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Abstract

Fast Johnson-Lindenstrauss Transform
(FJLT) and Sparse Johnson-Lindenstrauss
Transform (SJLT) are two important obliv-
ious subspace embeddings. So far, the
developments of these two methods are
almost orthogonal. In this work, we propose
an iterative algorithm for oblivious subspace
embedding which makes a connection be-
tween these two methods. The proposed
method is built upon an iterative implemen-
tation of FJLT and is equipped with several
theoretically motivated modifications. One
important strategy we adopt is the early
stopping strategy. On the one hand, the
early stopping strategy makes our algorithm
fast. On the other hand, it results in a
sparse embedding matrix. As a result, the
proposed algorithm is not only faster than
the FJLT, but also faster than the SJLT
with the same degree of sparsity. We present
a general theoretical framework to analyze
the embedding property of sparse embedding
methods, which is used to prove the embed-
ding property of the proposed method. This
framework is also of independent interest.
Lastly, we conduct numerical experiments to
verify the good performance of the proposed
algorithm.

1 INTRODUCTION

In the practice of statistics and machine learning, it is
often necessary to deal with datasets with extremely
large volume. When handling large dataset, exact al-
gorithms often cost prohibitive computing time. In
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recent years, approximate algorithms based on sketch-
ing techniques have been actively researched for var-
ious tasks. Sketching methods use random subspace
embeddings to reduce the data volume, yielding a
fast computing time for subsequent procedures; see,
e.g., Woodruff (2014); Kannan and Vempala (2017);
Martinsson and Tropp (2020) for reviews of sketching
methods. Take the linear regression problem as an ex-
ample, suppose we have a data matrix A ∈ Rn×d and
a response vector y ∈ Rn. And we would like to solve
the least-squares problem

arg min
x∈Rd

1

2
‖Ax− y‖2.

Using sketching method, we generate a random matrix
Π ∈ Rm×n with m � n and consider the sketched
least-squares problem

arg min
x∈Rd

1

2
‖ΠAx−Πy‖2.

Note that the sketched least-squares problem only re-
lies on the the sketched data (ΠA,Πy). If (ΠA,Πy)
can well preserve the information of the original data
and can be obtained efficiently, then one can obtain
an approximate solution to the least-squares problem
efficiently. Furthermore, when used in conjunction
with iteration algorithms, sketching methods can also
yield high-precision approximation to the least-squares
problem; see, e.g., Rokhlin and Tygert (2008); Avron
et al. (2010); Pilanci and Wainwright (2016); Lacotte
et al. (2020); Lacotte and Pilanci (2020b). For these
sketching methods, the subspace embedding step is
one of the computational bottlenecks. Also, the preci-
sion of sketching methods is often largely affected by
the subspace embedding property of Π.

In this paper, we consider subspace embeddings that
are oblivious to the input data. Following Cohen
(2016), for ε, δ ∈ (0, 1), an m× n random matrix Π is
called an Oblivious Subspace Embedding (OSE) with
parameter (d, ε, δ) if for any non-random n×d column
orthogonal matrix U,

Pr(‖U>Π>ΠU− Id‖ > ε) < δ. (1)
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If d = 1, an OSE with property (1) reduces
to a Johnson-Lindenstrauss transform (Johnson and
Lindenstrauss, 1984). The celebrated Johnson-
Lindenstrauss lemma (Johnson and Lindenstrauss,
1984) implies that there exists a (1, ε, δ)-OSE with
m = Θ(ε−2 log(1/δ)). Standard proofs of Johnson-
Lindenstrauss lemma consider unstructured dense Π.
For example, one can choose Π to be a random matrix
whose elements are independent and identically dis-
tributed (i.i.d.) sub-Gaussian random variables. How-
ever, it is not efficient to apply such unstructured Π
to input data.

Researchers have made much efforts to achieve fast em-
bedding time while preserving good embedding prop-
erty. In the seminal work of Ailon and Chazelle
(2006, 2009), a highly structured embedding ma-
trix, known as Fast Johnson-Lindenstrauss Transform
(FJLT), is constructed. Since FJLT is constructed
via Walsh-Hadamard matrix, it is also known as Sub-
sampled Randomized Hadamard Transform (SRHT).
For FJLT, the embedding time for an input data
A ∈ Rn×d is O(nd log(m)); see, e.g., Ailon and Lib-
erty (2009). The embedding property of FJLT has
been investigated by many researchers; see, e.g., Sarlós
(2006), Tropp (2011), Boutsidis and Gittens (2013),
Lu et al. (2013), Cohen et al. (2016), Lacotte et al.
(2020), Lacotte and Pilanci (2020a). In Cohen et al.
(2016), it was shown that FJLT is (d, ε, δ)-OSE for
m = Ω(ε−2(d+ log(1/(εδ))) log(d/δ)).

In another line of work, researchers sought for fast
embedding time by making Π sparse. This direc-
tion was initiated by Achlioptas (2003) who consid-
ered an embedding matrix whose elements are i.i.d.
and equal to 0 with probability 2/3. After some subse-
quent developments (Dasgupta et al., 2010; Braverman
et al., 2010; Clarkson and Woodruff, 2013; Meng and
Mahoney, 2013), Kane and Nelson (2014) introduced
Sparse Johnson-Lindenstrauss Transform (SJLT). For
SJLT, each column of Π contains exactly s nonzero
entries. For input data A ∈ Rn×d, the application of
SJLT can be completed within O(nds) time. Further-
more, SJLT can achieve input sparsity time for sparse
input data. The subspace embedding property of SJLT
for general d ≥ 1 was investigated by Nelson and
Nguyen (2013); Bourgain et al. (2015); Cohen (2016).
In Cohen (2016), it was shown that some constructions
of SJLT are (d, ε, δ)-OSE with m = Ω(ε−2d log(d/δ))
and s = Θ(ε−1 log(d/δ)).

FJLT and SJLT have their own advantages. The re-
cursive structure of FJLT allows for fast embedding
time for arbitrary input data. However, the FJLT em-
bedding matrix is dense and does not utilize sparsity.
On the other hand, while SJLT does not have a recur-
sive structure, its sparsity yields fast embedding time.

So far, the developments of FJLT and SJLT are almost
orthogonal. The goal of the present work is to propose
a new OSE method which utilizes the advantages of
both FJLT and SJLT. The widely used algorithm of
FJLT is a recursive algorithm. We propose an itera-
tive implementation of FJLT. The iterative algorithm
allows us to access the intermediate results of FJLT.
We find that the intermediate results of FJLT share
certain key properties of SJLT and are highly struc-
tured. This motivates us to adopt the early stopping
strategy to obtain a sparse OSE. While this idea can
not be directly applied, it can indeed work after some
modifications. We investigate the embedding property
of the proposed embedding method. It shows that the
proposed embedding method has an embedding prop-
erty which is similar to that of SJLT. Also, the pro-
posed embedding method is significantly faster than
both FJLT and SJLT.

Our main contributions are as follows:

• We present a general theoretical framework to an-
alyze the subspace embedding property of sparse
OSEs. It generalizes the result of Nelson and
Nguyen (2013) in several ways. This framework is
interesting in its own right. As a special case, our
theorem gives the subspace embedding property
of Allen-Zhu et al. (2014).

• We propose an iterative implementation of FJLT.
This implementation allows us to access the in-
termediate results of FJLT. It turns out that the
intermediate result of FJLT is closely related to
SJLT.

• We consider some theoretically motivated modi-
fications of the iterative implementation of FJLT
and propose a new sparse OSE. We derive the
embedding property of the proposed sparse OSE
via our general framework. For any input data
A ∈ Rn×d, the embedding time of the proposed
method is O(nd(log(1/ε) + log(log(d/δ)))), which
improves the computing time of FJLT and SJLT
significantly.

2 PRELIMINARIES

First we introduce some notations that will be used
throughout the paper. For elements a1, . . . , an, we
use {a1, · · · , an} to denote the set of a1, . . . , an,
which is unordered and has distinct elements; we use
(a1, · · · , an) to denote the tuple of a1, . . . , an, which is
ordered. For a set A, let Card(A) denote the cardinal-
ity of A. For sets A1, . . . , An, let A1× · · ·×An denote
their product {(x1, . . . , xn) : xi ∈ Ai, i = 1, . . . , n}. A
function f is understood as its set-theoretic definition.
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That is, a function f is a subset of A × B for some
sets A and B such that if (x, y1) ∈ f and (x, y2) ∈ f
then y1 = y2. The domain and range of f are denoted
as dom(f) and range(f), respectively. The set of all
functions from A to B is denoted as BA. For positive
integer n, let [n] denote the set {1, . . . , n}. For real
number x, denote by bxc the floor of x. For two non-
negative sequence {an} and {bn}, we write an = O(bn)
if there exists a constant c > 0 such that an ≤ cbn for
all n, we write an = Ω(bn) if bn = O(an), and we
write an = Θ(bn) if an = O(bn) and an = Ω(bn). For
two matrices A,B, let A ⊗B := (ai,jB) denote their
Kronecker product, and we denote

diag(A,B) :=

(
A O
O B

)
.

If A and B have the same dimension, let A ◦ B :=
(ai,jbi,j) denote their Hadamard product. Throughout
the paper, we assume that m, n and s are powers of 2.

Following Tropp (2011); Lu et al. (2013); Boutsidis and
Gittens (2013); Lacotte and Pilanci (2020a), FJLT is
defined as

ΠF :=
1√
m

PHnD,

where D is an n × n diagonal matrix whose diagonal
elements are independent Rademacher random vari-
ables, that is, random variables taking values in −1 an
1 with equal probability 1/2, Hn is Walsh-Hadamard
matrix defined recursively as

Hn :=

(
Hn

2
Hn

2

Hn
2
−Hn

2

)
with H1 = 1, and P is an m × n matrix whose rows
arem uniform samples (without replacement) from the
standard bases of Rn, P and D are independent.

