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Abstract

In Reinforcement Learning, the optimal ac-
tion at a given state is dependent on policy
decisions at subsequent states. As a conse-
quence, the learning targets evolve with time
and the policy optimization process must
be efficient at unlearning what it previously
learnt. In this paper, we discover that the
policy gradient theorem prescribes policy up-
dates that are slow to unlearn because of
their structural symmetry with respect to
the value target. To increase the unlearn-
ing speed, we study a novel policy update:
the gradient of the cross-entropy loss with
respect to the action maximizing q, but find
that such updates may lead to a decrease in
value. Consequently, we introduce a modified
policy update devoid of that flaw, and prove
its guarantees of convergence to global opti-
mality in O(t−1) under classic assumptions.
Further, we assess standard policy updates
and our cross-entropy policy updates along
six analytical dimensions. Finally, we empir-
ically validate our theoretical findings.

1 INTRODUCTION

The policy gradient theorem derived for the first time
in Williams (1992) is seminal to all the policy gradient
theory (Sutton et al., 1999; Konda and Tsitsiklis, 1999;
Ahmed et al., 2019; Kumar et al., 2019; Zhang et al.,
2020a; Qiu et al., 2021), and the actor-critic algorith-
mic innovations (Mnih et al., 2016; Silver et al., 2016;
Vinyals et al., 2019). In this paper, we discover that if,
starting from a uniform policy, n policy gradient up-
dates have been performed with respect to some values
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q, then at least as many policy gradient updates with
respect to opposite values will be needed to return back
to a uniform policy. We argue that unlearning in O(n)
is too slow for efficient Reinforcement Learning (RL,
Sutton and Barto, 1998). Indeed, the optimal action
at a given state is dependent on policy decisions at sub-
sequent states. As a consequence, the learning targets
evolve with time and an efficient policy optimization
process must be fast at unlearning what it previously
learnt. We show further that the unlearning slowness
of policy gradient updates critically compounds with
the number of such chained decisions as well as with
decaying learning rates and/or state visitations. The
structural flaw in the policy gradient lies in its sym-
metry with respect to the q-function.

We therefore look for alternative solutions. As
described in Agarwal et al. (2020), the direct
parametrization update also applies a classic policy
gradient update, but follows it with a projection on
the probability simplex. This projection breaks the
symmetry, like a wall preventing the parameters from
going further forward but still allowing them to go
backwards. Unfortunately, an adaptation of the direct
parametrization to non-tabular settings, i.e. to func-
tion approximation, remains an open problem because
the projection cannot be readily differentiated.

To overcome this limitation, we study a novel pol-
icy update that improves the unlearning speed: the
cross-entropy policy update. It consists in updating
the parameters with the gradient of the cross-entropy
loss between the output of a softmax parametriza-
tion and the current local optimal action aq(s) =
argmaxa∈A q(s, a). This policy update displays a con-
sistent empiric convergence to global optimality in our
experiments. But unfortunately, our analysis reveals
that such updates may at times lead to a decrease in
value, which is a serious dent in its theoretical ground-
ing. We conjecture its convergence and global optimal-
ity to be true, but they remain an open problem.

In the meantime, we propose to alter the cross-entropy
loss gradient in order to guarantee monotonicity of the
value function. We prove that the resulting modified
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cross-entropy policy update converges in O(t−1) to a
global optimal under the set of assumption/conditions
made in Laroche and Tachet des Combes (2021). We
pursue our theoretical analysis with an overview of the
main policy updates used in the literature, and ana-
lyze them along six axes: convergence to global op-
timality, asymptotic convergence rates, sensitivity to
the gravity well exposed in Mei et al. (2020a), unlearn-
ing speed, compatibility with stochastic updates, and
adaptability to function approximation. Due to space
limitations, proofs for all propositions and theorems
were moved to Appendix A.

Finally, we empirically validate our analysis on di-
verse finite MDPs. The results show that the cross
entropy softmax updates are as efficient as the di-
rect parametrization updates on hard planning tasks
on which policy gradient methods fail to converge to
optimality in a reasonable amount of time. Due to
space limitations, some details regarding implemen-
tation choices, applicative domains, and experimental
results were moved to Appendix B. Moreover, the code
is attached to the proceedings.

Our contributions are summarized below:

• We identify the slow unlearning behaviour of pol-
icy updates following the policy gradient theorem.

• We develop two novel policy updates based on
the cross-entropy loss tackling the aforementioned
issue.

• We assess standard policy updates and our policy
updates along six analytical dimensions.

• We empirically validate our theoretical findings.

2 FAMILIES OF POLICY UPDATES

The objective for an agent consists in maximizing the
sum of discounted rewards:

J (π)
.
= E

[ ∞∑
t=0

γtRt

∣∣∣∣ S0 ∼ p0, St+1 ∼ p(·|St, At),
At ∼ π(·|St), Rt ∼ r(·|St, At)

]
, (1)

where state S0 is sampled from the initial state distri-
bution p0, and at each time step t ≥ 0, action At is
sampled from the current policy π, reward Rt is sam-
pled according to the reward kernel r, and next state
St+1 is sampled according to the transition kernel p.
0 ≤ γ < 1 is the discount factor ensuring that the
infinite sum of rewards converges.

In this paper, we will consider policies πθ,
parametrized by θ, that get recursively updated as fol-
lows:

θ′ ← U(θ, d, q, η), (2)

where d(s) is classically the state-visit distribution in-
duced by the current policy πθ, but may be any state
distribution following the generalized policy update in
Laroche and Tachet des Combes (2021), q is the cur-
rent state-action value function estimate for πθ, and η
is a learning rate scalar.

2.1 PG updates: Upg-Upg-sm-Upg-es

A natural approach is to take the gradient of J (πθ)
with respect to its parameters. This corresponds to
the update prescribed by the policy gradient theorem:

Upg(θ, d, q, η)
.
=θ+η

∑
s∈S

d(s)
∑
a∈A

q(s, a)∇θπθ(a|s),

(3)

where ∇θπθ denotes the gradient of πθ with respect
to its parameters θ. In practice, the vast majority of
practitioners use update Upg in Eq. (3) with a softmax
parametrization:

πθ(a|s) .
=

exp(fθ(s, a))∑
a′∈A exp(fθ(s, a′))

(4)

∇θπθ(a|s) = πθ(a|s)[∇θfθ(s, a)

−
∑

a′
∇θfθ(s, a′)πθ(a′|s)] (5)

where fθ : S × A → R is typically a neural network
parametrized by its weights θ. We let Upg-sm denote
the update resulting from this parametrization.

Recently, Mei et al. (2020a) discovered that softmax’s
policy gradient has two issues: slow convergence (aka
damping) and sensitivity to parameter initialization
(aka gravity well). They propose the escort transform
to address them:

πθ(a|s) .
=
|fθ(s, a)|p
‖fθ(s, ·)‖pp

(6)

∇θπθ(a|s) ∝ πθ(a|s)1− 1
p [∇θfθ(s, a)

−
∑

a′
∇θfθ(s, a′)πθ(a|s)1/pπθ(a

′|s)1− 1
p (7)

where p is the hyperparameter for the transformation,
usually set to 2, ‖·‖p denotes the p-norm, and ∝ means
proportional to, hiding factors in p and ‖fθ(s, ·)‖p.
We let Upg-es denote the update resulting from this
parametrization.

We will argue in Section 3.4 that updates of the form
of Upg generally take too much time to unlearn their
past steps. Consequently, we investigate other policy
updates.

2.2 Direct parametrization update: Udi

The direct parametrization is arguably the simplest
one:

πθ(a|s) .
= fθ(s, a) ∇θπθ = ∇θfθ, (8)
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but, since fθ(s, ·) must live on the probability simplex
∆A, an orthogonal projection on ∆A is required after
each update Upg:

Udi(θ, d, q, η)
.
= Proj∆A [Upg(θ, d, q, η)] (9)

The direct parametrization has been studied quite ex-
tensively in the context of finite MDPs. We will argue
in Section 3.6 that Udi cannot be readily applied with
function approximation. We thus investigate other
policy updates.

2.3 Cross-entropy update: Uce

Instead of the gradient of the objective function, we
propose to follow the gradient derived from the classi-
fication problem of selecting the best action according
to the current value function q: the cross-entropy loss
on a softmax parametrization (see Eq. (4)):

Uce(θ, d, q, η)
.
= θ + η

∑
s∈S

d(s)∇θ log πθ (aq(s)|s) , (10)

(Uce)s,a = θ + ηd(s)
(
1a=aq(s) − πθ (a|s)

)
, (11)

where aq(s) = argmaxa∈A q(s, a) is the action that
maximizes q in state s. The cross-entropy update
can be seen as a soft version of the SARSA algo-
rithm (reached as η tends to infinity). Unfortu-
nately, the cross-entropy update does not guarantee
a monotonous increase of the value. Indeed, an imbal-
ance of the policy for suboptimal actions may lead to
an increase in the policy for some of them, and poten-
tially to a decrease in the policy value.
Proposition 1 (Non-monotonicity of Uce). Up-
dating a policy with Uce may decrease its value.

We will consider Uce because it works well in practice
but the non-monotonicity of its value compromises our
proofs of convergence and optimality.

2.4 Modified cross-entropy update: Umce

In order to solve the monotonicity issue with Uce, we
propose to modify its update such that all suboptimal
actions get penalised equally, thereby correcting the
imbalance responsible for the non-monotonicity of the
update:

(Umce)s,aq(s)
.
= θ + ηd(s) (1− πθ (aq(s)|s)) (12)

(Umce)s,a6=aq(s)
.
= θ − ηd(s)

|A| − 1
(1− πθ (aq(s)|s)) .

(13)

Note that updating a 6= aq(s) is not necessary but
allows

∑
a θs,a to remain constant over time, and thus

prevents the weights from diverging artificially. We
prove its monotonicity under the true updates.

Proposition 2 (Monotonicity of Umce). Updating
a policy with Umce increases its value.

2.5 Cross-entropy related updates

In the context of transfer and multitask learning,
Parisotto et al. (2016) train a set of experts on various
tasks and then distill the learnt policies into a single
agent via the cross-entropy loss. The idea of increas-
ing the probability of greedy actions, while decreasing
the probability of bad actions, has also been used in
the field of Conservative Policy Iteration (Kakade and
Langford, 2002; Pirotta et al., 2013; Scherrer, 2014).
Finally, the Pursuit family of algorithms introduced
in the automata literature also shares some common
ground with the idea (Thathachar and Sastry, 1986;
Agache and Oommen, 2002).

3 THEORETICAL ANALYSIS

In this section, we analyze the five policy updates pre-
sented in Section 2 across six dimensions summarized
in Table 1. We first check whether there exists proof of
their convergence to global optimality in Section 3.1.
In Section 3.2, we look at their asymptotic convergence
rates. In Section 3.3, we investigate their sensitivity to
the gravity well (Mei et al., 2020a). In Section 3.4, we
define the unlearning setting and assess the updates’
unlearning speed. In Section 3.5, we discuss the com-
patibility of the update rules to stochastic updates.
Finally, we discuss their deep implementations in Sec-
tion 3.6.

3.1 Convergence and global optimality

The convergence and global optimality of Upg-sm
has been proved under different sets of assump-
tions/conditions in Agarwal et al. (2020); Mei et al.
(2020b); Laroche and Tachet des Combes (2021). The
convergence and global optimality of Upg-es has been
proved in Mei et al. (2020a). The convergence and
global optimality of Udi has been proved under differ-
ent sets of assumptions/conditions in Agarwal et al.
(2020); Laroche and Tachet des Combes (2021).

While Uce displays a consistent empiric convergence to
optimality in our experiments, the non-monotonicity
of its value function is a dent in its theoretical ground-
ing. We conjecture its convergence and global opti-
mality to be true, but they remain an open problem.

