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Abstract

We introduce an independence criterion
based on entropy regularized optimal trans-
port. Our criterion can be used to test for
independence between two samples. We es-
tablish non-asymptotic bounds for our test
statistic and study its statistical behavior un-
der both the null hypothesis and the alterna-
tive hypothesis. The theoretical results in-
volve tools from U-process theory and opti-
mal transport theory. We also o↵er a ran-
dom feature type approximation for large-
scale problems, as well as a di↵erentiable pro-
gram implementation for deep learning appli-
cations. We present experimental results on
existing benchmarks for independence test-
ing, illustrating the interest of the proposed
criterion to capture both linear and nonlinear
dependencies in synthetic data and real data.

1 INTRODUCTION

Statistical independence measures have been widely
used in machine learning and statistics, ranging from
independent component analysis (Bach and Jordan,
2002; Gretton et al., 2005) to causal inference (Pfister
et al., 2018; Chakraborty and Zhang, 2019), and re-
cently in self-supervised learning (Li et al., 2021) and
representation learning (Ozair et al., 2019). Classi-
cal dependence measures such as Pearson’s correla-
tion coe�cient, Spearman’s ⇢, and Kendall’s ⌧ (Ho-
e↵ding, 1948; Kruskal, 1958; Lehmann, 1966) focus
on real-valued one dimensional random variables and
thus are not suitable for high dimensional data; see
also (Schweizer and Wol↵, 1981; Nikitin, 1995).

One popular choice of independence measures in high
dimension is the Hilbert-Schmidt independence crite-
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rion (HSIC) (Gretton et al., 2005). This criterion was
used to test independence by Gretton et al. (2007b).
Several extensions of HSIC are available, such as a rel-
ative dependency measure (Bounliphone et al., 2015)
and a joint independence measure among multiple ran-
dom elements (Pfister et al., 2018). Another choice is
the distance covariance (dCov) of Székely et al. (2007).
dCov was originally developed in Euclidean spaces us-
ing characteristic functions and later generalized to
metric spaces (Lyons, 2013). In fact, in their most
general form, HSIC and dCov are equivalent as shown
by Sejdinovic et al. (2013).

A di↵erent line of research explored optimal transport
to measure dependence. TheWasserstein distance nat-
urally defines a dependence measure when it is used to
quantify the dissimilarity between the joint distribu-
tion and the product of marginals; see, e.g., (Cifarelli
and Regazzini, 2017). The normalized version—the so-
called Wasserstein correlation coe�cient—has recently
gained attention in (Wiesel, 2021; Mordant and Segers,
2021; Nies et al., 2021). Following the classical rank-
based tests such as Pearson’s ⇢, optimal transport is
also used to define multivariate ranks and the subse-
quent independence tests (Shi et al., 2020; Deb and
Sen, 2021). However, these tests can su↵er from the
curse of dimensionality or high computational com-
plexity, limiting their practical usefulness; see (Peyré
and Cuturi, 2019) for a discussion.

A remedy to this challenge is to use the entropy regu-
larized formulation of optimal transport. This is par-
ticularly attractive from both a computational view-
point (Cuturi, 2013) and a statistical viewpoint (Rigol-
let and Weed, 2018). Moreover the empirical coun-
terpart of entropy regularized optimal transport en-
joys as an estimator a parametric rate of convergence
and thus appears to overcome the curse of dimension-
ality (Genevay et al., 2019; Mena and Weed, 2019).
The Sinkhorn divergence (Feydy et al., 2019), its cen-
tered version, defines a semi-metric on probability
measures which metrizes weak convergence. Ram-
das et al. (2017) used it for two-sample testing and
Genevay et al. (2018) for generative modeling; see also
(Salimans et al., 2018; Sanjabi et al., 2018). Our ap-
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proach to independence testing shall build upon this
recent progress on entropic regularization.

Outline. In Section 2, we introduce the entropy
regularized optimal transport independence criterion
(ETIC) and discuss its key properties. We propose
the Tensor Sinkhorn algorithm with a random fea-
ture approximation to compute ETIC, which admits
a quadratic scaling in time and space. We also show
how to approximate ETIC using random features, and
how to di↵erentiate through ETIC in a framework of
di↵erentiable programming. In Section 3, we give our
main theoretical results, i.e., non-asymptotic bounds,
characterizing the statistical behavior of the empirical
estimator of ETIC under both the null and alternative
hypotheses. In Section 4, we compare the empirical
behavior of ETIC with HSIC on both synthetic and
real data. The Appendix contains detailed proofs as
well as additional experiments.

Related Work. Statistical metrics on the space of
probability measures form the backbone of many de-
pendence measures. On the machine learning side, dis-
tributions are compared by embedding them into re-
producing kernel Hilbert spaces (Gretton et al., 2007a,
2012). The Hilbert-Schmidt independence criterion
(HSIC) uses Hilbertian embeddings of probability dis-
tributions to compare the joint distribution and the
product of marginals (Gretton et al., 2005, 2007b). On
the statistics side, distributions defined on Euclidean
spaces are compared via their characteristic functions,
leading to the so-called energy distance (Székely and
Rizzo, 2004).

A closely related dependence measure is the distance
covariance (Székely et al., 2007). These distances were
later generalized to general metric spaces of negative
type by Lyons (2013), unifying the two notions via
the Barycenter map—a quantity similar to the feature
map in kernel methods. In fact, the kernel-based and
distance-based approaches are equivalent (Sejdinovic
et al., 2013). Their corresponding empirical estimators
all admit a U-statistics expression, and enjoy a conver-
gence rate that is independent of the dimension. These
results can be established using tools from U-statistics
theory; see, e.g., (Serfling, 1980).

On the other hand, Wasserstein distances provide a
class of metrics on the space of probability measures
with nice geometric properties (Ambrosio et al., 2005).
However, it is known that its empirical estimate suf-
fers from the curse of dimensionality (Dudley, 1969;
Fournier and Guillin, 2015; Weed and Bach, 2019; Lei,
2020), limiting their usage in high-dimension prob-
lems. A remedy to this issue is to introduce the en-
tropic regularization. Genevay et al. (2019) showed

that the plug-in estimator of the entropy regularized
optimal transport cost possesses a parametric rate of
convergence when the measures are compactly sup-
ported. Their results can be extended to sub-Gaussian
distributions (Mena and Weed, 2019) with tools from
empirical process theory.

The independence criterion we propose uses entropy
regularized optimal transport to compare the joint dis-
tribution and the product of marginals. The empiri-
cal counterpart involves a product of two empirical
measures, leading to a two-sample U-process on paired
samples. The resulting U-process requires a sophisti-
cated analysis of its statistical behavior; common tools
from empirical processes are ine↵ective here. Using the
decoupling technique from Peña and Giné (1999) and
duality theory (Peyré and Cuturi, 2019), we prove a
rate of convergence roughly O(�3dn�1/2), where n is
the sample size, d is the ambient dimension, and � is
the sub-Gaussian parameter, recovering previous re-
sults for two sample statistics.

2 ENTROPY REGULARIZED
OPTIMAL TRANSPORT
INDEPENDENCE CRITERION

We introduce in this section the entropy regularized
optimal transport independence criterion (ETIC) and
discuss its key properties. We design an indepen-
dence test based on ETIC and develop an e�cient
algorithm—the Tensor Sinkhorn algorithm—to com-
pute its test statistic. We also provide an approxima-
tion using random features for large-scale problems,
as well as a di↵erentiable program implementation for
deep learning applications.

Notation. For a Euclidean space Z equipped with
the Borel �-algebra, let M1(Z) be the set of proba-
bility measures defined on Z. Let (X,Y ) be a pair
of random vectors with respective dimension d1 and
d2 following some joint distribution PXY 2 M1(Rd)
where d := d1 + d2. Denote PX 2 M1(Rd1) and
PY 2 M1(Rd2) the marginal distributions of X and
Y , respectively. Given Q 2 M1(Rd1 ⇥ Rd2) and a
real-valued function f on the same domain, we denote
Q[f ] the expectation E(X,Y )⇠Q[f(X,Y )]. We adopt
the notation from the empirical process theory and
write kQkF := supf2F |Q[f ]| for a real-valued function
class F . We say Q is sub-Gaussian with parameter �2,
denoted as subG(�2), if EQ ek(X,Y )k2/(2d�2)  2; see,
e.g., Vershynin (2018). We write E := EPXY for short.

ETIC. Let c : Rd ⇥ Rd ! R+ be a continuous cost
function satisfying c((x, y), (x0, y0)) = 0 i↵ (x, y) =
(x0, y0). We introduce the entropy regularized optimal
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transport independence criterion (ETIC):

T (X,Y ) := T"(X,Y ) := S̄"(PXY , PX ⌦ PY ), (1)

where S̄" is a divergence defined as S̄"(PXY , PX ⌦
PY ) := S"(PXY , PX ⌦ PY ) � 1

2S"(PXY , PXY ) �
1
2S"(PX ⌦ PY , PX ⌦ PY ). Here S"(PXY , PX ⌦ PY )
is the entropy regularized optimal transport cost be-
tween PXY and PX ⌦ PY , i.e.,

inf
�

Z
cd� + "KL(�kPXY ⌦ (PX ⌦ PY ))

�
, (2)

where the infimum is over ⇧(PXY , PX ⌦ PY ) which is
the set of couplings (or joint distributions) on Rd⇥d

with marginals PXY and PX ⌦ PY , " > 0 is the regu-
larization parameter, and KL is the Kullback-Leibler
divergence. The other two terms are defined similarly
and are omitted for the sake of space.

As we will show later, it is computationally con-
venient to work with additive cost functions, i.e.,
c((x, y), (x0, y0)) = c1(x, x0) + c2(y, y0). For this type
of cost functions, we prove that the resulting ETIC is
a valid independence criterion as long as the induced
Gibbs kernels

k1(x, x
0) = e�

c1(x,x0)
" and k2(y, y

0) = e�
c2(y,y0)

" (3)

are positive universal; see Appendix A for the proof.

Proposition 1. Let X ⇢ Rd1 and Y ⇢ Rd2 be com-
pact subsets equipped with Lipschitz costs c1 and c2,
respectively. Assume that the Gibbs kernels defined in
(3) are positive universal. Then, the ETIC is a valid
dependency measure on M1(X ⇥Y), i.e., T (X,Y ) � 0
and

T (X,Y ) = 0 i↵ PXY = PX ⌦ PY . (4)

Moreover, the claim holds true for measures with a
bounded support on X ⇥ Y = Rd with the costs
c1(x, x0) = kx� x0kp /�1 and c2(y, y0) = ky � y0kp /�2
for p 2 {1, 2} and for all �1,�2 > 0.

A running example we consider in this paper is the
weighted quadratic cost.

Example 1 (Weighted quadratic cost). Let �1,�2 2
(0,1). Consider the cost function

c((x, y), (x0, y0)) =
1

�1
kx� x0k2 + 1

�2
ky � y0k2 . (5)

This cost induces two universal kernels k1(x, x0) =

e�kx�x0k2/("�1) and k2(y, y0) = e�ky�y0k2/("�2). They
play a similar role as the two kernels used in HSIC,
and "�1 and "�2 serve as two kernel parameters.

Algorithm 1 Tensor Sinkhorn Algorithm

1: Input: A, B, K1, and K2.
2: Initialize U  1n⇥n and V  1n⇥n.
3: while not converge do
4: U  A↵ (K1V K>

2 ) and V = B ↵ (K>
1 UK2).

5: end while
6: Output: U and V .

ETIC-Based Independence Test. Given an
i.i.d. sample {(Xi, Yi)}ni=1 from PXY , we are interested
in determining whether X is independent of Y , which
can be formalized as the following hypothesis testing
problem:

H0 : PXY = PX ⌦ PY $ H1 : PXY 6= PX ⌦ PY . (6)

For this purpose, we use the empirical estimate of
T (X,Y ) as the test statistic, that is,

Tn(X,Y ) := Tn,"(X,Y ) := S̄"(P̂XY , P̂X ⌦ P̂Y ), (7)

where P̂XY := 1
n

Pn
i=1 �(Xi,Yi) is the empirical mea-

sure of the pairs, and P̂X := 1
n

Pn
i=1 �Xi and P̂Y :=

1
n

Pn
i=1 �Yi are the empirical measures of the two sam-

ples, respectively. Note that this is di↵erent from the
standard plug-in estimator since the product measure
PX⌦PY is estimated by n2 dependent (rather than in-
dependent) pairs {(Xi, Yj)}ni,j=1. It raises challenges
in the analysis of its statistical behavior as elaborated
in Section 3. The statistical test (or decision rule) is
then defined as

 (↵) := 1{Tn(X,Y ) > Hn(↵)}, (8)

where ↵ is a prescribed significance level, e.g., ↵ =
0.05, and Hn(↵) is a threshold chosen such that the
type I error rate P( (↵) = 1 | H0) is bounded by ↵.
Here { (↵) = 1} indicates the rejection the null hy-
pothesis. The (statistical) power of the test is defined
as P( (↵) = 1 | H1).

