Pt+1 ≤(1− µη + 10µη2L̄+ τµL̄+
µη

4
)E[‖ωt − ω∗‖2]

− (1− 25η2L̄2 − 2τL̄2 − 2µη + 20µL̄η2 + 2µτL̄− µη

4
)E[‖ωt+1/2 − ωt‖2]

+
10η2

τ
τE[‖FN (ω∗)− FN (wt−1)‖2] +

8σ2

|N |
(
ηζ
µζ

+
ηξ
µξ

)

≤ (1− 3

4
µη + 25µη2L̄)︸ ︷︷ ︸

p1

E[‖ωt − ω∗‖2] + (55η2L̄2 +
9

4
µη − 50µL̄η2 − 1)︸ ︷︷ ︸
p2

E[‖ωt+1/2 − ωt‖2]

+
2

3
τE[‖FN (ω∗)− FN (wt−1)‖2] +

8σ2

|N |
(
ηζ
µζ

+
ηξ
µξ

)

since 0 < ηµ ≤ 1/50 and 0 < ηL̄ ≤ 1/50

p1 ≤1− 3

4
µη +

25µη

50
= 1− µη

4

p2 ≤
11

500
+

9

200
− 1 ≤ 11

500
+

9

200
− 1 ≤ 0

As a result

Pt+1 ≤(1− µη

4
)E[‖wt − ω∗‖2] +

2

3
τE[‖FN (ω∗)− FN (wt−1)‖2] +

8σ2

|N |
(
ηζ
µζ

+
ηξ
µξ

)

≤
(

1−min{µη
4
,

1

3
}
)
Pt +

8σ2

|N |
(
ηζ
µζ

+
ηξ
µξ

)

=
(

1− µη

4

)
Pt +

8σ2

|N |
(
ηζ
µζ

+
ηξ
µξ

) (µη ≤ 1/50)

≤
(

1− µη

4

)t
P1 +

8σ2

min{µζηζ4 ,
µξηξ

4 }|N |
(
ηζ
µζ

+
ηξ
µξ

)

=
(

1− µη

4

)t
(E[‖w1 − ω∗‖] + τE[‖FN (ω∗)− FN (ω0)‖2]) +

8σ2

min{µζηζ4 ,
µξηξ

4 }|N |
(
ηζ
µζ

+
ηξ
µξ

)

Next, we take a look at E[‖w1 − ω∗‖], from Lemma E.5, we have:

E[‖ω1 − ω∗‖2]

≤E[‖ω0 − ω∗‖2 − 2ηg>0 (ω1 − ω∗)]
=E[‖ω0 − ω∗‖2] + 2ηE[(F (ω0)− g0)>(ω1 − ω∗)] + 2ηE[(F (ω∗)− F (ω0))>(ω1 − ω∗)]39



≤E[‖ω0 − ω∗‖2] + 2ηE[‖F (ω0)− g0‖2]E[‖ω1 − ω∗‖2] + 2ηE[(F (ω∗)− F (ω0))>(ω1 − ω∗)]

≤E[‖ω0 − ω∗‖2] +
2ησ2

|N |
E[‖ω1 − ω∗‖] + 3η2E[‖F (ω∗)− F (ω0)‖2] +

1

3
E[‖ω1 − ω∗‖2]

≤E[‖ω0 − ω∗‖2] +
µη

4
E[‖ω1 − ω∗‖] + 3η2E[‖F (ω∗)− F (ω0)‖2] +

1

3
E[‖ω1 − ω∗‖2]

≤E[‖ω0 − ω∗‖2] +
1

2
E[‖ω1 − ω∗‖] + 3η2E[‖F (ω∗)− F (ω0)‖2] (ηµ < 1/50)

Therefore,
E[‖ω1 − ω‖2] ≤ 2E[‖ω0 − ω∗‖2] + 6η2E[‖F (ω∗)− F (ω0)‖2]

Finally, using the fact that E[‖FN (ω∗)− FN (ω0)‖2] ≤ L̄2E[‖ω∗ − ω0‖2], we have

E[‖ωt+1 − ω∗‖2]− 8σ2

min{µζηζ4 ,
µξηξ

4 }|N |
(
ηζ
µζ

+
ηξ
µξ

) ≤ Pt+1 −
8σ2

min{µζηζ4 ,
µξηξ

4 }|N |
(
ηζ
µζ

+
ηξ
µξ

)

