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Abstract

In this paper, we study the convergence
properties of off-policy policy optimiza-
tion algorithms with state-action density
ratio correction under function approxi-
mation setting, where the objective func-
tion is formulated as a max-max-min prob-
lem. We first clearly characterize the
bias of the learning objective, and then
present two strategies with finite-time con-
vergence guarantees. In our first strategy,
we propose an algorithm called P-SREDA
with convergence rate O(e73), whose de-
pendency on ¢ is optimal. Besides, in
our second strategy, we design a new off-
policy actor-critic style algorithm named
O-SPIM. We prove that O-SPIM converges
to a stationary point with total complex-
ity O(¢=*), which matches the convergence
rate of some recent actor-critic algorithms
under on-policy setting.

1 INTRODUCTION

Policy improvement is a popular class of methods
in empirical reinforcement-learning (RL) research,
and has attracted significant attention from the the-
oretical community recently [Agarwal et al., 2019],
with many results analyzing the convergence prop-
erties of policy gradient-style algorithms [Xu et al.,
2019blal [Yuan et al., 2020, [Huang et al.l [2020D]
and actor-critic algorithms [Fu et al. [2020, Wul
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et al} 2020]. Most existing results require on-policy
roll-outs, which are not available in offline RL, a
paradigm considered crucial to applying RL in real-
world problems |Levine et al., [2020]. While offline
policy optimization algorithms also exist [Liu et al.,
2019, [Imani et all 2018| |Zhang et al., 2019¢|, the
understanding on their finite-time convergence prop-
erty is still limited.

To close this gap, in this paper, we propose two
strategies for off-policy policy optimization with con-
vergence guarantess, based on recent development
in marginalized importance sampling (MIS) meth-
ods [Liu et all 2018, |Zhang et al. [2019al [Uehara
et al, 2019, |[Yang et al.| [2020]. We assume the agent
can only get access to a fixed dataset D collected by
some unknown policies, and formulate the off-policy
learning problem as a max-max-min objective func-
tion below (similar objectives have been considered
by Nachum et al.| [2019b], [Jiang and Huang] [2020|,
Yang et al| [2020] without convergence rate analy-
ses):

. »D
max max min £ (7, w
mell weW QeQ ( ’ 7Q)

:=max max min £ (7, we,
0€O (€Z £eE ( 6, 7¢ Qg)

::(1 - ’Y)ESONVD [QE (507 Wg)]
+ Ego[uwg(s,0) (r +1Qe(s' . m0) — Qe(s,0))]

+ 228, [QXs, ) - B (s ). (1)

In this objective, we optimize a parameterized pol-
icy mg € Il with 6 € © being its parameters, and the
policy class II can be non-convex. We do so with
the help of linearly parameterized functions we € W
and Q¢ € Q, which are respectively parameterized
by (¢,€) € Z x E and serve as approximators of the
density ratio and the value functions. We assume
the parameter spaces © € R1™(©) 7 « RAm(Z) and



= c RYm(E) are all convex sets. vp and dP are the
empirical approximations of the initial state distri-
bution and the state-action distribution in the data;
see Sec. for a formal definition. Q¢(s,my) is short

for Eqery () [Qe(s,a)]. E'

The main contributions of this paper is three-fold,
which we summarize below:

A Detailed Analysis of Bias We identify the
inevitable bias between the stationary points of
LP(mg,we, Q¢) and J(mp), where J(mg) is the ex-
pected return of my. We separate out and charac-
terize the bias terms due to regularization (g,¢4),
generalization (€ fync), and mis-specification (£q4qtq),
as will be detailed in Sec. Besides, our analysis
also reveals how Ag and A, affect the trade-off be-
tween the convergence speed and the magnitude of
bias. Since the bias is unavoidable, we focus on the
convergence to the points satisfying the following in-
equality, which we call the biased stationary points
of J(mp) up to € error.

E[[VoJ(mo)[l] < € + €data + Efunc +Ereg (2)

where O(:) only suppresses absolute constants. E|
The rest of the paper then presents two optimiza-
tion strategies for solving Eq. and provides their
convergence analyses.

First Strategy: P-SREDA In our first strat-
egy, we convert the original max-max-min problem
to a standard non-convex-strongly-concave prob-
lem ming ¢yeoxz Maxeez —L(mg, we, Q¢) by simul-
taneously optimizing 8 and ¢ in the outer min.
Unfortunately, most of the existing non-convex-
strongly-concave optimization algorithms can not
be adapted directly here, because they focus on
min, cga maxyey f(z,y) where the first player can
play an arbitrary vector in R¢, while our objective
function requires boundedness of ( and £ in order to
guarantee the smoothness of £, as we will show
in the proof of Property in Appendix Bl To

In this paper, we only give analysis for
maxxem Maxyew Mingeo Lp(m,w, Q). In fact, we may
swap the role of w and ) function and obtain another ob-
jective function max,ecn maxgeg minyew Lp (7, w, Q),
where L is the same as £ except that both Ag and
Aw are negative. In general, the solutions of Eq.q%i%) and
those of this new objective are not the same (see |Jiang
and Huang| [2020] for their connections), but we can
give a similar anlysis for £’ with the techniques in this
paper and establish similar convergence results.

2All norms ||-|| in this paper is £2 norm for vectors and
operator norm for matrices unless specified otherwise.
The expectation is over the randomness of the algorithm
(e.g., the randomness in SGD) and not that of the data.
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tackle this challenge, we propose P-SREDA, which
is adapted from the SREDA algorithm [Luo et al.|
2020] by including a projection step every time after
updating ¢. The proof of P-SREDA is non-trivial be-
cause the projection step will incur additional error
and some crucial steps in the original proof no longer
hold in our case. We overcome these difficulties by
leveraging the properties of £ and carefully choos-
ing the projection sets for Z and =, and prove that
its convergence rate remains O(e~?), which matches
the lower bound in non-convex optimization |Arje-
vani et al., 2019].

Second Strategy: O-SPIM In our second strat-
egy for solving Eq.7 we study a novel actor-
critic style framework called O-SPIM (Oracle-based
Stochastic Policy Improvement with Momentum).
In O-SPIM, we alternate between updating ¢ and
¢ (the critic update) and updating 6 with momen-
tum to achieve a better trade-off (the actor update).
The main technique difficulty is that different from
policy gradient and actor-critic algorithms in the
on-policy setting, here we need to coordinate the
updates of three objects 6,( and &, and the loss
LP(7(.), we,, Q¢,)—when viewed solely as a function
of the policy parameter 6 with fixed parameters for
w and (Q—varies across iterations because (i, &; are
updated in the critic step. We handle this difficulty
by considering a family of critic update rules that
satisfy a general condition (Condition , which
enables us to relate the variations ||(;+1 — ;|| and
I€:41 — &) with ||@z+1 — 0:]| and is crucial to estab-
lishing convergence guarantee. We use ORACLE to
refer to all critic update subroutines satisfying such
a condition, and present two concrete instantiations
and analyze their convergence properties in Appen-
dices [E:2] and [E33] The first one is a least-square
algorithm, and the second one is a first-order algo-
rithm by extending the SVRE |Chavdarova et al.l
2019 from finite-sum setting to stochastic setting.
Using either instantiation (or possibly other subrou-
tines that satisfy our conditions), the convergence
rate of our second strategy is O(¢~*), which matches
the rate of recent actor-critic algorithms in the on-
policy setting [Xu et al., 2020} [Fu et al., |2020]

1.1 Related works

Along with the progress of variance reduction tech-
niques for non-convex optimization, there are emerg-
ing works analyzing convergence rates for on-policy
policy gradient methods [Papini et al., 2018, [Xu
et al) 2019alb, Yuan et al. 2020, Huang et al.l
2020a]. Besides, in another line of work [Fu et al.



2020l [Wu et al. 2020, [Hong et all, 2020, Xu et all],
2020|, finite-time guarantees are established for

actor-critic style algorithms. However, all of these
works require online interaction with the environ-
ment, whereas our focus is the offline setting.

Turning to the offline setting, there have been sub-
stantial empirical developments and success for off-

policy PG or actor-critic algorithms [Degris et al.
2012| [Lillicrap et all 2015 [Haarnoja et al, 2018

Fujimoto et al., 2018], but most of these works ig-
nore the distribution-shift issue and do not provide
convergence guarantees. Recently, there has been a
lot of interest in MIS methods for off-policy evalu-
ation [Liu et al. 2018, Uehara et all) [2019) |Zhang
let all [2019a, Nachum et al. [2019a] and turning
them into off-policy policy-optimization algorithms.
Among them, presented OPPOSD
with convergence guarantees, but the convergence
relies on accurately estimating the density ratio and
the value function via MIS, which were treated as a
black box without further analysis.
[2019Db], [Jiang and Huang [2020] discussed policy
optimization given arbitrary off-policy dataset, but
no convergence analysis was performed. Besides,
[Zhang et all [2019¢] presented a provably conver-
gent algorithm under a similar linear setting with
emphatic weighting [Imani et al) 2018], but only
showed asymptotic convergence behavior and did
not establish finite convergence rate.

In another work concurrent to ours [Xu et al. 2021],
the authors designed DR-Off-PAC, which is moti-

vated by the doubly-robust estimator and their ob-
jective function is similar to ours. However, they
fixed the coefficient of regularization terms and their
bias analysis is much coarser than ours. As a result,
their analysis cannot distinguish between the errors
resulting from regularization and mis-specification,
and do not characterize how the regularization
weights affect the trade-off between bias and con-
vergence speed. Besides, the convergence rate of
their algorithm is O(¢~%), which matches our sec-
ond strategy but worse than our first strategy. Re-
cently, developped VOMPS/ACE-
STORM based on Geoff-PAC [Zhang et al., 2019b
and the STORM estimator [Cutkosky and Orabona
2020]. However, as also pointed by [Xu et al., 2021],
the unbiasness of their estimator only holds asymp-
totically, and the convergence property of their al-
gorithms is still unclear.

We summarize the comparison to closely related
works in Table[T]in Appendix.
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2 PRELIMINARY

2.1 Markov Decision Process

We consider an infinite-horizon discounted MDP
(S, A, R, P,v,1v9), where S and A are the state and
action spaces, respectively, which we assume to be
finite but can be arbitrarily large. R : S x A —
A([0,1]) is the reward function. P : S x A — A(S)
is the transition function, 7 is the discount factor
and vg denotes the initial state distribution.

Fixing an arbitrary policy w, we use d"(s,a) =
(1 = MEramsomre Do V'P(st s,a; = a)] to
denote the normalized discounted state-action oc-
cupancy, where 7 ~ w,89 ~ Vg means a tra-
jectory 7 {s0, a0, s1,0a1,...} is sampled accord-
ing to the rule that sg ~ vp,a0 ~ 7(:|sp),s1 ~
P(-sg,a0),a1 ~ m(:|s1),..., and p(s;y = s,a; = a)
denotes the probability that the t-th state-action
pair are exactly (s,a). We also use Q(s,a)
Erwﬂ,s():s,aoza[zzo 7tr(3t7at)] to denote the Q'
function of . It is well-known that Q™ satisfies the
Bellman Equation:

er(& CL) :TﬂQﬂ(sv CL) =

]ETNR(S,CL),S’NP(-\s,a)7a’~ﬂ'(-|s’) [T‘ + VQW(Slv a/)} :

Define J(7) = Egmpy,an [Q7 (S, a)]:ﬁ
as the expected return of policy w. If 7 is parame-

terized by € and differentiable, we have

1
VoJ () :mES’QNdﬂ [Q7 (s,a)Vglogm(als)]

1
:ﬁEs,aNH[wﬂ-(&Q)Qw(sva)VH IOgﬂ—(a"S
where the first step is the policy-gradient theorem
[Sutton et all [2000], and in the second step, we
replace d™ with distribution p, a state-action dis-
tribution generated by some behavior policies, and

introduce the density ratio w™(s,a) := ‘Z((ss’aa)).

In the rest of the paper, we assume we are
only provided with a fixed off-line dataset D =
{(si, ai, 14, s;)}‘lg‘l, where each tuple is sampled ac-
cording to s;,a; ~ p,1; ~ R(s;,a;),8; ~ P(:|s;,a;).
Besides, we do not require the knowledge of be-
havior policies that generate p. As we also men-
tioned in the introduction, we will use dP to de-
note the empirical state-action distribution induced
from the dataset, which is defined by d”(s,a)

1 _ -
D] Z(Smai,rnsé)GD Ilsi = 5,a; = a].
Since the state-action space can be very large, we

consider generalization via linear function approxi-
mation:

Es.amar (s, a)]



Definition 2.1 (Linear function classes). Suppose
we have two feature maps {¢w : S x A — RIM(2)}
and {¢g : S x A — RI™E)} subject to ||¢u (-, )| <
Lllog(, )| < 1. Let Z ¢ RIm&) = ¢ Rdm(E)
be the corresponding parameter spaces, respectively,
satisfying Cyy max{1, maxccz |||} < oo and

Cg = maxgez [|€]| < co. The approximated value
function Q¢ and density ratio w¢ are represented by
w(a) :d)w(v)—r(» Q(a) :d)Q(v)Tg

We use ®,, € RISIAIXAm(Z) 4 denote the matrix
whose (s,a)-th row is ¢, (s,a)’, and use K, to
denote ®]AP®,,, where AP is a diagonal matrix
whose diagonal elements are d”(-,-). Similarly, we
define ®g and Kq for ¢g(-,-). Besides, M, de-
notes ®) AP (I — yP7)®(, where PT, is the empir-
ical transition matrix induced from the data distri-
bution. Notes that if we never see some s in dataset,
then the corresponding element in AP should be 0,
and therefore, the corresponding row in P7, can just
be set arbitrarily without having any effects on the
loss function. Under linear function classes, we can
rewrite £ in Eq. as:

L£P(7,¢,€) =(1 =1 (D) ®os + <T<I>TADR
— (TM¢ + %TK ¢- @Tch
(3)
We will also denote A as the diagonal matrix whose

diagonal elements are p(-,-), and denote P™ as the
transition matrix of 7.

2.2 Assumptions

Our first assumption is about the policy class, which
is practical and frequently considered in the litera-
ture [Zhang et all 2019¢, (Wu et al [2020]. In this
paper, we choose © = RI™(©) and we will inter-
changeably use © and RY™(®) to denote the space
of policy parameter 6.

Assumption A (Smoothness of policy function).
For any s,a € Sx.Aand § € © = RI™(®) 714(s,a) is
second-order differentiable w.r.t. €, and there exist
constants Ly, G and H, s.t. for arbitrary 61,605,60 €
O:

7o, (-]s) =m0, (-[s)llx < Lul|6s
Ve logmg(als)|| < G,

— 0], (4)
IV log ms(als)|| < H. (5)
Note that this assumption is equivalent to Assump. 4

in [Xu et al} 2021] and Assump. 3 in |[Zhang et al.,
2020].

We also assume K,,, Kg and M are non-singular.
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Assumption B. Denote v, (-) as the function to
return the minimum singular value. We assume that
Uy = Umin(Ky) > 0 and vg = vmin(Kg) > 0.
Beisdes, there exists a positive constant v,; that,
for arbitrary m € II (i.e. V0 € ©), the matrix M, is
invertible, and vpin (M) > vm > 0.

Our assumption on vg and v, is frequently consid-
ered in the literature, see e.g. Assump. 2 in [Zhang
et al.| [2020]. Besides, v,, and vg can be computed
from a holdout dataset. Comparing with Xu et al.
[2021], our M is equivalent to matrix A in their As-
sump. 3 if we use the same feature to approximate @
and w. Although Xu et al.|[2021] do not consider vg
and v,,, they have additional constraints on another
two matrices in their Assump. 3.

The next assumption characterizes the coverage of
1 using a constant C, often known as the concen-
trability coefficient in the literature [Szepesvéri and
Munos, [2005| [Chen and Jiang] [2019].

Assumption C (Exploratory Data). Recall the be-
havior policy is denoted as p. We assume there ex-
ists a constant C' > 0, for arbitrary 7 € II and any
(s,a) € S x A, we have

dﬂ—(s?a) T(s q) = dz(s’a)
w™(s,a) (5, ) <C, wy(s,a):= ) <C

where df(s,a) == (1=7)Ermn,sp.a0mp[Yoteo 1V'P(5t =
s,a; = a)] is the normalized discounted state-action
occupancy by treating p as initial distribution.

Our Assump. C is slightly stronger than Assump. 1
in Xu et al. [2021] because we have additional con-

straints on || b loo, but it is still weaker than assum-
ing the behav1or policy is exploration enough, which
is used by |Zhang et al.| [2020] as their Assump. 1.