To avoid tuning the regularization parameter ", we
also consider an adaptive version of the test:

 a(↵) := 1

⇢
max
"2E

T̄n,"(X,Y ) > Hn,E(↵)

�
, (9)

where E is a finite set of positive numbers se-
lected by the user and T̄n,"(X,Y ) := [Tn,"(X,Y ) �
E[Tn,"(X,Y )]]/Sd(Tn,"(X,Y )) is the studentized ver-
sion of Tn,"(X,Y ). In practice, E[Tn,"(X,Y )] and
Sd(Tn,"(X,Y )) can be estimated via resampling.

Tensor Sinkhorn Algorithm. We then derive an
e�cient algorithm to compute the test statistic. When
PXY admits a density, P̂X ⌦ P̂Y is supported on n2

items {xi}ni=1 ⇥ {yi}ni=1 almost surely. If we compute
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Table 1: Comparison of complexities, in time and in
space, of Sinkhorn and Tensor Sinkhorn algorithms,
Exact or Random Features approx.

Sinkhorn Tensor Sinkhorn

Exact RF Exact RF

Time O(n4) O(n2) O(n3) O(n2)

Space O(n4) O(n4) O(n2) O(n2)

the ETIC statistic naively using the Sinkhorn algo-
rithm (Cuturi, 2013), each iteration costs O(n4) time
and space due to the matrix-vector product of sizes
n2 ⇥ n2 and n2 ⇥ 1. To speed up its computation, we
develop a variant of the Sinkhorn algorithm to solve
the EOT problem between two measures supported on
the Cartesian product {xi}ni=1 ⇥ {yi}ni=1.

Let A and B be two probability measures on {xi}ni=1⇥
{yi}ni=1, where xi 2 Rd1 and yj 2 Rd2 . For con-
venience, both A and B are represented as a ma-
trix, i.e., Aij = A(xi, yj). For instance, if we choose

A = P̂XY and B = P̂X ⌦ P̂Y , then, in its matrix
form, A = In/n and B = 1n⇥n/n2. Consider an
additive cost function c, e.g., the weighted quadratic
cost, such that c((x, y), (x0, y0)) = c1(x, x0) + c2(y, y0)
for x, x0 2 {xi}ni=1 and y, y0 2 {yj}nj=1. Let C1

and C2 be the cost matrices of {xi}ni=1 and {yj}nj=1,

respectively. Define Gibbs matrices K1 := e�C1/"

and K2 := e�C2/", where the exponential function
is element-wise. We show in Proposition 8 in Ap-
pendix A that Algorithm 1 can be used to compute
S"(A,B), where ↵ represents element-wise division.
We refer to it as the Tensor Sinkhorn algorithm. Each
iteration in the Tensor Sinkhorn algorithm takes O(n3)
time and O(n2) space, thanks to the additive cost func-
tion being used. This algorithm can be generalized to
measures supported on the Cartesian product of p > 2
sets, which is also noted in (Peyré and Cuturi, 2019,
Remark 4.17).

ETIC with Random Features. To further speed
up the computation, we apply the random feature
technique introduced by Scetbon and Cuturi (2020).
On a high level, we approximate the gram matrix Ki

by its low-rank approximation ⇠i⇠>i for i 2 {1, 2},
where ⇠i 2 Rn⇥p is the matrix of random features.
Concretely, let ⇢1 and ⇢2 be two probability measures
on measurable spaces U and V, respectively. Follow-
ing Scetbon and Cuturi (2020, Section 3), we focus on

Gibbs kernels of the form

k1(x, x
0) =

Z
'(x, u)>'(x0, u)d⇢1(u)

k2(y, y
0) =

Z
 (y, v)> (y0, v)d⇢2(v),

where ' : {xi}ni=1 ⇥ U ! Rq1
+ and  : {yi}ni=1 ⇥ V !

Rq2
+ . Note that the Gibbs kernels induced by the

weighted quadratic cost admit this expression. For
p 2 N+, we obtain two i.i.d. samples {ui}pi=1 and
{vi}pi=1 from ⇢1 and ⇢2, respectively. We denote
u := (u1, . . . , up) and approximate k1(x, x0) by

k1,u(x, x
0) :=

1

p

pX

k=1

'(x, uk)
>'(x0, uk).

This new kernel induces the cost c1,u(x, x0) :=
�" log k1,u(x, x0). Similarly, we define v, k2,v(y, y0),
and c2,v(y, y0). It is clear that Algorithm 1 with
inputs A, B, K1,u, and K2,v solves the entropy-
regularized optimal transport problem with cost
cu,v((x, y), (x0, y0)) := c1,u(x, x0) + c2,v(y, y0). Let
S",cu,v (A,B) be the entropic cost. The next propo-
sition provides a high-probability guarantee for this
random feature approximation.

Assumption 1. There exists a constant C > 0 such
that, for all x, x0 2 {xi}ni=1, y, y0 2 {yj}nj=1, u 2 U ,
and v 2 V,

'(x, u)>'(x0, u)/k1(x, x
0)  C

 (y, v)> (y0, v)/k2(y, y
0)  C.

Proposition 2. Let � > 0, ⌧ > 0, and p =

⌦
⇣

C2

⌧2 log n
�

⌘
. Under Assumption 1, with probability

at least 1� �, it holds that

��S",cu,v (A,B)� S",c(A,B)
��  ⌧.

Replacing K1 and K2 by their random feature approx-
imations K1,u and K2,v in Algorithm 1 leads to an al-
gorithm with O(pn2) time complexity and O(n2) space
complexity in each iteration. We note that if one ap-
plies the random feature approximation directly to the
original Sinkhorn algorithm, then the resulting algo-
rithm would have the same time complexity O(pn2)
but O(n4) space complexity; see Table 1 for a compar-
ison.

Dual Representation. The entropy regularized
formulation of OT (2) is known as the Schrödinger
bridge problem (Föllmer, 1988; Léonard, 2012, 2014)
in continuum and the Sinkhorn distance (Cuturi, 2013;
Ferradans et al., 2014) in the discrete case. It admits
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a dual representation (Genevay et al., 2016):

sup
f,g2C(Rd1⇥Rd2 )

 Z
fdPXY +

Z
gd(PX ⌦ PY ) + "

� "
Z

e�D"(x,y,x
0,y0)dPXY (x, y)dPX(x0)dPY (y

0)

�
,

where C is the set of real-valued continuous functions
and D"(x, y, x0, y0) = 1

" [c1(x, x
0) + c2(y, y0)� f(x, y)�

g(x0, y0)]. Due to (Csiszar, 1975; Rüschendorf and
Thomsen, 1993), the optimal potentials (f", g"), to be
called the Schrödinger potentials, satisfy

Z
e�D"(x,y,x

0,y0)dPX(x0)dPY (y
0)

a.s.
= 1

Z
e�D"(x,y,x

0,y0)dPXY (x, y)
a.s.
= 1.

(10)

Gradient Backpropagation through ETIC. We
describe here how ETIC can fit into a di↵erentiable
programming framework, i.e., how one can run the
reverse mode automatic di↵erentiation through sta-
tistical quantities based on ETIC. Recently, Li et al.
(2021) proposed a self-supervised learning approach
using HSIC which we summarize below. Let (W,Y ) be
a pair of image and its identity. Given an i.i.d. sam-
ple {(Wi, Yi)}ni=1, the goal is to learn a feature em-
bedding model �✓ such that the dependence between
the image feature X := �✓(W ) and its identity Y is
maximized, i.e., max✓2⇥ HSICn(�✓(W ), Y ). Similarly,
one could also maximize the dependence measured by
ETIC instead. This boils down to gradient backpropa-
gating through Tn(�✓(W ), Y ). We use the strategy in
(Peyré and Cuturi, 2019, Section 9.1.3) and illustrate
it on the entropy regularized OT S"(P̂XY , P̂X ⌦ P̂Y )
in (2). For the forward pass, we construct the compu-
tational graph via the following steps. Firstly, we run
Algorithm 1 (or its random feature variant) with A =
In/n, B = 1n⇥n/n2, K1 =

�
k1(�✓(Wi),�✓(Wj))

�
n⇥n

,

and K2 =
�
k2(Yi, Yj)

�
n⇥n

for L iterations to get

U (L) and V (L). Secondly, we obtain the associated
Schrödinger potentials F (L) := " logU (L) and G(L) :=
" log V (L). Thirdly, we approximate S"(P̂XY , P̂X⌦P̂Y )
by Ŝ"(✓) := hF (L), AiF + hG(L), BiF where h·, ·iF is
the Frobenius inner product. For the backward pass,
we call the reverse mode automatic di↵erentiation to
evaluater✓Ŝ"(✓). Since computing Ŝ"(✓) only requires
simple operations between matrices, the time complex-
ity of the above procedure is of the same order as the
one of Algorithm 1 for the computation of Ŝ"(✓).

Connection to Previous Work. As shown in Ap-
pendix A, T (X,Y ) tends to the OT-based indepen-
dence criterion OT(PXY , PX ⌦ PY ) as " ! 0. If the
cost c is chosen as the Euclidean distance to the power

p � 1, it induces a distance (known as the Wasserstein-
p distance) on the space of probability measures (Vil-
lani, 2016). As a result, OT(PXY , PX ⌦PY ) is a valid
independence criterion, i.e., OT(PXY , PX ⌦ PY ) = 0
i↵ PXY = PX ⌦ PY . The study of this indepen-
dence criterion can be dated back to Gini; see (Ci-
farelli and Regazzini, 2017) for a discussion. Its
normalized version—the so-called Wasserstein corre-
lation coe�cient—has recently gained attention in
(Wiesel, 2021; Mordant and Segers, 2021; Nies et al.,
2021). When " ! 1, T (X,Y ) tends to 0 if the
cost is additive; if the cost is multiplicative, i.e.,
c((x, y), (x0, y0)) = c1(x, x0)c2(y, y0), it recovers the
negative of HSIC with kernels c1 and c2.

The quantity S̄" is known as the Sinkhorn divergence.
It has been used in two-sample problems, where the
goal is to quantify the distance of two distributions
given i.i.d. samples from each of them. In particu-
lar, it is applied to two-sample testing (Ramdas et al.,
2017) and generative modeling (Genevay et al., 2018).
It is shown in (Feydy et al., 2019) that S̄" defines a
semi-metric (metric without the triangle inequality) on
the space of probability measures with bounded sup-
port if the Gibbs kernel induced by the cost is positive
universal. The limiting behavior of the empirical esti-
mator is to date not known in the literature, though
non-asymptotic bounds are attainable using results in
(Genevay et al., 2019; Mena and Weed, 2019). Our
results also recover the two-sample case.

3 MAIN RESULTS

We give non-asymptotic bounds for the ETIC statistic
with quadratic cost. We present the main results and
their proof sketches here. We use C to denote a con-
stant whose value may change from line to line, where
subscripts are used to emphasize the dependency on
other quantities. For instance, Cd represents a con-
stant depending only on the dimension d. The detailed
proofs are deferred to Appendices B and C.

Consistency. We first show that the ETIC statistic
is a consistent estimator of its population counterpart
under both the null and alternative.

Assumption 2. We make the following assumptions:

(i) c is chosen as the quadratic cost.

(ii) PX and PY are subG(�2).

The quadratic cost is chosen for the sake of concision.
We extend the results to weighted quadratic cost in
Appendix B.
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Figure 1: Power versus dimension in the linear dependency model (11).

Theorem 3. Under Assumption 2, we have

E |Tn(X,Y )� T (X,Y )|  Cd

✓
1 +

�d5d/2e+6

"d5d/4e+3

◆
"p
n
.

Remark 2. According to Theorem 3, when " =
"n is chosen such that "n = !(n�1/(d5d/2e+4)) and
"n = o(1), we have Tn(X,Y ) converges in L1 to
OT(PXY , PX ⌦ PY ) as n!1.

We can upper bound the above L1 loss by the supre-
mum of an empirical process and a U-process
���P̂XY � PXY

���
2

Fs
and

���P̂X ⌦ P̂Y � PX ⌦ PY

���
2

Fs
,

respectively, where Fs is the set of real-valued func-
tions satisfying

|f(x, y)|  Cs,d(1 + k(x, y)k2)

|D↵f(x, y)|  Cs,d(1 + k(x, y)k|↵|), 81 < |↵|  s.

Mena and Weed (2019) used a similar strategy in their
proofs. Empirical process theory has a long history in
statistics and there are well-established tools to con-
trol them; see, e.g., (van der Vaart and Wellner, 1996).
However, the theory of U-processes is much less well-
developed. Moreover, many of the previous works fo-
cus on one-sample U-processes; see, e.g., (Peña and
Giné, 1999). The second U-process here is a two-
sample U-process on a paired sample, bringing about
additional challenges in its analysis, compared to, e.g.,
Mena and Weed (2019). In order to control it, we de-
velop the following results.

The first result is a metric entropy bound for de-
generate two-sample U-processes. The main challenge
comes from the dependence among the summands inPn

i,j=1 f(Xi, Yj). We get around that using the decou-
pling technique presented in (Peña and Giné, 1999).

Proposition 4. Let F be a class of real-valued func-
tions that are degenerate under PX ⌦ PY , i.e.,

EPX⌦PY [f(X,Y ) | X]
a.s.
= EPX⌦PY [f(X,Y ) | Y ]

a.s.
= 0

for any f 2 F . Under Assumption 2, we have

E
���P̂X ⌦ P̂Y � PX ⌦ PY

���
2

F

 C

n
E
 Z B

0

q
logN(⌧,F ,L2(P̂X ⌦ P̂Y ))d⌧

!2

,

where B is any measurable upper bound of
2maxf2F kfkL2(P̂X⌦P̂Y ).