Let X ∈ Rn×d be a data matrix. Using a recursive al-
gorithm, one can compute ΠFX in O(nd log(n)) time.
This recursive algorithm is similar to Cooley-Tukey al-
gorithm of fast Fourier transform (Cooley and Tukey,
1965), and is summarized in Algorithm 1. The fastest
known algorithm of FJLT is proposed by Ailon and
Liberty (2009), which is based on a careful pruning
of the execution tree of Algorithm 1. The algorithm
of Ailon and Liberty (2009) can compute ΠFX in
O(nd log(m)) time; see Ailon and Liberty (2009), The-
orem 2.1.

Kane and Nelson (2014) proposed SJLT which is de-
fined as

ΠS =
1√
s
∆ ◦Σ,

where Σ = (σi,j) and ∆ = (δi,j) are independent m×n
random matrices, {σi,j} are independent Rademacher

Algorithm 1: A recursive implementation of
FJLT

// Compute HnX
Function RecursiveAlgorithm(n, m, d, X):

X1 ← X[1 : n2 , 1 : d]; X2 ← X[(n2 + 1) : n, 1 : d]
Y1 ← RecursiveAlgorithm(n2 , m, d,
X1 + X2)

Y2 ← RecursiveAlgorithm(n2 , m, d,
X1 −X2)

return

(
Y1

Y2

)
// Compute ΠFX
Function FJLT(n, m, d, X):

Generate matrices P and D
Y ← RecursiveAlgorithm(n, m, d, DX)

return PY

random variables, the n columns of ∆ are indepen-
dent, δi,j ∈ {0, 1} and

∑m
i=1 δi,j = s. Kane and Nelson

(2014) gave two concrete constructions of ∆. One is
the graph construction, that is, for each column of ∆,
the positions of nonzeros are uniformly sampled from
[m] without replacement. The other one is the block
construction, that is, the m rows of ∆ are divided into
s blocks with equal numbers and for each column of ∆,
each block contains exactly one nonzero element whose
position is uniformly selected within the block. Nelson
and Nguyen (2013) investigated the embedding prop-
erty of SJLT with more general ∆. They considered
the following Oblivious Sparse Norm-Approximating
Projections (OSNAP) properties:

(1) The elements σi,j of Σ are i.i.d. Rademacher ran-
dom variables.

(2) The elements δi,j of ∆ take value in {0, 1}.

(3) For any j ∈ [n],
∑m
i=1 δi,j = s.

(4) For any S ⊂ [m]× [n],

E

 ∏
(i,j)∈S

δi,j

 ≤ ( s
m

)Card(S)

.

(5) The columns of Π are i.i.d.

Nelson and Nguyen (2013) proved that if ΠS sat-
isfies OSNAP properties, then ΠS satisfies (d, ε, δ)-
OSE property provided that s = Θ(ε−1 log3(d/δ)) and
m = Ω(ε−2d log6(d/δ)). Later, Cohen (2016) proved
that for SJLT with graph construction, one can take
m = Ω(ε−2d log(d/δ)) and s = Θ(ε−1 log(d/δ)) to
achieve (d, ε, δ)-OSE property, which nearly matches
the lower bound derived in Nelson and Nguyên (2014).
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As Cohen (2016) noted, however, it is not clear if their
analysis can be applied to the general SJLT with OS-
NAP properties.

3 SUBSPACE EMBEDDING
PROPERTY OF GENERAL
SPARSE OSES

While the framework of Nelson and Nguyen (2013) is
fairly general, it does not include our proposed algo-
rithm in Section 5. Also, it does not include some vari-
ants of SJLT, such as sign-consistent SJLT (Allen-Zhu
et al., 2014). In this section, we extend the analysis of
Nelson and Nguyen (2013) to a general setting. Our
general framework will be used to investigate the pro-
posed algorithm. It also gives theoretical properties of
some variants of SJLT.

We make the following assumption which extends OS-
NAP properties.

Assumption 1. Suppose Π = s−1/2∆◦Σ, where Σ =
(σi,j) and ∆ = (δi,j) are independent m × n random
matrices and satisfy the following conditions:

(1) Suppose the elements σi,j of Σ are generated
according to one of the two following schemes:
(a) {σi,j} are i.i.d. Rademacher random vari-
ables; or (b) σi,j = σ1,j and {σ1,j}nj=1 are i.i.d.
Rademacher random variables.

(2) The elements δi,j of ∆ take value in {−1, 0, 1}.

(3) For any j ∈ [n],
∑m
i=1 δi,j = s.

(4) There is an absolute constant c > 0 such that for
any S ⊂ [m]× [n],

E
∏

(i,j)∈S

|δi,j | ≤
(
c
s

m

)Card(S)

.

(5) The distribution of ∆ is invariant under the per-
mutation of columns.

Assumption 1 generalizes OSNAP properties in several
aspects. First, we allow two generation schemes of Σ.
The first one is the standard scheme used in SJLT.
And the second one uses a single Rademacher random
variable in each column of Σ. This scheme is used in
sign-consistent SJLT (Allen-Zhu et al., 2014). Com-
pared with the first scheme, the second one requires
less bits of random seeds. Second, we allow δi,j taking
on three values −1, 0, and 1 while OSNAP property
requires that δi,j takes value in {0, 1}. Third, we only
require that the columns of ∆ are exchangeable while
OSNAP property requires that the columns of Π are
independent. Hence Assumption 1 greatly generalizes
OSNAP. We have the following theorem.

Theorem 1. Let Π be an m× n random matrix sat-
isfying Assumption 1. Suppose ε, δ ∈ (0, 1) and

m ≥ C log2(d/δ)s2d, s ≥ C log2(d/δ)

ε
, (2)

where C is an absolute constant. Then Π is (d, ε, δ)-
OSE.

To meet the condition (2), we can take m =
Ω(d log6(d/δ)/ε2) and s = Θ(log2(d/δ)/ε). There-
fore, compared with Theorem 5 of Nelson and Nguyen
(2013), our result improves the order of s by a log-
arithm factor. In the meanwhile, the conditions of
Theorem 1 is much weaker than theirs. For example,
while sign-consistent SJLT of Allen-Zhu et al. (2014)
does not satisfy OSNAP properties, it satisfies the con-
dition of Theorem 1. Hence Theorem 1 gives the sub-
space embedding property of sign-consistent SJLT.

Following Kane and Nelson (2014); Nelson and Nguyen
(2013); Allen-Zhu et al. (2014), we use the moment
method to prove Theorem 1. The basic idea of this
approach is to use the Markov’s inequality to obtain
the bound

Pr(‖U>Π>ΠU− Id‖ > ε)

≤ 1

ε`
E tr((U>Π>ΠU− Id)

`),

where ` > 0 is an even integer. We give a fine-grained
analysis to bound the moment in the right hand side.
This fine-grained analysis is based on graph theory.

4 AN ITERATIVE
IMPLEMENTATION OF FJLT

In this section, we present a new algorithm of FJLT.
The proposed algorithm can be regarded as an itera-
tive version of Algorithm 1. While the proposed al-
gorithm has the same order of computing time as Al-
gorithm 1, it provides an insight on the connection
between FJLT and SJLT, and will motivate a new al-
gorithm which is faster than both FJLT and SJLT.

We note that Algorithm 1 is a recursive algorithm.
It is also possible to use iterative algorithm to im-
plement FJLT; see Yarlagadda and Hershey (1997),
Chapter 7. Now we present a simple iterative algo-
rithm of FJLT with computing time O(n log(n)). For
any k ∈ [log2(n)], define

Bk := I2k−1 ⊗H2 ⊗ I n

2k
.

Since Kronecker product is associative, Bk is well-
defined. We have the following lemma.

Lemma 1. For k ∈ [log2(n)], we have

BkBk−1 · · ·B1 = H2k ⊗ I n

2k
.
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Algorithm 2: An iterative implementation of
FJLT

Function IterativeFJLT(n, m, d, X):
Generate matrices P and D

Y
(0)
1 ← DX

for k = 1 to log2(n) do
for p = 1 to 2k−1 do

Y
(k)
2p−1 ←

(
I n

2k
I n

2k

)
Y

(k−1)
p

Y
(k)
2p ←

(
I n

2k
−I n

2k

)
Y

(k−1)
p

Y ←


Y

(log2(n))
1

...

Y
(log2(n))
n


return PY

From Lemma 1, we have

Hn := Blog2(n)Blog2(n)−1 · · ·B1.

Based on the above expression, the matrix multipli-
cation by Hn can be decomposed into log2(n) subse-
quent multiplications. Note that for any k ∈ [log2(n)],
each column of Bk contains exactly two nonzero ele-
ments. Hence Bk allows for fast matrix multiplication.
This allows us to use an iterative algorithm to compute
FJLT. Below we give an explicit form of this iteration
algorithm.

Let C
(0)
1 := In. For k ∈ [log2(n)] and p ∈ [2k−1], we

define

C
(k)
2p−1 :=

(
I n

2k
I n

2k

)
C(k−1)
p ,

C
(k)
2p :=

(
I n

2k
−I n

2k

)
C(k−1)
p .

For k ∈ {0, 1, . . . , log2(n)}, define

C(k) :=


C

(k)
1
...

C
(k)

2k

 .

From the above definition, we have C(0) = C
(0)
1 and

C(k) = BkC
(k−1), k ∈ [log2(n)]. It follows that C(k) =

BkBk−1 · · ·B1, k ∈ [log2(n)]. In particular, we have
C(log2(n)) = Hn. Based on the above derivations, we
can formulate an iterative implementation of FJLT,
as summarized in Algorithm 2. In Algorithm 2, the

matrix Y
(k)
p is equal to C

(k)
p DX. Hence Algorithm 2

returns PC(log2(n))DX which is exactly ΠFX.

Now we consider the computing time of Algorithm

2. In Algorithm 2, Y
(k)
p is a (2−kn) × d matrix.

Hence given Y
(k)
p , the computation of Y

(k)
2p−1 and Y

(k)
2p

costs O(2−knd) time. Hence for each iteration of
k ∈ [log2(n)], the computation costs O(nd) time. Con-
sequently, the total computing time of Algorithm 2 is
O(nd log(n)), which equals the computing time of Al-
gorithm 1.