Finally, since ¢,, and ¢g has bounded norm, the
following variance terms are therefore bounded, and
we use o(.) to denote their minimal upper bounds:

Assumption D. [Variance] There are constants
oK,o0M,0Rr and o, satisfying

By amar [[Kuw = du(s,a)du(s,a) " |?] <
Eqanar (Ko — dq(s,a)pq(s,a)"|?] <
Eqanar [|®4 AP R — ¢u(s,a)r(s,a)[’] < o,
E bo(s,a)ll] < o7,

B a.5~dP armm () [ Mr — @ (s, a) (g (s, a)

—79q(s',a)) "] < o3y

srovP amm (- 9)[H(I)QVD



2.3 Useful Properties

Under Assumptions above, we have the following im-
portant property regarding the convexity, concavity
and smoothness of our objective function, which will
be central to our proofs. Due to space limits, we
defer a more detailed version (Property in Ap-
pendix [B] in addition to some other useful properties
and their proofs.

Property 2.2 (Convexity, Concavity and Smooth-
ness). For arbitrary 6 € ©,( € Z, LV is pg-strongly
convex w.r.t. £ € 2, and for arbitrary 0 € ©,€ € =,
LP s pe-strongly concave w.r.t. ¢ € Z, where
He = AQUQ and ie = AUy, Besides, given that Cg
and Cyy in Definition is finite, LP is L-smooth
with finite L.

In the rest of paper, we will use k¢ := A¢/L and
ke := A¢/L as a short note of the condition number.

3 THE BIASED STATIONARY
POINTS

As alluded to in the introduction, even if we op-
timize Eq., we do not expect that it converges
to the a true stationary point w.r.t. J(mp) due to
regularization, function-class mis-specification, and
finite-sample effects, which result in the three error
terms in Eq.. More concretely, by the triangular
inequality,

< in £P
V0 (mo)]| < [V mas min £ (x5, w, Q)|

— 1 D
+ ||V9J(7T9) Vggle%glelgﬁ (Wg,w,Q)H.

Optimizing our loss function £ (7, w,Q) reduces
the first term but leaves the second term intact. In
the rest of this section we bound the second term by
breaking it down to more basic quantities that can
be bounded under further standard assumptions. To
do so, we need some additional definitions: We use
L(w,m,Q) (as well as L(mg,w¢, Q¢)) to denote the
asymptotic version of £L” as |D| — oo:

max max min L£(m, w
mell weW QeQ ( ’ 7Q)

:=max max min L(my, w¢,
0€O (€Z EeE ( 0, Qg)

=1 = 7)Esgm, [Qe (50, 70)]

+ B, fwe(s,0) (r +9Qe(s's ) — Qe(s,a) )]

+ 298, Q2 s, a)] -

. (6)

%Eu[wg(s, a)).
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Definition 3.1 (Generalization Error). We define
€4ata t0 be the minimal value satisfying that, for
arbitrary mg, we, Q¢ € II x W x Q, we have:

|£(7T9,U)<,Q§) - £D<7r97wC7Q§)| S gdata>
||v9£(7r97w;7Q;) - Va‘CD(ngwqu;)”Q S gdata

where (w};, Q},) 1= arg max,ew mingeo L(7, w, Q).

Edate characterizes the uniform deviation between £
and LP (VgL and VoL, resp.) and can be bounded
by the sample size and the complexity of the func-
tion classes. Such uniform convergence bounds are
standard and we do not further analyze it in this
paper.

Definition 3.2 (Mis-specification Error). Denote
Il - lla as the fo-norm weighted by A, and define
W7 = argmax,, cgisi|Al miHQeR\SHA\ L(m,w,Q) given
arbitrary = € II. We define

— : a2
e1 :=max min [lw — wz|l3,

max min — argmin L(m,w 2
Ay BEBlIQ - argmin L(m,w, Q)3

&g =
Based on these definitions and Assumptions in Sec-
tion 2.2 in the following theorem, we provide an up-
per bound for the bias between the stationary points
of our objective function £ and J(7), which is one

of our main contributions. The proofs are deferred
to Appendix [C|

Theorem 3.3. [Bias] Based Assumptions in Sec-
tion [2.3 and Definitions above, for arbitrary 6 € ©,
we have:

v in £P (g, w, Q) — Vo.J
IV mas min £7(m9, w, Q) — VoI (o)
Sgreg + € func + €data

The bias terms ereg, € func 0Nd Eqata are defined by

G C
€func = m(\/ CEQ"‘CW ’IE‘:_Q’Y

[veoewC
+ %—F’}/CQ\/Ew)

G C% Awdo
oot 1*7((1*7)(1*7 + Aw)
N 1C (A + A@AwC)
(1—7)3
C2(Ag + AoAC)  AwAg ~C
FRORe (T ) 7o)
(1—=) -y 1—x

Edata ‘= (2/@4%5 + 2K¢ + 2K¢ + \@/2)\/ 28 qata



where k¢ and ke s the condition number, and

ew =4 Ao e + 28X,
w -— )\Q)\w 1 25
A3 A2
EQ =8I o) 4 (2 4 4 Tmax ),
2 Noic

With Amax = max{Ag, Ay}

As we can see, ||V max,, ey mingeg L (7, w, Q) —
VoJ(mg)|| can be controlled by three terms. 444
reflects the generalization error and decreases with
sample size (assuming all function classes have
bounded capacity and allow uniform convergence).
€reg depends on the magnitude of regularization, and
will decrease if A\, and Ag decreases. As for €fync,
it depends on the approximation error ey, and eg,
which are proportional to €; and 5. Besides, be-
cause p¢ should be proportional to A, the coeffi-
cients before 1 and &9 will not vary significant as
we change A, and Ag, as long as A\, = Ag. (£1 and
€9 themselves may change with A, and Ag). Overall,
a large dataset, well-specified function classes, and
small A\, and Ag will result in a small total bias,
while small A, and Ap can lead to weaker strong-
concavity or strong-convexity of the loss function,
resulting in slower convergence.

Based on the discussion above, our goal is to find
stochastic optimization algorithms, which return a
policy 7y after consuming poly(¢~1) samples from
dataset (we omit the dependence on quantities such
as p¢ and pe), satisfying the biased stationary con-
dition in Eq.(2)

Global Convergence Under Polyak-
Lojasiewicz Condition If we assume the
policy function class satisfies certain additional
conditions, we can establish the global convergence
guarantee. Take the Polyak-Lojasiewicz condition
as an example, which requires that, there exists a
constant cpp, > 0, s.t., for arbitrary ¢ € ©

%IIWJ(M)II2 > cpp (S = J(mo))- (7)

where J* is the value of the optimal policy. As a
result, if the policy class satisfies the PL inequality,
a biased stationary point 6 in Eq. indicates that,

1
}E[‘](ﬂ-e)} > J* — 7(52 + gflata + giunc + 53‘6_(])'
¢pL

Such condition is provably weaker than the strongly
convexity/concavity |[Karimi et al., [2020].

4 Strategy 1: Projected-Stochastic
Recursive Gradient Descent
Ascent

In our first optimization strategy, we rewrite the
original max-max-min problem as a max-min:

)
arg max max min £ (6, (, &
gerdo CEZ EEE 0,6,9)

— argmax min£P(0,¢,€) = argmin magﬁ?(@,(,«f)

0,ccRdo x 7 £€5 0,CcRdo x 7 €5

where we use L” as a shorthand of —LP.
Given Assumptions in Sec. we know
arg ming ¢ crdy  z MaXeesz L£P9,¢,¢6) is a  non-

convex-strongly-concave problem, which has been
the focus of some prior works [Lin et al.| |2019} Luo
et al), 2020]. That said, most of them target at
min, cge maxy,ecy f(z,y) where the first player can
play an arbitrary vector in R?, while in our setting,
¢ and £ have to be constrained in bounded sets
to guarantee that £ (and L£P) is L-smooth with
finite L (see the proof of Property in Appendix

for details).

Therefore, we introduce Projected-SREDA (Algo-
rithm 7 where we project ¢ back to the convex set
Z every time after update. However, the proofs for
original SREDA [Luo et al.,|2020] cannot be adapted
directly because the projection step will incur extra
error. To overcome this difficulty, we first study the
following property of our objective function, which
illustrate that the saddle-points of £ given arbi-
trary m € II have bounded l3-norm.

Property 4.1. Denote Zy = {(||¢|| < R¢}
md % — {ellgl < R} with R -
1 1—+° — 1
Xw)\Q’Uw-‘rvi/[( U(;)Y +AQ) and R& T A'w)‘QUQ""Ui/[ ((17
YAw + 1:'—7) For all m € TI, we have (CX,&) =
arg MaX cgdim(z) mingeRdim(E) LP (7T"97 We, Qg) € Zy X

=0-

As a result, we have Lemma below, which is a
key step to control the projection error. We carefully
choose the projection set Z and =; as we increase
the diameter of Z (i.e. R') and fix the diameter
of E as Ry, the angle between VCEQ(Hk, Ck,y &k) and
the projection direction (41 — Qj 1 increases, which
reflects the decrease of the relative projection error.
Lemma 4.2. According to Alg[1], at iteration k, we
have (€ Z, (i y = Ce—mev§, and Cryr = Pz (i)
Denote Ry := )\wlv (14 (1 +7)R¢) where Re is de-
fined in Property . If we choose = = Z¢ and
Z = {C¢||[¢]| £ R’} with R > Ry, we have:

<VC[’? (ekv Ckv gk)a Ck-‘rl - C]j_-l,-1>
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Ro + me|[v§)|
R+ i ||V

IVeLP (B, Cs )|V

Based on this lemma and an appropriate choice of
R’, we can show that Algorithm [1| converges to the
biased stationary points. We omit the detail of the
hyper-parameter choices due to space limits, and
a detailed version of the following theorem and its
proof are deferred to Appendix

Theorem 4.3 (Informal). For ¢ < 1, under As-
sumptions in Section by choosing = = Zy and
Z ={¢||[<|| £ R’ := 8max{Ry, 1}}, Algorithm/[1] will
return 6 satisfy the following with O(s~3) stochastic
gradient evaluations.

E[Vo||J(m5)l] < € + €reg + Efunc + Egen

Algorithm 1: Projected SREDA

Input: initial point (6y, (o), learning rates 7y,
A > 0, batch size 51,52 > 0; periods ¢, m > 0,
number of initial iterations Ky; Convex Sets =
and Z; Two functions PISARAH and
ConcaveMaximizer (Alg. 4) in [Luo et al.|
2020].

& = PiSARAH(—LP (0, o, -), Ko)

for k=0,... K —1do

if mod(k,q) = 0 then

draw S7 samples and compute:
vi, o= (V0 v5) = Vo L5 0k, G, ),
Wy = Ve L5 Ok, G, k)

end

else
‘ Vi =V},

end

Orr1 =0k —mkvi, Gy = Cr— UkV;E7

G = Pz(¢H )

(€415 Vig1 Wpq) =
ConcaveMaximizer(k, m,

SQa (ekv Ck)? (ek-‘rh <k+1)7£k7ukavka )‘)

up = uj,

end

Output: ([9\7 Z) chosen uniformly at random
from { (0, Cx) kK:_Ol

5 Strategy 2: Oracle-based
Stochastic Policy Improvement
with Momentum

A natural question is that, can we solve max-max-
min objective directly without merging maxy max,

(<)

© w N ©

10

11

12

together? We answer it firmly in this section by
proposing an off-policy actor-critic style algorithm
named O-SPIM in Algorithm [2] where we solve ¢
and ¢ with an abstract subroutine ORACLE in the
critic step, and update # with momentum in the ac-
tor step. Our analysis of O-SPIM also contributes
to the understanding of convergence properties of
actor-critic algorithms in the off-policy setting.

Different from the on-policy setting, where distribu-
tion shift is not a problem, our objective function
has three variables to optimize, which causes diffi-
culty in analyzing convergence property. Therefore,
we enforce the following condition on ORACLE to
coordinate the actor and critic steps.

Condition 5.1. For any strongly-concave-strongly-
convex objective max¢cz mingez LP(0,¢,€) with
saddle point ((*,£*) € Z x 2, and arbitrary 0 <
B <1 and ¢ > 0, starting from a random initializer
(¢,€) € Z x Z, ORACLE can return a solution (, &)
satisfying

E[|| — ¢*|1% + [|€ — €*|%]
<

ORC- I +1E-¢ 1 +e

Algorithm 2: Stochastic Momentum Policy Im-
provement with Oracle

Input: Total number of iteration T'; Learning
rate ng, 1¢, ne; Dataset distribution dP:
ORACLE parameter 3.

Set Z = Zy and E = =y with Zy and = defined
in Property [£.1}

Initialize 00, Cfl, 571‘

Co, &0 « Oracle.init (T, n¢, ne, 0o, (-1, -1, dP).

Sample By ~ dP with batch size | By| and
estimate batch gradient gy = VoLP0 (69, (o, &o)-

fort=0,1,2,...T — 1 do

011 < O + nogp;

Cra1, €1 Oracle(B, 0,41, Gty &, dP);

Sample B ~ dP;

g5t (L= a)gh + aVeLP (Orr1, G, Erin)
// update go with batch gradient

end

Output: Sample 0 ~ Unif{6y, 01, ..., 07} and
output ma.

5.1 Analysis of O-SPIM

The key insight of Condition is the following
lemma, in which we make a connection between the
actor step and the critic step. As a result, in addition



to the smoothness of £P, we can control the shift
between VLP(0;,¢:, &) and VL (0441, Gia, &)
only with the shift of 8 (ie. nggj) and hyper-
parameters 3 and ¢, which paves the way to com-
paring VoL (0, (s, &) with VgJ(mp) and finally es-
tablishing the convergence guarantee.

Lemma 5.2. [Relate the shift of ¢; and & with
0:] Denote (0:,(:,&t) as the parameter value at the
beginning at the step t in Algorithm [3 and de-
note (f,€;) = argmaxces minge= £2(6;,¢,€) as
the only saddle point given 0,. Under Assumptions
in Section [2.9, we have:

EllGe+1 — GelI? + €1 — &I
6¢c
-5

t
<68"71d% +6m5Cce Y B TElgg %] +
7=0

where d := max{Cy, Cg} is the mazimum of diam-
eters of Z and Z, C¢ ¢ is a short note of x, (ke +
1)2 +/§§(fiu +1)2, g7 = %(9“‘1 —07), and ng is the
step size of 0.

In the actor step, we introduce another hyper-
parameter o and adopt a momentum-based update
rule, aiming at a better trade-off between the vari-
ance of the gradient estimation in the current step
and the bias of using accumulative gradient in previ-
ous steps. As we will show in the proof of our main
theorem (Theorem in Appendix, by choosing
« appropriately, although the trade-off cannot im-
prove the dependence of ¢ in the convergence rate, it
can indeed reduce the upper bound of E[||VyJ(6)]]
comparing with the case without momentum (i.e.
a=1)

Now, we are ready to state the main theorem of
our second strategy. We defer the formal version
including the hyper-parameter choices and its proof
to Theorem in Appendix

Theorem 5.3 (Informal). Under Assumptions in
Section given arbitrary e, with appropriate
hyper-parameter choices, by using either Algorithm[3
or Algorithm[{] as Oracle, Algorithm[3 will return us
a policy w5 with total complexity O(e™%), satisfying

E[[|VoJ (m5)ll] £ € + €reg + €data + € func-

5.2 Concrete Examples of Oracle

We provide two concrete examples of ORACLE, and
defer the algorithm details and the discussion about
related works to Appendix [E]

5.2.1 The Least-Square Oracle

In the linear setting, the saddle-point (¢*,£*) has a
closed form, which can be regarded as the regular-
ized LSTD-Q solution [Kolter and Ngj, [2009] and can
be represented by K.,,Kqg, M, and so on. There-
fore, a natural solution is to estimate these matrices
from (a subsample of) the dataset and plug them
into the closed-form solution. We describe this idea
in Alg. [3] and show that it satisfies our definition of
ORACLE in Appendix

In Alg. [3| we use ug to denote ®] AP R and use u?

—

to denote ®,v7,. Besides, we use (-) to denote the
empirical version of the matrices/vectors estimated
via samples. Besides, P () means projected z into
set ).

Algorithm 3: Projected Least-Square Oracle
Input: Distribution d”; Batch Size Ng;

~ o~ - —1
¢« ()\w)\QKw n MﬂKélMI) ( (-

7)M.Kg'as + AQﬁR)-

€ (MroKo + MIKG'ML) (01—
7 Awl] + ﬁIK;13R>-

Output: Pz(¢), P=(§)

5.2.2 Stochastic Variance-Reduced
Extragradient with Batch Data

Similar to the LSTD, the per-step computational
complexity of the first solver is quadratic in the di-
mension of the feature, which can be expensive for
high dimensional features. Therefore, in Alg. 4] we
present a first-order algorithm inspired by Stochas-
tic Variance Reduced Extra-gradient [Chavdarova
et al.l [2019|, which reduces the per-step complexity
to O(d) and also satisfies the ORACLE condition. Be-
sides, Alg. [d]can also handle general strongly-convex-
strongly-concave problem beyond the linear setting.