Using tools from Laroche and Tachet des Combes
(2021), we prove the convergence of Umce to the global
optimum on finite MDPs:

Theorem 3 (Convergence and optimality of
Umce). Starting from an arbitrary set of parame-
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Id Name Conv. & Opt. Rates Gravity Well Unlearning* Stochastic Deep Impl.
Upg-sm Policy gradient softmax yes O(t−1) strong slow* yes yes
Upg-es Policy gradient escort yes O(t−1) weak slow* yes yes
Udi Direct parametrization yes exact none* fast* no no
Uce Cross-entropy softmax* no* O(t−1) none* fast* no yes
Umce Modified C-E softmax* yes* O(t−1)* none* fast* no yes

Table 1: Summary of the theoretical analysis. The five updates are evaluated across six dimensions. Conv. &
Opt. relates to the existence of a proof of the convergence and global optimality of the update (see Section
3.1). Rates measures the asymptotic speed of convergence (see Section 3.2). Gravity Well reports how strong
they endure a gravitational pull (see Section 3.3). Unlearning evaluates the speed at which an update can
recover from its own past updates (see Section 3.4). Stochastic reports whether the update is compatible with
stochastic updates (see Section 3.5). Deep Impl. assesses whether the method can be implemented with function
approximation (see Section 3.6). The entries have a red font when the answer is considered as disadvantageous.
The entries are associated with a star when the answer is novel.

ters θ0, we consider the process induced by θt+1 =
Umce(θt, dt, qt, ηt), where qt = qπθt is the state-action
value of current policy πθt . Then, under the assump-
tion that the optimal policy is unique, the condition
that each state s is updated with weights that sum to
infinity over time:

∑∞
t=0 ηtdt(s) = ∞, is necessary

and sufficient to guarantee that the sequence of value
functions (qt) converges to global optimality.

The necessary and sufficient condition on the infinite
sum of weights is identical to that for the convergence
of Upg-sm and Udi in the same framework (Laroche and
Tachet des Combes, 2021). The optimal policy unique-
ness assumption is not required for Upg-sm and Udi, but
we conjecture that this is only required for technical
reasons and that the theorem holds true even without
uniqueness. We run in Section 4.2 an experiment to
empirically support this conjecture.

3.2 Asymptotic convergence rates

Asymptotic convergence rates for Upg-sm is well docu-
mented to be in O(t−1) (Mei et al., 2020b; Laroche and
Tachet des Combes, 2021). Mei et al. (2020a) prove
a convergence rate in O(t−1) for Upg-es. Laroche and
Tachet des Combes (2021) prove that Udi will converge
to an optimal policy in a finite number of steps.

The convergence of the softmax parametrization under
the cross-entropic loss has been studied in the past
with a rate of O(t−1) (Soudry et al., 2018). Under the
assumption that Uce converges, its rates should be the
same. Theorem 4 shows the same holds true for Umce.

Theorem 4 (Convergence rates of Umce).
The process, assumption, and condition defined
in Theorem 3 guarantee that the sequence of
value functions (qt) asymptotically converges in

O
((∑t

t′=0 ηt′ mins∈S dt′(s)
)−1

)
.

This is the same rate as Upg-sm and it reaches rates in
O
(
t−1
)
, when the learning rates is kept constant and

when off-policy updates prevent dt(s) ≥ d⊥ > 0 from
decaying.

The various update rules all converge at least in
O(t−1). Given that our setting of interest is RL, where
the minimal theoretical cumulative regret is known to
be O(log t), there is no point in converging faster than
O(t−1). For this reason, we consider all the updates
converge fast enough.

3.3 Gravity well

Mei et al. (2020a) identify the softmax gravity well
issue, whereby gradient ascent trajectories are drawn
towards suboptimal corners of the probability simplex
and subsequently slowed in their progress toward the
optimal vertex. A condition for this to happen is for
the action aqt maximizing qt not to incur the maximal
update step in policy space. Formally, the following
condition guarantees the absence of gravity well:

aqt(s) ∈ argmax
a∈A

(πt+1(a|s)− πt(a|s)) . (14)

Theorem 5 analyses condition 14 for all five updates
Upg-sm, Upg-es, Udi, Uce, and Umce.
Theorem 5 (Gravity well). Udi and Umce are guar-
anteed to satisfy Eq. (14). Upg-sm, Upg-es, and Uce
may transgress Eq. (14). Furthermore, Upg-sm may
not even satisfy πt+1(aqt(s)|s)− πt(aqt(s)|s) ≥ 0.

With policy gradient softmax Upg-sm, we see in the
proofs of Th. 5 that if πθ(aqt(s)|s) is close to 0, it is
possible, and even rather easy, for Upg-sm to induce a
larger update step in policy space for a suboptimal ac-
tion than for aqt(s) itself. This can last for a significant
amount of time because πθ(aqt(s)|s) will only observe
a small update, hence many steps will be needed to es-
cape the gravity well, as Mei et al. (2020a) empirically
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observed. Even worse, it may happen that the policy
for aqt(s) decreases.

Similarly to Upg-sm, Upg-es may induce a larger update
step for a suboptimal action than for the optimal one
(only when p > 1). However, that effect is dampened
by the 1− 1

p power on πθ(a|p) seen in Eq. (7), and the
setting for condition (14) not to be satisfied is much
more restricted. Consequently, the gravity well effect
exists but is not strong enough to compromise the up-
date efficiency, as predicted by Mei et al. (2020a).

Regarding Uce, it is rather easy to construct examples
where condition (14) is not satisfied. However, we ar-
gue that this differs from the gravity well issue, as the
action benefiting from a higher update step is not the
action with the highest policy. Our experiment con-
firms that Uce does not suffer from the gravity well.

Finally, condition (14) is guaranteed to be satisfied
with policy updates Udi and Umce.

3.4 Unlearning what has been learnt

In RL, the optimal action at a given state is dependent
on policy decisions at subsequent states. As a conse-
quence, the learning targets evolve with time and the
policy optimization process must be efficient at un-
learning what it previously learnt. We use two set-
tings to investigate this property: the unlearning set-
ting measures how fast each algorithm is to recover
from bad preliminary q targets, and the domino setting
evaluates how this compounds when the bad targets
are chained. Our analysis reveals that the symmetry
of Upg with respect to the q target strongly slows down
unlearning and that this pitfall compounds geometri-
cally in hard planning tasks.

3.4.1 Unlearning setting (constant weights)

To evaluate the ability to unlearn convergence stem-
ming from bad preliminary q targets, we consider
a single state MDP with two actions and a tabu-
lar parametrization θ ∈ R2. Starting from an ini-
tial set of parameters θ0, we apply n updates with
(q(a1) = 1, q(a2) = 0) and then measure the number n′
of “opposite” updates, i.e. with (q(a1) = 0, q(a2) = 1)
necessary to unlearn these steps, that is to recover a
policy such that πθn+n′ (a1) ≤ πθ0(a1).
Theorem 6 (Unlearning setting – constant
weights). In the setting where η is constant:

(i) Under assumptions enunciated below–and verified
by Upg-sm and Upg-es, Upg needs n′ ≥ n updates.

(ii) Udi needs n′ = min{n ; d 1
η e} updates.

(iii) Uce and Umce need n′ ≤ 2+ 1
η log(1+2ηn) updates.

Letting (θ)1 and (θ)2 denote θ’s components, Theo-
rems 6(i), 7(i), and 8(i) require the following mild as-
sumptions:

Invariance w.r.t. θ: πθ1 = πθ2 =⇒ ∇θπθ1 = ∇θπθ2

Monotonicity: πθ(a1)≥π0(a1)=⇒
{

(∇θπθ(a1))1 ≥ 0
(∇θπθ(a1))2 ≤ 0

Concavity: πθ(a1)≥π0(a1)=⇒
{

(∇π(∇θπθ(a1))1)a1≤0
(∇π(∇θπθ(a1))2)a1≥0

Invariance w.r.t. θ states that any two parameters
implementing the same policy have equal gradients–
our theorems do not deal with overparametrization.
Monotonicity states that the gradient is monotonic
with π: higher components imply higher policy. It
is fairly standard to expect each parameter to be as-
signed to an action. Concavity states that, as the pol-
icy for a1 grows, the absolute value of its gradient with
respect to θ diminishes. Since πθ(a1) is a function of
θ from R2 to [0, 1], it is expected that the gradient
diminishes as πθ(a1) grows to 1.

Theorem 6 states that to unlearn n steps towards a
certain action, Upg requires a number of updates n′ at
least as large as the number of steps taken initially.
As shown in our experiments, this may significantly
slow down convergence to the optimal policy. In con-
trast, Udi updates display no asymptotic dependency
in n, while Uce and Umce updates require a logarithmic
number of steps to recover.

3.4.2 Unlearning setting (decaying weights)

In practice, the learning weight ηtdt(s) applied to the
gradient is likely to decay over time, either because the
learning rate ηt is required to decay to guarantee con-
vergence of stochastic policy updates, and/or because
the state density dt(s) will decay (depending on s) as
the policy converges.

In order to model this scenario, we reproduce the un-
learning setting with a decaying learning rate: ∀t ≥
1, ηt = η1√

t
for η1 > 0. From time t = 1 to t = n,

updates with ηt and (q(a1) = 1, q(a2) = 0) are per-
formed, from time t = n+ 1 onwards, updates with ηt
and (q(a1) = 0, q(a2) = 1) are applied. We then study
n′ such that πθn+n′ (a1) ≤ πθ0(a1).

Theorem 7 (Unlearning setting – decaying
weights). In the setting where ηt = η1√

t
:

(i) Under the assumptions enunciated above–verified
by Upg-sm and Upg-es, Upg needs n′ ≥ 3n−4

√
n+1.

(ii) Udi updates require at most n′ equal to

min

{
3n+ 4

√
n+ 1 ;

(
1
η1

+ 1
)2

+
√
n
(

2 + 2
η1

)}
.
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(iii) Uce and Umce updates require at most n′ equal to(
4 + log(1+4η1

√
n)

2η1

)2

+
√
n
(

8 + log(1+4η1
√
n)

η1

)
.

All updates are severely affected by the decaying
weights. Since the decay can stem from the learning
rate actually decaying and/or from the state visit dt(s)
decreasing as the behavioural policy converges, these
worsened recovery rates are an argument in favor of
(i) using expected updates in action space (Ciosek and
Whiteson, 2018) to allow the use of a constant learning
rate, and (ii) performing off-policy updates (Laroche
and Tachet des Combes, 2021) to properly control the
policy update state visitation density.

3.4.3 Domino setting

Next, we argue that the number of updates compounds
exponentially with the horizon of the task in the fol-
lowing sense: for a q estimate to flip in one state, it
is required that all future states have flipped before-
hand. To illustrate this effect, we consider the domino
setting: several binary decisions are taken sequentially
in states s ∈ S = {sk}k∈[|S|]. The q-function is artifi-
cially designed as follows:

q(s|S|, a1) = 0 and q(s|S|, a2) = 1

if πθt((a2|sk+1) ≤ πθ0(a2|sk+1),

{
q(sk, a1) = 1
q(sk, a2) = 0,

otherwise,
{
q(sk, a1) = 0
q(sk, a2) = 1.

Intuitively, the decision in state sk+1 needs to be cor-
rect for the gradient in state sk to point in the right
direction. When this happens, we say that state sk+1

has flipped. We say that the domino setting has been
solved in t steps when πθt(a2|s1) > πθ0(a2|s1).

Theorem 8 (Domino setting). Under the assump-
tion that η and d(sk) > 0 are constant, in order to
solve the setting,

(i) Upg updates require at least 2|S|−1 steps.

(ii) Udi updates require at most 1 + |S|−1
η steps.

(iii) Uce and Umce updates require at most:
32e8η+3

η3 (|S| − 1) log(|S| − 1) steps.

Disclaimer:Disclaimer:Disclaimer:Disclaimer:Disclaimer:Disclaimer:Disclaimer:Disclaimer:Disclaimer:Disclaimer:Disclaimer:Disclaimer:Disclaimer:Disclaimer:Disclaimer:Disclaimer:Disclaimer: The domino setting is a thought exper-
iment for the backpropagation of an optimal policy
through a decision chain. However, in practice, the
updates will not flip this way. Moreover, its implemen-
tation requires a reward function of amplitude 2|S|−1.
We acknowledge that the domino setting makes things
look worse than they really are, but we claim, with

the validation of our empirical experiments, that the
unlearning slowness of the policy gradient updates are
a critical burden for hard planning tasks.

3.5 Stochastic versus expected updates

In Section 3.4, we showed drawbacks of Upg’s sym-
metry property w.r.t. the q function. It can, how-
ever, also be an asset, as it allows for stochastic up-
dates. Udi’s projection on the simplex breaks the sym-
metry but, fortunately, only at the frontier of its do-
main. So, Udi also allows for stochastic updates as long
as they obey the classic Robbins-Monro conditions.
In contrast, the cross-entropy updates Uce and Umce
are asymmetric everywhere. Moreover, they ignore
the q-value gaps, and are thus biased with stochas-
tic updates. Therefore, they must use expected up-
dates (Ciosek and Whiteson, 2018). Given Theorem
7’s analysis, we argue that applying expected updates
is actually necessary no matter the update type, so
that constant learning rates can be used, and efficient
unlearning performance attained.

