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Abstract

Linear structural equation models represent
direct causal effects as directed edges and
confounding factors as bidirected edges. An
open problem is to identify the causal param-
eters from correlations between the nodes.
We investigate models, whose directed com-
ponent forms a tree, and show that there,
besides classical instrumental variables, miss-
ing cycles of bidirected edges can be used
to identify the model. They can yield sys-
tems of quadratic equations that we explicitly
solve to obtain one or two solutions for the
causal parameters of adjacent directed edges.
We show how multiple missing cycles can be
combined to obtain a unique solution. This
results in an algorithm that can identify in-
stances that previously required approaches
based on Gröbner bases, which have doubly-
exponential time complexity in the number
of structural parameters.

1 INTRODUCTION

Linear structural causal models (SCMs or structural
equation models, SEMs) are frequently used to express
and analyze the relationships between random vari-
ables of interest (Bollen, 1989; Duncan, 1975). Each
variable Vi, with i = 0, . . . , n is assumed to be lin-
early dependent on the remaining variables and an er-
ror term εi of normal distribution with zero mean and
some covariance matrix Ω = (ωij) between the terms:

Vi =
∑
j

λjiVj + εi.

In this paper we consider recursive models, i.e. we as-
sume that, for all j > i, we have λji = 0. Such a model
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Figure 1: G1: the classic instrumental variables (IV)
model. G2 is (generically) identifiable by the TSID
algorithm (Weihs et al., 2018) and our method TreeID
but for which both the half-trek criterion (HTC) and
the ACID algorithm (Kumor et al., 2020) fail. Graph
G3 is identifiable by TreeID but not by TSID.

can be represented as a graph with nodes over the vari-
ables. Directed edges represent a linear influence λji
of a parent node j on its child i. Bidirected edges
represent an additional correlation ωij 6= 0 between
random error terms. Given the graph and the weights
(also called coefficients or direct causal effects) λij , one
can calculate the covariances between variables along
the paths. For example, in G1 in Fig. 1, which models
random variables V0, V1, and V2, a unit change of V0

implies a change of λ01 of V1 and a change of λ01λ12 of
V2. The covariance σ01 (σ02) between V0 and V1 (V2)
is thus λ01 (λ01λ12).

Writing the coefficients of all directed edges as an ad-
jacency matrix Λ = (λij) and the coefficients of all
bidirected edges as an adjacency matrix Ω = (ωij),
the covariances σij between each pair of random vari-
ables Vi and Vj can be calculated as matrix Σ = (σij):

Σ = (I − Λ)−1Ω(I − Λ)−T (1)

Of interest is the reverse problem, the identification
and estimation of causal effects. That is, given the
graph and a matrix Σ, compute the matrix Λ. The
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identification problem, which is the main focus of this
paper, asks for a symbolic equation to calculate the
coefficients in Λ, the estimation problem asks for a
numerical solution. Not every coefficient can be iden-
tified, yielding the problem to determine which coeffi-
cients have solutions.

Identification in linear SCMs has been the subject of a
considerable amount of research in the last decades, in-
cluding the early work in econometrics (Wright, 1928;
Fisher, 1966; Bowden and Turkington, 1984) and the
pioneering work on the computational aspects of the
problem (Pearl, 2009). Most approaches for solving
the problem are based on instrumental variables, in
which the causal effect is identified as a fraction of
two covariances (Wright, 1928; Bowden and Turking-
ton, 1984). For example, in G1 in Fig. 1, one can calcu-
late λ12 = λ01λ12

λ01
= σ02

σ01
. The variable V0 is then called

an instrumental variable (IV). The literature focuses
on developing criteria to decide whether a variable is
an IV. A more complex criterion – the criterion for
a conditional instrumental variable (cIV) – considers
these correlations of V0 conditionally on another set of
variables (Bowden and Turkington, 1984; Pearl, 2001;
van der Zander et al., 2015). Other criteria and meth-
ods to identify some coefficients in specific graphs in-
volve instrumental sets (IS) (Brito and Pearl, 2002a;
Brito, 2010; Brito and Pearl, 2002b; van der Zander
and Lískiewicz, 2016), half-treks (HTC) (Foygel et al.,
2012), auxiliary instrumental variables (aIV) (Chen
et al., 2015), determinantal instrumental variables
(tsIV) which results in the TSID algorithm (Weihs
et al., 2018), instrumental cutsets (Kumor et al., 2019),
or auxiliary cutsets which result in the ACID algo-
rithm (Kumor et al., 2020). Some criteria lead to
polynomial-time algorithms (ACID). For other crite-
ria, e.g. cIV and tsIV, the decision problem, if the
criterion is satisfied in a given graph, is NP-complete
(van der Zander et al., 2015; van der Zander and
Lískiewicz, 2016; Kumor et al., 2019).

A drawback to all criteria listed above is that they
are not complete, i.e. not applicable to every graph.
They also only decide whether there exists exactly one
solution for a coefficient.

An alternative approach is to expand Eq. (1) to a sys-
tem of polynomial equations and solve it using a com-
puter algebra system (CAS), which usually employs
Gröbner bases (Garćıa-Puente et al., 2010; Foygel
et al., 2012). This gives a complete solution for any
solvable equation system. However, Gröbner base al-
gorithms have a doubly exponential runtime and are
EXPSPACE-complete (Mayr and Meyer, 1982). Thus,
they are often too slow to be used in practice. Garćıa-
Puente et al. (2010) note the runtime varies between
seconds and 75 days for graphs with four nodes.

Our results. We investigate the identification prob-
lem in linear SCMs on graphs whose directed compo-
nent is a tree and whose bidirected component can be
arbitrary. Figure 1 shows example causal structures,
which are modeled as tree graphs.

First, we show that if a node i is not connected to the
root node with a bidirected edge, the root node can
be used as a classic instrumental variable to identify
the incoming edge to i. Then we investigate the sub-
graph of nodes that are each connected to the root
node with a bidirected edge. We show that, if there is
a missing cycle, such that none of the bidirected edges
i1 ↔ i2 ↔ i3 ↔ . . . ↔ i1 exists in the graph, it yields
an equation system that can lead to a solution of all
incoming directed edges to the involved nodes. We de-
scribe how to reduce this equation system to a single
quadratic equation in a single variable, which can then
identify one of the incoming edges. As a quadratic
equation, it can yield exactly one, exactly two, or in-
finitely many solutions. How many solutions exist for
a certain graph can be symbolically determined us-
ing Polynomial Identity Testing (PIT). For example,
a graph with directed component 0→ 1→ 2→ 3 and
bidirected edges 0 ↔ i for i = 1, 2, 3 does not contain
the bidirected cycle 1 ↔ 2 ↔ 3 ↔ 1, so our approach
returns exactly two solutions for the identification of
λ01, λ12, λ23.

This results in an algorithm, we call TreeID, that
can identify instances that previously required the
Gröbner bases approach and for which the state-of-
the-art methods, such as HTC, TSID, and ACID fail.

We have performed the necessary calculations on a
large number of graphs, with a special focus on graphs
whose directed edges form a single directed path and
where the root node is connected to all other nodes
with bidirected edges. If the bidirected component is
complete except for a missing cycle of a length be-
tween five and ten edges, there are always exactly two
solutions.

Identification of Tree Graphs with the State-of-
the-Art-Methods. The algorithm ACID (Kumor
et al., 2020), which subsumes previous state-of-the-
art methods, including cIV, IS, aIV, and HTC, as well
as the TSID approach (Weihs et al., 2018) belong cur-
rently to the most prominent and powerful methods for
identification of structural coefficients in linear causal
models. They are significantly more efficient compared
to the general Gröbner bases approach.

For tree graphs, however, more sophisticated criteria
are often either not applicable or not advantageous
compared to simpler ones. This can be most easily
seen in the case of ISs. As all nodes have in-degree 1,
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it is not possible to identify two or more incoming
edges at once.

We show that many of the previous criteria and algo-
rithms, including ACID, collapse to the use of auxil-
iary instrumental variables (aIVs). This result shows
that making progress beyond simple rules such as aIV
on tree graphs appears to be quite challenging. One
explanation could of course be that, e. g., the ACID
algorithm is already powerful enough to identify such
simple models. However, this turns out not to be the
case. Indeed, there is a large number of tree graphs
not identifiable in this manner as is shown exemplar-
ily in Fig. 1: Graph G2, which is taken from Fig. 3c in
Foygel et al. (2012), is generically identifiable by TSID
and our algorithm TreeID but for which both the HTC
and ACID fail to identify coefficients.

Several of the tree graphs, like G1 and G2 in Fig. 1, can
be identified with the TSID algorithm implementing
the tsIV criterion (Weihs et al., 2018). This criterion,
however, still leaves a significant number of tree graphs
unidentified. For an example, see G3 in Fig. 1, which
is identifiable by TreeID. Moreover, the tsIV criterion
has the drawback that it is likely not efficiently testable
as it was shown to be NP-hard (Kumor et al., 2020).

Our algorithm TreeID is an entirely new approach for
identification independent of the instrumental variable
framework.

2 PRELIMINARIES

We consider mixed acyclic graphs G = (V,D,B) with
n+ 1 nodes V = {0, 1, . . . , n}, directed edges i→ j in
D and bidirected edges i ↔ j in B. By acyclicity, we
mean that G = (V,D) restricted to directed edges is a
directed acyclic graph (DAG).