In the algorithm, P: and P¢ are projection opera-
tors; VLN (0, ¢, €) denotes the average gradient over
samples from mini batch data N. We also define:

dév(clv gla C27 52) ZVCEN(G? Cla 51) - VC[’N(G’ <27 52)
dév(ChflaCz,ﬁz) =VeLN(0,¢1,6) — Ve LN (0,6, &2).
It is clear that

E[glﬂ = VC’CD(aa Ckagk)»

E[Q;EH/g] = VeLP (0, Gr1/2: Er/2)s
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Algorithm 4: Stochastic Variance-Reduced Ex-
tragradient with Mini Batch Data (SVREB)

Input: Stopping time K; learning rates n¢, 7¢;
Initial wegihts (o, &; Distribution d”; Batch
size |N|.

Sample mini batch N¢, Ng ~ dP with batch size
V]

g(C) A V<£N< (07 CO? 60)5

C1 4+ Pe(Co+megs)-

&1+ Pe(€o — megs)-

m§7 m§ — VCENC (97 CO) 60)7 VE‘CNE (97 CO» 60)

for k=1,2,...K +1do

Sample mini batch N¢, Ng ~ dP with batch
size |N|.

9;3 = mi + déVC(Ck,fk, Ch—1,Ek—1)-

gi = mi + dévg(Ck)fk:Ck—lagk—l)-

Cor12 = Pe(Cr + negp)-

Enr1/2 = Pe(Er — negp)-

Sample mini batch N/, N{ ~ dP with batch
size |N]|.
¢ _

Ik+1/2 =

N/
my, + e (Chr1/2 Ehriy2y Co—1, Ek—1)-
1 _
Ikt+1/2 =
N/
mg + de * (Chy1/2: Ehv1y2s Ch—1,Ek—1)-

Cht1 = Pe(Cr + 7749,§+1/2).

Erir = Pe(Ek = NeGiin jo)-

// The following has been computed in step
[ and 10

mi+17mi+1 -
vﬁﬂNc (97 Ck? gk)7 V§EN£ (9, Ckn fk:)

k+k+1.

end
Output: (x, ¢k

g5 < VeLNe(8, o, &o)-

where the expectation only concerns the randomness
of sample when computing g. The above relationship
also holds if we consider gradient w.r.t. .

For this Algorithm[4] we have the following theorem:

Theorem 5.4. Under Assumptions in Section[2.3,
in Algorithm[f), if step sizes satisfy

< <——
=50 max{Lc, puc}’ € =50 max{Le, pie}
after K iterations, the algorithm will output
(Cr» €K):
Elll¢x — ¢*II* + lléx — €711
201 AN |2 X2
<= (1B m]co - -
<To5 (1= ) EllGo — 12+ 11g0 — €711
802 (ng Ne.

T i FEE N e e

where (C*,£*) is the saddle point of LP(0,(, &) given
mnput 6.

The theorem implies that Alg. 4| can be used as an
oracle for arbitrary 8 and ¢ as long as K and |N]|
are chosen appropriately. We defer the proofs to

Appx. [E3.1]
6 Conclusion

In this paper, we study two natural optimization
strategies for density-ratio based off-policy policy
optimization, establish their convergence rates, and
characterize the quality of the output policies. In
the future, there are several potentially interesting
directions to study. (i) It would be interesting to
investigate the possibility of improving the depen-
dence on ¢ on the convergence rate of our second
strategy. (ii) Some of our assumptions are still quite
strong, such as Assump. [B] and [C] where we assume
that some condition holds for any policy = € II.
An open question is whether we can derive conver-
gence rate when those conditions holds only for the
optimal policy. (iii) In this paper, we consider the
linear approximation for W and Q in order to ensure
the strongly concavity/convexity property of the loss
function w.r.t. ¢ and & so that the analysis is more
tractable. It is still an open problem whether we
can show some convergence property if W and Q
are more complicated function classes.
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Table 1: Comparison of Convergence Guarantee of Recent Methods

Algorithms Convergence Rate  Off-Policy? Detailed Bias Analysis?

SVRPG [Xu et al},[2019a] O(e10/3) X
SRVR-PG [Xu et al.l, 2019b 0(e™?) X

STORM-PG [Yuan et al.L 2020 O(e™?) X N.A.
MBPG [Huang et al., [2020D) O(e™?) X

On Policy AC/NAC
[Fu et all [2020} [Xu et all [2020]

DR-Off-PAC [Xu et al/ [2021] o™ v X
P-SREDA (Ours) O(e™?) v v
O-SPIM (Ours) O(e™) v v

A Useful Lemma

Lemma A.1 (Lemma B.2 in 2020]). Define
®o(¢) =min L7(6,¢,€)  90(C) = argmin £7(0,¢,€),  for ¢ € R

¢e= ¢eE
Wp(¢) =max L”(0,¢,€) Py(€) = argmax LP(0,¢,€),  for £ € RY™ME
ez ez

Under Assumption[4] and[B, for fized 8, we have:
(1) The function ¢g(-) is ke = M%-Lipschitz.
(2) The function ®¢(-) is 2k¢L = 2/6—:-sm00th and p¢-strongly concave with V®q(-) := VLP(6,(, ¢(C)).
(8) The function vg(-) is ke = #—I’C-Lipschitz.
(4) The function Wq(-) is 2kcL = Zﬁ—z-smooth and pg-strongly convex with Vg (-) := Ve LP(0,19(€),£).
Remark A.2 (For clarification). According to Danskin’s Theorem,

V() := Ve LP(0,€¢,6(C) = VLD (0, ¢, ) le=0(0)

Therefore, when we compute VL (0,¢, g(C)), we can treat ¢o(C) as a constant. Then, for arbitrary ¢', €',
based on Assumption[4], we always have:

V@ (-) = VeLP (0,60 < LIS — ¢l + Lllga(C) — €|l

We have a similar clarification w.r.t. V¢U(€).

Lemma A.3. For a-strongly-convex function f(xz) and B-strongly-concave function g(x) w.r.t. = € X,
where X C R™ is a convex set, we have

e~ a3l < SV @ Slle a3l < @) - 7o) ©)

1
lz =251l < Z1V=g(@)ll, g\lﬂc—ﬂﬂj‘«ll2 < g(xy) —g(x) (10)

where x} and x}; the minimum and mazimum of f(xband g(z), respectively.



Proof. Since f(x) is a-strongly-convex, we have
* * * * * * « *
(Vaof(@) = Vof(@}) (@ —23) > allz —2}l®,  fx) > fa}) + Vaf(a}) | (& —2}) + Fllz = |

Since x} is the minimizer of f(z), we know that fo(f?)—r(:v — %) > 0,Vz € X. Combining all the above
inequalities together and we obtain

1 1
lz = 2j|* < ~Vaf (@) (z = 2j) <~V f @z = 23], f@) = f@@)) + %Ilw -

which implies

1 «
lz =23l <~V f(2)l, e~ 2}|* < flx) = f(a}).
By applying the above results for —g(z) which is a [-strongly-convex function and we can complete the
proof. ]

Lemma A.4. For positive definite matriz A, and arbitrary o > 0, we have:

(ATA)™! ((aI +A) (ol + A)) B

Proof. Suppose for symmetric matrix A and B, we have the relationship A > B > 0. According to the
inverse matrix lemma, we have

B'-A"'"=B'-(B+(A-B))'=(B+BA-B)"'B)"!
Because A = B = 0, we have (B + B(A — B)"!B)~! > 0, therefore B~ = A~1L.
Then, we only need to prove
(eI+A)T(aI+A)~ATA
We have
(eI+A)T(aI+A)=’T+a(A+AT)+ATA

Combining A = AT = 0 and o > 0, we can finish the proof. ]

Lemma A.5 (Non-negative Elements). We use PT = (P™)T € RISIAIXISIAL 4o denote the transpose of
the transition kernel. All the elements in (I — yPT)~! are non-negative. Moreover, the element indexed by
(si,a;) in row and (sp, aq) in column equals to the unnormalized discounted state-action occupancy of (s;,a;)
starting from (sp,aq) and executing .

Proof. For arbitrary initial state-action distribution vector g € RISIAIXT (I — vP™)~1 1 is a vector whose
elements are unnormalized state-action occupancy with pg as initial distribution, which is larger or equal to
0. As a result, by choosing standard basis vector as pg, we can finish the proof.

B Useful Properties Implied by Assumptions in

In this section, we first prove several properties implied by our basic assumptions in Section

Property B.1. [A detailed version of Property Under Assumption and @ giwven that Cyy =
max{1l, maxcez |||} and Cg := maxecz ||€]| are finite, we have:

(a) For arbitrary 0 € ©,( € Z, LV is pg-strongly convex w.r.t. £ € Z, and for arbitrary 6 € ©,¢ € =, LP
is pic-strongly concave w.r.t. ( € Z, where g = /\qugand He = ApUsy-



(b) For anygaé-l?gQEEaCaChCQ€Z7(87a)€SXA7

Qe(s,a)] < Cg; Qe (s,0) = Qgy (s, )] < [[€1 = Eal|;
lwe(s, a)| < Ows [we, (s,a) = we, (s, a)] < 16 = G-

(c) Forany(y,(o € Z,61,& € E,01,0, € ©, LP defined in Eq. is differentiable, and there exists constant
L s.t.

Vo LP (01,C1,61) — VoLP (02, Co, &) || + IV LP (01,1, &1) — Ve LP (02, G2, &)
+ [ VeLP (01,61, 61) = VeLP (02,6, &)
<L||6y — 62| + L||¢1 — G|l + L[&1 — &2f|-

In other words, LP is L-smooth when ( € Z,£ € Z,0 € O.

Proof.

Proof of (a) Since L” is second-order differentible w.r.t. arbitrary ¢ € R% and ¢ € R% under Assumption
Bl we have:

VeLP = =X Ky < —Auvul, ViLP = XgKq = Aqugl.
where I is the identity matrix.

Proof of (b) Because w¢ and Q¢ are linear and features has bounded ly-norm, and Z and = are all convex
sets with bounded radius, we have:

Qe(s,a) < loq(s,a) "€l < Ca, Qe (s,a) = Qey(5,0)| < [|&1 — &;
|wC(57a)‘ < ||¢w(S,U,)TCH < Cw, |wC1 (Sva) - wCz(sva)I < ”Cl - CQH;
Therefore, Property [B.1}(b) holds.

Proof of (c) We will use ,wi, Q1,7 and LP as shortnotes of we,, Q¢,,mp, and LP(61,(1,&1), and the
meaning of wy, Q2, e and L£L are similar.

IVoL? — Vo Ll5 |
=1 = VEsp amm; (150) (@1 (50, @) Vo log mi(also)] — (1 = V)Eup, amms(-150) [@2(50, @) Vo log ma(also)]
+YEap /s (15 (W1 (8,0)Q1(8", 0" ) Vg log w1 (a'|8")] = YEap ar s (15 [Wa(s, a)Q2(s", a") Vg log ma(a’|s ]|
<1 =NEpp amm (150 [ (Q1 (50, @) — Q2(s0,a)) Vg log w1 (also)]
+ By e (50) (- 20 [@2(50, ) Vo 10g 71 (a]50)] + By arerra(- 50 [Q2 (50, ) (va log 1 (also) — Ve log 772((1\50)>] I
FYNEap a5 [ (w0155 a) = wa(s,a))Qi(s',a') Vg logmi(a']s")]
+Egp 0 (151 [w2(s,a) (Q1(s', a') — Qa(s,a")) Vg log mi (a'[s")]
FEgp armmy (fs7)—ma(-|s1)[w2(8,a)Q2(s", a') Vg log w1 (a'[s")]
FEgp ar oy (-5 [W2(5,a)Q2(s",a") (Vg log i (a'|s") — Vg log ma(a']s"))]|

<(1 = )(Glles ~ &l + GCEyy [In(:1s0) = 7([s0)I1] + HCol|61 — 0]

+ ’Y(GCQHQ = Gl + GCwl|& = & + GCWCOQEp [[[m1(-[s") — m2(:|s")[l1] + HCOwC gl — 92||)
SCwCo(GLu + H)|[6h — 02| + GCo|| G — G2l + GOWw|&2 — &
In the last inequality, we use C)y > 1 and 0 < v < 1. Besides,

IVeLy = Vel || =l (M, = May)1 + My (€1 = &2) = MwKu(C1 = G



<YCQE o [||mi(-]s") — ma(:[s)[l1] + (L + )€1 — &all + Aw |1 — 2]
<yCoLull6y — b2l + (1 + Y)[l€1 — &l + A llG — Gl

IVeLy — VeLD || =|(Mn, — Mxr,) "¢+ M (G — G2) + Ao Eq(é1 — &)
SYCWEgn[|Im1(¢|s") — m2([s) 1] + (1 + )¢ — Gl + Agllér — &l
<YOw Lm0 — 02 + (1 + ¢ = Gl + Allér — &l

As a result,
Vo LD (01,¢1,61) — VoLP (02,0, &) + VL (01,61, 61) — VLD (02,62, &)
+|VeLP (01,61, 61) — VeLP (02,6, 6) ||
< (CWCQ(GLH +H)+~(Co + CW)LH) 161 — 6 + (GCQ +(1+7)+ Aw) 1 — Gl

+ (6w + (147) + 20) 62 ~ &l

Therefore, Condition [A}(b) holds with
L =max{CwCo(GLn + H) +7(Cq + Cw)Li, GCo + (1 +7) + A, GCW + (1 +7) + Aq}  (11)
]

Property 4.1. Denote Zy = {C|||C|| < R¢} and E¢ = {{||l€]l < Re} with Ry := AwAQvlerU%A(lvg +

Ag) and Ry = m((l — YMAw + 1;;7). For all # € 1II, we have ({5, &) =

. D —
arg maxgcpdim(z) Mg crdim(=) L (ﬂ’o,wg, Qg) € Zy X Zp.

Proof. Recall the definition of £P in Eq.:
£P(m, ) =(1 7)) Bt + ¢ BIAPR — TMLE + 226 TKgE — ST
by taking derivatives w.r.t. £ and setting it to be zero, we have:
€= oK' (MIC- (- )@hvp)
Plug it into £P:

Aw T
R g (MIC- (- )@dvp) Kg! (MIC— (1= 1)@bvp) + T 1A%

Taking the derivative of ¢ and set it to be zero, we have:
-1
c* :()\w/\QKw + M,rnglM,I) ( — (1 - MK ®Lvp + AQ@IADR)
and therefore,

& =K' (MG — (1720

/\Q

1

_ IngT —1ngT N 15T« TAD

—)\QK M (AMAQKerM,TKQ Mﬂ) ( (1 —7)MKG' ®Lvh + M@ A R)
1 —1x5T/,,7m\T

- (1=9) 3K B (0h)

—1 —1
—(1— e (AMAQKQ + MIK;lM,,) B+ Ko M] ()\w)\QKw + M,,KE;MI) ®APR



—1
:(AWAQKQ v MIK;lMW> ((1 — B + M}K;lcbjuADR)

where in the third step, we use the inverse matrix lemma:

1 1
= K;!' —
Ado @ Ao

MwroKg + MK, 'M,)~! Ko'M] (MoK + MK M )M K

Because ||¢(-,-)|| < 1, it’s easy to prove that, for arbitrary vector z € R9,
max{||Mzz|, Mz} < (1+7)]z|
Therefore,
62 <)l (MoK + M KM ) MK [#505|

-1
I (MureKu + MG M) |- M@ APE]

1 1— 2
< o) =R 12
T AwAQUy + V3, ( vQ +2e) < (12)

-1
l&xl <0 = DAl (AuroKe + MK M, ) |- 19505

—1
+ 1 (MureKe + MIK, M, ) MIK! [ @APR]

1 14~
— (1 =)\
~ AwAQug + Vi (= + Vs

) == Re (13)

Given the special property of Zy and Z, we force Z and = satisfying the following condition:
Condition B.2. 7, C 7, 5y C =.

As a direct result, we have:

IV¢ max min £7(0,¢5,£5)| = HquaXIglemﬁ (0, ¢, 80)ll =

CER™ £eR
D —
IVe maxx min £7(6, 65, &)1l = | Ve maxmin £7(6, 65, &) = 0

Property B.3. [Variance of Estimated Gradient] Under Assumption @ and@ given conver sets ©, Z, =,
where Z and Z have finite diameter Cyy and Cg, then there exists constants o9, 0¢, 0¢, such that, for arbitrary
0,(,£ € © x ZxZ, we have:

Es,a,r,S’,a’,Smao[”VGE(S’G’T’S,’G,’SO’GO)(gaCag) —VoLP(0,¢, 9] < op;
Ea o a s0.00 [ Ve L0 42000)(0, €, 6) = VL2 (0,6 §)I) < o
Es,a,r,s’,a’,so,ao[||V§£(S,a7r,s “ ,807(10)(97(75) - (9 C 5)” ] < g

Here we use Egarsa,s0,00(] as a shorthand of E(g a4, s)mdP amm(]s') 50~ aomn(|so)l]s  and use

VE(S’“”’S/’“/’S“*““)(G, ¢, &) to denote the stochastic gradient estimated using a single data point:

g Llsars’ 000 (6, ¢ €) = (1 — ) Qe (s0, a0) Vo log malaols) + v (s, a)Qe(s', ') Vg log mo (@),
VCE(S’“’T’S/’“/’SO’“O)(9, ¢, €)= (r + Qe (s',a’") — Qe(s, a)) Vewe(s,a) — Adpwe(s, a)Vewe (s, a),

Ve Llmnas0m) (9, ¢ €) = (1= 7)VeQe(s0,a0) + we(s,)Ve (1Qe(s', ') = Qe(s,0) ) + AQe(5,0)VeQe (5, ).

