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Abstract

The Maximum Mean Discrepancy (MMD)
has been the state-of-the-art nonparametric
test for tackling the two-sample problem. Its
statistic is given by the difference in expec-
tations of the witness function, a real-valued
function defined as the mean of kernel eval-
uations on a set of basis points. Typically
the kernel is optimized on a training set, and
hypothesis testing is performed on a separate
test set to avoid overfitting (i.e., control type-I
error). That is, the test set is used to simulta-
neously estimate the expectations and define
the basis points, while the training set only
serves to select the kernel and is discarded. In
this work, we propose to use the training set
to also define the weights and the basis points
for better data efficiency. We show that 1) the
new test is consistent and has a well-controlled
type-I error; 2) the optimal witness function
is given by a precision-weighted mean in the
reproducing kernel Hilbert space associated
with the kernel; and 3) the test power of the
proposed test is comparable or exceeds that of
the MMD and other modern tests, as verified
empirically on challenging synthetic and real
problems (e.g., Higgs data).

1 INTRODUCTION

We tackle the classic two-sample problem: given two
samples, do they differ significantly enough that we
can conclude they originate from two different distri-
butions? This is a common task in many life sciences
such as bioinformatics and cancer diagnosis (Borgwardt
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et al., 2006). To decide this, one can perform a two-
sample test, whose goal is to reject the null hypothesis
"the probability distributions are the same" in favor of
the alternative hypothesis "the probability distributions
are not the same" based on data (Lehmann and Ro-
mano, 2005). To quantitatively assess this, one defines
a test statistic and estimates its value on the observed
samples. If we know (or are able to simulate) the distri-
bution of this test statistic under the null, we can reject
the null if the observed value is significantly larger than
what we would expect if the null was true. Traditional
hypothesis tests have test statistics that are defined a
priori. A simple example are t- or z-tests, which only
test whether the empirical means of both samples differ
significantly (Lehmann and Romano, 2005). However,
such a simple approach is not sufficient to detect dif-
ferences of distributions with the same mean but, for
example, different variance, skewness, or kurtosis.

To detect any differences between two distributions
we focus on two categories of tests closely tied to ma-
chine learning, but note that various other methods
exist (Friedman and Rafsky, 1979; Chen and Fried-
man, 2017). The former first transforms data into a
high-dimensional feature space based on a pre-defined
feature map, e.g., kernel function. The test statistics
can then be defined in terms of the embeddings of
the two distributions in the feature space (Harchaoui
et al., 2008b; Gretton et al., 2012a). The second ap-
proach instead learns to distinguish the two distribu-
tions by training a classifier, e.g., via a deep neural
network. Based on the learned model, the test statis-
tics is then computed on an independent set of sam-
ples, e.g., through data splitting (Friedman, 2003; Kim
et al., 2021; Lopez-Paz and Oquab, 2017; Cheng and
Cloninger, 2019).

The popular kernel two-sample test based on the Maax-
imum Mean Discrepancy (MMD) in principle does not
require data splitting and is completely determined a
priori by a positive definite kernel function (Gretton
et al., 2012a). However, recent research has shown that
optimizing the kernel function on a held-out dataset



A Witness Two-Sample Test

increases the power of the MMD-based tests (Gretton
et al., 2012b; Sutherland et al., 2017; Liu et al., 2020;
Kirchler et al., 2020). Thus most modern MMD-based
tests are used as two-stage procedures with data split-
ting, although it is in principle possible to use the entire
dataset for kernel selection and testing Fromont et al.
(2012, 2013); Kiibler et al. (2020).

To obtain maximally significant results in the testing
phase, we advocate that in a “two-stage” two-sample
test, it is more appropriate to learn a test statistic that
is as problem-specific as possible. For the MMD tests,
this means that we advocate to learn a one-dimensional
witness function and not a kernel. To formalize this,
we propose a general two-stage witness two-sample
test (WIiTS test). The introduced WiTS test has the
following properties:

e The test statistic is the difference in means of a
one-dimensional function called the witness function
and is thus asymptotically normal under both the
null and alternative hypotheses. This allows for a
simple theoretical treatment (cf. Theorem 1 and
Proposition 1).

e Compared to Sutherland et al. (2017) and Liu et al.
(2020), the WiTS test has a simpler test power cri-
terion as a training objective and test thresholds
can be simulated more efficiently (cf. Section 3 &
Eq. (7)).

e The WITS tests empirically outperform the bench-
mark tests of Liu et al. (2020) and classification-based
tests on challenging synthetic and real problems, e.g.,
Higgs data (cf. Figure 2).

The rest of the paper is organized as follows. Section
2 reviews MMD based two-sample tests with a focus
on the witness function and discusses our motivation.
We then present the general WiTS test framework in
Section 3, followed by a specific example in Section
4. Next, we discuss related work in detail in Section
5. Finally, Section 6 provides the empirical results
comparing the proposed WiTS tests to existing ones
on several benchmark datasets. The code to reproduce
the experiments is published under https://github.
com/jmkuebler/wits-test.

2 BACKGROUND AND
MOTIVATION

Notation and definitions. Let X,Y be random
variables with probability distributions P and @ on
X C RY respectively. In this work, we aim to test
the null hypothesis Hy : P = ) against the alterna-
tive Hy : P # @ based on samples X = {z1,...,2,}

1Schrab et al. (2021) recently proposed an aggregated
MMD two-sample test working without data splitting.

and Y = {y1,...,ym} drawn ii.d. from P and @Q, re-
spectively. Rejecting Hj although it is true creates
a type-I error, whereas not rejecting the null when it
is false creates a type-II error. Desirable testing pro-
cedures should minimize the type-II error rate, while
controlling the type-I error rate at a significance level
a (or below). When we consider data splitting, we
use Xip, Xte and Y, Yie to denote the disjoint training
and test sets with n = ny + Nge, M = My + Mie. We
define the shorthands [n] := {1,...,n}, Z = {X, Y},
Ly = {XthYtr} and Z = {Xtevyte}

Although most of our analysis applies to more general
function spaces, we will consider a reproducing kernel
Hilbert space (RKHS) #H with positive definite kernel
k: X x X — R (Scholkopf and Smola, 2002). By the
Riesz representation theorem, we have that f(z) =
(fyk(x,-)) for all z € X and f € H. We assume that

(A1): E [k(X,X)] < oo, E [k(Y,Y)] < 0o

holds. (A1) ensures the kernel mean embeddings of
P and Q exist, i.e., up = E[k(X,")],uq = E [k(Y, )],
and that we can write E [f(X)] = (f,up) for all f € H
(Muandet et al., 2017). For a sample X, we define the
empirical mean embedding as ux = ﬁ D ozex k().

MMD and witness function. A popular class of
two-sample tests are based on the Mazximum Mean Dis-
crepancy (MMD) (Gretton et al., 2012a). The MMD
of two distributions with respect to the unit ball of
H is defined as (Gretton et al., 2012a, Eq. (1)):
MMD = supsey <2 {B [f(X)] = E[f(Y)]}.
The function that witnesses the MMD is
argmax ey | i< {E[f(X)]  —  E[f(Y)]} =
(up — po)/llpp — pgll (Gretton et al., 2012a,
Sec. 2.3). We define its unnormalized version as
hkp’Q = pup — pg and obtain

MMD? = (up — pig, pp — Q) = (p — pig, by, %)
—E [h,va(X)} ~E [hva(Y)]

With a characteristic kernel (Sriperumbudur et al.,
2010), pup = pg if and only if P = Q. Hence, the
squared MMD (1) can be used to test the hypothesis
Hy: P=(Q against Hy : P # Q.