For a given graph G, the identification problem asks
to find, for each parameter λxy, with x → y ∈ D, an
expression to calculate λxy that only depends on the
entries of the matrix Σ, such that the calculated λxy
uniquely satisfies Eq. (1). Practically, there are initial
values of Λ and Ω, from which a matrix Σ is calculated.
Using the expression for λxy, new matrices Λ′ and Ω′

can be calculated and it needs to hold

(I − Λ′)−1Ω′(I − Λ′)−T = Σ = (I − Λ)−1Ω(I − Λ)−T .

We consider the generic version of the problem, which
only requires that the expressions are valid almost ev-
erywhere, i.e. the Lebesgue measure of the set of initial
parameters for which the expressions are not valid is
zero. E.g. it is allowed to return solutions like λ =

σzy

σzx

even though they are not valid for σzx = 0. Since
any algebraic subset has Lebesgue measure zero, we

can assume that any polynomial over elements of Λ,Ω
evaluates to zero if and only if it is the zero polyno-
mial. By |IDG(λxy)|, we denote the degree of identifi-
ability of edge λxy. |IDG(λxy)| = 1 if λxy is uniquely
identifiable, |IDG(λxy)| = ∞ if not identifiable, and
1 < |IDG(λxy)| <∞ if identifiable with more than one
solution, e.g. |IDG(λxy)| = 2 means 2-identifiable.

A path in a graph G is a node sequence i1, . . . , i`+1

such that all successive nodes ik, ik+1, with 1 ≤ k ≤ `,
are connected by a directed edge. Then i1 is called
the start node and i`+1 the end node of the path. We
use the terms child, parent, ancestor, descendant, and
sibling to describe node relationships in graphs in the
same way as Pearl (2009); in this convention, every
node is an ancestor (but not a parent) and a descen-
dant (but not a child) of itself. For a node i, we denote
by An(i) the set of all ancestors of i.

A trek τ in G from source i to target j is a path from i
to j whose consecutive edges do not have any colliding
arrowheads, i.e. τ a path of one of the two following
forms i ← i1 ← . . . ← u ↔ v → j1 → . . . → j where
node i can coincide with u or j can coincide with v,
or i ← i1 ← . . . ← u → j1 → . . . → j where either
i or j can coincide with u. Define the trek mono-
mials M(τ) as follows. For τ of the first form, define
M(τ) = ωuv

∏
x→y∈τ λxy and, for τ of the second form,

define M(τ) = ωuu
∏
x→y∈τ λxy. Then, the following

trek rule (Wright, 1921, 1934) expresses the covariance
matrix (1) as a summation over all treks

σij =
∑

τ trek from i to j

M(τ). (2)

In this paper, we restrict ourselves to tree graph mod-
els, i.e. assume that G = (V,D) is a directed tree,
which has exactly one node, called root, whose incom-
ing degree is zero and all other nodes have incoming
degree one. The root node is labeled 0. For each node
i, with i > 0 and its (unique) parent p, the coefficient
of the incoming edge p → i is denoted as λpi, also
written sometimes as λi for short.

Finally, we recall some concepts generalizing IVs,
which are relevant to our paper. The idea of aux-
iliary variables aIV (Chen et al., 2017) is to utilize
already identified direct effects for further identifica-
tion. Assume for variable y, the incoming edge x→ y
has been identified. Then, one can create the variable
y∗ = y−λxyx, i.e. subtract out the identified direct ef-
fect. The resulting auxiliary variable y∗ acts as if there
is no edge x→ y∗, which enables further identification.
The aIV criterion identifies edges by the instrumental
variable criterion and creates corresponding auxiliary
variables until no further edge can be identified.
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Figure 2: The polynomial λ12σ10−σ20 vanishes in the
model G1 but it is a nonzero-polynomial in G2.

3 RELATING SYMBOLIC
EQUATIONS WITH
POLYNOMIAL IDENTITY
TESTING

To find the solutions for λij in a given tree graph G =
(V,D,B), our algorithm handles multivariate func-
tions involving polynomials over λij , with i→ j ∈ D,
and σij , with 0 ≤ i, j ≤ n. An important task that
the algorithm has to cope with during the computa-
tion is to verify whether a formula F for a parameter
λ satisfies an equation involving expressions over σij .
Another problem is to check if a given F is a zero-
function. E.g., is λ12σ10 − σ20 the zero-polynomial?
One can easily see that for the graph G1 in Fig. 2 this
is the case but for G2 not.

Below we show that these tasks can be reduced to
Polynomial Identity Testing (PIT) and in consequence
solved efficiently using the well-known approach based
on the Schwartz-Zippel lemma1. The lemma states the
probability of a non-zero polynomial evaluating to zero
at random variable values is negligible.

Lemma 1 (Schwartz-Zippel). Let p(x1, . . . , xn) be a
non-zero polynomial of total degree ≤ d over a field F.
Let S ⊆ F be a finite set and let a1, . . . , an be selected
at random independently and uniformly from S. Then
Pr[p(a1, . . . , am) 6= 0] ≥ 1− d/|S|.

Our algorithm represents formulas in a form, we
call fractional affine square-root terms of polynomials

(FASTP); We define it as p+q
√
s

r+t
√
s
, where p, q, r, s, t are

multivariate polynomials. In particular, the algorithm
represents parameters λ as FASTPs with p, q, r, s, t
over σij .

Definition 1. Let G = (V,D,B) over V = {0, . . . , n}
be an arbitrary mixed graph. For a FASTP F over
λij, with i → j ∈ D, and σij, with 0 ≤ i, j ≤ n, let
[F ]G be the substitution of all σij with terms in λij , ωij
according to the trek rule (2). Thus, assuming we get
no division by a zero-polynomial, [F ]G is a FASTP
over λij, with i→ j ∈ D, and ωij, with i↔ j ∈ B.

For example, for the polynomial F = λ12σ10 − σ20

above and the models G1 and G2 in Fig. 2, we have

1Schwartz (1980); Zippel (1979); DeMillo and Lipton
(1978)

[F ]G1 = λ12(ω01 + λ01ω00) − λ12ω01 − λ12λ01ω00 and
[F ]G2 = λ12(ω01 +λ01ω00)−λ12ω01−λ12λ01ω00−ω02.
Thus, [F ]G1 is the zero-polynomial but [F ]G2 = −ω02

not. This implies that F vanishes when considering
model G1 but it is a nonzero-polynomial in G2.

Now, we are ready to show, that testing if λ repre-
sented as a FASTP satisfies a specific equation can be
reduced to PIT.

Lemma 2. For a given FASTP λ = p+q
√
s

r+t
√
s

and poly-

nomials a, b, c, one can verify – up to a sign – whether[
aλ2 + bλ+ c

]
G ≡ 0 holds using PIT.

Proof. The equality (a(q
√
s + p)2)/(t

√
s + r)2 +

(b(q
√
s + p))/(t

√
s + r) + c ≡ 0 can be expressed as:

cst2 +
√
s(2crt+ bpt+ bqr+2apq)+ bqst+aq2s+ cr2 +

bpr + ap2 ≡ 0.

We distinguish two cases: If s is a perfect square (in
the ring of polynomials), that is, there is a polynomial
ς such that ς2 = s, then the above equation is an
instance of polynomial identity testing. If s is not a
perfect square, then the left-hand side of the equation
above can only be identically zero if 2crt+ bpt+ bqr+
2apq ≡ 0 and cst2 + bqst+ aq2s+ cr2 + bpr+ ap2 ≡ 0
(otherwise,

√
s would be an element of the rational

function field). These are two instances of PIT.

For this approach, we need to be able to check whether
s is a perfect square and if so, compute an arithmetic
circuit for ς. Brent and Kung (1978) propose to use
Newton iteration to approximate the square root of
a polynomial by a power series. If the polynomial
is a perfect square, then this approximation is exact.
This even works for multivariate polynomials given by
arithmetic circuits, some of the details are spelled out
in Bläser et al. (2017). Given a circuit C for s, we use
this algorithm to compute a circuit D for a candidate
square root ς̂. We can now use PIT to check whether
ς̂2 = s. If yes, then D is a circuit for

√
s. In the no

case, s is not a perfect square.

If s is a perfect square, then there are two square roots,
namely ς and −ς. There is a priori no canonical way
to distinguish these two2. If s is a perfect square, then
the output of the algorithm is called

√
s and the other

root is −
√
s.

In our algorithm, the degree of all involved polynomi-
als is polynomially bounded, which ensures that the
resulting PITs can be solved effectively.

2While implementing our algorithm, we have noticed
that the most practical way of deciding this and the equiv-
alence of Lemma 2 is to choose random values for variables
λij and ωij , compute σij using Equation (2), and just eval-
uate the polynomials with arbitrary precision arithmetic.
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4 BASIC EQUATIONS AND
PRELIMINARY
IDENTIFICATIONS

In this section, we examine the covariances σij in a
tree model G.

Let, for two nodes s and t connected by a directed path
π, the function L(s, t) be defined as follows: L(s, t) =∏
x→y∈π λxy, with L(s, s) = 1.

Lemma 3. For a given tree graph G = (V,D,B)
and for any two nodes i, j in V we have: [σij ]G =∑
s∈An(i)

∑
t∈An(j) ωstL(s, i)L(t, j)

Thus, for a tree graph G and a multivariate polynomial
F over λij and σij , we get [F ]G by the substitution of
all σij according to the equation in Lemma 3.

The two lemmas below can be proved easily and are
special cases of well-known results, see e.g. (Drton,
2018).

Lemma 4. Assume G is a tree graph and let i, j be two
different nodes. Then, for all i, j > 0 and for (unique)
parents p, q with edges p→ i, q → j, we have

ωij = [λpiλqjσpq − λpiσpj − λqjσiq + σij ]G .