≤
(

1− µη

4

)t
(2E[‖ω0 − ω∗‖2] + 6η2E[‖F (ω∗)− F (ω0)‖2] + τE[‖FN (ω∗)− FN (ω0)‖2])

=
(

1− µη

4

)t
(2E[‖ω0 − ω∗‖2] + 6η2L̄2E[‖ω∗ − ω0‖2] + 15η2L̄2E[‖ω∗ − ω0‖2])

≤
(

1− µη

4

)t
(2 +

6

2500
+

15

2500
)E[‖ω∗ − ω0‖2]

≤201

100

(
1− µη

4

)t
E[‖ω∗ − ω0‖2]

which finishes the proof. �

F Missing details for Algorithm 2

In the following, we will use LDt , LBt and LD∗t as shortnotes of LD(θt, ζt, ξt), LB(θt, ζt, ξt) and LD(θt, ζ
∗
t , ξ
∗
t ),

where ζ∗t , ξ
∗
t is the only one saddle point of LD(θt, ζ, ξ). Besides, we use ∇θLDt and ∇θLBt as a shortnote of

the gradient averaged over dD and the gradient averaged over batch, respectively.

Lemma F.1. Denote (ζ∗1 , ξ
∗
1) and (ζ∗2 , ξ

∗
2) as the saddle-point of maxζ∈Z minξ∈Ξ LD(θ1, ζ, ξ) and

maxζ∈Z minξ∈Ξ LD(θ2, ζ, ξ) respectively. Under Assumptions in Section 2.2 and Condition 4.1, we have

‖ζ∗1 − ζ∗2‖ ≤ κζ(κξ + 1)‖θ1 − θ2‖, ‖ξ∗1 − ξ∗2‖ ≤ κξ(κζ + 1)‖θ1 − θ2‖

Proof. With Condition 4.1, we have

‖∇ζLD(θ2, ζ
∗
1 , ξ
∗
1)‖ = ‖∇ζLD(θ1, ζ

∗
1 , ξ
∗
1)−∇ζLD(θ2, ζ

∗
1 , ξ
∗
1)‖ ≤ L‖θ1 − θ2‖ (26)

‖∇ξLD(θ2, ζ
∗
1 , ξ
∗
1)‖ = ‖∇ξLD(θ1, ζ

∗
1 , ξ
∗
1)−∇ξLD(θ2, ζ

∗
1 , ξ
∗
1)‖ ≤ L‖θ1 − θ2‖ (27)

Recall in Lemma A.1, we know Φθ2(ζ) should be a µζ-strongly-concave function. Then, we have

‖ζ∗1 − ζ∗2‖ ≤
1

µζ
‖∇ζΦθ2(ζ∗1 )‖ =

1

µζ
‖∇ζLD(θ2, ζ

∗
1 , φθ2(ζ∗1 ))‖

≤ 1

µζ
‖∇ζLD(θ2, ζ

∗
1 , φθ2(ζ∗1 ))−∇ζLD(θ2, ζ

∗
1 , ξ
∗
1)‖+

1

µζ
‖∇ζLD(θ2, ζ

∗
1 , ξ
∗
1))‖

≤ 1

µζ
‖∇ζLD(θ2, ζ

∗
1 , φθ2(ζ∗1 ))−∇ζLD(θ2, ζ

∗
1 , ξ
∗
1)‖+

L

µζ
‖θ1 − θ2‖

≤ L

µζ
‖φθ2(ζ∗1 )− ξ∗1‖+

L

µζ
‖θ1 − θ2‖

≤ L

µζµξ
‖∇ξLD(θ2, ζ

∗
1 , ξ
∗
1)‖+

L

µζ
‖θ1 − θ2‖

40



≤κζ(κξ + 1)‖θ1 − θ2‖

where in the first step, we use Lemma A.3; in the fourth and fifth inequalities, we use the Property 2.2; in
the last inequality, we use Eq.(26) again.