MMD-BOOT test statistics. We can estimate the
squared MMD (1) by replacing the witness hkP’Q and the
expectations in (1) with their empirical counterparts
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The latter expression is a sum of V-statistics and up
to the biased terms where x = 2/ or y = 3’ equals
the unbiased U-statistic which is the standard MMD
estimate (Gretton et al., 2012a). The witness itself
depends on the same data Z used to evaluate the test
statistic (2) and compute the test threshold, the null
distribution has to be simulated via permutation of
the samples (or bootstrapping) (Gretton et al., 2012a).
Thus, we refer to this approach as MMD-BOOT.?

(2)

Y

OPT-MMD-BOOT test statistics. A drawback
of MMD-BOOT is that the kernel £ has to be chosen a
priori before observing the data. Kernel choice, how-
ever, critically affects the performance of MMD based
two-sample tests (Gretton et al., 2012b; Sutherland
et al., 2017; Liu et al., 2020; Kiibler et al., 2020; Jitkrit-
tum et al., 2016). It is thus common to split the data
into Z = (Zy, Zte) and optimize the kernel only on the
held-out set Z,. For the moment, without specifying
how the kernel is optimized, we denote the resulting
optimized kernel as ki with a subscript tr to indicate
that it depends on the training data. After optimizing
the kernel, the standard MMD-BOOT test is conducted
on Zi. with the optimized kernel ki, (Sutherland et al.,
2017; Liu et al., 2020). Hence, the empirical expecta-
tions and witness function in (2) are still dependent
on the same data Z., and the null distribution still
has to be bootstrapped, for the same reason as in the
case of MMD-BOOT. We will refer to this approach as
OPT-MMD-BOOT with the test statistic

—2
MMDOPT BOOT (Zte | ktr)

Zr
= Z Pes (2
Nte

rE€X¢e

(3)

e
hk:r (y)-
erte

Our Motivation. This is the starting point of our in-
vestigations: Although the kernel is optimized, it is still

20ur naming convention should emphasizes that the
asymptotic distribution cannot be evaluated in closed-form
and hence we necessarily need to simulate it. Note, however,
that in practice often permutations are used (Sutherland
et al., 2017) and it is not necessary to completely simulate
the distribution from scratch.

a multidimensional representation of the data. While
this makes the test statistic applicable to other prob-
lems (Liu et al., 2020; Kirchler et al., 2020), features
that contain little information about the differences
of P and @ will mainly add noise to the test statis-
tic. Generally, the noisier the test statistic, the harder
it is to obtain significant test results. Motivated by
this drawback, we propose to formulate a test statis-
tic that is more specific to the observed difference in
Zt,. Being more specific to the training data (that
is all we know about P and @), comes at the risk of
overfitting, which we mitigate via regularization and
model selection (cf. Section 3). Specifically for MMD,
after the kernel is optimized, we define the witness
directly on the training data by replacing h%:j with

Zgr 1 1
hk:r  Ter rE€X¢r ktr(x’ ) T e ZyEYtr ktr(y’ ) We

call this OPT-MMD-WITNESS:
ﬁ\ﬂf Lol W
OPT-WITNESS te |

Zn
DI
mt

te z€Xte

Ker (y)-
erte

This test statistic comes with numerous advantages.
Firstly, the expectations (defined via Z.) are now inde-
pendent of the witness function (defined via Zi,). Thus,
the test statistic is asymptotically normal. Secondly,
as we will see in the following sections, (4) allows us
to compute asymptotic test thresholds in closed form
and allows for a simpler derivation of a test power cri-
terion than in the case of OPT-MMD-BOOT (Sutherland
et al., 2017; Liu et al., 2020). Lastly, our empirical
results suggest that OPT-MMD-WITNESS outperforms
OPT-MMD-BOOT on datasets considered in Liu et al.
(2020).

3 WITNESS TWO-SAMPLE TEST
(WiTS TEST)

Similar to (4), the WiTS tests we propose are by design
two-stage procedures: In Stage I, we learn the witness
function h with the training data Z,. This ensures
that h is independent of the test data Zi, used in Stage
IT to define a test statistic

#(Zge|h) x — Z h(z

xeXte

()

UEYte

We reject the null hypothesis Hy : P = @ if the ob-
served value is larger than a test threshold. We start
presenting Stage II and analyze the test’s asymptotic
power for a given function h. Then, we will use this
test power criterion as the objective when optimizing
the witness function in Stage I.
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3.1 Stage II - Testing with the Witness
Function

We start with a basic result on asymptotic normality of
empirical means ((Serfling, 1980), Proof in App. A.1).

Theorem 1 (Asymptotic normality of WiTS$S test).
For a witness function h : X — R, let 0% := Var[h(X)]
and o, := Var[h(Y')] such that 0 < 0%, 0¢ < oo. Let
ii.d. ii.d. n
{Xi}ie[n] <" P, {Yj}je[m] ~J Cg, and ¢ = e €
(0,1) as n+m — co. Denote by hp := E [h(X)] and
hg = E[h(Y)]. We define the empirical means hp =
%Zie[n] h(X:), hey = L > iem) M(Y3) and denote the

sample variance as 62(h) := 63 /c+ 64 /(1 — ). Then

vn+m

o L= e) = (5~ Bg) | S W (0,1).

For any fized h and for sufficiently large sample sizes,
we can thus work with the asymptotic distribution of
test statistics of the form 7(-|h) in Eq. (5) to compute
test thresholds and derive an asymptotic test-power
objective for choosing h based on the training data Z,
in Stage I. Data splitting ensures that h is independent
of Ze, which is necessary for Theorem 1 to hold. In the
following, to make the comparison between different
choices of h easier, we consider the standardized test
statistic on the test samples Zi,

e 2 M@= 2 h(y)

© rEX¢e erte

&c(h) ’

T(Zielh) = VNge + Mie

Nte

where ¢ = e — and 6.(h) is the empirical esti-
mate of the pooled variance as in Theorem 1 based
on Zie. To control the type-I error at a significance
level «, we need to find a test threshold t, such that
P(7(Zelh) > to|Ho) < a. By Theorem 1, we can
define the threshold to be the (1 — «) quantile of the
asymptotic null distribution. Under the null hypothesis
we have hp = hg and obtain ¢, = ®1(1 — a) where
®~! denotes the inverse CDF of the standard normal.

Note that we only consider a "one-sided" test, since we
choose h in stage I with the appropriate sign, i.e., such
that it has larger expectation under Xy, than under
Yir. A "two-sided" test ignores this and may lead to a
reduction in test power.

