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Abstract

For the problem of task-agnostic reinforce-
ment learning (RL), an agent first collects
samples from an unknown environment with-
out the supervision of reward signals, then
is revealed with a reward and is asked to
compute a corresponding near-optimal pol-
icy. Existing approaches mainly concern
the worst-case scenarios, in which no struc-
tural information of the reward/transition-
dynamics is utilized. Therefore the best sam-
ple upper bound is ∝ Õ(1/ε2), where ε > 0
is the target accuracy of the obtained pol-
icy, and can be overly pessimistic. To tackle
this issue, we provide an efficient algorithm
that utilizes a gap parameter, ρ > 0, to re-
duce the amount of exploration. In partic-
ular, for an unknown finite-horizon Markov
decision process, the algorithm takes only
Õ(1/ε · (H3SA/ρ+H4S2A)) episodes of ex-
ploration, and is able to obtain an ε-optimal
policy for a post-revealed reward with sub-
optimality gap at least ρ, where S is the num-
ber of states, A is the number of actions,
and H is the length of the horizon, obtain-
ing a nearly quadratic saving in terms of ε.
We show that, information-theoretically, this
bound is nearly tight for ρ < Θ(1/(HS)) and

H > 1. We further show that ∝ Õ(1) sam-
ple bound is possible for H = 1 (i.e., multi-
armed bandit) or with a sampling simulator,
establishing a stark separation between those
settings and the RL setting.
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1 INTRODUCTION

Unsupervised exploration is an emergent and chal-
lenging topic for reinforcement learning (RL) that in-
spires research interests in both application (Ried-
miller et al., 2018; Finn and Levine, 2017; Xie et al.,
2018, 2019; Schaul et al., 2015; Riedmiller et al., 2018)
and theory (Hazan et al., 2018; Jin et al., 2020; Zhang
et al., 2020a; Kaufmann et al., 2020; Ménard et al.,
2020; Zhang et al., 2020b; Wu et al., 2021; Wang et al.,
2020b). The formal formulation of an unsupervised
RL problem consists of an exploration phase and a
planning phase (Jin et al., 2020): in the exploration
phase, an agent interacts with the unknown environ-
ment without the supervision of reward signals; then
in the planning phase, the agent is prohibited to inter-
act with the environment, and is required to compute
a nearly optimal policy for some revealed reward func-
tion based on its exploration experiences. In particu-
lar, if the reward function is independent of the agent’s
exploration policy, the problem is called task-agnostic
exploration (TAE) (Zhang et al., 2020a); and if the
reward function is chosen adversarially according to
the agent’s exploration policy, the problem is called
reward-free exploration (RFE) (Jin et al., 2020). The
performance of an unsupervised exploration algorithm
is measured by the sample complexity, i.e., the num-
ber of samples the algorithm needs to collect during
the exploration phase in order to complete the plan-
ning task near-optimally up a small error (with high
probability, see Section 2 for a formal definition). Ex-
isting algorithms for unsupervised RL exploration (Jin
et al., 2020; Zhang et al., 2020a; Wu et al., 2021; Zhang
et al., 2020b; Wang et al., 2020b) suffer a sample com-

plexity (upper bounded by) ∝ Õ(1/ε2)1 for a target
planning error tolerance ε. In a worst-case considera-
tion, this rate, in terms of dependence on ε, is known
to be unimprovable except for logarithmic factors (Jin
et al., 2020; Dann and Brunskill, 2015).

1Here we use ∝ Õ(·) to emphasize the rates’ dependence
on ε, where the other parameters are treated as constants.
Similarly hereafter.
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However, the above worst-case sample bounds can be
overly pessimistic in practical scenarios, since the plan-
ning task is often known to be a benign instance, even
though the exploration phase is conducted under no
supervision from rewards. In particular, the reward
function revealed in the planning phase could induce
a constant minimum nonzero sub-optimality gap (or
simply gap, that is the minimum gap between the
best action and the second best action in the opti-
mal Q-value function, and is defined formally in Sec-
tion 2) (Tewari and Bartlett, 2007; Ortner and Auer,
2007; Ok et al., 2018) such that the planning task is
essentially an “easy” one (Simchowitz and Jamieson,
2019). More importantly, a reward-agnostic gap pa-
rameter, e.g., an uniform lower bound on the gaps of
possibly revealed reward functions, could be available
to facilitate the exploration process. See following for
an example.