16 (14)



Proof. Under Linear case and Assumption [D] we should have

B a5 ' 50,0 [[| Vo L4020 (9, ¢, £) — Vo £P (0, ¢, 6)|1?]
<2(1 —7)?E[[| Q¢ (s0, a0) Vg log w4 (ao| s0) — E[Qe (0, a0) Vo log mo(aolso)]||’]
+ 29°E[||we (s, a)Qe (', a) Vg log mo(a'|s") — Elwe (s, a)Qe(s', a') Vo log mg(a’|s")]|?]
<2(1 = 7)?E[|Q¢(s0, a0) Vo log ma(ao|50) | *] + 27°E[||we (s, a)Qe (s', a") Vg log mo (a'| s")]||%]
<2(1 —7)2C%{G? + 29°C}, CHLG?
B a5t at 0,00 [ VLT 50:00) (9, ¢, €) = Ve £P(6, ¢, )]
<BE[||pu (s, a)(vdo(s', a') — (s, a)) "€ — Eldu(s, a)(vq(s',a') — ¢pq(s, a)) "€]|1?]
+ 3E[|| ¢ (5, @) — Elpuy (5, a)r][|*] + BALE[[| o (5, a) o (5, 0) T ¢ — Elgpus (5, a) pus (s, a) " (]|%]
§3012% + 3012\405 + 3)\,21,0%{012/\,
B 0,057 a 50,00 [[| Ve L0 2002090)(9, ¢ &) — Ve LP(0, ¢, €)1
<3(1 = 7)’E[[l¢q(s0, a0) — Eldpq(s0,a0)][1%] + 33E[lpq(s, a)dq(s, a) & — Eldq(s, a)pq(s, a) T €]|?]
+3E[|¢pu (s, a) (vpo(s', @) — (s, a) T — E[Cpu(s,a)(vpq(s',a') — pq(s,a) T[]
<3(1 = )%0; + 300 Chy + 3050k CH

which finishes the proof. ]
In Linear setting, o7, 0¢, 07 can be chosen as:

05 =2(1 —9)?0.G*Cq + 2703, G*C3,, Co,

Ug =30% + 303,04 + 3A%0%Ciy,

ag =3(1 — y)%02 + 303,C3 + 3)\?QO'IQ<CQQ.
In the following, we will use o to refer to the max{oy, o, 0¢} value satisfying Property

Finally, we prove a condition which is useful in the analysis of our second strategy. We first introduce some
new notations. Suppose we have a mini batch data N sampled according to d” whose batch size is constant
|N|. Then, we denote the average batch gradients as

| V]

1 RO S I N e
VﬁN(ean) :W ZVE“ 14T 8 080 0)(9,C,§)
=1

AR AN AL

where VL5 e’ 5" a ’Sé’aé)(ﬁ,g,g) is defined in Eq.(14).
Property B.4. Under Assumption and@ there exists two constants two constants EC and Iig, such that:
IE]\/'NdD [HVC‘CN(97 Cla 51) - VC‘CN(07 C27 52)||2 + ||V£CN<97 Cla 51) - V£EN<97 <2a 52)”2]
_ T _ T
<Envman [Le (VLY (0,61,60) = VLY (0,62,62)) (G — Q) + Le (Ve£N(0,61,60) = VeLY (0,6, 6)) (61 - &),
Enar[[Ve LY (0,¢1,61) = VLY (0, G, &)I1° + [VeLY (0, C1y€1) = Ve LN (6, G2, &2) 1]
<LZ¢ — Gl + LEl& — &>
Proof. For simplicity, we use K to denote matrix En[¢,(s,a)p,(s,a)T] (Kg is similar) and use MY to
denote Ex[¢(s, a)¢(s,a) " —y¢(s,a)p(s', ) "]
VeLN(0,61,6) = VLN (0, G, o) = = MK (G = G) = MY (6 - &)
T
Vel (0,¢1,&) — VLN (0, C%&); MK (61— &) — MY (G — (o)



Therefore,

Enear (VLY (0, C1,61) = VLY (0, G, &)1 + [IVeLY (8, Cis €2) — VLN (8, G2, 62)])]
<2Ennar (G — &) T O (KD) TKY + MY MY)(G - G2)]

+ 2By gn (€1 — €)T OB (KY) TKY + MY ' MY) (& - &)
<2Enan [(G1 = ) TOALKD)? + (1+7)2D)(G = )] + 2Enan (61 — &) T (WG (KY)?
2B Nar (G = G2) T AL (KE)? + (1+9)2D)(G — )] + 2Enean (6 — &) T (A (KD)?
=(G1 = ¢) TN K +2(1+7)°D) (¢ — G2) + (61— &) T (205K q + 2(1 +1)°1) (& — &)

In the first inequality, we use Young’s inequality; in the second one, we use the fact that the largest singular
value of MY is less than (14 ); the third one is because all eigenvalues of KX and KN locate in [0, 1], and

we should have I = K& = (KN)2? and I ~ KN (KN) . Notice that,

(1 +7)°D)(& - &)

+
+ (1496 — &)

Exar |~ (VeLV(0.61.60) ~ VeLN (0.6 2) (G- )

.
+ (V£ (0.6,6) = VeL¥ (0.6 &) (61— &)
= (G — &) TKuw(C — &)+ Ag(é — &) TKo(& — &)

Therefore,
(G = G) T LK, + 21+ 7)) (G — Go) + (&1 — &) T (205K + 2(1 + 7)) (&1 — &)
2max{\Z,\ } +2(1+79)?
min{ A\, vy, AQug } (Aw(gl — () Ku(G = G) + Aq(é — &) "Ko(& — 52))
Moreover,

(G =) (2ALKw + 214 7)°D(G = &) + (& = &) T (205Ke +2(1 +9)°1)(& — &)
<@max{X2, X3} +2(1+ 92 (G = &) (G - G) + (6 - &) (6 - &)

As a result, Assumption [B-4] holds with

_ - 2max{\?, }+2 (1+7)2
— L= 2max{A2, 2} +2(1
e = Le = max{—— el 2 mas (g g+ 201 4+9)?)

C The Analysis of Bias

We first prove two propositions, which are crucial for analyzing the biases due to the finite dataset and
mis-specified function classes.

Proposition C.1. For abitrary m € ©, we have:

in £ — in £P < (2 2 2 2/2)\/2¢,
IVo max min £(my, w, Q) — Vo max min L7(mg, w, Q)| < (2hicrie + 2hi¢ + ke + V2/2)V28data

denoted as €qqta

where Egq1q 15 defined in Definition .

Proof. For the simplicity of notation, we give the proof for a fixed 7.

Denote (w};, Q) parameterized by ((, ) as argmax, ey mingeo £(m, w, Q) and denote (w*, Q") param-
eterized by (¢*,£*) as arg max,cyy mingeg 'CD(”’%Q)' First, we try to bound ¢* — (. We use Q,, and



QD (parameterized by &, and £2)) as the short notes of arg mingeg £(m, w, Q) and arg minge o L2 (7, w, Q),
respectively. Then,

|L(m,w, Q) — LP (7, w, Q)| < max{L(m,w, QL) — LP (m,w,QP), LP (1, w, Qu) — L(m,w, Qu)} < Edata
As a result,
0 <LP(m w*, Q") — CIgneirglED(7T,wZ,Q)
<P (r, 0", Q) — min £, 0", Q) + £lm, i, QL) — min £7(m, w7, Q)
<2%4ata
According to Lemma mingeo LP (7, w, Q) is pc-strongly concave. Therefore,

2
H¢

2
16 = Gl < oy J£P @) = i P (e Q) < VB

Next, we bound [[£* — &5 For arbitrary 7 € I and w € W, we have:

0 < LP(m,w,Qu) — LP (m,0,QE) < LP (7w, Qu) — L(m,w, Qu) + L(m,w, QL) — LP (7, w, QL) < 284ata

Since LP is u¢ strongly-convex, as a result of Lemma for arbitrary w,
2
||€w - EBH < ;& V284ata (15)

Then, we have
167 = &ull <[l€” — arg min LP (m,wj,, Qe) | + | arg IgleigﬁD(mw,’Z, Qe) — &l

=lig" - argmin LP(m,w), Qe)|l + | arg rgleigﬁD(me, Q) — argmin £(, wy, Qc)|

L * * 2 /6=
SiHC _Cp,H + —V284ata
He He
2L 2
S(i + 7) Vv 2§data
Hele M
where in the last but two step, we use Lemma [A.T}(1).

As a directly application of Property we have:

v in £(mp, w, Q) =V in L7 (79, w,
Vo 535 gty o Q) = Vo g g £ o - Q)

=|IVoL(mo, w;;, Q;) = VoL (mo,wy, Q)| + IVe L (w9, wy;, Q1)) — VoL (mg, 0™, Q)|
<Vedata + LII¢" = Gl + LIIE" = &l
<(2k¢ke + 26¢ + 2k + V2/2)V 28 data

Proposition C.2. For arbitrary @ € I, we have:

A2 A
E.. * , T ; 2 < .— 4 max 2 max
d [|w#(3 a) —wz(s,a)]"] <ew )\Q/\w&n + e €9
) A3 A2
E * _ T < = max 9 4 4 max
1Q35:0) = Q. ) < c = 8Ty + (244500,

where (w};, Q) denotes the saddle point of L(m,w,Q) constrained by w,Q € W x Q (i.e. ( € Z,{ € E),
(W}, QF) denotes the saddle point of L(m,w,Q) without any constraint on w_and Q (i.e. w and Q can be
arbitrary vectors in RISIAL) A\ = max{Ag, \w}, Heo is defined in Property .



Proof. In the following, we will frequently consider two loss functions. The first one is £(m, w, Q) defined in
Eq.@, where w and @ are parameterized by ¢ and &, respectively, and we will write (w, Q) € W x Q. The
second one is F (7, x,y) defined by:

_ - A Aw
Flmz,y) =(1 = N0F) A2y + 2T (AV2R = (L= Al 2PTA=Y2)y) 4 22y Ty - 20 To

where (z,y) € RISIAI x RISIAI For simplification, in the following, we will use max, min, as a short note
of max, s/l minyeR\suA\ .

As we can see, the difference between £(m, w, Q) and F(m,z,y) is not only that we don’t have any constraint
on z and y, but also that we absorb one A!/? into vector z and y. In another word, for arbitrary =, w, Q,

we have
L(m,w,Q) = F(m, AY?w, AY2Q).

Obviously, F(m,z,y) is Ay,-strongly-concave-Ag-strongly-convex and Apyax-smooth w.r.t. =,y € RISIAL

In the following, we use wj, parameterized by (% to denote argmax,eyy min, F(m, AY/2w,y). Accord-
ing to Lemma u min, F(m,z,y) is a Q%ﬁmooth and A,-strongly-concave function with gradient
V. min, F(7,z,y). Since V,F(m, A1/2w}, AY/2Q7%) = 0, we have,
)‘770||A1/2w* _ A1/2,w7r||2
2 R L
<F(m, AY2wl, AYV2Q7) — rr;in F(m, AV 2w}, y) (Strong concavity of min, F(7,x,y))

=F(m, Al/sz, Al/QQZ) — max min F(, A2, Y)
we Yy

<F(m, AY2wE, AY2Q%) — min F(m, AY?wer, y) (we= is defined in Def. [3.2))
Y
)\2
S%HAl/ngw — AV 2 (Smoothness of min, F(r,z,y))
Q
/\Iznax 12 A?na,x oL .
= Ao [wer —wEllx = Ao €1 (see definition of €1 in Def3.2)

which implies
A1/2 * _A1/2 T2 < )‘Iznax
A} — AV < 9 max e, (16)
QN\w

Applying Lemma for (w,Q) € W x Q, we know mingez L(m,w¢, Q¢) is fie-strongly-concave w.r.t. (.
Since ¢* is the minimizer of minges £(m, we, Q¢) and Z is a convex set, we have

IU’C * * (12 * * . * . . i

?HC = ll* <L(m,wy, Q) — c,rgnelrglﬁ(w’wk’ Q) (Strong concavity of mingeg £(m, w, Q); Lemma [A.3))
=F(m, APy, AVPQL) — min F(m, A 2w, AY2Q)
<F(m AP, AV2Q)) — min F(m, A, y)
<F(m, Al/zw;, Al/QQZ) - myin]-"(ﬂ', /\1/2111;7 y)

(Because wp = arg max,,eyy min, F(m, A2, )
Am

Si;x ||A1/2QZ - aurgmyin]:(ﬂ,Al/ZwZ,y)H2

(Smoothness of F(m,z,y) for fixed z and V, min, F = 0)
< )‘maxg
S €2

20



In the last but two inequality, we use the fact that ]—'(mAl/ 2w;;,-) is  Amax-Smooth and

V, min, .7-'(71',/\1/2111;,62) = 0; in the last equality, we use the definition of €5 in Def. Combing (b)
in Property with L,, = 1, for arbitrary s,a € S x A, we have:

* * * * AIII X
[y (s,a) — wi(s,a)l* < [I€* = GII* < ija (17)

Therefore, as a result of Eq. and Eq.:
Equ [|w;, — wE|?] <2Bgu [Jwh — wT|?] + 2B gu [|wh — wZ|2]

=2|| A" 2w — AP |? + 2Egn [Jwg — wy|’]
A2 Amax

<qlmax o4 o €9
)\Q>\w 1278

According to Lemma again, arg min, F(m,z,y) is ’\%S"—Lipschitz w.r.t. x, we have

Ea[|Q, — QF°] = |AY2Qr, — AV2QF )12
<2||AV2Qr — arg myin F(m, AV 2wy, Q)|1* +2|| arg myin]-'(ﬂ, AY2wr gy — AY2QE|

bounded by €2

Ama A3 A2
<9 gZmax  A1/2, o _ A1/2, ™2 ~ g Zmax 9 4 4 max
— 62 + )\Q H wM wﬁ” — )\2Q>\u) El + ( + )\QMC )62
As a result,
A2 Amax A3 A2
ey =4 1 + 2 €9; €0 =85 + (244 )y
)\Q)\u, 1224 Aé)\w )‘QIU’C

Theorem C.3 (Bias resulting from regularization). Let’s rewrite Eq,@ in a vector-matriz form:

A A
. 1 o\ T T 7 pT AQAATAn  Aw_ T
ur)neay}éqr)neuglﬁ(w,w,Q) =01-90]) Q+w A(R (I —~P )Q) + 5 Q AQ 5 W Aw

where v§ and P™ denotes the initial state-action distribution and the transition matriz w.r.t. policy 7,
respectively; A € RISIAIXISIAL denotes the diagonal matriz whose diagonal elements are d"(-,-). Denote
(WE,QF) as the saddle point of L(m,w, Q) without any constraint on w and Q (i.e. W= Q = RISIAL) then
we have:

Wl =w™ + (/\w/\QI F(I—APTAY(I VPZZ)A) B (/\QR - /\Q)\ww”>
Qr =Q7 — ()\U,AQI LAY — APTA( — 7P“)> B (Aw)\QQ’T (1 — V)Aflyg))

where w™ = ‘fl—: is the density ratio and QT is the Q function of m. we use PT = (P™)T to denote the

transpose of the transition matrix.
Proof. Recall the loss function

A Aw
L(mw,Q)=(1=7)04)"Q+w AR —w A —7PT)Q + TFQTAQ — TFw! Aw
By taking the derivatives w.r.t. @, since A is invertible, the optimal choice of @} should be:

Q= - AN ((T = APT)Aw — (1= 9)of)
Q@ 21



Plug this result in, and we have

1 T T T —1 T T T /\w T
z(w,w,@:—%(u—m — (1 =7PDAw) A7 (1= )0F) = (I = 7PDAw) +w AR - ZowT Aw

Taking the derivative w.r.t. w, and set it to O:

0= ALA(I — 4PT)A ((1 )W) — (I - 'yPI)Aw) + AR — AyAw
Q

As a result,

T _ 1 _ TYA—1 _ ™ -1 i o TA—1/1 _ T

W _</\wI+ S PIAT WP*)A) (AQ (I —APAY 1 — )T + R)
-1

:</\w)\QI F(I—APTA LI — fijf)A) ((1 —APANT — APTIAA YT — yPT) " (1 — )T + )\QR)

—w™ + ()\w)\QI +(I—APMA~Y(T — WPI)A) B (AQR - )\Q)\ww”>

and

QF = A (T - APT)AE — (1 - )5

AQ
E ((1 —APT) AW — (I — 7PZ[)Aw“)
AQ
1 —1
— AT - yPZ)A(/\QAwA LA —APAYI - 7PZ§)A> (AQAR - /\Q)\wAw”)
Q

:(AwAQ(z N e ’yP”)) B (AR - )\wAw”)
—(\udolI P4+ A - VP“))fl (A= 4PT)Q™ — Ay Aw")
=Q" = (MU = PT)TIA+ AT = 7P7)) - (Muo(l =7PT)TAQT + A hur)

Q" — (MAT + AT = PDAU = 7P7) " (AuAg@ + hu(l = 7)A747)

Lemma C.4. Under Assumption [T}

02(>\Q + )\Q/\wO)Q C? ()\w)\Q
(1—7)* ’ (I—=7)2 11—y

where (W™, Q™) and (W}, QF) are defined in Theorem . lz||a = 2T Ax denotes the norm of column vector
x weighted by A.

lw™ —wZ|} < Q™ — QZIR < +A)?