While Algorithm 2 is not faster than Algorithm 1, it
is an iterative algorithm and hence allows us to ac-
cess intermediate results of FJLT. Initially, C(0) is
the identity matrix which has exactly one nonzero el-
ement in each column. In general, it can be proved
by mathematical induction that for any k ∈ [log2(n)]

and p ∈ [2k], C
(k)
p has exactly one nonzero element

in each column. Consequently, C(k) has exactly 2k

nonzero element in each column. Thus, although
Hn = C(log2(n)) is a dense matrix, the intermediate
matrices {C(k)}n−1

k=0 are sparse and satisfy the proper-
ties (2) and (3) in Assumption 1.

We have presented an evolution process which starts
with the identity matrix which is a very sparse matrix,
and gradually processes sparse operations and finally
reaches the dense matrix of FJLT. This evolution pro-
cess reveals an interesting connection between FJLT
and SJLT. In view of the theory of SJLT, one may
expect that the intermediate matrices of FJLT are
enough to yield a good OSE method. We note that
for SJLT matrix ΠS with sparsity parameter s, the
computation of ΠSX requires O(sNd) time. On the
other hand, for the iterative implementation of FJLT,
the matrix C(log2(s)) has s nonzero elements in each
column and the computation of C(log2(s))DX only re-
quires O(log(s)Nd) time. This advantage of FJLT in
computing time implies that it may be possible to uti-
lize the structural property of FJLT to obtain a faster
sparse OSE method.

5 A FASTER SPARSE OSE
METHOD

In this section, we propose a faster sparse OSE method
with good subspace embedding property. Based on
our previous analysis, a natural idea to obtain a faster
OSE method is to adopt the early stopping strategy in
Algorithm 2 and use the intermediate matrix C(log2(s))

instead of Hn in the definition of FJLT to obtain a
sparse embedding:

1√
m

PC(log2(s))D. (3)

However, the direct application of this idea meets some
difficulties.

First, the expression (3) involves a sampling matrix P.
While C(log2(s)) satisfies the condition (3) in Assump-
tion 1, after the action of P, the columns of the matrix
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PC(log2(s)) are not guaranteed to have constant num-
bers of nonzero elements. We note that for FJLT, the
sampling matrix P is used to reduce the row number
of data from n to m. To avoid the difficulty caused
by P, we use another matrix to reduce the row num-
ber. For k ∈ [s], let P̃k ∈ R(m/s)×(n/s) be a ran-
dom matrix whose columns are independent and are
uniformly sampled from the standard basis of Rm/s.
Then for k ∈ [log2(s)], the matrix P̃kC

(log2(s))
k has

exactly one nonzero element in each column. Define
P̃ = diag(P̃1, . . . , P̃s). Then P̃ is an m×n matrix and
we have

P̃C(log2(s)) =


P̃1C

(log2(s))
1
...

P̃sC
(log2(s))
s

 .

Thus, P̃C(log2(s)) has exactly s nonzero elements in
each column and satisfies the condition (3) in Assump-
tion 1.

Before we proceed, we would like to give a further
understanding of the structure of P̃C(log2(s)). From
Lemma 1, we have C(log2(s)) = Hs ⊗ In/s. Therefore,

the matrix P̃C(log2(s)) has the following form:
±P̃1 · · · ±P̃1

±P̃2 · · · ±P̃2

...
. . .

...

±P̃s · · · ±P̃s

 .

From the above expression, we can see that the matrix
P̃C(log2(s)) is highly structured with some repeated
blocks. We note that such a structured matrix can
not satisfy the condition (4) in Assumption 1. To see
this, consider the index set

S = {(1, 1), (1, n/s+ 1), . . . , (1, n(s− 1)/s+ 1)}.

For this S, we have

E
∏

(i,j)∈S

∣∣∣(P̃C(log2(s)))i,j

∣∣∣ = E
∣∣∣(P̃C(log2(s)))1,1

∣∣∣ =
s

m
,

which violates the condition (4) in Assumption 1.

The above difficulty is caused by the repeated blocks
in the matrix P̃C(log2(s)). To ease this difficulty, we
resort to an additional random permutation. Specifi-
cally, let G ∈ Rn×n be a uniformly distributed permu-
tation matrix. We define

∆̃ := P̃C(log2(s))G.

The columns of ∆̃ are permuted, and hence does not
have repeated blocks. It can be expected that ∆̃ is
more likely to satisfy the condition (4) in Assumption

Algorithm 3: Faster sparse OSE method

Function IterativeFJLT(n, m, d, s, X):

Generate matrices P̃1, . . . , P̃s, G and D

Y
(0)
1 ← GDX

for k = 1 to log2(s) do
for p = 1 to 2k−1 do

Y
(k)
2p−1 ←

(
I n

2k
I n

2k

)
Y

(k−1)
p

Y
(k)
2p ←

(
I n

2k
−I n

2k

)
Y

(k−1)
p

return


P̃1Y

(log2(s))
1
...

P̃sY
(log2(s))
s



1. On the other hand, we note that the columns of
the original matrix P̃C(log2(s)) are not exchangeable
which violates the condition (5) of Assumption 1. In
comparison, for the permuted matrix ∆̃, the distribu-
tion of its columns is invariant under the permutation
of columns, which satisfies the condition (5) of As-
sumption 1. Here we should emphsis that the above
permutation technique is not new. In fact, Lacotte
et al. (2020) considered a similar permutation trick
for FJLT to break the non-uniformity in the data.

Having introduced the above modifications of (3), now
we are ready to define the proposed subspace embed-
ding method:

ΠNEW := s−1/2∆̃D.

We summarize the fast computation algorithm of
ΠNEW in Algorithm 3.

Now we analyze the randomness of ∆̃. Let p̃
(k)
j de-

note the position of the nonzero element in the jth

column of P̃k. That is, the (p̃
(k)
j , j)th element of P̃k

is 1. Then by the construction of P̃, the random vari-

ables {p̃(k)
j }k∈[s],j∈[n/s] are i.i.d. uniformly distributed

on [m/s]. For j ∈ [n], let τ(j) ∈ [n] denote the index
such that Gτ(j),j = 1. Then τ is a uniform permuta-

tion of [n]. For j ∈ [n], the jth column of ∆̃ has s
nonzeros, and the positions of these s nonzeros are

w
(k)
j := (k − 1)

m

s
+ p̃

(k)

τ(j)−b τ(j)n/s cns
, k ∈ [s].

For any j ∈ [n], the s positions w
(1)
j , . . . , w

(s)
j are inde-

pendent. However, we emphasis that different columns
of ∆̃ may not be independent. In fact, if two column
indices j and j′ satisfy

τ(j)−
⌊
τ(j)

n/s

⌋
n

s
= τ(j′)−

⌊
τ(j′)

n/s

⌋
n

s
,
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then the jth column and j′th column of ∆̃ share the
same positions of nonzeros.

With careful analysis, we can prove that the condition
(4) in Assumption 1 holds under certain conditions.
Formally, we have the following proposition.

Proposition 1. The m× n embedding matrix ΠNEW

is (d, ε, δ)-OSE for

m =Θ(d log6(d/δ)/ε2),

s =Θ(log2(d/δ)/ε),

n = exp {Ω {log(d/δ){log(d/ε) + | log(log(d/δ))|}}} .

In Proposition 1, the choice of m and s achieves the
same order as Theorem 1, and the choice of s improves
Theorem 5 of Nelson and Nguyen (2013) by a loga-
rithm factor. However, in Proposition 1, we make an
additional assumption on n. Intuitively, this assump-
tion avoids the case that n is small where the permuta-
tion of n rows of data matrix may not provide sufficient
randomness for our purpose. In practice, subspace em-
bedding is often applied when n is extremely large. In
this view, this condition on n is reasonable. Moreover,
we conjecture that this condition on n can be relaxed.

Figure 1: Error and computing time for various meth-
ods. Dense case. n = 210, d = 25, m = 28.

Figure 2: Error and computing time for various meth-
ods. Sparse case. n = 210, d = 25, m = 28.

Now we consider the computing time of the proposed
OSE method. Suppose X ∈ Rn×d. The permutation of
the data costs O(nd) time. The log2(s) iterations costs
O(nd log(s)) time. Finally, the action of P̃ costs O(nd)
time. Hence the total computing time is O(nd log(s)).
We note that s = Θ(log2(d/δ)/ε). In summary, the
computation of ΠNEWX can be completed in time

O

(
nd

(
log

(
1

ε

)
+

∣∣∣∣log

(
log

(
d

δ

))∣∣∣∣)) .
This computing time is very close to O(nd), and is
faster than FJLT and SJLT for dense input matrice.

6 NUMERICAL EXPERIMENTS

In this section, we examine the performance of the
proposed OSE method and compare it with FJLT,
SJLT and sign-consistent SJLT. These methods are
implemented in Python and run on a CPU with 3.00
GHz. For FJLT, Algorithm 2 is used. For SJLT and
sign-consistent SJLT, we adopt the graph construction
of ∆. For SJLT and sign-consistent SJLT, if s = 1,
then they are equivalent to CountSketch in Clarkson
and Woodruff (2013). For comparison, we also report
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Figure 3: Error and computing time for various meth-
ods. Dense case. n = 212, d = 26, m = 29.

the performance of CountSketch implemented in the
library SciPy (Virtanen et al., 2020).

First we consider experiments for synthetic data. We
consider two different U. In the first case, we first
generate an n× d random matrix whose elements are
i.i.d. standard normal random variables. And we take
U to be the left singular vector of this random matrix.
We refer to this case the dense case. In the second
case, we take U = (Id,Od×(n−d))

>. We refer to this
case the sparse case.