Remark 3. In classical two-sample U-statistics lit-
erature, it is usually assumed that the two samples
are independent, i.e., X is independent of Y . How-
ever, Proposition 4 allows the sample to be paired since
(X,Y ) ⇠ PXY .

With Proposition 4 at hand, we can control the U-
process kP̂X ⌦ P̂Y � PX ⌦ PY k2Fs by upper bounding
its covering number N(⌧,Fs,L2(P̂X⌦P̂Y )). The proof
is inspired by (Mena and Weed, 2019) and relies on a
result in (van der Vaart and Wellner, 1996, Chapter
2.7) to control the covering number of a class of smooth
functions.

Proposition 5. Under Assumption 2, there exists
a random variable L � 1 depending on the samples
{(Xi, Yi)}ni=1 with E[L]  2 such that, for any s � 2,

logN(⌧,Fs,L2(P̂X ⌦ P̂Y ))  Cs,d⌧
�d/sLd/2s(1 + �2d)

and

max
f2Fs

kfk2L2(P̂X⌦P̂Y )  Cs,d(1 + L�4).

In particular, when s > d/2, we have

E
���P̂X ⌦ P̂Y � PX ⌦ PY

���
2

Fs
 Cs,d(1 + �2d+4)

1

n
.

Exponential Tail Bound. We also prove an expo-
nential tail bound for the ETIC statistic. It follows
from Theorem 3 and the McDiarmid inequality.
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Figure 2: Power versus sample size in the Gaussian-sign model (12).

Theorem 6. Let c be the quadratic cost. Assume that
PX and PY are supported on a bounded domain of ra-
dius D. Then we have, with probability at least 1� �,

|Tn(X,Y )� T (X,Y )|

 Cd

 
1 +

D5d+16

"5d/2+8

r
log

6

�

!
"p
n
.

UnderH0, we have T (X,Y ) = 0, so Theorem 6 implies
that

|Tn(X,Y )| > Cd

 
1 +

D5d+16

"5d/2+8

r
log

6

�

!
"p
n

with probability at most �. It gives an estimate of
the tail behavior of Tn(X,Y ) which suggests that the
critical valueHn(↵) in (8) should be of orderO(n�1/2).
Under H1, Theorem 6 implies that

Tn(X,Y ) > T (X,Y )� Cd

 
1 +

D5d+16

"5d/2+8

r
log

6

�

!
"p
n

with probability at least 1� �. When T (X,Y ) > 0, it
is clear that the right hand side in the above inequality
exceeds the threshold Hn(↵) for large n. Hence, the
ETIC test has power converging to 1 as n!1.

4 EXPERIMENTS

We examine the empirical behavior of the proposed
ETIC test for independence testing on both syn-
thetic and real data. We consider synthetic bench-
marks from (Gretton et al., 2007b; Jitkrittum et al.,
2017; Zhang et al., 2018) and revisit an application
from (Gretton et al., 2007b) with recent feature rep-
resentations for text data. The performance of the
adaptive ETIC test is also investigated but is deferred
to Appendix E.2 due to the space limit. The code to
reproduce the experiments is available online1.

1https://github.com/langliu95/etic-experiments.

We focus on the weighted quadratic cost

c((x, y), (x0, y0)) =
1

�1
kx� x0k2 + 1

�2
ky � y0k2 .

For convenience, we absorb the regularization param-
eter " into the weights and set " = 1. It then induces
two Gibbs kernels

k1(x, x
0) = e�

kx�x0k2

�1 and k2(y, y
0) = e�

ky�y0k2

�2

with �i being the parameter of kernel ki for i 2 {1, 2}.
To select the weights, we apply the median heuristic
(Gretton et al., 2007b) widely used for HSIC, i.e.,

�1 = r1Mx and �2 = r2My

with r1 and r2 ranging from 0.25 to 4, where Mx

and My are the medians of the quadratic costs

{kXi �Xjk2} and {kYi � Yjk2}, respectively. We also
examine its variant ETIC-RF discussed in Section 2,
where the number of random features is set to be 100
unless otherwise noted. We compare them with the
HSIC statistic with kernels k1 and k2. For a fair com-
parison, we calibrate these tests by a Monte Carlo re-
sampling technique (Feuerverger, 1993) with 200 per-
mutations. For each of the experiment, we repeat the
whole procedure 200 times and report the rejection fre-
quency as either the type I error rate (when the null
is true) or power (when the null is not true). Note
that, even though we are using the same �1 and �2
in the cost and kernels, that does not mean we should
compare ETIC and HSIC under the same hyperparam-
eters. Our goal is to explore their performance over a
range of values of the hyperparameters controlling the
regularization penalties.

Our main findings are: 1) Both ETIC and ETIC-
RF are consistent in power as the sample size ap-
proaches infinity. 2) In some scenarios, ETIC and
ETIC-RF outperforms HSIC significantly; in the linear
dependency model in particular, their power is much
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Figure 3: Power versus parameter in the subspaces dependency model.

more robust than HSIC to the value of the hyperpa-
rameters. 3) ETIC-RF performs reasonably good com-
pared to ETIC with a moderate number (i.e., 100)
of random features. 4) All three tests benefit from
large hyperparameters in detecting simple linear de-
pendency, but smaller values lead to higher power
when the dependency is more complicated.

Hilbert-Schmidt Independence Criterion. Be-
fore we present our results, let us recall the definition
of HSIC. Let k : Rd1 ⇥Rd1 ! R and l : Rd2 ⇥Rd2 ! R
be two positive semi-definite kernels. The Hilbert-
Schmidt independence criterion (HSIC) between X
and Y , HSIC(X,Y ), is defined as

E[k(X,X 0)l(Y, Y 0)] + E[k(X,X 0)]E[l(Y, Y 0)]�
2E[E[k(X,X 0) | X]E[l(Y, Y 0) | Y ]],

where (X 0, Y 0) is an independent copy of (X,Y ).
Given an i.i.d. sample {(Xi, Yi)}ni=1 from PXY , we can
estimate HSIC(X,Y ) by

1

n2

nX

i,j=1

kij lij +
1

n4

nX

i,j,s,t=1

kij lst �
2

n3

nX

i,j,s=1

kij lis,

where kij := k(Xi, Xj) and lij := l(Yi, Yj). We refer
to it as the HSIC statistic.

4.1 Synthetic Data

We first compare the performance of ETIC and ETIC-
RF with HSIC on synthetic data. We consider syn-
thetic benchmarks from (Zhang et al., 2018), (Jitkrit-
tum et al., 2017), and (Gretton et al., 2007b). To
facilitate the exploration, we set r1 = r2 = r 2
{0.25, 0.5, 1, 2, 4} in this section. Moreover, we exam-
ine the performance of two other independence tests
discussed in (Gretton and Györfi, 2008) and summa-
rize the results and findings in Appendix E.3.

Linear Dependency. We begin with a simple linear
dependency model. Concretely,

X ⇠ Nd(0, Id) and Y = X1 + Z, (11)

where X1 is the first coordinate of X, and Z ⇠ N (0, 1)
is independent with X. We fix n = 50 and plot the
power versus d 2 [1, 10] in Figure 1. All the tests have
decaying power as the dimension increases. This is
as expected since larger dimension results in weaker
dependency between X and Y . It is clear that the
power of both ETIC and HSIC increases as r increases,
with the former more robust than the latter. While
the performance of HSIC is similar to ETIC when r is
large, it is much worse than ETIC when r is small. As
for ETIC-RF, it has similar power curves as ETIC.

Gaussian Sign. We then consider a Gaussian sign
model, i.e.,

X ⇠ Nd(0, Id) and Y = |Z|
dY

i=1

sgn(Xi), (12)

where sgn(·) is the sign function and Z ⇠ N (0, 1)
is independent with X. This problem is challeng-
ing since Y is independent with any strict subset of
{X1, . . . , Xd}. We fix d = 3 and plot the power versus
n 2 [100, 500] in Figure 2. All the tests have improved
power as the sample size increases. Additionally, they
all benefit from a small regularization parameter, with
HSIC performs the best and the other two perform
similarly in this particular example.

Subspace Dependency. One important applica-
tion of independence testing is independent compo-
nent analysis (Gretton et al., 2005), which involves
separating random variables from their linear mix-
tures. We construct our data by i) generating n
i.i.d. copies of two random variables following indepen-
dently 0.5N (0.98, 0.04) + 0.5N (�0.98, 0.04), ii) mix-
ing the two random variables by a rotation matrix pa-
rameterized by ✓ 2 [0,⇡/4] (larger ✓ leads to stronger
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Figure 4: Heatmaps of power on the partially dependent sample of the bilingual data. The x-axis is for r1 and
y-axis is for r2. The indices from 0 to 11 correspond to equally spaced values from 0.25 to 4. Lighter color
indicates larger power.

dependency), iii) appending Nd�1(0, Id�1) to each of
the two mixtures, and iv) multiplying each vector by
an independent random d-dimensional orthogonal ma-
trix. We refer to it as the subspace dependency model.
We fix n = 64, d = 2, and plot the power versus
✓ 2 [0,⇡/4] in Figure 3. As expected, the power of
all three tests improves as ✓ becomes closer to ⇡/4.
Moreover, they all have improved power as r decreases.
ETIC and ETIC-RF performs similarly, and they are
outperformed by HSIC in this particular example.

4.2 Dependency between Bilingual Text

Inspired by Gretton et al. (2007b), we now investigate
the performance of the proposed tests on bilingual data
using recent developments in natural language process-
ing. Our dataset is taken from the parallel European
Parliament corpus (Koehn, 2005) which consists of a
large number of documents of the same content in dif-
ferent languages. Note that it is also used in (Boun-
liphone et al., 2015) to test for relative dependency.
For the hyperparameters, we consider di↵erent values
of r1 and r2 ranging from 0.25 to 4.

To be more specific, we randomly select n = 64 En-
glish documents and a paragraph in each document
from the corpus. We then 1) pair each paragraph with
the corresponding paragraph in French to form the
dependent sample, 2) pair each paragraph with a ran-
dom paragraph in the same document in French to
form the partially dependent sample, and 3) pair each
paragraph with a random paragraph in French to form
the independent sample.

Finally, we use LaBSE (Feng et al., 2020) to embed
all the paragraphs into a common feature embedding
space of dimension 768 and perform independence test-
ing on these feature vectors. LaBSE is a state-of-
the-art, language agnostic, sentence embedding model

based on Bidirectional Encoder Representations from
Transformers (BERT). This allows us to revisit the
idea of Gretton et al. (2007b) yet with more modern
feature embeddings.

Both ETIC and HSIC perform perfectly on the de-
pendent sample (with power 1) and the independent
sample (with low type I error) across all values of r1
and r2 considered. The results on the partially de-
pendent sample is shown in Figure 4. ETIC performs
better than HSIC when one of r1 and r2 is large; while
HSIC has larger power when r1 or r2 is small. Overall
ETIC appears to perform better than HSIC for large
amounts of regularization parameters.

As for ETIC-RF, the high-dimensional natural of the
feature embeddings imposes challenges on the ran-
dom feature approximation. For its performance to
be comparable, we first apply the principal compo-
nent analysis (PCA) on the text embeddings to re-
duce the dimension, and then we perform ETIC-
RF on the low-dimensional features. As presented
in Appendix E.1, the random feature approximation
equipped with PCA demonstrates similar performance
as the exact ETIC with enough random features.

Conclusion. We introduced a new independence
criterion ETIC based on entropy regularized optimal
transport. The proposed criterion can be approxi-
mated using a random feature approximation. We es-
tablished non-asymptotic bounds using U-process the-
ory and optimal transport theory. The experimental
results show that ETIC can exhibit stable behavior
w.r.t. its hyperparameters. The extension of ETIC to
multi-way dependence is an interesting venue for fu-
ture work.
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G. J. Székely, M. L. Rizzo, and N. K. Bakirov. Mea-
suring and testing dependence by correlation of dis-
tances. Annals of Statistics, 35(6), 2007.

A. van der Vaart and J. Wellner. Weak Conver-
gence and Empirical Processes: With Applications
to Statistics. Springer, 1 edition, 1996.

R. Vershynin. High-Dimensional Probability: An In-
troduction with Applications in Data Science. Cam-
bridge Series in Statistical and Probabilistic Math-
ematics. Cambridge University Press, 2018.



Entropy Regularized Optimal Transport Independence Criterion

C. Villani. Topics in Optimal Transportation. Ameri-
can Mathematical Society, 2016.

M. J. Wainwright. High-Dimensional Statistics: A
Non-Asymptotic Viewpoint. Cambridge Series in
Statistical and Probabilistic Mathematics. Cam-
bridge University Press, 2019.

J. Weed and F. Bach. Sharp asymptotic and finite-
sample rates of convergence of empirical measures
in Wasserstein distance. Bernoulli, 25(4A), 2019.

J. Wiesel. Measuring association with Wasserstein dis-
tances. arXiv Preprint, 2021.

Q. Zhang, S. Filippi, A. Gretton, and D. Sejdinovic.
Large-scale kernel methods for independence test-
ing. Statistics and Computing, 28, 2018.