We can give a similarly discussion for ‖ξ∗1 − ξ∗2‖:

‖ξ∗1 − ξ∗2‖ ≤
1

µξ
‖∇ξΨθ2(ξ∗1)‖ =

1

µξ
‖∇ξLD(θ2, ψθ2(ξ∗1), ξ∗1)‖

≤ 1

µξ
‖∇ξLD(θ2, ψθ2(ξ∗1), ξ∗1)−∇ξLD(θ2, ζ

∗
1 , ξ
∗
1)‖+

1

µξ
‖∇ξLD(θ2, ζ

∗
1 , ξ
∗
1))‖

≤ 1

µξ
‖∇ξLD(θ2, ψθ2(ξ∗1), ξ∗1)−∇ξLD(θ2, ζ

∗
1 , ξ
∗
1)‖+

L

µξ
‖θ1 − θ2‖

≤ L

µξ
‖ζ∗1 − ψθ2(ξ∗1)‖+

L

µξ
‖θ1 − θ2‖

≤ L

µξµζ
‖∇ζLD(θ2, ζ

∗
1 , ξ
∗
1)‖+

L

µξ
‖θ1 − θ2‖

≤κξ(κζ + 1)‖θ1 − θ2‖

�
Lemma 5.2. [Relate the shift of ζt and ξt with θt] Denote (θt, ζt, ξt) as the parameter value at the beginning
at the step t in Algorithm 2, and denote (ζ∗t , ξ

∗
t ) = arg maxζ∈Z minξ∈Ξ LD(θt, ζ, ξ) as the only saddle point

given θt. Under Assumptions in Section 2.2, we have:

E[‖ζt+1 − ζt‖2 + ‖ξt+1 − ξt‖2]

≤6βt+1d2 + 6η2
θCζ,ξ

t∑
τ=0

βt−τE[‖gτθ ‖2] +
6c

1− β
.

where d := max{CW , CQ} is the maximum of diameters of Z and Ξ, Cζ,ξ is a short note of κ2
µ(κξ + 1)2 +

κ2
ξ(κµ + 1)2, gτθ := 1

ηθ
(θτ+1 − θτ ), and ηθ is the step size of θ.

Proof. We will use ∆t(ζ, ξ) to denote E[‖ζ − ζ∗t ‖2 + ‖ξ − ξ∗t ‖2]. We first study some useful properties of
∆t(ζ, ξ).

Property 1 For t ≥ 1

∆t(ζ
∗
t−1, ξ

∗
t−1) =E[‖ζ∗t − ζ∗t−1‖2 + ‖ξ∗t − ξ∗t−1‖2] ≤ Cζ,ξE[‖θt − θt−1‖2] = η2

θCζ,ξE[‖gt−1
θ ‖2]

where in the inequality, we use Lemma F.1; and the last equality results from the update rule θt = θt−1 +
ηθg

t−1
θ

Property 2 For t ≥ 0,

∆t(ζt, ξt) ≤
β

2
∆t(ζt−1, ξt−1) + c =

β

2
E[‖ζt−1 − ζ∗t ‖2 + ‖ξt−1 − ξ∗t ‖2] + c

≤βE[‖ζt−1 − ζ∗t−1‖2 + ‖ξt−1 − ξ∗t−1‖2 + ‖ζ∗t − ζ∗t−1‖2 + ‖ξ∗t − ξ∗t−1‖2] + c

=β∆t−1(ζt−1, ξt−1) + β∆t(ζ
∗
t−1, ξ

∗
t−1) + c

≤βt∆0(ζ0, ξ0) +

t∑
τ=1

βt−τ+1∆τ (ζ∗τ−1, ξ
∗
τ−1) +

t−1∑
τ=0

βτ c

≤βt+1d2 + η2
θCζ,ξ

t−1∑
τ=0

βt−τE[‖gτθ ‖2] +

t∑
τ=0

βτ c
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≤βt+1d2 + η2
θCζ,ξ

t−1∑
τ=0

βt−τE[‖gτθ ‖2] +
c

1− β

where the first inequality is because of the property of the Oracle; for the second inequality we use Young’s
inequality; In the last step, we use

∆0(ζ0, ξ0) = E[‖ζ0 − ζ∗0‖2 + ‖ξ0 − ξ∗0‖2] ≤ β

2
E[‖ζ−1 − ζ∗0‖2 + ‖ξ−1 − ξ∗0‖2] + c ≤ βd2 + c

With the two properties above, we can bound:

E[‖ζt+1 − ζt‖2 + ‖ξt+1 − ξt‖2]

≤3E[‖ζt+1 − ζ∗t+1‖2 + ‖ξt+1 − ξ∗t+1‖2 + ‖ζ∗t+1 − ζ∗t ‖2 + ‖ξ∗t+1 − ξ∗t ‖2 + ‖ζ∗t − ζt‖2 + ‖ξ∗t − ξt‖2]