An Example. Let us consider training an agent for
Go-Game (vs. an unknown player), where the winning
rule could be either the Chinese rule, the Japanese rule
or the Korean rule. The agent will be rewarded 1 for
winning and 0 for losing, and its goal is to explore
without knowing the winning condition and to pro-
vide a solution to one/any of these rules specified af-
terward. Note that all these winning conditions have
an uniform, constant gap lower bound (≈ 1, assum-
ing that the opponent plays nearly deterministically).
Note that this RL problem is still unsupervised as the
winning condition is unknown during exploration; but
the uniform gap lower bound could potentially be ex-
ploited to accelerate exploration.

Open Problem. In the supervised RL setting where
the reward signals are available, a constant gap signif-
icantly improves the sample complexity bounds, e.g.,
from ∝ Õ(1/ε2) to ∝ Õ(1) (Jaksch et al., 2010; Sim-
chowitz and Jamieson, 2019; Yang et al., 2020; He
et al., 2020; Xu et al., 2021). However, the following
question remains open for unsupervised RL:

Can unsupervised RL problems be solved faster when
provided with a reward-agnostic gap parameter?

A Case Study on Multi-Armed Bandit. To
gain more intuition, let us take a quick look at the
(gap-dependent) unsupervised exploration problem for
multi-armed bandit (MAB). In the worst-case setup,
there is a minimax lower bound ∝ Ω(1/ε2) for un-
supervised exploration on an MAB instance (Mannor
and Tsitsiklis, 2004), where ε is a small tolerance for
the planning error. On the other hand, if the MAB
instance has a constant gap, a rather simple uniform
exploration strategy achieves ∝ Õ(1) sample complex-
ity upper bound (see, e.g., Theorem 33.1 in (Lattimore

and Szepesvári, 2020), or Appendix D). This example
provides positive evidence that a constant gap param-
eter could accelerate unsupervised RL, too.

Our Contributions. In this paper, we study the
gap-dependent task-agnostic exploration (gap-TAE)
problem on a finite-horizon Markov decision process
(MDP) with S states, A actions and H ≥ 2 decision
steps per episode. We consider a variant of upper-
confidence-bound (UCB) algorithm that explores the
unknown environment through a greedy policy that
minimizes the cumulative exploration bonus (Zhang
et al., 2020a; Wang et al., 2020b; Wu et al., 2021);
our exploration bonus is of UCB-type, but is clipped
according to the gap parameter. Theoretically, we
show that Õ(H3SA/(ρε) + H4S2A/ε) number of tra-
jectories is sufficient for the proposed algorithm to
plan ε-optimally for a task with a gap parameter ρ,
where ε > 0 is the planning error parameter. This
fast rate ∝ Õ(1/ε) improves the existing, pessimistic

rates ∝ Õ(1/ε2) (Zhang et al., 2020a; Wang et al.,
2020b; Wu et al., 2021) significantly when ε� ρ. Fur-
thermore, we provide an information-theoretic lower
bound, Ω(H2SA/(ρε)), on the number of trajectories
required to solve the problem of gap-TAE on MDPs
with H ≥ 2. This indicates that, for gap-TAE on
MDP with H ≥ 2, the ∝ Õ(1/ε) rate achieved by our
algorithm is nearly the best possible. These results
naturally extend to other unsupervised RL settings.

Interestingly, our results imply that RL is statistically
harder than MAB in the setting of gap-dependent un-
supervised exploration. In particular, a finite-horizon
MDP with H = 1 reduces to an MAB problem, where
it is known that ∝ Õ(1) samples are sufficient for solv-
ing gap-TAE; however when H ≥ 2 which corresponds
to the general RL setting, our results show that at least
∝ Ω(1/ε) amount of samples are required for solving
gap-TAE. This is against an emerging wisdom from the
supervised RL theory, that RL (H ≥ 2) is statistically
as easy as learning MAB (H = 1) when the H fac-
tor is normalized, ignoring logarithmic factors (Jiang
and Agarwal, 2018; Wang et al., 2020a; Zhang et al.,
2020c).

Notations. For two functions f(x) ≥ 0 and g(x) ≥ 0
defined for x ∈ [0,∞), we write f(x) . g(x) if
f(x) ≤ c · g(x) for some absolute constant c > 0;
we write f(x) & g(x) if g(x) . f(x); and we write
f(x) h g(x) if f(x) . g(x) . f(x). Moreover, we
write f(x) = O(g(x)) if limx→∞ f(x)/g(x) < c for
some absolute constant c > 0; we write f(x) = Ω(g(x))
if g(x) = O(f(x)); and we write f(x) = Θ(g(x))
if f(x) = O(g(x)) and g(x) = O(f(x)). To hide

the logarithmic factors, we write f(x) = Õ(g(x))
if f(x) = O(g(x) logd x) for some absolute constant
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d > 0. For a, b ∈ R, we write a ∧ b := min{a, b} and
a∨ b := max{a, b}. For a positive integer H, we define
[H] := {1, 2, . . . ,H}.