Moreover, for all j > 0 and the parent q with edge
q → j, it is true

ω0j = [σ0j − λqjσ0q]G .

Based on Lemma 4, we analyze first the structure of
equations of the system (I − Λ)Σ(I − Λ)T = Ω.

Lemma 5. An edge λxy is identifiable in a tree
graph G, if (and only if) the system of the equations

• λpiλqjσpq−λpiσpj−λqjσiq+σij = 0, for all miss-
ing edges i↔ j, where p, resp. q, are parents of i,
resp. j, and

• σ0i − λpiσ0p = 0, for all missing edges 0 ↔ i,
where p is a parent of i,

has a (unique) solution for λxy. Moreover, the number
of generic solutions for λxy is equal to |IDG(λxy)|.

From Lemma 5, two obvious ways of identifying certain
edges emerge.

Corollary 1. If the edge 0 ↔ i is missing for i > 0
with parent p, then λpi is identified as λpi = σ0i/σ0p.

Corollary 2. If the edge i ↔ j is missing for i with
parent p and j with parent q, λpi is identified, and
[(λpiσpq − σiq)]G 6≡ 0, then λqj is identified as λqj =
(λpiσpj − σij)/(λpiσpq − σiq).

Below we show, that in many tree graphs the inequal-
ity required in the corollary above is true.

Lemma 6 (Propagation). Let G = (V,D,B) be a
tree graph, and let i, j, with i ↔ j /∈ B, be two dif-
ferent nodes with parents p → i and q → j. Then
[(λpiσpq − σiq)]G 6≡ 0 if and only if there is a trek from
i and q in G \{p→ i}. In particular, the polynomial is
non-zero in G if G contains the bidirected edge 0 ↔ i
or if q is a descendant of i in G.

Proof. Assume first that q is a descendant of i in G.
Then both there is a trek from i and q in G \ {p→ i}
as well as [(λpiσpq − σiq)]G 6≡ 0 since, for a trek τ ′

from i and q in G \ {p → i}, the summation σiq =∑
τ trek from i to qM(τ) includes a term M(τ ′) which

does not involve λpi.

If q is not a descendant of i in G, then we can express
σiq as

σiq = λpiσpq +
∑

τ trek from i to q without p→ i

M(τ).

If there is a trek from i and q in G \ {p → i}, then
the sum on the right-hand side does not vanish and
[(λpiσpq − σiq)]G 6≡ 0. On the other hand, if the poly-
nomial is non-zero, then∑

τ trek from i to q without p→ i

M(τ) 6≡ 0.

This means that in G there exists a trek τ ′ from i to q
without p→ i.

Hence, we use the two Corollaries 1 and 2 for a
simple preliminary identification step by checking for
which nodes Corollary 1 applies and recursively utiliz-
ing Corollary 2 and Lemma 6 whenever a new edge is
identified. In particular, we will refer to the recursive
strategy as propagation.

The preliminary identification of edges in this manner
is a simple and efficient implementation of the aIV
strategy:

Proposition 1. Every edge in a tree graph identified
by aIV is identified during preliminary identification.

Moreover, we show that, for tree graphs, preliminary
identification is at least as effective as the state-of-the-
art polynomial-time algorithm ACID.

Proposition 2. Every edge in a tree graph identified
by the ACID algorithm is identified during preliminary
identification.

In the following sections, we derive an entirely new ap-
proach to direct effect identification based on missing
cycles of bidirected edges, able to identify even further
parameters.
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5 MISSING CYCLE EQUATIONS

In this section, we show how a missing cycle of bidi-
rected edges can yield an identification of directed
edges that point at the nodes of the cycle:

Definition 2. Let v1, . . . , vk > 0 be a missing cycle
with parents pi → vi. Let vk+1 = v1 and pk+1 = p1.
Let L = dlog2 ke+ 1.

Define the polynomials a
(l)
i , b

(l)
i , c

(l)
i , d

(l)
i , for l =

1, . . . , L, recursively as follows

a
(l+1)
i =


σpi,pi+1 l = 0

a
(l)
2i−1 d k

2l−1 e is odd ∧ i = d k
2l e

det

(
a

(l)
2i−1 a

(l)
2i

b
(l)
2i−1 c

(l)
2i

)
else,

b
(l+1)
i =


−σpi,vi+1

l = 0

b
(l)
2i−1 d k

2l−1 e is odd ∧ i = d k
2l e

det

(
a

(l)
2i−1 b

(l)
2i

b
(l)
2i−1 d

(l)
2i

)
else,

c
(l+1)
i =


−σvi,pi+1

l = 0

c
(l)
2i−1 d k

2l−1 e is odd ∧ i = d k
2l e

det

(
c
(l)
2i−1 a

(l)
2i

d
(l)
2i−1 c

(l)
2i

)
else,

d
(l+1)
i =


σvi,vi+1

l = 0

d
(l)
2i−1 d k

2l−1 e is odd ∧ i = d k
2l e

det

(
c
(l)
2i−1 b

(l)
2i

d
(l)
2i−1 d

(l)
2i

)
else.

A missing cycle encodes a quadratic equation for each
incoming edge that can yield two possible solutions:

Theorem 1. Let G = (V,D,B) be a tree graph and
assume there is a cycle v1, . . . , vk > 0, such that each
edge vi ↔ vi+1, with vk+1 = v1, is missing. Then the
path coefficient λv1 satisfies the equation

a
(L)
1 λ2

v1 + (b
(L)
1 + c

(L)
1 )λv1 + d

(L)
1 = 0 (3)

where a, b, c, d are calculated as in Definition 2.

Lemma 7. In the following cases, the equation (3) of
Theorem 1 has one or two solutions:

If
[
a

(L)
1

]
G
≡ 0∧

[
b
(L)
1 + c

(L)
1

]
G
6≡ 0, then |IDG(λv1)|=1.

If
[
a

(L)
1

]
G
6≡ 0 ∧

[
(b

(L)
1 + c

(L)
1 )2 − 4a

(L)
1 d

(L)
1

]
G
6≡ 0,

then |IDG(λv1)| ≤ 2.

If
[
a

(L)
1

]
G
6≡ 0 ∧

[
(b

(L)
1 + c

(L)
1 )2 − 4a

(L)
1 d

(L)
1

]
G
≡ 0,

then |IDG(λv1)| = 1.

Proof. In the first case, the equation becomes linear

and has a solution λv1 =
−d(L)

1

b
(L)
1 +c

(L)
1

.

If a solution exists, then it will always
be real-valued. Therefore, the polynomial[
(b

(L)
1 + c

(L)
1 )2 − 4a

(L)
1 d

(L)
1

]
G

will always be non-

negative. If it is nonzero, then there are two solutions

λv1 =
−(b

(L)
1 +c

(L)
1 )±

√
(b

(L)
1 +c

(L)
1 )2−4a

(L)
1 d

(L)
1

2a
(L)
1

.

If the square root is zero, then there is effectively only
one solution.

If one edge into a missing cycle is identifiable, all other
edges into this missing cycle are also identifiable. From
equation λpiλqjσpq − λpiσpj − λqjσiq + σij = 0, it fol-
lows λqj = (λpiσpj − σij)/(λpiσpq − σiq), so know-
ing one edge λpi, one can usually derive the other
edges. However, this might not always be possible
since [λpiσpq − σiq]G = 0 might occur.

6 THE ALGORITHM

In this section, we present an algorithm, called TreeID,
to identify parameters in tree models G = (V,D,B).
We assume V = {0, . . . , n} such that the nodes are
numbered in topological order, i.e. if i ∈ An(j), then
i ≤ j. Thus, in particular, 0 is the root node.

The algorithm, presented as Algorithm 1, uses the ar-
ray ID[1, . . . , n] to store the solutions for parameters
λi for edges p→ i ∈ D, as functions over σjk. Initially,
all ID[i] = ∅ meaning the parameter is not-identified.
At the end of the algorithm, if —ID[i]| = 1, then λi
is identifiable and given by the formula in ID[i]. If
—ID[i]| = 2, then λi is identifiable by at least one of
the solutions given in ID[i]. During its work, the algo-
rithm represents the formulas in ID[i] in the FASTP

form p+q
√
s

r+t
√
s

where p, q, r, s, t are polynomials over σjk.

TreeID starts with the identification of λi for each i,
such that 0 ↔ i /∈ B. To this aim node 0 is used
as an instrumental variable (Corollary 1). Based on
Corollary 2, the identification for λi is “propagated”
(recursively) to identify parameters λj , with i ↔ j /∈
B, p → i, q → j ∈ D, as λj = (λiσpj − σij)/(λiσpq −
σiq), if the function in the denominator is non-zero.

The main part of the algorithm identifies the param-
eters λi, which have not been recognized as identifi-
able in the initial phase. To this aim, for each such i,
TreeID proceeds as follows: For every “missing” cycle
v1 = i, v2, . . . , vk > 0 including i, i.e. for a sequence of
nodes such that vj ↔ vj+1 /∈ B for all j = 1, . . . k, with
vk+1 = v1, the algorithm computes a quadratic equa-
tion aλ2

i+bλi+c = 0 using Theorem 1. If both [a]G ≡ 0
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and [b]G ≡ 0, then all λi satisfy the equation and thus
the algorithm skips the cycle. If only [a]G ≡ 0, the
equation has exactly one solution, which is stored in
ID[i]. Otherwise, if λi is not yet identified (ID[i] = ∅),
the algorithm using Lemma 7 computes one or two
solutions for λi; Otherwise, it updates the solutions
ID[i] calculated so far, by removing from the set such
λ’s that do not satisfy the equation aλ2

i + bλi + c = 0.
Finally, similarly as in the initial phase, the identifi-
cations for λi are propagated to compute formulas for
λj , with i↔ j /∈ B. This proves the following:

Theorem 2. The identification algorithm TreeID is
sound for tree graphs, that is, for a given tree G =
(V,D,B), with V = {0, . . . , n}, if it returns i and
ID[i], then λi is identifiable and given by the for-
mula. Additionally, if at the end of the algorithm
—ID[i]| = 2, then λi is identifiable with at least one of
the solutions given in ID[i].