=3∆t+1(ζt+1, ξt+1) + 3∆t+1(ζ∗t , ξ
∗
t ) + 3∆t(ζt, ξt)

≤3βt+2d2 + 3η2
θCζ,ξ

t∑
τ=0

βt−τ+1E[‖gτθ ‖2] + 3η2
θCζ,ξE[‖gtθ‖2] + 3βt+1d2 + 3η2

θCζ,ξ

t−1∑
τ=0

βt−τE[‖gτθ ‖2]

+
6c

1− β

=3(1 + β)βt+1d2 + 3η2
θCζ,ξ

t∑
τ=0

(1 + β)βt−τE[‖gτθ ‖2] +
6c

1− β

≤6βt+1d2 + 6η2
θCζ,ξ

t∑
τ=0

βt−τE[‖gτθ ‖2] +
6c

1− β

where for the first one we use an extended version of Young’s inequality ‖
∑k
i=1 xi‖2 ≤ k

∑k
i=1 ‖xi‖2; in the

second inequality, we use the Property 1 and 2 to give the upper bound; in the third inequality, we use the
fact that 0 < β ≤ 1. �

Lemma F.2. Define LD∗(θ) := maxζ∈Z minξ∈Ξ LD(θ, ζ, ξ). Under the same condition of Lemma 5.2 above,
with an additional constraint β ≤ (1− α)2/2, for t ≥ 0, we have:

E[‖gt+1
θ −∇θLD∗(θt+1)‖2] ≤2λt+1E[‖g0

θ −∇θLD0 ‖2] + 2
α2σ2

(1− λ)|B|

+ 4L2
(
βt+2d2 +

c

1− β
+

3λc

(1− β)(1− λ)
+

3d2βλt+2

λ− β

)
+ 2η2

θL
2E
[ t∑
i=0

(
λt−i+1

(
6Cζ,ξ

λ

λ− β
+ 1
)

+ 2Cζ,ξβ
t−i+1

)
‖giθ‖2

]
where εdata, εfunc, εreg are the same as those in Theorem 3.3, and λ as a shortnote of 2(1− α)2.

Proof. Recall that we will use ∇θLBt , ∇θLDt and ∇θLD∗t as a shortnote of ∇θLB(θt, ζt, ξt), ∇θLD(θt, ζt, ξt),
∇θLD∗(θt) respectively, and in Property B.3, we have already shown the variance of batch gradient can be
bounded. First we can use the Young’s inequality to obtain

E[‖gt+1
θ −∇θLD∗t+1‖2] ≤ 2E[‖gt+1

θ −∇θLDt+1‖2]︸ ︷︷ ︸
p1

+2E[‖∇θLDt+1 −∇θLD∗t+1‖2]︸ ︷︷ ︸
p2

Since the first term has already been bounded in Theorem 3.3. Next, we bound p1 and p2:
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Upper bound p1 We again use Cζ,ξ as a short note of κ2
µ(κξ + 1)2 + κ2

ξ(κζ + 1)2. From Lemma 5.2, we
know that,

E[‖ζt+1 − ζt‖2 + ‖ξt+1 − ξt‖2] ≤6βt+1d2 + 6η2
θCζ,ξ

t∑
τ=0

βt−τE[‖gτθ ‖2] +
6c

1− β

In the following, we will use λ as a shortnote of 2(1− α)2.

p1 = E[‖gt+1
θ −∇θLDt+1‖2]

=E
[∥∥∥(1− α)gtθ + α∇θLBt+1 −∇θLDt+1 ± (1− α)∇θLDt

∥∥∥2]
=E
[∥∥∥(1− α)(gtθ −∇θLDt ) + α(∇θLBt+1 −∇θLDt+1) + (1− α)(∇θLDt −∇θLDt+1)

∥∥∥2]
=E
[∥∥∥(1− α)(gtθ −∇θLDt ) + (1− α)(∇θLDt −∇θLDt+1)

∥∥∥2]
+ E

[∥∥∥α(∇θLBt+1 −∇θLDt+1)
∥∥∥2]

(Drop 0 expectation)

≤λE
[∥∥∥(gtθ −∇θLDt )

∥∥∥2]
+ λE

[∥∥∥(∇θLDt −∇θLDt+1)
∥∥∥2]

+
α2σ2

|B|
(Young’s Ineq.)