We reject the null hypothesis Hy : P = Q if 7(Ze|h) >
to. As an advantage of the asymptotic normality under
the alternative and the closed form of the threshold
of our test, we can write the asymptotic type-1I error
rate in closed form, similar as in Gretton et al. (2012b,

Sec. 3):
P(1(Ze|h) < ta)

%<I><¢>‘1(1—a)_\/mmﬂ—’%2). (6)

o.(h)

An important consideration in designing a hypothesis
test is test consistency. A hypothesis test is called
consistent, if for a fixed alternative hypothesis, its test
power converges to one as sample size goes to infinity.
With (6), we can characterize for which functions & the
statistic 75, leads to a consistent test.

Proposition 1 (Consistency of WiTS test). Assume
0 < 0.(h) < 00, where o.(h) is defined in Theorem 1.
A WiTS test based on h is consistent against a fized
alternative hypothesis P # Q if and only if hp > i_LQ.

Proposition 1 ensures that, for a given alternative hy-
pothesis, our proposed test will eventually (in the limit
of the sample size) reject the null hypothesis Hy when
it is false. Associated with this notion is the test power,
the probability that the test rejects Hy when it is false;
this quantity is equivalent to 1— type-II error. Defining

the signal-to-noise ratio SNR(h) = }sz:)Q, it follows

from (6) that the asymptotic test power of our test is

Bpa1—@ (27 (1 — a) — Ve + mee SNR(R)) . (7)

Since ® increases monotonically, the test power grows
monotonically with the signal-to-noise ratio (SNR).

3.2 Stage I - Finding an Optimal Witness

We now propose an objective to find an optimal witness
function. Based on our test power consideration, we
argue that in the first stage one should find a witness by
maximizing a, possibly regularized, empirical estimate
of the SNR in (7). Let F be a function class contain-
ing candidates for the witness. We propose using the
witness h » defined as
ha = argmax 2o e
rer o 5(f)

! Z f(l'), f_Ytr =

n
tr cE€X¢r

, ®)

> fw),

r IS €T

with fx,, =
my

and aff;\(f) = (62 (f)24+2Q(f)) 2, where o2 (f) cor-
responds to G.(h) defined in Theorem 1 and Q is a
regularizer. We remark that the optimal witness is
generally not uniquely defined since the SNR is invari-
ant to rescaling the function. Correctly rejecting Hy
when it is false is at the core of hypothesis testing.
Our choice of maximizing the SNR in (7) is in line
with this principle: it leads to a test that maximizes
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the asymptotic test power. By contrast, while other
objectives such as classification loss(Kim et al., 2021;
Lopez-Paz and Oquab, 2017), softmax loss (Cheng and
Cloninger, 2019), or the MMD statistic itself (Gretton
et al., 2012a), can be used to learn the witness function,
their relationship to the test power may be indirect.

OPT-MMD-Witness. A closely related objective
to our SNR in (7) was used in previous work (Suther-
land et al., 2017; Liu et al., 2020) to find a good kernel
for a OPT-MMD-BOOT test, see (3). For a given kernel
k, Liu et al. (2020, Eq.(3)) derive the training objec-
tive as J(P, Q|k) = MMD?*(P, Q|k) /o, (P, Q|k) where
012% (P, Q|k) is the asymptotic variance of the MMD
estimate under the alternative hypothesis. In Appendix
A.5, we examine this quantity in more detail, and show
that J(P,Q|k) = 1/v/2 SNR(h,I:’Q). For a given class of
kernels and corresponding (empirical) MMD witnesses,
this implies that selecting the optimal witness accord-
ing to our SNR criterion leads to the same function
as first optimizing the kernel with the J criterion and
defining the witness afterwards.

Model Selection and Optimization. The choice
of function class F and regularization parameter \
affects the learned witness in (8). We therefore recom-
mend that practitioners use standard tools for model
selection such as cross-validation (CV) for finding suit-
able “hyperparameters” and to validate that the learned
witness actually has a high SNR. CV ensures that the
witness actually learns the differences between P and
@ and does not solely overfit the training data. Model-
selection on Zi, is legit since in Stage II we only use
Zye, which are independent of Z;,. While this is also
possible in classifier two-sample tests (Lopez-Paz and
Oquab, 2017), in the standard MMD-BOOT this is not
done.

Our objective (7) can be used with a variety of function
classes F. For instance, F can be defined based on
an RKHS, or parameterized by a deep neural network.
Note that optimization methods to maximize (8) are
generally function class specific, and may require an
iterative procedure. However, when F is an RKHS, we
can derive the closed-form solution to (8), as shall be
explained in Section 4. Algorithm 1 shows the general
procedure for the two-stage WiTS test.

Permutation-based Thresholds. For our theoreti-
cal analysis we used the asymptotic threshold. However,
the witness is also chosen in a data-dependent man-
ner. Thus, we generally recommend to simulate the
threshold via permutations in order to ensure type-I
error control at finite sample size. In this case, for
simplicity and ease of implementation, we compute the
test statistic without normalization and simply take

the difference in means. We first compute the value of
the witness function on all points in Z. and store it in
an array. Then we compute the simplified test statistic
by taking the difference in means of X, and Yy, (as
computed from the array that stores all the witness
evaluations). We then iterate over B € N permutation
runs to estimate the p-value of the computed test statis-
tic. For each run, we permute the array storing the
witness evaluations, and then compute the difference
in means of the first ni, and the last my, entries. If
this is larger or equal than the test statistic on the
original partition, this contributes 1/B to the p-value.
After all permutations, if the p-value is smaller than
a, we reject (see Alg. 1). This correctly controls type-I
errors, as under the null, the initial partition can be
thought of as being itself a random permutation of the
data. Since for this procedure we only need to compute
the witness once on each data point the overall cost
is O((nte + mye)B). Note that simulating the null for
MMD-BOOT instead has cost O((nge + meo)?B) (Liu
et al., 2020, Sec. 5).

4 KFDA-WITNESS

In this section, we consider the function class in (8)
to be an RKHS, and show that this choice leads to
a closed form solution for the optimal witness. To
start, let H be an RKHS associated with a positive
definite kernel k (see Section 2). Additionally to the
mean embeddings pp, pg, we define the (centered)
covariance operator Xp = E [k(X, ) @ k(X, )] — up ®
pp (analogously for Q) whose existence is ensured by
Assumption (A1) (Muandet et al., 2017, Sec. 3). For
any function in the RKHS we then have E [f(X)] =
(up, f) and Var[f(X)] = (f,Xpf), and analogously
for (). We define the pooled covariance operator % =

ZTP + %. Then for all f € H with non-zero variance
we have
7 ) f
SNR(f) = #rted), )
(f,Ef)?

where SNR is defined in (7). This objective corresponds
to Kernel Fisher discriminant analysis (KFDA)’s learn-
ing objective (Mika et al., 1999). For singular covari-
ance operator the SNR can diverge, and for infinite-
dimensional RKHS, the empirical estimation of the
covariance operator is ill-posed. In the following, we
therefore consider a regularized (A > 0) version of (9)
and call its solution (regularized) KFDA witness:

hy = argmax —<MP —te )

(10)
fer (f,(Z+AD)f)

N

The solution of (10) is given by the solution to the
generalized eigenvalue problem (X + AT)hy = y(up —
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Algorithm 1 WiTS test with KFDA-WITNESS

Input: XY, «, paramGrid, r

9: function WITNESSTEST(Zie, h(+), o, B = 200)