Lang Liu, Soumik Pal, Zaid Harchaoui

Supplementary Material:
Entropy Regularized Optimal Transport Independence Criterion

A PROPERTIES OF ETIC

In this section, we prove the properties of ETIC discussed in Section 2. For the sake of generality, we state the
problem for general notations P and Q while keeping in mind that P,Q 2 {PXY , PX ⌦ PY } in our case. Let
P 2 M1(Rd1 ⇥ Rd2) and PX and PY be the marginals on Rd1 and Rd2 , respectively. Define Q, QX , and QY

similarly. We are interested in the EOT cost between P and Q under the cost function c:

S"(P,Q) := inf
�2⇧(P,Q)

Z
cd� + "KL(�kP ⌦Q)

�
. (13)

When " = 0, S0(P,Q) is the optimal transport cost between P and Q. When " > 0, it admits a dual represen-
tation:

S"(P,Q) := sup
f,g2C(Rd1⇥Rd2 )

Z
fdP +

Z
gdQ+ "� "

Z
e

1
" [f(z)+g(z0)�c(z,z0)]dP (z)dQ(z0)

�
. (14)

The Schrödinger bridge potentials (f", g") satisfy the optimality conditions:
Z

e
1
" [f"(z)+g"(z)�c(z,z0)]dQ(z0)

a.s.
= 1

Z
e

1
" [f"(z)+g"(z)�c(z,z0)]dP (z)

a.s.
= 1.

(15)

We first derive the limit ETIC as "! 0 and "!1.

Proposition 7. Let c be a continuous cost function. If either c is bounded or P and Q have compact support,
it holds that

T"(X,Y )!
(
0 if c = c1 � c2
� 1

2 HSICc1,c2(X,Y ) if c = c1 ⌦ c2,
as "!1. (16)

Moreover, if both P and Q are densities (or discrete measures), then

T"(X,Y )! S0(PXY , PX ⌦ PY ), as "! 0. (17)

Proof. To show (16), we claim that, for all P,Q 2M1(Rd),

S0(P,Q)  S"(P,Q)  (P ⌦Q)[c], (18)

and

lim
"!1

S"(P,Q) = (P ⌦Q)[c]. (19)

In fact, for any "1 < "2, we have
Z

cd� + "1 KL(�kP ⌦Q) 
Z

cd� + "2 KL(�kP ⌦Q), for all � 2 ⇧(P,Q).

This yields that

S"1(P,Q)  S"2(P,Q), for all "1  "2,
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and thus (18) follows.

We then study the limit of S" as " ! 1. By the assumption that c is bounded or P and Q have compact
support, there exists M > 0 such that sup�2⇧(P,Q)

R
cd� M <1. As a result,

sup
�2⇧(P,Q)

����
1

"

Z
cd� +KL(�kP ⌦Q)�KL(�kP ⌦Q)

���� 
M

"
,

which implies that

inf
�2⇧(P,Q)


1

"

Z
cd� +KL(�kP ⌦Q)

�
! inf

�2⇧(P,Q)
KL(�kP ⌦Q) = 0, as "!1.

By the strict convexity of KL, the problem on the LHS has a unique minimizer �" and the problem on the RHS
has a unique minimizer �⇤ = P ⌦ Q. Now, by the tightness of ⇧(P,Q) (e.g., (Santambrogio, 2015, Theorem.
1.7)), every sequence of {�"} has a weakly converging subsequence whose limit must be �⇤. Therefore, the claim
(19) holds true.

Let c = c1 � c2. According to (19), we have

lim
"!1

S"(PXY , PX ⌦ PY ) = (PXY ⌦ PX ⌦ PY )[c] = (PX ⌦ PX)[c1] + (PY ⌦ PY )[c2].

Similarly, it holds that

lim
"!1

S"(PXY , PXY ) = (PX ⌦ PX)[c1] + (PY ⌦ PY )[c2]

lim
"!1

S"(PX ⌦ PY , PX ⌦ PY ) = (PX ⌦ PX)[c1] + (PY ⌦ PY )[c2].

Consequently, lim"!1 T"(X,Y ) = 0. An analogous argument implies that, when c = c1 ⌦ c2

lim
"!1

T"(X,Y ) = EPXY [EPX [c1(X,X 0) | X]EPY [c2(Y, Y
0) | Y ]]

� 1

2
EP 2

XY
[c1(X,X 0)c2(Y, Y

0)]� 1

2
E(PX⌦PY )2 [c1(X,X 0)c2(Y, Y

0)] = �1

2
HSICc1,c2(X,Y ).

Note that

lim
"!0

S"(P,Q) = S0(P,Q)

when both P and Q are densities (Léonard, 2012) and when both of them are discrete measures (Peyré and
Cuturi, 2019, Proposition 4.1). The statement (17) follows immediately from the fact that S0(P, P ) = 0 for all
P .

We then prove the validity of ETIC as a dependence measure as stated in Proposition 1.

Proof of Proposition 1. Due to Blanchard et al. (2011, Lemma 5.2), the Gibbs kernel

k"(z, z
0) := e�c(z,z0)/" = k1(x, x

0)k2(y, y
0)

is universal since both kx and ky are. It is also clear that k" is positive since both kx and ky are. Consequently,
the Sinkhorn divergence S̄" defines a semi-metric on M1(X ⇥ Y) according to Feydy et al. (2019, Theorem 1).
Hence, if PXY , PX ⌦ PY 2M1(X ⇥ Y), then T"(X,Y ) := S̄"(PXY , PX ⌦ PY ) = 0 i↵ PXY = PX ⌦ PY .

Finally, we analyze the computational complexity of the Tensor Sinkhorn algorithm for additive cost functions,
i.e.,

c(z, z0) := c1(x, x
0) + c2(y, y

0), (20)

where z = (x, y) and z0 = (x0, y0).
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Let {xi}ni=1 and {yj}nj=1 be two sets of atoms. Note that the two sets are assumed to be of the same size for
convenience. Let A and B be two probability measures on {xi}ni=1 ⇥ {yj}nj=1. For convenience, both A and B

are represented as a matrix, i.e., Aij = A(xi, yj). For instance, if we choose A = P̂XY and B = P̂X ⌦ P̂Y , then,
in its matrix form, A = In/n and B = 1n⇥n/n2. Denote C1 and C2 as the cost matrices of {xi}ni=1 and {yj}nj=1,

respectively. Define Gibbs matrices K1 := e�C1/" and K2 := e�C2/", where the exponential function is applied
element-wisely. Let K := K2 ⌦K1 2 Rn2⇥n2

be the Gibbs matrix associated with the cost matrix on the pairs
{(x1, y1), (x2, y1), . . . , (xn, yn)}, where ⌦ is the Kronecker product.

Proposition 8. The Tensor Sinkhorn algorithm outputs an �-accurate estimate of the entropic cost S(A,B)
in O

�
n3 log(123)/�

�
arithmetic operations, where 1 := maxi,i0 k

�1
1 (xi, xi0), 2 := maxj,j0 k

�1
2 (yj , yj0), and

3 := maxi,j{a�1
ij , b�1

ij }.

Proof. Let a := Vec(A) 2 Rn2

and b := Vec(B) 2 Rn2

be the probability vectors corresponding to A and B,

respectively. Denote u := Vec(U) 2 Rn2

and v := Vec(V ) 2 Rn2

. The Sinkhorn algorithm to solve S"(a, b) has
the following two update steps:

u = a↵Kv and v = b↵K>u.

By the identity Vec(MNL) = (L> ⌦M)Vec(N) for matrices M , N , and L of compatible dimensions, we obtain

Vec(K1V K>
2 ) = (K2 ⌦K1)Vec(V ) = Kv.

Thus, the update U = A ↵ (K1V K>
2 ) is equivalent to u = a ↵Kv. Similarly, the updated V = B ↵ (K>

1 UK2)
is equivalent to v = b ↵K>u. Due to Dvurechensky et al. (2018, Theorem 1), the Tensor Sinkhorn algorithm
therefore outputs an �-accurate estimate in O(log(123)/�) iterations. Since each iteration costs O(n3) time,
it has overall time complexity O(n3 log(123)/�).

Remark 4. A direct application of the Sinkhorn algorithm leads to O(n4 log(123)/�) time complexity, which
is n times slower than the Tensor Sinkhorn algorithm.

We then characterize the convergence of the Tensor Sinkhorn algorithm with the random feature approximation
as presented in Proposition 2.

Proof of Proposition 2. The proof is heavily inspired by Scetbon and Cuturi (2020, Proof of Theorem 3.1). In
consideration of the space, we only present the part that is significantly di↵erent from theirs, i.e., a counterpart
of Scetbon and Cuturi (2020, Proposition 3.1). This proposition gives a uniform tail bound for the ratio between
the approximated kernel and the original kernel. In our case, we are approximating the kernel K := K2⌦K1 by
Ku,v := K2,v ⌦K1,u. Hence, it su�ces to bound

sup
x,x02{xi}n

i=1,y,y
02{yi}n

i=1

����
k1,u(x, x0)k2,v(y, y0)

k1(x, x0)k2(y, y0)
� 1

���� .

Note that

k1,u(x, x0)

k1(x, x0)
=

1

p

pX

k=1

'(x, uk)>'(x0, uk)

k1(x, x0)

is a sum of nonnegative i.i.d. random variables with mean 1. Due to Assumption 1, they are also bounded. It
follows from the Hoe↵ding inequality that

P
✓����

k1,u(x, x0)

k1(x, x0)
� 1

���� � t

◆
 2 exp

✓
�pt2

C2

◆
.

The same inequality holds for the ratio k2,v(y, y0)/k2(y, y0). Since

����
k1,u(x, x0)k2,v(y, y0)

k1(x, x0)k2(y, y0)
� 1

���� 
����
k1,u(x, x0)

k1(x, x0)
� 1

����

����
k2,v(y, y0)

k2(y, y0)
� 1

����+
����
k1,u(x, x0)

k1(x, x0)
� 1

����+
����
k2,v(y, y0)

k2(y, y0)
� 1

���� ,
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it follows that

P
✓����

k1,u(x, x0)k2,v(y, y0)

k1(x, x0)k2(y, y0)
� 1

����  t2 + 2t

◆
� P

✓⇢����
k1,u(x, x0)

k1(x, x0)
� 1

����  t

�\⇢����
k2,v(y, y0)

k2(y, y0)
� 1

����  t

�◆

= P
✓����

k1,u(x, x0)

k1(x, x0)
� 1

����  t

◆
P
✓����

k2,v(y, y0)

k2(y, y0)
� 1

����  t

◆

� 1� 4 exp

✓
�pt2

C2

◆
.

Equivalently,

P
✓����

k1,u(x, x0)k2,v(y, y0)

k1(x, x0)k2(y, y0)
� 1

���� � t

◆
 4 exp

✓
�p(
p
t+ 1� 1)2

C2

◆
.

A uniform bound yields

P
 

sup
x,x02{xi}n

i=1,y,y
02{yi}n

i=1

����
k1,u(x, x0)k2,v(y, y0)

k1(x, x0)k2(y, y0)
� 1

���� � t

!
 4n4 exp

✓
�p(
p
t+ 1� 1)2

C2

◆
.

Remark 5. Let Ŝ",cu,v (A,B) be the cost computed from Algorithm 1. Following Dvurechensky et al. (2018,
Theorem 1), we can get that

���Ŝ",cu,v (A,B)� S",cu,v (A,B)
���  ⌧

in O
�
pn2 log(123)/⌧

�
arithmetic operations, where 1 := maxi,i0 k

�1
1,u(xi, xi0), 2 := maxj,j0 k

�1
2,v(yj , yj0), and

3 := maxi,j{a�1
ij , b�1

ij }.

B CONSISTENCY OF THE TEST STATISTIC

In this section, we prove the main results in Section 3. For the sake of generality, we start by considering the
formulation in (13). We focus on the weighted quadratic cost function

c(z, z0) := w1 kx� x0k2 + w2 ky � y0k2 ,

where z = (x, y), z0 = (x0, y0) and w1, w2 2 R+. Denote w := max{w1, w2}. Due to Lemma 24, we assume,
w.l.o.g., that " = 1 and write S(P,Q) := S1(P,Q).

B.1 Smoothness Properties of the Schrödinger Potentials

We start by deriving some smoothness properties of the Schrödinger potentials. Our proofs are deeply inspired
by Mena and Weed (2019). Our results generalize theirs to weighted quadratic cost functions.

Assumption 3. We assume that PX , PY , QX , and QY are all subG(�2).

Proposition 9. Under Assumption 3. there exist smooth Schrödinger potentials (f, g) for S(P,Q) such that the
optimality conditions (15) hold for all z, z0 2 Rd. Moreover, we have

f(z) � �d�2
h
2w1 + 2w2 + 4w2

1(
p

2d1� + kxk)2 + 4w2
2(
p

2d2� + kyk)2
i
� 1

f(z)  w1(kxk+
p
2d1�)

2 + w2(kyk+
p
2d2�)

2,

and for g similarly.

Proof. Let (f0, g0) be a pair of Schrödinger potentials. Since (f0 + C, g0 � C) is also a pair of Schrödinger
potentials for any constant C 2 R, we assume, w.l.o.g., that P [f0] = Q[g0] =

1
2S(P,Q) � 0. Define

f(z) := � log

Z
eg0(z

0)�c(z,z0)dQ(z0) and g(z0) := � log

Z
ef(z)�c(z,z0)dP (z). (21)
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We claim that the pair (f, g) satisfies the requirements.