We use ‖U>Π>ΠU − Id‖ to measure the errors of
OSE methods. We illustrate the performance of vari-
ous methods in Figures 1-4. The reported results are
the average result of 200 replications. When s = 1, the
proposed OSE method have similar error performance
as SJLT, sign-consistent SJLT and CountSketch. As s
increases, the proposed OSE can achieve smaller error
than sign-consistent SJLT and CountSketch. Also, as
s increases, the proposed OSE has a slowly increas-
ing computing time and tends to be much faster than
SJLT and sign-consistent SJLT. This phenomenon is
well predicted by our theory. In fact, our theory im-
plies that the computing time of the proposed OSE re-
lies on s with the order log(s). In some cases, FJLT has

Figure 4: Error and computing time for various meth-
ods. Sparse case. n = 212, d = 26, m = 29.

smaller error than the proposed OSE method. Never-
theless, the proposed OSE is much faster than FJLT.
In summary, the proposed method has attractive per-
formance in both error and computing time.

Now we consider the experimental results on the Mini-
BooNE particle identification dataset in UCI Machine
Learning Repository (Dua and Graff, 2017). This
dataset contains n = 130, 064 instances and d = 50
attributes. We add zero rows to this dataset such that
n = 217 is a power of 2. Then we standardize each
attribute to form the standardized data matrix A. Fi-
nally we take the matrix U ∈ R217×50 as the left sin-
gular vectors of A. We take m = 210. The results are
reported in Figure 5. For this dataset, the proposed
OSE method has similar error performance as that of
the FJLT and SJLT, but is much faster than these two
methods.

7 DISCUSSIONS

In this work, we investigated the connection between
FJLT and SJLT. We proposed an iterative algorithm
for FJLT. This reveals an interesting connection be-
tween FJLT and SJLT. We modified this algorithm
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Figure 5: Error and computing time for various meth-
ods for MiniBooNE particle identification dataset.

and obtain a new subspace embedding method. The
new subspace embedding method takes both advan-
tages of FJLT and SJLT and is faster to apply than
both FJLT and SJLT. We investigated the subspace
embedding property of the proposed method. It shows
that the proposed subspace embedding method is OSE
with the same sparsity parameter as SJLT.

In the theoretical analysis of the OSE property of
the proposed method, we impose the condition n =
exp {Ω {log(d/δ){log(d/ε) + | log(log(d/δ))|}}}. We
conjecture that this condition can be relaxed. We leave
open the problem of establishing a better dependence
on n.
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Supplementary Material:
On a Connection Between Fast and Sparse Oblivious Subspace

Embeddings

A PROOF OF THEOREM 1

Let U ∈ Rn×d be a column orthogonal matrix. Let ui ∈ Rd be the ith row of U, j = 1, . . . , n. We need to prove
that

Pr(‖U>Π>ΠU− Id‖ > ε) ≤ δ.

From Markov’s inequality, we have

Pr(‖U>Π>ΠU− Id‖ > ε) = Pr(‖U>Π>ΠU− Id‖` > ε`) ≤ 1

ε`
E tr((U>Π>ΠU− Id)

`),

where ` is a positive even integer that will be specified latter. Hence to prove the conclusion, a major task is to
derive a good upper bound of E tr((U>Π>ΠU − Id)

`). To compute this expectation, we need some notations.
Define the index set

Ψ := {(i, j, r) : i1, . . . , i` ∈ [n], j1, . . . , j` ∈ [n], it 6= jt, t ∈ [`], r1, . . . , r` ∈ [m]} ,

where i := (i1, . . . , i`), j := (j1, . . . , j`) and r := (r1, . . . , r`) are vectors of indices. For (i, j, r) ∈ Ψ, define

h1(i, j, r) =
∏
t∈[`]

δrt,itδrt,jtσrt,itσrt,jt , h2(i, j, r) =
∏
t∈[`]

〈ujt ,uit+1
〉.

In the above expression, i`+1 is understood as i1. This convention will be used throughout our proof. Here we
emphasis that h2(i, j, r) does not rely on r. We add r as an argument of h2 just for convenience.

Lemma 2. For any positive integer `, we have

tr((U>Π>ΠU− Id)
`) =

1

s`

∑
(i,j,r)∈Ψ

h1(i, j, r)h2(i, j, r).

Proof. We have

tr((U>Π>ΠU− Id)
`) = tr

{
(U>(Π>Π− In)U)`

}
= tr

{
((Π>Π− In)UU>)`

}
.

It can be seen that

(Π>Π− In)i,j =

{
1
s

∑
r∈[m] δr,iδr,jσr,iσr,j if i 6= j,

0 if i = j.

On the other hand, (UU>)i,j = 〈ui,uj〉. Thus,

((Π>Π− In)UU>)i,k =
∑
j∈[n]

(Π>Π− In)i,j(UU>)j,k =
1

s

∑
j∈[n]
j 6=i
r∈[m]

δr,iδr,jσr,iσr,j〈uj ,uk〉.
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It follows that

tr((U>Π>ΠU− Id)
`) =

∑
i1,...,i`∈[n]

∏
t∈[`]

((Π>Π− In)UU>)it,it+1

=
1

s`

∑
i1,...,i`∈[n]
j1,...,j`∈[n]
jt 6=it, t∈[`]
r1,...,r`∈[m]

∏
t∈[`]

(
δrt,itδrt,jtσrt,itσrt,jt〈ujt ,uit+1〉

)

=
1

s`

∑
(i,j,r)∈Ψ

h1(i, j, r)h2(i, j, r).

This completes the proof.

The behavior of E(h1(i, j, r)h2(i, j, r)) is determined by certain graph structures of (i, j, r). We collect essential
definitions and results in graph theory in Section B. For any (i, j, r) ∈ Ψ, we associate a bipartite multigraph
with labeled edges, denoted as Gi,j,r. The vertex numbers of the two parts of Gi,j,r are

v1(Gi,j,r) :=Card({i1, . . . , i`, j1, . . . , j`}), v2(Gi,j,r) := Card({r1, . . . , r`}).

The two vertex sets are defined as

V1(Gi,j,r) :={(1, i) : i ∈ [v1(Gi,j,r)]}, V2(Gi,j,r) := {(2, i) : i ∈ [v2(Gi,j,r)]}.

The above definitions make sure that the elements of V1(Gi,j,r) and V2(Gi,j,r) have different first coordinates
and consequently V1(Gi,j,r) ∩ V2(Gi,j,r) = ∅. The edge set E(Gi,j,r) of Gi,j,r is defined by Algorithm 4. Roughly
speaking, e2t−1 connecting the vertices corresponding to it and rt, and e2t connecting the vertices corresponding
to jt and rt. Here we note that by definition in Algorithm 4, the tth edge et is a function with domain {1, 2},
and et(1) and et(2) are its endvertices in V1(Gi,j,r) and V2(Gi,j,r), respectively. Algorithm 4 also returns two
functions f1 and f2. The function f1 records the correspondence between the vertex set V1(Gi,j,r) and the index
set {i1, . . . , i`, j1, . . . , j`}, and the function f2 records the correspondence between the vertex set V2(Gi,j,r) and
the index set {r1, . . . , r`}.

We emphasis that the function (i, j, r) 7→ Gi,j,r is not injective. Nevertheless, the function A1 : (i, j, r) 7→
(Gi,j,r, f1, f2) defined in Algorithm 4 is injective. In fact, the function A2 defined in Algorithm 5 is the inverse
of A1. Precisely, if (i, j, r) ∈ Ψ, then A2(A1(i, j, r)) = (i, j, r). It follows that A1 is injective on Ψ. Let G denote
the range of the function (i, j, r) 7→ Gi,j,r with domain Ψ. Furthermore, it follows from Algorithms 4 and 5 that
for any G ∈ G ,

{(i, j, r) ∈ Ψ : Gi,j,r = G} =
{
A2(G, f†1 , f

†
2 ) : f†1 ∈ [n][v1(G)], f†1 is injective, f†2 ∈ [m][v2(G)], f†2 is injective

}
. (4)

Let G2 be the collection of graph G in G such that each vetex in V1(G) has even edge-degree. Using (4), we can
derive the following proposition.

Proposition 2. For any positive integer `, we have

E tr((U>Π>ΠU− Id)
`) ≤ 1

s`

∑
G∈G2

∣∣∣∣∣∣∣∣
∑

f2∈[m][v2(G)]

f2 is injective

E
∏

b∈B(G)

δ
α(b)
f2(b(2)),b(1)

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

∑
f1∈[n][v1(G)]

f1 is injective

∏
t∈[`]

〈uf1(e2t(1)),uf1(e2t+1(1))〉

∣∣∣∣∣∣∣∣ ,

where et is the abbreviation of (E(G))(t) and relies on G.



Rui Wang, Wangli Xu

Algorithm 4: Construction of Gi,j,r
Function A1(i, j, r):

v1 ← 0, f1 ← ∅
v2 ← 0, f2 ← ∅
for t← 1 to ` do

if it /∈ range(f1) then
v1 ← v1 + 1
f1 ← f1 ∪ {(v1, it)}

if rt /∈ range(f2) then
v2 ← v2 + 1
f2 ← f2 ∪ {(v2, rt)}

if jt /∈ range(f1) then
v1 ← v1 + 1
f1 ← f1 ∪ {(v1, jt)}

for t← 1 to ` do
e2t−1 ← {(1, f−1

1 (it)), (2, f
−1
2 (rt))}

e2t ← {(1, f−1
1 (jt)), (2, f

−1
2 (rt))}

V1(Gi,j,r)← {(1, i) : i ∈ [v1]}
V2(Gi,j,r)← {(2, i) : i ∈ [v2]}
V (Gi,j,r)← V1(Gi,j,r) ∪ V2(Gi,j,r)
E(Gi,j,r)← {(1, e1), . . . , (2`, e2`)}
Gi,j,r ← (V (Gi,j,r), E(Gi,j,r))
return (Gi,j,r, f1, f2)

Proof. We have

E tr((U>Π>ΠU− Id)
`) =

1

s`

∑
(i,j,r)∈Ψ

{Eh1(i, j, r)}h2(i, j, r)

=
1

s`

∑
G∈G

∑
(i,j,r):Gi,j,r=G

{Eh1(i, j, r)}h2(i, j, r)

=
1

s`

∑
G∈G

∑
f1∈[n][v1(G)]

f2∈[m][v2(G)]

f1,f2 are injective

{Eh1(A2(G, f1, f2))}h2(A2(G, f1, f2)), (5)

where the first equality follows from Lemma 2 and the last equality follows from (4). We have

Eh1(A2(G, f1, f2)) = E
∏

(i,e)∈E(G)

(
δf2(e(2)),f1(e(1))σf2(e(2)),f1(e(1))

)

=

E
∏

b∈B(G)

δ
α(b)
f2(b(2)),f1(b(1))

E
∏

b∈B(G)

σ
α(b)
f2(b(2)),f1(b(1))

 .