1: .
10: hz,. < [h(2) for z in Z,|
2: Xtr,Xt?,Ytr,Yte — RANDOMSPLIT(X,Y, ) 1. 7 MEAN(hz, [ te]) t_ MEAN(hz,. [t 1))
3: # Optionally perform model SClCCt-IOIl 12: p+ 0 > simulate p-value via permutations
4: k,\ + GRIDSEARCHCV (paramGrid, Zi,) 13.  foriin [B] do
5. # Stage I - Optimize Witness 14: hs, « PERMUTE(hz, )
6: h + KFDAWITNESS(Zt,, k,A) > App. Alg.2 15: i MEAN(th [: e —MEAN(th (e ]) > 7 then
7: # Stage II - Test 16: p<—p+i/B °
8: return: WITNESSTEST(Ze, h, o '
(Zse ) 17: if p < a then return: 1 else return: 0
po) (Mika, 2003, Sec.3.2), thus ensure this for arbitrary P # @ by using a charac-
teristic kernel (Sriperumbudur et al., 2010), the same
hy=v(E+N) " Hup — po), (11)  condition as for MMD based tests.

where v > 0 is an arbitrary positive constant we fix
to 1, unless stated otherwise. We will refer to the test
with the witness function h) as the KFDA-WITNESS
test.

Next, we show how we can estimate the KFDA-witness
with the training data.

Estimation of the KFDA Witness. Let Z;, =
{1, s Tn, Y15+ - -y Ym,, } denote the pooled training
sample and K denote the kernel matrix such that
Ki; = k(z, z]) for 4,5 € [ntr + my;]. Further, we
define § = (—,...,nr — .,—ﬁ) R""“’L"
For I € {nt, me, }, we deﬁne the idempotent centering
matrix P, = J; —{71;1;", where J; denotes the identity
operator and 1; the [ dimensional vector with all ones.
With this we define the (n, + my) X (ng + my,) ma-
%Pn“ X 0

0 1—chtr
theorem (Scholkopf et al., 2001), we can empirically
estimate the KFDA witness (more detail in App. A.3)
as

trix N, = . Using the representer

Nty +Mer
ha()= Y aik(z,-), (12)

i=1

B ( KN.K

jo)

-1
+ AK ) K. (13)
Ny + My
hx(+) can be viewed as a precision-weighted (inverse
covariance) mean of the embeddings of the basis points
Z, in the RKHS. Since yix,, , iy,,, and 3 are consistent
estimates of up,pg, and X, for fixed regularization,
we have hy — hy = (X + A1)~ (up — pq) (see Ap-
pendix A.4). For the asymptotic witness h) we can
compute the difference in expectation under P and
Q in closed form: h)\p —hxg = (up —pg,hy) =
(pp — pgs B+ M) (up — pg)). This difference is
positive, and hence by Proposition 1 we obtain a con-
sistent WiTS test, if and only if up # pg. We can

Despite asymptotic consistency, the test power at finite
sample size depends on the splitting ratio r € (0,1), i.e
ne = [rn] and nge = n — ny, and accordingly for the
sample from Q. Based on our experimental results, we
observe that, for a fixed kernel k, fixed regularization
A > 0 and sufficiently large sample size, the splitting
ratio r = 1/2 appears to give the highest test power in
many cases, compared to other values of r. Generally,
identifying the optimal splitting ratio remains an open
problem. We observe (middle panel of Fig. 1) that if
we include model selection in stage I, it is favorable to
use more than half of the data for the first stage, i.e.,
r > 1/2. However, since we cannot quantify how much
"more" data we should use, we generally recommend
using a 50/50 split.

The cost of computing the exact solution & in (12) is
O((n¢+myi,)?) in space (storing the kernel matrix) and
O((ngr + myr)?) time (matrix inversion). In Appendix
C, we adopt recent advances in large-scale kernel ma-
chines (Rudi et al., 2017; Meanti et al., 2020) to obtain
approximate solutions with lower time and space com-
plexity and thus scale to large datasets. Using the
Nystrom approximation (Williams and Seeger, 2000)
to approximate the solution and approximately solving
it with conjugate gradient, we obtain a complexity of
O((ngy + me) Mt + M3) in time and O(M?) in space,
where M denotes the number of Nystrom centers and ¢
the number of conjugate gradient iterations. For stage
IT we then only need (nte + me)M kernel evaluations
to compute the test statistic. This makes our approach
scalable to large-scale dataset.?

Connection of OPT-MMD-WITNESS and KFDA-
WITNESS. To emphasize the relationship between
optimizing the MMD and using KFDA, consider a fixed
kernel k£ and denote by A the set of bounded positive

3 After acceptance of this work, Chatalic et al. (2022)
proposed a Nystrom approximation of the kernel mean
embedding to speed up the MMD estimation.
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operators on Hjy. We consider the nonparametric class
of kernels K = {kalka(z,y) = (Ak(z,-), Ak(y, ")), A €
A}. For this class of kernels, we show in App. A.6 that
using OPT-MMD-WITNESS leads to the same witness
function as using KFDA-WITNESS.

KFDA-BOOT. It turns out that KFDA-like test statis-
tics were considered before (Harchaoui et al., 2008b),
but in settings without data splitting. Indeed, for
a fixed k and A > 0, we can use the whole data,
i.e., X,Y for learning the witness (3 4+ A)~!(ux — py)
and computing the test statistic (empirical mean dif-
ference). :Fhe test statistic thus iS Txrpa-soor =
(ux — py, (X + X) " (ux — py)), and we call its pop-
ulation version KFDA?(P,Q|k,)\). This, is the test
statistic as studied by Harchaoui et al. (2008b). As
for MMD-BOOT, the same data is used for estimating
the witness and computing the mean difference, hence
Theorem 1 does not hold anymore. We thus need
to bootstrap the null distribution via permutations
of the samples; thus, we refer to it as KFDA-BOOT.
KFDA-BOOT has similar drawbacks as MMD-BOOT: 1.
simulating the null distribution via permutations has
cost O((n + m)3B) for B € N draws from the null
distribution; and 2. we have to fix k and A a priori,
and their choices strongly affect the test power. Har-
chaoui et al. (2008b) do not provide guidance for how
to choose k and A.

5 RELATED WORK

Besides the kernel-based tests we discussed so far,
Chwialkowski et al. (2015) proposed tests based on
smooth characteristic functions (SCF), and projected
mean embeddings (ME) of the distributions where the
mean embeddings are projected to J-dimensional Eu-
clidean vectors for J € N. In fact, the normalized
ME statistic in (Chwialkowski et al., 2015, Eq. 13)
can be seen as a variant of the KFDA where the func-
tion classes is restricted by the J projection direc-
tions. Note that for a finite-dimensional RKHS and
without regularization, KFDA-BOOT corresponds to the
Hotelling’s T2 statistic (Hotelling, 1931). Jitkrittum
et al. (2016) improve this approach by optimizing the
features in the first stage. However, they also discard
the training data after learning the J projection direc-
tions. Kirchler et al. (2020) propose to learn a deep
finite-dimensional representation of the data and to
use this for a subsequent MMD or KFDA test. How-
ever, their training objective does not directly maxi-
mize the test power (Kirchler et al., 2020, Sec. 3.1.1).
Liu et al. (2020) propose a deep version of OPT-MMD-
BOOT. They learn a deep-kernel (MMD-D) of the
form k(2,2') = [(1 - )r(6(x), 6u(2))) + ] a(z,2'),
where € € (0,1), k and ¢ are Gaussian kernels and ¢,

is a deep representation optimized via the criterion J,
see App. A.5. They also consider a version called MMD-
0 which is k, (z,2") = k(du(2), d,(2")) and conclude
that learning a full kernel (they advocate MMD-D) is
better than learning a one-dimensional representation.