Since (f0, g0) is a pair of Schrödinger potentials, it holds that

g0(z
0)

a.s.
= � log

Z
ef0(z)�c(z,z0)dP (z)  �P [f0] + w1 EPX [kX � x0k2] + w2 EPY [kY � y0k2],

by Jensen’s inequality. Note that P [f0] � 0 and, by Lemma 18, EPX [kXk2]  2d1�2. It follows that

g0(z
0)� c(z, z0)  w1

h
2d1�

2 + 2 kx0k (
p
2d1� + kxk)

i
+ w2

h
2d2�

2 + 2 ky0k (
p

2d2� + kyk)
i
,

and thus

Z
eg0(z

0)�c(z,z0)dQ(z0)  e2(w1d1+w2d2)�
2

Z
e4w1kx0k(p2d1�+kxk)dQX(x0)

Z
e4w2ky0k(p2d2�+kyk)dQY (y

0)

�1/2

 2e2(w1d1+w2d2)�
2

e4d1�
2w2

1(
p
2d1�+kxk)2+4d2�

2w2
2(

p
2d2�+kyk)2 <1, by Lemma 18.

Hence, f(z) is well-defined for all z 2 Rd. Moreover, we have the lower bound

f(z) � �d1�2
h
2w1 + 4w2

1(
p
2d1� + kxk)2

i
� d2�

2
h
2w2 + 4w2

2(
p
2d2� + kyk)2

i
� 1

� �d�2
h
4w + 4w2

1(
p
2d1� + kxk)2 + 4w2

2(
p
2d2� + kyk)2

i
� 1

For the upper bound, by Jensen’s inequality, it holds that

f(z)  �Q[g0] + w1 EQX kx�X 0k2 + w2 EQY ky � Y 0k2

 w1(kxk+
p

2d1�)
2 + w2(kyk+

p
2d2�)

2.

Similar arguments prove the claim for g. Now, it remains to show that (f, g) satisfies the optimality conditions
(15) for all z, z 2 Rd. By definition, it is clear that

Z
ef(z)+g(z0)�c(z,z0)dP (z) = 1 and

Z
ef(z)+g0(z

0)�c(z,z0)dQ(z0) = 1, 8z, z0 2 Rd.

Since (f0, g0) is a pair of Schrödinger potentials, we also have
Z

ef0(z)+g0(z
0)�c(z,z0)dP (z)dQ(z0) = 1.

Consequently, by Jensen’s inequality
Z
(f � f0)dP +

Z
(g � g0)dQ

� � log

Z
ef0�fdP � log

Z
eg0�gdQ

= � log

Z
ef0(z)+g0(z

0)�c(z,z0)dP (z)dQ(z0)� log

Z
ef(z)+g0(z

0)�c(z,z0)dP (z)dQ(z0)

= 0.

Since both (f0, g0) and (f, g) are Schrödinger potentials, the above equality holds true. This implies thatR
(g0 � g)dQ = log

R
eg0�gdQ, and thus g = g0 +C Q-almost surely by the strict concavity of log. Therefore, we

have
Z

ef(z)+g(z0)�c(z,z0)dQ(z0) = eC
Z

ef(z)+g0(z
0)�c(z,z0)dQ(z0) = eC , 8z, z0 2 Rd.

Taking integrals with respect to P implies that C = 0, which completes the proof.

The next proposition shows that there exist Schrödinger potentials satisfying Hölder-type conditions.
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Definition 4. For any � 2 R+, d 2 N+, and w = (w1, w2) 2 R2
+, let F� := F�,d,w be the set of smooth functions

such that, for any k 2 N+ and any multi-index ↵ with |↵| = k,

���D↵
⇣
f(x, y)� w1 kxk2 � w2 kyk2

⌘���  Ck,d,w

(
(1 + �4) if k = 0

�k(1 + �)k otherwise,
(22)

if kzk 
p
d�, and

���D↵
⇣
f(x, y)� w1 kxk2 � w2 kyk2

⌘���  Ck,d,w

(
[1 + (1 + �2) kxk2] if k = 0

�k(
p
� kxk+ � kxk)k otherwise,

(23)

if kzk >
p
d�, where Ck,d,w is a constant depending on k, d, and w.

Proposition 10. Under Assumption 3, there exist Schrödinger potentials (f, g) such that the optimality condi-
tions (15) hold for all z, z0 2 Rd and f, g 2 F�.

Proof. Let (f, g) be a pair of Schrödinger potentials satisfying the requirements in Proposition 9. Denote
f̄(x, y) := f(x, y)� w1 kxk2 � w2 kyk2. Note that

f̄(z) = � log e�f̄(x,y) = � log

Z
ew1kxk2+w2kyk2+g(z0)�c(z,z0)dQ(z0)

= � log

Z
eg(z

0)�w1kx0k2�w2ky0k2+2w1hx,x0i+2w2hy,y0idQ(z0).

The desired inequalities for k = 0 follow directly from Proposition 9. We focus on k > 0. According to the
multivariate Faá di Bruno formula (Constantine and Savits, 1996), we have

D↵f̄(z) =
X

�1+···+�k=↵

C↵,�1,...,�k

kY

i=1

M�i ,

where

M� =

R
(z̃0)� exp

n
g(z0)� w1 kx0k2 � w2 ky0k2 + 2w1hx, x0i+ 2w2hy, y0i

o
dQ(z0)

R
exp

n
g(z0)� w1 kx0k2 � w2 ky0k2 + 2w1hx, x0i+ 2w2hy, y0i

o
dQ(z0)

. (24)

Here z̃0 = (2w1x0; 2w2y0) and z� =
Qd

i=1 z
�i
i . By Lemma 11 below, it holds that

��D↵f̄(z)
��  Ck,d,w

(
�k(1 + �k) if kzk 

p
d�

�k(� kzk+
p
� kzk)k if kzk >

p
d�,

which proves the claim.

Lemma 11. Recall M� in (24). Under Assumption 3, for |�| > 0, we have

|M�|  C|�|,d,w

(
�|�|(� + �2)|�| if kzk 

p
d�

�|�|(� kzk+
p
� kzk)|�| if kzk >

p
d�

.

Proof. We first bound the denominator. By the optimality conditions (15), it holds that

✓Z
exp

n
g(z0)� w1 kx0k2 � w2 ky0k

2
+ 2w1hx, x0i+ 2w2hy, y0i

o
dQ(z0)

◆�1

= ef(x,y)�w1kxk2�w2kyk2

 ew1(2d1�
2+2

p
2d1�kxk)+w2(2d2�

2+2
p
2d2�kyk),
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where the last inequality follows from Proposition 9. To bound the numerator, we use the truncation technique.
Let A := {(x0, y0) : k2w1x0k  K, k2w2y0k  K} for some constant K to be determined later. On the set A, it is

clear that (z̃0)�  kz̃0k|�|  K |�|, and thus
R
A(z̃

0)� exp
n
g(z0)� w1 kx0k2 � w2 ky0k2 + 2w1hx, x0i+ 2w2hy, y0i

o
dQ(z0)

R
exp

n
g(z0)� w1 kx0k2 � w2 ky0k2 + 2w1hx, x0i+ 2w2hy, y0i

o
dQ(z0)

 K |�|.

On the set Ac, we proceed as follows. According to Proposition 9, we have

eg(x
0,y0)�w1kx0k2�w2ky0k2  ew1(2d1�

2+2
p
2d1�kx0k)+w2(2d2�

2+2
p
2d2�ky0k),

which yields
Z

Ac

(z̃0)� exp
n
g(z0)� w1 kx0k2 � w2 ky0k

2
+ 2w1hx, x0i+ 2w2hy, y0i

o
dQ(z0)

 e2(w1d1+w2d2)�
2

Z

Ac

(z̃0)2�dQ(z0)

Z

Ac

e2w1kx0k(kxk+p
2d1�)+2w2ky0k(kyk+p

2d2�)dQ(z0)

�1/2
.

For any z0 2 Ac, we have either k2w1x0k > K or k2w2y0k > K. If the former is true, then
Z

Ac

(z̃0)2�dQ(z0) 
Z

Ac

e
� K2

16w2
1d1�2 e

k2w1x0k2

16w2
1d1�2 (z̃0)2�dQ(z0)  C|�|,d,we

� K2

16w2d�2 �2|�|,

where w = max{w1, w2}. The same bound holds if the latter is true. Furthermore, by the Cauchy-Schwartz
inequality and Lemma 18 in Appendix D, we have

Z

Ac

e2w1kx0k(kxk+p
2d1�)+2w2ky0k(kyk+p

2d2�)dQ(z0)  e4w
2
1d1�

2(kxk+
p
2d1�)

2+4w2
2d2�

2(kyk+
p
2d2�)

2

Putting all together, we get
R
Ac(z̃0)� exp

n
g(z0)� w1 kx0k2 � w2 ky0k2 + 2w1hx, x0i+ 2w2hy, y0i

o
dQ(z0)

R
exp

n
g(z0)� w1 kx0k2 � w2 ky0k2 + 2w1hx, x0i+ 2w2hy, y0i

o
dQ(z0)

 C|�|,d,we
� K2

32w2d�2 e2w
2
1d1�

2(kxk+
p
2d1�)

2+2w2
2d2�

2(kyk+
p
2d2�)

2

�|�|

 C|�|,d,we
� K2

32w2d�2 e2w
2d�2[(kxk+

p
2d�)2+(kyk+

p
2d�)2]�|�|

When kzk 
p
d�, it holds that kxk 

p
2d� and kyk 

p
2d�. Hence, if we choose K2 = C|�|,d,w(�

4 + �6) for
some su�ciently large constant C|�|,d,w, then we have

|M�|  C|�|,d,w�
|�|(� + �2)|�|.

When kzk >
p
d�, if we choose K2 = C|�|,d,w(�

4 kzk2 + �3 kzk), then we have

|M�|  C|�|,d,w�
|�|
⇣
� kzk+

p
� kzk

⌘|�|
.

When P and Q have bounded support, we can further show that the Schrödinger potentials can be chosen to be
bounded.

Proposition 12. Assume that P and Q are supported on a bounded domain of radius D. Then there exist
Schrödinger potentials (f, g) such that 1) the optimality conditions (15) hold for all x, y 2 Rd and 2) kfk1 
8wD2 and kgk1  8wD2.

Proof. Let (f, g) the Schrödinger potentials defined in (21). By the proof of Proposition 9, they satisfy (15)
everywhere. Moreover, we have

f(z)  w1 EQX kx�X 0k2 + w2 EQY ky � Y 0k2  8wD2

and g similarly.
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B.2 Controlling the Empirical Process and the U-Process

We then upper bound the L1 loss E |Tn(X,Y )� T (X,Y )| by empirical processes and U-processes.

Proposition 13 (Corollary 2 (Mena and Weed, 2019)). Let P,Q, P 0, Q0 2M1(Rd) be subG(�2). Then we have

|S(P 0, Q0)� S(P,Q)|  sup
f2F�

����
Z

f(dP 0 � dP )

����+ sup
g2F�

����
Z

g(dQ0 � dQ)

���� ,

where F� is defined in Definition 4.

To simply the function class F�, we show in Lemma 22 in Appendix D that (1 + �3s)�1F� ⇢ Fs for Fs defined
below. Consequently, we can separate the sub-Gaussian parameter � from the function class F�.

Definition 5. For any s � 2, d 2 N+, and w = (w1, w2) 2 R2
+, let Fs := Fs,d,w be the set of functions satisfying

|f(z)|  Cs,d,w(1 + kzk2)

|D↵f(z)|  Cs,d,w(1 + kzk|↵|), 81  |↵|  s,

where Cs,d,w is a constant depending on s, d, and w.

In order to handle the U-process, we also need a variant function class of Fs which we also define below.

Definition 6. For any � 2 R+, s � 2, d 2 N+, and w = (w1, w2) 2 R2
+, let Fs

� := Fs,d,w
� be the set of functions

satisfying

|f(z)|  Cs,d,w(1 + max{kzk2 ,�2})

|D↵f(z)|  Cs,d,w(1 + max{kzk|↵| ,�|↵|}), 81  |↵|  s,

where Cs,d,w is a constant depending on s, d, and w.

Let us control the complexity of Fs and Fs
�, which is achieved by the following covering number bound.

Proposition 14. Let P 2M1(Rd) be subG(�2). Let {Zi}ni=1
i.i.d.⇠ P and P̂n be the empirical measure. There

exists a random variable L � 1 depending on the sample {Zi}ni=1 with E[L]  2 such that

logN(⌧,Fs,L2(P̂n))  Cs,d,w⌧
�d/sLd/2s(1 + �2d) and max

f2Fs
kfk2L2(P̂n)

 Cs,d,w(1 + L�4).

Moreover, the same bounds hold for Fs
�.

Proof of Proposition 14. Define L := 1
n

Pn
i=1 e

kZik2/2d�2 � 1. By the sub-Gaussianity of P , we have E[L]  2.
In order to apply (van der Vaart and Wellner, 1996, Corollary 2.7.4), we partition Rd into [j�1Bj where
B1 := [��,�]d and Bj := [�j�, j�]d\[�(j�1)�, (j�1)�]d for j � 2. Since Bj is not convex for j � 2, we further
partition it into disjoint hypercubes {Bj,k}2dk=1, e.g.,

Bj,1 = [(j � 1)�, j�]⇥ [�j�, j�]d�1.