We have assumed that the distribution of the n columns (δ1,1, . . . , δm,1)>, . . . , (δ1,n, . . . , δm,n)> of ∆ is invariant
under permutation. It follows that

E
∏

b∈B(G)

δ
α(b)
f2(b(2)),f1(b(1)) = E

∏
p∈[v1(G)]

∏
b∈B(G)
b(1)=p

δ
α(b)
f2(b(2)),f1(p) = E

∏
p∈[v1(G)]

∏
b∈B(G)
b(1)=p

δ
α(b)
f2(b(2)),p = E

∏
b∈B(G)

δ
α(b)
f2(b(2)),b(1).

Similarly, since the columns of Σ are independent, we have

E
∏

b∈B(G)

σ
α(b)
f2(b(2)),f1(b(1)) = E

∏
b∈B(G)

σ
α(b)
f2(b(2)),b(1).
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Algorithm 5: Converse of Algorithm 4

Function A2(G, f1, f2):
for t← 1 to ` do

e2t−1 ← (E(G))(2t− 1)
e2t ← (E(G))(2t)
it ← f1(e2t−1(1))
rt ← f2(e2t−1(2))
jt ← f1(e2t(1))

i← (i1, . . . , i`)
j← (j1, . . . , j`)
r← (r1, . . . , r`)
return (i, j, r)

Therefore, h1(A2(G, f1, f2)) does not rely on the function f1. We claim that if some vertex in V1(G) has odd

edge-degree, then E(
∏
b∈B(G) σ

α(b)
f2(b(2)),f1(b(1))) = 0. To prove this claim, first we consider the case that {σi,j} are

sign-consistent. In this case, we have

E
∏

b∈B(G)

σ
α(b)
f2(b(2)),f1(b(1)) = E

∏
b∈B(G)

σ
α(b)
1,f1(b(1)) =

∏
v∈V1(G)

Eσ
β(v)
1,f1(v),

where β(v) is the edge-degree of the vertex v. If β(v) is odd for some v ∈ V1(G), then Eσ
β(v)
1,f1(v) = Eσ1,f1(v) = 0,

and the claim holds. Now we consider the case that σi,j are i.i.d. If some vertex in V1(G) has odd edge-degree,

then there exists a bond b incident on this vertex that has odd multiplicity. Then we have Eσ
α(b)
f2(b(2)),f1(b(1)) = 0,

and the claim holds.

It follows from (5) and the above arguments that

E tr((U>Π>ΠU− Id)
`)

=
1

s`

∑
G∈G2

∑
f2∈[m][v2(G)]

f2 is injective

(E
∏

b∈B(G)

δ
α(b)
f2(b(2)),b(1)

)(
E
∏

b∈B(G)

σ
α(b)
f2(b(2)),b(1)

) ∑
f1∈[n][v1(G)]

f1 is injective

∏
t∈[`]

〈uf1(e2t(1)),uf1(e2t+1(1))〉

≤ 1

s`

∑
G∈G2

∣∣∣∣∣∣∣∣
∑

f2∈[m][v2(G)]

f2 is injective

E
∏

b∈B(G)

δ
α(b)
f2(b(2)),b(1)

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

∑
f1∈[n][v1(G)]

f1 is injective

∏
t∈[`]

〈uf1(e2t(1)),uf1(e2t+1(1))〉

∣∣∣∣∣∣∣∣ .
This completes the proof.

Now we deal with the quantity ∑
f1∈[n][v1(G)]

f1 is injective

∏
t∈[`]

〈uf1(e2t(1)),uf1(e2t+1(1))〉.

For any G ∈ G2 with edges (1, e1), . . . , (2`, e2`), we define a multigraph Ĝ with labeled edges as follows:

V (Ĝ) :=range(V1(G)) = [v1(G)],

E(Ĝ) := {(1, {e2(1), e3(1)}), (2, {e4(1), e5(1)}), . . . , (`, {e2`(1), e1(1)})} ,

We have the following lemma.

Lemma 3. Suppose G ∈ G2. Then every vertex in Ĝ has even edge-degree.
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Proof. By construction of G and Ĝ, for any v ∈ V1(G), the edge-degree of v in G is equal to the edge-degree of v
in Ĝ. The conclusion follows.

It can be seen that

∏̀
t=1

〈uf1(e2t(1)),uf1(e2t+1(1))〉 =
∏

(p,e)∈E(Ĝ)
e={i,j}

〈uf1(i),uf1(j)〉.

With the above graph representation, we have the following proposition.

Proposition 3. Suppose G is a multigraph with labeled edges whose vertex set is V (G) = [v(G)]. Suppose
E(G) 6= ∅ and every vertex of G has even edge-degree. Then∣∣∣ ∑

f∈[n][v(G)]

f is injective

∏
(p,{i,j})∈E(G)

〈uf(i),uf(j)〉
∣∣∣ ≤ v(G)!dw(G).

Remark 1. The proof of Proposition 3 is similar to the proof of Lemma 7 in Nelson and Nguyen (2013). For
completeness, we provide its proof in Section A.1. Compared with the proof of Nelson and Nguyen (2013), our
proof is a little simplified and some small gaps are fixed.

From Propositions 2, 3 and Lemma 3, we have

E tr((U>Π>ΠU− Id)
`) ≤ 1

s`

∑
G∈G2

mv2(G)v1(G)!dw(Ĝ)

 max
f2∈[m][v2(G)]

f2 is injective

E
∏

b∈B(G)

|δf2(b(2)),b(1)|

 .

By assumption, we have

0 ≤ E
∏

b∈B(G)

|δf2(b(2)),b(1)| ≤
(
c
s

m

)b(G)

.

It follows that

E tr((U>Π>ΠU− Id)
`) ≤ 1

s`

∑
G∈G2

mv2(G)v1(G)!dw(Ĝ)
(
c
s

m

)b(G)

. (6)

Lemma 4. Suppose G ∈ G2. Then w(Ĝ) ≤ b(G)− v2(G) + 1.

Proof. Note that G ∪ Ĝ is connected. Hence Ĝ must have at least w(G)− 1 bonds to connect the w(G) connected
components of G. These w(G) − 1 bonds each reduces the number of connected component of Ĝ by 1. Thus,
w(Ĝ) ≤ v1(G)− w(G) + 1. Note that for G ∈ G , we have v1(G) + v2(G) ≤ b(G) + w(G). Summing the above two
inequalities yields the conclusion.

From (6) and Lemma 4, we have

E tr((U>Π>ΠU− Id)
`) ≤ 1

s`

∑
G∈G2

v1(G)!(cs)b(G)

(
d

m

)b(G)−v2(G)
1

db(G)−v2(G)−w(Ĝ)

≤d 1

s`

∑
G∈G2

v1(G)!(cs)b(G)

(
d

m

)b(G)−v2(G)

. (7)

Now we consider some basic combinatorics. Since each vertex in V2(G) associates with at least two distinct
bonds, we have b(G) ≥ 2v2(G). Also, we have v1(G) ≤ b(G) ≤ e(G) = 2`.
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Lemma 5. The number of different G ∈ G2 with given bond number b, left vertex number v1 and right vertex
number v2 is no more than (ev2)bb2`/(v1!).

Proof. Each bond has v1v2 choices. Hence there are at most
(
v1v2
b

)
choices of b bonds. After we choose the bonds,

the 2` edges are all picked from these b bonds, and there are at most b2` choices of edges. The above choice
method can pick all G with given v1, v2 and b. However, as illustrated in Algorithms 4 and 5, this procedure
counts each G in G2 such graph for at least v1!v2! times. In summary, the number of different G ∈ G2 with given
v1, v2 and b is at most (

v1v2
b

)
b2`

v1!v2!
≤ (v1v2)bb2`

b!v1!v2!
≤ (v1v2)bb2`

b!v1!
≤ (v1v2)bb2`

v1!
√

2πb(b/e)b
≤ (ev2)bb2`

v1!
,

where the second last inequality follows from Stirling’s formula. This completes the proof.

From (7) and Lemma 5, we have

E tr((U>Π>ΠU− Id)
`) ≤d 1

s`

∑
b∈[2`]

∑
v1∈[2`]

∑
v2∈[`]

(ev2)bb2`(cs)b
(
d

m

)b−v2

≤d 1

s`

∑
b∈[2`]

∑
v1∈[2`]

∑
v2∈[`]

(e`)bb2`(cs)b
(
d

m

) b
2

=d
1

s`

∑
b∈[2`]

∑
v1∈[2`]

∑
v2∈[`]

b2`
(
c2e2`2s2d

m

) b
2

.

Pick m such that (c2e2`2s2d)/m ≤ 1. Then we have

E tr((U>Π>ΠU− Id)
`) ≤ 4d`3(2`)2`

s`
.

Then for s ≥ ε−1(2`)2e, we have

E tr((U>Π>ΠU− Id)
`) ≤ 4d`3

( ε
e

)`
.

Then by Markov’s inequality,

Pr(‖U>Π>ΠU− Id‖ > ε) ≤ 1

ε`
E tr((U>Π>ΠU− Id)

`) ≤ 4d`3

e`
.

The above probability is bounded by δ if we pick ` = Θ(log(d/δ)). This completes the proof.