Most of the aforementioned works focus on develop-
ing a practical testing procedure for a specific dataset
at hand. However, there also exist more theoretical
work on the statistical optimality of different kernel-
based approaches. Balasubramanian et al. (2021) show
that a moderated MMD approach (which is related to
KFDA) leads to optimal rates when testing against
local alternatives. A similar discussion can be found
in the long version of Harchaoui et al. (2008a, Sec.5.1).
This resonates our findings, that a witness based on
KFDA is more powerful than simply using the MMD
witness. Furthermore, Li and Yuan (2019) show how
the choice of scaling parameter in Gaussian kernels
affects the statistical optimality. However, such theo-
retically optimal tests oftentimes are unpractical to use.
Balasubramanian et al. (2021), for examples requires,
the eigendecomposition of the kernel function, which
generally is hard to obtain. Furthermore, without data
splitting also these works cannot find a good kernel
function.

Since our proposed witness function is one-dimensional,
it is closely related to classification based two-sample
tests (Friedman, 2003; Kim et al., 2021; Lopez-Paz and
Oquab, 2017; Cheng and Cloninger, 2019; Cai et al.,
2020). Lopez-Paz and Oquab (2017) proposed learning
a deep classifier and using its classification accuracy
as test statistic. We refer to this as ¢2sT-S, where S
stands for sign. The method has two drawbacks. First,
classification loss does optimize the 0-1 loss, whereas we
directly maximize test power (Lopez-Paz and Oquab,
2017, Remark 2). Second, it only uses the sign of the
classification function and thus neglects information
by weighting all points equally. Cheng and Cloninger
(2019) address the second issue by considering the net-
work’s output before thresholding the function into
a classifier. They train with a softmax loss, which
also does not directly address test power. The con-
nections of these methods to kernel-based tests were
also thoroughly discussed by Liu et al. (2020) and, in
accordance, we refer to the approach of Cheng and
Cloninger (2019) as C2ST-L.

6 EXPERIMENTS

We empirically assess the test power of the proposed
WITS tests in two settings. First, we perform instruc-
tive experiments to highlight the differences of the
methods summarized in Table 1. Second, we perform
benchmark experiments on two challenging datasets
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Table 1: Overview of kernel-based two-sample tests. A

PRIORI means that the kernel/regularization is chosen

independently of the data. The present work proposes the "witness" methods.

METHOD | KERNEL CHOICE REG. A WITNESS OBJ. WITNESS ESTIM. TEST DATA THRESHOLD
KFDA-WITNESS (PROPOSED) CcVvV CcV SNR ZLrr Zire ANALYTIC
KFDA-BOOT(HARCHAOUI ET AL., 20085) A PRIORI A PRIORI SNR Z (IMPLICIT) Z BOOTSTRAP
MMD-BOOT(GRETTON ET AL., 20124) A PRIORI - MMD Z (IMPLICIT) Z BOOTSTRAP
OPT-MMD-WITNESS (PROPOSED) J WITH Zg - MMD Lirr Do ANALYTIC
OPT-MMD-BOOT (SUTHERLAND ET AL., 2017) J WITH Zry - MMD Zre (IMPLICIT) Lrg BOOTSTRAP
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Figure 1: Instructive experiments on "Blobs" dataset. Left: Fixed kernel and fixed regularization for sample
size n = m = 100. Middle: For multiple candidate kernels (K1) kernel optimization becomes more important
and the difference of KFDA-WITNESS and OPT-MMD-WITNESS becomes smaller. Further, OPT-MMD-WITNESS
already outperforms OPT-MMD-BOOT. Right: Same kernels as in the middle figure and r = 1/2. All the tests are

consistent, i.e., converge to power equal 1.

and compare the performance of the introduced WiTS
tests (KFDA-WITNESS and OPT-MMD-WITNESS) to the
benchmarks (MMD-D, MMD-O, ME, SCF, C2ST-S, C2ST-
L) introduced in Section 5. For the benchmarks, we
reuse the implementation provided by Liu et al. (2020)
without changing any hyperparameters. Throughout
our experiments we set the level @« = 0.05. App. B
contains experiments for correct type-I error control.
The shaded regions contain 4+ one standard deviation
of the estimates.*

Instructive experiments. In Figure 1, we consider
a Blobs dataset (Gretton et al., 2012b) where P and
@ are mixtures of nine anisotropic 2-d Gaussians with
@ having the covariance matrix rotated by an angle
0 = w/4, see Figure 5 in the appendix. For the left
panel of Fig. 1, we consider a single Gaussian ker-
nel ky(z,2') = exp (—||z — 2'||*/0?) with bandwidth
o = 0.2 and a regularization parameter for the KFDA
methods of A = 1072 (in the appendix we show the
effect of the regularization in Fig. 4. Note that for
A — 00, KFDA and MMD methods coincide). We show-
case the effect of varying splitting ratios r when the

4Note that in Fig. 2 we used different approaches to
estimate the rejection rates, see Appendix B. This explains
that at the same rejection rate we can have differently large
errors.

kernel is fixed a-priori (thus we can apply MMD-BOOT
and KFDA-BOOT). With fixed kernel, OPT-MMD-BOOT
essentially discards the training data. We estimate the
test power (rejection rate) with fixed overall sample size
n = m = 100. We observe that the witness methods
achieve highest power for a 50/50 split, given a fixed
kernel and fixed regularization. We also observe that
the boot approaches outperform the witness methods
in this case.

However, in practice, it is unlikely that we can pick
a powerful kernel and regularization a priori. There-
fore, for the middle panel of Figure 1, we optimize
the kernel function over a class of kernels ;9 con-
sisting of ten Gaussian kernels with bandwidths on a
logarithmic range from 1073 to 10!. Additionally, for
KFDA-WITNESS we cross-validate over five candidate
regularizations on a log range from 10~% to 103. In this
case, the witness methods attain the highest power at
a splitting ratio r > 1/2, and OPT-MMD-WITNESS out-
performs OPT-MMD-BOOT for the majority of splitting
ratios and also globally. For the right panel, we use the
same setting, but fix the splitting ratio at » = 1/2 and
vary the sample size. As we expect, all tests are consis-
tent and we observe that both WiTS test approaches
outperform OPT-MMD-BOOT at a 50/50 split.

