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Abstract

Learning the differential statistical depen-
dency network between two contexts is es-
sential for many real-life applications, mostly
in the high dimensional low sample regime.
In this paper, we propose a novel differ-
ential network estimator that allows inte-
grating various sources of knowledge be-
yond data samples. The proposed estima-
tor is scalable to a large number of vari-
ables and achieves a sharp asymptotic con-
vergence rate. Empirical experiments on ex-
tensive simulated data and four real-world
applications (one on neuroimaging and three
from functional genomics) show that our ap-
proach achieves improved differential net-
work estimation and provides better supports
to downstream tasks like classification. Our
results highlight significant benefits of inte-
grating group, spatial and anatomic knowl-
edge during differential genetic network iden-
tification and brain connectome change dis-
covery.

1 INTRODUCTION

New technologies have enabled many scientific fields to
measure variables at an unprecedented scale. Learning
the change of variable dependencies (differential de-
pendencies) between two contexts is an essential task
in many scientific applications. For example, when
analyzing genomics signals, interests often are on how
human genes interact differently when with and with-
out an external stimulus such as SARS-CoV-2 virus
(Ideker and Krogan, 2012). Such real world scientific
needs present unique challenges and opportunities for
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structure discovery.

This paper focuses on estimating structure changes of
two Gaussian Graphical Models (GGMs) using sam-
ples from two different conditions. We name this fam-
ily of methods: differential GGMs, and more general
as differential network estimation. Literature includes
multiple differential GGM estimators (details in Ap-
pendix Section A) and these estimators are mostly de-
signed for the high dimensional data regime, with the
fast-growing variable size p. All previous estimators
made the sparsity assumption and used `1 norm to
enforce the learned differential graph as sparse.

However, this assumption mostly does not apply in
the real world because there are many other beliefs
real applications prefer. Previous differential net-
work estimators can not integrate the rich set of sci-
entific knowledge real-world tasks naturally can pro-
vide. For instance, many real-world networks include
hub nodes that are densely-connected to many other
nodes. Hub nodes are more prone to perturbations
across two conditions (e.g., mutated p53 genes are hub
nodes in the differential human gene regulatory net-
work (gene interaction changes between cancer case
and control case) (Mohan et al., 2014)). Therefore,
allowing perturbed hubs in differential net estimation
is one desired assumption; however, `1 based regular-
ization can’t enforce such a prior. In another exam-
ple, genes belonging to the same biological pathway
tend to either interact with all others of the pathway
(“co-activated” as a group; differential group-sparse)
or not at all (“co-deactivated,” as a group; differen-
tial group-dense) (Da Wei Huang and Lempicki, 2008).
Again, the `1 norm could not model this type of group-
sparsity pattern. Besides, there are many sources of
knowledge in real-world scientific domains, like neu-
roimaging experts know that spatially closed anatom-
ical groups are more likely to connect functionally. Dif-
ferential network estimators should include this com-
plementary knowledge to help the learned models bet-
ter reflect domain experts’ beliefs (Watts and Strogatz,
1998)).

Unfortunately, all previous differential network esti-
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mators rely on observed samples alone. Recent ad-
vances in data generation by genomics and neuro-
science call for developing new dependency identifi-
cation methods tailored to the integration of multi-
ple sources of information and provide robust results
in the high dimensional low sample regime. This pa-
per fills the gap by proposing a novel method, namely
KDiffNet , to add additional Knowledge in identifying
DIFFerential Networks. By harnessing heterogeneous
data across complementary sources, KDiffNet makes
an essential step in enabling knowledge integration for
differential dependency estimation beyond data sam-
ples. Figure 1 shows an overview of our method. This
paper proposes KDiffNet plus multiple variations. We
summarize our contributions as follows. 1

• Beyond data samples: KDiffNet is the first differ-
ential network estimator that can integrate multiple
sources of evidence. We evaluate KDiffNet on more
than 100 synthetic and multiple real-world datasets.
KDiffNet consistently outperforms the state-of-the-
art baselines and provides better down-stream pre-
diction accuracy while achieving less or same time
cost. Our experiments showcase how KDiffNet
can integrate knowledge like known edges, anatom-
ical grouping, and spatial evidence when estimating
differential graph from heterogeneous multivariate
samples (Section 3). We also design a meta-analysis
strategy to avoid cases of mis-specified knowledge.

• Theoretically Sound: We theoretically prove
the convergence error bounds of KDiffNet as

O(
√

log p
min(nc,nd) ) , achieving the same error bound

as the state-of-the-art, improving under some con-
ditions(Section 2.7). To the best of the authors’
knowledge, no known lower bounds about the
convergence rate specifically under the additional
knowledge setting were provided by the previous
studies.

• Scalable: We design KDiffNet via an elementary
estimator based framework and solve it using par-
allel proximal based optimization. KDiffNet scales
to large p and doesn’t need to design knowledge-
specific optimization ( Section 2.5).

1Due to space limit, we put details of theoretical proofs,
simulation data’s setup, and detailed results when tuning
hyper-parameters in the appendix. Section notations with
alphabetical symbols (for example, ‘A:’) as a prefix are for
content in the appendix. We also wrap our code into an R
toolkit and share via the zip appendix.

2 METHOD: KDiffNet

2.1 Basics and ∆ As Canonical Parameter of
Exponential Family

Estimating differential GGMs includes two sets of ob-
served samples, denoted as two matrices Xc ∈ Rnc×p
and Xd ∈ Rnd×p. Xc and Xd assume i.i.d drawn from
two normal distributions Np(µc,Σc) and Np(µd,Σd)
respectively. Here µc, µd ∈ Rp describe the mean vec-
tors and Σc,Σd ∈ Rp×p represent covariance matrices.
The goal of differential GGMs is to estimate the struc-
tural change ∆ defined by (Zhao et al., 2014) 2.

∆ = Ωd − Ωc (2.1)

Here Ωc := (Σc)
−1 and Ωd := (Σd)

−1 are two precision
matrices. The sparsity pattern of the precision matrix
of a GGM encodes the conditional dependency struc-
ture of the GGM. This means, ∆ describes how the
magnitude of conditional dependency differs between
two conditions. A sparse ∆ means few of its entries
are non-zero, indicating a differential network with few
edges.

A naive approach to estimate ∆ will learn Ω̂d and
Ω̂c from Xd and Xc independently and calculate ∆̂
using Eq. (2.1). However, in a high-dimensional set-
ting, the strategy needs to assume both Ωd and Ωc are
sparse (to achieve consistent estimation of each) and
has been found to produce many spurious differences
(de la Fuente, 2010). The assumption of this two-step
procedure is often not true. For instance, genetic net-
works contain hub nodes, therefore not entirely sparse
(Ideker and Krogan, 2012). Recent literature in neu-
roscience has suggested that each subject’s functional
brain connection network may not be sparse, though
differences across subjects may be sparse (Belilovsky
et al., 2016).

Interestingly, the density ratio between two Gaussian
distributions falls naturally in the exponential family
(see detail proofs in Section F.1). ∆ is one entry
of the canonical parameter of this exponential fam-
ily distribution. According to (Wainwright and Jor-
dan, 2008), learning an exponential family distribution
from data means to estimate its canonical parameter.
Computing the canonical parameter of an exponen-
tial family through vanilla MLE can be expressed as
a backward mapping from given moments of the dis-
tribution (Wainwright and Jordan, 2008). In the case
of differential GGM, the backward mapping (i.e., the

2For instance, on data samples from a controlled drug
study, ‘c’ may represent the ‘control’ group and ‘d’ may
represent the ‘drug-treating’ group. Using which of the
two sample sets as ‘c’ set (or ‘d’ set) does not affect the
computational cost and does not influence the statistical
convergence rates.
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vanilla MLE solution for ∆) is a simple closed form:

B(φ̂) = B(Σ̂d, Σ̂c) =
(
Σ̂−1
d − Σ̂−1

c ), easily inferred from

the two sample covariance matrices. Σ̂ denotes to the
sample covariance matrix. However, when in high-
dimensional regimes, B(Σ̂d, Σ̂c) is not well-defined be-

cause Σ̂c and Σ̂d are rank-deficient (thus not invert-
ible). Here B refers to Backward Mapping. In next
section, we design and use B∗ that denotes proxy back-
ward mapping (details later).

2.2 R(·) Norm based Elementary Estimators
(EE)

Multiple recent studies (Yang et al., 2014c,a,b; Wang
et al., 2018b) followed a framework “Elementary esti-
mators”:

argmin
θ
R(θ),

Subject to: R∗(θ − θ̂n) ≤ λn
(2.2)

Where R(·) represents a decomposable regularization
function. R∗(·) is the dual norm of R(·),

R∗(v) := sup
u6=0

< u, v >

R(u)
= sup
R(u)≤1

< u, v > . (2.3)

The design philosophy shared among elementary esti-
mators is to construct θ̂n carefully from well-defined
estimators that are easy to compute and come with
strong statistical convergence guarantees. For exam-
ple, Yang et al. (2014a) conduct the high-dimensional
estimation of `1-regularized linear regression by using
the classical ridge estimator as θ̂n in Eq. (2.2). When

θ̂n itself is closed-form and R(·) is the `1-norm, the so-
lution of Eq. (2.2) is naturally closed-form (as the dual
norm of `1 is `∞), therefore, easy and fast to compute,
and scales to large p.

Following the above design philosophy, for our differ-
ential estimation task, ∆ is the target canonical pa-
rameter θ. We use a closed and well-defined form of
θ̂n (suggested by (Wang et al., 2018b)):

θ̂n = B∗(Σ̂d, Σ̂c) =
(

[Tv(Σ̂d)]
−1 − [Tv(Σ̂c)]

−1
)

(2.4)

B∗(φ̂) denotes a so-called proxy of backward mapping
for the target exponential family. Here [Tv(A)]ij :=
ρv(Aij) where ρv(·) was chosen as a soft-thresholding
function. Importantly, the formulation in Eq. (2.2)
guarantees its solution to achieve a sharp convergence
rate as long as θ̂n is carefully chosen, well-defined, easy
to compute and comes with a strong statistical conver-
gence guarantee (Negahban et al., 2009). In summary,
Eq. (2.2) provides an intriguing formulation to build
simpler and possibly fast estimators accompanied by
statistical guarantees. We, therefore, use it to design
our method. To use Eq. (2.2) for estimating our target
parameter ∆, we need to design R(∆).

Estimated 
Differential 
GGM(Δ)Known Groups

(𝐺!)
Known Edges

(𝑊") 
Additional 
Knowledge

𝑋! , 𝑋"
𝑛 < 𝑝

Regularized MLE 
Solution

Proxy Backward 
Mapping (B*)

kEV Norm Based 
Elementary 
Estimator

Figure 1: An overview of KDiffNet . KDiffNet inte-
grates different types of extra knowledge for estimating
differential GGMs using Elementary Estimators. As
an example, the edge level knowledge can represent
known edges (or non-edges) and group level knowl-
edge represents information about multiple variables
that function as groups.

2.3 Integrating Complementary Sources of
Knowledge via a new kEV Norm: R(∆)

All previous estimators made the sparsity assumption
and used `1 norm to enforce the learned differential
graph as sparse. However, there exist many other as-
sumptions real-life tasks may prefer. Our main goal is
to enable differential network estimators to integrate
extra evidence beyond data samples. We group extra
knowledge sources into two kinds: (1) edge-based, and
(2) node-based.

(1) Knowledge as Weight Matrix: We propose
to describe edge-level knowledge sources via positive
weight matrices WE ∈ Rp×p. We use WE via a
weighted `1 formulation ||WE ◦ ∆||1. This enforces
the prior that the larger a weight entry in WE is, the
less likely the corresponding edge belongs to the true
differential graph. None of the previous differential
GGMs have explored this strategy.

The matrix WE can represent a good variety of prior
knowledge. (1) For available hub nodes, we can de-
sign WE to assign all entries connecting to hubs with
a smaller weight because genes tend to interact with
hubs more, and hubs tend to get perturbed across con-
ditions. (2) As another example, WE can describe spa-
tial distance among brain regions (publicly available
in sites like openfMRI (Poldrack et al., 2013)). This
can nicely encode the domain prior that neighboring
brain regions may be more likely to connect function-
ally. When considering two conditions like case vs.
control, these spatially close nodes tend to be the vi-
tal differential edges. (3) Another important exam-
ple is when identifying gene-gene interactions from ex-
pression profiles. Many state-of-the-art bio-databases
like HPRD (Prasad et al., 2009) have collected infor-
mation about direct “house-keeping” physical interac-
tions between proteins. This type of interaction tends
to happen across many conditions. So we can use WE

to describe that known information, proposing corre-
sponding sparse entries in the differential net.



Beyond Data Samples: Aligning Differential Networks Estimation with Scientific Knowledge

In summary, the WE matrix-based representation pro-
vides a powerful and flexible strategy that allows in-
tegration of many possible forms of knowledge to im-
prove differential network estimation, as long as they
can be formulated via edge-level weights.

(2) Knowledge as Node Groups: Many real-world
applications include knowledge about how variables
group into sets. For example, biologists have collected
a rich set of group evidence about how genes belong to
various biological pathways or exist in the same or dif-
ferent cellular locations (Da Wei Huang and Lempicki,
2008). Gene grouping information provides solid bio-
logical bias that genes belonging to the same pathway
tend to be co-activated or co-deactivated.

However, this type of group evidence cannot be de-
scribed via the aforementioned WE-based formulation.
This is because it is safe to assume nodes in the same
group share similar interaction patterns. However, we
do not know beforehand if a specific group functions
the same across two conditions (”group sparsity” – a
block of sparse entries in the differential net) or differ-
ently between conditions (”dense sub-network” in the
differential net).

To mitigate the issue, we propose to represent the
group knowledge as a set of groups on feature variables
(vertices) Gp. Mathematically, ∀gk ∈ Gp, gk = {i}
where i indicates that the i-th node belongs to the
group k. We propose integrating Gp knowledge into ∆
by enforcing a group sparsity regularization on ∆.

More specifically, we generate an “edge-group” index
GV from the node group index Gp. This is done via
defining GV := {g′k|(i, j) ∈ g′k,∀i,∀j ∈ gk}. For ver-
tex nodes in each node group gk, all possible pairs
between these nodes belong to an edge-group g′k. We
propose to use the group,2 norm ||∆||GV ,2 to enforce
group-wise sparse structure on ∆. None of the pre-
vious differential GGM estimators have explored this
knowledge-integration strategy.

kEV norm: Now we design R(∆) as a hybrid norm
that combines the two strategies above. First, we
assume that the true parameter ∆∗ = ∆∗e + ∆∗g: a
superposition of two “clean” structures, ∆∗e and ∆∗g.
Then we define R(∆) as the “knowledge for Edges and
Vertex norm (kEV-norm)”:

R(∆) = ||WE ◦∆e||1 + ε||∆g||GV ,2 (2.5)

Here the Hadamard product ◦ denotes element-wise
product between two matrices (i.e. [A◦B]ij = AijBij).
|| · ||GV ,2 =

∑
k

||∆g′k
||2 and k denotes the k-th group.

The positive matrix WE ∈ Rp×p describes one afore-
mentioned edge-level additional knowledge. ε > 0 is
a hyperparameter. R(∆) is the superposition of edge-

weighted `1 norm and the group structured norm. Our
target parameter ∆ = ∆e + ∆g.

2.4 kEV Norm based Elementary Estimator
for identifying Differential Net:KDiffNet

kEV-norm has three desired properties (see proofs in
Section E): (i) kEV-norm is a norm function if ε and
entries of WE are positive. (ii) If the condition in (i)
holds, kEV-norm is a decomposable norm. (iii) The
dual norm of kEV-norm is R∗(u).

R∗(u) = max(||(1 �WE) ◦ u||∞,
1

ε
||u||∗GV ,2) (2.6)

Here, (1 �WE) indicates the element wise division.

Now we define the proxy backward mapping using a
closed-form formulation proposed by DIFFEE: θ̂n =
[Tv(Σ̂d)]

−1 − [Tv(Σ̂c)]
−1. Section F.4 proves that

the chosen θ̂n is theoretically well-behaved in high-
dimensional settings.

Now by plugging R(∆), its dual R∗(·) and θ̂n into
Eq. (2.2), we get the formulation of KDiffNet :

argmin
∆

||WE ◦∆e||1 + ε||∆g||GV ,2

Subject to:

||(1 �WE) ◦
(

∆−
(

[Tv(Σ̂d)]
−1 − [Tv(Σ̂c)]

−1
))
||∞ ≤ λn

||∆−
(

[Tv(Σ̂d)]
−1 − [Tv(Σ̂c)]

−1
)
||∗GV ,2 ≤ ελn

∆ = ∆e + ∆g

(2.7)

2.5 Solving KDiffNet

We then design a proximal based optimization to solve
Eq. (2.7), inspired by its distributed and parallel na-
ture (Combettes and Pesquet, 2011). To simplify no-
tations, we use ∆tot := [∆e; ∆g], where ; denotes the
row wise concatenation. We also add three operator
notations including Le(∆tot) = ∆e, Lg(∆tot) = ∆g

and Ltot(∆tot) = ∆e + ∆g. Now we re-formulate KD-
iffNet as:

argmin
∆tot

||WE ◦ (Le(∆tot))||1 + ε||Lg(∆tot)||GV ,2

subject to:

||(1 �WE) ◦ (Ltot(∆tot)− ([Tv(Σ̂d)]
−1 − [Tv(Σ̂c)]

−1))||∞ ≤ λn
||Ltot(∆tot)− ([Tv(Σ̂d)]

−1 − [Tv(Σ̂c)]
−1)||∗GV ,2 ≤ ελn

(2.8)

Eq. (C.2) used proxy backward mapping

B∗(Σ̂d, Σ̂c) := [Tv(Σ̂d)]
−1 − [Tv(Σ̂c)]

−1.