Algorithm 1: TreeID

1 input : tree graph G = (V = {0, . . . , n}, D,B)
2 output : a set of identifiable structural parameters
3

4 func t ion SolveEquation ( )
5 input : aλ2 + bλ+ c = 0
6

7 i f
[
b2 − 4ac

]
G ≡ 0 : return {−b/2a}

8 s←
√
b2 − 4ac

9 return {(−b− s)/2a, (−b+ s)/2a}
10

11 func t ion Propagate ( ) // use Coro l l a ry 2
12 input : i
13 p← Pa(i)
14 f o r each i↔ j 6∈ B :
15 i f 0 < | ID[j] |≤ | ID[i] | : cont inue
16 q ← Pa(j)
17 i f ∃λ ∈ ID[i] s.t. [(λσpq − σiq)]G ≡ 0 : cont inue
18 ID[j]← {(λσpj − σij)/(λσpq − σiq) | λ ∈ ID[i]}
19 Propagate (j )
20

21 f o r i ← 1 . . . n :
22 ID[i]← ∅ //mark a l l nodes as not i d e n t i f i e d
23

24 f o r i ← 1 . . . n :
25 i f 0↔ i /∈ B :
26 ID[i] ← {σ0i/σ0p} // use Coro l l a ry 1
27 Propagate (i)
28

29 f o r i ← 1 . . . n :
30 i f | ID[i] |= 1 : cont inue
31 f o r each miss ing c y c l e i nvo l v ing node i :
32 Use Thm. 1 to get a quadrat i c equat ion
33 aλ2

i + bλi + c = 0
34 i f [a]G ≡ 0 and [b]G ≡ 0 : cont inue
35

36 i f [a]G ≡ 0 :
37 ID[i] ← {−c/b}
38 e l s e i f ID[i] = ∅ :
39 ID[i] ← SolveEquation (aλ2

i + bλi + c = 0)
40 e l s e
41 ID[i] ← {λ ∈ ID[i] |

[
aλ2 + bλ+ c

]
G ≡ 0}

42

43 i f | ID[i] |= 1 : break
44 Propagate (i)
45

46 f o r i ← 1 . . . n :
47 i f —ID[i]| = 1 : return i, ID[i]

The tests [F ]G ≡ 0 for FASTPs F over σjk can be
reduced to PITs according to Lemma 2. The stan-

dard algorithm for deciding PIT runs in randomized
polynomial time using Lemma 1. It is a blackbox al-
gorithm, i.e. it does not require a representation of
the polynomial, only the evaluated value of the poly-
nomial. Although the calculation of the FASTP in
the propagation step can double the size of the poly-
nomials, TreeID can store the constant size equation
λj = (λiσpj − σij)/(λiσpq − σiq) directly without ex-
panding λi. For PIT, we then evaluate all λi, λj re-
cursively, storing the value of the four polynomials in
the FASTP separately. This gives:

Proposition 3. For a given tree graph G, the running
time of TreeID algorithm is in O(p(n) ·mcG) random-
ized time, where p(n) is a polynomial for solving PIT
and mcG denotes the number of missing (bidirectional)
cycles in G.

One can also see that the algorithm runs in polynomial
space (PSPACE).

Proposition 4. If λi is identifiable with the ACID
algorithm (that covers cAV, IC, qAVS criteria), then
it is identifiable with the TreeID algorithm.

7 EXAMPLES

In this section we first explain how the algorithm
TreeID identifies the graphs in Fig. 1. Next, we show
how our algorithm works on instances considered in
Weihs et al. (2018) which are unidentifiable by HTC
and the TSID algorithm. Finally, we discuss path
graphs – as a special case of tree graphs, whose bidi-
rected component is complete except for exactly one
missing cycle.

7.1 Models in Figure 1

In the classic IV model G1, the root node has no bidi-
rected edges. Thus TreeID immediately identifies all
causal effects as λ1 = σ01

σ00
and λ2 = σ02

σ01
using Corol-

lary 1.

In G2, the root node is connected to all other nodes
by bidirected edges, so Corollary 1 cannot be applied.
TreeID then proceeds to search missing cycles. One
such cycle is 1 ↔ 2 ↔ 3 ↔ 4 ↔ 1. Applying The-
orem 1 to this cycle and simplifying the polynomials,
yields a quadratic equation with

a = 0

b = (σ01σ02 − σ00σ12)(σ04σ33 − σ03σ34)
− (σ03σ14 − σ04σ13)(σ00σ23 − σ02σ03)

c = (σ01σ02 − σ00σ12)(σ13σ34 − σ14σ33)
− (σ03σ14 − σ04σ13)(σ03σ12 − σ01σ23)

Thus λ1 is identified as −c/b. Every other effect λj
of edge q → j can then be identified by propagation,
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λj = (λ1σ0j − σ1j)/(λ1σ0q − σ1q) using Corollary 2.
Once the algorithm has found a solution for each edge,
it is finished.

Since we did not specify an order of the cycles in the
pseudocode of the algorithm, it might start with other
cycles. If it first finds the missing cycle 1↔ 2↔ 3↔ 1
and applies Theorem 1 there, it obtains a quadratic
equation with a 6= 0 and two possible solutions for λ1

involving a square root. It then has to continue search-
ing cycles, and might find 1 ↔ 3 ↔ 4 ↔ 1. Only one
of the two previous solutions is also a solution for this
cycle, so the algorithm eliminates one of them. The
remaining solution for λ1 then helps again to identify
all other edges through propagation.

In G3, there are three missing cycles 1 ↔ 2 ↔ 3, 2 ↔
3 ↔ 4, and 1 ↔ 2 ↔ 3 ↔ 4. The missing cycle 1 ↔
2↔ 3 yields a quadratic equation with two solutions:

λ1 = (
√
s + (σ01σ12 + σ02σ11)σ23 + (−σ01σ13 −

σ03σ11)σ22 − σ02σ12σ13 + σ03σ
2
12)/(2σ01σ02σ23 −

2σ01σ03σ22 − 2σ2
02σ13 + 2σ02σ03σ12), and

λ′1 = (−
√
s + (σ01σ12 + σ02σ11)σ23 + (−σ01σ13 −

σ03σ11)σ22 − σ02σ12σ13 + σ03σ
2
12)/(2σ01σ02σ23 −

2σ01σ03σ22 − 2σ2
02σ13 + 2σ02σ03σ12),

where s = (σ2
01σ

2
12 − 2σ01σ02σ11σ12 + σ2

02σ
2
11)σ2

23 +
(((2σ01σ02σ11 − 2σ2

01σ12)σ13 + 2σ01σ03σ11σ12 −
2σ02σ03σ

2
11)σ22 + (2σ2

02σ11σ12 − 2σ01σ02σ
2
12)σ13 +

2σ01σ03σ
3
12 − 2σ02σ03σ11σ

2
12)σ23 + (σ2

01σ
2
13 −

2σ01σ03σ11σ13 + σ2
03σ

2
11)σ2

22 + ((2σ01σ02σ12 −
4σ2

02σ11)σ2
13 + (6σ02σ03σ11σ12 − 2σ01σ03σ

2
12)σ13 −

2σ2
03σ11σ

2
12)σ22 + σ2

02σ
2
12σ

2
13− 2σ02σ03σ

3
12σ13 + σ2

03σ
4
12.

The solutions are distinct because [
√
s]G simplifies to

non-zero

√
(λ01ω01 + ω11)

2
(2λ01λ12ω02 + ω22)

2
ω03

2.

Since there are two solutions, the algorithm continues
searching cycles. It might find 1 ↔ 2 ↔ 3 ↔ 4 next
and conclude that the first solution λ1 is the only so-
lution. Knowing one solution, it can identify all other
edges through propagation.

More details are given in the supplementary material.

7.2 Graphs unidentifiable by HTC and TSID

Weihs et al. (2018) have investigated the identifiabil-
ity of all graphs with 5 nodes. There are 53 graphs in
which each edge is uniquely identifiable using Gröbner
bases, but that cannot be identified with the halftrek
or TSID algorithm. Of these graphs, 15 are acyclic and
5 of those are trees. We show these trees in Fig. 3 and
have applied our algorithm to them. There are bidi-
rected edges from the root node to every other node,
so the IV method cannot be used.

In the first graph, there are three missing cycles, 1↔

2 ↔ 4, 2 ↔ 3 ↔ 4, and 1 ↔ 2 ↔ 3 ↔ 4. Each cycle
yields two solutions.