Benchmark Experiments. Liu et al. (2020) bench-



Jonas M. Kiibler, Wittawat Jitkrittum, Bernhard Schélkopf, Krikamol Muandet

—#— MMD-D-witness

—»— kfda-witness

1.0-

0.8 -
(0]
-+
<
- 0.6-
ke
g
(9}
L0.4-
9]
o
0.2
*’
0.0 - ' ] ] ] ' ' , '
100 150 200 250 300 350 400 450
Samplesize

—¢-- MMD-D -

MMD-O v SCF

C2ST L =k

C2ST S ME

1.0-

0.8 -

0.6 -

0.4-

0.2-

.0- ' ' ] ' ] ) ' '
1000 1500 2000 2500 3000 3500 4000 4500 5000
Samplesize

Figure 2: Benchmark experiments adapted from Liu et al. (2020) Left: Blobs, Right: HIGGS. Computing the
MMD witness after kernel optimization and performing a witness test (MMD-D-WITNESS) improves the test power
over MMD-D. Directly learning the KFDA-WITNESS also leads to high power.

marked several deep classification two-sample tests
(028T-L, C€2ST-C) against MMD with an optimized
deep kernel (MMD-D, MMD-0) and the optimized tests
(ME, SCF) of Jitkrittum et al. (2016). We implement
OPT-MMD-WITNESS on top of their proposed method
MMD-D, which optimizes a deep kernel (Liu et al., 2020,
Section 5). Therefore after the kernel optimization, we
use the training data to define the MMD witness func-
tion (Eq. (4)) and then proceed with WITNESSTEST
from Algorithm 1. We also run KFDA-WITNESS with
grid search over the same kernels and regularization as
for the previous experiments. We run the experiments
on two benchmarks. First, an adopted Blobs problem,
with multiple different covariances (Liu et al., 2020,
Figure 1) (see Figure 5 in the appendix), introduced to
show the limitations of MMD with translation-invariant
kernels. Second, the Higgs dataset (Baldi et al., 2014)
where "we compare the jet ¢-momenta distribution
(d = 4) of the background process, P, which lacks
Higgs bosons, to the corresponding distribution @) for
the process that produces Higgs bosons" (cited from
Liu et al. (2020)). For the Higgs dataset we consider
sample sizes larger than a thousand per class. To speed
up the computation of the KFDA-WITNESS, we approxi-
mate the solution with M = 500 Nystrom centers, see
Appendix C, which underlines the scalability of our
approach. For both datasets we observe higher power
of the WiTS tests we propose, see Figure 2. We em-
phasize that we used the implementation of Liu et al.
(2020), without changing the deep architecture or any
hyperparameters.

7 CONCLUSION

We introduced a principled approach to learn optimal
witness functions for two-sample testing. The approach
consists of two-stages: First, we learn a witness on a
subset of the observations by maximizing a test-power
criterion. In the second stage, we simply test whether
the witness function attains the same mean on the test
samples, and efficiently simulate the null distribution
via permutations. We further showed how to adopt re-
cent tests based on optimized Maximum Mean Discrep-
ancy into a witness two-sample test. Liu et al. (2020)
advocated optimizing a (deep) kernel in the training
stage. Our experiments show, however, that explicitly
learning a one-dimensional witness can perform bet-
ter than learning a high-dimensional representation (a
kernel function) in the training stage.

Our results extend beyond kernel methods since we
derive a principled objective to train a one-dimensional
function optimal for two-sample testing. This objective
and the proposed testing procedure can be applied
with any function class. The proposed framework thus
not only allows domain experts to perform two-sample
tests with the models most suitable to the data at
hand, but can also easily incorporate model selection
techniques developed for classification and regression
tasks to optimize for the best parameter settings.
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A PROOFS

A.1 Proof of Theorem 1

Proof. Theorem 1 follows by the application of the CLT; see, e.g., Theorem A, Chapter 1.9.1 in Serfling (1980).
The CLT implies v/n + m(h?% — hp) = \/n/c(hs — hp) 4 N(0,0%/c), analogously for @ and the variances add
2(h) B o, =0 /c+ J?Q/(l — ¢), the result follows from Slutsky’s theorem. O

up. Since 67
A.2 Proof of Proposition 1

Proof. Since we assume o.(h) > 0, it follows that

lim d <<I>_1(1 —a) — Vnge + mtehp_hQ> =0, (14)

Tge+mge—00 oc(h)
i.e., the asymptotic rate of type-II errors goes to zero, if and only if hp > hq. O
A.3 Derivation of Equation (12)

We use the following definitions: Let Z = {z1,...,Zn,.,¥1,---,Ym, } denote the pooled training sample and
K denote the kernel matrix such that K;; = k(z;,z;) for 4,j € [ng + my,]. Let us define G € H™ ™ such

that G; = k(z;,-). And we write K = G'G. Further we define v; = (%,...,%,0,...70)—r € Rnrutme
va = (0,...,0, ﬁ, ey ﬁ)—r € Rt and § = vy — vg. For | = ny, my, we define the idempotent centering

operator P, = [; —l_lllllT, where ] denotes the identity operator and 1; the [ dimensional vector with all ones.

1
With this we define the (ng +my;) X (nge +my,) matrix N, = <Cf)"“ 1 (}, ) . With the preceding definitions,

1—c™ Mtr

we obtain fip — fig = G4, S=—L _GN.GT.

Ngr+ My

Starting from (10) we estimate the KFDA witness based on the empirical estimates of up, p1g, %, i.e.,
hy = argmax Wti_—w. (15)
T (AN’

We first show a representer Theorem for KFDA (Mika, 2003, Sec. 3.4.3). Therefore, we decompose possible
candidate functions f = f1 + fo € H into a part f; that lies in the span of the training data Sy, = span({k(z;,-)|i €
[ty +my,]}) and fo which lies in the span’s orthogonal complement. Thus, by definition, we have (fo, k(2;,-)) =0
for all i € [ng, + myy]. Since px,, and py,, are within Sy, we have (ux,, — py,,, f) = (Ux,, — H¥.,, f1)- Similarly,
since 3 is only defined via the training samples in Z, 3 maps functions from Sy, to Siy and we have S f, = 0.
Thus for the denominator of (15) we get

(LEADS) = (i, E+ADA) + M 20?2 > (i, (E+ADf)- (16)

We have shown that the nominator of (15) stays constant, if we add a function f; that is not is not in S, and

the denominator can only grow. This implies that the maximum in (15) is attained for a function in S, and we

can expand it as hy(-) = S0 ™ Gk(z;, -). Hence the solution is

& = argmax (b, = prvee,s Z?;r;rmtr aik(zi, ) (17)

aER™tr+mir <Z:’*:tr1+mtr aik(zi7 .)7 (2 + A I) Z?:trl“l’mtr aik(zi, )>§

STK
= argmax c T (18)
aER™tr tmtr KN.K 2
(aT <’ﬂtr+mtr + )\K) a)
The solution to this is (Mika, 2003, Sec. 3.2)°

KN.K KN.K -t

(Jr)\K)échS <— &(Jr)\K) K. (19)
Ngr + My Ny + My

SFor a sanity check, simply compute the gradient of (17) and set it to zero.
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A.4 Convergence of hi

We will show that by — hy = (£ 4+ A1)~ (up — p1g) in probability.

Proof. First, we observe that
ha = ha = (B4 M) (g, — pv,,) — (S +AD) " (e — 5o)
= (E4+ D) (px, — ) — (E+AD) (e — pe)
+ (M) (e — po) — (Z+AD) " (pp — po)
= S+ A (i, — ) — (p — )] + [(S+AD ! = (S 40D (0 — pq)-

Thus it follows that

lhx = Ballze < (S 4+ A1) M (ux,, — pv,,) — (me — 1)l
HE+AD T = (S +AD) N (wp — 1)l
= (A)+(B).