≤λE
[∥∥∥(gtθ −∇θLDt )

∥∥∥2]
+ λL2E[‖ζt+1 − ζt‖2 + ‖ξt+1 − ξt‖2 + ‖θt+1 − θt‖2] +

α2σ2

|B|
(Smoothness of LD)

≤λt+1E[‖g0
θ −∇θLD0 ‖2] +

α2σ2

|B|
1− λt+1

1− λ
+ E

[ t∑
i=0

λt−i+1L2
(
‖ζi+1 − ζi‖2 + ‖ξi+1 − ξi‖2 + ‖θi+1 − θi‖2

)]
≤λt+1E[‖g0

θ −∇θLD0 ‖2] +
α2σ2

(1− λ)|B|

+ E
[ t∑
i=0

λt−i+1L2
(

6βi+1d2 + 6η2
θCζ,ξ

i∑
τ=0

βi−τE[‖gτθ ‖2] +
6c

1− β
+ η2

θ‖giθ‖2
)]

≤λt+1E[‖g0
θ −∇θLD0 ‖2] + E

[ t∑
i=0

η2
θL

2
(

6Cζ,ξ

t∑
τ=i

λt−τ+1βτ−i + λt−i+1
)
‖giθ‖2

]
+

α2σ2

(1− λ)|B|
+

6λcL2

(1− β)(1− λ)
+

6L2d2βλt+2

λ− β

≤λt+1E[‖g0
θ −∇θLD0 ‖2] + E

[ t∑
i=0

η2
θL

2λt−i+1
(

6Cζ,ξ
λ

λ− β
+ 1
)
‖giθ‖2

]
+

α2σ2

(1− λ)|B|

+
6λcL2

(1− β)(1− λ)
+

6L2d2βλt+2

λ− β

where the fourth equality because E[∇θLBt ] = ∇θLDt holds for all t and so the cross terms has 0 expectation;
the first inequality is because variance is less than the second momentum; the second inequality we apply
Assumption A; in the last but two inequality, we apply the summation formula of equal ratio sequence and
use the fact that 0 < α ≤ 1, β ≤ 1; in the last step, we use our condition β ≤ (1− α)2/2

Upper bound p2 Next, we give an upper bound for p2. From the Property 2 in Lemma 5.2, we know that

∆t+1(ζt+1, ξt+1) =E[‖ζt+1 − ζ∗t+1‖2] + E[‖ξt+1 − ξ∗t+1‖2]

≤βt+2d2 + η2
θCζ,ξ

t∑
τ=0

βt−τ+1E[‖gτθ ‖2] +
c

1− β

As a result

p2 =E[‖∇θLDt+1 −∇θLD∗t+1‖2] ≤ 2L2E[‖ζt+1 − ζ∗t+1‖2 + ‖ξt+1 − ξ∗t+1‖2]
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≤2L2
(
βt+2d2 + η2

θCζ,ξ

t∑
τ=0

βt−τ+1E[‖gτθ ‖2] +
c

1− β
)

Combine these two results we can finish the proof:

E[‖gt+1
θ −∇θLD∗(θt+1)‖2] ≤ 2p1 + 2p2

≤2λt+1E[‖g0
θ −∇θLD0 ‖2] + 2E

[ t∑
i=0

η2
θL

2λt−i+1
(

6Cζ,ξ
λ

λ− β
+ 1
)
‖giθ‖2

]
+ 2

α2σ2

(1− λ)|B|
+

12λcL2

(1− β)(1− λ)
+

12L2d2βλt+2

λ− β
+ 4L2

(
βt+2d2 + η2

θCζ,ξ

t∑
τ=0

βt−τ+1E[‖gτθ ‖2] +
c

1− β
)

≤2λt+1E[‖g0
θ −∇θLD0 ‖2] + 2

α2σ2

(1− λ)|B|
+ 4L2

(
βt+2d2 +

c

1− β
+

3λc

(1− β)(1− λ)
+

3d2βλt+2

λ− β

)
+ 2η2

θL
2E
[ t∑
i=0

(
λt−i+1

(
6Cζ,ξ

λ

λ− β
+ 1
)

+ 2Cζ,ξβ
t−i+1

)
‖giθ‖2

]
�

Proposition F.3. Under Assumption A and B, define LD∗(θ) := maxζ∈Z minξ∈Ξ LD(θ, ζ, ξ) is Lζ,ξ smooth
with Lζ,ξ := L(1 + κζ(κξ + 1) + κζ(κζ + 1)).