Algorithm 1 in Section C summarizes the Parallel
Proximal algorithm (Combettes and Pesquet, 2011;
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Yang et al., 2014b) we propose for optimizing Eq. (2.8).
Section C.2 further proves its computational cost as
O(p3). Detailed solutions for each proximal operator
we proposed are summarized in Section C.

2.6 Variations and Meta Formulation

There exist many variations of KDiffNet .Closed-
form Variations: (1) Edge Only or Group Only:
For instance, we can estimate the target ∆ through
a closed form solution if we have only one kind of
additional knowledge. Section C.3 provides the for-
mulation and closed form solutions for edge-only or
node-group-only cases. (2) DIFFEE as our special
case: For the edge-only case, if we set WE as a matrix
with all 1, Eq. (2.7) becomes the DIFFEE formulation.
More Sets of Knowledge: (3) We also generalize
KDiffNet to multiple kinds of group knowledge plus
multiple sources of weight knowledge in Section D.
Mis-specification: (4) When facing multiple types
of evidence, misspecified evidence may exist for target
goals. Section D.2 proposes strategies to use predic-
tion performance to guide the selective use of extra
evidence sources. Robust Covariance Estimation:
(5) We also extend Eq. (2.7) with POET(Fan et al.,
2013) based robust covariance estimations when the
sample size is extremely small in real-world datasets
like in our two virus related gene expression experi-
ments.

2.7 Analysis of Error Bounds

In this section, Theorem 2.1 provides a statistical anal-
ysis under the ‘KEV Norm’ structural constraints,
leading to a non-probabilistic result that holds de-
terministically for all λn. Corollary 2.2 provides the
asymptotic convergence rate in terms of how the error
converges with number of dimensions p and number
of samples n, under KDiffNet’s distributional assump-
tions. KDiffNet achieves a sharp convergence rate, the
same convergence rate O(

√
(log p)/n)) as DIFFEE.

We borrow the following conditions defined in (Yang
et al., 2014c), regarding the decomposability of regu-
larization function R with respect to the subspace pair
(M,M̄⊥):

(C1) R(u+ v) = R(u) +R(v), ∀u ∈M,∀v ∈ M̄⊥.

(C2) ∃ a subspace pair (M,M̄⊥) such that the true
parameter satisfies projM⊥(θ∗) = 0

Now we introduce the following condition on ‘true’
∆∗: (EV-Sparsity): The ‘true’ ∆∗ can be decom-
posed into two clear structures–{∆e

∗ and ∆g
∗}. ∆e

∗

is exactly sparse with sE non-zero entries indexed by
a support set SE . ∆g

∗ is exactly sparse with
√
sG

non-zero groups (with at least one non-zero entry) in-

dexed by a support set SV . SE
⋂
SV = ∅. All other

elements equal to 0 (in (SE
⋃
SV )c).

Section I proves that kEV Norm satisfies conditions
(C1) and (C2). This leads us to the following theorem
(see proof Section I):

Theorem 2.1. Assuming ∆∗ satisfies the condition
(EV-Sparsity) and λn ≥ R∗(∆̂ −∆∗), then the op-

timal point ∆̂ has the following error bounds:

||∆̂−∆∗||F ≤ 4 max(
√
sE , ε
√
sG)λn (2.9)

We state the following conditions on the true canoni-
cal parameter under additional knowledge defining the
class of differential GGMs: ∆∗ = Ω∗d − Ω∗c :

(C-MinInf−Σ): The true Ω∗c and Ω∗d of Eq. (2.1)
have bounded induced operator norm i.e., |||Ωc∗|||∞ :=

sup
w 6=0∈Rp

||Ωc∗w||∞
||w||∞ ≤ W c∗

Emin
κ1 and |||Ωd∗|||∞ :=

sup
w 6=0∈Rp

||Ωd∗w||∞
||w||∞ ≤ W d∗

Emin
κ1. Here, intuitively,

W c∗
Emin

corresponds to the largest ground truth weight
index associated with non zero entries in Ω∗c . For set
Snz = {(i, j)|Ω∗cij = 0}, WESnz

> W c∗
Emin

.

(C-Sparse-Σ): The two true covariance matrices Σ∗c
and Σ∗d are “approximately sparse” (following (Bickel
and Levina, 2008)). For some constant 0 ≤ q < 1 and

c0(p), max
i

p∑
j=1

|[Σ∗c ]ij |q ≤ c0(p) and max
i

p∑
j=1

|[Σ∗d]ij |q ≤

c0(p). We additionally require inf
w 6=0∈Rp

||Σ∗cw||∞
||w||∞ ≥ κ2

and inf
w 6=0∈Rp

||Σ∗dw||∞
||w||∞ ≥ κ2.

Using the above Theorem 2.1 and conditions, we have
the following corollary about the convergence rate of
KDiffNet (see its proof in Section G.2.2).

Corollary 2.2. In the high-dimensional setting, i.e.,

p > max(nc, nd), let v := a
√

log p
min(nc,nd) . Then for

λn := Γκ1a
4κ2

√
log p

min(nc,nd) and min(nc, nd) > c log p, with

a probability of at least 1 − 2C1 exp(−C2p log(p)), the

estimated optimal solution ∆̂ has the following error
bound:

||∆̂−∆∗||F ≤
Γamax((

√
sE), ε

√
sG)

κ2

√
log p

min(nc, nd)

(2.10)
Here Γ = 32κ1

max(W c∗
Emin

,W d∗
Emin

)

WEmin

, where a, c,C1, C2,

κ1 and κ2 are constants. a depends on maxi Σ∗ii and c
depends on p, τ,maxi Σ∗ii. τ is a constant from Lemma
1 of (Ravikumar et al., 2011).

We can prove that under the same conditions above,
DIFFEE achieves the same asymptotic convergence
rate as Eq. (2.10). However its rate includes a differ-
ent constant Γ = 32κ1max(W c∗

Emin
,W d∗

Emin
). Notably,
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when WEmin > 1, KDiffNet converging constant is bet-
ter than DIFFEE. We have also included theoretical
results when under misspecification assumptions and
when using POET robust covariance estimation in Sec-
tion I.

2.8 Connecting to Relevant GGM Studies
beyond Data Samples

To the authors’ best knowledge, only two loosely-
related studies exist in the literature to incorporate
edge-level knowledge for other types of GGM esti-
mation. (1) One study with the name NAK (Bu
and Lederer, 2017) (following ideas from (Shimamura
et al., 2007)) proposed to integrate Additional Knowl-
edge into the estimation of single-task graphical model
via a weighted Neighbourhood selection formulation.
(2) Another study with the name JEEK (Wang et al.,
2018a) (following (Singh et al., 2017)) considered edge-
level evidence via a weighted objective formulation to
estimate multiple dependency graphs from heteroge-
neous samples. Both studies only added edge-level ex-
tra knowledge in structural learning and neither of the
approaches was designed for direct differential struc-
ture estimation. Besides, JEEK uses a multi-task for-
mulation.3

3 EXPERIMENTS

Datasets: We compare KDiffNet , variations and
baselines on multiple datasets: (1) A total of 126 dif-
ferent synthetic datasets representing various combi-
nations of additional knowledge and hyper-parameter
sensitivity analysis; and, (2) One fMRI dataset
(ABIDE) for functional brain connectivity estima-
tion,(3) Three epigenomic datasets for differential epi-
genetic network estimation, (4) Two gene expression
datasets on virus (including SARS-CoV-2) infected
and mock control samples for differential genetic net-
work estimation. Results on virus related gene net-
work identification and validation are in Section L.2.

Baselines: We compare KDiffNet to estimators with
additional knowledge: (1) JEEK(Wang et al., 2018a),
(2) NAK(Bu and Lederer, 2017), and estimators with-
out any external evidence: (3) SDRE (Liu et al.,
2017), (4) DIFFEE (Wang et al., 2018b) and (5) JGL-
FUSED(Danaher et al., 2013). We also check two
variations of KDiffNet : KDiffNet-E using only edge
knowledge and KDiffNet-G using only group knowl-
edge ( Section C.3).

Metrics: For simulation datasets, we evaluate the

3Different from JEEK, our method directly estimates
differential network (Fazayeli and Banerjee, 2016).

methods in terms of edge-level F1-Score. 4 For the
real-world datasets, due to lack of access to the ground
truth ∆∗, we use test accuracy obtained using pairwise
quadratic features(obtained from the edges in the dif-
ference matrix) as linear predictors.

Hyperparameters: We tune the key hyper-
parameters:

• v : To compute the proxy backward mapping, we vary
v in {0.001i|i = 1, 2, . . . , 1000} (to make Tv(Σc) and
Tv(Σd) invertible).

• λn : According to our convergence rate analysis in Sec-

tion 2.7, λn ≥ C
√

log p
min(nc,nd)

, we choose λn from a range

of {0.01 ×
√

log p
min(nc,nd)

× i|i ∈ {1, 2, 3, . . . , 100}} using

cross-validation. For KDiffNet-G , we tune over λn from

a range of {0.1×
√

log p
min(nc,nd)

× i|i ∈ {1, 2, 3, . . . , 100}}5.

• ε: For KDiffNet-EG , we tune ε ∈ {0.0001, 0.01, 1, 100}.

3.1 Experiment 1: Simulation Datasets

In the following subsections, we present details about
the data generation, followed by results under multiple
settings.

Data Generation :For overlapping Edge and Ver-
tex Knowledge (KEG), we generate simulated datasets
(Data-EG) with a clear underlying differential struc-
ture between two conditions. We simulate the case
of overlapping group and edge knowledge. We select
the block diagonals of size m as groups in ∆g. If two
variables i, j are in a group g′, in ∆g

ij = 1/3, else

∆g
ij = 0, where ∆g ∈ Rp×p. For the edge-level knowl-

edge component, given a known weight matrix WE , we
set W d = inv.logit(−WE). Higher the value of WEij ,
lower the value of W d

ij , hence lower the probability of
that edge to occur in the true precision matrix. We
select different levels in the matrix W d, denoted by s,
where if W d

ij > sl, we set ∆d
ij = 1/3, else ∆d

ij = 0.
BI is a random graph with each edge BIij = 1/3 with
probability p. Ωd = ∆d+∆g+BI+δdI, Ωc = BI+δcI,
finally, ∆ = Ωd − Ωc. δc and δd are selected large
enough to guarantee positive definiteness. We gen-
erate two blocks of data samples following Gaussian
distribution using N(0,Ω−1

c ) and N(0,Ω−1
d ). We use

these data samples only to approximate the differential
GGM to compare to the ground truth ∆. For the other

4To calculate the F1-Score, we treat the number of true
non-zero entries/edges as true positives and the number of
true zero entries in the predicted ∆ as true negatives. We
select the best hyperparameter (λn,ε) based on the best
F1-Score on the training set and report the F1-Score on an
unseen test set.

5We use the same range to tune λ1 for SDRE and λ2 for
JGLFUSED. We use λ1 = 0.0001(a small value) for JGL-
FUSED to ensure only the differential network is sparse.
Tuning NAK is done by the package itself.
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(a) Classification Performance
comparison on ABIDE Dataset:
KDiffNet-EG achieves highest Accu-
racy (averaged over 3 random seeds)
without sacrificing computation
speed (points towards top right are
better).
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(b) Classification Performance on three
Epigenomic Datasets: KDiffNet-E
achieves highest Accuracy (averaged
over 3 splits) in comparison to the best
performing baseline. (points above the
diagonal dashed line indicate ours is
better).
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(c) Edge-recovery Performance: F1-
Score vs number of perturbed hub
nodes. Real-life genetic networks in-
clude hub nodes that are being tar-
geted the most by external stimulus
(i.e. perturbed hubs).

Figure 2: Classification Results for (a) Real-world Brain data (ABIDE) and (b) Real-world epigenetic datasets,
(c) Edge Recovery Accuracy for Simulation Data for Perturbed Nodes.

data settings(Data-G and Data-E), we have provided
details in Section M.

3.1.1 Results on Simulation Experiments

We present a summary of our results (partial) in Ta-
ble 1: the columns representing two cases of data gen-
eration settings (Data-EG and Data-G). Table 1 uses
the mean F1-score (across different settings of p, nc,
nd, etc.) and the computational time cost to compare
methods (rows). We repeat each experiment for 10
random seeds. We can make several conclusions:

(1) KDiffNet outperforms baselines that do not
consider knowledge. Clearly, KDiffNet and its vari-
ations achieve the highest F1-score across all the 126
datasets. SDRE and DIFFEE are differential network
estimators but perform poorly indicating that adding
additional knowledge improves differential GGM esti-
mation. MLE-based JGLFUSED performs the worst
in all cases.

(2) KDiffNet outperforms the baselines that
consider knowledge, especially when group
knowledge exists. When under the Data-EG set-
ting, while JEEK and NAK include the extra edge
information, they cannot integrate group information
and are not designed for differential estimation. This
results in lower F1-Score (0.582 and 0.198 for W2)
compared to KDiffNet-EG (0.926 for W2). The advan-
tage of utilizing both edge and node groups evidence
is also indicated by the higher F1-Score of KDiffNet-
EG with respect to KDiffNet-E and KDiffNet-G on the
Data-EG setting (Top 3 rows in Table 1). On Data-G
cases, none of the baselines can model node group ev-
idence. On average KDiffNet-G performs 6.4× better
than the baselines for p = 246 with respect to F1.

(3) KDiffNet achieves reasonable time cost ver-

sus the baselines and is scalable to large p. Fig-
ure 11 shows each method’s time cost per λn for large
p = 2000. KDiffNet-EG is faster than JEEK, JGL-
FUSED and SDRE (Column 1 in Table 1). KDiffNet-E
and KDiffNet-G are faster than KDiffNet-EG owing to
closed form solutions. On Data-G dataset and Data-E
datasets, our faster closed form solutions are able to
achieve more computational speedup. For example, on
datasets using W2 p = 246, KDiffNet-E and KDiffNet-
G are on an average 21000× and 7400× faster (Column
5 in Table 1) than the baselines, respectively.

(4) KDiffNet-G outperforms baselines on
Knowledge of the perturbed hub nodes In Fig-
ure 2c, we consider the scenario when a group of nodes
is perturbed in the case condition relative to the con-
trol condition. Details for the data generation are in
N.7. KDiffNet-G can directly take into account the
group of perturbed nodes and hence shows the best
performance when compared to the baselines.

(5) KDiffNet-EG outperforms the baselines ir-
respective of hyperparameter λn choice: Be-
sides F1-Score, we also analyze KDiffNet ’s perfor-
mance when varying hyper-parameter λn using ROC
curves. KDiffNet achieves the highest Area under
Curve (AUC) in comparison to all other baselines, in-
dicating it is not sensitive to varying hyperparameters.
In Section M , we use three different subsections to
present more analysis results for all the 126 datasets
under the three different data simulation settings.

(6) KDiffNet-EG outperforms deep learning
based structure learning methods: In N.1, we
compare edge recovery of KDiffNet against state-of-
the-art deep learning models that can learn graph
structure from data. Table 5 and Table 6 indicate
that in such high dimensional cases, deep models are
not able to learn the correct differential structures, as
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Method
Data-EG(Time) Data-EG(F1-Score) Data-G(Time) Data-G(F1-Score)

W2(p = 246) W1(p = 116) W2(p = 246) W3(p = 160) W2(p = 246) W2(p = 246)

KDiffNet-EG 3.270±0.182 0.704±0.022 0.926±0.001 0.934±0.002 * *
KDiffNet-G 0.006±0.00 0.578±0.001 0.565±0.00 0.576±0.00 0.006±0.000 0.860±0.000
KDiffNet-E 0.005±0.001 0.686±0.024 0.918±0.001 0.916±0.002 * *

JEEK (Wang et al.,
2018a)

10.476±0.054 0.571±0.010 0.582±0.001 0.582±0.001 * *

NAK(Bu and Lederer,
2017)

6.520±0.184 0.225±0.013 0.198±0.011 0.203±0.005 * *

SDRE(Liu et al., 2014) 28.807±1.673 0.573±0.11 0.568±0.006 0.574±0.11 11.764±1.23 0.318±0.10
DIFFEE(Wang et al.,
2018b)

0.005±0.00 0.570±0.001 0.562±0.00 0.570±0.00 0.004±0.000 0.131±0.131

JGLFUSED(Danaher
et al., 2013)

109.15±13.659 0.512±0.001 0.489±0.001 0.504±0.001 112.441±6.362 0.060±0.00

Number of Datasets 14 14 14 14 14 14

Table 1: Mean Performance(F1-Score) and Computation Time(seconds) with standard deviation for 10 random
seeds given in parentheses of KDiffNet-EG , KDiffNet-E , KDiffNet-G and baselines for simulated data. We
evaluate over 126 datasets: 14 variations in each of the three spatial matrices WE : p = 116(W1), p = 246(W2),
and p = 160(W3) for the three data settings: Data-EG, Data-E and Data-G. ∗ indicates that the method is not
applicable for a data setting.

indicated by lower F1 score.