2 PROBLEM SETUP

Finite-Horizon MDP. We focus on finite-horizon
Markov decision process (MDP), which is specified by
a tuple, (S,A, H,P, x1, r). S is a finite state set where
|S| = S. A is a finite action set where |A| = A. H
is the length of the horizon. P : S × A → [0, 1]S is an
unknown, stationary transition probability. Without
lose of generality, we assume the MDP has fixed initial
state x1

2. For simplicity we only consider determinis-
tic and bounded reward function3, which is denoted by
r = {r1, . . . , rH} where rh : S × A → [0, 1] is the re-
ward function at the h-th step. A policy is represented
by π := {π1, . . . , πH}, where each πh : S → [0, 1]A is
a potentially random policy at the h-th step. For a
policy π, the Q-value function and the value function
are defined as

Qπh(x, a) := Eπ,P
[∑

t≥h
rt(xt, at)

∣∣xh = x, ah = a
]
,

V πh (x) := Qπh(x, πh(x)),

where the trajectory is given by xt ∼ P (· | xt−1, at−1)
and at ∼ πt(xt) for t > h. The following well-known
Bellman equation is worth mentioning:

Qπh(x, a) = rh(x, a) + Ey∼P(·|x,a)V
π
h+1(y).

π∗ ∈ arg maxπ V
π
1 (x1) is an optimal policy, and its in-

duced optimal Q-value function and the optimal value
function are denoted by Q∗h(x, a) := Qπ

∗

h (x, a) and
V ∗h (x) := V π

∗

h (x), respectively.

Sub-Optimality Gap. Given an MDP, the stage-
dependent state-action sub-optimality gap (see, e.g.,
Simchowitz and Jamieson (2019)) is defined as

gaph(x, a) := V ∗h (x)−Q∗h(x, a) ≥ 0.

Clearly, gaph(x, a) = 0 if and only if a is an optimal
action at state x and at the h-th decision step. Intu-
itively, when gaph(x, a) > 0, gaph(x, a) characterizes
the difficulty to distinguish the sub-optimal action a
from the optimal actions at state x and at the h-th
step; and the larger gaph(x, a) is, the easier should

2We may as well consider MDPs with an external initial
state x0 with zero reward for all actions, and a transition
P0(· | x0, a) = P0(·) for all action a, which is equivalent to
our setting by letting the horizon length H be H + 1.

3For the sake of presentation, we focus on bounded de-
terministic reward functions in this work. The techniques
can be readily extended to stochastic reward settings and
the obtained bounds will match our presented ones.

it be distinguishing a from the optimal actions. The
minimum sub-optimality gap is then defined as

gapmin := min
h,x,a
{gaph(x, a) : gaph(x, a) > 0}. (2.1)

Intuitively, an MDP with a constant gapmin is easy
to learn since constant number of visitations to an
state-action pair suffices to distinguish whether it is
optimal (Simchowitz and Jamieson, 2019).

Task-Agnostic Exploration. The problem of task-
agnostic exploration (TAE) (Zhang et al., 2020a) in-
volves an MDP environment (S,A, H,P, x1) and a set
of reward functions

R ⊂ {r : [H]× S ×A → [0, 1]}

that could possibly contain infinitely many reward
functions. An agent first decides exploration poli-
cies to collect K trajectories from the environment,
in which process reward feedback is not observable.
Then an oblivious chooses a reward function r from
the candidate set R and reveals it to the agent 4, i.e.,
r ∈ R is selected independently from the agent’s ex-
ploration policy. Then the agent needs to compute
an (ε, δ)-probably-approximately-correct (PAC) policy
π under the reward function r, which means:

for an oblivious5 r, P{V ∗1 (x1)− V π1 (x1) > ε} < δ,
(2.2)

where the probability is over the randomness of trajec-
tory collecting in the exploration phase. The sample
complexity is measured by the number of trajectories
K that the agent needs to collect in the exploration
phase to guarantee being (ε, δ)-PAC in planning phase.