Probabilistic bound on (A4). By the triangle inequality,

IS+ A1) (ks — b)) — (mp = 1Q)llae < NS+ XD M (xer — piv) — (2 — 120) 121
< IS +AD M e, — pp

n+ g — py,, 1)

By the spectral theorem, ||(3 + M)~!| = SUDje (1, )< | H%\ < 1/X where (I;)?2, are the eigenvalues of 3 and
by definition non-negative. Then, the y/n-convergence of (A) follows from the y/n-convergence of the kernel
mean embeddings ||px,, — pplly = (’)p(n;rl/z) and [|pg — iy, I3, = (’)p(mt;l/z); see, e.g., Muandet et al. (2017,
Theorem 3.4). That is, (A) = O, (min(ng,, me)~'/?).

Probabilistic bound on (B). Using the identity C~! — D=1 = C~}(D — C)D~1, we can rewrite (B) as

NE+FAD™ =S+ 2D (e — na)ln
=[C+AD E =) +AD) " (up — no)ln
<NE+ADTHIE = ZIIE + 2D (wp — 1o)llx
< NE+ADTIE = Zlusll (S + A0 (1p = pe)llns
where we used that the operator norm is upper bounded by the Hilbert-Schmidt norm. Let n := ng + my,.

Then, since [[(X+ A1)~ < 1/, the /n-convergence of (B) follows from the /n-convergence of the covariance
operator, i.e., |X — X|gs = Op(n~1/2) (Fukumizu et al., 2005, Lemma 4). That is, (B) = O, ((n¢ + mey)~/2).

Combining the rates of (A) and (B) yields the overall rate of convergence: ||hx—ha|j3 = Op(min(ng, my)~12). O

A.5 Witness objective vs. kernel optimization objective in MMD tests

In MMD-based two sample tests, the most common estimate of the MMD is the U-statistic estimate, defined as
(Gretton et al., 2012a)

— 1
MMD? = —— M " H;., 20
u n(n + 1) ; J ( )

with H;j = (k(zs,-) — k(ys,-), k(z;,-) — k(y;,-)). The objective function used in Sutherland et al. (2017); Liu et al.
(2020) bases on the asymptotic variance of the estimator under the alternative hypothesis. If the population value
of MMD? is positive, then the distribution of the estimate is asymptotically normal (Serfling, 1980, Section 5.5.1),

N (MMD% - MMD2> 4 N(0,0%,), with 0%, = 4(E [Hi2Hi3] — E [H15]%) (Liu et al., 2020). This can be used
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to derive an asymptotic test power criterion, which is given as the signal-to-noise ratio J = Mol\f{y (Sutherland
1
et al., 2017, Sec. 2.1).

We show, that the power criterion J = %Dz corresponds to the SNR criterion we derived in (8). It is an easy
1

exercise to show that
ot =4 (Exer (0 — 10 (X, )] 4+ Evn (1 = g k(Y.))’]
—(up — g ip)’ = (1p — 1> 1Q)))
Recalling the definition of the covariance operator ¥p = E [k(X, ) @ k(X, )] — up ® pp, we obtain

otr, = 4{np — pq, (Bp + 2o)(up — 1q)) = 2 (up — nq, (22p +250) (hp — k@)
=2(pp — pQ, X(kp — 11Q))
where we used ¥ = Xp/c+ Xg/(1 —¢) and ¢ = 1/2 for balanced samples.

Using hf’Q = pp — pQ, we have

J(P Q‘k) _ MMD2 _ <NP — HQ, P — :U’Q> _ <,U'P - p’thkP,Q> (21)
THi N2(up —pg Eup — 1Q))? V2(RDQ SR9)?

= —SNR(h;™). 22

SSNR(]?) 2

A.6 MMD of nonparametrically optimized kernel corresponds to KFDA

Consider a fixed kernel k& and denote by A the set of bounded positive operators on Hy. For the nonparametric
class of kernels K = {kalka(z,y) = (Ak(x,-), Ak(y, ")), A € A} using OPT-MMD-WITNESS leads to exactly the
same witness function as using KFDA-WITNESS.

Proof. Writing inner products in the original RKHS with kernel & for kernel k4 we have the regularized J criterion

I = (Alpr = pq), Alpp — 1q)) y
(A(pp = 1Q), A(Z + ADAA(np — p1g))?

We define 64 := A%(up — pg) and obtain

JA (P — pq,04)) (23)
(04, (S +A1)0a)*

which looks almost like (10). The solution to (10) is (11) which implies that Ay = (X4 I)~2 defines the optimal
kernel

(e, 2) = (S + A1) "2k(2, ), (S + A1) " 2k(2', )y
= (k(z,"),(S+ A1) k(2', )y -

Based on the empirical estimates the MMD witness of the optimized kernel would be (expressed in terms of the
original kernel k)

BE = (54 A1) (. — iv,,) = o, (24)
i.e., the witness of OPT-MMD-WITNESS coincides with the KFDA-WITNESS in the original RKHS. U

B FURTHER EXPERIMENTS AND DETAILS

This section provides supplementary information on our experiments. We provide code upon personal request.



Jonas M. Kiibler, Wittawat Jitkrittum, Bernhard Schélkopf, Krikamol Muandet

0.200 - 0.200 - 0.200 -
=& opt-mmd-boot —*— MMD-D-witness == kfda-witness
0.175 - —+— kfda-witness 0.175 - —4- MMD-D 0.175 - —#— MMD-D-witness
—+— opt-mmd-witness —— kfda-witness -4 MMD-D
0.150 - 0.150 - 0.150 -
0.125-

0.125 - 0.125 -

0.075 - 0.075 - 0.075 -

— .
0.050- ¥= _45; O '—"—— 0.050 - p—— ¢:: *
0.025 - ' 0.025 -

i i i i i | i 0.000- i i i i i i i 0.000- . . . . . . . .
100 150 200 250 300 350 400 100 150 200 250 300 350 400 450 1000 1500 2000 2500 3000 3500 4000 4500 5000

Samplesize Samplesize Samplesize

Rejection Rate

o

.

1

3
Rejection Rate

o

B

o

3
Rejection Rate

o

o

o

3

0.050 -

0.025 -

0.000 -

Figure 3: Rejection Rates for true null hypothesis (Type I error) at o = 0.05. Left: Standard Blobs dataset (500
iterations). Middle: Blobs dataset of Liu et al. (2020), KFDA-WITNESS is only average over 100 trials the others
over 10 x 100, therefore KFDA-WITNESS has higher variance. Right: Higgs dataset
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Figure 4: Effect of regularization on KFDA. We consider the same setting as in the left panel of Fig. 1 (fixed
kernel and fixed regularization and n = m = 100) but for different regularization. Left (A = 10%): For large
regularization KFDA converges to MMD. Middle (A = 1072): For a good regularization the KFDA approaches
clearly outperform the corresponding MMD approaches. Right (A = 10~%): If the regularization is too small for
a given sample size (here n = 100) , then KFDA overfits in the training phase, which leads to a reduction in test
power.