Proof. From Theorem we have
-1
Wk =w™ + (/\w/\QI F(I—APTA LI — VPZ)A) (AQR - AQAww”)
-1
Q7 =Q" = (Mdel + A7 (I = yPDAU = 7P™)) (MA@ + Au(1 = A1)

We use 1 € RISIMIX1 t5 denote a vector whose all elements are 1. Then, we have

-1
w™ — w3 =] ()\w)\QI +(I—- vP”)Afl(IﬁVPI)fg ()‘QR - )‘Q)‘www> I3



-1
=l (AwAQI + AVA(I = PT)ATHI = APT)AVZ) A2 (AR — AgAuw )|
<IATYAIT = 4P I = 7P (AR — Aghuu” ) |2

:HA—1/2(I _ ,yPﬂ)—lAéfr||2

Ao + Aol o
< QoA 1p prioiyg 2

- (1=
Ao + Ao A C o —
(Q(lQ,Y))lA NI =P~ (I}
()\Q-i-)\Q)\ C) 02()\Q+)\Q>\w0)2

(1 . ,Y) H dM“ (1 _ 7)4

where in the first inequality, we use Lemma : in the third equality, we use @’T to denote the @ function
after replacing true rewards with Ag R — )\Q)\ww in the second inequality, we use Lemmaﬂ IA.5[and the result
that |AQR — Ao ww™| < Ag + Ao, C given Assumptlon . in the last inequality, we use Assumption
again. Similarly,

1Q7 — QEIR <l (Mdel + A7 (1= PDAU ~7P7) (MAoQ + A — A )
=(Aghul + A2 = APTIAU = 7PTIAY2) A (3gAu@T + A1 — 1A~ 1)) P
<[AYA(1 =P ATHT = 4PT) T (AuAQAQ™ + Au(1 = 1)) ) I
[ AuAGA (I = APT) AT — yPT)TIAQT + A AV (T — PT) ) 2
SH%W(I —APT) AT = APD) AL + AGAYE (T — 4 PT) )|

1 AwA

<IN =P (T2 w0 + w1
C? Ao

<— (Z2E )P

TR T

where in the last but third inequality, we use Lemma and the fact that w™ is also non-negative. ]

Lemma C.5. Under Assumption@ for arbitrary function f(s,a),

(1 - V)ESONVo,aoNﬂ[f(S()v CLQ)] + VEs,a,s'Nd#,a’Nﬂ[wﬂ (S’ a)f(slv a/)] = Egu [wﬂ- (57 a)f(sv CL)] (18)
1 C
’YEs,a,s/Nd“,a/NTr[f2(S/v a/)] < mEs’aNdSu [f2 (57 (l)] < mEs’aNd“ [fz(sa a)] (19)
where df, = (1 = Y)E;r so.a0mdr () [Doreo V' P(st = s,ap = a)] is the normalized discounted state-action

occupancy by treating d"(-,-) as initial distribution; s,a,s’ ~ d*,a’ ~ 7 is a short note of s,a ~ d',s" ~
P(s|s,a),a’ ~7(-]s").

Proof. Eq. can be proved by the equation:
d™(s,a) = (1 = y)ro(s)m(als) +72p s|s’,a’) a’)m(als)

For Eq.(19), the first step is because v>__, ., d"(s',a")p(s|s’, a')m(als) < ﬁdgu(s, a), and the second step
is the result of Assumption |C l L]

Theorem 3.3. [Bias/ Based Assumptions in Section and Definitions above, for arbitrary 6 € ©, we
have:

Vo max min £7 (27739, w, Q) = Vo (mo) |



Sgreg + € func + €data

The bias terms €reg, € func and Edata are defined by

/ C

Efunc:: (\/C€Q+CW ’}/€ny
veoewC

[ +1CavEw)

G/ C2 Mo
oo 1—7((1—7)(1—7
’yC(/\Q +/\Q)\U,C)

+ )

(1—7)3
C%(Ag + AgAuwC) (AwAQ ) ﬂ)
(1—7)? 1—vy 1—vy

Edata ‘= (2/6@‘@5 + 2K¢ + 2K¢ + \/5/2)\/%

where k¢ and k¢ is the condition number, and

A2 Am
gy =4mAX o, oI o
AQAw i
A3 A2
= max 2 4 max
€0 2 N, C! +(2+ /\QPJC) 2

With Amax = max{Ag, \w}.

Proof. Firstly, by applying the triangle inequality:

v cP —VoJ <||v in £P v L
| o max min (mo,w, Q) — VoJ (mo) || < o Mmax min (T0,w, Q) — o Mmax min (0, w, Q)|

Bounded in Proposition @
+ 1|V max rrgn L(mg,w,Q) — Vi max égnelg L(mg, w, Q)|

t1

+ Vo J(mo) — Vo maxmin L(mg, w, Q)

ta

where we use max,, ming as a short note of max,,cgisija mingegisiaj-

In the following, we again use (w7?, Q7") to denote the saddle point of £(mg, w, Q) without any constraint on
w and @, and use (w};, Q},) to denote the saddle point of L(mg, w, Q). Next, we upper bound ¢; and t; one
by one. For simplicity, we use s,a,s’ ~ d",a’ ~ my as a short note of s,a ~ d",s" ~ P(s'|s,a),a’ ~ wp(-|s").

Upper bound ¢;  With misspecification Definition [3.2] we can easily bound ¢;:

t1 :||V913(7F9, wy,, Q) — VeL(me, wi’, Q7 )|

ST 0= B0 (@50, 00) = QF (s0,0) ) Vi log ma(aolso)]|

+ m 1Es,a,5"~dm,a’~r W), (s, a) (QZ(S/, a’2)4— (s, a’)) Vologm(d'|s")]||



1 Bt armn (5 5,0) = w (5,0)) (@', ) = QF (/') ) Vo logm(a'] )]

+ %IIEs,a,swdu,awM [(w),(s,a) —wp’(s,a))Q}(s",a")Velog m(d|s)]]|

1
G x 0 1OwG . .
SEEVZ;Q [lQu(s7a) WL (87(1)‘] + %Es,a,s’rwdﬂ,a’fvﬂ's[lQp,(s/7 a/) - Qﬁe (Sl7al)|]
(=i (s,a) <d™(s,a) < Cd"(s,a))
G * uy * e
g B | (0 (5,0) = 0 (5,0)) (@4 0) = QF ()|
vCoG . x
+ _Qv B 0,0/t mory |10} (8, @) — w7 (5, )]
G * iy VCWG T
Sil — 7\/1[‘3””9 Qs (s,a) — QF (s,a)[?] + \/IES a0t oo [| Q2 (87, 0) — QF (s, a/)|2]
+ 7\/Ed“ [lwz? (s,a) — w;’;(s a)|?|Es a5 ~dr 0’ momg [|Q7 (87, 0") — Q7 (8, ) 2]
1CoG . ™
+ - \/Eduﬂwu(s,a) —wp’(s,a))|?]
G « CWG ’YC T 2
=T 77\/C]Edu[|QM(S’a) - Q7 (s,a)?] + 1 7\/1 Eae [|Q} (s, a) — QF (s,a)?]
G ~C' x . - ”
T\ 1= vEd#[\wse(Sﬂ) —wj (s, a)[?|Eqn [|Q™ (s,a) — QF° (s, a)[?|]
1CoG -
Bl (@) = w (5,0)) )

(@wyv\/ mf ¢ ”EQ?;C HCQ\@)

1
In the last equation, we first use Eq. in Lemma and then apply Proposition

Upper bound ¢, Similarly, we can give a bound for ¢5:
ta =||V0J(7T9) Vo L(mg, wz”, Q"))
<17||(1 —E, e [(Qm (50, a0) — Q7 (s0, ao)) Ve log mg(ag|so)]
+ 1B [0 (s5,0) (@™ (s',0') = Q' (', ) ) Vo log m(a']s)]|
+ ﬁllEdu[(w“" (s,a) —wp’ (s, a)) (Q’”’(s’, a') — QF (s, a’))vg log w(d|s))]]|

* %IIEM [(w™ (s, a) = wi’(s,a))Q™ (s, a') Vo log m(a|s")]|

1
B 0™ (5.0) (Q" (5.0) = Q' (5,)) Vo log n(al )| (Eq.(18) in Lemma [C5)
T By (07 (5,0) = w3 (5,0)) (@7 (5", ) = QF () ) Vo log (el )|
+ ﬁnm,a,swdu,ww [(w™ (s,a) — w}* (s,a))Q (s',a') Vg log m(d|s")]|
< B Q7 (5.0) - QF (s
B (07 (5,0) = 0 (5,0) (@7 (')~ QF (5|
G

+ Es a5/ ~dm,armme[[W™ (5, 0) — wi (s, a)]
(1—=79)? ! - 25



<q VB~ QE P B [0 )~ )

G
B [0F (5,0) = w7 (5. 0P ety [Q7 (') — QF (') ]

s%\/EduHQwe - QP+ aﬁy\/Edu[l(w”(s,a) —wg'(s,a)l?]

Ty T B0 (5.0) — w5, ) PEa[Q7(5,0) ~ QF (5.0)2] (EafITin Lenma [0
G [ g 100G+ AMC) | C20g +2MC) Mg 2C
< =+ >\w =+ =+ /\w e
1—7((1—7)(1—7 : (1=7)° =P 1y M l—v)

D Missing Examples and Proofs for Strategy 1

D.1 Equivalence between Stationary Points

Theorem D.1. [Equivalence Between Stationary Points] Under Assumptions in Section given Z and 2
with finite Cg and C\y, suppose there is an Algorithm provides us with one stationary point (01, lr,&r) of
the non-concave-strongly-convexr objective maxy ¢ ming LP(9,¢,€) after running T iterations, statisfying the
following conditions in expectation over the randomness of algorithm.

E[[[Vo,c L7 (07, (r, dor (Cr)] =ElIVoLD (07, Cr, S0z ()| + IV L7 (07, Cr, dor (Cr)) ]
9

et D(rc+ 1) (20)

where ¢p(¢) = arg mingz LP(0,¢,€) and k¢ and ke are the condition numbers, then in expectation O is a
biased stationary point satisfying Eq..

Proof. Eq. implies that
€

max (B[ VoL (Or, Cr by o) EINTCL? O, o600 @D} < (s

(21)
We can upper bounded E[||VyJ(mg,.)||] with the triangle inequality:

E[|Vod (mo,) ] SE[|VoL (Br, Cr, do, (Cr)) | +E[IVo LY (01, C*,€%) = VoL (O1, (1. b0, (¢r))]
Bounded in Eq.([21)
+E[[VoL? (07, C*,€) — VoI (7o) ]
Bounded in Theorem3.dl
+ €func + Ereg + Edata + B[ VoL (01, ¢, &%) — VoL (07, (1, 0, (C1))) ]

£
_(1435 + 1)(&4 + 1)

where we use *,£* to denote the saddle-point of max¢ez mingez £ (07, ¢, €); in the last inequality we use

Eq. and Theorem

Next, we try to bound the last term. According to the definition, * is also the maximum of function

@y, (-) = mingez LP (07, -, €) defined in Lemma Applying Property (2) in Lemma Lemma and
inequality (21]), we obtain that

€
(ke +1)(ke +1)

1 1
< — @ = —||VeLP (07, Cr, b0, <
1¢r = ¢*[I < MII o, (C7) | MCII ¢ 2E5T Cr, dor (Cr))|| < e



Then we can bound:

IV LD (07,¢%,6%) — Vo LP (01, Cr, b0y (Cr))|
<L|¢r = ¢l + LIE = o, (¢o)) Il = LlICr — CFI| + Llldor (¢*) = dor (Cr))l

. ER¢
<(L+L — < —
S+ gl = L < T

where in the first inequality we use the smoothness Assumption |A] and in the second inequality we use (1)
in Lemma As a result,

3 ER¢
El||VoJ < unc re ata
[” 0 (WGT)”]_(Hg-F].)(Hg-I-].)+1+l€<+€f +e g+€dt

<e+ Efunc T Ereg + Edata

L]

In the following subsections, we will introduce the Projected-SREDA Algorithm revised from [Luo et al.l
2020] and prove that it provide us a stationary points required by Theorem [D.1

We choose © = R% = = =, and Z = {(|||¢|| < R'}, where = is defined in Property and R’ will be
determined later. For simplicity, we use £L” = —L” to denote the minus of original loss function, which
should be a non-convex-strongly-concave problem and aligns with the setting of |Luo et al.l [2020].

D.2 Verification of the Assumptions in [Luo et al., [2020]

In this section, we verify that Assumptions 1-5 in [Luo et all [2020] are satisfied under our Assumption
and

Assumption 1

inf  maxL?(6,(,¢€)

0eR90 (eZ EEE

” A Aw
> max (1= 9)[[vh) " Bg] + IS 2L AP R+ ISIIMEN + T2 12Kl + F5 < 1K
0€Rm0 (€ Z,E€E
AQ g2 4 Mw
>— max  (L=7)+ [+ @+ IChlEl ++ 5l + S el
0cRY0 (€ Z,E€E

Because ||¢|| and ||£]| are bounded for arbitrary (,£ € Z x =, Assumption 1 holds.

Assumption 2 The proof is almost identical to the proof of Property (b) and we omit here. Assump-
tion 2 holds by choosing L according to .

Assumption 3 Under our linear function classes setting, it holds obviously.
Assumption 4 Hold directly by choosing p = Agvg.

Assumption 5 Identicial to the Condition We prove Condition holds in Appendix [B] under our
Assumptions.

D.3 TUseful Lemma

In this subsection, we first prove several useful lemma.

Lemma D.2. Under Assumption@ for arbitrary 0 € © and § € E, the solution for max cga, L£LP(9,¢,¢)
has bounded {5 norm.
27



Proof. Recall the loss function £7:
A Aw
£P(7,¢,€) = (1= (Wp) et + T BIAPR = (TM£ + T Kot — T TKuC

Taking the derivative w.r.t. ¢ and set it to 0, we have:

1
("= K (@A R - M)

Given that ||€|| < Re for £ € Z, we have:

1
AwVw

* 1 —
IC7 1 <5 IRl @ AP RI|+ Ml fi]l) < (14 (1 +7)Re)

L]

In the following, we will use Ry := ﬁ(l + (1 + v)R¢) as a shortnote. Next, we are ready to prove the
following lemma which is crucial for the analysis of the effect of projection step.

Lemma 4.2. According to Alg at iteration k, we have (y € Z, Cl:_Jrl = (p — nkvi and Coy1 = PZ(C;H)-
Denote Ry = )\wlvw (14 (1 +v)R¢) where Re is defined in Property . If we choose 2 = Zy and Z =
{CIIIKIl € R’} with R' > Ry, we have:

(VeLP Ok, G k), Corr — Giy)

_ Ro+millvil
Sek———— ¢,
R+ v

IV LP Bk, Cs )| VE -

Proof. First of all, if Clj+1 € Z, then (i1 — C,;LH =0, and the Lemma holds. Therefore, in the following, we

only consider the case when C,;:l ¢ Z. Because (i € Z, in the case, we must have Hvi” > 0.