3.2 Experiment 2: Human Brain
Connectivity from fMRI

Real world scientific datasets present unique challenges
and opportunities for structure discovery. While their
ground truth graphs are unknown, experimental stud-
ies have led to a plethora of disparate external sources
of structure evidence. We evaluate KDiffNet in a
real-world downstream classification task on a publicly
available resting-state fMRI dataset: ABIDE(Di Mar-
tino et al., 2014). The ABIDE data aims to understand
human brain connectivity and how it reflects neural
disorders (Van Essen et al., 2013).

Data Processing: The data is retrieved from
the Preprocessed Connectomes Project (Craddock,
2014). ABIDE includes two groups of human sub-
jects: autism and control. After preprocessing with
Configurable Pipeline for the Analysis of Connectomes
(CPAC) (Craddock et al., 2013) pipeline, 871 individ-
uals remain (468 diagnosed with autism). Signals for
the 160 (number of features p = 160) regions of interest
(ROIs) in the often-used Dosenbach Atlas (Dosenbach
et al., 2010) are examined.

Sources of Additional Knowledge: We utilize
three types of collated evidence in neuroscience: first,
as spatially distant regions are less likely to be con-
nected in the brain(Watts and Strogatz, 1998; Vértes
et al., 2012), we employ WE derived from the spatial
distance between 160 brain regions of interest(ROI)
(Dosenbach et al., 2010). Further, scientists have clas-
sified two types of groups of brain regions that behave
similarly(functionally or connective) from Dosenbach
Atlas(Dosenbach et al., 2010): (1) macroscopic brain
structures with 40 unique groups (G1) and (2) 6 higher
level node groups having the same functional connec-

tivity(G2).

Results: To evaluate the learnt differential structure
in the absence of a ground truth graph, we utilize
the non-zero edges from the estimated graph in down-
stream classification. The subjects are randomly par-
titioned into three equal sets: a training set, a val-
idation set, and a test set. Each estimator produces
Ω̂c−Ω̂d using the training set. Then, the nonzero edges
in the difference graph are used for feature selection.
Namely, for every edge between ROI x and ROI y, the
mean value of x×y over time was selected as a feature.
These features are fed to a logistic regressor with ridge
penalty, which is tuned via cross-validation. Accuracy
is reported on the test set. For all methods, we tune
λn to vary the fraction of zero edges(non-edges) of the
inferred graphs from 0.01 × i|i ∈ {50, 51, 52, . . . , 70}.
We repeat the experiment for 3 random seeds and re-
port the average test accuracy. Figure 2a compares
KDiffNet-EG and baselines on ABIDE, using the y
axis for classification test accuracy (the higher the bet-
ter) and the x axis for the computation speed per λn
(negative seconds, the more right the better). KD-
iffNet -EG1, incorporating both edge(WE) and (G1)
group knowledge, achieves the highest accuracy of
60.5% for distinguishing the autism vs the control sub-
jects without sacrificing computation speed. We show
the learnt differential network in Figure 3.6

3.3 Experiment 3: Epigenetic Network from
Histone Modifications

In this experiment, we evaluate KDiffNet and base-
lines for estimating the differential epigenetic network
between low and high gene expression. Cellular diver-

6While higher accuracy has been reported in the litera-
ture, e.g. (Niu et al.), they utilize complicated deep learn-
ing architectures designed for classification. Instead we use
classification as a linear probe to evaluate the learnt graph.
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Figure 3: Differential Graph (of three views) between
Autism and Control visualized using nilearn package.

sity is attributed to cell type-specific patterns of gene
expression, in turn associated with a complex regula-
tion mechanism. Studies have shown that epigenetic
factors(like histone modifications(HMs)), act combi-
natorially to regulate gene expression (Suganuma and
Workman, 2008; Berger, 2007).

Data Processing: We consider five core HM
marks (H3K4me3, H3K4me1, H3K36me3, H3K9me3,
H3K27me3) and three major cell types(K562
Leukemia Cells(E123), GM12878 Lymphoblastoid
Cells(E116) and Psoas Muscle(E100)) with genome-
level gene expression profiled in the REMC database
(Kundaje et al., 2015).

Sources of Additional Knowledge: Signals closer
to each other relative to the transcription start site
for each gene are more likely to interact in the gene
regulation process. We design a WE matrix based on
this genomic distance.

Results: Figure 2b reports the average test set per-
formance(average across 3 data splits) for the three cell
types. We plot the test accuracy achieved by KDiffNet
on the y−axis, with the best performing baseline on
the x−axis. KDiffNet outperforms DIFFEE that does
not use WE as well as JEEK, that can incorporate
this information but estimates the two networks sepa-
rately. Figure 5 shows a qualitative comparison of the
epigenetic networks learnt by KDiffNet and DIFFEE.

4 CONCLUSIONS

In this paper, we show that KDiffNet is flexible in in-
corporating different kinds of available evidence, lead-
ing to improved differential network estimation, with-
out additional computational cost and can improve
downstream tasks like classification. We believe the
flexibility and scalability provided by KDiffNet can be
beneficial in many real-world tasks. We plan to gener-
alize from Gaussian to semi-parametric distributions
or to Ising models next.
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Part A: Supplementary
Materials for Optimization,
Error Bounds, Proofs and
Theoretical Backgrounds

A CONNECTING TO
DIFFERENTIAL GGM
FORMULATIONS

Recent literature includes multiple differential network
estimators to go beyond the naive strategy. They
roughly fall into four categories (Section 1). We
present one estimator from each group here.

Multitask MLE based: JGLFused: One study
”Joint Graphical Lasso” (JGL) (Danaher et al., 2013)
used multi-task MLE formulation for joint learning of
multiple sparse GGMs. JGL can estimate a differen-
tial network when using an additional sparsity penalty
called the fused norm:

argmin
Ωc,Ωd�0,∆

nc(− log det(Ωc)+ < Ωc, Σ̂c >)

+nd(− log det(Ωd)+ < Ωd, Σ̂d >)

+λ2(||Ωc||1 + ||Ωd||1) + λn||∆||1

(A.1)

Another study (Honorio and Samaras, 2010) used
`1/`∞ regularization via a similar multi-task MLE
formulation. Studies in this group jointly learn two
GGMs and the difference. However, these multi-task
methods do not work if each graph is dense but the
change is sparse.

Density ratio based: SDRE: (Liu et al., 2014) pro-
posed to directly estimate Sparse differential networks
for exponential family by Density Ratio Estimation:

argmax
∆

LKLIEP(∆)− λn ‖ ∆ ‖1 −λ2 ‖ ∆ ‖2 (A.2)

LKLIEP minimizes the KL divergence between the true
probability density pd(x) and the estimated without
explicitly modeling the true pc(x) and pd(x). This es-
timator uses the elastic-net penalty for enforcing spar-
sity.

Constrained `1 minimization based: Diff-
CLIME: The study by (Zhao et al., 2014) directly

learns ∆ through a constrained optimization formula-
tion.

argmin
∆

||∆||1

Subject to: ||Σ̂c∆Σ̂d − (Σ̂c − Σ̂d)||∞ ≤ λn
(A.3)

The optimization reduces to multiple linear program-
ming problems with a computational complexity of
O(p8). This method doesn’t scale to large p.

Elementary estimator based: DIFFEE: EE
based UGM estimator from (Yang et al., 2014c) pro-
posed the following generic formulation to estimate
canonical parameter for an exponential family distri-
bution via EE framework:

argmin
θ
||θ||1, Subject to: ||θ − B∗(φ̂)||∞ ≤ λn

(A.4)

For an exponential family distribution, θ is its canoni-
cal parameter to learn. (Wang et al., 2018b) proposed
a so-called DIFFEE for estimating sparse structure
changes in high-dimensional GGMs directly:

argmin
∆

||∆||1,,off

Subject to: ||∆− B∗(Σ̂d, Σ̂c)||∞,off ≤ λn
(A.5)

The design of (Wang et al., 2018b) follows a so-called
family of elementary estimators. We explain details
of B∗(Σ̂d, Σ̂c) in Section 2.2. DIFFEE’s solution is
a closed-form entry-wise thresholding operation on
B∗(Σ̂d, Σ̂c) to ensure the desired sparsity structure of
its final estimate. Here λn > 0 is the tuning param-
eter. Empirically, DIFFEE scales to large p and is
faster than SDRE and Diff-CLIME.

Eq. (A.5) is a special case of Eq. (2.2), in which R(·)
is the `1-norm for enforcing sparsity. The differential
network ∆ is the θ in Eq. (2.2) that we aim to estimate.
R∗(·) in Eq. (A.5) is the dual norm of `1, therefore
Eq. (A.5) used `∞.

DIFFEE: Eq. (A.5) is a special case of Eq. (A.4).
Eq. (A.4) is a special case of Eq. (2.2).
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B MORE DETAILS OF RELEVANT
STUDIES BEYOND DATA
SAMPLES

NAK (Bu and Lederer, 2017): For the single task
sGGM, one recent study (Bu and Lederer, 2017) (fol-
lowing ideas from (Shimamura et al., 2007)) proposed
to use a weighted Neighborhood selection formulation
to integrate edge-level Additional Knowledge (NAK)

as: β̂j = argmin
β,βj=0

1
2 ||X

j −Xβ||22 + ||rj ◦ β||1. Here β̂j

is the j-th column of a single sGGM Ω̂. Specifically,
β̂jk = 0 if and only if Ω̂k,j = 0. rj represents a weight
vector designed using available extra knowledge for es-
timating a brain connectivity network from samples X
drawn from a single condition. The NAK formulation
can be solved by a classic Lasso solver like glmnet.

JEEK(Wang et al., 2018a): Two related stud-
ies, JEEK(Wang et al., 2018a) and W-SIMULE(Singh
et al., 2017) incorporate edge-level extra knowledge in
the joint discovery of K heterogeneous graphs. In both
these studies, each sGGM corresponding to a condition
i is assumed to be composed of a task specific sGGM

component Ω
(i)
I and a shared component ΩS across all

conditions, i.e., Ω(i) = Ω
(i)
I + ΩS . The minimization

objective of W-SIMULE is as follows: objective:

argmin
Ω

(i)
I ,ΩS

∑
i

||W ◦ Ω
(i)
I ||1 + εK||W ◦ ΩS ||1 (B.1)

subject to: ||Σ(i)(Ω
(i)
I + ΩS)− I||∞ ≤ λn, i = 1, . . . ,K

W-SIMULE is very slow when p > 200 due to the
expensive computation cost O(K4p5). In comparison,
JEEK is an EE-based optimization formulation:

argmin
ΩtotI ,ΩtotS

||W tot
I ◦ ΩtotI ||1 + ||W tot

S ◦ ΩtotS ||

subject to: || 1

W tot
I

◦ (Ωtot −B∗(φ̂)))||∞ ≤ λn

|| 1

W tot
S

◦ (Ωtot −B∗(φ̂))||∞ ≤ λn

Ωtot = ΩtotS + ΩtotI

(B.2)

Here, ΩtotI = (Ω
(1)
I ,Ω

(2)
I , . . . ,Ω

(K)
I ) and ΩtotS =

(ΩS ,ΩS , . . . ,ΩS). The edge knowledge of the task-
specific graph is represented as weight matrix {W (i)}
and WS for the shared network. JEEK differs from
W-SIMULE in its constraint formulation, that in turn
makes its optimization much faster and scalable than
WSIMULE. In our experiments, we use JEEK as our
baseline.

Drawbacks: However, none of these studies are flexi-
ble to incorporate other types of additional knowledge

like node groups or cases where overlapping group and
edge knowledge are available for the same target pa-
rameter. Further, these studies are limited by the as-
sumption of sparse single condition graphs. Estimat-
ing a sparse difference graph directly is more flexible
as it does not rely on this assumption.

B.1 Related Work on Genetic Network
Identification

A genetic interaction network describes biological in-
teractions among genes and provides a systematic un-
derstanding of how components communicate and in-
fluence each other during cellular signaling and regu-
latory processes. To reverse engineer genetic networks
from observed gene expression profiles (like from mul-
tiple tissue samples), the bioinformatics literature in-
cludes methods from four categories:

• (a) Correlation and partial correlation based
methods(Schäfer and Strimmer; Meinshausen and
Bühlmann, 2006). Correlation networks are vul-
nerable to false positives. Partial correlation based
probabilistic GGMs (Dobra et al., 2004; Allen and
Liu, 2013) successfully avoid this problem with some
additional assumptions like Gaussianity. This has
been shown to be a reasonable assumption in case
of inferring genetic networks from gene expression
data.

• (b) Regression based approaches (Vân Anh Huynh-
Thu et al., 2010; Haury et al., 2012). These suffer
from poor performance in the cases of limited data.

• (c) Bayesian Networks(Mukherjee and Speed, 2008;
Werhli and Husmeier): These are probabilistic
graphical models representing conditional depen-
dencies in the form of Directed Acyclic Graphs.
Bayesian network based methods are limited in
how scalable they are, especially when facing high-
dimensional genome-wide data sets;

• (d) Information theory based or non-parametric
based models. They measure non linear associa-
tions(Zhang et al., 2012, 2015; Margolin et al., 2006;
Meyer et al., 2007).

• Some recent methods also focus on Differential Ge-
netic Network Analysis. (Yu et al., 2011) proposed
to identify differential gene pairs of co-expression
networks. (Zhang et al., 2016) inferred differential
correlation-based networks by decomposing them to
global and group-specific components.

C OPTIMIZATION OF KDiffNet
AND ITS VARIANTS

In summary, the three added operators are affine map-
pings and can write as: Le = Ae∆tot, Lg = Ag∆tot,
and Ltot = Atot∆tot, where Ae = [Ip×p 0p×p], Ag =
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[0p×p Ip×p] and Atot = [Ip×p Ip×p].

Now we reformulate Eq. (C.2) to the following equiv-
alent and distributed formulation:

argmin
∆tot

F1(∆tot1) + F2(∆tot2) +G1(∆tot3) +G2(∆tot4)

subject to: ∆tot1 = ∆tot2 = ∆tot3 = ∆tot4 = ∆tot

(C.1)

Where F1(·) = ||WE ◦ (Le(·))||1, G1(·) =
I||(1�WE)◦(Ltot(·)−B∗(Σ̂d,Σ̂c))||∞≤λn , F2(·) =

ε||Lg(·)||GV ,2 and G2(·) = I||Ltot(·)−B∗(Σ̂d,Σ̂c)||∗GV ,2≤ελn
.

Here IC(·) represents the indicator function of a
convex set C denoting that IC(x) = 0 when x ∈ C
and otherwise IC(x) =∞.

Algorithm 1 Parallel Proximal Algorithm for KD-
iffNet

input Two data matrices Xc and Xd, The weight ma-
trix WE and GV .
Hyperparameters: α, ε, v, λn and γ. Learning
rate: 0 < ρ < 2. Max iteration number iter.

output ∆
1: Compute B∗(Σ̂d, Σ̂c) from Xd and Xc

2: Initialize Ae = [Ip×p 0p×p], Ag = [0p×p Ip×p],
Atot = [Ip×p Ip×p],

3: Initialize ∆tot1 , ∆tot2 , ∆tot3 , ∆tot4 and ∆tot =
∆tot1 + ∆tot2 + ∆tot3 + ∆tot4

4
4: for i = 0 to iter do
5: pi1 = prox4γF1

∆i
tot1 ; pi2 = prox4γF2

∆i
tot2 ; pi3 =

prox4γG1
∆i
tot3 ; pi4 = prox4γG2

∆i
tot4

6: pi = 1
4 (

4∑
j=1

pij)

7: for j = 1, 2, 3, 4 do
8: ∆i+1

totj = ∆i
tot + ρ(2pi −∆i

tot − pij)
9: end for

10: ∆i+1
tot = ∆i

tot + ρ(pi −∆i
tot)

11: end for
12: ∆̂ = Atot∆

iter
tot

output ∆̂

C.1 Optimization via Proximal Solution

In this section, we present the detailed optimiza-
tion procedure for KDiffNet . We assume ∆tot =
[∆e; ∆g], where ; denotes row wise concatenation.
Consider operator Ld(∆tot) = ∆e and Lg(∆tot) = ∆g,
Ltot(∆tot) = ∆e + ∆g.

argmin
∆

||WE ◦ (Le(∆tot))||1 + ε||Lg(∆tot)||GV ,2

s.t.:

||(1 �WE)

◦
(
Ltot(∆tot)−

(
[Tv(Σ̂d)]

−1 − [Tv(Σ̂c)]
−1
))
||∞

≤ λn

||Ltot(∆tot)−
(

[Tv(Σ̂d)]
−1 − [Tv(Σ̂c)]

−1
)
||∗GV ,2 ≤ ελn

(C.2)

This can be rewritten as:

argmin
∆

F1(∆tot1) + F2(∆tot2) +G1(∆tot3) +G2(∆tot4)

∆tot = ∆tot1 = ∆tot2 = ∆tot3 = ∆tot4

(C.3)

Where:

F1(·) = ||WE ◦ (Le(·))||1
G1(·) = I||(1�WE)◦(Ltot(·)−([Tv(Σ̂d)]−1−[Tv(Σ̂c)]−1))||∞≤λn

F2(·) = ε||Lg(·)||GV ,2
G2(·) = i||Ltot(·)−([Tv(Σ̂d)]−1−[Tv(Σ̂c)]−1)||∗GV ,2≤ελn

(C.4)

Here, Le,Lg and Ltot can be written as Affine Map-
pings. By Lemma in (),

Le = Ae∆tot

Ae = [Ip×p 0p×p]

Lg = Ag∆tot

Ag = [0p×p Ip×p]

Ltot = Atot∆tot

Atot = [Ip×p Ip×p]

(C.5)

if AAT = βI, and h(x) = g(Ax),

proxh(x) = x− βAT (Ax− proxβ−1g(Ax)) (C.6)

βg = 1, βe = 1 and βtot = 2.