A.1 Proof of Proposition 3

We would like to prove a more general conclusion. For an edge (p, {i, j}) ∈ G, we associate two matrices
Mp,i,j ,Mp,j,i ∈ Rd×d such that Mp,i,j = M>

p,j,i and ‖Mp,i,j‖ ≤ 1. We shall prove that∣∣∣ ∑
f∈[n][v(G)]

f is injective

∏
(p,{i,j})∈E(G)

〈uf(i),Mp,i,juf(j)〉
∣∣∣ ≤ v(G)!dw(G). (8)

It can be seen that the original conclusion corresponds to the case Mp,i,j = Id. The condition Mp,i,j = M>
p,j,i

implies that

〈uf(i),Mp,i,juf(j)〉 = 〈uf(j),M
>
p,i,juf(i)〉 = 〈uf(j),Mp,j,iuf(i)〉.

That is, the term 〈uf(i),Mp,i,ju(j)〉 does not rely on the order of i and j. Thus, the left hand side of (8) is
well-defined.
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Lemma 6. Let G be a multigraph with labeled edges whose vertex set is a finite subset of {1, 2, . . .}. Suppose G
is connected, E(G) 6= ∅. Let v̂ be any fixed vertex of G, k be any fixed integer in [n], and c be any fixed vector in
Rd with ‖c‖ ≤ 1. For f ∈ [n]V (G)\{v̂}, let vf,i = uf(i), i ∈ V (G)\{v̂} and vf,v̂ = c ∈ Rd. Then we have∑

f∈[n]V (G)\{v̂}

∏
(p,{i,j})∈E(G)

〈vf,i,Mp,i,jvf,j〉2 ≤ ‖c‖2.

Proof. We have assumed that G is connected. From Lemma 10, there is a bijection π from [v(G)] onto V (G) such
that π(v(G)) = v̂ and for any i ∈ [v(G)− 1], the edge set

Ei := {(p, {π(i), π(j)}) ∈ E(G) : j ∈ {i+ 1, . . . , v(G)}}

is not empty. For i ∈ [v(G)− 1], we pick a τ(i) > i such that (pi, {π(i), π(τ(i))}) ∈ Ei. Note that τ(v(G)− 1) >
v(G). Hence τ(v(G)− 1) = v(G) and π(τ(v(G)− 1)) = v̂. For any f ∈ [n]V (G)\{v̂}, we have

∏
(p,{i,j})∈E(G)

〈vf,i,Mp,i,jvf,j〉2 ≤
v(G)−1∏
i=1

〈vf,π(i),Mpi,π(i),π(τ(i))vf,π(τ(i))〉2.

It follows that

∑
f∈[n]V (G)\{v̂}

∏
(p,{i,j})∈E(G)

〈vf,i,Mp,i,jvf,j〉2 ≤
∑

f(π(1))∈[n]
···

f(π(v(G)−1))∈[n]

v(G)−1∏
i=1

〈vf,π(i),Mpi,π(i),π(τ(i))vf,π(τ(i))〉2.

For i ∈ [v(G)− 1], we have∑
f(π(i))∈[n]

〈vf,π(i),Mpi,π(i),π(τ(i))vf,π(τ(i))〉2

=v>f,π(τ(i))Mpi,π(τ(i)),π(i)

 ∑
f(π(i))∈[n]

vf,π(i)v
>
f,π(i)

Mpi,π(i),π(τ(i))vf,π(τ(i))

=‖Mpi,π(i),π(τ(i))vf,π(τ(i))‖2

≤1.

Applying the above inequality recursively yields

∑
f(π(1))∈[n]

···
f(π(v(G)−1))∈[n]

v(G)−1∏
i=1

〈vf,π(i),Mpi,π(i),π(τ(i))vf,π(τ(i))〉2

=
∑

f(π(2))∈[n]
···

f(π(v(G)−1))∈[n]

 ∑
f(π(1))∈[n]

〈vf,π(1),Mp1,π(1),π(τ(1))vf,π(τ(1))〉2
 v(G)−1∏

i=2

〈vf,π(i),Mpi,π(i),π(τ(i))vf,π(τ(i))〉2

≤
∑

f(π(2))∈[n]
···

f(π(v(G)−1))∈[n]

v(G)−1∏
i=2

〈vf,π(i),Mpi,π(i),π(τ(i))vf,π(τ(i))〉2

...

≤
∑

f(π(v(G)−1))∈[n]

〈vf,π(v(G)−1),Mpv(G)−1,π(v(G)−1),v̂vf,v̂〉2

≤‖vf,v̂‖2.

This completes the proof.
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Lemma 7. Suppose G is a multigraph with labeled edges whose vertex set is a finite subset of {1, 2, . . .}. Suppose
G is Eulerian and E(G) 6= ∅. Then∣∣∣ ∑

f∈[n]V (G)

∏
(p,{i,j})∈E(G)

〈uf(i),Mp,i,juf(j)〉
∣∣∣ ≤ d.

Proof. We prove the conclusion by induction on v(G). If v(G) = 1, then

∣∣∣ ∑
f∈[n]V (G)

∏
(p,{i,j})∈E(G)

〈uf(i),Mp,i,juf(j)〉
∣∣∣ ≤ n∑

i=1

‖ui‖2 = ‖U‖2F = d.

And the conclusion holds. Below we consider the general case of v(G) ≥ 2.

First we consider the case that G has two edge-disjoint spanning trees, denoted as T1 and T2. Then the graph
(V (G), E(T1)) is connected. On the other hand, since E(T2) ⊂ E(G)\E(T1), the graph (V (G), E(G)\E(T1)) is
also connected. We have∣∣∣ ∏

(p,{i,j})∈E(G)

〈uf(i),Mp,i,juf(j)〉
∣∣∣

=
∣∣∣ ∏

(p,{i,j})∈E(T1)

〈uf(i),Mp,i,juf(j)〉
∣∣∣∣∣∣ ∏

(p,{i,j})∈E(G)\E(T1)

〈uf(i),Mp,i,juf(j)〉
∣∣∣

≤1

2

∏
(p,{i,j})∈E(T1)

〈uf(i),Mp,i,juf(j)〉2 +
1

2

∏
(p,{i,j})∈E(G)\E(T1)

〈uf(i),Mp,i,juf(j)〉2.

Applying Lemma 6 to the graphs (V (G), E(T1)) and (V (G), E(G)\E(T1)) leads to∣∣∣∣∣∣
∑

f∈[n]V (G)

∏
(p,{i,j})∈E(G)

〈uf(i),Mp,i,juf(j)〉

∣∣∣∣∣∣ ≤
n∑
i=1

‖ui‖2 = ‖U‖2F = d.

Hence the conclusion holds.

Now we consider the case that G does not have two edge-disjoint spanning trees. Suppose S∗ ⊂ V (G) satisfies the
two properties of Lemma 12. Let (p̃, {g, h}) and (p̃′, {g′, h′}) be the only two edges connecting S∗ and V (G)\S∗
where g, g′ ∈ V (G)\S∗ and h, h′ ∈ S∗. Then∑

f∈[n]V (G)

∏
(p,{i,j})∈E(G)

〈uf(i),Mp,i,juf(j)〉

=
∑

f∈[n]V (G)

 ∏
(p,{i,j})∈E(G(V (G)\S∗))

〈uf(i),Mp,i,juf(j)〉

 ∏
(p,{i,j})∈E(G(S∗))

〈uf(i),Mp,i,juf(j)〉


· 〈uf(g),Mp̃,g,huf(h)〉〈uf(g′),Mp̃′,g′,h′uf(h′)〉

=
∑

f∈[n]V (G)\S∗

( ∏
(p,{i,j})∈E(G(V (G)\S∗))

〈uf(i),Mp,i,juf(j)〉
)
〈uf(g), M̃uf(g′)〉,

where

M̃ =
∑

f∈[n]S∗

Mp̃,g,huf(h)

 ∏
(p,{i,j})∈E(G(S∗))

〈uf(i),Mp,i,juf(j)〉

u>f(h′)Mp̃′,h′,g′ .

If ‖M̃‖ ≤ 1, then we add an edge (p̂, {g, g′}) to the graph V (G)\S∗ and define Mp̂,g,g′ := M̃. Then the above
sum reduces to the sum for this new graph. Note that this new graph has fewer vertices than G and is still
Eulerian. Then the conclusion follows from the induction hypothesis.
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It remains to prove that ‖M̃‖ ≤ 1. The matrix M̃ is associated with the graph G(S∗). Let T1 and T2 be
edge-disjoint spanning trees of S∗. For any x1,x2 ∈ Rd such that ‖x1‖ = ‖x2‖ = 1, we have

x>1 M̃x2 =
∑

f∈[n]S∗

〈x1,Mp̃,g,huf(h)〉
∏

(p,{i,j})∈E(G(S∗))

〈uf(i),Mp,i,juf(j)〉〈uf(h′),Mp̃′,h′,g′x2〉

=
∑

f∈[n]S∗

(
〈x1,Mp̃,g,huf(h)〉

∏
(p,{i,j})∈E(T1)

〈uf(i),Mp,i,juf(j)〉
)

·
(
〈uf(h′),Mp̃′,h′,g′x2〉

∏
(p,{i,j})∈E(G(S∗))\E(T1)

〈uf(i),Mp,i,juf(j)〉
)

≤1

2

∑
f∈[n]S∗

〈x1,Mp̃,g,huf(h)〉2
∏

(p,{i,j})∈E(T1)

〈uf(i),Mp,i,juf(j)〉2

+
1

2

∑
f∈[n]S∗

〈uf(h′),Mp̃′,h′,g′x2〉2
∏

(p,{i,j})∈E(G(S∗))\E(T1)

〈uf(i),Mp,i,juf(j)〉2

≤1

2
‖x1‖2 +

1

2
‖x2‖2

=1,

where the second last line follows from Lemma 6. This completes the proof.