3.6 Implementation with function
approximation

To the best of our knowledge, all actor-critic al-
gorithms with function approximations have imple-
mented policy gradient updates Upg with or without
the true state visitation density: often omitting the
discount factor in the state visitation (Thomas, 2014;
Nota and Thomas, 2020; Zhang et al., 2020b), and
sometimes not correcting off-policy updates (Wang
et al., 2017; Espeholt et al., 2018; Vinyals et al., 2019;
Schmitt et al., 2020; Zahavy et al., 2020). A vast ma-
jority of the implementations also chose by default the
softmax parametrization Upg-sm. However, given their
shape, implementing cross-entropy updates Uce and
Umce should be straightforward. The assessment of
their actual efficiency is left for future work. Imple-
menting Upg-es ought not be of any challenge. Nev-
ertheless, since it was already an issue with tabular
representations, the instability of Upg-es when the pa-
rameters cross 0 may be a source of concern with func-
tion approximation.

The direct parametrization Udi remains to be discussed
for function approximation. Sparsemax (Martins and
Astudillo, 2016; Laha et al., 2018) could be seen as
an implementation, but, since it omits the projection
step, it misses one of its fundamental feature: asym-
metry. Indeed, if an action is already assigned a 0
probability, a proper direct update would either de-
crease it and then project it back to 0, or increase it.
In contrast, Sparsemax exhibits a null gradient and
therefore immobility in both directions. Adapting Udi
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to function approximation remains an open problem
to this date.

4 EMPIRICAL ANALYSIS

This section intends to compare the five updates stud-
ied until now in RL experiments (with p = 2 for
Upg-es). In RL, many confounding factors such as ex-
ploration or the nature of the environment may com-
promise the empirical analysis. We will endeavour to
control these factors by:

Investigating three exploratory and off-policy
updates schemes designed within the J&H algo-
rithm1 (Laroche and Tachet des Combes, 2021), where
εt denotes the probability to give control to Hyde, a
pure exploratory agent, at the beginning of each tra-
jectory, and where ot denotes the probability of up-
dating the actor with a sample collected with Hyde
(therefore likely to be off-policy):

• NoExplo: no exploration: εt = 0 and ot = 0,

• LowOffPol: exploration and low off-policy up-
dates: εt = min{1 ; 10√

t
} and ot = min{1 ; 10√

t
},

• HiOffPol: exploration and high off-policy up-
dates: εt = min{1 ; 10√

t
} and ot = 1

2 .

Evaluating on three RL environments

• Random MDPs:Random MDPs:Random MDPs:Random MDPs:Random MDPs:Random MDPs:Random MDPs:Random MDPs:Random MDPs:Random MDPs:Random MDPs:Random MDPs:Random MDPs:Random MDPs:Random MDPs:Random MDPs:Random MDPs: procedurally generated environ-
ments where efficient planning is unlikely to mat-
ter and where stochasticity plays an important
role.

• Chain domain:Chain domain:Chain domain:Chain domain:Chain domain:Chain domain:Chain domain:Chain domain:Chain domain:Chain domain:Chain domain:Chain domain:Chain domain:Chain domain:Chain domain:Chain domain:Chain domain: a deterministic domain with re-
wards misleading towards suboptimal policies,
and thus where planning is the main challenge.
The chain domain evaluates the unlearning abil-
ity of the updates.

• Cliff domain:Cliff domain:Cliff domain:Cliff domain:Cliff domain:Cliff domain:Cliff domain:Cliff domain:Cliff domain:Cliff domain:Cliff domain:Cliff domain:Cliff domain:Cliff domain:Cliff domain:Cliff domain:Cliff domain: a slight modification of the chain
domain in order to create gravity wells. In ad-
dition to their unlearning abilities, the cliff do-
main should evaluate the updates’ resilience to
the gravity well pitfall.

4.1 Random MDPs experiments

A Random MDP environment with |S| = 100 and
|A| = 4 is procedurally generated at the start of
each run. The transition from each state action pair

1The precise J&H implementation is detailed in Ap-
pendix B.2.

stochastically connects to two states uniformly sam-
pled from S and with probability generated from a
uniform partition of the segment [0,1]. In most cases,
the obtained MDP is strongly connected and explo-
ration is barely an issue. However, stochasticity is
strong and an accurate q estimate is necessary to find
a policy with a good performance.

We evaluate the policies with the number of steps (each
step is a transition and an update) they need to reach
a normalized performance J π equal to 95% of the gap
between the performance of the optimal policy π? and
that of the uniform one πu(·|·) = 1

|A| , formally J π =
J (π)−J (πu)
J (π?)−J (πu) .

The result of the Random MDPs experiments is pre-
sented on Figure 2, where we display the number of
steps to reach J (π) = 0.95 versus the learning rate for
the actor. The three exploration/off-policiness settings
are shown on three separate subfigures: NoExplo in
2a, LowOffPol in 2b, and HiOffPol in 2c.

The similarity of NoExplo and LowOffPol con-
firms that the exploration plays a minimal role in this
setting. More generally, the policy gradient updates
Upg-sm and Upg-es are quite unchanged by the pres-
ence of off-policy updates, maybe indicating that their
slowness to change policies makes them less likely to
follow fine q optimality. It is also worth noting that
Upg-es has the narrowest learning rate bandwidth in-
side which it is efficient: lower, the updates are too
slow, higher, the updates get too large and induce di-
vergence because of the bouncing behaviour in 0. Udi
gets the best performance in all settings.

Udi, Uce, and Umce all converge to SARSA when η
tends to ∞ and by extrapolation, we may imagine
where their curves would meet and therefore SARSA’s
performance. Thus, we observe that all the policy
update algorithms do much better than SARSA on
NoExplo and LowOffPol. Uce and Umce perform
equally, but their strong similarity to SARSA make
them the worst on NoExplo and LowOffPol. In-
deed, the stochasticity in the environment makes the
q predictions of the critic unstable, which prevents the
cross-entropy updates to converge. Off-policy updates
help because they allow to quickly fix bad q prediction.
With high off-policy updates, Uce and Umce perform
much better with a wide range for the learning rate.

4.2 Chain experiment

Framing the domino setting in an RL task would have
been possible, but we opted for a less processed envi-
ronment, already existing in the literature. The chain
domain, depicted on Figure 1, implements a determin-
istic walk along a line, starting from s0 to s|S|−1. In
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s0 s1 s2 s3 s4 s5 s6 s7 s8 s9

s9 r = 0.8γ8

a1 a1 a1 a1 a1 a1 a1 a1 a1

a2 a2 a2 a2 a2 a2 a2 a2 a2

r = 1

Figure 1: Deterministic chain with |S| = 10. Initial state is s0. Reward is 0 except when entering final state s9,
which is represented with two icons for clarity but is a single state. r(·, a2) is set such that q(s0, a1) = 0.8q?(s0, a2).
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Figure 2: Random MDPs: number of steps to obtain performance equal to 95% of the gap between π? and πu.
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(a) NoExplo: |S| = 5 (100 runs)
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(b) LowOffPol: |S| = 7 (100 runs)
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(c) HiOffPol: |S| = 10 (100 runs)

Figure 3: Chain: number of steps to obtain performance equal to 50% of the gap between π? and πs.

5 10 15 20 25 30

number of states |S|

0

20000

40000

60000

80000

100000

ti
m

e
to

re
ac

h
J
π

=
0.

5

chain

Upg-sm

Upg-es

Udi

Uce

Umce

(a) LowOffPol: (≈20 runs)
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(b) HiOffPol: (≈20 runs)
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(c) HiOffPol: with duplicate actions

Figure 4: Chain: number of steps to obtain performance equal to 50% of the gap between π? and πs.

any state, it is possible to jump off the chain (action
a1) and get an immediate reward, but the optimal
policy consists in walking (action a2) throughout the
chain. We expect the PUs to first guide the agent
towards a1, and require exploration and updates to
propagate the optimal policy π?(a2|s) ≈ 1 and value
through the chain. Thus, starting from the end of the
chain, the policy in each state will need to be flipped
in order to choose the best action at the first state.

We evaluate the policies with the number of steps (each
step is a transition and an update) they need to reach
a normalized performance J π that is equal to half the
gap between that of the optimal policy π? and that
of the suboptimal one πs(a1|·) = 1, formally J π =
J (π)−J (πs)
J (π?)−J (πs)

.

Similarly to the Random MDPs, we first look at the in-
cidence of the actor learning rate for each update rule.
The results are presented in Figure 3. First, we notice
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that the size of the chain had to be adapted to each
setting. Indeed, with no exploration and no off-policy
updates, policy updates tends to completely converge
to the suboptimal policy and stop updating the sub-
sequent states much more easily. In all the settings,
the cross-entropy updates Uce and Umce yield the best
results even better than Udi. In LowOffPol (Fig-
ure 3b) and HiOffPol (Figure 3c), this might just
be a hyperparameter shift, but in NoExplo (Figure
3a), the advantage is real, which was unexpected to
us since it unlearns a bit more slowly in theory. This
might be due to the fact that it can both learn and
unlearn fast but still explore. In contrast, either Udi
has a small learning rate, and it is slow to unlearn, or
it has a large learning rate and it completely stops ex-
ploring too fast. This analysis seems confirmed by the
fact that Udi yields a performance similar to that of
Upg-sm and Upg-es, suggesting it never gets the benefit
of its projection’s step ability to break the symmetry
of the policy gradient.

We conduct an additional experiment where we ob-
serve how each update behaves when the length of the
chain grows (Figures 4a and 4b). We set their best
learning rate: ηpg-sm = 10, ηpg-es = 1, ηdi = 1, ηce = 1,
and ηmce = 1 for LowOffPol and HiOffPol. We
observe that Upg-sm and Upg-es have approximately the
same behaviour and are much slower to converge to the
optimal policy. Upg-es has more visible variance be-
cause it diverges sometimes (and less runs have been
performed for this experiment). With sufficient explo-
ration, Udi, Uce, and Umce have the same behaviour
granted that their learning rate is set sufficiently high
(setting ηdi = 1 was slightly low and this is the reason
why Udi is a bit slower.

To further investigate it, we run our chain environ-
ment (|S| = 10) where optimal actions have been du-
plicated |A| − 1 times. The results are displayed on
Figure 5. The results show no convergence delay for
Uce, as compared with Udi, and a slight delay for Umce.
Overall, this experiment supports our conjecture that
the uniqueness assumption is an artefact of our proof
technique and not a structural flaw of the policy up-
date.
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Figure 5: Cliff experiment HiOffPol: |S| = 7.

4.3 Cliff experiment

The cliff experiment is similar to the chain except it in-
cludes a third action: a3 jumps and leads to the abyss:
r(s, a3) = 0 and terminates. It has been designed to
create gravity wells: the policy will first converge to a1,
and will eventually be able to converge to optimal a2

with enough exploration and updates. Like with the
chain domain, we report the time to reach J π = 0.5.

The results are presented in Figure 4c. As expected,
despite the cliff being rather short: |S| = 7, Upg-sm is
very slow to converge to the optimal policy, which we
interpret as a manifestation of its gravity well. Upg-es
does significantly better but still hits a performance
wall with high learning rates because of its divergence
behaviour. With its best learning rate, Upg-es shows
more or less the same relative performance gap with
the best updates as in the chain domain. We thereby
attribute the gap to its unlearning slowness rather
than to a gravity well effect.

Udi, Uce, and Umce display the best performance in a
similar fashion than in the chain domain at the excep-
tion that Uce and Umce are not behaving exactly iden-
tically (but still similarly). Indeed, with small learning
rates, Umce does a bit better than Uce. We naturally
attribute this to its ability to perform monotonic up-
dates that should help to converge faster when starting
from a bad parameter initialization, because of past
convergence to the suboptimal solution.