Solving for each proximal operator:

A. F1(∆tot) = ||WE ◦ (Le(∆tot))||1
Le(∆tot) = Ae∆tot = ∆e.

proxγF1(y) = y −ATe (x− proxγf (x))

x = Aey
(C.7)

Here, xj,k = ∆ej,k .

proxγf1(x) = proxγ||W ·||1(x)

=


xj,k − γwj,k, x

(i)
j,k > γwj,k

0, |x(i)
j,k| ≤ γwj,k

x
(i)
j,k + γwj,k, x

(i)
j,k < −γwj,k

(C.8)
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Here j, k = 1, . . . , p. This is an entry-wise operator
(i.e., the calculation of each entry is only related to
itself). This can be written in closed form:

proxγf1(x) = max((xj,k − γwj,k), 0)

+ min(0, (xj,k + γwj,k))
(C.9)

We replace this in Eq. (C.7).

B. F2(∆tot) = ε||Lg(∆tot)||GV ,2 Here, Lg(∆tot) =
Ag∆tot = ∆g.

x = Agy

proxγF2(y) = y −ATg (x− proxγf2(x))
(C.10)

Here, xj,k = ∆gj,k .

proxγf2(xg) = proxγ||·||G,2(xg)

=

{
xg − εγ xg

||xg||2 , ||xg||2 > εγ

0, ||xg||2 ≤ εγ
(C.11)

Here g ∈ GV . This is a group entry-wise operator
(computing a group of entries is not related to other
groups). In closed form:

proxγf2(xg) = proxεγ||·||G,2(xg)

= xg max((1− εγ

||xg||2
), 0)

(C.12)

We replace this is Eq. (C.10).

C. G1: G1(∆tot) =
I||(1�WE)◦(Ltot(∆tot)−([Tv(Σ̂d)]−1−[Tv(Σ̂c)]−1))||∞≤λn

Here, Ltot = Atot∆tot and Atot = [Ip×p Ip×p].

x = Atoty

proxγG1(y) = y − 2ATtot(x− prox2−1γg1(x))
(C.13)

proxγg1(x) = proj||1�(WE)◦(x−a)||∞≤λn

=

 xj,k, |xj,k − aj,k| ≤ wj,kλn
aj,k + wj,kλn, xj,k > aj,k + wj,kλn
aj,k − wj,kλn, xj,k < aj,k − wj,kλn

(C.14)

In closed form:

proxγg1(x) = proj||x−a||∞≤λn

= min(max(xj,k − aj,k,−wj,kλn), wj,kλn) + aj,k
(C.15)

We replace this in Eq. (C.13).

D. G2(∆tot) = I{||Ltot(∆tot)−B∗||∗G,2≤ελn} Here,

Ltot = Atot∆tot and Atot = [Ip×p Ip×p].

x = Atoty

proxγG2(y) = y − 2ATtot(x− prox2−1γg2(x))
(C.16)

proxγg2(xg) = proj||x−a||∗G,2≤ελn

=

{
xg, ||xg − ag||2 ≤ ελn

ελn
xg−ag
||xg−ag||2 + ag, ||xg − ag||2 > ελn

(C.17)

This operator is group entry-wise. In closed form:

proxγg2(x) = proj||x−a||∗G,2≤λn

= min(
ελn

||xg − ag||2
, 1)(xg − ag) + ag

(C.18)

We replace this in Eq. (C.16).

C.2 Computational Complexity

Another critical property of recent data generations is
how the measured variables grow at an unprecedented
scale. On p variables, there are O(p2) possible pairwise
interactions we aim to learn from samples. For even
a moderate p, searching for pairwise relationships is
computationally expensive. p in popular applications
ranges from hundreds (e.g., #brain regions) to tens of
thousands (e.g., #human genes). This challenge mo-
tivates us to make the design of KDiffNet build upon
the more scalable class of elementary estimators.

We optimize KDiffNet through a proximal algorithm,
while KDiffNet-E and KDiffNet-G through closed-
form solutions. The resulting computational cost for
KDiffNet is O(p3), broken down into the following
steps:

• Estimating two covariance matrices: The computa-
tional complexity is O(max(nc, nd)p

2).
• Backward Mapping: The element-wise soft-

thresholding operation [Tv(·)] on the estimated co-
variance matrices, that costs O(p2). This is followed
by matrix inversions [Tv(·)]−1 to get the proxy back-
ward mapping, that cost O(p3).

• Optimization: For KDiffNet , each operation in the
proximal algorithm is group entry wise or entry wise,
the resulting computational cost is O(p2). In ad-
dition, the matrix multiplications cost O(p3). For
KDiffNet-E and KDiffNet-G versions, the solution
is the element-wise soft-thresholding operation Sλn ,
that costs O(p2).
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Table 2: The four proximal operators

[proxγf1(x)]
(i)
j,k max((xj,k − γwj,k), 0) + min(0, (xj,k + γwj,k))

proxγ(xg) xg max((1− εγ
||xg||2 ), 0)

[proxγf3(x)]
(i)
j,k min(max(xj,k − aj,k,−wj,kλn), wj,kλn) + aj,k

proxγf4(xg) min( ελn
||xg−ag||2 , 1)(xg − ag) + ag

C.3 Closed-form solutions for Only
Edge(KDiffNet-E ) Or Only Node
Group Knowledge (KDiffNet-G )

In cases, where we do not have superposition struc-
tures in the differential graph estimation, we can es-
timate the target ∆ through a closed form solution,
making the method scalable to larger p. In detail:

KDiffNet-E Only Edge-level Knowledge WE: If
additional knowledge is only available in the form of
edge weights, the Eq. (C.2) reduces to :

argmin
∆

||WE ◦∆||1

subject to:

||(1 �WE) ◦
(

∆−
(

[Tv(Σ̂d)]
−1 − [Tv(Σ̂c)]

−1
))
||∞ ≤ λn
(C.19)

This has a closed form solution:

∆̂ = Sλn∗WE

(
B∗(Σ̂d, Σ̂c)

)
[SλijWEij

(A)]ij = sign(Aij) max(|Aij | − λnWEi,j , 0)

(C.20)

KDiffNet-G Only Node Groups Knowledge
GV : If additional knowledge is only available in the
form of groups of vertices GV , the Eq. (C.2) reduces to
:

argmin
∆

||∆||GV ,2

Subject to: ||∆− B∗(Σ̂d, Σ̂c)||∗GV ,2 ≤ λn
(C.21)

Here, we assume nodes not in any group as individual
groups with cardinality= 1. The closed form solution
is given by:

∆̂ = (SGV ,λn(B∗(Σ̂d, Σ̂c))) (C.22)

Where [SG,λn(u)]g = max(||ug||2 − λn, 0)
ug
||ug||2 and

max is the element-wise max function.

Algorithm 2 shows the detailed steps of the KDiffNet
estimator. Being non-iterative, the closed form solu-
tion helps KDiffNet achieve significant computational
advantages.

Algorithm 2 KDiffNet-E and KDiffNet-G

input Two data matrices Xc and Xd. The weight matrix
WE OR GV .

input Hyper-parameter: λn and v
output ∆

1: Compute [Tv(Σ̂c)]
−1 and [Tv(Σ̂d)]−1 from Σ̂c and Σ̂d.

2: Compute B∗(Σ̂d, Σ̂c).

3: Compute ∆̂ Eq. (C.20)(WE only)/ Eq. (C.22)(GV only)

output ∆̂

D GENERALIZING KDiffNet

D.1 Generalizing KDiffNet to multiple WE

and multiple groups GV

We generalize KDiffNet to multiple groups and multi-
ple weights. We consider the case of two weight ma-
trices WE1 and WE2, as well as two groups GV 1 and
GV 2. In detail, we optimize the following objective:

argmin
∆

||WE1 ◦∆e1||1 + εe||WE2 ◦∆e2||1+

εg1||∆g1||GV 1,2 + εg2||∆g2||GV 2,2

subject to:

||(1 �We1) ◦
(

∆−
(

[Tv(Σ̂d)]
−1 − [Tv(Σ̂c)]

−1
))
||∞

≤ λn

||(1 �We2) ◦
(

∆−
(

[Tv(Σ̂d)]
−1 − [Tv(Σ̂c)]

−1
))
||∞

≤ λn

||∆−
(

[Tv(Σ̂d)]
−1 − [Tv(Σ̂c)]

−1
)
||∗GV 1,2 ≤ ε1λn

||∆−
(

[Tv(Σ̂d)]
−1 − [Tv(Σ̂c)]

−1
)
||∗GV 2,2 ≤ ε2λn

∆ = ∆e1 + ∆e2 + ∆g1 + ∆g2

(D.1)

To simplify notations, we add a new notation
∆tot := [∆e1; ∆e2; ∆g1; ∆g2], where ; denotes the
row wise concatenation. We also add three operator
notations including Le1(∆tot) = ∆e,Le2(∆tot) = ∆e2,
Lg(∆tot) = ∆g, Lg2(∆tot) = ∆g2 and Ltot(∆tot) =
∆e1 + ∆e2 + ∆g1 + ∆g2. The added operators are
affine mappings: Le1 = Ae1∆tot, Lg1 = Ag1∆tot,
Le2 = Ae2∆tot, Lg2 = Ag2∆tot and Ltot = Atot∆tot,
where Ae1 = [Ip×p 0p×p 0p×p 0p×p],
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Ae2 = [0p×p Ip×p 0p×p 0p×p],
Ag1 = [0p×p 0p×p Ip×p 0p×p], Ag2 =
[0p×p 0p×p 0p×p Ip×p] and Atot =
[Ip×p Ip×p Ip×p Ip×p].

Algorithm 3 summarizes the Parallel Proximal algo-
rithm (Combettes and Pesquet, 2011; Yang et al.,
2014b) we propose for optimizing Eq. (C.2). More
concretely in Algorithm 3, we simplify the notations
by denoting B∗(Σ̂d, Σ̂c) := [Tv(Σ̂d)]

−1 − [Tv(Σ̂c)]
−1,

and reformulate Eq. (C.2) to the following equivalent
and distributed formulation:

argmin
∆tot

F1(∆tot1) + F2(∆tot2) +G1(∆tot3) +G2(∆tot4)

+ F3(∆tot5) + F4(∆tot6) +G3(∆tot7) +G4(∆tot8)

subject to:

∆tot1 = ∆tot2 = ∆tot3 = ∆tot4

= ∆tot5 = ∆tot6 = ∆tot7 = ∆tot8 = ∆tot

(D.2)

Where F1(·) = ||WE1 ◦ (Le1(·))||1,
G1(·) = I||(1�WE1)◦(Ltot(·)−B∗(Σ̂d,Σ̂c))||∞≤λn ,

F2(·) = ε1||Lg1(·)||GV 1,2, G2(·) =
I||Ltot(·)−B∗(Σ̂d,Σ̂c)||∗GV 1,2

≤ε1λn ,

F3(·) = εe||WE2 ◦ (Le2(·))||1, G3(·) =
I||(1�WE2)◦(Ltot(·)−B∗(Σ̂d,Σ̂c))||∞≤εeλn ,

F4(·) = ε2||Lg2(·)||GV 2,2, G4(·) =
I||Ltot(·)−B∗(Σ̂d,Σ̂c)||∗GV 2,2

≤ε2λn . Here IC(·) repre-

sents the indicator function of a convex set C
denoting that IC(x) = 0 when x ∈ C and otherwise
IC(x) = ∞. The detailed solution of each proximal
operator is summarized in Table 2 and Section C.

D.2 Strategy to Handle Mis-specifications

While our method can incorporate multiple sources of
knowledge, we also address the case where we may
have different WE , with possible mis-specification.
This refers to the situation when our prior knowledge
is not correct for the task. Our downstream pair-
wise classification evaluation strategy provides a way
to deal with possible mis-specified or noisy additional
knowledge. When faced with this choice of multiple,
potentially mis-specified, additional knowledge, we use
a validation strategy. Here, we treat the average ac-
curacy across validation sets as a way to select a good
WE . To evaluate the learnt differential structure in the
absence of a ground truth graph, we utilize the non-
zero edges from the estimated graph in downstream
classification. We tune over λn and pick the best λn
with highest validation accuracy. Further, we use the
validation accuracy obtained across the different avail-
able WE or group knowledge GV to direct us towards

Algorithm 3 A Parallel Proximal Algorithm to opti-
mize KDiffNet

input Two data matrices Xc and Xd, The weight ma-
trix WE1,WE2 and GV 1,GV 2.
Hyperparameters: α, εe,ε1,ε2, v, λn and γ. Learn-
ing rate: 0 < ρ < 2. Max iteration number iter.

output ∆
1: Compute B∗(Σ̂d, Σ̂c) from Xd and Xc

2: Initialize Ae1 = [Ip×p 0p×p 0p×p 0p×p],
Ae2 = [0p×p Ip×p 0p×p 0p×p]
Ag1 = [0p×p 0p×p Ip×p 0p×p],
Ag2 = [0p×p 0p×p 0p×p Ip×p], Atot =
[Ip×p Ip×p Ip×p Ip×p],

3: Initialize ∆totk ∀k ∈ {1, . . . , 8}

4: Initialize ∆tot =

∑8
k=1 ∆totk

8
5: for i = 0 to iter do
6: pi1 = prox8γF1

∆i
tot1 ; pi2 = prox8γF2

∆i
tot2 ;

pi3 = prox8γG1
∆i
tot3 ; pi4 = prox8γG2

∆i
tot4 ,

pi5 = prox8γF3
∆i
tot5 ; pi6 = prox8γF4

∆i
tot6 ; pi7 =

prox8γG3
∆i
tot7 ; pi8 = prox8γG4

∆i
tot8

7: pi = 1
8 (

8∑
j=1

pij)

8: for j = 1, . . . , 8 do
9: ∆i+1

totj = ∆i
tot + ρ(2pi −∆i

tot − pij)
10: end for
11: ∆i+1

tot = ∆i
tot + ρ(pi −∆i

tot)
12: end for
13: ∆̂ = Atot∆

iter
tot

output ∆̂

the source of additional knowledge one that best fits
the data.

In Section G.3, we show KDiffNet ’s convergence rate
under misspecification setting, i.e. when the prior
knowledge is misspecified. Further, we empirically an-
alyze model misspecification under the setting when
we have prior knowledge only about some edges. Fig-
ure 9 compares the performance of KDiffNet when the
complete WE is not known. We compare KDiffNet to
baselines when varying the proportion of known en-
tries in the W matrix. Here W is partly ‘mis-specified’
because only some of the W entries are available to
KDiffNet . This shows our method achieves a consis-
tent better estimation than the baseline DIFFEE. The
more entries of W we know, the better is the improve-
ment.
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E PROOFS ABOUT KEV NORM
AND ITS DUAL NORM

E.1 Proof for kEV Norm is a norm

We reformulate kEV norm as

R(∆) = ||WE ◦∆e||1 + ε||∆g||GV ,2 (E.1)

to

R(∆) = R1(∆)+R2(∆);R1(·) = ||WE◦·||1;R2(·) = ε||·||GV,2
(E.2)

Theorem E.1. kEV Norm is a norm if and only if
R1(·) and R2(·) are norms.

Proof. By the following Theorem E.3, R1(·) is a norm.
If ε > 0, R2(·) is a norm. Sum of two norms is a norm,
hence kEV Norm is a norm.

Lemma E.2. For kEV-norm, WEj,k 6= 0 equals to
WEj,k > 0.

Proof. If WEj,k < 0, then |WEj,k∆j,k| = | −
WEj,k∆j,k|. Notice that −WEj,k > 0.

Theorem E.3. R1(·) = ||WE ◦ ·||1 is a norm if and
only if ∀1 ≥ j, k ≤ p,WEjk 6= 0.