Here are a few remarks on the TAE setting. Firstly,
note that the reward function r in TAE is oblivious
and is not adversarial to the agent’s exploration pol-
icy. Due to this non-adversarial nature, TAE can be
achieved with a sample complexity ∝ Õ(S) (Zhang
et al., 2020a; Wu et al., 2021), which is much cheaper
than that required to estimate the transition kernel
accurately (∝ O(S2), the error is measured by total
variation distance). On the other hand, if the reward

4In Zhang et al. (2020b), N reward functions are se-
lected during planning and only bandit signals are avail-
able. For the sake of presentation, we assume there is only
1 reward function and the agent is provided with the full-
information of the reward function in the planning phase.
Our results and techniques are ready to be extended to
setting of Zhang et al. (2020b) in a standard manner.

5An oblivious reward means the reward is chosen inde-
pendent of the agent’s exploration policy, or equivalently,
the reward is chosen prior to the beginning of the explo-
ration phase. For example, a reward chosen uniformly at
random from R is oblivious.
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function is allowed to be chosen adversarially against
the agent’s exploration policy, the problem is known
as reward-free exploration (RFE) (Jin et al., 2020); the
counter part of condition (2.2) in RFE reads:

for any r ∈ R, P {V ∗1 (x1)− V π1 (x1) > ε} < δ,

where the probability is over the randomness of tra-
jectory collecting in the exploration phase. Due to the
adversarial nature, a RFE algorithm must estimate
the environment with high precision, and a ∝ O(S2)
sample complexity is unavoidable (Jin et al., 2020).
In the following paper we will focus on the TAE set-
ting to show a more sample-efficient algorithm for be-
nign TAE problems. Nonetheless, our algorithm nat-
urally extends to other unsupervised RL settings (Jin
et al., 2020; Wu et al., 2021) and the improved sample-
efficiency for benign instances also holds (by a stan-
dard covering argument on value functions or reward
functions). We refer the reader to Remark 3 in Sec-
tion 5 for an example of applying our results in reward-
free exploration.

Gap-Dependent Unsupervised RL. We now for-
mally state the problem of gap-dependent task-agnostic
exploration (gap-TAE). Gap-TAE is a benign TAE in-
stance, in which we assume there is a constant, reward-
agnostic gap parameter ρ such that

0 < ρ ≤ gapmin(r) for every r ∈ R, (2.3)

where, with a slightly abuse of notation, gapmin(r)
refers to the minimum sub-optimality gap (2.1) in-
duced by reward function r; moreover, the gap pa-
rameter ρ is known to the agent. Our focus is to study
whether or not gap-TAE problems can be solved in a
faster rate compared to the worst-case TAE problems.

We end this section with the definition of a clip oper-
ator (Simchowitz and Jamieson, 2019):

clipρ[z] := z · 1 [z ≥ ρ] , for z ∈ R and ρ > 0,

which cuts a quantity smaller than ρ to 0.

3 AN EFFICIENT ALGORITHM

In this section, we introduce UCB-Clip for solving gap-
TAE in a sample-efficient manner. The algorithm is
formally presented as Algorithms 1 and 2, for explo-
ration and planning, respectively.

In the exploration phase, UCB-Clip maintains an esti-
mated maximum cumulative bonus based on the cur-
rent empirical transition kernel (Algorithm 1, line 6),
and explores the environment through executing a
greedy policy that maximizes the cumulative bonus.
Note that the exploration bonus at a state-action pair

Algorithm 1 UCB-Clip (Exploration)

Require: gap parameter ρ, number of episodes K
1: initialize history H0 = ∅
2: set up a constant ι := log(2HS2AK/δ)
3: for episode k = 1, 2, . . . ,K do
4: Nk(x, a), P̂k(y | x, a)← Empi-Prob(Hk−1)
5: compute exploration bonus ck(x, a) :=

clip ρ
2H

[√
8H2ι

Nk(x,a)

]
+ 120(S+H)H3ι

Nk(x,a)
+ 240H6S2ι2

(Nk(x,a))2

6: {Qkh(x, a), V
k

h(x)}Hh=1 ← UCB-QValue(P̂k, 0, ck)
7: receive initial state xk1 = x1

8: for step h = 1, 2, . . . ,H do

9: take action akh = arg maxaQ
k

h(xkh, a)
10: obtain a new state xkh+1

11: end for
12: update history Hk = Hk−1 ∪ {xkh, akh}Hh=1

13: end for
14: return History Hk

15: Function Empi-Prob

16: Require: history Hk−1

17: for (x, a, y) ∈ S ×A× S do
18: Nk(x, a, y) := #{(x, a, y) ∈ Hk−1}
19: Nk(x, a) :=

∑
y N

k(x, a, y)

20: if Nk(x, a) > 0 then

21: P̂k(y | x, a) = Nk(x, a, y)/Nk(x, a)
22: else
23: P̂k(y | x, a) = 1/S
24: end if
25: end for
26: return Nk(x, a), P̂k(y | x, a)