Because we are considering Z is a high dimensional ball. For C,L_l ¢ Z, we have

R/
Cht1 = PZ(Clj+1) = Clj+1 T
[fowey|
which means,
R/
Ch1 — C;_H = ( ¥ - 1)Clj+1
1€

Denote (f = mincez L2 (0y, ¢, &). Then we have:
<VC£’£)(0/€7</€7£/€)’C/€ - CZ> > 07 ||<l:|| < RO

Then we have:

(VeLE Ok, Chr k) Chogr — Gir)
IV LP (B, Cry &) IVE]

:( R/ _1) <VC£9(9k7€k7£k)7CIj_+l>
Gl IVeLP 0k, Crr ) IVE
LB LRk G 6 G — iV £ G

16 IVeLL Ok, Cr €)1 vidg



R (Ve LD Ok, Cry k), G — €1 R (VeLP Ok, Chy k), G — V)

=( - 1) +( - 1)
[femy| IV L2 (0, Gy )1V [feumy IV L2 (0, G 0)IIVE
smaller than 0 larger than 0
() VL0 G ), G = mevi)
G IV LD (01, S &) IV
R G+ mellvl
<(1— —— )=k c E (¢l = R and (a,b) < lalll|b])
||Ck+1|| ||V1<;||
R Ro + ni || vl ¢
<(1— (NSE L < B+l lvel)
R+mllvell” vl "
Ro + ni | vl
kT ¢
R+ ne|lvll

Because R’ = 8max{Ry,1}, and ||vi| > ||vi||, we have

Ro + mellvill _Bot+melvell _ Bot iz _ Ro+1 _ 1
R mlvill R Fmellvill = Rt g5p T RA1 74

where in the third inequality we use the constraint that ¢ < 1 and the fact that k¢ > 1,L > 1 in our
setting. ]

D.4 Main Proofs for Theorem 3.1

The proofs for Theorem is almost the same as those for the original SREDA algorithm. We will only
show those key Lemmas or Theorems in [Luo et al., 2020] which need to be modified as a result of the
additional projection step, and omit those untouched. In the following, we will frequently use a:;: 41 to denote
(Ok+1, (,;:1) before the projection and use xi41 to denote (6x11,Cr+1) after the projection.

First of all, the following condition still holds

2 + 2 €

[Trt1 — 2l < oy —@ell” < 252
where the first inequality results from the property of projection and the second one holds because of the
choice of learning rate 1. The condition above corresponds to the ||zg1 —2||? < €2 in [Luo et al.,[2020]. As
a result, all the Lemmas and Theorems in the Appendix B of |[Luo et al., [2020] still hold for our Projected-

SREDA. Besides, because the PISARAH will not be effected by our projection step, the results in Appendix
C of [Luo et al., 2020] also holds.

Similarly, we consider the following decomposition:

LP(wpi1, 1) — L2 (x, &) = LP (wp41, &) — L2 (@r, &) + LE (2hr1, Err1) — L2 (@p41, &)

Ag By,

Because the proof of Lemma 14 and Lemma 15 in [Luo et al., [2020] only depends on the previous lemmas,
they still hold and we list them here.

Lemma D.3. Under Assumptions of Theorem we have E[By] < % for any k> 1
Lemma D.4. Under Assumptions of Theorem[D.5, we have

15

—e

E[[ Vo, max £2(6,¢,€)|| < Ellvil +

However, the final proof for Theorem can not be adapted from |Luo et al., |2020] directly because of the
projection. In the following, we show our proof targeéugd at our Projected-SREDA:



Theorem D.5. For e < 1, under Assumption[4] [B, with the following parameter choices:

, 1 1 1+~
= 1 1 1 =— (1 =)y s
R = Smax{ 5o (1 (1+9) R, 1) Re = o (1= 1) + 2
e e 1 1 2250 4 5, 3687 o
nk’mm(mgLuwll’10m5L)’ A=gp SielggoreTl S=lmgreal, a=l,
50ke LALP
ALP = max  LP(0,¢,6) — £ (60, ¢0, &), K= [L] and m = [1024k¢|

0€0,CEZ,LEE g2

and the same parameter choices for PiSADAH as in (Luo et al., |2020), Algom'thmla outputs 5, E such that
B[ Vo ¢ max £20..9)] < O¢)
with O(kge™?) stochastic gradient evaluations.
Proof of Theorem[D.3, Based on the update rule of 6 and ¢ in Algorithm [T} we have:
Ag S(VG,CEQ(xkfk)vka — ) + %ka+1 - $k||2 (Smoothness of E’?)
<V, L2 (r, &), w0y — w) + (Vo L (wh, &) wpr — 2 ) + %Hxiﬂ — zp|?
(the property of projection)
= — (Vo c L (x1, &), vie) + (Ve LE (2, &), Gopr — C;j+1> + LTniHVkHz
<~ (VL2 .60, vi) + VLD w60 I+ 22 (Lemma [2)
< (0.0 £2at, 6),vi) + e+ 0 L2 s ) — vil vl + Z
(Triangle Tneq; [V < Vil VL2 < [Voc£2]5IVeLD = v < [Va.cL2 — i)

Mk ne L} i
Sgllve,cﬁf’(wk,fk) — Vil — (G~ 7’“)IIVkH2 + Z\Ive,cﬁ’f(%fk) —villlvell  (IVecLP]| > 0)

The choice of the step size implies that

S : AL
_ 7 _ v
k¢l 2003L° 20m¢Llfve]|  50s2L]vgl2”" "

1 3¢ 9
: Hivel
50/%5[/ 100H§L||Vk||
, (IIVkII HVkIIQ)
~50k¢ L e 7 2e?

(el )

TS50kl €

L 2
(£ = =) [va? > min{

> min{

52

(min(|z], 2%/2) > |z - 2)

1
= — 92
50K§L(€\|Vk|| %)

Therefore,

E[Ax] < ! E(IVe,c L2 (w, &) — vil?] — (el vill = 2¢2) + =——E[||Vo,c L2 (wx, &) — vill]

= 20ke L 50k¢ L 20k¢ L

1 1 €
<——FE[|Vg,cLP —vil?] - —2e) 4+ ——\/E Lo — v |2
<o BV L2 @ 6) = vel) = g el 5>+20H5N [1¥0.0£P (. &) — vl



119 L, 1 , e [19
_9 ] =
30wl T1257€ © " Bomer CIVEl m 250+ 5507V s e

(Corollary 2 in [Luo et al.| [2020])

52

1
< - -
S90meL  50re Vel

Therefore, combining with Lemma and taking average over K, we have

K—1 9

1 € 1 134¢2
— E[L D —
Z Dl o) = L2000 80) S 3 (5~ el + )
Consequently, we have:
= 135¢2  ALP

< -~
50/<;LKZ” vl <%+ &

which means

K-1
1 Z 50ke LALP
i < [ S—
K~ Ilvill < 67502 Ke

Under Assumptions [A| and [B| and Condition that that both Z and = have finite diameter, AL is a finite

. 50k LALD
constant. By choosing K = f%], we have:

K—1 K-
1
E|V £P (o, E|V LP (65, G, (E + —) <6754
Vo, max 0.2, Z | 0. Thax (O, Crs € ;; [Vl ) £
which finishes the proof. L]

E Concrete Examples for Saddle-Point Solver Oracle

E.1 Connection with Previous Methods

The inner optimization oracle in our second strategy essentially solves the off-policy policy evaluation prob-
lem, i.e., given a policy, compute its value function and marginalized importance weighting function. Among
the plethora of works studying off-policy policy evaluation with linear function approximation, [Liu et al.
2020] connected the GTD family and stochastic gradient optimization, and established finite-sample analysis
for their off-policy algorithms. Their convergence rate is worse than ours, because their objective is only
convex-strongly-concave, whereas our objective is strongly-convex-strongly-concave thanks to the regular-
ization on the parameters of the @ function.

Besides, [Du et all [2017] adapted variance-reduced stochastic gradient optimization algorithms for policy
evaluation, which can be extended to off-policy setting. However, they focused on the finite-sum case and
their algorithms will be inefficient for our purpose when the dataset is prohibitively large. Besides, they did
not analyze the bias resulting from regularization and approximation error, which we do in this paper.

E.2 The First Example for Saddle-Point Solver Oracle

In the proof of Property we show that in our linear setting, it’s possible to derive a close form solution
for ¢*,&* = argmaxcez mingez L2 (0, ¢, €) for arbitrary 6 € ©:

G =(MoreKa +MWK51MI)_1(—31( VMLKG ®5Up + Ag®LAPR),



—1
¢ :(AwAQKQ + MIK;lMﬂ) ((1 — B + MIK;“IJ;ADR)

Therefore, we can directly use our sample data to estimate K, M, ® AP R and ®" v}, and then estimate
(¢*,£"). In this section, we provide an algorithm based on this idea in Alg. |3} and prove that such algorithm
satisfies the requirement of the ORACLE in Definition [5.1

E.2.1 Estimation Error of Least-Square Oracle

We first show a useful Lemma:

Lemma E.1 (Matrix Bernstein Theorem (Theorem 6.1.1 in [Tropp} 2015])). Consider a finite sequence
{Sk} of independent, random matrices with common dimension dy x da. Assume that

ES, =0 and ||Skl| <L for each index k

Introduce the random matriz
Z=>) S
k

Let v(Z) be the matriz variance statistic of the sum:

v(Z) = max{[[E(ZZ")[|, [E(Z"Z)]}

=max{|| > E(SeSp, | Y E(SiS)ll}
i i

Then,

1
E||Z|| < v/20(Z)log(di + do) + ngOg(dl + d2)

Furthermore, for allt >0

42
P{||Z]| > t} < (d1 + da) exp (U(Z):/L?t/?,)

For Algorithm 3] we have the following guarantee:

Proposition E.2. Suppose we have N — (s, a,r,s',a’, aq) tuples independently sampling according to dP x ,

and N > max{20% + ‘“’T‘“‘“, 205, + %}% log %. For arbitrary 1/5 > 6 > 0, with probability at least

1 — 56, Kw, IA(Q, M are invertible and their smallest eigenvalues (for M we consider the smallest sigular
values) are larger than v, /2,vg/2 and var/2, respectively, while the following conditions hold at the same
time:

1Ky — Kol ggNiaulog?jL ?\‘[’% 1og%d:0( ‘;\‘[‘a”)
Ko~ Rol <57—log 5+ 3% g 5 = 0(-75)
M — S = 7 - S <2 0 2 [ 20010 2 o L
67 — gl <ga—tos 5+ [ 22 tog 3~ 0(2)
i — vl < g os 20 + /370 10g 2 = 0
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Proof. First, we try to bound ||K,, — K,||. We take a look at a series of random matrices
Ai = Ky = du(si ai)pu(sia) ', i=12,..

where (s;,a;) are sampled from d” independently. Easy to verify that A; has the following properties as a
result of ||@w(s,a)|| < 1:

E[A] =0, [Aill = Ky — du(s,a) @u(sia) 'l <1

Under Assumption D] according to the Matrix Bernstein Theorem and the union bound, we have:

1SN, A ol ol
P(ﬂ 2 5) SP(O'max(Z Az) Z Nalls) + P(Gmax(z _Az) Z Nallg)

Nau i=1 i=1
Na”E2/2
<2d -
<2d exp( ok + 5/3)
which implies that, with probability 1 — §:
~ 2d 202 2d
1Ky — Kol < oo log == 44| T log = = O(— =)

3Nau d Nau d vV Nan

The discussion for KQ is similar and we omit here. As for |M, — ﬁﬂH, notice that,

Mz — ($u(s,a)pq(s,a) " = ydu(s, a)pg(s’,a))]| < 2(1+7)
IM; = (¢ (s, a)du(s,a)" —1dq(s',a)du(s,a))l| < 2(1+7)

Therefore, w.p. 1 — 4,

4(1+9), 2d 203, . 2 oM
log — + log— =0
3Nau 875 Nan &5 ( Nau

IM; — M| = [[M] - M]|| < )

As for the bounds for the difference of vectors ||u% — u7|| and ||ug — ug||, since vectors are special cases of
matrices (or we can concatenate the vector with a zero-vector to make a n x 2 matrix and make the proof
more rigorous), again, we can apply the same technique again. Notice that,

lug — ¢u(s,a)r(s,a)ll <2
[u} — pq (50, a0)| <2

Besides, for random column vectors x with bounded norm, we should have
||E1[xw-r]” < tT(]Ez[LCQL'T]) = Ex[tr(xx-r)] = Em[x—rid = ||IEI[$Tx]||

As a result, combining Assumption [D] we have
4 2d 202 2d
u —ul|| < ——1log — + Ylog — = O(—=—=—=), w.p. 1-9§
I I< sy loss +y 3, 108 ( %Na”) p
2d 2d R
log — =0
S g5 = O N)

20%, )
Nay v ’

Therefore, w. p. 1 — 2§ the concentratlon results in this Proposition hold. Next, we derive the smallest
eigenvalues of K., KQ and M, when n is large enough. For arbitrary z € R¥! with ||z|| = 1, we have:

o
g wp. 1—90

[Ur —ug| < 3N

2 Kyr =2 Kpz+ 2" (Ky— Ku)z > vy — [|[Ku — Ko

83



xTIA(Qx ZZ‘TKQ:L‘ + xT(IA{Q — KQ)CL‘ > vg — ||KQ — IZQH
|2 T Myz| >|z Mz| — |27 (M — M)z| > vy — |M — M]||

Therefore, easy to verify that, when the concentration results hold,and N > max{8Z + 16 8‘7K +30-, 87K o K4

3V ? 3UQ
32;1];7)}1 Qd, Kw, KQ, M are invertible and their smallest eigenvalues (for M we conmder the smallest
sigular values) are larger than v,,/2,v¢/2 and vy /2 []

Next, we are ready to show that Algorithm [3]is also an example of the Oracle Algorithm.

Theorem E.3. Algorithm[3 satisfies the Oracle Condition[5.1 with 8 = 0 and arbitrary ¢ > 0, with a proper
choice of Ny .

Proof. Denote ¢*,&* as the saddle-point of £ given 6, and use C * §* to denote the ¢ and & in Algorithm
before the projection. Given the proposition above, we are ready to bound ||¢* — C*|| and lle* — &*||. We
list two properties below which we will use frequently later. Firstly, for arbitrary invertible d x d matrices
A and B, we have:

AT =B~ =[|AT}(B - A)B™| < [AT]|B - A[|B7Y
Secondly, for arbitrary d x d matrices X1, Y1, X2, Yo, we have:

[X1Y1 = Xo Yo = [[X1(Y1 — Y2) + Yo (X — Xo) || < [[Xa[[[[Y1 = Yol + [[Y2lf[[X1 — Xz

Then, we have

Icr = ¢
<(1 =N (MwreKu + M,TKE;MI)%MWK; ~ (MuroKo + ﬁﬂﬁélﬁi)flﬁwﬁg)ugu
(1=l (MoK + MR ) MRS (a7
(MoK + VLRGN ) Aq(un — )]
I (AwroKu + MﬂKélMI)_l ~ (MoK + ﬁwﬁélﬁj)_l)AQuRH
<(1 =) (MoK + MﬂKéle)_lnnx\w)\QKw + M,Kg5'M, — A, AoK, — M, K5'M] |
I (AuraRKo + MLKG'MT) MK
+ (1= (AAeKy + ﬁwﬁélﬁj)flﬁﬂﬁ—lunmm—l - MK
- e s
20l (MuAaKu + MKFM, ) [AAKy, + MK My — Ay AgK,, — M RN

~ o~ o~ —~ 1
H()\w)\QKerMﬂKélMI) AoroKy + MK 1MT) I

~ o~ - —1
. H(Aw/\QKw + MﬂKélMI) I

1 oM = OK o, AQOR
= AwAQok + — + =) + +
(’UQ()\w)\Q’Uw + ’1)12\,[)2 Nau ( QUK VQ Ué ) UQ(/\U)\QUU, + U12\/[)\/Nall ()\w)\va + U12\4) Nau

+

)\Q oM 0K 2d
AwAO0K + — + —=) ) log —
()\w)\Q'Uw + 1112\/[)2 Nau ( QUK vQ ’Ué ))34g 1)



1+)\Q’UQ oM 0K oy )\QO’R — 2d
:O( AwA ) Nanl
vaOhqua + 037 WATK TS o ) i Barare + %) T Dugve + ) RS

where we omit constant number in O(-).