The solutions for λ1 of 1↔ 2↔ 4 are
λ1 = (

√
s + (σ01σ13 + σ03σ11)σ24 + (−σ01σ14 −

σ04σ11)σ23 − σ03σ12σ14 + σ04σ12σ13)/(2σ01σ03σ24 −
2σ01σ04σ23 − 2σ02σ03σ14 + 2σ02σ04σ13) and
λ′1 = (−

√
s + (σ01σ13 + σ03σ11)σ24 + (−σ01σ14 −

σ04σ11)σ23 − σ03σ12σ14 + σ04σ12σ13)/(2σ01σ03σ24 −
2σ01σ04σ23 − 2σ02σ03σ14 + 2σ02σ04σ13)
where s = (−σ03(σ12σ14 − σ11σ24) + σ13(σ01σ24 −
σ02σ14) − σ04(σ11σ23 − σ12σ13) + σ14(σ02σ13 −
σ01σ23))2 − 4(−σ03(σ01σ24 − σ02σ14) − σ04(σ02σ13 −
σ01σ23))(σ13(σ12σ14−σ11σ24)+σ14(σ11σ23−σ12σ13)).

The solutions are distinct because [s]G simpli-

fies to non-zero ω04
2(λ01ω02ω13 + λ01λ12

2λ23ω01 −
λ01λ23ω01 + λ01

2λ12
2λ23 − λ12

2λ23 − λ01
2λ23 + λ23)2.

The former λ1 is also a solution for the cycle 1 ↔
2 ↔ 3 ↔ 4. The latter λ′1 is not. Thus λ1 is the
true solution. Using propagate, all other edges are
identifiable as well.

The same situation occurs in the other graphs. The
individual cycles have two solutions, and the combi-
nation of a 3-cycle with a 4-cycle yields exactly one
solution. The second graph is G3 in Figure 1. Further
solutions are given in the supplementary material.

7.3 Path Graphs with a Single Missing Cycle

Now we consider path graphs, whose bidirected com-
ponent is complete except for exactly one missing cy-
cle. This is an important class to investigate to under-
stand how many solutions Theorem 1 can yield.

First we show a way of transforming graphs into equiv-
alent graphs. Since only the covariances between nodes
with missing bidirected edges and their parents occur
in the equations of Lemma 5, all other edges and nodes
can be removed, added, or permutated without chang-
ing the solutions:

Lemma 8. Let G = (V,D,B) be a path graph with
nodes 0, . . . , n and 0 ↔ i ∈ B for all i ∈ {1, . . . , n}.
Let m = {i | ∃j(i↔ j /∈ B ∨ i+ 1↔ j /∈ B)∧ i, j > 0}
be the nodes on directed edges into the missing cycle.
The identifiability does not change if:

• Nodes not in m ∪ 0 are removed from the graph.

• The nodes are permutated by a permutation π with
π(0) = 0; and, for all i ∈ m and i + 1 ∈ m,
π(i+ 1) = π(i) + 1.

Thus for each missing cycle path graph, there is a
canonical graph, which can be obtained by permutat-
ing all nodes not affecting the missing cycle to the
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Figure 3: Tree graphs of (Weihs et al., 2018), where each directed edge is identifiable (green). The authors name
them (4680, 403), (4680, 914), (360, 117), (360, 369), (840, 466). We relabel the nodes to make node 0 the root.
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Figure 4: The two unidentifiable and the four uniquely identifiable path graphs with a single missing cycle.
Identifiable edges are shown in green and unidentifiable edges in red.

end of the path and removing them. For a certain
cycle length, there are only finitely many canonical
graphs. Enumerating all canonical graphs up to length
10, shows there are only 6 missing cycles whose incom-
ing edges are not 2-identifiable (see Figure 4). The
first two are not identifiable at all, the other four have
a unique solution for all edges into the missing cycle:

• 1↔ 3↔ 2↔ 4↔ 1 (unidentifiable)
• 1↔ 4↔ 2↔ 5↔ 1 (unidentifiable)
• 1↔ 2↔ 4↔ 3↔ 1 (uniquely identifiable)
• 1↔ 2↔ 5↔ 3↔ 1 (uniquely identifiable)
• 1↔ 3↔ 2↔ 5↔ 1 (uniquely identifiable)
• 1↔ 4↔ 2↔ 6↔ 1 (uniquely identifiable)

Proposition 5. Any path graph with exactly one miss-
ing cycle that is not equivalent (after transformations
with Lemma 8) to one of the graphs of Fig. 4 is 2-
identifiable, if the cycle length is at most 10.

The above results have been obtained using Gröbner
bases as a reference solution. This enumeration was
only possible because the Gröbner base calculation
performed vastly faster on path graphs with a sin-
gle missing cycle than on path graphs with arbitrarily
missing bidirected edges.

Our algorithm can be applied to the graphs in Fig-
ure 4 and Theorem 1 returns quadratic equations for
the missing cycles. For the unidentifiable graphs, the
quadratic equation vanishes that is [a]G = [b+ c]G =
[d]G = 0. For the identifiable graphs, there is one edge
for which the theorem returns a linear equation, i.e.
[a]G = 0, which implies that all incoming edges are
identifiable with propagation. The exact results are
given in the supplementary material.

8 CONCLUSIONS

Our algorithm allows the identification of causal effects
in tree graphs which could not be identified previously
without Gröbner bases. It is possible that the algo-
rithm is complete for the considered family of causal
models, i.e., it is able to identify all causal effects in
tree graphs if and only if the effects are identifiable by
any method, although we cannot prove that. However,
to our knowledge, no algorithm is known so far that is
complete for a certain natural family of graphs.

In the worst case, the algorithm enumerates all missing
cycles, although that is unnecessary since two cycles
for each edge are always sufficient to identify an iden-
tifiable edge. An open problem remains to find just
those two cycles efficiently. The next issue is that the
solutions provided by the algorithm are in the form of
fairly complex expressions, so their numerical stability
on real life datasets needs further investigation.

Future research might generalize the algorithm to fur-
ther graph classes. The missing cycle method of The-
orem 1 only requires that all nodes on the missing cy-
cle have one and only one incoming directed edge. If
the resulting equation systems satisfy the conditions
of Lemma 2, our algorithm can probably already be
used to identify the incoming edges in more complex
graphs that only contain a tree as subgraph.

We have implemented our algorithm for the DAGitty
project (www.dagitty.net, see Textor et al. (2016)).
To ensure its correctness, we have compared this im-
plementation with a Gröbner base implementation (see
supplementary material B.4).
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Supplementary Material:
Identification in Tree-shaped Linear Structural Causal Models

A MISSING PROOFS

A.1 Proof of Lemma 3

Proof. According to the trek rule (2) we know that σij is given by the sum of the products along a trek over all
treks between i and j. A trek containing the bidirected edge s↔ t contributes ωstL(s, i)L(t, j). A trek without
a bidirected edge contributes ωssL(s, i)L(s, j), for s = t ∈ An(i) ∩An(j).

A.2 Proof of Lemma 4

Proof. For an arbitrary mixed graph and the corresponding matrix Ω = (I − Λ)TΣ(I − Λ), Drton shows (2018)
that [(I −Λ)TΣ(I −Λ)]ij =

∑
p∈Pa(i)

∑
q∈Pa(j) λpiλqjσpq −

∑
p∈Pa(i) λpiσpj −

∑
q∈Pa(j) λqjσpi + σij . Our lemma

for tree graphs follows from the equation.

An alternate proof can be given directly using Wright’s path rules.

Proof. We show first that [λpiλqjσpq − λpiσpj − λqjσiq + σij ]G = ωij . Indeed,

[λp,iλq,jσp,q − λp,iσp,j − λq,jσi,q + σi,j ]G

=

λp,iλq,j

 ∑
s∈An(p)

∑
t∈An(q)

ωs,tL(s, p)L(t, q)


−λp,i

 ∑
s∈An(p)

∑
t∈An(j)

ωs,tL(s, p)L(t, j)


−λq,j

 ∑
s∈An(i)

∑
t∈An(q)

ωs,tL(s, i)L(t, q)


+

∑
s∈An(i)

∑
t∈An(j)

ωs,tL(s, i)L(t, j)

=
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 ∑
s∈An(p)

∑
t∈An(q)

ωs,tL(s, p)λp,iL(t, q)λq,j


−

 ∑
s∈An(p)

∑
t∈An(j)

ωs,tL(s, p)λp,iL(t, j)


−

 ∑
s∈An(i)

∑
t∈An(q)

ωs,tL(s, i)L(t, q)λq,j


+

∑
s∈An(i)

∑
t∈An(j)

ωs,tL(s, i)L(t, j)

=

∑
s∈An(p)

∑
t∈An(q)

ωs,tL(s, i)L(t, j)

−
∑

s∈An(p)

∑
t∈An(j)

ωs,tL(s, i)L(t, j)

−
∑

s∈An(i)

∑
t∈An(q)

ωs,tL(s, i)L(t, j)

+
∑

s∈An(i)

∑
t∈An(j)

ωs,tL(s, i)L(t, j)

=

∑
s∈An(p)

∑
t∈An(q)

ωs,tL(s, i)L(t, j)

−
∑

s∈An(p)

∑
t∈An(q)∪j

ωs,tL(s, i)L(t, j)

−
∑

s∈An(p)∪i

∑
t∈An(q)

ωs,tL(s, i)L(t, j)

+
∑

s∈An(p)∪i

∑
t∈An(q)∪j

ωs,tL(s, i)L(t, j)

=

−
∑

s∈An(p)

ωs,jL(s, i)L(j, j)

+
∑

s∈An(p)∪i

ωs,jL(s, i)L(j, j)
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= ωi,jL(i, i)L(j, j) = ωi,j .