5 CONCLUSION

In this paper, we identified the unlearning slowness
implied by policy gradient updates in actor-critic al-
gorithms. We proposed several alternatives to these
updates: the direct parametrization, and two novel
cross-entropy-based updates, including one for which
we prove convergence to optimality at a rate of O(t−1),
under classic assumptions. We further extend the
analysis to the study of their ability to enter a gravity
well, their unlearning speed, and various implementa-
tion constraints. Finally, we empirically validate our
theoretical findings on finite MDPs.

In the future, we would like to extend conver-
gence/optimality proofs of policy updates to the
stochastic and approximate case, as this kind of re-
sults is starting to emerge for softmax policy gradient
updates (Zhang et al., 2021, 2022). We would also like
to study other non policy gradient policy updates, and
find some that solve the both the policy gradient un-
learning slowness and the stochasticity issue related to
the cross-entropy updates. Finally, we would like to in-
vestigate the relationship of these policy updates with
the function approximators used in complex tasks.
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A THEORY

A.1 Notations and preliminaries

A.1.1 Softmax parametrization: Upg-sm

For completeness, we reproduce the computations for the softmax parametrization present in e.g. Agarwal et al.
(2020):

∇θπθ(a|s) = ∇θ
(

efθ(s,a)∑
a′ e

fθ(s,a)

)
(15)

= ∇θfθ(s, a)
efθ(s,a)∑
a′ e

fθ(s,a)
−
∑
a′′

efθ(s,a)∇θfθ(s, a′′)
efθ(s,a′′)(∑
a′ e

fθ(s,a′)
)2 (16)

= πθ(s, a)

[
∇θfθ(s, a)−

∑
a′′

∇θfθ(s, a′′)πθ(s, a′′)
]
. (17)

This leads to the following update step for Upg-sm with a tabular parametrization: θ ∈ RA and fθ(s, a) = θa. In
that case, (∇θfθ(s, a))a = 1 and its other coordinates are 0. This gives:

(Upg-sm(θ))s,a − (θ)s,a ∝
∑
a′∈A

q(s, a′)∇θπθ(a′|s) (18)

= πθ(s, a)q(s, a)−
∑
a′

πθ(s, a
′)q(s, a′) (19)

= πθ(s, a)adv(s, a). (20)

A.1.2 Escort parametrization: Upg-es

Let us compute the policy gradients for the escort parametrization, assuming for the sake of simplicity that for all
a, fθ(s, a) ≥ 0 (accounting for the sign simply amounts to multiplying any gradient ∇θfθ(s, a) by signfθ(s, a)):

∇θπθ(a|s) = ∇θ
( |fθ(s, a)|p∑

a′ |fθ(s, a′)|p
)

(21)

= p∇θfθ(s, a)
|fθ(s, a)|p−1∑
a′ |fθ(s, a′)|p

−
∑
a′′

|fθ(s, a)|pp∇θfθ(s, a′′)
|fθ(s, a′′)|p−1

(
∑
a′ |fθ(s, a′)|p)

2 (22)

= p∇θfθ(s, a)
πθ(s, a)1− 1

p

(
∑
a′ |fθ(s, a′)|p)

1/p
− πθ(s, a)

∑
a′′

p∇θfθ(s, a′′)
|fθ(s, a′′)|p−1∑
a′ |fθ(s, a′)|p

(23)

=
p

‖fθ(s, ·)‖p
πθ(s, a)1− 1

p

[
∇θfθ(s, a)−

∑
a′′

∇θfθ(s, a′′)πθ(s, a)1/pπθ(s, a
′′)1− 1

p

]
. (24)

We now compute the update step for the escort update Upg-es with a tabular parametrization: θ ∈ RA and
fθ(s, a) = θa. In that case, (∇θfθ(s, a))a = 1 and its other coordinates are 0. This gives:

(Upg-es(θ))s,a − (θ)s,a ∝
∑
a′∈A

q(s, a′)∇θπθ(a′|s) (25)

=
p

‖fθ(s, ·)‖p

πθ(s, a)1− 1
p (1− πθ(s, a))q(s, a)−

∑
a′ 6=a

πθ(s, a
′)πθ(s, a)1− 1

p q(s, a′)

 (26)

=
p

‖fθ(s, ·)‖p
πθ(s, a)1− 1

p

[
q(s, a)−

∑
a′

πθ(s, a
′)q(s, a′)

]
(27)

=
p

‖fθ(s, ·)‖p
πθ(s, a)1− 1

p adv(s, a). (28)
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A.2 Convergence, optimality, and rates proofs (Sections 2, 3.1, and 3.2)

Proposition 1 (Non-monotonicity of Uce). Updating a policy with Uce may decrease its value.

Proof. Consider an MDP with 3 actions A = {a1, a2, a3}. Assume the parameters in state s are:

θs,a1 = 10 θs,a2 = 0 θs,a3 = 0,

and the value function is:

q(s, a1) = 0.99 q(s, a2) = 1 q(s, a3) = 0.

Let us choose η = d(s) = 1 for simplicity. Then, update Uce, defined as θ′s,a
.
= θs,a + 1a=aq(s) − πθt (a|s), leads

to:

θ′s,a1 ≈ 10− 1 = 9 θ′s,a2 ≈ 0 + 1 = 1 θ′s,a3 ≈ 0− 0 = 0,

meaning that πθ′(a2|s) ≈ e2πθ(a3|s), while πθ′(a3|s) ≈ eπθ(a3|s), inducing a disadvantageous update, given how
q(s, a2) is closer to q(s, a1) than q(s, a3) is. Numerically we find that:

vπθ (s) ≈ 0.98996 > 0.98988 ≈ vπθ′ (s),

which confirms the result.

Proposition 2 (Monotonicity of Umce). Updating a policy with Umce increases its value.

Proof. Let us fix any s ∈ S. We recall that

(θt+1)s,aq(s)
.
= (θt)s,aq(s) + ηtdt(s)∇θ log πθt (aq(s)|s) (29)

= (θt)s,aq(s) + ηtdt(s) (1− πθt (aq(s)|s)) (30)

∀a 6= aq(s), (θt+1)s,a
.
= (θt)s,a −

1

|A| − 1
ηtdt(s) (1− πθt (aq(s)|s)) (31)

with


πθt(a|s) =

exp((θt)s,a)∑
a′∈A exp((θt)s,a′)

qt(s, a) = E
[∑∞

t=0 γ
tRt

∣∣∣∣ S0 = s,A0 = a, St+1 ∼ p(·|St, At),
At ∼ πθt(·|St), Rt ∼ r(·|St, At)

]
aq(s) = argmaxa∈A qt(s, a).

(32)

Let ut
.
= ηtdt(s) (1− πθt (aq(s)|s)). For all a 6= aq(s):

πt+1(a|s) =
exp((θt+1)s,a)∑

a′∈A exp((θt+1)s,a′)
(33)

=
exp((θt)s,a − ut

|A|−1 )

exp((θt)s,aq(s) + ut) +
∑
a′ 6=aq(s) exp((θt)s,a′ − ut

|A|−1 )
(34)

=
exp((θt)s,a)

exp
(

(θt)s,aq(s) + ut + ut
|A|−1

)
+
∑
a′ 6=aq(s) exp((θt)s,a′)

(35)

≤ exp((θt)s,a)

exp((θt)s,aq(s)) +
∑
a′ 6=aq(s) exp((θt)s,a′)

(36)

= πt(a|s). (37)
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We prove now that the new policy is advantageous by rearranging the policy masses:

advt(s, πt+1)
.
=
∑
a∈A

(πt+1(a|s)− πt(a|s))qt(s, a) (38)

= (πt+1(aq(s)|s)− πt(aq(s)|s))qt(s, aq(s)) +
∑

a6=aq(s)
(πt+1(a|s)− πt(a|s))qt(s, a) (39)

=
∑

a 6=aq(s)
(πt+1(a|s)− πt(a|s))︸ ︷︷ ︸
≤0 from Eq. (37)

(qt(s, a)− qt(s, aq(s)))︸ ︷︷ ︸
≤0 from aq(s)’s optimality

(40)

≥ 0. (41)

which is true for all s and therefore allows to apply the policy improvement theorem to conclude the proof.

Theorem 3 (Convergence and optimality of Umce). Starting from an arbitrary set of parameters θ0, we
consider the process induced by θt+1 = Umce(θt, dt, qt, ηt), where qt = qπθt is the state-action value of current
policy πθt . Then, under the assumption that the optimal policy is unique, the condition that each state s is
updated with weights that sum to infinity over time:

∑∞
t=0 ηtdt(s) =∞, is necessary and sufficient to guarantee

that the sequence of value functions (qt) converges to global optimality.

Proof. We use the same structure of proof as Laroche and Tachet des Combes (2021). Monotonicy of value
functions has been proven in Proposition 2. Next, we prove the convergence of the value functions qt.

Corollary 9 (Convergence under Umce). The sequence of values (qt) converges to some value function:
q∞

.
= limt→∞ qt.

Proof. By the monotonicity and boundedness of the state value functions, the monotone convergence theorem
guarantees the sequence (vt) converges to v∞

.
= limt→∞ vt. Applying Bellman’s equation then proves the

existence of q∞ ∈ R|S|×|A| that is the limit of the sequence of qt.

We now show that condition
∑∞
t=0 ηtdt(s) =∞ is sufficient for optimality.

Lemma 10 (Optimality under Umce (sufficience). It is sufficient to assume that
∑∞
t=0 ηtdt(s) = ∞ to

guarantee optimality of update Umce: q∞ = q?
.
= maxπ∈Π qπ.

Proof. Let us assume that q∞ < q?, then, by the policy improvement theorem, there must be some state s for
which an advantage q∞(s, a>)− v∞(s) = ε(s) > 0 over πt exists, with a> ∈ A>(s) = argmaxa∈A q∞(s, a). Let us
define the state value-gap δ(s) := q∞(s, a>)−maxa⊥∈A⊥(s) q∞(s, a⊥) > 0, with A⊥(s) := A/A>(s).

Since we proved that qt →t→∞ q∞, there exists t0 such that for all t ≥ t0 and a ∈ A, q∞(s, a)− qt(s, a) ≤ δ(s)
2 .

This guarantees two things for any t ≥ t0:

∀a ∈ A>(s), qt(s, a) ≥ q∞(s, a>)−
δ(s)

2
, (42)

∀a ∈ A⊥(s), qt(s, a) ≤ q∞(s, a>)− δ(s). (43)

Let us bound the advantage function from Eq. (40):

advt(s, πt+1) =
∑
a∈A

(πt+1(a|s)− πt(a|s))(qt(s, a)− qt(s, aq(s))), (44)
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with aq(s)
.
= argmaxa∈A qt(s, a) ∈ A>(s). We have:

advt(s, πt+1) =
∑

a∈A>(s)

(πt+1(a|s)− πt(a|s))︸ ︷︷ ︸
≤0 from Eq. (37)

(qt(s, a)− qt(s, aq(s)))︸ ︷︷ ︸
≤0 from aq(s)’s optimality

(45)

+
∑

a∈A⊥(s)

(πt+1(a|s)− πt(a|s))(qt(s, a)− qt(s, aq(s))) (46)

≥
∑

a∈A⊥(s)

(πt+1(a|s)− πt(a|s))︸ ︷︷ ︸
≤0 from Eq. (37)

(qt(s, a)− qt(s, aq(s))) (47)

≥
∑

a∈A⊥(s)

(πt+1(a|s)− πt(a|s))(q∞(s, a>)− δ(s)− q∞(s, a>) +
δ(s)

2
) (48)

≥ δ(s)

2

∑
a∈A⊥(s)

(πt(a|s)− πt+1(a|s)) (49)

≥ δ(s)

2

∑
a∈A⊥(s)

 exp((θt)s,a)∑
a′∈A exp((θt)s,a′)

− exp((θt)s,a)

exp
(

(θt)s,aq(s) + ut|A|
|A|−1

)
+
∑
a′ 6=aq(s) exp((θt)s,a′)

 (50)

where ut
.
= ηtdt(s) (1− πθt (aq(s)|s)) (from Eq. (35)). We proceed further:

advt(s, πt+1) ≥ δ(s)

2

∑
a∈A⊥(s)

exp
(

(θt)s,a + (θt)s,aq(s) + ut|A|
|A|−1

)
− exp

(
(θt)s,a + (θt)s,aq(s)

)
(∑

a′∈A exp((θt)s,a′)
) (

exp
(

(θt)s,aq(s) + ut|A|
|A|−1

)
+
∑
a′ 6=aq(s) exp((θt)s,a′)

) (51)

=
δ(s)

2

∑
a∈A⊥(s)

πt(a|s)πt+1(aq(s)|s)
(

1− exp

(
− ut|A|
|A| − 1

))
(52)

≥ δ(s)

2

∑
a∈A⊥(s)

πt(a|s)πt(aq(s)|s)
(

1− exp

(
− ut|A|
|A| − 1

))
(53)

≥ δ(s)

2

∑
a∈A⊥(s)

πt(a|s)πt(aq(s)|s) min

(
ut|A|

2(|A| − 1)
,

1

2

)
(54)

=
δ(s)

4
πt(aq(s)|s) min

(
ut|A|
|A| − 1

, 1

) ∑
a∈A⊥(s)

πt(a|s), (55)

where on Eq. (54) we used the fact that 1− e−x ≥ min(x2 ,
1
2 ) for x ≥ 0.