Take any j � 2 and k 2 [2d]. Firstly, it holds that

�{x : d(x,Bj,k)  1}  (� + 2)(2j� + 2)d�1  Cd(1 + jd�d),

where � is the Lebesgue measure. Secondly, the mass that P̂n assigns to Bj,k can be bounded as follows:

P̂n(Z 2 Bj,k)  P̂n

⇣
kZk2 > d�2(j � 1)2

⌘
 P̂n

h
ekZk2/2d�2

i
e�(j�1)2/2 = Le�(j�1)2/2. (25)

Finally, we prove that Fs ⇢ Cs
M (Bj,k) with M = Cs,d,w(1 + js�s), where Cs

M (Bj,k) is the set of continuous
functions satisfying

kfks := max
|↵|s

sup
z2Bj,k

|D↵f(z)|+ max
|↵|=s

sup
z,w2Bj,k

|D↵f(z)�D↵f(w)| M.
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In fact, for any f 2 Fs, we have

max
|↵|s

sup
z2Bj,k

|D↵f(z)|  Cs,d,w sup
z2Bj,k

(1 + kzks)  Cs,d,w(1 + js�s),

and

max
|↵|=s

sup
z,w2Bj,k

|D↵f(z)�D↵f(w)|  2 max
|↵|=s

sup
z2Bj,k

|D↵f(z)|  Cs,d(1 + js�s).

Note that the same argument holds for any f 2 Fs
� since we can simply replace 1 + kzks by 1 +max{kzks ,�s}.

Now, applying (van der Vaart and Wellner, 1996, Corollary 2.7.4) with r = 2 and V = d/s leads to

logN(⌧,Fs,L2(P̂n))  Cs,d,w⌧
�d/sLd/2s

0

@1 +
1X

j=2

2dX

k=1

(1 + jd�d)
2s

d+2s (1 + js�s)
2d

d+2s e�
d(j�1)2

d+2s

1

A

d+2s
2s

 Cs,d,w⌧
�d/sLd/2s(1 + �2d)

0

@2d
1X

j=1

j
4ds

d+2s e�
d(j�1)2

d+2s

1

A

d+2s
2s

 Cs,d,w⌧
�d/sLd/2s(1 + �2d), by the summability.

To verify the second inequality, we obtain

max
f2Fs

kfk2L2(P̂n)
= max

f2Fs
P̂n[|f(Z)|2]  Cs,d,wP̂n[(1 + kZk4)]. (26)

Note that kZk4  CdekZk2/2d�2

�4. It follows that P̂n[kZk4]  CdL�4, and thus

max
f2Fs

kfk2L2(P̂n)
 Cs,d,w(1 + L�4).

Again, the same argument hold for Fs
� by replacing kZk4 with max{kZk4 ,�4}.

With this covering number bound at hand, we can control the empirical process by the metric entropy.

Proposition 15. Let P 2M1(Rd) be subG(�2). Let {Zi}ni=1
i.i.d.⇠ P and P̂n be the empirical measure. Then,

E
���P̂n � P

���
2

Fs
 Cs,d,w(1 + �2d+4)

1

n
, for all s > d/2.

Moreover, the same bound holds for Fs
�.

Proof. Define the symmetrized version of
���P̂n � P

���
Fs

by

���Ŝn
���
Fs

:= sup
f2Fs

�����
1

n

nX

i=1

"if(Zi)

����� , (27)

where {"i}ni=1 are i.i.d. Rademacher random variables that are independent with {Zi}ni=1. According to (Wain-
wright, 2019, Proposition 4.11), it holds that

E
���P̂n � P

���
2

Fs
 4E

���Ŝn
���
2

Fs
.

Conditioning on {Zi}ni=1, the random variable Z(f) := 1p
n

Pn
i=1 "if(Zi) is a linear combination of independent

Rademacher random variables. Hence, Z(f) is a sub-Gaussian process (see Definition 7) with respect to

kf � gkL2(P̂n)
=

vuut 1

n

nX

i=1

[f(Zi)� g(Zi)]2.



Entropy Regularized Optimal Transport Independence Criterion

It then follows from Proposition 16 below that

E" sup
f2Fs

|Z(f)|2  C

 Z 2maxf2FskfkL2(P̂n)

0

q
logN(⌧,Fs,L2(P̂n))d⌧

!2

 Cs,d,w

 Z Cs,d

p
1+L�4

0
⌧�d/2sLd/4s

p
1 + �2dd⌧

!2

, by Proposition 14

= Cs,d,w(1 + �2d)Ld/2s(1 + L�4)1�d/2s, by s > d/2

 Cs,d,w(1 + �2d+4)L, by L � 1.

Note that E
���Ŝn

���
2

Fs
= 1

n E supf2Fs |Z(f)|2. Consequently, we have

E
���P̂n � P

���
2

Fs
 Cs,d,w(1 + �2d+4)

1

n
. (28)

The same argument holds for Fs
� since Proposition 14 holds true for Fs

�.

The following proposition controls the L2 norm of the supremum of a sub-Gaussian process. It can be obtained
from Giné and Nickl (2015, Exercise 2.3.1). We give its proof here for self-completeness.

Proposition 16. Let {Z(✓)}✓2⇥ be a sub-Gaussian process with respect to a metric ⇢ in ⇥ such thatR1
0

p
logN(⌧,⇥, ⇢)d⌧ <1. Then it holds that, for any separable version of Z,

����sup
✓2⇥

|Z(✓)|
����
L2

 kZ(✓0)kL2 + C

Z D

0

p
logN(⌧,⇥, ⇢)d⌧, (29)

where ✓0 2 ⇥ is arbitrary and D is the ⇢-diameter of ⇥.

Proof. Due to the separability, it su�ces to prove
���� sup
✓2⇥0

|Z(✓)|
����
L2

 kZ(✓0)kL2 + C

Z D

0

p
logN(⌧,⇥, ⇢)d⌧ (30)

for any finite ⇥0 ⇢ ⇥. When the diameter D = 0, the claim holds trivially and thus we only need to focus on
the case when |⇥0| � 2. By considering (Z(✓)�Z(✓0))/(1 + �)D and ⇢/(1 + �)D instead of Z(✓) and ⇢ for some
any small � > 0, we may assume that Z(✓0) = 0 and D 2 (1/2, 1). Our proof relies on the classical chaining
argument.

Step 1. Construct a chain of projections. Let r1 2 N be such that, for any ✓ 2 ⇥, the ball B(✓, 2�r1) centered at
✓ of radius 2�r1 contains at most 1 element in ⇥0. Denote ⇥r1 := ⇥0 and ⇥0 := {✓0}. For each 1  r < r1, we
take a 2�r covering of ⇥ and let ⇥r be the collection of these centers. By definition, we get |⇥r|  N(2�r,⇥, ⇢)
for all 0  r  r1. For each ✓ 2 ⇥0, we construct a chain (⇡r1(✓),⇡r1�1(✓), . . . ,⇡0(✓)) such that ⇡r(✓) 2 ⇥r as
follows. For r = r1, we let ⇡r(✓) = ✓. For any 0  r < r1, we define ⇡r(✓) to be a point in ⇥r for which the
ball B(⇡r(✓), 2�r) contains ⇡r+1(✓). Note that there may be multiple points satisfying this requirement, but we
select the same one for ✓ and ✓0 as long as ⇡r+1(✓) = ⇡r+1(✓0).

Step 2. Telescoping. By the triangle inequality, we have
����max
✓2⇥0

|Z(✓)|
����
L2

=

����max
✓2⇥0

|Z(⇡r1(✓))� Z(⇡0(✓))|
����
L2


r1X

r=1

����max
✓2⇥0

|Z(⇡r(✓))� Z(⇡r�1(✓))|
����
L2

.

Note that

|{(⇡r(✓),⇡r�1(✓)) : ✓ 2 ⇥0}| = |{⇡r(✓) : ✓ 2 ⇥0}|  |⇥r|  N(2�r,⇥, ⇢).

According to (Giné and Nickl, 2015, Lemma 2.3.3), we obtain
����max
✓2⇥0

|Z(⇡r(✓))� Z(⇡r�1(✓))|
����
L2

 C
p

logN(2�r,⇥, ⇢)max
✓2⇥0

kZ(⇡r(✓))� Z(⇡r�1(✓))k

 C2�r+1
p

logN(2�r,⇥, ⇢).
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Consequently, it holds that

����max
✓2⇥0

|Z(✓)|
����
L2

 C
r1X

r=1

2�r+1
p
logN(2�r,⇥, ⇢)  C

Z 1

0

p
logN(⌧,⇥, ⇢)d⌧,

which completes the proof.

B.3 Proofs of Main Results

We now prove the main consistency results in Section 3. For simplicity of the notation, we focus on the quadratic
cost function, i.e., w1 = w2 = 1, and drop the dependency on w (e.g., we write Cs,d = Cs,d,w. The proofs can
be adapted to weighted quadratic costs with minor modifications. Let PX 2M1(Rd1) and PY 2M1(Rd2) with
d := d1+ d2. Suppose that {(Xi, Yi)}ni=1 is an i.i.d. sample from some joint distribution PXY with marginals PX

and PY , where PXY may or may not equal PX ⌦ PY . Let P̂n and Q̂n be the empirical measures of {Xi}ni=1 and
{Yi}ni=1, respectively.

Proof of Proposition 4. Step 1. Decoupling. Due to the degeneracy, it su�ces to bound

E
���P̂X ⌦ P̂Y

���
2

F
= E

2

64sup
f2F

������
1

n2

nX

i,j=1

f(Xi, Yj)

������

2
3

75 . (31)

We prove in the following that it boils down to control (31) under the product measure PX ⌦ PY . When
PXY = PX ⌦ PY , the claim holds trivially. When PXY 6= PX ⌦ PY , we use the decoupling technique (Peña and
Giné, 1999). Note that, by the Cauchy-Schwarz inequality,

E

2

64sup
f2F

������
1

n2

nX

i,j=1

f(Xi, Yj)

������

2
3

75  C E

2

64sup
f2F

������
1

n2

nX

i 6=j

f(Xi, Yj)

������

2

+ sup
f2F

�����
1

n2

nX

i=1

f(Xi, Yi)

�����

2
3

75 .

Note that the second term on the RHS is a lower order term and can be taken care of by Proposition 15. Hence,
it su�ces to upper bound the first term. Let {"i}ni=1 be i.i.d. Rademacher random variables and {(X 0

i, Y
0
i )}ni=1

be an independent copy of {(Xi, Yi)}ni=1. Define

Ai :=

(
Xi if "i = 1

X 0
i if "i = �1

and Bi :=

(
Y 0
i if "i = 1

Yi if "i = �1
.

For any functional F : F ! R+, let �(F ) := supf2F F (f)2. For instance, we define UX,Y (f) :=
1
n2

���
P

i 6=j f(Xi, Yj)
���. It is clear that � is convex and increasing, and the target reads

E [�(UX,Y )] = E

2

4�

0

@

������
1

n2

X

i 6=j

E
⇥
f(Xi, Yj) + f(X 0

i, Yj) + f(Xi, Y
0
j ) + f(X 0

i, Y
0
j ) | Z

⇤
������

1

A

3

5 ,

where Z := {(Xi, Yi)}ni=1. Since, for any i 6= j,

f(Xi, Yj) + f(X 0
i, Yj) + f(Xi, Y

0
j ) + f(X 0

i, Y
0
j ) = 4E [f(Ai, Bj) | Z,Z 0] ,

it follows from the convexity and the monotonicity of � that

E [�(UX,Y )]  E [�(4UA,B)] .

Finally, the joint distribution of (X1, . . . , Xn, Y 0
1 , . . . , Y

0
n) is the same as (A1, . . . , An, B1, . . . , Bn), so we have

E [�(UX,Y )]  E [�(4UX,Y 0)] .

Adding back the diagonal terms proves the claim since (Xi, Y 0
i ) ⇠ PX ⌦ PY .
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Step 2. Randomization. We work under the measure PXY = PX ⌦ PY . Note that

E

2

64sup
f2F

������
1

n2

nX

i,j=1

f(Xi, Yj)

������

2
3

75

= EY EX

2

64sup
f2F

������
1

n2

nX

i=1

2

4
nX

j=1

f(Xi, Yj)� EX0

h nX

j=1

f̄(X 0
i, Yj)

i
3

5

������

2
3

75 , by (36)

 EY EX,X0

2

64sup
f2F

������
1

n2

nX

i=1

2

4
nX

j=1

f(Xi, Yj)�
nX

j=1

f̄(X 0
i, Yj)

3

5

������

2
3

75 , by Jensen’s inequality

= EY EX,X0,"

2

64sup
f2F

������
1

n2

nX

i=1

"i

2

4
nX

j=1

f̄(Xi, Yj)�
nX

j=1

f̄(X 0
i, Yj)

3

5

������

2
3

75

 C E

2

64sup
f2F

������
1

n2

nX

i=1

nX

j=1

"if(Xi, Yj)

������

2
3

75 , by the Cauchy-Schwarz inequality.