Proof. To prove the R1(·) = ||WE ◦ ·||1 is a norm, we
need to prove that f(x) = ||W ◦x||1 is a norm function
if Wi,j > 0. 1. f(ax) = ||aW ◦ x||1 = |a|||W ◦ x||1 =
|a|f(x). 2. f(x+ y) = ||W ◦ (x+ y)||1 = ||W ◦x+W ◦
y||1 ≤ ||W ◦x||1+||W ◦y||1 = f(x)+f(y). 3. f(x) ≥ 0.
4. If f(x) = 0, then

∑
|Wi,jxi,j | = 0. Since Wi,j 6= 0,

xi,j = 0. Therefore, x = 0. Based on the above, f(x)
is a norm function. Since summation of norm is still a
norm function, R1(·) is a norm function.

E.2 kEV Norm is a decomposable norm

We show that kEV Norm is a decomposable norm
within a certain subspace, with the following struc-
tural assumptions of the true parameter ∆∗:

(EV-Sparsity): The ’true’ parameter of ∆∗ can be
decomposed into two clear structures–{∆e

∗ and ∆g
∗}.

∆e
∗ is exactly sparse with sE non-zero entries indexed

by a support set SE and ∆g
∗ is exactly sparse with√

sG non-zero groups with atleast one entry non-zero
indexed by a support set SV . SE

⋂
SV = ∅. All other

elements equal to 0 (in (SE
⋃
SV )c).

Definition E.4. (EV-subspace)

M(SE
⋃
SV ) = {θj = 0|∀j /∈ SE

⋃
SV } (E.3)

Theorem E.5. kEV Norm is a decomposable norm
with respect to M and M̄⊥

Proof. Assume u ∈ M and v ∈ M̄⊥, R(u + v) =
||WE ◦ (ue + ve)||1 + ε||(ug + vg)||GV ,2 = ||WE ◦ue||1 +
||WE ◦ ve||1 + ε||ug||GV ,2 + ε||vg||GV ,2 = R(u) +R(v).
Therefore, kEV-norm is a decomposable norm with
respect to the subspace pair (M,M̄⊥).

E.3 Proofs of Dual Norms for kEV Norm

Theorem E.6. Dual Norm of kEV Norm is R∗(u) =

max(||(1 �WE) ◦ u||∞,
1

ε
||u||∗GV ,2).

Proof. Suppose R(θ) =
∑
α∈I

cαRα(θα), where
∑
α∈I

θα =

θ. Then the dual norm R∗(·) can be derived by the
following equation.

R∗(u) = sup
θ

< θ, u >

R(θ)

= sup
θα

∑
α
< u, θα >∑

α
cαRα(θα)

= sup
θα

∑
α
< u/cα, θα >∑
α
Rα(θα)

≤ sup
θα

∑
α
R∗α(u/cα)R(θα)∑
α
Rα(θα)

≤ max
α∈I
R∗α(u)/cα.

(E.4)

Connecting R1(·) = ||WE · ||1 and R2(·) = ε|| · ||GV . By
the following Theorem E.7, R∗1(u) = ||(1�WE)◦u||∞.
From (Negahban et al., 2009), for R2(θ2) = ||∆||GV ,2,
the dual norm is given by

‖v‖G,~α∗ = max
t=1,...,sG

‖v‖α∗t (E.5)

where
1

αt
+

1

α∗t
= 1 are dual exponents. where sG

denotes the number of groups. As special cases of this
general duality relation, this leads to a block (∞, 2)
norm as the dual.

Hence, R∗2(u) = ||u||∗GV ,2. Hence, the dual norm of

kEV norm isR∗(u) = max(||(1�WE)◦u||∞,
||u||∗GV ,2

ε
).

Theorem E.7. The dual norm of ||WE ◦ ·||1 is:

R∗1(·) = ||(1 �WE) ◦ u||∞ (E.6)
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For R1(·) = ||WE ◦ ||1, the dual norm is given by:

sup
||W◦u||1≤1

uTx

≤ sup
||W◦u||1≤1

p∑
k=1

|uk||xk|

= sup
||W◦u||1≤1

p∑
k=1

|uk||xk||wk|
|wk|

= sup
||W◦u||1≤1

p∑
k=1

|wkuk|
∣∣∣ xk
wk

∣∣∣
≤ sup
||W◦u||1≤1

(
p∑
k=1

|wkuk|

)
max

k=1,...,p

∣∣∣ xk
wk

∣∣∣
=
∣∣∣∣∣∣ x
w

∣∣∣∣∣∣
∞

(E.7)

F BACKGROUND OF PROXY
BACKWARD MAPPING AND
THEOREMS OF Tv BEING
INVERTIBLE

One key insight of differential GGM is that the den-
sity ratio of two Gaussian distributions is naturally
an exponential-family distribution (see proofs in Sec-
tion F.2). The differential network ∆ is one entry
of the canonical parameter for this distribution. The
MLE solution of estimating vanilla (i.e. no sparsity
and not high-dimensional) graphical model in an ex-
ponential family distribution can be expressed as a
backward mapping that computes the target model
parameters from certain given moments. When us-
ing vanilla MLE to learn the exponential distribution
about differential GGM (i.e., estimating canonical pa-
rameter), the backward mapping of ∆ can be easily in-
ferred from the two sample covariance matrices using
(Σ̂−1

d − Σ̂−1
c ) (Section F.2). Even though this back-

ward mapping has a simple closed form, it is not well-
defined when high-dimensional because Σ̂c and Σ̂d are
rank-deficient (thus not invertible) when p > n. Using
Eq. (A.4) to estimate ∆, Wang et. al. (Wang et al.,
2018b) proposed the DIFFEE estimator for EE-based
differential GGM estimation and used only the spar-
sity assumption on ∆. This study proposed a proxy
backward mapping as θ̂n = [Tv(Σ̂d)]

−1 − [Tv(Σ̂c)]
−1.

Here [Tv(A)]ij := ρv(Aij) and ρv(·) is chosen as a soft-
threshold function.

Essentially the MLE solution of estimating vanilla
graphical model in an exponential family distribution
can be expressed as a backward mapping that com-
putes the target model parameters from certain given
moments. For instance, when learning Gaussian GM
with vanilla MLE, the backward mapping is Σ̂−1 that
estimates Ω from the sample covariance matrix (mo-

ment) Σ̂. However, this backward mapping is normally
not well-defined in high-dimensional settings. In the
case of GGM, when given the sample covariance Σ̂, we
cannot just compute the vanilla MLE solution as [Σ̂]−1

when high-dimensional since Σ̂ is rank-deficient when
p > n. Therefore Yang et al. (Yang et al., 2014c)
proposed to use carefully constructed proxy backward
maps for Eq. (A.4) that are both available in closed-
form, and well-defined in high-dimensional settings for
exponential GM models. For instance, [Tv(Σ̂)]−1 is the
proxy backward mapping (Yang et al., 2014c) used for
GGM.

F.1 Backward mapping for an
exponential-family distribution:

The solution of vanilla graphical model MLE can be
expressed as a backward mapping(Wainwright and
Jordan, 2008) for an exponential family distribution.
It estimates the model parameters (canonical parame-
ter θ) from certain (sample) moments. We provide de-
tailed explanations about backward mapping of expo-
nential families, backward mapping for Gaussian spe-
cial case and backward mapping for differential net-
work of GGM in this section.

Backward mapping: Essentially the vanilla graphi-
cal model MLE can be expressed as a backward map-
ping that computes the model parameters correspond-
ing to some given moments in an exponential family
distribution. For instance, in the case of learning GGM
with vanilla MLE, the backward mapping is Σ̂−1 that
estimates Ω from the sample covariance (moment) Σ̂.

Suppose a random variable X ∈ Rp follows the expo-
nential family distribution:

P(X; θ) = h(X)exp{< θ, φ(θ) > −A(θ)} (F.1)

Where θ ∈ Θ ⊂ Rd is the canonical parameter to be
estimated and Θ denotes the parameter space. φ(X)
denotes the sufficient statistics as a feature mapping
function φ : Rp → Rd, and A(θ) is the log-partition
function. We then define mean parameters v as the
expectation of φ(X): v(θ) := E[φ(X)], which can be
the first and second moments of the sufficient statistics
φ(X) under the exponential family distribution. The
set of all possible moments by the moment polytope:

M = {v|∃p is a distribution s.t. Ep[φ(X)] = v}
(F.2)

Mostly, the graphical model inference involves the task
of computing moments v(θ) ∈ M given the canonical

parameters θ ∈ H . We denote this computing as
forward mapping :

A : H →M (F.3)
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The learning/estimation of graphical models involves
the task of the reverse computing of the forward map-
ping, the so-called backward mapping (Wainwright
and Jordan, 2008). We denote the interior of M as
M0. backward mapping is defined as:

A∗ :M0 → H (F.4)

which does not need to be unique. For the exponential
family distribution,

A∗ : v(θ)→ θ = ∇A∗(v(θ)). (F.5)

Where A∗(v(θ)) = sup

θ∈ H

< θ, v(θ) > −A(θ).

F.2 Backward Mapping for Differential GGM

When the random variables Xc, Xd ∈ Rp follows the
Gaussian Distribution N(µc,Σc) and N(µd,Σd), their
density ratio (defined by (Liu et al., 2014)) essentially
is a distribution in exponential families:

r(x,∆) =
pd(x)

pc(x)

=

√
det(Σc) exp

(
− 1

2 (x− µd)TΣ−1
d (x− µd)

)√
det(Σd) exp

(
− 1

2 (x− µc)TΣ−1
c (x− µc)

)
= exp(−1

2
(x− µd)TΣ−1

d (x− µd)

+
1

2
(x− µc)TΣ−1

c (x− µc)

− 1

2
(log(det(Σd))− log(det(Σc))))

= exp

(
−1

2
∆x2 + µ∆x−A(µ∆,∆)

)
(F.6)

Here ∆ = Σ−1
d − Σ−1

c and µ∆ = Σ−1
d µd − Σ−1

c µc.

The log-partition function

A(µ∆,∆) =
1

2
µTd Σ−1

d µd −
1

2
µTc Σ−1

c µc+

1

2
log(det(Σd))−

1

2
log(det(Σc))

(F.7)

The canonical parameter

θ =

(
Σ−1
d µd − Σ−1

c µc,−
1

2
(Σ−1

d − Σ−1
c )

)
=

(
Σ−1
d µd − Σ−1

c µc,−
1

2
(∆)

) (F.8)

The sufficient statistics φ([Xc, Xd]) and the log-

partition function A(θ):

φ([Xc, Xd]) = ([Xc, Xd], [XcX
T
c , XdX

T
d ])

A(θ) =
1

2
µTd Σ−1

d µd −
1

2
µTc Σ−1

c µc+

1

2
log(det(Σd))−

1

2
log(det(Σc))

(F.9)

And h(x) = 1.

Now we can estimate this exponential distribution
(θ) through vanilla MLE. By plugging Eq. (F.9)
into Eq. (F.5), we get the following backward mapping
via the conjugate of the log-partition function:

θ =

(
Σ−1
d µd − Σ−1

c µc,−
1

2
(Σ−1

d − Σ−1
c )

)
=A∗(v) = ∇A∗(v)

(F.10)

The mean parameter vector v(θ) includes the mo-
ments of the sufficient statistics φ() under the expo-
nential distribution. It can be easily estimated through
E[([Xc, Xd], [XcX

T
c , XdX

T
d ])].

Therefore the backward mapping of θ becomes,

θ̂ =(((Eθ[XdX
T
d ]− Eθ[Xd]Eθ[Xd]

T )−1Eθ[Xd]

− (Eθ[XcX
T
c ]− Eθ[Xc]Eθ[Xc]

T )−1Eθ[Xc]),

− 1

2
((Eθ[XdX

T
d ]− Eθ[Xd]Eθ[Xd]

T )−1−

(Eθ[XcX
T
c ]− Eθ[Xc]Eθ[Xc]

T )−1)).

(F.11)

Because the second entry of the canonical parameter
θ is (Σ−1

d − Σ−1
c ), we get the backward mapping of ∆

as

((Eθ[XdX
T
d ]− Eθ[Xd]Eθ[Xd]

T )−1

−(Eθ[XcX
T
c ]− Eθ[Xc]Eθ[Xc]

T )−1)

=Σ̂−1
d − Σ̂−1

c

(F.12)

This can be easily inferred from two sample covariance
matrices Σ̂d and Σ̂c (Att: when under low-dimensional
settings).

F.3 Theorems of Proxy Backward Mapping
Tv Being Invertible

Based on (Yang et al., 2014c) for any matrix A, the
element wise operator Tv is defined as:

[Tv(A)]ij =

{
Aii + v if i = j

sign(Aij)(|Aij | − v) otherwise, i 6= j

Suppose we apply this operator Tv to the sample co-

variance matrix
XTX

n
to obtain Tv(

XTX

n
). Then,
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Tv(
XTX

n
) under high dimensional settings will be in-

vertible with high probability, under the following con-
ditions:
Condition-1 (Σ-Gaussian ensemble) Each row of the
design matrixX ∈ Rn×p is i.i.id sampled fromN(0,Σ).
Condition-2 The covariance Σ of the Σ-Gaussian en-
semble is strictly diagonally dominant: for all row i,
δi := Σii − Σj 6=i ≥ δmin > 0 where δmin is a large

enough constant so that ||Σ||∞ ≤ 1

δmin
.

This assumption guarantees that the matrix

Tv(
XTX

n
) is invertible, and its induced `∞ norm is

well bounded. Then the following theorem holds:

Theorem F.1. Suppose Condition-1 and Condition-

2 hold. Then for any v ≥ 8(maxiΣii)
√

(
10τ log p′

n
),

the matrix Tv(
XTX

n
) is invertible with probability at

least 1−4/p′
τ−2

for p′ := max{n, p} and any constant
τ > 2.

F.4 Useful lemma(s) of Error Bounds on
Proxy Backward Mapping Tv

Lemma F.2. (Theorem 1 of (Rothman et al., 2009)).

Let δ be maxij |[X
TX
n ]ij − Σij |. Suppose that ν > 2δ.

Then, under the conditions (C-SparseΣ), and as ρv(·)
is a soft-threshold function, we can deterministically
guarantee that the spectral norm of error is bounded
as follows:

|||Tv(Σ̂)− Σ|||∞ ≤ 5ν1−qc0(p) + 3ν−qc0(p)δ (F.13)

Lemma F.3. (Lemma 1 of (Ravikumar et al., 2011)).
Let A be the event that

||X
TX

n
− Σ||∞ ≤ 8(max

i
Σii)

√
10τ log p′

n
(F.14)

where p′ := max(n, p) and τ is any constant greater
than 2. Suppose that the design matrix X is i.i.d. sam-
pled from Σ-Gaussian ensemble with n ≥ 40 maxi Σii.
Then, the probability of event A occurring is at least
1− 4/p′τ−2.

G THEORETICAL ANALYSIS OF
ERROR BOUNDS

G.1 Background: Error bounds of
Elementary Estimators

KDiffNet formulations are special cases of the follow-
ing generic formulation for the elementary estimator.

argmin
θ
R(θ)

subject to:R∗(θ − θ̂n) ≤ λn
(G.1)

Where R∗(·) is the dual norm of R(·),

R∗(v) := sup
u6=0

< u, v >

R(u)
= sup
R(u)≤1

< u, v > . (G.2)

Following the unified framework (Negahban et al.,
2009), we first decompose the parameter space into a
subspace pair(M,M̄⊥), where M̄ is the closure ofM.
Here M̄⊥ := {v ∈ Rp| < u, v >= 0,∀u ∈ M̄}. M is
the model subspace that typically has a much lower
dimension than the original high-dimensional space.
M̄⊥ is the perturbation subspace of parameters.
For further proofs, we assume the regularization func-
tion in Eq. (G.1) is decomposable w.r.t the subspace
pair (M,M̄⊥).

(C1) R(u+ v) = R(u) +R(v), ∀u ∈M,∀v ∈ M̄⊥.

(Negahban et al., 2009) showed that most regulariza-
tion norms are decomposable corresponding to a cer-
tain subspace pair.

Definition G.1. Subspace Compatibility Con-
stant
Subspace compatibility constant is defined as Ψ(M, | ·
|) := sup

u∈M\{0}

R(u)
|u| which captures the relative value

between the error norm | · | and the regularization func-
tion R(·).

For simplicity, we assume there exists a true param-
eter θ∗ which has the exact structure w.r.t a certain
subspace pair. Concretely:

(C2) ∃ a subspace pair (M,M̄⊥) such that the true
parameter satisfies projM⊥(θ∗) = 0

Then we have the following theorem.

Theorem G.2. Suppose the regularization function in
Eq. (G.1) satisfies condition (C1), the true parameter
of Eq. (G.1) satisfies condition (C2), and λn satisfies

that λn ≥ R∗(θ̂n − θ∗). Then, the optimal solution θ̂
of Eq. (G.1) satisfies:

R∗(θ̂ − θ∗) ≤ 2λn (G.3)

||θ̂ − θ∗||2 ≤ 4λnΨ(M̄) (G.4)



Arshdeep Sekhon, Zhe Wang, Yanjun Qi

R(θ̂ − θ∗) ≤ 8λnΨ(M̄)2 (G.5)

Proof. Let δ := θ̂ − θ∗ be the error vector that we are
interested in.