Datasets. We used two different versions of the Blobs dataset. We show random draws for both cases in
Figure 5. For the benchmark experiments we also used the Higgs dataset (Baldi et al., 2014), which is part
of the UCI Machine Learning Repository (https://archive.ics.uci.edu/ml/datasets/HIGGS). We used a
version that is ready for Python usage provided by Liu et al. (2020) (https://drive.google.com/open?id=
1sHIIFCoHbauk6Mkb6e8a_tplgnvul0Cc). To ensure the comparability we follow the implementation of Liu et al.
(2020) and draw samples from the Higgs dataset without replacement.

Effect of regularization of KFDA-WITNESS. In the left panel of Figure 1, we chose a fixed regularization
A = 1072 for the KFDA methods. In Figure 4, we show the effect of choosing a bad regularization. If the
regularization is too large (left), then KFDA coincides with MMD. On the other hand, if the regularization is too
small (right), then the effect of inaccurately estimating the covariance operator might as well lead to a reduced
test power. For good performance it is thus important to chose a suitable regularization. This can be automated
by including a model selection procedure, such as cross-validation, in the training stage.

Estimation of Rejection Rates. For the instructive experiments in Figure 1 we estimate the rejection rates
by repeating the whole two-stage procedure 1000 times. For the benchmark experiments we use 100 iterations of
the two-stage procedure for KFDA-WITNESS. For all the other methods in the benchmark experiments, we follow
the implementation of Liu et al. (2020) and estimate the rejection rates by running the first stage ten times and
estimating the rejection rate over 100 independent test sets for each run of the first stage. The reason for this is,
that the first stage is quite slow (training a neural network).


https://archive.ics.uci.edu/ml/datasets/HIGGS
https://drive.google.com/open?id=1sHIIFCoHbauk6Mkb6e8a_tp1qnvuUOCc
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Figure 5: Left: Draws from Blobs dataset for the instructive experiments. The distributions are mixtures of nine
Gaussians, with anisotropic covariance (but the same covariance matrix across blobs). The covariance matrix of
Q is rotated by 6 = 7/4 relative to the covariance matrix of P. To simulate the null hypothesis we use 6 = 0,
which corresponds to drawing both samples from P. Right: Blobs dataset used for Figure 2 as suggested by Liu
et al. (2020, Figure 1). In this case, P has isotropic Gaussian, the blobs in () are anisotropic and have different
covariance matrices. To simulate the null hypothesis, we draw both samples from P.

Algorithm 2 Pseudocode for the FdaFalkon algorithm. Adopted for KFDA from (Meanti et al., 2020)
13: function PRECONDITIONER(Zm, Ym, )

1: function FDAFALKON(Z,y, k, A, m, t) 14: Kom < k(Zm, Zm)

2: Zm, Ym < RANDOMSUBSAMPLE((Z,y), m) 15: T < chol(Kmm)

3: T, A < PRECONDITIONER(Z, Ym, A) 16: Kom & TN, N, T + M

4: function LiNOP(3) 17: A« chof(n[(mm)

5: ve AT'B . 18: return T, A

6: ¢ k(Zm, Z)NN"k(Z, Zn)T v 19: function KFDAWITNESS(Z:, k, \)

7: return A~ T(T~ Te+ Anw) 20:  Z < CONCATENATE(Z,)

8 R+ AT Tk(Zm, 2)y 21:  y=[1] % LEN(X¢r) 4 [—1] # LEN(Yer)

9: B + CoNJUGATEGRADIENT(LINOP, R, t) 22: m = LEN(Z) > # Nystrom centers
10: return T-'A713, Z,, 23: «, Z < FDAFALKON(Z,y,k, A\, m)

24: return hy = >0 oik(zi, )

Type-I errors. We report Type-I errors for all three different datasets in Figure 3.

C APPROXIMATE COMPUTATION OF THE KFDA WITNESS

In this section we will use n instead of ny, and m instead of my, to keep the notation more concise. In A.3, we
showed that the exact solution for the estimate of the KFDA witness is given by

n+m

ha() = Z Gik(zi, ), (25)

. (KN.K
n+m

+ AK) - K. (26)

Remark 1. The problem with computing the KFDA witness is that a naive implementation scales cubically with
the pooled sample size. In this section, we thus derive an approach that builds on recent results, that show that
one can essentially get optimal convergence guarantees while only using O((n + m)3/2) time. Therefore two steps
are needed. First, the solution is approzimated with M = O((n+m)2) Nystrom centers. Second the solution with
for the Nystrom centers is found via conjugate gradient, where a preconditioner is computed again with only M
datapoints.
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We take an approach similar to Rudi et al. (2017); Meanti et al. (2020). We will thus explicitly assume that the
function A has the parametric form

M
ha(z) =Y aik(z, %), (27)
m=1
with M ={Z1,...,2pm} C {21, ..., Zn, Y1, -, Ym} (We overload notation and use M to denote the set itself as

well as its size). We take the notation introduced in Section 4 and constrain to the case ¢ = %. In this case we

0 P, 2
scale X accordingly), which is unimportant for WiTS tests. Using N instead of N, has the advantage that N
itself is idempotent N = NN T, which makes the following easier. Nevertheless, it is straightforward to use the

can use N = (P" 0 > = Ne instead of N,. Note that this only affects the scaling of the solution (if we also

. _ . P, 0 ~=P, 0
below algorithm for any ¢ € (0,1), simply by using N, = \/EO 1 p ﬁ() L p |
Vi—c™ ™ Vi—c™ ™

In the following we denote with Kz the (n 4+ m) x M matrix of entries k(z;, Z;) and Kz its transpose. We
can then rewrite the terms in our objective

(ip — fig,ha) = 0" Kzma, (28)
(ha, (Z +A1)ha)
1 29
=a' (KMZNNTKZM + )\KMM> Q. (29)
n+m

Let us define Rysz := KpzN. This is a M x (n + m) matrix. Note that N is the sum of the identity and two
1-sparse matrices, hence computing Rjsz requires only O((n + m) - M) operations.

With our considerations from above we can write the optimal coefficients as

~ -1

a = (RMZRLZ'F (n+m))\KM1V[) K79, (30)

= (RMZR]T/[Z"‘ (n—|—m))\KMM) a* = Kpz0 (31)
Computing Rysz R}, explicitly costs O((n+m)M?) operations and would thus dominate the cost of our previous

operations. However, (31) is now exactly in the same form as Eq. (8) in Rudi et al. (2017). Thus from this point
onwards we can build on their results to efficiently find a solution.

The key idea of Rudi et al. (2017) is to find an efficient way to precondition the system of linear equations in (31).
In analogy, we propose to use the following preconditioner

—1
BB' = (anRMMRﬂM +)\(n+m)KMM> ’ (32)

where Rysy := Ky Ny and Ny is defined in analogy to N but only with the M Nystrom centers. The
preconditioner (32) thus corresponds to the ideal preconditioner of the problem without Nystrom approximation
but only M points to start with.

Using this preconditioner we use ¢ conjugate gradient steps to solve
BT (RMZRLZJF(’Her))\KMM) Bﬂ:BTKMz(S. (33)

If B is the approximate solution after t steps, we obtain an approximate solution as

& = BB. (34)

The algorithm is described in Algorithm 2 and has overall complexity of O((n¢, + my, )Mt + M?3) in time and
O(M?).
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