Lemma 8. Suppose G is a multigraph with labeled edges whose vertex set is a finite subset of {1, 2, . . .}. Suppose
E(G) 6= ∅ and every vertex has even edge-degree. Then∣∣∣ ∑

f∈[n]V (G)

∏
(p,{i,j})∈E(G)

〈uf(i),Mp,i,juf(j)〉
∣∣∣ ≤ dw(G).

Proof. Since every vertex of G has even edge-degree, we can decompose G into w(G) disjoint Eulerian subgraphs.
Then the conclusion follows by applying Lemma 7 to each of the subgraphs.

We are now ready to prove (8). For 1 ≤ j ≤ i ≤ v(G), let κi,j = 1{f(i)=f(j)}. Then

1{f(1),...,f(v(G)) are distinct} =

v(G)∏
i=2

1−
i−1∑
j=1

1{f(i)=f(j)}

 =
∑

q∈[v(G)][v(G)]

q(1)≤1
q(2)≤2
...

q(v(G))≤v(G)

(−1)γ(q)

v(G)∏
i=1

1{f(i)=f(q(i))},

where γ(q) =
∑v(G)
i=1 1{q(i)<i}. Hence we have∣∣∣ ∑

f∈[n][v(G)]

f is injective

∏
(p,{i,j})∈E(G)

〈uf(i),Mp,i,juf(j)〉
∣∣∣

=
∣∣∣ ∑
f∈[n][v(G)]

∑
q∈[v(G)][v(G)]

q(1)≤1
q(2)≤2
...

q(v(G))≤v(G)

(−1)γ(q)

v(G)∏
`=1

1{f(`)=f(q(`))}
∏

(p,{i,j})∈E(G)

〈uf(i),Mp,i,juf(j)〉
∣∣∣

≤
∑

q∈[v(G)][v(G)]

q(1)∈[1]
q(2)∈[2]
...

q(v(G))∈[v(G)]

∣∣∣∣∣∣
∑

f∈[n][v(G)]


v(G)∏
`=1

1{f(`)=f(q(`))}

 ∏
(p,{i,j})∈E(G)

〈uf(i),Mp,i,juf(j)〉

∣∣∣∣∣∣ .
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Given a function q, we can obtain an induced graph of G by combining the vertices ` and q(`) as a single vertex,
i ∈ [v(G)]. For the induced graph, every vertex also has even edge-degree. We apply Lemma 8 to the induced
graph. Then ∣∣∣∣∣∣

∑
f∈[n][v(G)]


v(G)∏
`=1

1{f(`)=f(q(`))}

 ∏
(p,{i,j})∈E(G)

〈uf(i),Mp,i,juf(j)〉

∣∣∣∣∣∣
is upper bounded by dw where w is the number of connected components of the graph induced by q. But the
number of connected components of the induced graph is smaller than that of the original graph G. Consequently,
the above quantity is also upper bounded by dw(G). It follows that∣∣∣ ∑

f∈[n][v(G)]

f is injective

∏
(p,{i,j})∈E(G)

〈uf(i),Mp,i,juf(j)〉
∣∣∣ ≤ ∑

q(1)∈[1]
q(2)∈[2]
...

q(v(G))∈[v(G)]

dw(G) = v(G)!dw(G).

This completes the proof.

B RESULTS IN GRAPH THEORY

Our proofs of main results involve some arguments of graph theory. In order for our proofs of main results to
be understood correctly, we collect definitions and results in graph theory that are used in our proofs of main
results. Throughout our proofs, graphs are understood as multigraph with labeled edges whose rigorous definition
is as follows.

Definition 1. A multigraph G with labeled edges is an ordered pair (V (G), E(G)) where V (G) is the finite set
of vertices and E(G) is a function from a finite subset of {1, 2, . . .} to the set

{{v1, v2} : v1, v2 ∈ V (G)} .

Suppose G = (V (G), E(G)) is a multigraph with labeled edges. Let v(G) := Card(V (G)) denote the vertex number
of G. By definition, E(G) is a function. Recall that a function is understood as its set-theoretic definition. That
is, the function E(G) is a set, and its elements are something like (1, {v1, v2}), (2, {v3, v4}), etc. We call E(G)
the edge set of G. Let e(G) := Card(E(G)) denote the edge number of G. The domain of E(G) is the set of
labels of edges. From the property of function, different edges in E(G) have different labels. We note that
range(E(G)) ⊂ V (G)× V (G) is the unlabeled edges. Define the bond set of G as

B(G) := range(E(G))\{{i} : i ∈ V (G)}.

That is, the bond set of G contains unlabeled edges and excludes self loops. The elements in B(G) are called
bonds. Let b(G) := Card(B(G)) denote the number of bonds of G. For b ∈ B(G), let α(b) denote the multiplicity
of b. It can be seen that (V (G), B(G)) is a simple graph in the usual sense. We refer to the number of bonds
a vertex is incident upon as its bond-degree, and the number of edges it is incident upon as its edge-degree. Let
w(G) be the number of connected components in the simple graph (V (G), B(G)).

Lemma 9. For any multigraph G with labeled edges,

v(G) ≤ b(G) + w(G).

Proof. For each of w connected components, the vertex number is not larger than the bond number plus 1.
Summing w such inequalities yields the conclusion.

Definition 2. A multigraph G with labeled edges is bipartite if there are disjoint sets of vertices V1(G) and
V2(G) such that V (G) = V1(G) ∪ V2(G) and every edge joins a vertex of V1(G) to a vertex of V2(G). Let
vi(G) := Card(Vi(G)) denote the vertex number of Vi(G), i = 1, 2.
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A multigraph G with labeled edges is Eulerian if the edges of G can be rearranged to a closed trail (p1, {i1, i2}),
(p2, {i2, i3}), . . . , (pe(G), {ie(G), i1}). It is known that G is Eulerian if and only if every vertex of G has even
edge-degree.

Suppose G is a multigraph with labeled edges. A subgraph G† = (V †, E†) of G is a multigraph with labeled edges
such that V † ⊂ V (G) and E† ⊂ E(G). If E† contains all edges in E(G) that join two vertices in V †, then G† is
said to be the subgraph induced by V † and is denoted by G(V †). A set of subgraphs of G are called edge-disjoint
if no two of them have an edge in common. A tree is a minimal connected graph. A spanning tree of G is a
subgraph of G which includes all vertices of G and is a tree.

Lemma 10. Let G be a connected graph. Let v∗ be any vertex of G. Then there is a bijection π from [v(G)] onto
V (G) such that π(v(G)) = v∗ and for any i ∈ [v(G)− 1], the edge set

{(p, {π(i), π(j)}) ∈ E(G) : j ∈ {i+ 1, . . . , v(G)}}

is not empty.

Proof. We prove the conclusion by induction on v(G). If v(G) = 1, the conclusion holds trivially. Now we
consider the general case. Let T be a spanning tree of G. Note that any tree with at least two vertices must have
at least 2 leaves, that is, vertices with edge-degree 1. Hence T has a leaf other than v∗. We denote this leaf by
v1. We remove v1 from T . After removing v1, G is still a connected graph, but only has v(G) − 1 vertices. By
induction hypothesis, there is a bijection π∗ from [v(G)− 1] onto V (G)\{v1} such that π∗(v(G)− 1) = v∗ and for
any i ∈ [v(G)− 2], the edge set

{(p, {π∗(i), π∗(j)}) ∈ E(G) : j ∈ {i+ 1, . . . , v(G)− 1}}

is not empty. Define π(1) = v1 and π(i) = π∗(i− 1), i = 2, . . . , v(G). It can be seen that the function π satisfies
our requirement. This completes the proof.

For a partition P of V (G), we use EP(G) to denote the set of edges of G which join vertices belonging to different
members of P. The following result was proved by Tutte (1961) and Nash-Williams (1961).

Lemma 11 (Tutte (1961) and Nash-Williams (1961)). Suppose G is a multigraph with labeled edges and k is a
positive integer. Then G has k edge-disjoint spanning trees if and only if

Card(EP(G)) ≥ k(Card(P)− 1)

for every partition P of V (G).

Lemma 11 can be used to prove the following result.

Lemma 12. Suppose G is a multigraph with labeled edges. Suppose G is Eulerian and E(G) 6= ∅. Then either G
itself has 2 edge-disjoint spanning trees or V (G) has a nonempty subset S∗ satisfying the following conditions:

• There are exact two edges in E(G) joining the induced subgraphs G(S∗) and G(V (G)\S∗).

• The induced subgraph G(S∗) has 2 edge-disjoint spanning trees.

Proof. Suppose that G itself does not have 2 edge-disjoint spanning trees. By Lemma 11, there is a partition P
of V (G) such that Card(EP(G)) < 2(Card(P)− 1). Note that

2Card(EP(G)) =
∑
S∈P

Card({Edges in E(G) joining S and V (G)\S}).

Hence the collection

{S ⊂ V (G) : S 6= ∅, S 6= V (G), and there are less than 4 edges in E(G) joining S and V (G)\S}

is not empty. Let S∗ be a vertex set in the above collection with minimum vertex number. Since G is Eulerian,
there are even edges connecting S∗ and V (G)\S∗. Hence there are exactly two edges connecting S∗ and V (G)\S∗.
Suppose these two edges are (p̃, {g, h}) and (p̃′, {g′, h′}) where g, g′ ∈ V (G)\S∗ and h, h′ ∈ S∗. Let C be the



On a Connection Between Fast and Sparse Oblivious Subspace Embeddings

induced subgraph G(S∗) with an additional edge joining h and h′. Then all vertices of C have even edge-degrees
and hence C is Eulerian.

We claim that for any nonempty proper subset S′ of S∗, there are at least 4 edges in C joining S′ and S∗\S′.