R∗(θ̂ − θ∗) = R∗(θ̂ − θ̂n + θ̂n − θ∗)

≤ R∗(θ̂n − θ̂) +R∗(θ̂n − θ∗) ≤ 2λn
(G.6)

By the fact that θ∗M⊥ = 0, and the decomposability of
R with respect to (M,M̄⊥)

R(θ∗)

= R(θ∗) +R[ΠM̄⊥(δ)]−R[ΠM̄⊥(δ)]

= R[θ∗ + ΠM̄⊥(δ)]−R[ΠM̄⊥(δ)]

≤ R[θ∗ + ΠM̄⊥(δ) + ΠM̄(δ)] +R[ΠM̄(δ)]

−R[ΠM̄⊥(δ)]

= R[θ∗ + δ] +R[ΠM̄(δ)]−R[ΠM̄⊥(δ)]

(G.7)

Here, the inequality holds by the triangle inequality
of norm. Since Eq. (G.1) minimizes R(θ̂), we have

R(θ∗+∆) = R(θ̂) ≤ R(θ∗). Combining this inequality
with Eq. (G.7), we have:

R[ΠM̄⊥(δ)] ≤ R[ΠM̄(δ)] (G.8)

Moreover, by Hölder’s inequality and the decompos-
ability of R(·), we have:

||∆||22 = 〈δ, δ〉 ≤ R∗(δ)R(δ) ≤ 2λnR(δ)

= 2λn[R(ΠM̄(δ)) +R(ΠM̄⊥(δ))] ≤ 4λnR(ΠM̄(δ))

≤ 4λnΨ(M̄)||ΠM̄(δ)||2
(G.9)

where Ψ(M̄) is a simple notation for Ψ(M̄, || · ||2).

Since the projection operator is defined in terms of
|| · ||2 norm, it is non-expansive: ||ΠM̄(∆)||2 ≤ ||∆||2.
Therefore, by Eq. (G.9), we have:

||ΠM̄(δ)||2 ≤ 4λnΨ(M̄), (G.10)

and plugging it back to Eq. (G.9) yields the error
bound Eq. (G.4).

Finally, Eq. (G.5) is straightforward from Eq. (G.8)
and Eq. (G.10).

R(δ) ≤ 2R(ΠM̄(δ))

≤ 2Ψ(M̄)||ΠM̄(δ)||2 ≤ 8λnΨ(M̄)2.
(G.11)

G.2 Error Bounds of KDiffNet

Theorem G.2, provides the error bounds via λn with
respect to three different metrics. In the following, we
focus on one of the metrics, Frobenius Norm to evalu-
ate the convergence rate of our KDiffNet estimator.

G.2.1 Error Bounds of KDiffNet through λn
and ε

Theorem G.3. Assuming the true parameter ∆∗ sat-
isfies the conditions (C1)(C2) and λn ≥ R∗(∆̂ −
∆∗), then the optimal point ∆̂ has the following er-
ror bounds:

||∆̂−∆∗||F ≤ (4 max(
√
sE , ε
√
sG)λn (G.12)

Proof:

KDiffNet uses R(·) = ||WE ◦ ·||1 + ε|| · ||G,2 because
it is a superposition of two norms: R1 = ||WE ◦ ||1
and R2 = ε|| · ||G,2. Based on the results in(Negahban
et al., 2009), Ψ(M̄1) =

√
sE .

Assuming ground truth W ∗E , we assume the model
space M(S), where for set of edges S = {i, j|∆(i,j) =
0}, and n(S) = sE ,(s non zero entries),then with-
out loss of generality, setting WS > 1, indicat-
ing ψ(M) =

√
sE . Similarly, from (Negahban

et al., 2009), Ψ(M̄2) =
√
sG , where s is the num-

ber of nonzero entries in ∆ and sG is the num-
ber of groups in which there exists at least one
nonzero entry. Therefore, Ψ(M̄) = max(

√
sE), ε

√
sG).

Hence,Using this in Equation Eq. (G.4), ||∆̂−∆∗||F ≤
4(max(

√
sE), ε

√
sG)λn.

G.2.2 Proof of Corollary (2.2)-Derivation of
the KDiffNet error bounds

To derive the convergence rate for KDiffNet , we in-
troduce the following two sufficient conditions on the
Σc and Σd, to show that the proxy backward map-
ping θ̂n = B∗(φ̂) = [Tv(Σ̂d)]

−1 − [Tv(Σ̂d)]
−1 is well-

defined(Wang et al., 2018b):
(C-MinInf−Σ): The true Ω∗c and Ω∗d of Eq. (2.1)
have bounded induced operator norm i.e., |||Ωc∗|||∞ :=

sup
w 6=0∈Rp

||Ωc∗w||∞
||w||∞ ≤ W c∗

Emin
κ1 and |||Ωd∗|||∞ :=

sup
w 6=0∈Rp

||Ωd∗w||∞
||w||∞ ≤ W d∗

Emin
κ1. Here, intuitively,

W c∗
Emin

corresponds to the largest ground truth weight
index associated with non zero entries in Ω∗c . For set
Snz = {(i, j)|Ω∗cij = 0}, WESnz

> W c∗
Emin

.
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(C-Sparse-Σ): The two true covariance matrices Σ∗c
and Σ∗d are “approximately sparse” (following (Bickel
and Levina, 2008)). For some constant 0 ≤ q < 1 and

c0(p), max
i

p∑
j=1

|[Σ∗c ]ij |q ≤ c0(p) and max
i

p∑
j=1

|[Σ∗d]ij |q ≤

c0(p). 7 We additionally require inf
w 6=0∈Rp

||Σ∗cw||∞
||w||∞ ≥ κ2

and inf
w 6=0∈Rp

||Σ∗dw||∞
||w||∞ ≥ κ2.

We assume the true parameters Ω∗c and Ω∗d satisfies
C-MinInfΣ and C-SparseΣ conditions.

Using the above theorem and conditions, we have the
following corollary for convergence rate of KDiffNet
(Att: the following corollary is the same as the Corol-
lary 2.2 in the main draft. We repeat it here to help
readers read the manuscript more easily):

Corollary G.4. In the high-dimensional setting, i.e.,

p > max(nc, nd), let v := a
√

log p
min(nc,nd) . Then for

λn := Γκ1a
4κ2

√
log p

min(nc,nd) , Let min(nc, nd) > c log p,

with a probability of at least 1−2C1 exp(−C2p log(p)),

the estimated optimal solution ∆̂ has the following
error bound:

||∆̂−∆∗||F

≤
Γamax((

√
sE), ε

√
sG)

κ2

√
log p

min(nc, nd)

(G.13)

where a, c, κ1 and κ2 are constants. Here Γ =

32κ1

max(W c∗
Emin

,W d∗
Emin

)

WEmin

Proof. In the following proof, we first prove ||Ω∗c −
[Tv(Σ̂c)]

−1||∞ ≤ λnc . Here λnc = Γκ1a
κ2

√
log p′

nc
and

p′ = max(p, nc)

The condition (C-SparseΣ) and condition (C-MinInfΣ)
also hold for Ω∗d and Σ∗d. We first start with ||Ω∗c −
[Tv(Σ̂c)]

−1||∞:

||Ω∗c − [Tv(Σ̂c)]
−1||∞ = ||[Tv(Σ̂c)]−1(Tv(Σ̂c)Ω

∗
c − I)||∞

≤ |||[Tv(Σ̂c)w]|||∞||Tv(Σ̂c)Ω∗c − I||∞
= |||[Tv(Σ̂c)]−1|||∞||Ω∗c(Tv(Σ̂c)− Σ∗c)||∞
≤ |||[Tv(Σ̂c)]−1|||∞|||Ω∗c |||∞||Tv(Σ̂c)− Σ∗c ||∞.

(G.14)

7This indicates for some positive constant d, [Σ∗c ]jj ≤ d
and [Σ∗d]jj ≤ d for all diagonal entries. Moreover, if q = 0,
then this condition reduces to Σ∗d and Σ∗c being sparse.

We first compute the upper bound of |||[Tv(Σ̂c)]−1|||∞.
By the selection v in the statement, Lemma (F.2)
and Lemma (F.3) hold with probability at least 1 −
4/p′τ−2. Armed with Eq. (F.13), we use the triangle
inequality of norm and the condition (C-SparseΣ): for
any w,

||Tv(Σ̂c)w||∞ = ||Tv(Σ̂c)w − Σw + Σw||∞
≥ ||Σw||∞ − ||(Tv(Σ̂c)− Σ)w||∞
≥ κ2||w||∞ − ||(Tv(Σ̂c)− Σ)w||∞
≥ (κ2 − ||(Tv(Σ̂c)− Σ)w||∞)||w||∞

(G.15)

Where the second inequality uses the condition (C-
SparseΣ). Now, by Lemma (F.2) with the selection of
v, we have

|||Tv(Σ̂c)− Σ|||∞ ≤ c1(
log p′

nc
)(1−q)/2c0(p) (G.16)

where c1 is a constant related only on τ and
maxi Σii. Specifically, it is defined as 6.5 ×
(16(maxi Σii)

√
10τ)1−q. Hence, as long as nc >

( 2c1c0(p)
κ2

)
2

1−q log p′ as stated, so that |||Tv(Σ̂c) −
Σ|||∞ ≤ κ2

2 , we can conclude that ||Tv(Σ̂c)w||∞ ≥
κ2

2 ||w||∞, which implies |||[Tv(Σ̂c)]−1|||∞ ≤ 2
κ2

.

The remaining term in Eq. (G.14) is ||Tv(Σ̂c) −
Σ∗c ||∞; ||Tv(Σ̂c) − Σ∗c ||∞ ≤ ||Tv(Σ̂c) − Σ̂c||∞ + ||Σ̂c −
Σ∗c ||∞. By construction of Tv(·) in (C-Thresh) and

by Lemma (F.3), we can confirm that ||Tv(Σ̂c)−Σ̂c||∞
as well as ||Σ̂c − Σ∗c ||∞ can be upper-bounded by v.

Similarly, the [Tv(Σ̂d)]
−1 has the same result.

Finally,

||(1 �WE) ◦
(

∆∗ −
(

[Tv(Σ̂d)]
−1 − [Tv(Σ̂c)]

−1
))
||∞

(G.17)

≤ ||(1 �WE) ◦
(

Ωd − [Tv(Σ̂d)]
−1
)
||∞ (G.18)

+ ||(1 �WE) ◦
(

Ωc − [Tv(Σ̂c)]
−1
)
||∞ (G.19)

≤ 1

WEmin

(
4W c∗

Emin
κ1a

κ2

√
log p′

nc
+

4W d∗
Emin

κ1a

κ2

√
log p′

nd

)
(G.20)

≤ 1

WEmin

(
8 max(W c∗

Emin
,W d∗

Emin
)κ1a

κ2

√
log p′

min(nc, nd)

)
(G.21)
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We assume WEmin > 1. By Theorem G.3, we know if

λn ≥ R∗(∆̂−∆∗),

||∆̂−∆∗||F ≤ (4 max(
√
sE , ε
√
sG)λn)

Suppose p > max(nc, nd) we have that

||∆̂−∆∗||F

≤
Γamax((

√
sE), ε

√
sG)

κ2

√
log p

min(nc, nd)

(G.22)

Here, Γ = 32κ1

max(W c∗
Emin

,W d∗
Emin

)

WEmin

. Note that in the

case of DIFFEE, Γ = 32κ1max(W c∗
Emin

,W d∗
Emin

).

By combining all together, we can confirm that the
selection of λn satisfies the requirement of Theo-
rem (G.3), which completes the proof.

G.3 Error bound under misspecified W

In preceding subsections, we show the error bound if
the weight matrix WE comply with the true parame-
ters. Here in this subsection, we prove the error bound
if weight matrix W is misspecified.

In KDiffNet ,R(·) = ||WE◦·||1+ε||·||G,2. Since the true
parameters satisfies condition (C2), there exists a pair
of subspace (M,M̄⊥), such that the true parameter
satisfies projM⊥(θ∗) = 0, also dim(M) = sE . For
simplicity, we assume M = M̄.

Theorem G.5. For a general weight WE whose non-
zero entries do not comply with the subspace M , the
subspace compatibility constant Ψ(M) satisfies:

Ψ(M,R) ≤ Ψ(M, ||WE◦·||1)+εΨ(M, ||·||G,2) ≤
√
||WEsub ||2+ε

√
sG,

(G.23)
where WEsub represents a subset of WE containing its
sE largest values, and sG is the number of groups.

Proof. Based on the definition of subspace compatible
constant,

Ψ(M,R) = sup
u∈M\{0}

R(u)

||u||2
= sup
u∈M\{0}

||WE ◦ u||1 + ε||u||G,2
||u||2

,

≤ sup
u∈M\{0}

||WE ◦ u||1
||u||2

+ sup
u∈M\{0}

ε
||u||G,2
||u||2

.

(G.24)

Considering the first term sup
u∈M\{0}

||WE◦u||1
||u||2 , only sE

entries of u are non-zero, also with Holder inequality,

||WE ◦ u||1 = ||WE 6=0
◦ u6=0||1 (G.25)

≤ ||WE 6=0
||1/22 ||u6=0||1/22 (G.26)

≤ ||WEsub ||
1/2
2 ||u||

1/2
2 , (G.27)

because u lies on the unit sphere, we have

sup
u∈M\{0}

||WE◦u||1
||u||2 =

√
||WEsub ||2. From the equation,

the first term degenerates to the
√
sE , if WE is true.

For the second term, based on the results in (Negahban

et al., 2009), sup
u∈M\{0}

||u||G,2
||u||2 =

√
sG.

Combining two upper bounds, we finish the proof.

We next can prove the general error bound through
λn,WE and ε.

Theorem G.6. Given a random weight matrix WE,
assuming the true parameter ∆∗ satisfies the condi-
tions (C1)(C2) and λn ≥ R∗(∆̂−∆∗), then the op-

timal point ∆̂ has the following error bounds:

||∆̂−∆∗||F ≤ 4(
√
||WEsub ||2 + ε

√
sG)λn (G.28)

Proof. The conclusion is obvious from Theorem (G.2)
and Theorem (G.5).

With Theorem (G.5) and Theorem (G.6) at hand, we
are able to prove the error bound given a misspecified
weight matrix WE . Before doing so, following (Wang
et al., 2018b), we define a variant of C-MinInf−Σ
condition C-MinInf−Σ-V2, which is not relying on
the weight matrix WE .

(C-MinInf−Σ-V2): The true Ω∗c and Ω∗d of Eq. (2.1)
have bounded induced operator norm i.e., ∃κ1 ,

such that |||Ωc∗|||∞ := sup
w 6=0∈Rp

||Ωc∗w||∞
||w||∞ ≤ κ1 and

|||Ωd∗|||∞ := sup
w 6=0∈Rp

||Ωd∗w||∞
||w||∞ ≤ κ1.

Using the above theorem and conditions, we have the
following corollary for convergence rate of KDiffNet
given a misspecified weight matrix WE .

Corollary G.7. In the high-dimensional setting, i.e.,

p > max(nc, nd), let v := a
√

log p
min(nc,nd) . Then for

λn := Γa
4κ2

√
log p

min(nc,nd) , Let min(nc, nd) > c log p, with

a probability of at least 1 − 2C1 exp(−C2p log(p)), the

estimated optimal solution ∆̂ has the following error
bound:

||∆̂−∆∗||F

≤
Γa(
√
||WEsub ||2 + ε

√
sG)

κ2

√
log p

min(nc, nd)

(G.29)
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where a, c, κ1 and κ2 are constants. Here Γ =
32κ1

WEmin

.

Proof. The proof is similar to that of Theorem (G.4).
Notice:

||(1 �WE) ◦
(

∆∗ −
(

[Tv(Σ̂d)]
−1 − [Tv(Σ̂c)]

−1
))
||∞

(G.30)

≤ ||(1 �WE) ◦
(

Ωd − [Tv(Σ̂d)]
−1
)
||∞ (G.31)

+ ||(1 �WE) ◦
(

Ωc − [Tv(Σ̂c)]
−1
)
||∞ (G.32)

≤ 1

WEmin

(
4κ1a

κ2

√
log p′

nc
+

4κ1a

κ2

√
log p′

nd

)
(G.33)

≤ 1

WEmin

(
8κ1a

κ2

√
log p′

min(nc, nd)

)
(G.34)

Thus, if λ is set as in the statement, by Theorem G.3,
we have the following error bound:

||∆̂−∆∗||F

≤
Γa(
√
||WEsub ||2 + ε

√
sG)

κ2

√
log p

min(nc, nd)

(G.35)

H KDIFFNET-POET:
ALTERNATIVE BACKWARD
MAPPING VIA POET

POET based covariance estimation(Fan and Liu) as-
sume each observation Xi follows the following factor
model:

Xi,t = bTi ft + ui,t, i = 1, . . . , n, t = 1, · · · , p. (H.1)

where B = (b1, b2, · · · , bn) ∈ Rn×p is the loading ma-
trix, ft are the common factors and ut is the error
term. Then we have:

Σp = Bcov(f)B′ + ΣU (H.2)

POET estimates large covariance matrices in approx-
imate factor models by thresholding principal orthog-
onal complements.

We use the estimated Σ̂p as the Σ̂ in Equation 2.4.