Proof. For arbitrary θ1, θ2 ∈ Θ, denote (ζ∗1 , ξ
∗
1) and (ζ∗2 , ξ

∗
2) as the saddle-point of

arg maxζ∈Z minξ∈Ξ LD(θ, ζ, ξ) when θ = θ1 and θ = θ2, respectively, according to Lemma F.1 we
have:

‖∇θLD∗(θ1)−∇θLD∗(θ2)‖ ≤L(‖θ1 − θ2‖+ ‖ζ1 − ζ2‖+ ‖ξ1 − ξ2‖)
≤L(1 + κζ(κξ + 1) + κζ(κζ + 1))‖θ1 − θ2‖

�

Theorem F.4. Under Assumption A, B and C, given arbitrary ε, Algorithm 2 will return us a policy πθ̂,
satisfying

E[‖∇θJ(πθ̂)‖] ≤ ε+ εreg + εdata + εfunc

if the hyper-parameters in Alg. 2 satisfy the following constraints:

T =dmax{96,
16∆LD∗Lζ,ξ

ε2
,

16∆LD∗L
√

28Cζ,ξ + 2

ε2
}e = O(ε−2), |B| = d36σ2

ε2
] = O(ε−2)e,

α = 0.5, λ = 2(1− α)2 = 0.5, β = min{ ε2

L2d2
, (1− λ)2, 1/2}, ηθ = min{ 1

2Lζ,ξ
,

√
1− λ

6L2(14Cζ,ξ + 1)
}.

where ∆LD∗ := maxθ∈Θ LD∗(θ)−LD∗(θ0), Cζ,ξ = κ2
µ(κξ + 1)2 + κ2

ξ(κζ + 1)2, and coracle is an independent
constant.

Besides, the total gradient computation for O-SRM to obtain θ̂ should be O(ε−4), if:

(1) either we choose Algorithm 3 in Appendix E.2 as the Oracle and set the hyper-parameter |Nall| in
Algorithm 3 to be

|Nall| = 480
d(2L2 + 1)C2

LS

ε2
= O(ε−2)

44



where CLS is a constant defined in Appendix E.2,

(2) or we choose Algorithm 4 in Appendix E.3 as the Oracle and set the hyper-parameters in Algorithm 4
to be:

|N | = d 240(L2 + 1)σ2

min{µζηζ4 ,
µξηξ

4 }ε2
(
ηζ
µζ

+
ηξ
µξ

)e, K = coracle log(
1

β
),

ηζ ≤
1

50 max{L̄ζ , µζ}
, ηξ ≤

1

50 max{L̄ξ, µξ}
.

where L̄ζ and L̄ξ are defined in Condition B.4.

Proof. Recall the definition of LD∗ in Prop F.3 and LD∗ is L+ Cζ,ξ-smooth.

LD∗(θT+1) =LD∗(θT + ηθg
T
θ )

≥LD∗(θT ) + ηθ(g
T
θ )>∇θLD∗(θT )− η2

θLζ,ξ
2
‖gTθ ‖2

=LD∗(θT ) +
ηθ
2
‖∇θLD∗(θT )‖2 − ηθ

2
‖gTθ −∇θLD∗(θT )‖2 + (

ηθ
2
− η2

θLζ,ξ
2

)‖gTθ ‖2

≥LD∗(θT ) +
ηθ
2
‖∇θLD∗(θT )‖2 − ηθ

2
‖gTθ −∇θLD∗(θT )‖2 +

ηθ
4
‖gTθ ‖2

≥LD∗(θ0) +
ηθ
2

T∑
t=0

‖∇θLD∗(θT )‖2 − ηθ
2

( T∑
t=0

‖gtθ −∇θLD∗(θT )‖2 − 1

2
‖gtθ‖2

)
︸ ︷︷ ︸

p

where in the second equation, we use the fact that (gTθ )>∇θLD∗(θT ) = 1
2‖∇θL

D∗(θT )‖2 + 1
2‖g

T
θ ‖2− 1

2‖g
T
θ −

∇θLD∗(θT )‖2; in the second inequality, we add a constraint for ηθ that ηθ ≤ 1
2Lζ,ξ

;