To prove the above claim, we decompose the vertex set V (G) into three vertex sets S′, S∗\S′ and V (G)\S∗. By
the mininum property of S∗, there are at least 4 edges in E(G) joining S′ and V (G)\S′ = (V (G)\S∗) ∪ (S∗\S′).
If S ′ ∩ {h, h′} = ∅, then there is no edge in E(G) joining S′ and V (G)\S∗, and hence there are at least 4 edges
in E(G) joining S′ and S∗\S′. If exactly one of h and h′ belongs to S ′ and the other one belong to S∗\S ′, then
there is exactly one edge in E(G) joining S′ and V (G)\S∗, and hence there are at least 3 edges in E(G) joining
S′ and S∗\S′. Also, the additional edge in E(C) joining h and h′ also joins S′ and S∗\S′. Hence in this case,
there are at least 4 edges in E(C) joining S′ and S∗\S′. If h and h′ are both in S′, then there is no edge in E(G)
joining S∗\S′ and V (G)\S∗. Hence the number of edges in E(G) joining S∗\S′ and S′ is equal to the number of
edges in E(G) joining S∗\S′ and V (G)\(S∗\S′) which, by the minimality of S∗, is at least 4. Hence our claim
holds.

Let P be any partition of V (S∗). Then the above claim implies that

Card(EP(C)) =
1

2

∑
S′∈P

Card({Edges of C joining S′ and S∗\S′}) ≥ 2Card(P).

Compared with G(S∗), the graph C has only one additional edge. Consequently,

Card(EP(G(S∗))) ≥ Card(EP(C))− 1 ≥ 2Card(P)− 1.

Hence from Lemma 11, the graph G(S∗) has 2 edge-disjoint spanning trees. This completes the proof.

C PROOF OF PROPOSITION 1

We claim that for S ⊂ [m]× [n] such that Card(S) = O(log(d/δ)), there exists an absolute constant c > 1 such
that

E
∏

(i,j)∈S

|δ̃i,j | ≤
(
c
s

m

)Card(S)

. (9)

For the kth row block of ∆̃, its each column contains exactly one nonzero element. Consequently, if there are
two indices (i1, j1) and (i2, j2) in S with i1 6= i2, j1 = j2 such that they are in the same row block, that is,
bi1/(m/s)c = bi2/(m/s)c, then we have

∏
(i,j)∈S |δ̃i,j | = 0. Hence to prove (9), we can without loss of generality

and assume that for each j ∈ [n], the indices i such that (i, j) ∈ S are in distinct row blocks.

Define

t := max {j ∈ [n] : there exists i ∈ [m] such that (i, j) ∈ S} .

We prove (9) by induction on t. First we consider the case of t = 1. In this case, suppose S = {(i1, 1), . . . , (ic, 1)}.
From the independence of w

(1)
1 , . . . , w

(s)
1 , we have

E
∏

(i,j)∈S

|δ̃i,j | = Pr
(
|δ̃i,1| = 1 for all (i, 1) ∈ S

)
= Pr

(
w

(b i
m/s
c+1)

1 = i for all (i, 1) ∈ S
)

=
∏

(i,1)∈S

Pr

(
w

(b i
m/s
c+1)

1 = i

)

=
( s
m

)Card(S)

.
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Suppose the conclusion holds for t < T . We consider the case of t = T . Define

t′ := max {j ∈ [T − 1] : there exists i ∈ [m] such that (i, j) ∈ S} .

If the above set is empty, then the indices of S are all in one column and we can prove the conclusion in a similar
way as in the case of t = 1. Below we assume the above set is not empty. Then t′ is well defined. Define

ST :={(i, j) ∈ S : j = T},
St′ :={(i, j) ∈ S : j ≤ t′},
It′ :={i : (i, j) ∈ St′},
I∗T :={i : (i, T ) ∈ ST , i /∈ It′},
Jt′ :={j : (i, j) ∈ St′}.

Let Ft′ denote the σ-algebra generated by the random variables τ(j) and w
(b i
m/s
c)

j , (i, j) ∈ St′ . Then we have

E
∏

(i,j)∈S

|δ̃i,j | = E
{( ∏

(i†,j†)∈St′

|δ̃i†,j† |
)

Pr
(
w

(b i
m/s
c)

T = i, (i, T ) ∈ ST | Ft′
)}
. (10)

We define the event A as

A =

{
τ(T )−

⌊
τ(T )

n/s

⌋
n

s
∈
{
τ(j)−

⌊
τ(j)

n/s

⌋
n

s
: j ∈ Jt′

}}
.

Conditioning on Ft′ , the randomness of the event A comes entirely from τ(T ). Hence we have

Pr(A | Ft′) ≤
sCard(S)

n− Card(S)
. (11)

Conditioning on Ft′ and the event A{, the random variables w
(1)
T , . . . , w

(s)
T are independent of Ft′ . Hence

Pr
(
w

(b i
m/s
c)

T = i, (i, T ) ∈ ST | Ft′ ,A{
)

=
( s
m

)Card(ST )

. (12)

Now we consider the case of conditioning on Ft′ and the event A. We have

Pr
(
w

(b i
m/s
c)

T = i, (i, T ) ∈ ST | Ft′ ,A, τ(T )
)
≤Pr

(
w

(b i
m/s
c)

T = i, i ∈ I∗T | Ft′ ,A, τ(T )
)

=
∏
i∈I∗T

Pr
(
w

(b i
m/s
c)

T = i | Ft′ ,A, τ(T )
)
. (13)

Let i∗ be any index in the set I∗T . Then there are two possibilities. The first possibility is that there exists an
index (i†, j†) ∈ St′ such that⌊

i∗

m/s

⌋
=

⌊
i†

m/s

⌋
and τ(T )−

⌊
τ(T )

n/s

⌋
n

s
= τ(j†)−

⌊
τ(j†)

n/s

⌋
n

s
.

In this case, by the first condition, i† falls in the same row block as i∗. By the second condition, we have
|δ̃i∗,T | = |δ̃i∗,j† |. But by the definition of i∗, we must have i† 6= i∗. Hence it must be that |δ̃i∗,j† | 6= |δ̃i†,j† |.
Consequently, |δ̃i∗,T | 6= |δ̃i†,j† |. That is, these two quantities can not be nonzero simultaneously. It follows that

(
∏

(i†,j†)∈St′

|δ̃i†,j† |)
∏
i∈I∗T

Pr
(
w

(b i
m/s
c)

T = i | Ft′ ,A, τ(T )
)

= 0. (14)

The second possibility is that for any index (i†, j†) ∈ St′ ,⌊
i∗

m/s

⌋
6=
⌊
i†

m/s

⌋
or τ(T )−

⌊
τ(T )

n/s

⌋
n

s
6= τ(j†)−

⌊
τ(j†)

n/s

⌋
n

s
.
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In this case, we have ∏
i∈I∗T

Pr
(
w

(b i
m/s
c)

T = i | Ft′ ,A, τ(T )
)

=
( s
m

)Card(I∗T )

. (15)

It follows from (13), (14) and (15) that

(
∏

(i†,j†)∈St′

|δ̃i†,j† |)
∏
i∈I∗T

Pr
(
w

(b i
m/s
c)

T = i | Ft′ ,A
)
≤ (

∏
(i†,j†)∈St′

|δ̃i†,j† |)
( s
m

)Card(I∗T )

. (16)

Combining (11), (12) and (16) leads to∏
(i†,j†)∈St′

|δ̃i†,j† |Pr
(
w

(b i
m/s
c)

T = i, (i, T ) ∈ ST | Ft′
)

≤

 ∏
(i†,j†)∈St′

|δ̃i†,j† |

(( s
m

)Card(I∗T ) sCard(S)

n− Card(S)
+
( s
m

)Card(ST )
)
.

It follows from the condition Card(S) = O(log(d/δ)) and the choice of s, m and n that

sCard(S)

n− Card(S)
=

O
(

log3(d/δ)
ε

)
exp {Ω(log(d/δ)(log(d/ε) + | log(log(d/δ))|))}

=
1

exp {Ω(log(d/δ)(log(d/ε) + | log(log(d/δ))|))}

=

(
1

exp {Ω(log(d/ε) + | log(log(d/δ))|)}

)Card(ST )

=O

(( s
m

)Card(ST )
)
.

Hence there exists an absolute constant c > 1 such that ∏
(i†,j†)∈St′

|δ̃i†,j† |

Pr
(
w

(b i
m/s
c)

T = i, (i, T ) ∈ ST | Ft′
)
≤

 ∏
(i†,j†)∈St′

|δ̃i†,j† |

(c s
m

)Card(ST )

.

Then from (10),

E
∏

(i,j)∈S

|δ̃i,j | ≤ E

 ∏
(i†,j†)∈St′

|δ̃i†,j† |

(c s
m

)Card(ST )

.

Then by induction, (9) holds. Thus, Assumption 1 holds when Card(S) = O(log(d/δ)). Note that in the proof
of Theorem 1, we take ` = Θ(log(d/δ)). Hence the restriction Card(S) = O(log(d/δ)) does not cause problems.
Then the conclusion follows from Theorem 1.

D PROOF OF LEMMA 1

Lemma 13. Suppose n,m, k are powers of 2 satisfying n = mk. Then we have

Hn = Hm ⊗Hk.

Proof. We prove the conclusion by induction on n. The conclusion clearly holds for n = 1. Suppose the conclusion
holds for any n∗ such that n∗ is a power of 2 and n∗ < n. We prove that the conclusion holds for n. By the
definition of Hn, we have Hn = H2 ⊗Hn

2
. Hence we only consider the case that m > 2. In this case, we have

Hn = H2 ⊗Hn
2

= H2 ⊗Hm
2
⊗Hk = Hm ⊗Hk,

where the second equality follows from the induction hypothesis. This completes the proof.
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Now we prove Lemma 1 by induction on k. The claim clearly holds for k = 1. Now suppose the claim holds for
k − 1. Then by the definition of Bk and the induction hypothesis, we have

BkBk−1 · · ·B1 =
(
I2k−1 ⊗

(
H2 ⊗ I n

2k

))(
H2k−1 ⊗ I n

2k−1

)
=H2k−1 ⊗H2 ⊗ I n

2k

=H2k ⊗ I n

2k
,

where the last equality follows from Lemma 13. This completes the proof of Lemma 1.