Repeating above arguments gives

E

2

64sup
f2F

������
1

n2

nX

i,j=1

f(Xi, Yj)

������

2
3

75  C E

2

64sup
f2F

������
1

n2

nX

i,j=1

"i"
0
jf(Xi, Yj)

������

2
3

75

 C E

2

64sup
f2F

������
1

n2

nX

i,j=1

"i"
0
jf(Xi, Yj)

������

2
3

75 ,

where the last inequality follows from the Cauchy-Schwarz inequality and Jensen’s inequality. Hence, it su�ces
to bound

A := E sup
f2F

������
1

n2

nX

i,j=1

"i"
0
jf(Xi, Yj)

������

2

.

Step 3. Metric entropy. Define the process Z(f) := 1
n3/2

Pn
i,j=1 "i"

0
jf(Xi, Yj) for any f 2 F . We claim that it is

a sub-Gaussian process with respect to

kf � gkL2(P̂n⌦Q̂n)
=

vuut 1

n2

nX

i,j=1

[f(Xi, Yj)� g(Xi, Yj)]2. (32)

To prove it, let us control the moment generating function of the increment Z(f) � Z(g). Denote ai :=Pn
j=1 "

0
j [f(Xi, Yj)� g(Xi, Yj)]. Conditioning on {Xi, Yi, "0i}ni=1,

Z(f)� Z(g) =
1

n3/2

nX

i=1

ai"i

is a linear combination of independent Rademacher random variables. Consequently,

E" exp {�[Z(f)� Z(g)]}  exp

⇢
�2
Pn

i=1 a
2
i

2n3

�
. (33)
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Note that, by the Cauchy-Schwarz inequality,

a2i 

2

4
nX

j=1

("0j)
2

3

5

2

4
nX

j=1

[f(Xi, Yj)� g(Xi, Yj)]
2

3

5 = n

2

4
nX

j=1

[f(Xi, Yj)� g(Xi, Yj)]
2

3

5 .

This yields that

E" exp {�[Z(f)� Z(g)]}  exp

(
�2
Pn

i,j=1[f(Xi, Yj)� g(Xi, Yj)]2

2n2

)
= exp

(
�2 kf � gk2L2(P̂n⌦Q̂n)

2

)
, (34)

and thus the claim follows. Therefore, the conclusion in Proposition 4 holds true due to Proposition 16.

Proof of Proposition 5. The proof of the first part is similar to Proposition 14. Define L1 := P̂X [ekXk2/2d�2

] � 1

and L2 := P̂Y [ekY k2/2d�2

] � 1. By the sub-Gaussian assumption, it is clear that E[L1]  2 and E[L2]  2. There
are two places in the proof of Proposition 14 where the measure is involved. The first place is (25), where we
replace it by

(P̂X ⌦ P̂Y ){(X,Y ) 2 Bj,k}  (P̂X ⌦ P̂Y )
n
kXk2 + kY k2 > d�2(j � 1)2

o

 (P̂X ⌦ P̂Y )

"
exp

 
kXk2 + kY k2

4d�2

!#
e�(j�1)2/4, by Cherno↵ bound

= L1L2e
�(j�1)2/4.

The second place is (26), where we replace it by

max
f2Fs

kfk2L2(P̂X⌦P̂Y ) = max
f2Fs

(P̂X ⌦ P̂Y )[|f(X,Y )|2]  Cs,d(P̂X ⌦ P̂Y )[1 + kXk4 + kY k4].

Note that kZk4  CdekZk2/2d�2

�4. It follows that (P̂X ⌦ P̂Y )[kXk4 + kY k4]  Cd(L1 +L2)�4. Hence, the claim
holds true for L := (L1 + L2)/2.

For the second part, we define ✓f := EPX⌦PY [f(X,Y )],

f1,0(X) := EPX⌦PY [f(X,Y ) | X] and f0,1(Y ) := EPX⌦PY [f(X,Y ) | Y ] (35)

for each f 2 Fs. As a result, f̄(x, y) := f(x, y)� f1,0(x)� f0,1(y) + ✓f satisfies

EPX⌦PY [f̄(X,Y ) | X]
a.s.
= 0

a.s.
= EPX⌦PY [f̄(X,Y ) | Y ]. (36)

Note that

E
���P̂X ⌦ P̂Y � PX ⌦ PY

���
2

Fs

= E

2

64 sup
f2Fs

������
1

n2

nX

i,j=1

�
f(Xi, Yj)� ✓f

�
������

2
3

75

 C E

2

64 sup
f2Fs

������
1

n2

nX

i,j=1

f̄(Xi, Yj)

������

2

+ sup
f2Fs

�����
1

n

nX

i=1

f1,0(Xi)� ✓f

�����

2

+ sup
f2Fs

�����
1

n

nX

i=1

f0,1(Yi)� ✓f

�����

2
3

75

 C E

2

64 sup
f2Fs

������
1

n2

nX

i,j=1

f̄(Xi, Yj)

������

2

+
���P̂X � PX

���
2

Fs
�

+
���P̂Y � PY

���
2

Fs
�

3

75 , by Lemma 23. (37)
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Since the last two terms above can be controlled by Proposition 15, it remains to consider the first term.
Analogous to the proof of Proposition 15, we obtain, by Proposition 4 and the first part, that

E

2

64 sup
f2Fs

������
1

n2

nX

i,j=1

f̄(Xi, Yj)

������

2
3

75  Cs,d(1 + �2d+4)
1

n
.

Therefore, by (37), we have

E
���P̂n ⌦ Q̂n � P ⌦Q

���
2

Fs
 Cs,d(1 + �2d+4)

1

n
.

Now we are ready to prove Theorem 3.

Proof of Theorem 3. We prove the statement for " = 1 and write S := S1. The result for general " > 0 follows
immediately from Lemma 24. By the triangle inequality, it holds that

|Tn(X,Y )� T (X,Y )| 
���S(P̂XY , P̂X ⌦ P̂Y )� S(PXY , PX ⌦ PY )

���+
1

2

���S(P̂XY , P̂XY )� S(PXY , PXY )
���

+
1

2

���S(P̂X ⌦ P̂Y , P̂X ⌦ P̂Y )� S(PX ⌦ PY , PX ⌦ PY )
��� . (38)

We begin with deriving the bound for the first term

A :=
���S(P̂XY , P̂X ⌦ P̂Y )� S(PXY , PX ⌦ PY )

��� . (39)

Step 1. Upper bound via empirical processes. According to Lemma 19 and Lemma 20, the joint distribution PXY

is subG(2�2), and thus there exist a zero-measure set SPXY ⇢ ⌦ and a random variable �2
PXY

such that P̂XY (!)
and PXY are subG(�2

PXY
(!)) for every ! 2 Sc

PXY
. Similarly, by Lemma 21, there exist a zero-measure set

SPX ,PY ⇢ ⌦ and a random variable �2
PX ,PY

such that P̂X(!)⌦ P̂Y (!) and PX ⌦PY are subG(�2
P,Q(!)) for every

! 2 Sc
PX ,PY

. Take S := Sc
PXY
\Sc

PX ,PY
and �̄2 := max{�2

PXY
,�2

PX ,PY
}. It follows that P̂XY (!), P̂X(!)⌦ P̂Y (!),

PXY , and PX ⌦ PY are subG(�̄2(!)) for every ! 2 S. Now, by Proposition 13,
���S(P̂XY (!), P̂X(!)⌦ P̂Y (!))� S(PXY , PX ⌦ PY )

���

 sup
f2F�̄(!)

����
Z

f(dP̂XY (!)� dPXY )

����+ sup
g2F�̄(!)

����
Z

g(dP̂X(!)⌦ P̂Y (!)� dPX ⌦ PY )

���� , 8! 2 S.

Note that P(S) = P(Sc
PXY
\ Sc

PX ,PY
) = 1. This implies, almost surely,

A  sup
f2F�̄

����
Z

f(dP̂XY � dPXY )

����+ sup
g2F�̄

����
Z

g(dP̂X ⌦ P̂Y � dPX ⌦ PY )

���� . (40)

According to Lemma 22, we have

E[A]  E
h
(1 + �̄3s)

���P̂XY � PXY

���
Fs

i
+ E

h
(1 + �̄3s)

���P̂X ⌦ P̂Y � PX ⌦ PY

���
Fs

i


p
E[(1 + �̄3s)2]

"r
E
���P̂XY � PXY

���
2

Fs
+

r
E
���P̂X ⌦ P̂Y � PX ⌦ PY

���
2

Fs

#
.

Step 2. Control empirical processes via metric entropy. Let s = dd/2e + 1. Since the joint probability PXY is
subG(2�2), it follows from Proposition 15 that

r
E
���P̂XY � PXY

���
2

Fs
 Cd(1 + �d+2)

1p
n
. (41)
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The same bound holds for

r
E
���P̂X ⌦ P̂Y � PX ⌦ PY

���
2

Fs
by Proposition 4. Note that

E[(1 + �̃3s)2]  C(1 + E �̃6s)  Cs(1 + E�6s
PXY

+ E�6s
PX ,PY

)  Cs(1 + �6s),

where the last inequality follows from Lemma 19 and Lemma 21. Recall that we have chosen s = dd/2e+ 1. As
a result, E[A]  Cd(1 + �d5d/2e+6)n�1/2. A similar argument shows that the same bound hold for the second
and third term in (38). Hence,

E |Tn(X,Y )|  Cd(1 + �d5d/2e+6)
1p
n
. (42)

C EXPONENTIAL TAIL BOUNDS

We now prove the exponential tail bound in Section 3. For simplicity of the notation, we focus on the quadratic
cost function, i.e., w1 = w2 = 1, and drop the dependency on w (e.g., we write Cs,d = Cs,d,w. The proofs can
be adapted to weighted quadratic costs with minor modifications. Let PX 2M1(Rd1) and PY 2M1(Rd2) with
d := d1+ d2. Suppose that {(Xi, Yi)}ni=1 is an i.i.d. sample from some joint distribution PXY with marginals PX

and PY , where PXY may or may not equal PX ⌦ PY . Let P̂n and Q̂n be the empirical measures of {Xi}ni=1 and
{Yi}ni=1, respectively.

Proposition 17. For any b-uniformly bounded class of functions F , we have

P
n���P̂X ⌦ P̂Y � PX ⌦ PY

���
F
� E

���P̂X ⌦ P̂Y � PX ⌦ PY

���
F
> t
o
 exp

✓
�nt2

8b2

◆
, for any t � 0.

Proof. For any function f defined on Rd, we define f̄(x, y) = f(x, y) � (PX ⌦ PY )[f ]. As a results, we have���P̂X ⌦ P̂Y � PX ⌦ PY

���
F
= supf2F

��� 1
n2

Pn
i,j=1 f̄(Xi, Yj)

���. Consider the function

F (z1, . . . , zn) := sup
f2F

������
1

n2

nX

i,j=1

f̄(xi, yj)

������
, (43)

where zi = (xi, yi) 2 Rd. We claim that F satisfies the bounded di↵erence property required in the McDiarmid
inequality. Since F is permutation invariant, it su�ces to verify the property for the first coordinate. Let z01 6= z1
and z0i = zi for all i 6= 1. It holds that

������
1

n2

nX

i,j=1

f̄(xi, yj)

������
� F (z01, . . . , z

0
n) 

������
1

n2

nX

i,j=1

f̄(xi, yj)

������
�

������
1

n2

nX

i,j=1

f̄(x0
i, y

0
j)

������

 1

n2

X

i=1 or j=1

��f̄(xi, yj)� f̄(x0
i, y

0
j)
��  4b

n
,

where the last inequality uses the boundedness of f . Taking the supremum over F yields that F (z1, . . . , zn) �
F (z01, . . . , z

0
n)  4b/n. By symmetry, it follows that |F (z1, . . . , zn)� F (z01, . . . , z

0
n)|  4b/n. Note that {Zi :=

(Xi, Yi)}ni=1 is an i.i.d. sample. According to the McDiarmid inequality, it holds that

P
n���P̂X ⌦ P̂Y � PX ⌦ PY

���
F
� E

���P̂X ⌦ P̂Y � PX ⌦ PY

���
F
> t
o
 exp

✓
�nt2

8b2

◆
, for any t � 0.

Proof of Theorem 6. We prove the statement for " = 1 and write S := S1. The result for general " > 0
follows immediately from Lemma 24. By the bounded support assumption, it holds that PX and PY are both
subG(D2/d). According to the proof of Lemma 19, we have {P̂X}n�1, {P̂Y }n�1, PX , and PY are uniformly
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subG(⌧2) for ⌧2 := D2e1/2/d  2D2/d. Moreover, it follows from Lemma 20 that {P̂XY }n�1 and PXY are
uniformly subG(2⌧2). As a result, we obtain, by Proposition 13,

A :=
���S(P̂XY , P̂X ⌦ P̂Y )� S(PXY , PX ⌦ PY )

���

 sup
f2F2⌧

����
Z

f(dP̂XY � dPXY )

����+ sup
g2F2⌧

����
Z

g(dP̂X ⌦ P̂Y � dPX ⌦ PY )

���� .