Now, we show that [σ0i − λqiσ0q]G = ω0i:

[σ0,i − λp,iσ0,p]G

=

∑
s∈An(0)

∑
t∈An(i)

ωs,tL(s, 0)L(t, i)

−λp,i

 ∑
s∈An(0)

∑
t∈An(p)

ωs,tL(s, 0)L(t, p)


=

∑
s∈An(0)

∑
t∈An(i)

ωs,tL(s, 0)L(t, i)

−

 ∑
s∈An(0)

∑
t∈An(p)

ωs,tL(s, 0)L(t, p)λp,i


=

∑
s∈An(0)

∑
t∈An(i)

ωs,tL(s, 0)L(t, i)

−
∑

s∈An(0)

∑
t∈An(p)

ωs,tL(s, 0)L(t, i)

=

∑
t∈An(p)∪i

ω0,tL(0, 0)L(t, i)

−
∑

t∈An(p)

ω0,tL(0, 0)L(t, i)

= ω0,iL(0, 0)L(i, i) = ω0,i.

A.3 Proof of Lemma 5

Proof. If edge i ↔ j is missing, then ωij = 0. So from Lemma 4, it follows immediately, that the degree of
identifiability is at most the number of generic solutions of this equation system.

Foygel et al. (2012) have proven that the degree of identifiability is given exactly by number of solutions of the
system (I − Λ)Σ(I − Λ)T = Ω on the elements corresponding to missing bidirected edges. If one calculates the
matrix (I − Λ)Σ(I − Λ)T , one obtains this equation system.
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A.4 Proof of Proposition 1

Proof. In the preliminary identification, the root is used as instrumental variable (Corollary 1) for identifying
the edge x→ y, in case there is no edge 0↔ y. It can be easily seen that, if this criterion does not apply, there
can be no instrument z for x → y as there is an open backdoor path from z via the root to y. Hence, using
Corollary 1 is equivalent to IV.

Whenever an edge is identified, aIV creates an auxiliary variable to use as instrument. Propagation (Lemma 6)
applies the same criterion by ensuring that there is a path from instrument z via x to y in the graph with → z
removed and no backdoor path (which again holds iff there is no bidirected edge between z and y).

A.5 Proof of Proposition 2

Proof. ACID repeatedly identifies direct effects (and partial effects) and creates corresponding auxiliary variables.
For this, two criteria are used, which both collapse to the IV setting on tree graphs as we show below. Hence, in
each iteration, the same direct effects are identified and the same auxiliary variables created as in aIV. It follows
that the whole method is equivalent to aIV on tree graphs.

We now consider the two criteria for the identification of vertex y with parent x.

1. The instrumental cutset (IC) criterion (originally proposed by (Kumor et al., 2019, Theorem 5.1)):

As each node has in-degree 1, we have that |S| = 1 and |T | = 0. Any s ∈ S fulfilling the three IC criteria is
an instrument for x→ y.

2. The auxiliary cutset (AC) criterion (Kumor et al., 2020, Definition 3.2): The auxiliary cutset is defined as
the closest cutset to x = Pa(y). In graphs with in-degree 1, it is always x itself. Then, a set Z which acts as
partial-effect instrumental set (PEIS), see (Kumor et al., 2020, Definition 3.1), has cardinality 1 and z ∈ Z
is an instrumental variable.

This shows that, restricted to tree graphs, every edge identified by ACID is identified by aIV. Thus from
Proposition 1 the claim of this proposition follows.

A.6 Proof of Theorem 1

Proof. Due to Lemma 5, the missing cycle yields k equations, given by a1
iλviλvi+1 + b1iλvi + c1iλvi+1 + d1

i = 0.

We can eliminate every other equation by combining pairs of equations. This is a general approach which works
for all equation systems of this structure even if they do not come from a missing cycle.

Let, for short, xi = λvi and xk+1 = x1. We combine the (2i− 1)th with the (2i)th equation:

0 = (x2i−1a2i−1 + c2i−1)(a2ix2ix2i+1 + b2ix2i + c2ix2i+1 + d2i)

− (x2i+1a2i + b2i)(a2i−1x2i−1x2i + b2i−1x2i−1 + c2i−1x2i + d2i−1)

= (x2i−1a2i−1 + c2i−1)(x2i(a2ix2i+1 + b2i) + c2ix2i+1 + d2i)

− (x2i+1a2i + b2i)(x2i(a2i−1x2i−1 + c2i−1) + b2i−1x2i−1 + d2i−1)

= (x2i−1a2i−1 + c2i−1)(c2ix2i+1 + d2i)

− (x2i+1a2i + b2i)(b2i−1x2i−1 + d2i−1)

= x2i−1x2i+1(a2i−1c2i − a2ib2i−1)

+ x2i−1(a2i−1d2i − b2i−1b2i)

+ x2i+1(c2i−1c2i − a2id2i−1)

+ c2i−1d2i − d2i−1b2i.

This eliminates every equation involving x2i. If k is even, it results in a new equation system of size k/2. If k
is odd, we can do the same, but include the last equation in the new equation system. Any solution of the old
system is a solution of the new system.
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Once two equations, as if k = 2, remain, we eliminate the second variable by:

0 = (a1x1 + c1)(a2x2x1 + b2x2 + c2x1 + d2)

− (a2x1 + b2)(a1x1x2 + b1x1 + c1x2 + d1)

= (a1x1 + c1)(x2(a2x1 + b2) + c2x1 + d2)

− (a2x1 + b2)(x2(a1x1 + c1) + b1x1 + d1)

= (a1x1 + c1)(c2x1 + d2)− (a2x1 + b2)(b1x1 + d1)

= x2
1(a1c2 − a2b1) + x1(a1d2 + c1c2 − a2d1 − b2b1) + c1d2 − b2d1.

Finally, only one quadratic equation remains.

The coefficients of the resulting equations are exactly the determinants calculated in Definition 1.

The proof shows that any solution to the initial equation system of one missing cycle is a solution to the final
quadratic equation of the recursion. Since a quadratic equation has at most two solutions, this means if the
equation system has at least two solutions, the solutions of the quadratic equation are exactly the solutions of
the equation system.

Unfortunately, if the equation system has exactly one solution, the recursion can introduce a spurious second
solution. E.g. if it happens that a1 = a2 and c1 = b2 in the two equations case. Then x1 = −c1/a1 = −b2/a2 is
a solution to the final quadratic equation, regardless if it was a solution of the initial equation system.

This unfortunate case actually happened for some edges in Figure 4 during our experiments. However, it does
not affect the outcome of the algorithm since there always was an edge in the same cycle for which it did not
happen. This edge provides a unique solution for all other edges in the cycle using propagate.

An alternate way of solving the missing cycle equation system is to insert the equation of propagate into the
next equation. E.g. from a1x1x2 + b1x1 + c1x2 + d1 = 0 obtain x2 = −(d1 + b1x1)/(a1x1 + c1) and insert it into
a2x2x1+b2x2+c2x1+d2. This returns a2(−(d1+b1x1)/(a1x1+c1))x1+b2(−(d1+b1x1)/(a1x1+c1))+c2x1+d2 = 0,
which can be solved for x1. But we do not recommend that approach, since it requires linearly many insertion
steps in general unlike the recursion we propose which only has logarithmic deep, so it has worse complexity and
yields much larger expressions.

A.7 Proof of Proposition 4

Proof. The theorem follows from Proposition 2 which says that every edge in a tree graph identified by the ACID
algorithm is identified already in the preliminary identification phase of the TreeID algorithm (Lines 24-27). We
note that the phase of the algorithm runs in polynomial time.

A.8 Proof of Lemma 8

Proof. The first part follows directly because nodes connected to all other nodes by bidirected edges do not
contribute an equation to the equation system.

The second part: The equation of a missing bidirected edge i + 1 ↔ j + 1 contains factors σi+x,j+y with
x, y ∈ {0, 1} in G and σπ(i)+x,π(j)+y in G′. Then i, j ∈m and π(i) + x = π(i+ x) and π(j) + y = π(j + y).

So the new equation system is obtained by replacing σi,j with σπ(i),π(j), λi with λπ(i), which is only a renaming
of variables. Thus both equation systems have an isomorph solution space.

A.9 Proof of Proposition 5

Proof. See Subsection B.3 below.
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B EXPERIMENTS

To test our algorithm TreeId on graphs, we have manually searched the missing cycles, and solved the resulting
missing cycle equations. If multiple solutions occurred, we have inserted the solution of one missing cycle in the
equations of other missing cycles.

For symbolic calculations with polynomials, we have used the CAS (wx)Maxima. Rather than using PIT on
FASTPs, we have fully expanded the equations in the CAS. Although this is slower, it provides more detailed
information about the terms remaining in non-zero polynomials. A problem that occurs during the calculations
is that Maxima converts

√
x2 to |x|, so that

√
x2 − x is non-zero. For TreeId to work, such equations should be

considered as zero and need to be manually checked.

We only need to calculate one edge, since the identifiability of other edges should follow using propagation.

B.1 Identification of G2 in Figure 1

The graph G2 in Figure 1 has a missing cycle 1↔ 2↔ 3↔ 4↔ 1.