Next, we give a upper bound for p with Lemma F.2:

p =

T∑
t=0

‖gτθ −∇θLD∗(θt)‖2 −
1

2
‖gtθ‖2

≤
T∑
t=0

{
2λt+1E[‖g0

θ −∇θLD0 ‖2] + 2
α2σ2

(1− λ)|B|
+ 4L2

(
βt+2d2 +

c

1− β
+

3λc

(1− β)(1− λ)
+

3d2βλt+2

λ− β

)
+ 2η2

θL
2E
[ t∑
i=0

(
λt−i+1

(
6Cζ,ξ

λ

λ− β
+ 1
)

+ 2Cζ,ξβ
t−i+1

)
‖giθ‖2

]
− 1

2
E[‖gtθ‖2]

}
≤2(T + 1)

α2σ2

(1− λ)|B|
+ 4(T + 1)cL2(

1

1− β
+

3λ

(1− β)(1− λ)
) +

2(T + 1)

1− λ
E[‖g0

θ −∇θLD0 ‖2]

+ 4L2d2(
β2

1− β
+

3βλ2

(1− λ)(λ− β)
) +

T∑
t=0

E[‖gtθ‖2]
{
− 1

2
+ 2η2

θL
2
T−t+1∑
i=0

E
[
λi
(

6Cζ,ξ
λ

λ− β
+ 1
)

+ 2Cζ,ξβ
i
]}

≤2(T + 1)
α2σ2

(1− λ)|B|
+ 4(T + 1)cL2(

1

1− β
+

3λ

(1− β)(1− λ)
) +

2(T + 1)

1− λ
E[‖g0

θ −∇θLD0 ‖2]

+ 4L2d2(
β2

1− β
+

3βλ2

(1− λ)(λ− β)
) +

T∑
t=0

E[‖gtθ‖2]
{
− 1

2
+ 2η2

θL
2
( 1

1− λ

(
6Cζ,ξ

λ

λ− β
+ 1
)

+ 2Cζ,ξ
1

1− β

)}
≤2(T + 1)

α2σ2

(1− λ)|B|
+ 4(T + 1)cL2(

1

1− β
+

3λ

(1− β)(1− λ)
) +

2(T + 1)

1− λ
E[‖g0

θ −∇θLD0 ‖2]

+ 4L2d2(
β2

1− β
+

6βλ

1− λ
) +

T∑
t=0

E[‖gtθ‖2]
{
− 1

2
+

2η2
θL

2

1− λ

(
14Cζ,ξ + 1

)}
(β ≤ (1− α)2 = λ

2 ≤ λ)
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≤2(T + 1)
α2σ2

(1− λ)|B|
+ 4(T + 1)cL2(

1

1− β
+

3λ

(1− β)(1− λ)
) +

2(T + 1)

1− λ
E[‖g0

θ −∇θLD0 ‖2]

+ 4L2d2(
β2

1− β
+

6βλ

1− λ
).

In the fourth inequality, we add the following constraint to drop the terms containing ‖gθ‖:

ηθ ≤

√
1− λ

4L2(14Cζ,ξ + 1)
. (28)

Therefore,

1

T + 1

T∑
t=0

‖∇θLD∗(θτ )‖2 ≤ 2

(T + 1)ηθ
(LD∗(θT )− LD∗(θ0)) +

1

T + 1

T∑
τ=0

(
‖gτθ −∇θLD∗(θτ )‖2 − 1

2
‖gτθ ‖2

)
≤4cL2(

1

1− β
+

3λ

(1− β)(1− λ)
) +

2∆LD∗

(T + 1)ηθ

+
2

1− λ
E[‖g0

θ −∇θLD0 ‖2] + 2
α2σ2

(1− λ)|B|
+ 4L2d2(

β2

1− β
+

6βλ

1− λ
)

≤ 4cL2 (6λ+ 1)

1− λ︸ ︷︷ ︸
p0

+
2∆LD∗

(T + 1)ηθ︸ ︷︷ ︸
p1

+
2(1 + α2)

1− λ
σ2

|B|︸ ︷︷ ︸
p2

+ 24L2d2 βλ

(T + 1)(1− λ)︸ ︷︷ ︸
p3

.

(β ≤ 1/2, β ≤ λ, E[g0
θ ] = LD0 )

The choice of α In order to guarantee that λ = 2(1− α)2 < 1 and α < 1, we first need α ∈ (1−
√

2
2 , 1).

Easy to observe that, the coefficient of p2:

1 + α2

1− λ
=

1 + α2

1− 2(1− α)2
=

1/2 + 2α

−1 + 4α− 2α2
− 1/2.