Similarly, we have
ler — &
<10 = o ((AuroKe + MIK;lMﬂ)il — (MroRo + ﬁ;f{;lﬁﬂ)*l)ugu
10— (MroRo + MR, ML) (o] —a7)]
+ ((AwAQKQ + MIK;IMW)_IMIK;l - (AwAQf{Q + ﬁ:ﬁ;lﬁﬂ)_lﬁiﬁ;l)@n
+l(AAeRa + MUK, ) - MUK, (un — )|

AwVw + 1 oM OK OR AwOy 2d
—o( ot A A S ) v/ Nalog =
Uw()\w)\Q'UQ + vlz\/[)2( wAQIK Vw * U?y ) + vw()\w)\QvQ + UIQ\/I) + ()\w)\Q’UQ + ’Ulz\/l) m 08 )

As a result, for arbitrary 1/5 > § > 0, w.p. at least 1 — 50,

\/||C* =P E = &2 < I =l + 1€ = €7l
—O( 1+ Agug O’iK)Jr oy + AQOR
0o (AwAQUw + Vi) 2V Nau vé 1o (AwAQUw + V3V Na  (AwAQUw + v31)V Nau

AwVyw + 1 oM = OK OR AwOo 2d
Aw — ) N, log 22
'Uw()\w)\QUQ + 'Ulz\/[)Q( QUK+ UV * U'?u ) * 'Uw()‘w)‘QUQ + U12\/I) - ()\UJ)\QUQ + 'Ulz\/l) \/7” o8 1)

Mook + M 4
vQ

+

(22)

For simplicity, we use Cg to as a shorthand of

1—|—>\Q’UQ oM oK oy )\QO’R
Mook + M 4 Ty +
(vQ()\w)\va + U12v1>2( wAQIK v Vg ) 1o (AwAQUw +v31)  (AwAQUw + Vi)
Awlw + 1 OR A0y )

+
vw(AwAQue + v}y) vu(AwAue +131)  (Awdqug +v3y)

0K

+
2
Vw

)+

g
D) ()\u;)\QJK + M +
(o

Next, we try to convert the above high probability bound to an upper bound for expectation. We use X to
denote ||¢* — ¢*]|? + ||€* — £*||* and treat it as a r.v.. Then, we have:

2
P(X < CLs log? 2ii) >1-58

Nau d
or equivalently,
VTN,
P(X <2)>1-10dexp(— é )
LS

Therefore, computing the expectation of the distribution described by the following C.D.F. can provide us
an upper bound for E[X]:
T Nau

Crs

Fx(z)=P(X <z)=1-10dexp(— )

As a result,

E[X] S/OO (1= Fx(z))dz = /OO 10dem(—@)dm

=0 35 Ja=0 LS



e} CQ CQ
:IOd/ exp(—z)d—L2 22 = 20d L5
=0 p(=) Nan Nay

which means that,

* w2 *  x|2 C%S
Efl¢™ = 7 + €7 — €[] = 20d == (23)
all

Because ( € Z and £ € =, the projection can only shrink the distance:

E[||¢* — P7(C*)|? + €% — P=(€9)I1”] < E[lI¢* — C*|I? + [l€* — €)1

2
As a result, for arbitrary ¢, we can choose Ny = QOd% in Algorithm and Algorithm (3| satisfies the
oracle condition with 8 = 0:

E[|Pz(¢) = ¢*I* + 1P=(&) = €1 < c (24)

]

E.3 The Second Example for Saddle-Point Solver Oracle

In this section, we provide another example for the oracle in Definition [5.1] based on first-order optimization,
which is inspired by SVRE|Chavdarova et al.| [2019].

E.3.1 Proofs for Algorithm 4

For simplification, we will use w = [(,&] € ZxE := Q to denote the vector concatenated by ¢ and £. Similarly,
gt = [_gtc7 gfL and FN (LU) = E(s,a,r,s’,ao,a’)NN{[_VC‘C(&GJ-’S 40,4 )(97 C7 5)7 vgﬁ(s,a,r,s 40,4 )(9, Ca 5)]}7 where
N is the mini batch data sampled according to dP, and VL(5:®7s 000 )(9, ¢,€) is the gradient computed
with one sample (s, a,r,s',ag,a’). We use F(w) := Ey~p[Fn(w)] to denote the gradient expected over entire
dataset distribution. Besides,

nge =[-ncgs,negi); n?llwll® = nglIC? + ng €13 pllwll® = pellCl? + pell€l?
L2|lw|®> =LZ|[CI? + LElIE®s  n*L? = nZLE +niL; M = e + Ne e

The update rule for Algorithm [4] can be summarized as

Extrapolation : w12 = Po(wr —n9:)
Update :  wiy1 = Pa(ws — n9ge41/2)

Besides, in this section, the expectation E concerns all the randomness starting from the beginning of the
algorithm.

Lemma E.4 (Lemma 1 in [Chavdarova et al.} 2019]). Let w € Q and w™ := Po(w+u), then for all w' € Q,
we have

lot =o' < Jlo = w'* + 20 (W = W) = [lwF —w]?
Lemma E.5 (Adapted from Lemma 3 in [Chavdarova et al., 2019]). For any w € Q, when t > 0, we have
et 1 — W||2 < lws — W||2 - 2779;1/2(%“/2 —w) + 772||9t - gt+1/2|| - Hwt+1/2 - thQ
and when t = 0, we have

Jeor = wl® < o —ggll> = 2193 (1 — )



Proof. For t =0, by simply applying Lemma for (w,u,wt,w’) = (wo, —ngq ,w1,w), we have:

lwr = w[? <Jlwo — wl* = 2ngg (w1 — w) = [lwr = woll® < flwo — wl* — 2ngg (w1 — w)

For ¢ > 0, the proof is exactly the same as Lemma 3 in [Chavdarova et al., [2019]

Lemma E.6 (Bound [|g; — giy1/2/|%). Fort >0, we have:

Ellge = ger1/2l*] SI0E[| Fy (we) — Fy (w")|?] + 10E[| Fx (") = Fyv (we-1)|*] + SL*E[[|we — wi1/2]]

Proof. For t > 0:

E[|lg: —9t+1/2||2]
=E[||Fn(w) = Fy(wi—1) 4+ mi — Fno(weg1)2) + Far(we—1) — my)?]
=E[||Fn (w;) £ Fn(w*) = Fy(wi—1) = Fnr(wig1/2) £ Fyr(wy) £ Fyo(w*) + Fr (wy—1)||?]
<SE[|| Py (we) = Fn(w")|*] + 5E[[| Fn (w*) = F (wi—1)]?]

+ SB[ Fivr (weg1/2) = Five (we)|I°]] + SE[| Fve (we) — Five (w)|°] + SE[| Fys (w*) = Fivr (wi-1)]*]
=10E[|| Fx (wr) — Fi (@) ||*] + 10E[[| Fiv (w”) — Fx (wi—1) 1] + 5E[| Fn+ (e 1/2) — Favr(wr) ]

where in the inequality we use the extended Young’s inequality; in the last equation we use the fact that

En~pll|Fn(we) — Fx(w)[*] = Ex'anll| Fy (wi) — Fye(w)]?],  Vw € Q

Besides, according to Assumption

As a result,

Ellg: — gr41/2/I*) S10E[||Fn (we) — Fnv (w*)|*] + 10E[| Fn (w*) = Fn (we-1)[1*] + SLE[[|we — wes1/]]

E[| En: (wey1/2) — Fno (we) [°] < L2E[[Jwe — wis12]l]

Proposition E.7. With Property for arbitrary 0, the operator F(w) satisfying:

(F(wl) — F(w2)>T<OJ1 — wz) > pflwr — woll?

Proof. Based on Property we have:

L£2(0,61.62) > = £2(0.C2.&) = VeLP(0.6.6) T (2 = 6) + 16— G
L2(0,2.61) = = £2(0.C2. &) = VeLP(0.62.8) (G = &)+ 162 — G
(6,61,62) 2LP (0,61, €0) + VeLP (0,61, 6) T (€2 — &) + EEll&2 - &
(6,C2,61) 2LP (0, G2, €2) + VeLP (0,2, &) " (61— &) + 5o ll&2 — &

ED

‘CD 074%51

Sum up and we can obtain

(Flon) - Flen)) (i —w2) = (F(G1.60) - FlGa&) ' (61611 - o))

T T
=- (VCED(97 ¢, &) — vqu(a,@’@)) (G —¢) + (VEED(Qa G,&) — VeLP (0, C2,§2)> (&1 —&2)

>pcllCz = GulI* + pelléz — &l = pllwr — wal®

37
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Theorem 5.4. Under Assumptions in Section[2.2, in Algorithm[] if step sizes satisfy

1

[ —
"= B0max{ L, )’

P —
"= B0max{Le, e}

after K iterations, the algorithm will output (Cx,E&k):
Efll¢x — ¢*II* + [l€x — €117
201 1|2 (2
<20 (1 Y "By — ¢t + o — €°1P)

N 8o LS
min{ &% EEEVMN| e pe

where (C*, %) is the saddle point of LP(0,(,€) given input 0.
Proof. When t > 0, from Lemma [E.5] we have

llwssr — W*H2 <lws — W*||2 - 2779;1/2(%“/2 —w") - ||Wt+1/2 - wt||2 =+ 772||9t - 9t+1/2\|2

Next, we use Py to denote E|lwiy1 — w*||?] + 7E[|| Fx (w*) — Fx(wy)]|?], where 7 will be determined later,

then we have

Piy1 =E[llwrpr — w*[|*) + 7E[| Fy (w*) — Fn(w,)||?)
<E[|w; — w*[I”] = 20E[F (wig1/2) T (Wig1/2 — )] = Elllwrg1/2 — will?]
+ 7°Elllg: — ger1/2l1°] + TE[|Fn (W) — Fiv (wy)]|?]
— 2E[(my — Fwi—1)) T (wig1/2 — w*)]

(Elg/) 1 jo(Wit1/2 = )] = E[(F(wit1/2) = Flwi-1) +me) " (Wip172 —w

<E[|lw; — w*|*] = 2nE[F(wes1/2) " (Wir172 — w*)] = (1 = 50* L) E[|wig1 /2 — wel|’]
+ (7 + 109*)E[|| Fx (w) — Fy (w*)|*] + 100°E[|| Fn (w*) — Fy (wi—1)]|]

o+ 203/l — F(wr—1) 2Bl i 12 — 1]

(Lemma and Cauthy Inequality: E[a'b|c] < v/E[]|a]?|c]E
<E[||lwr — w*||*] = 20E[F (wi11/2) T (wip1/2 — w*)] = (1 = 50° L*)E[[|wp s 12 — wil|’]
+ (7 + 10°)E[||Fy (wr) — Fv (w")[*] + 100°E[| Fy (w*) = Fiv (wi-1)]|*]
8
+ g
W

<E[|ws — w*[|”] = 2nE[F(wiy1/2) T (Weg1/2 — w*)] = (1 = 250°L? = 27 L*)E[[|wyy1/2 — wil?)
+ (27 + 20 )E[|| Fn (wiy1/2) — Fn (")) + 100°E[|| iy (w*) — Fv (wi—1)|’]
802 ey K

2 * |12
= (XL =1 _ E —
+ |N|(M< R (Elllwis1/2 = wiell” + Ellwr — w™[|7])

p "
e = Flwr-1)[”] + S Ellwesr/2 = w1 (2v/aTb] < [lall* + [1BI*)

(Condition Young’s Inequality; E[|| Fx (wit1/2) — Fn(we)[|?] < L*E[[|wit1/2 — wel|?])

<E[|lwr — w*|*] = 20E[F (wet1/2) T (Wep1/2 — w*)] = (1 = 250°L? — 27 L) E[|wp1/2 — wel|*]

+ (27L + 2002 L)E[(Fxn (w*) — FN(wt+1/2))T(w* —Wyy1/2)] + 10n°E[||Fy (w*) — Fn (we—1)||?]

8L ne Mgy, HM
G e T
[ — ) — (20 — 2007 — 2 D)BI(F (i 1/2) — F(w) (i1 — 7)]

= (1= 250°L% = 27 L*)E||wr 1 /2 — will*] IO E[[[ Py (w") = Fiv (we)|’]

(Elllwes1/2 — well* + Efllwe — w*[1]) (Assumption [B.4)



802 n un *
5 o5 o S (Ellwye — wrll® 4+ Ellwr — w0 )

IN| uc He
By Prop. [E.7] we have:
* IJ’ *
(F(w*) = Fwyg1/2)) T (@ — wyy1/2) > pillw* — wyprjol® > §||wt — w*|)? = pllweg 2 — wel? (25)

By choosing 0 < n¢ < and 7 = 1512, we know

1
50 max{L¢,uc}’ 0< nf — 50 max{L5 pe}’
2n — 20Ln?* — 2rL = 2y — 50Ln* >0

As a result, we can use to get:

Py <(1 = pm 4+ 10> L + 7L + %)E[Ilwt - w*|?]

— (1 — 2502L2 — 27L? — 2un + 20uLn? + 2urL — ﬂ)}E[Hth/Q — w3

077 * 2 80 775
-l-iTE Fy(w*) — Fn(we—
1 () = v )P+ o (2 o 2
<q-3 — 272 4 9 50uin? — 1)E — wy|?
<( 4/M7+25,U77 L) E[flws — w*||’] + (550 L? + 1Hn = 50pLn ) Efllwis1/2 — well”]
P1 P2
2R () — F(we) ) + S (T 4 T
3 INT e e
since 0 < pu < 1/50 and 0 < nL < 1/50
3 25un %
<l ZSpp4 2B _ g B1
1M1 50 4
11 9 119
2 < — 47 _1<o
P2 =500 T 200 ~ 1= 500 T 200
As a result
Prt <(1— PME[uw, — o |?) + 2E[ Fx (') — Fw ()| + S0 (T 4 )
4 3 INT e pe
. b1 802 ne
S(lfmm —, )PJr + =
I REDAL |N|(uc e
2
#77) 80° n¢ | Me
=1—-— )P+ — + un <1/50
( 4" INI(uc us) ( /50)
un)t 80 ne oM
<(1-H1\'p SIS
<(1-F) P+ e g i * )
u”)t . . 2 80 ne ., M
=(1—-=") (E[Jlwy —w*[|] + TE[[| Fxy (w*) — Fn(wo)[I]) + — (—+ =)
(-5 min {2 YN g g

Next, we take a look at E[||w; — w*||], from Lemma [E.5] we have:

E([lwr — w*|I?]
<E[|lwo — w*||* — 2ngg (w1 — w*)]

=E[[lwo — w*[|*] + 2nE[(F(wo) — go) " (w1 —¢g )]+ 20E[(F(w”) — F(wo)) " (w1 — w*)]



<E[[lwo — w*[I*] + 2nE[|| F (wo) = goll*|El|lwr — w*[|] + 2nE[(F(w") = F(w0)) " (w1 — w")]

0_2
<E[||lwo — w*[|*] + % [l = w*[[] + 3n*E[|| F(w*) = F(wo)lI*] + %]E[IIM —w*?]
<E[|wo — w*[|*] + %E[Ilwl — W] + 3B [ F(w") — Flwo)|*] + %E[Ilwl — W)
<E[wo — w"[|*] + %E[Ilwl —w*[l] + 30°E[|| F(w") — F(wo)|*] (np < 1/50)

Therefore,
Efl|lwr — wl|?] < 2E[llwo — w*||*] + 6n°E[|| F(w*) — F(wo)||*]

Finally, using the fact that E[||Fx(w*) — Fx(wo)||?] < L*E[||w* — wo||?], we have

2 2
Bl = s S g ) o g, A G
<(1— E0) @Bl — w* [] + P E[F(w") — Flao)|2] + 7E]| P (") ~ Fi(wo)|?)
= (1~ 21) (2Bl — w* ) + 67 B Jo” — woll?] + 1572 L2Ello” — wol”)
<(1- BN 2+ oo+ 2Bl — ol
<2 (1= B0 Ellr — w0l
which finishes the proof. L]

F Missing details for Algorithm 2
In the following, we will use L2, LB and LP* as shortnotes of LP (0, i, &), LB (0, (r, &) and LP (6, (L €5,

where (', & is the only one saddle point of LP (6, ¢, &). Besides, we use VoL and VyLP as a shortnote of
the gradient averaged over d” and the gradient averaged over batch, respectively.

Lemma F.1. Denote ((f,&) and (C3,€3) as the saddle-point of max¢ez mingez £2(61,(,€) and
max¢ez mingez L (0o, ¢, &) respectively. Under Assumptions in Section and Condition we have

16T = Gl < Kelhe + D))I00 — 6, (167 — &2l < Ke(re +1)[161 — b2
Proof. With Condition we have

IVeLP (02, L&D = IVeLP (01,65, €5) — Ve LP (02, ¢, €] < L|61 — 62| (26)
VLD (02, G, )| = (IVeLP (01,1, &) — VeLP (02,5, 60| < L[61 — 62| (27)

Recall in Lemma we know Py, (¢) should be a p-strongly-concave function. Then, we have
16T = Gl <= 1Ve@o, (Gl = — VL7 (02, G, b, (7))

He¢ He¢
1 * * * * 1 * *

< IVCLD (B, G 00, (C)) = VL (0o, (€D + IV eLD (02, G €7D
1 * * * * L

S VL (02, CF, 66, (C1)) = VL (02, G, &) + — 161 = 62
He¢ 2%
L L

<—|l¢o, (&) = &I+ — 1101 — 6
o 60, (C1) — &1l i 161 — 02|

L . L
<——|IVeLP (02, G €D + — 161 — 02|
Hepbe g0



<ke(ke +1)][01 — 0o

where in the first step, we use Lemma [A.3} in the fourth and fifth inequalities, we use the Property 2.2} in
the last inequality, we use Eq. again.