The recursion returns a quadratic equation aλ2
01 + bλ01 + c = 0 with

a = ((σ00(−σ02)− σ00(−σ02))((−σ33)(−σ04)− σ03σ34)− (σ03(−σ04)− σ03(−σ04))(σ00σ23 − (−σ03)(−σ02)))

b = ((σ00(−σ02) − σ00(−σ02))((−σ33)σ14 − (−σ13)σ34) − (σ03σ14 − (−σ13)(−σ04))(σ00σ23 − (−σ03)(−σ02))) +
(((−σ01)(−σ02)− σ00σ12)((−σ33)(−σ04)− σ03σ34)− (σ03(−σ04)− σ03(−σ04))((−σ01)σ23 − (−σ03)σ12))

c = (((−σ01)(−σ02)− σ00σ12)((−σ33)σ14 − (−σ13)σ34)− (σ03σ14 − (−σ13)(−σ04))((−σ01)σ23 − (−σ03)σ12))

Simplifying this equation in (wx)Maxima returns:

a = 0

b = (σ01σ02 − σ00σ12)(σ04σ33 − σ03σ34)− (σ03σ14 − σ04σ13)(σ00σ23 − σ02σ03)

c = (σ01σ02 − σ00σ12)(σ13σ34 − σ14σ33)− (σ03σ14 − σ04σ13)(σ03σ12 − σ01σ23)

Thus λ01 = −c/b is a unique solution. The fraction is valid because [b]G = ω33ω01ω02ω04 is not zero.

B.2 Identification of the graphs in Figure 3

Here we investigate the 5 tree graphs of (Weihs et al., 2018).

B.2.1 Identification of (4680, 403)

0

1

2 3

4

There are three missing cycles, 1 ↔ 2 ↔ 4, 2 ↔ 3 ↔ 4, and 1 ↔ 2 ↔ 3 ↔ 4. Each cycle yields two solutions.
The solutions for λ1 of 1↔ 2↔ 4 are



Identification in Tree-shaped Linear Structural Causal Models

λ1 = (
√
s+ (σ01σ13 + σ03σ11)σ24 + (−σ01σ14− σ04σ11)σ23− σ03σ12σ14 + σ04σ12σ13)/(2σ01σ03σ24− 2σ01σ04σ23−

2σ02σ03σ14 + 2σ02σ04σ13), and

λ′1 = (−
√
s+(σ01σ13 +σ03σ11)σ24 +(−σ01σ14−σ04σ11)σ23−σ03σ12σ14 +σ04σ12σ13)/(2σ01σ03σ24−2σ01σ04σ23−

2σ02σ03σ14 + 2σ02σ04σ13)

where s = (−σ03(σ12σ14 − σ11σ24) + σ13(σ01σ24 − σ02σ14) − σ04(σ11σ23 − σ12σ13) + σ14(σ02σ13 − σ01σ23))2 −
4(−σ03(σ01σ24 − σ02σ14)− σ04(σ02σ13 − σ01σ23))(σ13(σ12σ14 − σ11σ24) + σ14(σ11σ23 − σ12σ13)).

The solutions are distinct because the expression [
√
s]G simplifies to the non-zero polynomial√

ω04
2(λ01ω02ω13 + λ01λ12

2λ23ω01 − λ01λ23ω01 + λ01
2λ12

2λ23 − λ12
2λ23 − λ01

2λ23 + λ23)2.

The former λ1 is also a solution for the cycle 1↔ 2↔ 3↔ 4. The latter λ′1 is not. Thus λ1 is the true solution.

B.2.2 Identification of (4680, 914)

0

1

2 3

4

There are three missing cycles 1↔ 2↔ 3, 2↔ 3↔ 4, and 1↔ 2↔ 3↔ 4. The missing cycle 1↔ 2↔ 3 gives
two solutions:

λ1 = (
√
s + (σ01σ12 + σ02σ11)σ23 + (−σ01σ13 − σ03σ11)σ22 − σ02σ12σ13 + σ03σ

2
12)/(2σ01σ02σ23 − 2σ01σ03σ22 −

2σ2
02σ13 + 2σ02σ03σ12), and

λ′1 = (−
√
s+ (σ01σ12 + σ02σ11)σ23 + (−σ01σ13 − σ03σ11)σ22 − σ02σ12σ13 + σ03σ

2
12)/(2σ01σ02σ23 − 2σ01σ03σ22 −

2σ2
02σ13 + 2σ02σ03σ12)

where s = (σ2
01σ

2
12−2σ01σ02σ11σ12+σ2

02σ
2
11)σ2

23+(((2σ01σ02σ11−2σ2
01σ12)σ13+2σ01σ03σ11σ12−2σ02σ03σ

2
11)σ22+

(2σ2
02σ11σ12 − 2σ01σ02σ

2
12)σ13 + 2σ01σ03σ

3
12 − 2σ02σ03σ11σ

2
12)σ23 + (σ2

01σ
2
13 − 2σ01σ03σ11σ13 + σ2

03σ
2
11)σ2

22 +
((2σ01σ02σ12 − 4σ2

02σ11)σ2
13 + (6σ02σ03σ11σ12 − 2σ01σ03σ

2
12)σ13 − 2σ2

03σ11σ
2
12)σ22 + σ2

02σ
2
12σ

2
13 − 2σ02σ03σ

3
12σ13 +

σ2
03σ

4
12.

The solutions are distinct because [
√
s]G simplifies to non-zero

√
(λ01ω01 + ω11)

2
(2λ01λ12ω02 + ω22)

2
ω03

2.

If we insert this in the cycle 1↔ 2↔ 3↔ 4, maxima says neither is a solution because there are terms involving
| w03 | that do not cancel. Manually replacing them with (w03) discovers that only the first λ1 is a solution.
Thus the graph is fully identifiable.
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B.2.3 Identification of (360, 117)

0

1

2 3

4

The missing cycle 1↔ 2↔ 4 gives two solutions:

λ1 = (
√
s+ (σ00σ13 + σ01σ03)σ24 + (−σ00σ14 − σ01σ04)σ23 + σ02σ03σ14 − σ02σ04σ13)/(2σ00σ03σ24 − 2σ00σ04σ23),

and

λ′1 = (−
√
s+ (σ00σ13 +σ01σ03)σ24 + (−σ00σ14−σ01σ04)σ23 +σ02σ03σ14−σ02σ04σ13)/(2σ00σ03σ24− 2σ00σ04σ23)

where s = ((σ2
00σ

2
13−2σ00σ01σ03σ13+σ2

01σ
2
03)σ2

24+(((2σ00σ01σ03−2σ2
00σ13)σ14+2σ00σ01σ04σ13−2σ2

01σ03σ04)σ23+
(2σ00σ02σ03σ13 − 4σ00σ

2
03σ12 + 2σ01σ02σ

2
03)σ14 − 2σ00σ02σ04σ

2
13 + (4σ00σ03σ04σ12 − 2σ01σ02σ03σ04)σ13)σ24 +

(σ2
00σ

2
14−2σ00σ01σ04σ14 +σ2

01σ
2
04)σ2

23 +(−2σ00σ02σ03σ
2
14 +(2σ00σ02σ04σ13 +4σ00σ03σ04σ12−2σ01σ02σ03σ04)σ14 +

(2σ01σ02σ
2
04 − 4σ00σ

2
04σ12)σ13)σ23 + σ2

02σ
2
03σ

2
14 − 2σ2

02σ03σ04σ13σ14 + σ2
02σ

2
04σ

2
13)

The solutions are distinct because [
√
s]G simplifies to non-zero

√
ω15

2(ω13ω24 + 2λ13λ34ω12ω13 + ω33 λ34ω12)
2
.

Only the first solution is valid for the 4-cycle 1↔ 2↔ 3↔ 4, so the graph is fully identifiable.

B.2.4 Identification of (360, 369)

0

1

2 3

4

There are three missing cycles 1↔ 2↔ 3, 1↔ 3↔ 4, and 1↔ 2↔ 3↔ 4. The missing cycle 1↔ 2↔ 3 gives
two solutions:

λ1 = (
√
s+ (σ00σ12 +σ01σ02)σ23 + (−σ00σ13−σ01σ03)σ22 +σ2

02σ13−σ02σ03σ12)/(2σ00σ02σ23−2σ00σ03σ22)], and

λ′1 = (−
√
s+ (σ00σ12 + σ01σ02)σ23 + (−σ00σ13 − σ01σ03)σ22 + σ2

02σ13 − σ02σ03σ12)/(2σ00σ02σ23 − 2σ00σ03σ22)

where s = (σ2
00σ

2
12−2σ00σ01σ02σ12+σ2

01σ
2
02)σ2

23+(((2σ00σ01σ02−2σ2
00σ12)σ13+2σ00σ01σ03σ12−2σ2

01σ02σ03)σ22+
(2σ01σ

3
02 − 2σ00σ

2
02σ12)σ13 + 2σ00σ02σ03σ

2
12 − 2σ01σ

2
02σ03σ12)σ23 + (σ2

00σ
2
13 − 2σ00σ01σ03σ13 + σ2

01σ
2
03)σ2

22 +
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(−2σ00σ
2
02σ

2
13 + (6σ00σ02σ03σ12 − 2σ01σ

2
02σ03)σ13 − 4σ00σ

2
03σ

2
12 + 2σ01σ02σ

2
03σ12)σ22 + σ4

02σ
2
13 − 2σ3

02σ03σ12σ13 +
σ2

02σ
2
03σ

2
12.

The solutions are distinct because [
√
s]G simplifies to non-zero

√
ω01

2(2λ02ω02 + ω22)
2
ω33

2.