H.1 Useful lemma(s) of POET

We introduce three assumptions:

Condition-1 (Bounded assumption) Eigenvalues of
the p×p matrix n−1B′B are bounded away from both
zero and infinity as n→∞.

Condition-2 (Strict stationary) (i) {ut, ft}t≥1 is
strictly stationary. In addition, Euit = E(uitfjt) = 0
for all i ≤ n, j ≤ p and t ≤ p. (ii) There exist constants
c1, c2 ≥ 0 such that λmin(Σu) > c1, ||Σu|| < c2, and
mini,j var(uitujt) > c1. (iii) There exist r1, r2 > 0
and b1, b2 > 0, such that for any s > 0, i < n and
j < n, P (|uit| > s) < exp(−(s/b1)r1), P (|fjt| > s) <
exp(−(s/b2)r2).

Condition-2 (Bounded expectation) There exists
M > 0 such that for alli ≤ n, t ≤ p and s ≤ p, we have
(i) ||b||max < M , (ii) E[n−1/2(u′sut) − Eu′sut)]

4 < M ,
(iii) E||n−1/2

∑n
i=1 biuit||4 < M .

Note the POET operator as P (Σ̂), we can derive the
error bound for POET operator.

Lemma H.1. when {ft} are all unobservable and the
three conditions hold, we have:

||P (Σ̂)−Σ||∞ = Op((
K3
√

logK +K
√

log n
√
p

+
K3

√
n

)1/2)

(H.3)
where K is the selected number of the spectrums in
POET operator.

Proof. Alternatively, if we apply POET operator, the
conclusion remains the same. The skeleton of the proof
will follow the exactly the same idea except for one
place. In order to satisfy the following inequality:

|||Tv(Σ̂c)− Σ|||∞ ≤
κ2

2
(H.4)

We choose nc ≥ (
k3 log k + k3

(κ2/2)2 − k
)2, since:

|||Tv(Σ̂c)− Σ|||∞ ≤ (
K3
√

logK +K
√

log n
√
p

+
K3

√
n

)1/2

≤ (
K3
√

logK +K
√

log n+K3

√
n

)1/2

≤ (
K3
√

logK +K
√
n+K3

√
n

)1/2

(H.5)

Plug nc ≥ (
k3 log k + k3

(κ2/2)2 − k
)2 into the inequality, we will

get |||Tv(Σ̂c)− Σ|||∞ ≤
κ2

2
.

I BAYESIAN INTERPRETATION

We can interpret the additional edge-level knowledge
via a Bayesian interpretation. Essentially we assume
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the {i, j}-th entry of ∆ follows a Laplace distribution:

P (∆i,j |Wi,j , σ) ∼ Wi,j

σ
exp(−Wi,j × |∆i,j |

σ
) (I.1)

When Wi,j is larger, P (∆i,j |Wi,j , σ) tends to concen-
trate on 0. Similarly, the group evidence corresponds
to a scale mixture of normals (Kyung et al., 2010).

Part B: Supplementary
Materials for Experimental

Setup, Real Data, Simulated
Data and More Results

J MORE DETAILS ON
EXPERIMENTAL SETUP:

J.1 Experimental Setup

The hyper-parameters in our experiments are v, λn, ε
and λ2. In detail:

• To compute the proxy backward mapping in (C.2),
DIFFEE, and JEEK we vary v for soft-thresholding
v from the set {0.001i|i = 1, 2, . . . , 1000} (to make
Tv(Σc) and Tv(Σd) invertible).

• λn is the hyper-parameter in our KDiffNet formu-
lation. According to our convergence rate analy-

sis in Section 2.7, λn ≥ C
√

log p
min(nc,nd) , we choose

λn from a range of {0.01 ×
√

log p
min(nc,nd) × i|i ∈

{1, 2, 3, . . . , 100}}. For KDiffNet-G case, we tune

over λn from a range of {0.1 ×
√

log p
min(nc,nd) × i|i ∈

{1, 2, 3, . . . , 100}}. We use the same range to tune
λ1 for SDRE. Tuning for NAK is done by the pack-
age itself.

• ε: For KDiffNet-EG experiments, we tune ε ∈
{0.0001, 0.01, 1, 100}}.

• λ2 controls individual graph’s sparsity in JGL-
FUSED. We choose λ1 = 0.0001 (a very small value)
for all experiments to ensure only the differential
network is sparse.

Evaluation Metrics:

• F1-score: We use the edge-level F1-score as a mea-
sure of the performance of each method. F1 =
2·Precision·Recall
Precision+Recall , where Precision = TP

TP+FP and

Recall = TP
TP+FN . The better method achieves a

higher F1-score. We choose the best performing λn
using validation and report the performance on a
test dataset.

• Time Cost: We use the execution time (measured in
seconds or log(seconds)) for a method as a measure
of its scalability. The better method uses less time8

8The machine that we use for experiments is an Intel
Core i7 CPU with a 16 GB memory.
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K EXPERIMENTAL DETAILS ON
REAL DATA FOR BRAIN
CONNECTOME RESULTS

K.1 Additional Details: ABIDE

In this experiment, we evaluate KDiffNet in a real-
world downstream classification task on a publicly
available resting-state fMRI dataset: ABIDE(Di Mar-
tino et al., 2014). The ABIDE data aims to under-
stand human brain connectivity and how it reflects
neural disorders (Van Essen et al., 2013). The data is
retrieved from the Preprocessed Connectomes Project
(Craddock, 2014), where preprocessing is performed
using the Configurable Pipeline for the Analysis of
Connectomes (CPAC) (Craddock et al., 2013) without
global signal correction or band-pass filtering. ABIDE
includes two groups of human subjects: autism and
control. After preprocessing with this pipeline, 871
individuals remain (468 diagnosed with autism). Sig-
nals for the 160 (number of features p = 160) regions
of interest (ROIs) in the often-used Dosenbach At-
las (Dosenbach et al., 2010) are examined. We uti-
lize three types of additional knowledge: WE based
on the spatial distance between 160 brain regions
of interest(ROI) (Dosenbach et al., 2010) and two
types of available node groups from Dosenbach At-
las(Dosenbach et al., 2010): one with 40 unique groups
about macroscopic brain structures (G1) and the other
with 6 higher level node groups having the same func-
tional connectivity(G2).

To evaluate the learnt differential structure in the ab-
sence of a ground truth graph, we utilize the non-zero
edges from the estimated graph in downstream clas-
sification. We tune over λn and pick the best λn
using validation. The subjects are randomly parti-
tioned into three equal sets: a training set, a vali-
dation set, and a test set. Each estimator produces
Ω̂c − Ω̂d using the training set. Then, the nonzero
edges in the difference graph are used for feature selec-
tion. Namely, for every edge between ROI x and ROI
y, the mean value of x*y over time was selected as a
feature. These features are fed to a logistic regressor
with ridge penalty, which is tuned via cross-validation
on the validation set. Finally, accuracy is calculated
on the test set. We repeat this process for 3 random
seeds. For all methods, we choose λn to vary the frac-
tion of zero edges(non edges) of the inferred graphs
from 0.01 × i|i ∈ {50, 51, 52, . . . , 70}. We repeat the
experiment for 3 random seeds and report the aver-
age test accuracy. Figure 2a compares KDiffNet-EG
, KDiffNet-E , KDiffNet-G and baselines on ABIDE,
using the y axis for classification test accuracy (the
higher the better) and the x axis for the computation
speed per λn (negative seconds, the more right the bet-

ter). KDiffNet -EG1, incorporating both edge(WE)
and (G1) group knowledge, achieves the highest ac-
curacy of 60.5% for distinguishing the autism versus
the control subjects without sacrificing computation
speed.

L EXPERIMENT DETAILS ON
REAL DATA FOR GENETIC
NETWORKS RESULTS

L.1 Experiment 3: Epigenetic Network
Estimation from Histone Modification
Signals

Data Processing: We use the cell type specific me-
dian expression to threshold the values into upreg-
ulated and downregulated genes. We partition the
19795 genes equally into train, validation and test set
genes. For each gene, we divide the 10, 000 basepair
(bp) DNA region (±5000 bp) around the transcrip-
tion start site (TSS) into bins of length 100 bp. Each
bin includes 100 bp long adjacent positions flanking
the TSS of a gene. We further pool each of the HM
signals into 25 bins using the max value.Gene expres-
sion measurements(RPKM) are available through the
REMC database(Kundaje et al., 2015).We use the cell
type specific median expression to threshold the ex-
pression into low and high expression. We partition
the 19795 genes into 6599 train, 6599 validation and
6597 test set genes.

Prior Knowledge: Further, to incorporate the
prior knowledge that signals spatially closer to each
other along the genome are more likely to interact in
the gene regulation process, we use genomic distance
(using relative difference of bin positions) as WE . Sim-
ilar to the previous case, we utilize the quadratic fea-
tures from the estimated differential non-zero edges in
downstream gene expression classification.

Qualitative Interpretation: KDiffNet can both
make use of the spatial prior as well as estimate bio-
logically consistent networks. As expected, we observe
a relationship among promoter and structural histone
modification marks (H3K4me3 and H3K36me3). Sim-
ilarly, the estimated networks show interactions be-
tween promoter mark (H3K4me3) and distal promoter
mark (H3K4me1) also reported by (Dong et al., 2012).

Figure 5 shows heatmaps representing epigenetic net-
works learnt by KDiffNet is comparison to DIF-
FEE. As expected, we observe a relationship among
promoter and structural histone modification marks
(H3K4me3 and H3K36me3) Similarly, (Dong et al.,
2012) also reported a combinatorial correlation be-
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Figure 4: Epigenomic Dataset: KDiffNet achieves
highest Accuracy (averaged over 3 splits) in compari-
son to the best performing baseline. (points above the
diagonal x = y line mean KDiffNet better). We pro-
vide detailed results in Table 3.

tween promoter mark (H3K4me3) and distal promoter
mark (H3K4me1).

Table 4 shows the time cost of KDiffNet-E and base-
lines of estimating epigenetic network for cell type
E123.

Method E123 E116 E100
KDiffNet-E 0.8161±0.044 0.8161±0.032 0.7909±0.0299

DIFFEE 0.8073±0.050 0.8132±0.038 0.7879±0.036
JEEK 0.8113±0.042 0.8140±0.036 0.7880±0.034

Table 3: KDiffNet achieves highest Test Accuracy (av-
eraged over 3 splits) and standard deviation for three
cell types E123, E116 and E003.

Method E123 E116 E100
KDiffNet-E 0.002(± 0.000) 0.002(±0.001) 0.001(± 0.000)

DIFFEE 0.001(± 0.000) 0.001(±0.000) 0.001(± 0.000)
JEEK 3.004(±0.092) 3.116(±0.0646) 3.409 (± 0.227)

Table 4: Average time cost(seconds) averaged over
three data splits and standard deviation for three cell
types E123, E116 and E003.

L.2 Experiment 4: Differential Genetic
Network Identification from Gene
Expression using SARS-CoV-2 and
related datasets

Genes interact with each other for cellular signaling
and regulatory processes. Discovering these interac-
tions is important for identifying causal maps of molec-
ular interactions as well as for using networks as bio
markers. Section B.1 reviews data driven literature
of extracting genetic networks and differential net-
work identification from gene expression data. Com-
plex diseases like the recent pandemic COVID-19 are
the result of interactions between viruses and human
(host) genes as well as interactions amongst human
genes. The invading of the host by the virus per-

turbs the host’s gene expression and leads to rewiring
mechanisms, consequentially gaining and losing inter-
actions(Dimitrov, 2004). Understanding and identify-
ing these changes following viral infection in the host
genetic network is essential for the development of an-
tiviral therapies.

Human Respiratory Viruses (including SARS-
CoV-2) vs Control Dataset: In this experiment,
we use the gene expression dataset measured across
∼ 20k from (Blanco-Melo et al., 2020). This dataset
measures the transcriptional response from the SARS-
CoV-2 virus. Samples from primary human lung ep-
ithelium (NHBE) mock treated with SARS-CoV-2,
IAV, a IAV that lacks the NS1 protein (IAVdNS1)
and treated with human interferon-beta were collected.
It also includes samples measured from lung alveolar
(A549) cells and RSV or IAV transformed lung-derived
Calu-3 cells infected with SARS-CoV-2. Additionally,
uninfected human lung biopsies were also derived from
two human subjects and a single male COVID-19 de-
ceased patient.

Mouse Respiratory Virus vs Control Dataset:
We use another similar dataset regarding viral res-
piratory infections from (Xiong et al., 2014). This
dataset includes gene expression measurements col-
lected from mice with 2 or 4 days post viral infec-
tion whose lungs were used for total RNA-Seq. This
dataset contains samples infected with multiple res-
piratory viruses and corresponding mock conditions.
We aim to learn the differential graph between the
virus infected samples(nd = 32) and the control mock
samples(nc = 88). Similar to the previous case, we
use the STRING database and DAVID databases for
edge and group knowledge. We follow the same classi-
fication procedure as mentioned in the aforementioned
case. Figure 6b shows the obtained classification per-
formance.

Hyperparameters and evaluation pipeline : To
evaluate the different methods, we use a pairwise
linear classification setting. In detail, we use the
quadratic features from the estimated differential non-
zero edges to classify a virus infected sample from
a control sample. For every (i, j) in the estimated
graph, we use xi ∗ xj as a feature in a linear clas-
sification setting with elastic penalty. For all meth-
ods, we validate over λn values that vary the fraction
of zero edges(non-edges) of the inferred graphs from
0.01 × i|i ∈ {50, 51, 52, . . . , 98}. These features are
fed to a logistic regressor with ridge penalty, which
is trained via cross-validation on the train set. Fi-
nally, we report the accuracy on the test set. We use
leave-three-out validation and hence, choose the best
hyperparameters using the average validation set per-
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Figure 5: Epigenomic Dataset: Learnt Epigenetic Network represented as heatmaps: KDiffNet can discover
biologically consistent interactions alongwith incorporating spatial information.

formance.

Our objective is to learn a differential graph between
the virus infected condition and the control condition.
For this purpose, we use the virus infected data sam-
ples as one class(nd = 38) and the uninfected mock
samples are used as the control samples(nc = 25).
Due to the lower number of samples in the dataset,
we choose the top ranked 100 genes with the highest
variance in the log of rpkm gene expression counts. In
Figure 7, we show the variance of the log of the gene
expression in rpkm. Thus, our final number of features
p = 100.

For group level knowledge, we use group evidence from
DAVID(Dennis et al., 2003) using their gene functional
classification. To incorporate information regarding
known interactions, we use the STRING(Szklarczyk
et al., 2019) database. To account for the few num-
ber of samples, for our backward mapping, we use
POET(Fan et al., 2013) as an estimation of an invert-
ible covariance matrix.

Results: Our classification results are shown in Fig-
ure 6a. This pairwise classification strategy also helps
to deal with model misspecification issues, as valida-
tion performance is an indicator of whether additional
knowledge can be useful for estimation. This pairwise
classification strategy also helps to deal with model
misspecification issues, as validation performance is an
indicator of whether additional knowledge can be use-
ful for estimation.

M MORE DETAILS ON
SIMULATED DATA

We use simulation to evaluate KDiffNet for improving
differential structure estimation by making use of ex-
tra knowledge. In the following subsections, we present
details about the data generation, followed by the re-
sults under multiple settings.

M.1 Simulation Dataset Generation

We generate simulated datasets with a clear underly-
ing differential structure between two conditions, using
the following method:

Data Generation for Edge Knowledge (KE):
Given a known weight matrix WE (e.g., spatial dis-
tance matrix between p brain regions), we set W d =
inv.logit(−WE). We use the assumption that higher
the value of Wij , lower the probability of that edge to
occur in the true precision matrix. This is motivated
by the role of spatial distance in brain connectivity net-
works: farther regions are less likely to be connected
and vice-versa. We select different levels in the matrix
W d, denoted by s, where if W d

ij > sl, ∆d
ij = 0.5, else

∆d
ij = 0, where ∆d ∈ Rp×p. We denote by s as the

sparsity, i.e. the number of non-zero entries in ∆d.
BI is a random graph with each edge BIij = 0.5 with
probability p. δc and δd are selected large enough to
guarantee positive definiteness.

Ωd = ∆d +BI + δdI (M.1)

Ωc = BI + δcI (M.2)

∆ = Ωd − Ωc (M.3)
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Figure 6: Validation and Test Accuracy on gene expression datasets : (a) Human Respiratory Viruses (including SARS-
CoV-2) and (b) Mice Respiratory Viruses .

There is a clear differential structure in ∆ = Ωd −Ωc,
controlled by ∆d. To generate data from two condi-
tions that follows the above differential structure, we
generate two blocks of data samples following Gaus-
sian distribution using N(0,Ω−1

c ) and N(0,Ω−1
d ). We

only use these data samples to approximate the differ-
ential GGM to compare to the ground truth ∆.

Data Generation for Vertex Knowledge (KG):
In this case, we simulate the case of extra knowledge
of nodes in known groups. Let the node group size,i.e.,
the number of nodes with a similar interaction pattern
in the differential graph be m. We select the block
diagonals of size m as groups in ∆g. If two variables
i, j are in a group g′, in ∆g

ij = 0.5, else ∆g
ij = 0, where

∆g ∈ Rp×p. We denote by sG as the number of groups
in ∆g. BI is a random graph with each edge BIij = 0.5
with probability p.