We can give a similarly discussion for |5 — &5
g7 = &1l <—[IVeWo, (6711 = — VL (02, 00, (7). €1)]]
Hg e
1 * * * * 1 * *
IVl (020, (60), £0) = VeLZ(02, 61 6D + Ve L0 (0,61 6D
1 * * * * L
<[ VL (02,0, (&7), €1) = VLD (02, ¢ €D + — 161 — 02
03 He
L L
Si * y * Jr _ 0 _ 9
M£||C1 Yo, (1) %II 1= b
L . L
< epcIVeLD 2 G DI+ ol — 6]

He e
<rg(k¢ +1)[|01 — 0o

]

Lemma 5.2. [Relate the shift of (; and & with 6;] Denote (6, (t, &) as the parameter value at the beginning
at the step t in Algorithm@ and denote (¢f, &) = arg maxcez mingez L2 (04, (,€) as the only saddle point
giwen ;. Under Assumptions in Section[2.9, we have:

E[|G41 — Ct”2 + [|&e41 — ft||2]

t
—T T 6C
<68 d” + 615 Cce > BTTE|lgg %) + —
7=0

1-4

where d := max{Cyy, Cg} is the mazimum of diameters of Z and Z, C¢ ¢ is a short note of k7. (ke +1)* +

rg(hp+1)%, g5 = 77%(97+1 —07), and ny is the step size of 0.

Proof. We will use A¢((,€) to denote E[||¢ — ¢ + [|€ — & |?]. We first study some useful properties of
At (C? f)

Property 1 Fort > 1

A(G1 & 1) =EG = Gall® +llg — &1 lP] < Ce B0 — 0e1*] = m5Cc eElll g II*)

where in the inequality, we use Lemma and the last equality results from the update rule 6; = 6,1 +
t—1
7699

Property 2 Fort >0,

86 &) S5 MGt 6-0) + 0= DEIG1 — GIP + 61 — 17 + ¢
<PBlIG1 = G+ -1 — 601 167 — Gl + 117 — 60117+
=BA 1 (Ge—1,§e—1) + BAUG 1, &) + ¢

t t—1
<B Ao (Co,&0) + Y BT THIAL(CE 1, &)+ Y BTe
=0

T=1

t—1 t
<P+ ngCee Y BTTE[g P+ BTe
7=0 41 7=0
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1-8

t—1
< + 150 Y B TElgg 1] +
7=0

where the first inequality is because of the property of the Oracle; for the second inequality we use Young’s
inequality; In the last step, we use

Ao (Co, &) =E[[¢o — GII* + 160 — & 1I7) < gE[HCﬂ =GP+ -1 = &P+ e < Bd® + ¢

With the two properties above, we can bound:

E{ll¢i+1 — Ct||2 + [|&41 — §t||2]
SBE[NGrr1 — Gl + € — & l® + 1€ — G+ 1650 — & 17+ 16 — GlI” + 1167 — &%)
=3A¢11(Gr15841) + 3011 (G5 &) + 3A:(¢, &)

t t—1
<362 + 305Cc.e Y BTHEg511%) + 305 Ce cEllgb %] + 38" d® + 315Cc.e D 8 TE g 11%)
7=0

7=0
+ 6c
1-p
t
6¢

o t+1 32 2 t—T1 T2
=3(1+)8"d +37790<,5;(1+ﬂ)ﬂ Ellgs I*)+ 1=

i 6¢
< t+1 42 2 tffE T2
<687 d” + 61y C ¢ TZ:%B (g II7] + -8

where for the first one we use an extended version of Young’s inequality || S2F , ;]2 < k2%, [|4i]|?; in the
second inequality, we use the Property 1 and 2 to give the upper bound; in the third inequality, we use the
fact that 0 < 8 < 1.

Lemma F.2. Define LP*(0) := max¢cz minge= L (0,¢,€). Under the same condition of Lemma above,
with an additional constraint B < (1 — «)?/2, for t > 0, we have:

2 2
t+1 Dx 2] <o) ttl 0 _ D2 oo
3¢ 3dZBAtT2
ar2( gt+2q2 c
AL (52 -8 0-Bu-N -5 )
t
. A _ .
2712 t—i+1 t—i+1 7112
+2ny L EL_O (/\ (604,57)\ —5+ 1) +2C¢f )ngll }

where €datas € func, Ereg 0T€ the same as those in Theorem and X\ as a shortnote of 2(1 — «)?.

Proof. Recall that we will use VLB, VoLP and VyLP* as a shortnote of VLB (0y,(t, &), VoLP (01, G, &),
VoLP*(6,) respectively, and in Property we have already shown the variance of batch gradient can be
bounded. First we can use the Young’s inequality to obtain

Elllgs™ — VoL i |°] < 2Elllgg*" — VoLd |P]+2E[I VoL — VoL ]

p1 P2

Since the first term has already been bounded in Thﬁgrem [3:3] Next, we bound p; and ps:



lI{Jpperhbound p1 We again use C¢ ¢ as a short note of Kji(,‘ig +1)%2 + mg(/ﬁg +1)2. From Lemma we
now that,

ElllGi41 = Gll* + 1€1 — &II°] <65"1d® + 605 Ce ¢ Zﬁt "Elllgz 1% +
7=0

Q

In the following, we will use A as a shortnote of 2(1 — «)?.

b1 [HQH_1 v9£t+1” ]
]

:EH (1—a)gh+aVell | — VoLl + (1 a)VeLP
2
—E[| (1= a)(gh — VL) + a(VoLlis = VoLBy) + (1 — a)(VoLl — Vorl)|[ ]

:EH (1— a)(gh — VoLP) + (1 — a)(VoL£L — VoLl H } +1E[H a(VoLB, — VoLl ) H }
(Drop 0 expectation)

<)\E H(gé - VgﬁtD)Hz} n )\E{H(V(,[, — VLD ) H } |B| (Young’s Ineq.)

o0

Bl

(Smoothness of L)

r 2
B[ (95 = VorP)|| ] + AZENC1 =GP+ i1 — &P + 1601 — 0017 +

0?1 — 2t Lo
SNPE[gf = VoL + 5 5 + B[N (11— G+ 61 — &I + 104 = 117

=0
2 .2
AR — VP2 e Y7
t
FE[ DN (681 + 6 Zﬂl B3I+ 7 + b))
=0

<NHE(|g) - VoLl | +E[anL2(60<gZAt BT AT gh 2]

1=0
a?o? 6AcL? dezﬂ)\HQ
+ + +
1=XN[B] " 1=-p)1-N) A—B
t
. A : a’o?
<)\t+1]E 0 _ ED 2 E 2L2)\t—’t+1 60 o 1 10|12 -
<XPEllg) - VocfI) + B[ 3 (6Ceex=5 + )abl*| + =375
6AcL? 6L2d* A2

TaoHa-N T T A8

where the fourth equality because E[V¢LP] = Vo LP holds for all ¢ and so the cross terms has 0 expectation;
the first inequality is because variance is less than the second momentum; the second inequality we apply
Assumption [A} in the last but two inequality, we apply the summation formula of equal ratio sequence and
use the fact that 0 < a < 1,3 < 1; in the last step, we use our condition 8 < (1 — a)?/2

Upper bound p; Next, we give an upper bound for p. From the Property 2 in Lemma [5.2] we know that

A1 (Ger1s €err) =ElIG1 — Gl + Efl &1 — €544 11%)

t
<BAd® +ngCee Y BTTHElgg |17 +

I
™

As a result

p2 =E[[VoLP) = Vo LT IPP] < 2L°E (G = Gl + €01 = &)



C

t
<2 (8422 +mfCe > BT Ellg5 | + )
7=0

-B

Combine these two results we can finish the proof:

Ellge*™" — VoL (0r1)II”) < 2p1 + 2p>

t
—1 A T
<ONTE[g) — VoLF |7 + 2B 3 mdLAA T 60k e5 7 + 1) labl?]
=0

o202 12\cL2 12L2d2 BAtH2 ol tin 2 | i o ¢
e E i i T g T (B4 +nCee Y-8V ElGG ")+ 15
2

0402

(1=X)|B|

)

7=0

2 ( at42 12 c 3A¢ 3d?pAI?
+4r2(p R e Rl et v =)
t

+2BLE[ 3 (N4 (6Ccey 2 +1) + 20068 ) bl
=0

<2AE| g — VoL |?] + 2

]

Proposition F.3. Under Assumption and@ define LP*(0) := maxcez mingez LP(0,(,€) is Lee smooth
with L@g = L(l + ch(ﬁg + 1) + HC(I{C + 1))

Proof. For arbitrary 61,60 € O, denote ((},&7) and ((3,&) as the saddle-point of
arg max¢ez Minge= LP(0,¢,¢) when § = 6, and 6§ = 0o, respectively, according to Lemma we
have:

Vo LP*(01) — Vo LP*(02)] <L(|01 — b2l + 11¢1 — Gall + (161 — &)
SL(l + Kg(ﬁg + 1) + KC(I{C + 1))”91 — 92”

]

Theorem F.4. Under Assumption[A), [B and [, given arbitrary e, Algorithm [3 will return us a policy g,
satisfying

E[[|VoJ (m5)|l] < € + €reg + €data + € func

if the hyper-parameters in Alg. [4 satisfy the following constraints:

16ALP*L¢ ¢ 16ALP*L\/28C¢ ¢ +2 3602
T =[max{96, 5 G \ZT}] =0("?), |Bl=] ;T ] =0(7?)],
€ I3 e

2 1 1—AX
=05, A=2(1-0a)=0. = min{——, (1 - \)2,1/2 = mi N .
a=0.5, (1-a) 05, p mm{L2d2,( )%, 1/2}, me mm{2L<7§, 6L2(14C'<7§+1)}

where ALP* := maxgee LP*(0) — LP*(0)), Cce = Kji(lig +1)2+ fig(/@g +1)2, and coracie s an independent
constant.

Besides, the total gradient computation for O-SRM to obtain 9 should be O(e™%), if:

(1) either we choose Algorithm @ in Appendiz as the ORACLE and set the hyper-parameter |Ngy| in
Algorithm[3 to be

d(2L* +1)C3g4
2

|Nau| = 480
42

=0(c7?)



where Cpg is a constant defined in Appendiz[E.3,

(2) or we choose Algorz'thm mn Appendi:c as the ORACLE and set the hyper-parameters in Algorz'thm
to be:

240(L2 + 1 !
( ) (nC + — Ml K= Coracle IOg(7)7

N =
[NV {mln{mng H&WE}EQ pe - opel 8

ne < 7

1
P —— T < ——m—
50max{L¢, pc}’ €= 50 max{Le, pi¢}

where ng and EE are defined in Condition .

Proof. Recall the definition of £P* in Prop and L£P* is L + C¢ ¢-smooth.

LP*(0711) =L"*(07 + 1995 )

>LP*(0r) +nolgs )" VoL"*(0r) — T

D Mo D o Mo, T D 2 Mo nchs T2
=L *(9T)+§HV0L “(67)|] _EHQG — Vo L7 (67| +(§— B =) llge |l

* n * n * n
>LP*(0r) + S VoL (0r)* = Fllgg — VoL " (0r)II* + 7 llgi I

T T
* * ,,70 * 1
>LP(00) + 5 IV L2 0n) 12 = 5 (D lgh = VaLP* 0r)II* = 595 1)
t=0

t=0

p

where in the second equation, we use the fact that (g7 )" VoLP*(0r) = 1 ||V9LD"‘(9T)||2 Hgd11? - 3llgd —
Vo LP*(07)||?; in the second inequality, we add a constraint for s that ny <

2L
Next, we give a upper bound for p with Lemma [F.2}
. 1
p= lege VoL (00 = 5 951"
T 2 2 2 3\ t+2
e 342\
INHIE[||g0 — Vo212 + 220 pap2(p2az + S 4 +
< 3 {2l — VoL I + 2 + 42 Al ey R v )

+ 23 m[i (x (6%& +1) +20068 ) ghl?] - 3Bl 7]}

=0
a202 1 3\ 2(T +1) D
2 2 52 3@2 2 N2y ;
+4Ld(1_ﬁ+( +ZE||g0H {—7+2nL Z E{A(6C§§W+1>+2C¢§B”
a202 1 3\ (T—I—l) D
52 35A A 1
AR+ +ZE||g9H {—7+2 2L2( ~(6Cce=5 3 )+2C<75m)}
a202 1 3\ 2AT+1) . o D
2 6BA 1 2n2L2
+4L2d2(1€5 ﬂ +Z { 7+"97(14c<,§+1)} B<-a)2=23<)

2 1-=A
45



0202 | 3\ 2(T+1)
82 68x

(g5 — VoLs |I%]

In the fourth inequality, we add the following constraint to drop the terms containing ||gg|:

1- A
< —_—.
P =N\ Ar2(ac, + 1) (28)

Therefore,
. 2 R 1
Dx* 2 < Dx* _ prD=x T Dx* 2 T AaT2
71 2 V0L OOl < gy (€7 Br) = £2°00) + 7y 3 (lgs = Vo£P(8:)112 = 5 l19512)
1 3\ 2ALD
<4cL? + +
Tt aona=n T T om
2 a?o? B2 66
71@ 0 _ D2 27 4L2 20~ G
6A+1)  2ALP*  2(1+a?) o2 BA
< ger2! RS VY I R m—
ST T YTy T iy Bt T+ 10—
———
po p1 p2 p3

(B<1/2,8 <\ E[g9] = LD)

of

The choice of @ In order to guarantee that A = 2(1 — a)? < 1 and a < 1, we first need € (1 — %2, 1).

Easy to observe that, the coeflicient of po:
1+4+a? 1+ a? 12+ 2a

= = —1/2.
1-X 1-21-«a)? -—-1+4a-—2a2 /
By taking the derivative w.r.t. a, we have:
( 1+a? Y = 2(-1+4a—2a%) — (1/2+2a)(4 —4a)  4a® 420 —4
1-2(1—a)2” (=1 +4a — 2a2)2 ~ (—1+4a —2a2)2’

We can observe easily that the zero point of the first-order derivative should located in interval (%,1).
Besides, po, p1,ps are decreasing as « approaching 1 (i.e. A approaching 0). Therefore, the optimal choice of
o should locates in (3, 1).

As we can see, the introduction of « is to balancing the bias of momentum term and the variance in the
current step to provide a better estimation of the gradient in current step. In the following, for simplicity,
we directly choose o = 1/2.

Next, we want to carefully choose other hyper-parameters to make sure pg,p1,p2, p3 < £2/4. We consider
. 2
B < min{ 355, (1 - N2 1/2}.

Control py Since 8 < 1/2, we know
po < 32cL?.

To make sure pg < g2 /4, we need

< .
“= JsL2




If we choose Algorithm [3| as ORACLE, the hypyer-parameter |N| (total sample size) in Algorithm [3| should
be set to:

02
IN| > 20d—L5 = O(72)
C

If we choose Algorithm [2| the hyper-parameter | V| (mini batch size) and K (total iteration) in Algorithm
should be set to:

8o Ne . MNe g2 1
=+ =)< K = corgeie log(1/8) = O(log —).
win (P NN e eg) S Tasge T o081/ =008 )

where Corqcle 1S an independent constant. Therefore,
240(L? + 1)o?
IN| > (L*+1)o

Z T THCNC Peley 2
min{ =7, Bl e

¢ Ui3 -2
— 4+ =) =0("“).
(MC NE) )

. . . 1 1—X\
Control p; Since we have two constrains on 7g: 7y < Lot and ng < ,/4L2(14C<$§+1). To make sure

2
p1 < 5, we need,

2ALP* 4L2(14Cc ¢ 4+ 1) e?
e SURGET ) o < S
(T+1) max{ T 2led =7

Therefore, we requirement

16ALP*Le ¢ 16ALP*L,/28C; ¢ + 2
T > max{———; =5 3 ). (29)

Control p, Recall that we choose a = 1/2, we need:

2(1 + «)? o2 o? &2
= — =0— < —.
PPN Bl Bl 4
which requires:
3602
1Bl =2 — (30)

Control p3 Because K (iteration number of Oracle Algorithm) only depends on log %, we choose § < Lé—zdz.
Then, as long as T' > 168, we have:

2 72 2
BA 2D _

= 2412d? = <
bs T+1)(1-XN T+1 —4

(31)

Combine ([29)-(31)), we need

16ALP*L, . 16ALP*L./28C,;  + 2 3602
T > max{96, =<, ) Bl =

As a result, if we use Algorithm [3]as ORACLE, the total computation before obtaining 6,,; should be
|IB|-(T+1)+|N|-T=0@E2)+0E+0E2)-0E2) =0
and if we use Algorithm [4] as ORACLE, it should be

|B|-(T+1)+|N|-K-T=0(2)4+0("*) +0(?) - O(log é) 207 =0

where we omit log terms in O(-). A7



Guarantee of E[||VyJ(75)|]] By applying the hyper-parameters discussed above, we have:

E(|[Vo (mp)ll] <E[IVoLP* (O)] + €reg + € fune + Edata

<V EVoLL*(@)]|2] + €reg + € func + Edata

T
1
= Z]E[HVG‘CD*(Gt)”Z} +5reg +€func+5data
t=0

T+14

<e+ Ereg + € func + Edata

48
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