By assumption, we know that πt (aq(s)|s) ≤
∑
a∈A>(s) πt(a|s) ≤ limt′→∞

∑
a∈A>(s) πt′(a|s) < 1. Let m⊥ denote

the policy mass that must remain outside of A>(s) at all t. We get that ∀t ≥ t0:

advt(s, πt+1) ≥ δ(s)m⊥

4
min

(
ηtdt(s)m⊥

|A|
|A| − 1

, 1

)
πt(aq(s)|s). (56)

If the optimal action is unique, it is direct to observe that the sum of the advantage gained over all t is lower
bounded by a term that diverges to ∞ under the condition

∑∞
t=0 ηtdt(s) = ∞. However, we face a technical

issue with non unique optimal policy: how can we guarantee that πt(aq(s)|s) is large enough? It is intuitive that
it is going to be the case "on average", but its formal proof remains an open problem. In consequence, we limit
our current proof to the assumption of uniqueness of the optimal policy. (we will try to solve it for camera-ready
version)

Finally, we prove that condition
∑∞
t=0 ηtdt(s) =∞ is necessary for optimality.

Lemma 11 (Optimality under Umce (necessity)). It is necessary to assume that
∑∞
t=0 ηtdt(s) = ∞ to

guarantee optimality of update Umce: q∞ = q?
.
= maxπ∈Π qπ.
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Proof. We assume
∑∞
t=0 ηtdt(s) = M < ∞. We upper bound the parameter update ut used in Proposition 2

and Lemma 10:

ut
.
= ηtdt(s) (1− πθt (aq(s)|s)) ≤ ηtdt(s). (57)

For all t, we have:

θt − ut ≤θt+1 ≤ θt + ut (58)

θ0 −
t∑

t′=0

ut′ ≤θt+1 ≤ θ0 +

t∑
t′=0

ut′ (59)

θ0 −
t∑

t′=0

ηt′dt′(s) ≤θt+1 ≤ θ0 +

t∑
t′=0

ηt′dt′(s) (60)

θ0 −M ≤θt+1 ≤ θ0 +M (61)

With a softmax parametrization, some parameters need to diverge for the policy to converge to 0 on suboptimal
actions. The boundedness exhibited in Eq. (61) prevents that from happening, which concludes the proof of the
lemma.

This concludes the proof of the theorem.

Theorem 4 (Convergence rates of Umce). The process, assumption, and condition defined in Theorem 3

guarantee that the sequence of value functions (qt) asymptotically converges in O
((∑t

t′=0 ηt′ mins∈S dt′(s)
)−1

)
.

Proof. We consider the following definition in state s:

a>s = argmax
a∈A

q?(s, a) (62)

A⊥s = {a ∈ A|a 6= a>s} . (63)

Since we assumed the unicity of the optimal policy, a>s must be unique and |A⊥s| = |A|− 1. We define δ(s) as the
gap with the best suboptimal action:

δ(s) := v?(s)− max
a∈A⊥s

q?(s, a) > 0. (64)

From the convergence of vt(s) and qt(s, a), we also know that for any ξ > 0, there exists t0 such that for any s, a
and t ≥ t0:

v?(s)− ξ ≤ vt(s) ≤ v?(s) (65)
q?(s, a)− ξ ≤ qt(s, a) ≤ q?(s, a) (66)

πθt(a
>
s|s) ≥

1

2
≥ πθt(a|s). (67)

We fix ξ .
= δ(s)

2 . We then know that for t ≥ t0:

aq(s)
.
= argmax

a∈A
qt(s, a) = a>s (68)

As a consequence, from t0, update Umce will be:

(θt+1)s,a>s = (θt)s,a>s + ηtdt(s)(1− πθt(a>s|s)) (69)

∀a ∈ A⊥s, (θt+1)s,a = (θt)s,a −
ηtdt(s)

|A| − 1
(1− πθt(a>s|s)) (70)
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From these last lines, we observe that (θt+1)s,a>s and (θt+1)s,a evolve symmetrically with some fixed ratio. We
can therefore state that:

(θt)s,a>s = (θt0)s,a>s +Xt and ∀a ∈ A⊥s, (θt)s,a = (θt0)s,a>s −
Xt

|A| − 1
, (71)

with:

Xt0 = 0 and Xt+1 = Xt + ηtdt(s)(1− πθt(a>s|s)) (72)

Therefore:

1− πθt(a>s|s) =

∑
a∈A⊥s exp ((θt)s,a)

exp
(
(θt)s,a>s

)
+
∑
a∈A⊥s exp ((θt)s,a)

(73)

=

∑
a∈A⊥s exp

(
(θt0)s,a>s −

Xt
|A|−1

)
exp

(
(θt0)s,a>s +Xt

)
+
∑
a∈A⊥s exp

(
(θt0)s,a>s −

Xt
|A|−1

) (74)

=

∑
a∈A⊥s exp

(
(θt0)s,a>s

)
exp

(
(θt0)s,a>s + |A|

|A|−1Xt

)
+
∑
a∈A⊥s exp

(
(θt0)s,a>s

) (75)

=
1

exp
(

(θt0 )
s,a>s

)
∑
a∈A⊥s

exp
(

(θt0 )
s,a>s

) exp
(
|A|
|A|−1Xt

)
+ 1

(76)

=
1

πθt0
(a>s |s)

1−πθt0 (a>s |s)
exp

(
|A|
|A|−1Xt

)
+ 1

(77)

Setting κ .
=

πθt0
(a>s |s)

1−πθt0 (a>s |s)
, we obtain the following sequence:

Xt0 = 0 and Xt+1 = Xt +
ηtdt(s)

κ exp
(
|A|
|A|−1Xt

)
+ 1
≥ Xt +

ηtdt(s)

2κ
exp

(
− |A|
|A| − 1

Xt

)
(78)

From there, we reproduce for completeness the end of Theorem 4 in Laroche and Tachet des Combes (2021).
Let us now study the sequence (Xt)t≥t0 . To that end, we define the function f(t) solution on [t0,+∞) of the
ordinary differential equation (note that t is now a continuous variable):{

f(t0) = |A|
|A|−1Xt0 = 0

df(t)
dt = ηtdt(s)|A|

2κ(|A|−1)e
−f(t),

(79)

where ηtdt(s) is the piece-wise constant function defined as ηtdt(s) = ηbtcdbtc(s).

From the evolution equations of Xt and f(t), we see that ∀t ∈ N, |A||A|−1Xt ≥ f(t). Additionally, we have:

f(t) = log

( |A|
2κ(|A| − 1)

∫ t

t0

ηt′dt′(s)dt
′ + ef(t0)

)
. (80)

In particular, going back to t ∈ N, we obtain:

Xt ≥
|A| − 1

|A| log

( |A|
2κ(|A| − 1)

∫ t

t0

ηt′dt′(s)dt
′ + ef(t0)

)
=
|A| − 1

|A| log

(
|A|

2κ(|A| − 1)

t−1∑
t′=t0

ηt′dt′(s) + 1

)
. (81)
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We can now write the following rate in policy convergence:

1− πt(a>s|s) =
1

κ exp
(
|A|
|A|−1Xt

)
+ 1

(82)

≥ 1

κ |A|
2κ(|A|−1)

∑t−1
t′=t0

ηt′dt′(s) + 1 + 1
(83)

≥ 1
|A|

2(|A|−1)

∑t−1
t′=t0

ηt′dt′(s) + 2
(84)

On the value side, we further get:

v?(s)− vt(s) = P [A = a>s|A ∼ πt(·|s)]× γE [v?(S
′)− vt(S′)|S′ ∼ p(·|s, a>s)] (85)

+ P [A ∈ A/{a>s}|A ∼ πt(·|s)] (v?(s)− E [qt(s,A)|A ∼ πt(·|s) ∩ A/{a>s}])

≤ γE [v?(S
′)− vt(S′)|S′ ∼ p(·|s, a>s)] +

v?(s)−mina∈A qt(s, a)

2 + |A|
2(|A|−1)

∑t−1
t′=t0

ηt′dt′(s)
(86)

≤ v> − v⊥
(1− γ)

(
2 + |A|

2(|A|−1) mins∈supp(dπ?,γ)

∑t−1
t′=t0

ηt′dt′(s)
) , (87)

where v> (resp. v⊥) stand for the maximal (resp. minimal) value, which is upper bounded by r>
1−γ (resp. r⊥

1−γ ),
often times much smaller (resp. larger), and where supp(dπ?,γ) denotes the support of the distribution of the
optimal policy. This concludes the proof.

A.3 Gravity well proofs (Section 3.3)

Theorem 5 (Gravity well). Udi and Umce are guaranteed to satisfy Eq. (14). Upg-sm, Upg-es, and Uce may
transgress Eq. (14). Furthermore, Upg-sm may not even satisfy πt+1(aqt(s)|s)− πt(aqt(s)|s) ≥ 0.

Proof. We deal with each Upg-sm, Upg-es, Udi, Uce, and Umce separately.

Proof for Upg-sm:Proof for Upg-sm:Proof for Upg-sm:Proof for Upg-sm:Proof for Upg-sm:Proof for Upg-sm:Proof for Upg-sm:Proof for Upg-sm:Proof for Upg-sm:Proof for Upg-sm:Proof for Upg-sm:Proof for Upg-sm:Proof for Upg-sm:Proof for Upg-sm:Proof for Upg-sm:Proof for Upg-sm:Proof for Upg-sm: Update of Upg-sm:

(Upg-sm(θ))s,a − (θ)s,a = ηd(s)adv(s, a)πθ(a|s) (88)

Assuming the existence of a suboptimal advantageous action b such that
∑
a πθ(a|s)q(s, a) < q(s, b) < q(s, aq(s)),

we get:

πUpg-sm(θ)(aq(s)|s) =
exp

(
(θ)s,aq(s) + ηd(s)adv(s, aq(s))πθ(aq(s)|s)

)∑
a∈A exp ((θ)s,a + ηd(s)adv(s, a)πθ(a|s))

(89)

<
exp

(
(θ)s,aq(s) + ηd(s)adv(s, aq(s))πθ(aq(s)|s)

)
exp ((θ)s,b + ηd(s)adv(s, b)πθ(b|s))

(90)

= exp
(
(θ)s,aq(s) − (θ)s,b

)
exp (ηd(s) (adv(s, aq(s))πθ(aq(s)|s)− adv(s, b)πθ(b|s))) (91)

=
πθ(aq(s)|s)
πθ(b|s)

exp (ηd(s) (adv(s, aq(s))πθ(aq(s)|s)− adv(s, b)πθ(b|s))) . (92)

Therefore, we get πUpg-sm(θ)(aq(s)|s) < πθ(aq(s)|s) granted that:

πθ(b|s) ≥ exp (ηd(s) (adv(s, aq(s))πθ(aq(s)|s)− adv(s, b)πθ(b|s))) , (93)

which can be obtained quite easily when πθ(aq(s)|s) is close to 0 and πθ(b|s) is close to 1. If this is the case,
then, the policy mass lost byaq(s) from θ to Upg-sm(θ) must have been gained by at least another action, and
condition (14) cannot be satisfied.
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Proof for Upg-es:Proof for Upg-es:Proof for Upg-es:Proof for Upg-es:Proof for Upg-es:Proof for Upg-es:Proof for Upg-es:Proof for Upg-es:Proof for Upg-es:Proof for Upg-es:Proof for Upg-es:Proof for Upg-es:Proof for Upg-es:Proof for Upg-es:Proof for Upg-es:Proof for Upg-es:Proof for Upg-es: Update of Upg-es
2:

(Upg-es(θ))s,a − (θ)s,a = ηd(s)adv(s, a)πθ(a|s)1− 1
p (94)

Let us assume that the action set contains only three actions: A .
= {a, b, c}. Let us drop the dependencies

on s, and set ε .
= πθ(a) = πθ(c) � πθ(b) for concision. Let q(c) = 1 = q(b) + δ > q(a) = 0 and assume

δ � ε � 1. Therefore θa = θc Assuming the existence of a suboptimal advantageous action b such that
πθ(a)q(a) + πθ(b)q(b) + πθ(a)q(a) < q(b) < q(c), we get:

πUpg-sm(θ)(c) =

∣∣∣θc + ηadv(c)ε1− 1
p

∣∣∣p
‖Upg-sm(θ)‖pp

(95)

=

∣∣∣θc + η(ε+ (1− 2ε)δ)ε1− 1
p

∣∣∣p
‖Upg-sm(θ)‖pp

(96)

=

∣∣∣θc + ηε2− 1
p +O(ε3− 1

p + δ)
∣∣∣p

‖Upg-sm(θ)‖pp
(97)

=
θpc + pηε2− 1

p θp−1
c +O(ε3− 1

p + δ)

‖Upg-sm(θ)‖pp
(98)

πUpg-sm(θ)(b) =

∣∣∣θb + ηadv(b)(1− 2ε)1− 1
p

∣∣∣p
‖Upg-sm(θ)‖pp

(99)

=

∣∣∣θb + ηε(1− 2δ)(1− 2ε)1− 1
p

∣∣∣p
‖Upg-sm(θ)‖pp

(100)

=

∣∣∣θb + ηε+O(ε2− 1
p + δ)

∣∣∣p
‖Upg-sm(θ)‖pp

(101)

=
θpb + pηεθp−1

b +O(ε2− 1
p + δ)

‖Upg-sm(θ)‖pp
(102)

We notice that, as long as p > 1, πUpg-sm(θ)(b) grows with in larger order of magnitude than πUpg-sm(θ)(c), and
therefore that we can construct an update such that condition 14 is not satisfied. Note that the situation for it
to happen is much more stringent than that with Upg-sm.

Proof for Udi:Proof for Udi:Proof for Udi:Proof for Udi:Proof for Udi:Proof for Udi:Proof for Udi:Proof for Udi:Proof for Udi:Proof for Udi:Proof for Udi:Proof for Udi:Proof for Udi:Proof for Udi:Proof for Udi:Proof for Udi:Proof for Udi: Update of Udi
.
= Proj∆A(Upg-di(θ)):

(Upg-di(θ))s,aq(s) − (θ)s,aq(s) = ηd(s)q(s, aq(s)) (103)

(Upg-di(θ))s,a − (θ)s,a = ηd(s)q(s, a) (104)
≤ (Upg-di(θ))s,aq(s) − (θ)s,aq(s). (105)

Since aq(s)
.
= argmaxa q(s, a), we may apply Lemma 12 and obtain:(

Proj∆A(Upg-di(θ))
)
s,a
− (θ)s,a ≤

(
Proj∆A(Upg-di(θ))

)
s,aq(s)

− (θ)s,aq(s) (106)

⇐⇒ (Udi(θ))s,a − (θ)s,a ≤ (Udi(θ))s,aq(s) − (θ)s,aq(s), (107)

which proves that condition (14) is satisfied.

Proof for Uce:Proof for Uce:Proof for Uce:Proof for Uce:Proof for Uce:Proof for Uce:Proof for Uce:Proof for Uce:Proof for Uce:Proof for Uce:Proof for Uce:Proof for Uce:Proof for Uce:Proof for Uce:Proof for Uce:Proof for Uce:Proof for Uce: The non-monotonicity example of Proposition 1 serves also as an example where Uce does not
satisfy condition (14).

Proof for Umce:Proof for Umce:Proof for Umce:Proof for Umce:Proof for Umce:Proof for Umce:Proof for Umce:Proof for Umce:Proof for Umce:Proof for Umce:Proof for Umce:Proof for Umce:Proof for Umce:Proof for Umce:Proof for Umce:Proof for Umce:Proof for Umce: In Proposition 2, it has been established for all actions s 6= aq(s) in Eq. (37) that:

πUmce(θ)(a|s) ≤ πθ(a|s), (108)

2We assume the positivity of parameters θ without loss of generality: ∇θπθ = ∇θπ−θ.
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which implies that:

πUmce(θ)(aq(s)|s) ≥ πθ(aq(s)|s), (109)

which in turn implies that condition (14) is satisfied.

A.4 Unlearning proofs (Section 3.4)

Theorem 6 (Unlearning setting – constant weights). In the setting where η is constant:

(i) Under assumptions enunciated below–and verified by Upg-sm and Upg-es, Upg needs n′ ≥ n updates.

(ii) Udi needs n′ = min{n ; d 1
η e} updates.

(iii) Uce and Umce need n′ ≤ 2 + 1
η log(1 + 2ηn) updates.

Proof. We deal with each (i), (ii), and (iii) separately.

Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i): We start with the proof of (i) with update Upg. We recall that θ ∈ R2, let θ1 and θ2 denote its two
components and make the following assumptions (verified by both Upg-sm and Upg-es):

• ∇θπθ(a1) only depends on θ via πθ,

• (∇θπθ(a1))1 (resp. (∇θπθ(a1))2) is a positive and decreasing (resp. negative and increasing) function of
πθ(a1) when πθ(a1) ≥ π0(a1).

We now define recursively the process θ↔n of, starting from θ0, performing n updates with q(a1) = 1, q(a2) = 0
and then n updates with q(a1) = 0, q(a2) = 1:

θ↔0
.
= θ0 and θ↔n+1

.
= Upg((Upg(θ0, d, (1, 0), η))↔n , d, (0, 1), η). (110)

We prove by induction that for any θ0 such that πθ0(a1) ≥ 1
2 :

(θ↔n )1 ≥ θ1, (111)
(θ↔n )2 ≤ θ2. (112)

Given the signs of the components of (∇θπθ(a1))1, the above guarantees that πθ↔n (a1) ≥ πθ0(a1), i.e. that the
policy has not yet recovered its initial value.

The property is direct for n = 0. Next, we make the hypothesis that the property holds for n, and prove it for
n + 1. We also assume in the following that θ0 is such that πθ0(a1) ≥ 0.5. We compute the policy gradient
updates:

• with q(a1) = 1, q(a2) = 0: Upg(θ, d, (1, 0), η)
.
= θ + η∇θπθ(a1),

• with q(a1) = 0, q(a2) = 1: Upg(θ, d, (0, 1), η)
.
= θ + η∇θπθ(a2) = θ − η∇θπθ(a1),

since a1 and a2 are playing symmetrical roles (πθ(a1) + πθ(a2) = 1). Then:

(θ)↔n+1 = Upg((Upg(θ0, d, (1, 0), η))↔n , d, (0, 1), η) (113)
= (θ0 + η∇θπθ0(a1))↔n − η∇θπ(θ0+η∇θπθ0 (a1))↔n

(a1). (114)

First, by the assumptions on the monotonicity of πθ(a1) with respect to its components, we know that
πθ0+η∇θπθ0 (a1)(a1) ≥ πθ0(a1) ≥ 1

2 . We may therefore apply the induction hypothesis to θ0 + η∇θπθ0(a1) and
obtain that

((θ0 + η∇θπθ0(a1))↔n )1 ≥ (θ0 + η∇θπθ0(a1))1, (115)
((θ0 + η∇θπθ0(a1))↔n )2 ≤ (θ0 + η∇θπθ0(a1))2, (116)
π(θ0+η∇θπθ0 (a1))↔n

(a1) ≥ πθ0+η∇θπθ0 (a1)(a1). (117)
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Given our assumptions on the partial derivatives of πθ(a1), we infer that:

(∇θπ(θ0+η∇θπθ0 (a1))↔n
(a1))1 ≤ (∇θπθ0+η∇θπθ0 (a1)(a1))1, (118)

(∇θπ(θ0+η∇θπθ0 (a1))↔n
(a1))2 ≥ (∇θπθ0+η∇θπθ0 (a1)(a1))2, (119)

where the 1 and 2 subscripts still refer to the first and second coordinate of the gradient respectively. We
therefore obtain that:

(θ↔n+1)1 = ((θ0 + η∇θπθ0(a1))↔n )1 − η(∇θπ(θ0+η∇θπθ0 (a1))↔n
(a1))1 (120)

≥ ((θ0 + η∇θπθ0(a1))↔n )1 − η(∇θπθ0+η∇θπθ0 (a1)(a1))1 (121)

≥ (θ0 + η∇θπθ0(a1))1 − η(∇θπθ0+η∇θπθ0 (a1)(a1))1 (122)

= (θ0)1 + η((∇θπθ0(a1))1 − (∇θπθ0+η∇θπθ0 (a1)(a1))1) (123)

≤ (θ0)1, (124)

the last step using again the decrease of (∇θπθ(a1))1 with respect to πθ(a1). Similarly, as (∇θπθ(a1))2 is an
increasing function of πθ(a1):

(θ↔n+1)2 = ((θ0 + η∇θπθ0(a1))↔n )2 − η(∇θπ(θ0+η∇θπθ0 (a1))↔n
(a1))2 (125)

≤ ((θ0 + η∇θπθ0(a1))↔n )2 − η(∇θπθ0+η∇θπθ0 (a1)(a1))2 (126)

≤ (θ0 + η∇θπθ0(a1))2 − η(∇θπθ0+η∇θπθ0 (a1)(a1))2 (127)

= (θ0)2 + η((∇θπθ0(a1))2 − (∇θπθ0+η∇θπθ0 (a1)(a1))2) (128)

≤ (θ0)2. (129)

We conclude that the policy gradient update has still not reached the initial θ0 after n updates back and therefore
that n′ must be larger than n.

Let us now show that Upg-sm and Upg-es verify the assumptions. For Upg-sm:

∇θπθ(a1) =

[
πθ(a1)(1− πθ(a1))
−πθ(a1)(1− πθ(a1))

]
, (130)

which is indeed only a function of πθ(a1), has a first component that is positive and decreasing as a function of
πθ(a1) and a second one that is negative and increasing (for πθ(a1) ≥ 0.5). For Upg-es:

∇θπθ(a1) =

[
πθ(a1)1− 1

p (1− πθ(a1))

−πθ(a1)(1− πθ(a1))1− 1
p

]
(131)

which is indeed only a function of πθ(a1), has a first component that is positive and decreasing as a function of
πθ(a1) and a second one that is negative and increasing (for πθ(a1) ≥ p

2p−1 ).

Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii): We continue with the proof of (ii) and therefore consider the direct parametrization. We compute
the policy gradient updates:

• with q(a1) = 1, q(a2) = 0: Udi(θ, d, (1, 0), η)
.
= Proj∆A

(
θ +

[
η
0

])
= Proj∆A

(
θ + 1

2

[
η
−η

])
,

• with q(a1) = 0, q(a2) = 1: Udi(θ, d, (0, 1), η)
.
= Proj∆A

(
θ +

[
0
η

])
= Proj∆A

(
θ + 1

2

[
−η
η

])
.

As a consequence applying n times update Udi(θ, d, (1, 0), η) is equivalent to applying one update
Udi(θ, d, (1, 0), nη). Then we face two cases:

• nη ≤ 1: starting from θ0 =

[
0.5
0.5

]
, the 2D-projection does not have any effect, and it will take n′ = n steps

to recover π(a1) ≤ 0.5.
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• nη ≥ 1: the 2D-projection projects Udi(θ, d, (1, 0), nη) on
[
1
0

]
, and it will take n′ =

⌈
1
η

⌉
steps to recover

π(a1) ≤ 0.5.

As a conclusion, it will take exactly n′ = min{n ; d 1
η e} to recover from the n gradient steps.

Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii): We compute the policy gradient updates for classic cross-entropy and notice that they are equal
to that of modified cross entropy when |A| = 2:

• with q(a1) = 1, q(a2) = 0:

Uce(θ, d, (1, 0), η)
.
= θ + η

([
1
0

]
− πθ

)
= θ + η(1− πθ(a1))

[
1
−1

]
= Umce(θ, d, (1, 0), η),

• with q(a1) = 0, q(a2) = 1:

Uce(θ, d, (0, 1), η)
.
= θ + η

([
0
1

]
− πθ

)
= θ + η(1− πθ(a2))

[
−1
1

]
= Umce(θ, d, (1, 0), η).