Ωd = ∆g +BI + δdI (M.4)

Ωc = BI + δcI (M.5)

∆ = Ωd − Ωc (M.6)

δc and δd are selected large enough to guarantee posi-
tive definiteness. We generate two blocks of data sam-
ples following Gaussian distribution using N(0,Ω−1

c )
and N(0,Ω−1

d ).

Data Generation for both Edge and Vertex
Knowledge (KEG): In this case, we simulate the
case of overlapping group and edge knowledge. Let the
node group size,i.e., the number of nodes with a simi-
lar interaction pattern in the differential graph be m.
We select the block diagonals of size m as groups in
∆g. If two variables i, j are in a group g′, in ∆g

ij = 1/3,

else ∆g
ij = 0, where ∆g ∈ Rp×p.

For the edge-level knowledge component, given
a known weight matrix WE , we set W d =
inv.logit(−WE). Higher the value of WEij , lower the
value of W d

ij , hence lower the probability of that edge
to occur in the true precision matrix. We select dif-
ferent levels in the matrix W d, denoted by s, where
if W d

ij > sl, we set ∆d
ij = 1/3, else ∆d

ij = 0. We de-

note by s as the number of non-zero entries in ∆d. BI
is a random graph with each edge BIij = 1/3 with
probability p.

Ωd = ∆d + ∆g +BI + δdI (M.7)

Ωc = BI + δcI (M.8)

∆ = Ωd − Ωc (M.9)

δc and δd are selected large enough to guarantee posi-
tive definiteness. Similar to the previous case, we gen-
erate two blocks of data samples following Gaussian
distribution using N(0,Ω−1

c ) and N(0,Ω−1
d ). We only

use these data samples to approximate the differential
GGM to compare to the ground truth ∆.

We consider three different types of known edge knowl-
edge WE generated from the spatial distance between
different brain regions and simulate groups to repre-
sent related anatomical regions. These three are dis-
tinguished by different p = {116, 160, 246} represent-
ing spatially related brain regions. We generate three
types of datasets:Data-EG (having both edge and ver-
tex knowledge), Data-G(with edge-level extra knowl-
edge) and Data-V(with known node groups knowl-
edge). We generate two blocks of data samples Xc and
Xd following Gaussian distribution using N(0,Ω−1

c )
and N(0,Ω−1

d ). We use these data samples to esti-
mate the differential GGM to compare to the ground
truth ∆. We vary the sparsity of the true differential
graph (s) and the number of control and case sam-
ples (nc and nd respectively) used to estimate the dif-
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Figure 7: Variance of gene expression measurements(log of rpkm values). We show the top ranked 1000 genes:
(LEFT) For Human Respiratory Viruses and (RIGHT) For Mouse Respiratory Viruses Dataset.

ferential graph. For each case of p, we vary nc and
nd in {p/2, p/4, p, 2p} to account for both high di-
mensional and low dimensional cases. The sparsity
of the underlying differential graph is controlled by
s = {0.125, 0.25, 0.375, 0.5} and sG as explained above.
This results in 126 different datasets representing di-
verse settings: different number of dimensions p, num-
ber of samples nc and nd, multiple levels of sparsity s
and number of groups sG of the differential graph for
both KE and KEG data settings. Figure 8 summarizes
the different settings for simulation datasets. Exper-
iment Design: We consider three different types of
known edge knowledge WE generated from the spatial
distance between different brain regions and simulate
groups to represent related anatomical regions. These
three are distinguished by different p = {116, 160, 246}
representing spatially related brain regions. We vary
nc and nd in {p/2, p/4, p, 2p} to account for both high
dimensional and low dimensional cases. The sparsity
of the underlying differential graph is controlled by
s = {0.125, 0.25, 0.375, 0.5} and sG. This results in 126
different datasets representing diverse settings: multi-
ple p, number of samples nc and nd, sparsity s and
number of groups sG of the differential graph for both
KE and KEG data settings.

N MORE ANALYSIS AND
DETAILS ON RESULTS ON
SIMULATED DATASETS:

N.1 Simulated Results: When we compare
with Deep Neural Network based
models(GNN)

We compare with Graph Attention Net-
works(Veličković et al., 2017). Although not designed
for differential parameter learning, we explore the
graphs learnt by the attention weights in relation
to the true differential graph. We formulate it as a
classification task, that is each distribution represents
a labeled class. In detail, for each sample, we predict
the corresponding data block ∈ {c, d}. We validate
over number of layers ∈ {1, 2, 3, 4, 5} and hidden size
{5, 16, 32, 64} for W2, p = 246 and varying samples
in {61, 123, 246, 492} for train,validation and test sets
in each setting. We use one attention head in this
setting. We train the models using ADAM optimizer
with learning rate 0.0005 and train each model for 300
epochs. We pick the model based on the epoch with
best validation set classification performance. We use
the training set samples to select a threshold for bina-
rizing the aggregated difference of attention weights
across the samples from the two data blocks(classes).
We report the F1-Score on the aggregated difference
from the classes using attention weights from the test
data samples. Table 5 shows the GAT performance
and corresponding KDiffNet-EG performance for the
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W1 W2 W3vary p {116,246,160}
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level
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Data-EG Data-E Data-Gvary data setting

14 14 14

42

Simulation Experiments
126

42 42

Figure 8: A schematic showing the different experimental settings for simulation experiments.

W2 level samples hidden layers GAT F1 Score KDiffNet-EG F1 Score
246 4 61 64 1 0.0054 0.9384
246 4 123 64 3 0.0102 0.9397
246 4 246 32 2 0.0095 0.9365
246 4 492 64 1 0.0205 0.9430
246 5 61 5 3 0.0114 0.9225
246 5 123 64 1 0.0136 0.9219
246 5 246 32 3 0.0231 0.9248
246 5 492 16 2 0.0740 0.9302

Table 5: Comparison of KDiffNet-EG and GAT(Veličković et al., 2017) for differential graph recovery.

different settings.

We adapt a recently proposed deep learning based
neighborhood selection method to estimate network
structure(Ke et al., 2019). We use the setting as pro-
posed for a single task from (Sekhon et al., 2020). We
compare to the simulation case with samples nc =
nd ∈ {p, 2p} and p = {116, 246, 160} with sparsity
level 5. We use the same datasets as used in the simu-
lation experiments. We use an MLP layer of size 4×p.
We show the results in Table 6. We validate over spar-
sity regularization λn ∈ {1e− 03, 1e− 04, 1e− 05}. In
such high dimensional cases, MLP based deep models
are not able to learn the correct differential structures,
as indicated by lower edge level F1 score.

Method W1 W2 W3
KDiffNet 0.74/0.74 0.92/0.93 0.94/0.94

DL 0.54/0.55 0.54/0.54 0.56/0.56

Table 6: Edge Recovery Accuracy of KDiffNet vs deep
learning(DL) based neighborhood selection methods
for nc = nd ∈ {p, 2p}.

N.2 Simulated Results: when our knowledge
is partial

Varying proportion of known edges: We gen-
erate WE matrices with p = 150 using Erdos Renyi
Graph (ErdHos and Rényi, 1960). We use the gen-
erated graph as prior edge knowledge WE . Addition-
ally, we simulate 15 groups of size 10 as explained in
Section M.1. We simulate Ωc and Ωd as explained
in Section M.1. Figure 9 presents the performance of
KDiffNet-EG , KDiffNet-E and DIFFEE with varying
proportion of known edges.
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KDiffNet-EG has a higher F1-score than KDiffNet-E
as it can additionally incorporate known group infor-
mation. As expected, with increase in the proportion
of known edges, F1-Score improves for both KDiffNet-
EG and KDiffNet-E . In contrast DIFFEE cannot
make use of additional information and the F1-Score
remains the same.

N.3 Simulated Results: When Tuning
hyperparameters and Varying p

Scalability in p: To evaluate the scalability of KD-
iffNet and baselines to large p, we also generate larger
WE matrices with p = 2000 using Erdos Renyi Graph
(ErdHos and Rényi, 1960), similar to the aforemen-
tioned design. Using the generated graph as prior edge
knowledge WE , we design Ωc and Ωd as explained in
Section M.1. For the case of both edge and vertex
knowledge, we fix the number of groups to 100 of size
10. We evaluate the scalability of KDiffNet-EG and
baselines measured in terms of computation cost per
λn.

Figure 11 shows the computation time cost per λn for
all methods. Clearly, KDiffNet takes the least time,
for very large p as well.

Choice of λn: For KDiffNet , we show the perfor-
mance of all the methods as a function of choice of
λn. Figure 10 shows the True Positive Rate(TPR)
and False Positive Rate(FPR) measured by varying
λn for p = 116, s = 0.5 and nc = nd = p/2 under the
Data-EG setting. Clearly, KDiffNet-EG achieves the
highest Area under Curve (AUC) than all other base-
line methods. KDiffNet-EG also outperforms JEEK
and NAK that take into account edge knowledge but
cannot model the known group knowledge.

N.4 Simulated Results: When we have both
edge and group knowledge:

Edge and Vertex Knowledge (KEG): We use
KDiffNet (Algorithm 1) to infer the differential struc-
ture in this case.

Figure 12(a) shows the performance in terms of F1
Score of KDiffNet in comparison to the baselines for
p = 116, corresponding to 116 regions of the brain.
KDiffNet outperforms the best baseline in each case
by an average improvement of 414%. KDiffNet-EG
does better than JEEK and NAK that can model
the edge information but cannot include group infor-
mation. SDRE and DIFFEE are direct estimators
but perform poorly indicating that adding additional
knowledge aids differential network estimation. JGL-
FUSED performs the worst on all cases.

Figure 12(b) shows the average computation cost per
λn of each method measured in seconds. In all settings,
KDiffNet has lower computation cost than JEEK,
SDRE and JGLFUSED in different cases of varying
nc and nd, as well as with different sparsity of the dif-
ferential network. KDiffNet is on average 24× faster
than the best performing baseline. It is slower than
DIFFEE owing to DIFFEE’s non-iterative closed form
solution, however, DIFFEE does not have good predic-
tion performance. Note that B∗() in KDiffNet , JEEK
and DIFFEE and the kernel term in SDRE are precom-
puted only once prior to tuning across multiple λn. In
Figure 13(a), we plot the test F1-score for simulated
datasets generated using W with p = 160, represent-
ing spatial distances between different 160 regions of
the brain. This represents a larger and different set of
spatial brain regions. In p = 160 case, KDiffNet out-
performs the best baseline in each case by an average
improvement of 928%. Including available additional
knowledge is clearly useful as JEEK does relatively
better than the other baselines. JGLFUSED performs
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Figure 12: KDiffNet Edge and Vertex Knowledge Simulation Results for p = 116 for different settings of nc, nd
and s: (a) The test F1-score and (b) The average computation time (measured in seconds) per λn for KDiffNet
and baseline methods.
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Figure 13: KDiffNet Edge and Vertex Knowledge Simulation Results for p = 160 for different settings of nc, nd
and s: (a) The test F1-score and (b) The average computation time (measured in seconds) per λn for KDiffNet
and baseline methods.
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the worst on all cases. Figure 13(b) shows the com-
putation cost of each method measured in seconds for
each case. KDiffNet is on average 37× faster than the
best performing baseline.

In Figure 14(a), we plot the test F1-score for simulated
datasets generated using a larger WE with p = 246,
representing spatial distances between different 246
regions of the brain. This represents a larger and
different set of spatial brain regions. In this case,
KDiffNet outperforms the best baseline in each case
by an average improvement of 1400% relative to the
best performing baseline. In this case as well, includ-
ing available additional knowledge is clearly useful as
JEEK does relatively better than the other baselines,
which do not incorporate available additional knowl-
edge. JGLFUSED again performs the worst on all
cases. Figure 14(b) shows the computation cost of
each method measured in seconds for each case. In all
cases, KDiffNet has the least computation cost in dif-
ferent settings of the data generation. KDiffNet is on
average 20× faster than the best performing baseline.

We cannot compare Diff-CLIME as it takes more than
2 days to finish p = 246 case.

N.5 Simulated Results: When we have only
edge knowledge:

Edge Knowledge (KE): Given known WE , we use
KDiffNet-E to infer the differential structure in this
case.

Figure 15(a) shows the performance in terms of F1-
Score of KDiffNet-E in comparison to the baselines for
p = 116, corresponding to 116 spatial regions of the
brain. In p = 116 case, KDiffNet-E outperforms the
best baseline in each case by an average improvement
of 23%. While JEEK, DIFFEE and SDRE perform
similar to each other, JGLFUSED performs the worst
on all cases.

Figure 15(b) shows the computation cost of each
method measured in seconds for each case. In all cases,
KDiffNet-E has the least computation cost in different
cases of varying nc and nd, as well as with different
sparsity of the differential network. For p = 116,
KDiffNet-E , owing to an entry wise parallelizable
closed form solution, is on average 2356× faster than
the best performing baseline. In Figure 16(a), we plot
the test F1-score for simulated datasets generated us-
ing W with p = 160, representing spatial distances
between different 160 regions of the brain. This rep-
resents a larger and different set of spatial brain re-
gions. In p = 160 case, KDiffNet-E outperforms the
best baseline in each case by an average improvement
of 67.5%. Including available additional knowledge is
clearly useful as JEEK does relatively better than the

other baselines, which do not incorporate available ad-
ditional knowledge. JGLFUSED performs the worst
on all cases. Figure 16(b) shows the computation cost
of each method measured in seconds for each case. In
all cases, KDiffNet-E has the least computation cost in
different cases of varying nc and nd, as well as with dif-
ferent sparsity of the differential network. KDiffNet-E
is on average 3300× faster than the best performing
baseline.

In Figure 17(a), we plot the test F1-score for simulated
datasets generated using a larger W with p = 246,
representing spatial distances between different 246 re-
gions of the brain. This represents a larger and differ-
ent set of spatial brain regions. In this case, KDiffNet-
E outperforms the best baseline in each case by an
average improvement of 66.4% relative to the best
performing baseline. Including available additional
knowledge is clearly useful as JEEK does relatively
better than the other baselines, which do not incorpo-
rate available additional knowledge. JGLFUSED per-
forms the worst on all cases. Figure 17(b) shows the
computation cost of each method measured in seconds
for each case. In all cases, KDiffNet-E has the least
computation cost in different cases of varying nc and
nd, as well as with different sparsity of the differential
network. KDiffNet-E is on average 3966× faster than
the best performing baseline.

N.6 Simulated Results: When we have only
group knowledge:

Node Group Knowledge : We use KDiffNet-G
to estimate the differential network with the known
groups as extra knowledge. We vary the number of
groups sG and the number of samples nc and nd for
each case of p = {116, 160, 246}. Figure 18 shows the
F1-Score of KDiffNet-G and the baselines for p = 116.
KDiffNet-G clearly has a large advantage when extra
node group knowledge is available. The baselines can-
not model such available knowledge.

N.7 Knowledge of Perturbed Hub nodes

We consider the case where there exists a set of nodes
k ∈ P such that the group of edges defined by Ωck,j = 0
and Ωdk,j 6= 0, where ∀j ∈ {1, . . . , p}, k ∈ P . Here, P
denotes the set of perturbed nodes.

To generate the simulation data, ∆k, j = 1.0 where
∀j ∈ {1, . . . , p}, k ∈ P . Ωd = ∆ + BI + δdI, Ωc =
BI + δcI, finally, ∆ = Ωd − Ωc. δc and δd are selected
large enough to guarantee positive definiteness. We
generate two blocks of data samples following Gaussian
distribution using N(0,Ω−1

c ) and N(0,Ω−1
d ).

We report our results in Figure 2c. We compare
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Figure 14: KDiffNet Edge and Vertex Knowledge Simulation Results for p = 246 for different settings of nc, nd
and s: (a) The test F1-score and (b) The average computation time (measured in seconds) per λn for KDiffNet
and baseline methods
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Figure 15: KDiffNet-E Simulation Results for p = 116 for different settings of nc, nd and s: (a) The test F1-score
and (b) The average computation time (measured in seconds) per λn for KDiffNet-E and baseline methods.
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Figure 16: KDiffNet-E Simulation Results for p = 160 for different settings of nc, nd and s: (a) The test F1-score
and (b) The average computation time (measured in seconds) per λn for KDiffNet-E and baseline methods.
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Figure 17: KDiffNet-E Simulation Results for p = 246 for different settings of nc, nd and s: (a) The test F1-score
and (b) The average computation time (measured in seconds) per λn for KDiffNet-E and baseline methods.
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Figure 18: KDiffNet-G Simulation Results for p = 246 for different settings of nc, nd and s: (a) The test F1-score
and (b) The average computation time (measured in seconds) per λn for KDiffNet-E and baseline methods.

KDiffNet-G , KDiffNet-E , JEEK, DIFFEE, and JGL-
perturb. KDiffNet-G directly takes into account the
perturbed groups, by imposing a group penalty on
the relevant edges. For KDiffNet-E and JEEK, we
set Wk,j = 0.1.