By taking the derivative w.r.t. α, we have:

(
1 + α2

1− 2(1− α)2
)′ =

2(−1 + 4α− 2α2)− (1/2 + 2α)(4− 4α)

(−1 + 4α− 2α2)2
=

4α2 + 2α− 4

(−1 + 4α− 2α2)2
.

We can observe easily that the zero point of the first-order derivative should located in interval ( 1
2 , 1).

Besides, p0, p1, p3 are decreasing as α approaching 1 (i.e. λ approaching 0). Therefore, the optimal choice of
α should locates in ( 1

2 , 1).

As we can see, the introduction of α is to balancing the bias of momentum term and the variance in the
current step to provide a better estimation of the gradient in current step. In the following, for simplicity,
we directly choose α = 1/2.

Next, we want to carefully choose other hyper-parameters to make sure p0, p1, p2, p3 ≤ ε2/4. We consider

β ≤ min{ ε2

L2d2 , (1− λ)2, 1/2}.

Control p0 Since β < 1/2, we know

p0 ≤ 32cL2.

To make sure p0 ≤ ε2/4, we need

c ≤ ε2

128L2
.
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If we choose Algorithm 3 as Oracle, the hypyer-parameter |N | (total sample size) in Algorithm 3 should
be set to:

|N | ≥ 20d
C2
LS

c
= O(ε−2)

If we choose Algorithm 2, the hyper-parameter |N | (mini batch size) and K (total iteration) in Algorithm 3
should be set to:

8σ2

min{µζηζ4 ,
µξηξ

4 }|N |
(
ηζ
µζ

+
ηξ
µξ

) ≤ ε2

128L2
, K = coracle log(1/β) = O(log

1

ε
).

where coracle is an independent constant. Therefore,

|N | ≥ 240(L2 + 1)σ2

min{µζηζ4 ,
µξηξ

4 }ε2
(
ηζ
µζ

+
ηξ
µξ

) = O(ε−2).

Control p1 Since we have two constrains on ηθ: ηθ ≤ 1
2Lζ,ξ

and ηθ ≤
√

1−λ
4L2(14Cζ,ξ+1) . To make sure

p1 ≤ ε2

4 , we need,

2∆LD∗

(T + 1)
max{

√
4L2(14Cζ,ξ + 1)

1− λ
, 2Lζ,ξ} ≤

ε2

4
.

Therefore, we requirement

T ≥ max{16∆LD∗Lζ,ξ
ε2

,
16∆LD∗L

√
28Cζ,ξ + 2

ε2
}. (29)

Control p2 Recall that we choose α = 1/2, we need:

p2 =
2(1 + α)2

1− λ
σ2

|B|
= 9

σ2

|B|
≤ ε2

4
.

which requires:

|B| ≥ 36σ2

ε2
(30)

Control p3 Because K (iteration number of Oracle Algorithm) only depends on log 1
β , we choose β ≤ ε2

L2d2 .
Then, as long as T ≥ 168, we have:

p3 = 24L2d2 βλ

(T + 1)(1− λ)
=

24βL2d2

T + 1
≤ ε2

4
(31)

Combine (29)-(31), we need

T ≥ max{96,
16∆LD∗Lζ,ξ

ε2
,

16∆LD∗L
√

28Cζ,ξ + 2

ε2
}, |B| ≥ 36σ2

ε2
;

As a result, if we use Algorithm 3 as Oracle, the total computation before obtaining θout should be

|B| · (T + 1) + |N | · T = O(ε−2) +O(ε−4) +O(ε−2) ·O(ε−2) = O(ε−4)

and if we use Algorithm 4 as Oracle, it should be

|B| · (T + 1) + |N | ·K · T = O(ε−2) +O(ε−4) +O(ε−2) ·O(log
1

ε
) ·O(ε−2) = O(ε−4)

where we omit log terms in O(·).
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Guarantee of E[‖∇θJ(πθ̂)‖] By applying the hyper-parameters discussed above, we have:

E[‖∇θJ(πθ̂)‖] ≤E[‖∇θLD∗(θ̂)‖] + εreg + εfunc + εdata

≤
√
E[‖∇θLD∗(θ̂)‖2] + εreg + εfunc + εdata

=

√√√√ 1

T + 1

T∑
t=0

E[‖∇θLD∗(θt)‖2] + εreg + εfunc + εdata

≤ε+ εreg + εfunc + εdata

�
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