We focus on δ→n
.
= (θn)a1 − (θn)a2 after n updates with q(a1) = 1, q(a2) = 0:

δ→n = δ→n−1 + η(1− πθn−1
(a1)) + ηπθn−1

(a2) (132)

= δ→n−1 + η − η exp((θn−1)a1)

exp((θn−1)a1) + exp((θn−1)a2)
+

η exp((θn−1)a2)

exp((θn−1)a1) + exp((θn−1)a2)
(133)

= δ→n−1 + 2η
exp((θn−1)a2)

exp((θn−1)a1) + exp((θn−1)a2)
(134)

≤ δ→n−1 + 2η exp(−δ→n−1). (135)

Applying Lemma 13 to δ→n establishes that δ→n ≤ 2η + log(1 + 2ηn).

We now focus on a single update with q(a1) = 0, q(a2) = 1: δ← .
= Uce(θ, d, (0, 1), η)a2−Uce(θ, d, (0, 1), η)a1 , with

δ
.
= θa2 − θa1 ≥ 0:

δ← = δ + η(1− πθn−1
(a2)) + ηπθn−1

(a1) (136)

= δ + 2η
exp((θn−1)a1)

exp((θn−1)a1) + exp((θn−1)a2)
(137)

≥ δ + η (138)

As consequence, the number n′ of updates δ← for recovering from a convergence in δ→n is lower than:

n′η ≤ 2η + log(1 + 2ηn) (139)

n′ ≤ 2 +
1

η
log(1 + 2ηn), (140)

which concludes the proof.

Theorem 7 (Unlearning setting – decaying weights). In the setting where ηt = η1√
t
:

(i) Under the assumptions enunciated above–verified by Upg-sm and Upg-es, Upg needs n′ ≥ 3n− 4
√
n+ 1.

(ii) Udi updates require at most n′ equal to

min

{
3n+ 4

√
n+ 1 ;

(
1
η1

+ 1
)2

+
√
n
(

2 + 2
η1

)}
.

(iii) Uce and Umce updates require at most n′ equal to(
4 + log(1+4η1

√
n)

2η1

)2

+
√
n
(

8 + log(1+4η1
√
n)

η1

)
.
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Proof. We deal with each (i), (ii), and (iii) separately.

Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i): We start with the proof of (i), for update Upg. We make the similar assumptions as in Theorem 6.
We prove the result by measuring the steps made in parameter space and noting (given the behavior of πθ(a1)
with respect to the components of θ) that the sum of steps in one direction must equal the sum of steps in the
other direction for at least one of the components of θ, in other words:

n∑
t=1

ηt(∇θπθt(a1))1 ≤
n+n′∑
t=n+1

ηt(∇θπθt(a1))1, (141)

or

n∑
t=1

ηt(∇θπθt(a1))2 ≥
n+n′∑
t=n+1

ηt(∇θπθt(a1))2. (142)

Both cases being equivalent, we focus on the first one:

n∑
t=1

ηt(∇θπθt(a1))1 ≤
n+n′∑
t=n+1

ηt(∇θπθt(a1))1 (143)

⇐⇒
n∑
t=1

η1√
t
(∇θπθt(a1))1 ≤

n′∑
t=1

η1√
t+ n

(∇θπθt+n(a1))1 (144)

⇐⇒
n∑
t=1

1√
t
(∇θπθt(a1))1 ≤

n′∑
t=1

1√
t+ n

(∇θπθt+n(a1))1. (145)

By the concavity assumption, all the gradient (∇θπθt+n(a1))1 may be upper bounded by some (∇θπθσ(t)(a1))1

with σ(t) ∈ {1, . . . , n}, a decreasing function such that:

(∇θπθσ(t)+1
(a1))1 ≤ (∇θπθt+n(a1))1 ≤ (∇θπθσ(t)(a1))1. (146)

In particular, σ(1) = n, and in that case, the lower-bound is realized. We therefore get:

n∑
t=1

1√
t
(∇θπθt(a1))1 ≤

n′∑
t=1

1√
t+ n

(∇θπθσ(t)(a1))1. (147)

Given the fact that ∀1 ≤ t ≤ n, (∇θπθt(a1))1 ≥ (∇θπθt+1(a1))1, the smallest n′ that can verify this last inequality
is realized when all the gradients are equal, implying the following condition on n′:

n∑
t=1

1√
t
≤

n′∑
t=1

1√
t+ n

(148)

=⇒ 2(
√
n+ 1− 1) ≤

√
n′ + n− 2

√
n (149)

=⇒ 4
√
n− 2 ≤ 2

√
n′ + n (150)

⇐⇒ 4n− 4
√
n+ 1 ≤ n′ + n (151)

⇐⇒ n′ ≥ 3n− 4
√
n+ 1. (152)

Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii): Exactly like in Theorem 6, the policy gradient updates for the direct parametrization are:

• with q(a1) = 1, q(a2) = 0: Udi(θ, d, (1, 0), η)
.
= Proj∆A

(
θ +

[
η
0

])
= Proj∆A

(
θ + 1

2

[
η
−η

])
,

• with q(a1) = 0, q(a2) = 1: Udi(θ, d, (0, 1), η)
.
= Proj∆A

(
θ +

[
0
η

])
= Proj∆A

(
θ + 1

2

[
−η
η

])
.
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Applying update Udi(θ, d, (1, 0), ηt) n times is equivalent to apply one update Udi(θ, d, (1, 0),
∑n
t=1 ηt). Then, we

face two cases:

•
∑n
t=1 ηt ≤ 1 =⇒ n < 1

η21
: starting from θ0 =

[
0.5
0.5

]
, the 2D-projection does not have any effect.

•
∑n
t=1 ηt ≥ 1 =⇒ n ≥ 1

η21
: the 2D-projection projects Udi(θ, d, (1, 0), nη) on

[
1
0

]
.

In the first case, since we are looking for an upper bound of n′, we look for the maximal value of n′ such that:

n∑
t=1

ηt ≥
n+n′−1∑
t=n+1

ηt (153)

⇐⇒
n∑
t=1

η1√
t
≥
n+n′−1∑
t=n+1

η1√
t

(154)

⇐⇒ 2

n∑
t=1

η1√
t
≥
n+n′−1∑
t=1

η1√
t

(155)

=⇒ 2
√
n ≥
√
n+ n′ − 1 (156)

⇐⇒ n′ ≤ 3n+ 4
√
n+ 1 (157)

In the second case, since we are looking for an upper bound of n′, we look for the maximal value of n′ such that:

1 ≥
n+n′−1∑
t=n+1

ηt (158)

⇐⇒ 1 ≥
n+n′−1∑
t=n+1

η1√
t

(159)

⇐⇒ 1 +

n∑
t=1

η1√
t
≥
n+n′−1∑
t=1

η1√
t

(160)

=⇒ 1 + η1

√
n ≥ η1

√
n+ n′ − η1 (161)

⇐⇒ 1

η1
+
√
n ≥
√
n+ n′ − 1 (162)

⇐⇒
(

1

η1
+
√
n+ 1

)2

≥ n+ n′ (163)

⇐⇒
(

1

η1
+ 1

)2

+ 2
√
n

(
1 +

1

η1

)
≥ n′ (164)

As a conclusion, it will take at most n′ = min{3n + 4
√
n + 1 ; ( 1

η1
+ 1)2 + 2

√
n(1 + 1

η1
)} to recover from the n

gradient steps.

Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii): We compute the policy gradient updates for classic cross-entropy and notice that they are equal
to that of modified cross entropy when |A| = 2:

• with q(a1) = 1, q(a2) = 0:

Uce(θ, d, (1, 0), η)
.
= θ + η

([
1
0

]
− πθ

)
= θ + η(1− πθ(a1))

[
1
−1

]
= Umce(θ, d, (1, 0), η),

• with q(a1) = 0, q(a2) = 1:

Uce(θ, d, (0, 1), η)
.
= θ + η

([
0
1

]
− πθ

)
= θ + η(1− πθ(a1))

[
−1
1

]
= Umce(θ, d, (1, 0), η).
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We focus on δ→t
.
= (θt)a1 − (θt)a2 after t updates with q(a1) = 1, q(a2) = 0:

δ→t = δ→t−1 + ηt(1− πθt−1
(a1)) + ηtπθt−1

(a2) (165)

= δ→t−1 + 2ηt
exp((θt−1)a2)

exp((θt−1)a1) + exp((θt−1)a2)
(166)

≤ δ→t−1 + 2
η1√
t

exp(−δ→t−1) (167)

≤ 2η1 + log(1 + 4η1

√
t) from Lemma 14. (168)

We now focus on δ←t
.
= (θt)a1 − (θt)a2 after t updates with q(a1) = 0, q(a2) = 1, as long as δ←t−1 ≥ 0:

δ←t = δ←t−1 − ηt+n(1− πθt−1
(a2))− ηtπθt−1

(a1) (169)

= δ←t−1 + 2ηt
exp((θt−1)a1)

exp((θt−1)a1) + exp((θt−1)a2)
(170)

≥ δ←t−1 + ηt (171)

As consequence, the number n′ of updates δ← required to recover from a convergence to δ→n is lower than the
smallest n′ for which

∑n′

t=1 ηt+n ≥ 2η1 + log(1 + 4η1
√
n). Further analysis is similar to that of (ii) and gives:

n′ ≤
(

4 +
log(1 + 4η1

√
n)

2η1

)2

+
√
n

(
8 +

log(1 + 4η1
√
n)

η1

)
(172)

Theorem 8 (Domino setting). Under the assumption that η and d(sk) > 0 are constant, in order to solve the
setting,

(i) Upg updates require at least 2|S|−1 steps.

(ii) Udi updates require at most 1 + |S|−1
η steps.

(iii) Uce and Umce updates require at most:
32e8η+3

η3 (|S| − 1) log(|S| − 1) steps.

Proof. Let h = |S| be the horizon, or the number of dominos to flip. Let nk be the time the flip domino k,
starting from the last one. We obtain the following recurrence:

nh = 1 (173)
nk = nk+1 + n′k, (174)

where n′k is the time to recover once domino k + 1 has flipped. n′k is dependent on the realized updates as
Theorem 6 describes, and on nk+1: the time for domino k + 1 to flip.

Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i):Proof of (i): We get n′k ≥ nk+1:

nk ≥ 2nk+1 ≥ 2h−k, (175)

hence at least a geometric dependency on h.

Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii):Proof of (ii): We get n′k ≤
⌈

1
η

⌉
:

nk ≤ nk+1 +

⌈
1

η

⌉
≤ (h− k)

⌈
1

η

⌉
+ 1 (176)

hence at most a linear dependency on h.
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Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii):Proof of (iii): We get n′k ≤ 2 + 1
η log(1 + 2ηnk+1):

nk ≤ nk+1 + 2 +
1

η
log(1 + 2ηnk+1) (177)

We rely on technical Lemma 15 to finish the proof and obtain:

n′k ≤
32e8η+3

η3
(h− k) log(h− k). (178)

for any h− k ≥ 8.

A.5 Technical lemmas

Lemma 12 (Maximal update conservation through projection on the simplex). Let θ ∈ ∆X be a point on the
simplex, and δ ∈ R|X | be any vector. Then, the projection θ′ .= Proj∆X (θ + δ) on the simplex is such that:

θ′k? − θk? ≥ θ′k − θk, where k? ∈ argmax
k∈[|X |]

δk, ∀k ∈ [|X |]. (179)

Proof. Let us assume without loss of generality that ∀k, δk ≥ 0 (by e.g. subtracting from each of them min δk).
Then, θ + δ is positive and sums to higher than 1.

In these conditions, an algorithm for finding the projection consists in removing mass equally across all indices
with positive (non null) mass. This algorithm thus squeezes the low weights of the vector to zero until its `1-norm
reaches 1 and therefore belongs to the simplex. It is clear from this algorithm that θ′k = max{0 ; θk + δk − λ} for
some constant 0 ≤ λ ≤ δk? .
We may infer that:

θ′k − θk = max{−θk ; δk − λ} (180)
≤ max{−θk ; δk? − λ} (181)
= δk? − λ (182)
= max{−θk? ; δk? − λ} (183)
= θ′k? − θk? , (184)

which concludes the proof.