If we insert this in the cycle 1↔ 2↔ 3↔ 4, maxima says neither is a solution because there are terms involving
| ω03 | that do not cancel. Manually replacing | ω03 | by (ω03) discovers that only the first λ1 is a solution. Thus
the graph is fully identifiable. (alternative the λ1 from cycle 134 works without manual replacement)

B.2.5 Identification of (840, 466)

0

1 2

3 4

There are three missing cycles 1↔ 2↔ 3, 2↔ 3↔ 4, and 2↔ 1↔ 3↔ 4. The missing cycle 1↔ 2↔ 3 gives
two solutions:

λ1 = (
√
s+ (σ00σ11 + σ2

01)σ23 + (σ01σ02 − σ00σ12)σ13 − σ01σ03σ12 − σ02σ03σ11)/(2σ00σ01σ23 − 2σ00σ03σ12), and

λ′1 = −(
√
s+ (−σ00σ11 − σ2

01)σ23 + (σ00σ12 − σ01σ02)σ13 + σ01σ03σ12 + σ02σ03σ11)/(2σ00σ01σ23 − 2σ00σ03σ12)

where s = (σ2
00σ

2
11 − 2σ00σ

2
01σ11 + σ4

01)σ2
23 + (((−2σ2

00σ11 − 2σ00σ
2
01)σ12 + 2σ00σ01σ02σ11 + 2σ3

01σ02)σ13 +
(6σ00σ01σ03σ11 − 2σ3

01σ03)σ12 − 2σ00σ02σ03σ
2
11 − 2σ2

01σ02σ03σ11)σ23 + (σ2
00σ

2
12 − 2σ00σ01σ02σ12 + σ2

01σ
2
02)σ2

13 +
(2σ00σ01σ03σ

2
12 + (2σ00σ02σ03σ11 − 2σ2

01σ02σ03)σ12 − 2σ01σ
2
02σ03σ11)σ13 + (σ2

01σ
2
03 − 4σ00σ

2
03σ11)σ2

12 +
2σ01σ02σ

2
03σ11σ12 + σ2

02σ
2
03σ

2
11.

The solutions are distinct because [
√
s]G simplifies to non-zero

√
(2λ01ω01 + ω11)

2
ω02

2ω03
2.

If we insert this in the cycle 1↔ 3↔ 4↔ 2, maxima says neither is a solution because there are terms involving
| ω02 | and | ω03 | that do not cancel. Manually replacing them with (ω02) and (ω03) discovers that only the first
λ1 is a solution. Thus the graph is fully identifiable.

B.3 Canonical path graphs

For Proposition 5, we have calculated the identifiability of all canonical path graphs with exactly one missing
cycle of length at most 10 using Gröbner bases.

The results are shown in the file canonical-cycles.pdf.

The directed edges form a path 0→ 1→ 2→ 3→ . . . in each graph.

The color of the directed edges encodes the identifiability:

1. green: The edge is uniquely identifiable.

2. yellow: The edge is 2-identifiable.

3. blue: The Gröbner base does not include a solution the edge identifiability directly, but the edge can be
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identified using some kind of propagate from adjacent edges. It is either 1-identifiable or 2-identifiable
depending on the color of the adjacent edge.

4. black: The edge is not identifiable

The number of nodes is not specified, since additional nodes do not affect the identifiability

The graphs are normalized for shifting, but not for permutations. E.g. the 2nd and 3rd graph of length 3 in
canonical-cycles.pdf are equivalent under permutations, and so must have the same identifiability. Hence
here one can see more fully identifiable graphs of length 4 than in the main paper, which is not a contradiction,
as they are equivalent.

B.4 Comparison with Gröbner bases

Besides path graphs with a single missing cycle, we have enumerated 879 path graphs with 8 nodes and various
combinations of bidirected edges. On these graphs, we have searched the identifiable edges with TreeID and a
Gröbner base approach. The results are shown in the pdf files of the folder 879graphs.

TreeID (as implemented in DAGitty) completed its computation in a day and night on a laptop. To calculate the
Gröbner bases, we have used Singular (Decker et al., 2016). Over several months on a desktop PC, it calculated
the Gröbner bases for the first 587 graphs and then it stopped proceeding, possibly having exhausted the available
RAM. So we have aborted it, and continued the computations for the remaining graphs with a time limit of 4
hours per graph on a server. There it eventually finished.

Comparing the output of both algorithms, we see that TreeID can identify all edges that can be identified using
Gröbner bases on these graphs.

Furthermore, it can identify edges that could not be identified with the Gröbner bases, which should be impossible.
This seems to occur due to two bugs in our Gröbner base analysis: 1) when the 4 hour time limit was breached,
we recorded all edges as unidentifiable rather than a computation failure, and 2) prioritizing base polynomials
containing a single variable over propagation. For example, the Gröbner base might contain p = λ2

2Σ1+λ2Σ2+Σ3,
q = λ2Σ4 + λ1Σ5 + Σ6 and r = λ1Σ7 + Σ8, where Σi are arbitrary polynomials in σj,k. From p, our analysis
script would conclude that λ2 is 2-identifiable, and from r that λ1 is 1-identifiable. Our script would then stop,
assuming it had discovered the identifiability of all edges. However, from q and r together, one can conclude
that λ2 is also 1-identifiable. As explained in the previous section, in our visualizations we have drawn edges
identified by p, q, resp. r as yellow, blue, resp. green. Essentially the bug was to draw edges that might be blue
or yellow as yellow, even if blue was better.

B.5 wxMaxima files

We have performed several calculations in the wxMaxima CAS. For the sake of reproducibility, we share the
following wxMaxima files:

1. 3nodes.wxmx, 5nodes.wxmx, binaryTree.wxmx, binaryTree2.wxmx: Examples of the calculation of the Σ
matrix.

2. propagate.wxmx: Shows that the propagation step of a FASTP results in a FASTP.

3. recursion.wxmx and recursion-abcd.wxmx: A general recursion scheme for a cycle of 3,4, and 6 length.
In the first level, the a, b, c, d have not been replaced by any σij , so the recursion returns a general quadratic
equation. In this general quadratic equation, the a, b, c, d can be replaced by σij to obtain a quadratic
equation for a specific system without performing the recursion.

4. substitution-scheme-3-equations.wxmxm, substitution-scheme-4-equations.wxmx: An alternative
way of solving the equation system of a missing cycle using substitution rather than the recursion.

5. substitution-abcd.wxmxm: Shows that substitution unlike the recursion does not work in general.

6. test-drton-tsiv-*.wxmx: The calculations for Figure 3.
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7. test-drton-tsiv-Fig2*.wxmx: The calculations for G2 in Figure 1 (which is a graph in Figure 2 in Weihs
et al. (2018)).

8. test-discriminant-cycle*.wxmx: The calculations for Figure 4 (canonical path graphs with no solutions
or a unique solution).

B.6 Script files

In the folder scripts, you can find some of the code we have used to run the experiments.

1. singlecyclepathgraphs.lpr: Creates path graphs with a single missing cycle.

Example usage after compilation: ./singlecyclepathgraphs 4

2. identification-helper.xqm: Various functions used by the other scripts, mostly to convert graphs from
one file format to another. The functions can also be called directly:

Example: xidel --module identification-helper.xqm -e ’helper:drton-model-to-pretty-edge-

string(5, "(4680, 403)")’ to convert the graph (4680, 403) in the notation of Weihs et al. (2018) to our
format.

3. drtonModelToGraph.lpr: Another program to convert the graphs of Weihs et al. (2018) to our format. The
input graph is specified as constants in the source code.

4. identifiability-singular-model.xq: Creates Singular commands to calculate the Gröbner base for some
graphs. It outputs variables Li for λi and sisj for σij .

Example: echo ’[[[1, 2], [1, 4], [2,3], [2,4], [3,4]]]’ | xidel --input-format json - -e

@identifiability-singular-model.xq | Singular

5. identifiable-iff.compress.pl: Removes all sigma variables from the Gröbner base output of Singular
to save space.

6. identifiable-iff.parsesingular.pl: Parses the Gröbner base output to find the identifiable edges (see
B.3 and B.4).

Example: Singular < input-with-the-singular-model | perl identifiable-iff.compress.pl |

perl identifiable-iff.parsesingular.pl > output.tex

The output consists of TeX commands which can create the visualizations in the folder 879graphs when
combined with suitable definitions for the commands.

7. makegraph-results-to-json.xq: This converts the output of identifiable-iff.parsesingular.pl to
JSON. The JSON can be copied into a JavaScript program, from which it is easy to call DAGitty.

8. identifiable-iffgraphs-cycles-solution.xq: Calculates the quadratic equation of Theorem 1 for a
given graph and missing cycle using the recursion of Definition 2.

Example: model=’1->2 1->3 1->4 4->5 1<->2 1<->3 1<->4 1<->5’ cycle=’2 3 4’ xidel

identifiable-iffgraphs-cycles-solution.xq

The last three lines of the output can be copied verbatim into Maxima to define the variables a, b, c for the
quadratic equation. This is the script we have used to calculate the solutions in B.1 and B.2, in combination
with the next two scripts which reveal how many solutions the quadratic equation has.

9. graph-to-matrices.xq: Creates Maxima commands to calculate Λ,Ω,Σ matrices for a given graph.

Example: model=’[[1, 2], [2, 3], [1, 3]]’ xidel graph-to-matrices.xq

10. discriminant.xq: Creates Maxima commands to substitute the elements of a Σ matrix of size n into the
expressions a and b2 − 4ac of Lemma 7.

Example: n=5 xidel discriminant.xq
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*.pl files are run with Perl, *.xq files are run with Xidel, *.lpr files are compiled with FreePascal.

There are two different formats used to read to graphs in the scripts. A JSON syntax that only lists the missing
bidirected edges of a graph (e.g. [[1,2]] for a missing edge 1↔ 2) and a format that lists all existing edges (e.g.
1->2 2<->3). Some scripts assume the root node is node 1 (especially those creating commands for Maxima
and Singular), some scripts assume the root node is node 0. The user needs to pay attention to this when using
the scripts.