Fix s = dd/2e+ 1. According to Lemma 22, we have

A  Cd(1 +D3d+12)
h���P̂XY � PXY

���
Fs

+
���P̂X ⌦ P̂Y � PX ⌦ PY

���
Fs

i
, (44)

where we have used ⌧3s  CdD3d+12. Proposition 12 shows that we can further constraint the function class Fs

to Fs
b := {f 2 Fs : kfk1  b} for b = 2D2. Hence, by (Wainwright, 2019, Theorem 4.10), it holds that

P
⇢���P̂XY � PXY

���
Fs

b

� E
���P̂XY � PXY

���
Fs

b

> t

�
 exp

✓
�nt2

2b2

◆
, for any t � 0.

It is clear from Proposition 15 that

E
���P̂XY � PXY

���
Fs

b

 E
���P̂XY � PXY

���
Fs
 Cd(1 +D2d+4)

1p
n
.

Consequently, we get

P
⇢���P̂XY � PXY

���
Fs

b

> t+ Cd(1 +D2d+4)
1p
n

�
 exp

✓
�nt2

2b2

◆
, for any t � 0.

Similarly, using Proposition 4 and Proposition 17, we obtain

P
⇢���P̂XY � PXY

���
Fs

b

> t+ Cd(1 +D2d+4)
1p
n

�
 exp

✓
�nt2

8b2

◆
, for any t � 0.

Now it follows from (44) that

P
⇢
A � Cd(1 +D3d+12)


t+ (1 +D2d+4)

1p
n

��
 2 exp

✓
�nt2

8b2

◆
, for any t � 0.

Analogously, we have, for any t � 0

P
⇢
B � Cd(1 +D3d+12)


t+ (1 +D2d+4)

1p
n

��
 2 exp

✓
�nt2

8b2

◆

P
⇢
B0 � Cd(1 +D3d+12)


t+ (1 +D2d+4)

1p
n

��
 2 exp

✓
�nt2

8b2

◆
,

where B :=
���S(P̂XY , P̂XY )� S(PXY , PXY )

��� and B0 :=
���S(P̂X ⌦ P̂Y , P̂X ⌦ P̂Y )� S(PX ⌦ PY , PX ⌦ PY )

���. Since

|Tn(X,Y )� T (X,Y )|  A+ B
2 + B0

2 , it holds that

P
⇢
|Tn(X,Y )� T (X,Y )| � Cd(1 +D3d+12)


t+ (1 +D2d+4)

1p
n

��
 6 exp

✓
�nt2

8b2

◆
. (45)

Therefore, we have, with probability at least 1� �,

|Tn(X,Y )� T (X,Y )|  Cd

 
1 +D2d+2

r
log

6

�

!
D3d+14

p
n

.
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D TECHNICAL LEMMAS

In this section, we give several technical lemmas used to prove the main results. We use C to denote a constant
whose value may change from line to line.

Lemma 18. If P 2M1(Rd) is subG(�2), then, for any k 2 N+,

EP [kZk2k]  (2d�2)kk!.

Moreover, for any v 2 Rd, it holds that

EP ehv,Zi  EP ekvkkZk  2ed�
2kvk2/2. (46)

Proof. By Taylor’s expansion, we have

ekZk2/2d�2

� 1 � kZk2k

(2d�2)kk!
.

Taking the expectation on both sides gives

EP [kZk2k]  (2d�2)kk!.

The inequalities (46) follows from the Cauchy-Schwarz inequality and the sub-gaussianity of P .

Lemma 19. Let P 2 M1(Rd) be subG(�2) and P̂n be the empirical measure. There exist a zero-measure set
SP ⇢ ⌦ and a random variable �2

P depending on the sample {Zi}ni=1 such that P̂n(!) and P are subG(�2
P (!))

for any ! 2 Sc
P , and, for any k 2 N+,

E�2k
P  2kk�2k.

Proof. By the strong law of large numbers, there exists a zero-measure set SP ⇢ ⌦ such that, for all ! 2 SP ,

P̂n(!)
h
ekZk2/2d�2

i
! P

h
ekZk2/2d�2

i
 2, as n!1. (47)

Let ⌧2 := supn P̂n

h
ekZk2/2d�2

i
. It follows from (47) that ⌧2(!) is finite for all ! 2 SP . Since ⌧2(!) � 1, by

Jensen’s inequality, we obtain, for all ! 2 SP

P̂n(!)
h
ekZk2/2d�2⌧2(!)

i

⇣
P̂n(!)

h
ekZk2/2d�2

i⌘1/⌧2(!)
=
�
⌧2(!)

�1/⌧2(!)
< 2.

As a result, P̂n(!) is subG(�2⌧2(!)). Moreover, P is also subG(�2⌧2(!)) since ⌧2(!) � 1. Applying the

same argument to ⌧2k := supn P̂n

h
ekZk2/2kd�2

i
implies that P̂n(!) and P are both subG(k�2⌧2k (!)). Define

�2
P := mink�1 k�2⌧2k . Then we have, for each k � 1,

EP [�
2k
P ]  EP

h
P̂n

h
kk�2kekZk2/2d�2

ii
= kk�2k EP [e

kZk2/2d�2

]  2kk�2k.

The sub-Gaussianity of two marginals implies the sub-Gaussianity of the joint.

Lemma 20. If PX and PY are subG(�2), then PXY is subG(2�2) for any PXY 2 ⇧(PX , PY ).

Proof. By the Cauchy-Schwarz inequality,

EPXY ekZk2/4d�2

= EPXY [e
kXk2/4d�2

ekY k2/4d�2

] 
q
EPX [ekXk2/2d�2 ]EPY [e

kY k2/2d�2 ].

Since PX and PY are subG(�2), it follows that EPXY ekZk2/4d�2  2 and thus PXY is subG(2�2).
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The next result is for the uniform sub-Gaussianity of the product of two empirical measures.

Lemma 21. If PX and PY are subG(�2), then there exist a zero-measure set SPX ,PY ⇢ ⌦ and a random variable

�2
PX ,PY

depending on the sample {(Xi, Yi)}ni=1 such that P̂X(!)⌦ P̂Y (!) and PX ⌦PY are subG(�2
PX ,PY

(!)) for
any ! 2 Sc

PX ,PY
, and, for any k 2 N+,

E�2k
PX ,PY

 2k+1kk�2k.

Proof. Similar to Lemma 19.

The sub-Gaussian processes play an central role in our analysis. We give its definition here; see, e.g., (Wainwright,
2019, Section 5.3).

Definition 7 (Sub-Gaussian process). Let {Z(✓) : ✓ 2 ⇥} be a collection of mean-zero random variables. We
call it a sub-Gaussian process with respect to a metric ⇢ in ⇥ if

E[e�(Z(✓)�Z(✓0))]  exp
⇥
�2⇢2(✓, ✓0)/2

⇤
.

To facilitate the analysis of F� defined in Definition 4, it is convenient to separate the sub-Gaussian parameter
from the function class by the following lemma. Note that this result is used in (Mena and Weed, 2019) without
proof.

Lemma 22. For any � > 0 and s � 2. we have 1
1+�3sF� ⇢ Fs, where Fs := Fs,d,w is defined in Definition 5.

Proof. Take any f 2 F�, it su�ces to show f/(1 + �3s) 2 Fs. According to Proposition 10, it holds that

|f(z)|� w1 kxk2 � w2 kyk2 
���f(z)� w1 kxk2 � w2 kyk2

���  Ck,d,w

(
(1 + �4) if kzk 

p
d�

[1 + (1 + �2) kzk2] if kzk >
p
d�.

Consequently,
����

f(z)

1 + �3s

����  Ck,d,w

(
1+�4

1+�3s if kzk 
p
d�

1+(1+�2)kzk2

1+�3s if kzk >
p
d�.

Since s � 2, it is clear that 1+�4

1+�3s  C and 1+�2

1+�3s  C, and thus
����

f(z)

1 + �3s

����  Ck,d,w(1 + kzk2).

The other inequality can be proved analogously.

Lemma 23. Let P 2M1(Rd1) and Q 2M1(Rd2) be subG(�2). Denote d := d1+d2. For any s � 1 and f 2 Fs,
there exist constants Cs,d,w such that f1,0 2 Fs

� and f0,1 2 Fs
�, where Fs

� is defined in Definition 6,

f1,0(x) :=

Z
f(x, y)dQ(y) and f0,1(y) :=

Z
f(x, y)dP (x).

Proof. We only prove it for f1,0. By Jensen’s inequality, it holds that

|f1,0(x)| 
Z

|f(x, y)| dQ(y)  Cs,d,w

✓
1 + kxk2 +

Z
kyk2 dQ(y)

◆
 Cs,d,w(1 + max{kxk2 ,�2}),

where the last inequality follows from Lemma 18. The inequality for |D↵f1,0(x)| can be verified similarly.

The next lemma suggests that it is enough to consider the case " = 1 for S".

Lemma 24. Let " > 0. For any P,Q 2M1(Rd), it holds that

S"(P,Q) = "S(P ", Q"),

where P " and Q" are the pushforwards of P and Q under the map x 7! "�1/2x, respectively.

Proof. By a change of variable argument.
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Figure 5: Heatmaps of power for ETIC-RF with p = 700 random features and d0 PCs on the partially dependent
sample of the bilingual data. The x-axis is for r1 and y-axis is for r2. The indices from 0 to 11 correspond to
equally spaced values from 0.25 to 4. Lighter color indicates larger power.

Figure 6: Heatmaps of power for ETIC-RF with d0 = 10 PCs and p random features on the partially dependent
sample of the bilingual data. The x-axis is for r1 and y-axis is for r2. The indices from 0 to 11 correspond to
equally spaced values from 0.25 to 4. Lighter color indicates larger power.

E ADDITIONAL EXPERIMENTAL RESULTS

E.1 ETIC-RF on Bilingual Text

We examine the ETIC-RF test on bilingual data discussed in Section 4.2. The feature embeddings are of high
dimension (i.e., 768), which imposes challenges on the random feature approximation. Hence, we first use dimen-
sion reduction (PCA) on the English embeddings and French embeddings separately to reduce the dimension
to d0 ⌧ 768, and then perform ETIC-RF on the low-dimensional embeddings. Since the dimension reduction
step does not utilize information about the joint distribution PXY , it will not violate the level consistency of the
test. This is also validated in our experimental results, i.e., all the tests have type I error rate close to 0.05 as
expected.

As shown in Figure 5, The number of PCs d0 has an interesting e↵ect on the power. Intuitively, the larger d0 is
the less information we lose, and thus the larger power the test has. This can be seen at the lower right corner
where both r1 and r2 are large. However, larger d0 also means the random feature approximation is harder,
especially when r1 and r2 are small. This is reflected at the upper left corner where the power decreases as d0

increases. We then investigate the e↵ect of p—the number of random features. As shown in Figure 6, the power
increases with the number of random features. Overall, the random feature approximation demonstrates similar
performance as the exact ETIC with enough random features.
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Figure 7: Power curves in the linear dependency model (left) and subspaces dependency model (right).

Figure 8: Power curves in the linear dependency model (left) and subspaces dependency model (right).

E.2 Adaptive ETIC Test

To ensure that (Tn,"(X,Y ))" are roughly on the same scale for di↵erent values of ", we use

 a(↵) := 1

⇢
max
"2E

T̄n,"(X,Y ) > Hn,E(↵)

�
.

where each Tn,"(X,Y ) is studentized via resampling (20 permutations) under the null to yield T̄n,"(X,Y ).

Following the trick in Section 4, we select the cost function to be the weighted quadratic cost with weights given
by the median heuristic. We set E = {0.25, 1, 4} and perform the adaptive ETIC test on the linear dependency
model and the subspace dependency model. As shown in Figure 7, it is slightly worse than the best ETIC test
in both models. We also run it on the bilingual text data. The power and type I error rate of adaptive ETIC are
1 and 0.07 on the dependent sample and the independent sample, respectively. The power achieved is 0.535 on
the partially dependent sample; whereas the worst and best power of ETIC are 0.38 and 0.635, respectively.

Finally, we consider a Bonferroni-type ETIC test which is adaptive to both the regularization parameter and
the weights in the cost function. Following the formulation in Section 4, we let  r1,r2(↵) be the decision rule of
ETIC with hyper-parameters r1 and r2. Consider the following Bonferroni-type ETIC test

 (↵) := max
r1,r22R

 r1,r2(↵/
��R2

��).

We perform this Bonferroni-type ETIC test on the linear dependency model and the subspace dependency model
for R = {0.25, 4}. As shown in Figure 8, it is slightly worse than the best ETIC test in both models. Compared
to the adaptive ETIC test, it performs similar in the linear dependency model and slightly better in the subspace
dependency model. We also run it on the bilingual text data. The power and type I error rate of adaptive
ETIC are 1 and 0.045 on the dependent sample and the independent sample, respectively. The power achieved
is 0.5 on the partially dependent sample, which is smaller than the power of the adaptive ETIC.
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Figure 9: Power curves in the linear dependency model (left) and subspaces dependency model (right).

E.3 Comparison with Other Independence Tests

We implemented another two independence tests considered in (Gretton and Györfi, 2008): the L1 test and
the Log-likelihood test. We apply them to the Gaussian sign model and the subspace dependency model and
compare them with ETIC and ETIC-RF with r = 0.25. As shown in Figure 9, they slightly outperform ETIC in
the Gaussian sign model. In the subspace dependency model, they perform similarly to ETIC for small ✓ and
significantly worse for large ✓.