Lemma 13. Let us consider a sequence (Xn)n∈N verifying:{
X0 = 0
Xn+1 ≤ Xn + ce−Xn .

(185)

Then, we have the following upper bound on Xn: For any n ≥ 0, Xn ≤ c+ log(1 + cn).

Proof. We start by proving this result for the sequence (Yn)n∈N defined recursively as:{
Y0 = 0
Yn+1 = Yn + ce−Yn .

(186)

As a first step, we introduce two functions on R+, y(t) and z(t), respectively solutions on [0,+∞) of the ODEs:{
y(0) = 0
y′(t) = ce−y(btc),

(187)

and {
z(0) = 0
z′(t) = ce−z(t).

(188)
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Clearly, for any n ∈ N, Yn = y(n) and for any t ≥ 0, z(t) ≤ y(t). In other words, we have that Yn ≥ z(n).

Solving the ode z verifies gives us: z(t) = log(1 + ct). Now, we move to upper-bounding Yn for n ≥ 1:

Yn = c

n−1∑
i=0

e−Yi ≤ c
n−1∑
i=0

e−z(i) =

n−1∑
i=0

c

1 + ci
≤ c+

n−1∑
i=1

∫ i

i−1

c

1 + ct
dt (189)

= c+

∫ n−1

0

c

1 + ct
dt = c+ log(1 + c(n− 1)). (190)

Combined with the value of Y0, this guarantees that ∀n ∈ N, Yn ≤ c+ log(1 + cn).

We are left with proving that Xn ≤ Yn. Let us assume towards a contradiction that there exists n such that
Xn+1 > Yn+1, and let us pick the smallest of such n (clearly, we have n ≥ 1 as X0 = Y0 = 0 and Y1 = c ≥ X1).
Then:

Xn+1 > Yn+1 ⇔ Yn −Xn < c(e−Xn − e−Yn) < ce−Xn(1− eXn−Yn) < ce−Xn(Yn −Xn) (191)

⇔ 1 < ce−Xn (192)
⇔ Xn < log c, (193)

which is not possible as ∀n ≥ 1, Xn ≥ c and concludes the proof.

Lemma 14. Let us consider a sequence (Xn)n∈N verifying:{
X0 = 0
Xn+1 ≤ Xn + c√

n+1
e−Xn . (194)

Then, we have the following upper bound on Xn: For any n ≥ 0, Xn ≤ c+ log(1 + 2c
√
n).

Proof. We prove this result for the sequence (Yn)n∈N defined recursively as:{
Y0 = 0
Yn+1 = Yn + c√

n+1
e−Yn . (195)

To do so, we introduce two functions on R+, y(t) and z(t), respectively solutions on [0,+∞) of the ODEs:{
y(0) = 0
y′(t) = c

t+1e
−y(btc),

(196)

and {
z(0) = 0
z′(t) = c

t+1e
−z(t).

(197)

Clearly, for any n ∈ N, Yn = y(n) and for any t ≥ 0, z(t) ≤ y(t). In other words, we have that Yn ≥ z(n).

Solving the ode z verifies gives us: z(t) = log(1−2c+2c
√
t+ 1). Now, we move to upper-bounding Yn for n ≥ 1:

Yn = c

n−1∑
i=0

e−Yi√
i+ 1

≤ c
n−1∑
i=0

e−z(i)√
i+ 1

=

n−1∑
i=0

c

1− 2c+ 2c
√
i+ 1

1√
i+ 1

≤ c+

∫ n

1

c

(1− 2c)
√
t+ 2ct

dt (198)

= c+ log(1− 2c+ 2c
√
n). (199)

Combined with the value of Y0, this guarantees that ∀n ∈ N, Yn ≤ c+ log(1 + 2c
√
n).

We are left with proving that Xn ≤ Yn. Let us assume towards a contradiction that there exists n such that
Xn+1 > Yn+1, and let us pick the smallest of such n (clearly, we have n ≥ 1 as X0 = Y0 = 0 and Y1 = c ≥ X1).
Then:

Xn+1 > Yn+1 ⇔ Yn −Xn < c
e−Xn − e−Yn

n+ 1
< ce−Xn

1− eXn−Yn
n+ 1

< ce−Xn
Yn −Xn

n+ 1
(200)

⇔ 1 <
ce−Xn

n+ 1
(201)

⇔ Xn < log
c

n+ 1
, (202)
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which is not possible as ∀n ≥ 1, Xn ≥ c and concludes the proof.

Lemma 15. Let us consider a sequence (Xn)n∈N verifying:{
X0 = 1
Xn+1 ≤ Xn + 2 + 1

η log(1 + 2ηXn).
(203)

Then, we have the following upper bound on Xn:

∀n ≥ 8, Xn ≤
32e8η+3

η3
n log n. (204)

Proof. We look for a function fε(x) = cεx
ε such that for all x ≥ 0:

fε(x) ≥ log(x) (205)
⇐⇒ cεx

ε ≥ log x (206)

⇐⇒ cεy ≥ log(y
1
ε ) setting y = xε with y ≥ 0 (207)

⇐⇒ cεy ≥
1

ε
log y (208)

Since x ≥ log x for all x > 0, it suffices to choose cε = 1
ε to satisfy the desiderata. So we get:


X0 = 1
Xn+1 ≤ Xn + 2 + 1

η log(1 + 2ηXn) = Xn + 1
η log(e2η(1 + 2ηXn))

≤ Xn +
(e2η(1 + 2ηXn))ε

ηε
= Xn +

e2ηε(1 + 2ηXn)ε

εη
.

(209)

As a first step, we introduce the function y(t) on R+ solution on [0,+∞) of the ODE:
y(0) = 1

y′(t) =
e2ηε(1 + 2ηy(t))ε

εη
.

(210)

Let z(t) = 1 + 2ηy(t), then z′(t) = 2ηy′(t) and we get:
z(0) = 1 + 2η

z′(t) =
2e2ηε

ηε
z(t)ε.

(211)

Solving the ode gives:

z′(t) =
2e2ηε

ηε
z(t)ε (212)

⇐⇒ z′(t)
z(t)ε

=
2e2ηε

ηε
(213)

⇐⇒
∫ z(t)

z(0)

dz

zε
=

∫ t

0

2e2ηε

ηε
du =

2e2ηε

ηε
t (214)

⇐⇒ 1

1− ε
[
z(t)1−ε − z(0)1−ε] =

2e2ηε

ηε
t (215)

⇐⇒ z(t)1−ε = (1 + 2η)1−ε +
2(1− ε)e2ηε

ηε
t (216)

⇐⇒ z(t) =

[
(1 + 2η)1−ε +

2(1− ε)e2ηε

ηε
t

] 1
1−ε

. (217)
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This results in:

y(t) =
1

2η

[(1 + 2η)1−ε +
2(1− ε)e2ηε

ηε
t

] 1
1−ε

− 1

 . (218)

We can thus upper-bound Xn as follows:

Xn ≤
1

2η

[
(1 + 2η)1−ε +

2e2η

ηε
n

] 1
1−ε

(219)

We choose ε = 1
logn for n ≥ 8 > e2 and obtain:

Xn ≤
1

2η

[
(1 + 2η)1− 1

logn +
2e2η

η
n log n

]1+ 1
logn−1

(220)

≤ 1

2η

[
1 + 2η +

2e2η

η
n log n

]1+ 1
logn−1

(221)

logXn ≤ − log(2η) +

(
1 +

1

log n− 1

)
log

[
1 + 2η +

2e2η

η
n log n

]
(222)

≤ − log(2η) +

(
1 +

1

log n− 1

)[
2 log 2 + log(1 + 2η) + log

(
2e2η

η
n log n

)]
(223)

≤ − log η − log 2 +

(
1 +

1

log n− 1

)
[3 log 2 + 4η − log η + log n+ log log n] (224)

= −2 log η + 2 log 2 + 4η + log n+ log log n+ 1 + κ(n) (225)
Xn ≤ exp (−2 log η + 2 log 2 + 4η + log n+ log log n+ 1 + κ(n)) (226)

≤ 4e4η+1

η2
n log n exp (κ(n)) , (227)

where κ(n)
.
= 3log2+4η−log η+1+log logn

logn−1 ≤ 2 + 3 log 2 + 4η − log η granted that n ≥ e2. κ(n) is generally in o(1)

and therefore exp(κ(n)) will converge to 1 asymptotically. For the all-time upper bound, we use:

Xn ≤
32e8η+3

η3
n log n. (228)
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B Experiments

B.1 Domains

The RandomMDP domain is taken from Laroche et al. (2019); Nadjahi* et al. (2019); Simão et al. (2020); Laroche
and Tachet des Combes (2021), where it is fully described in Section B.1.3. We set the three hyperparameters
as follows: number of states = 100, number of actions = 4, connectivity of transitions = 2.

The Chain domain is borrowed from Laroche and Tachet des Combes (2021), where it is fully described in Section
C.1. We set hyper parameter β to 0.7. The number of states varies from one figure to another where it is always
specified.

The cliff experiment is novel to this work and is a direct adaptation of the chain algorithm where a third action
is added. This new action is terminal and yields a 0 reward. Intuitively, it should only marginally slow down
the algorithms, but in practice some of the algorithms get significantly slowed down.

In all domains the discount factor γ is set to 0.99.

B.2 Algorithms

We use the Jekyll&Hyde algorithm from Laroche and Tachet des Combes (2021), which we recall below:

Input: Scheduling of exploration (εt), scheduling of off-policiness (ot) and actor learning rate η.
1: Initialize Dr Jekyll’s replay buffer D̊ = ∅, actor π̊, and critic q̊. . exploitation agent
2: Initialize Mr Hyde’s replay buffer D̃ = ∅, and policy π̃. . exploration agent
3: Set the behavioural policy and working replay buffer to Dr Jekyll’s: πb ← π̊ and Db ← D̊.
4: for t = 0 to ∞ do
5: Sample a transition τt = 〈st, at ∼ πb(·|st), st+1 ∼ p(·|st, at), rt ∼ r(·|st, at)〉.
6: Add it to the working replay buffer Db ← Db ∪ {τt}.
7: if τ was terminal, then (πb, Db)← (π̃, D̃) w.p. εt, (πb, Db)← (̊π, D̊) otherwise.
8: if Update step, then
9: τ

.
= 〈s, a, s′, r〉 ∼ D̃ w.p. ot, τ

.
= 〈s, a, s′, r〉 ∼ D̊ otherwise.

10: Update Mr Hyde’s policy π̃ on τ . . with Q-learning trained on UCB rewards
11: Update Dr Jekyll’s critic q̊ on τ . . with SARSA update
12: Expected update of Dr Jekyll’s actor π̊ in state s. . with Eq. (229)
13: end if
14: end for

Algorithm 1: Dr Jekyll & Mr Hyde algorithm. After initialization of parameters and buffers, we enter the main
loop. At every time step, an action, chosen by the behavioral policy, is executed in the environment to produce a
transition τt (line 5). τt is stored in the replay buffer of the personality in control (either Dr Jekyll or Mr Hyde,
line 6). If the trajectory is done, the algorithm samples a new personality to be in control during the next one
(line 7). Then, the updates of the models start (line 8). The update for Mr Hyde’s policy π̃ is performed with
Q-kearning trained on UCB rewards. Dr Jekyll’s critic q̊ is trained with SARSA. When (εt) = 0, Jekyll&Hyde
amounts to on-policy expected updates from a single replay buffer.

Step 12 requires the use of approximate expected policy update (Silver et al., 2014; Lillicrap et al., 2016; Ciosek
and Whiteson, 2018):

Û(θ, s)
.
=
∑
a∈A

q̊(s, a)∇θπ(a|s). (229)

We set Jekyll&Hyde hyperparameters as follows:

• Critic learning rate: ηc = 0.1, and critic initialization: q0 = 0,

• Scheduling of exploration: εt = 0 in NoExplo, εt = 10√
t
in LowOffPol, and εt = 10√

t
in HiOffPol,
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• Scheduling of off-policiness: ot = 0 in NoExplo, ot = 10√
t
in LowOffPol, and ot = 0.5 in HiOffPol,

• In all the experiments, Mr Hyde is trained with Q-learning on a γ discounted objective from UCB rewards:
r̃(s, a)

.
= 1√

ns,a
. It has the same learning rate and initialization as the critic of Dr Jekyll.
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