27: Function UCB-QValue

28: Require: empirical transition P̂k, reward func-
tion r, bonus function bk

29: set V kH+1(x) = 0
30: for step h = H,H − 1, . . . , 1 do
31: for (x, a) ∈ S ×A do

32: Qkh(x, a) = rh(x, a) + bk(x, a) + P̂khV
k
h+1(x, a)

33: Qkh(x, a)← min{H, Qkh(x, a)}
34: V kh (x) = maxa∈AQkh(x, a)
35: end for
36: end for
37: return

{
Qkh(x, a), V kh (x)

}H
h=1

is inversely proportional to the number of visitations
to the state-action pair (Algorithm 1, line 5), thus
the exploration policy is encouraged to pay more vis-
its to the state-actions that have not yet been visited
for sufficient times, where its induced bonus is larger.
This design permits UCB-Clip to dynamically explore
the environment. In the planning phase, UCB-Clip

receives an obliviously/independently revealed reward
function, and computes an (averaging of a sequence
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of) optimistic estimation to the optimal value function
based on the collected samples (Algorithm 2, line 5).
The outputted policy equivalently corresponds to the
(averaged) optimistic estimated value function (Algo-
rithm 2, line 6).

Algorithm 2 UCB-Clip (Planning)

Require: history HK , reward function r
1: set up a constant ι := log(2HS2AK/δ)
2: for k = 1, 2, . . . ,K do
3: Nk(x, a), P̂k(y | x, a)← Empi-Prob(Hk−1)

4: compute planning bonus bk(x, a) :=
√

H2ι
2Nk(x,a)

5: {Qkh(x, a), V kh (x)}Hh=1 ← UCB-QValue(P̂k, r, bk)
6: infer greedy policy πkh(x) = arg maxaQ

k
h(x, a)

7: end for
8: return π drawn uniformly from {π1, . . . , πK}

UCB-Clip is inspired by two existing model-based al-
gorithms: UCBVI (Azar et al., 2017) that achieves min-
imax optimal sample complexity for supervised RL
problems, and PF-UCB (Wu et al., 2021) that effi-
ciently solves preference-free exploration problems in
the context of unsupervised multi-objective RL. Simi-
lar to both UCBVI and PF-UCB, in the planning phase
UCB-Clip (Algorithm 2) adopts an upper-confidence-
bound (UCB) type bonus to perform optimistic and
model-based planning. Similar to PF-UCB but differ-
ent from UCBVI, UCB-Clip (Algorithm 1) explores the
unknown environment through a greedy policy that
maximizes the cumulative exploration bonus. Differ-
ent from either PF-UCB or UCBVI, UCB-Clip exploits
the gap parameter by clipping the exploration bonus
(Algorithm 1, line 5).

The clipped exploration bonus turns out to be a key
ingredient for UCB-Clip to save samples for gap-TAE
problems. Specifically, the leading-order term in the
UCB-type bonus will be brute-force clipped to near
zero when a state-action pair has been visited for suf-
ficiently many times, i.e., N(x, a) h H4ι/ρ2 (Algo-
rithm 1, line 5). This will cause a sudden decrease
of the bonus, and discourages the agent to continue
to visit this state-action pair. Recall that the consid-
ered MDP has a sub-optimality gap at least ρ, thus
N(x, a) h H4ι/ρ2 amount of samples is already suffi-
cient to distinguish sub-optimal actions from the opti-
mal ones at the state-action pair. Then by clipping the
bonus at such state-action pairs, UCB-Clip spends less
unnecessary visitations to these pairs, and saves oppor-
tunities for visiting the state-actions that have not yet
been visited sufficiently. In consequence, UCB-Clip ac-
celerates benign TAE instances by exploiting the gap
parameter. The above discussions are formally justi-
fied in the next section.

4 THEORETIC RESULTS

We turn to present our theoretical results. We will first
show Theorem 1 that provides a sample-complexity
upper bound for the proposed UCB-Clip algorithm,
and Theorem 2 that provides a sample-complexity
lower bound for the gap-TAE problem. Then we will
discuss a novel statistical separation between RL vs.
MAB based on these results.

4.1 Upper and Lower Bounds

Theorem 1 (An upper bound for UCB-Clip). Suppose
that Algorithm 1 accepts a gap parameter ρ that satis-
fies (2.3), and runs for K episodes to collect a dataset
HK . Let policy π be the output of Algorithm 2 for an
oblivious input reward function r ∈ R that is indepen-
dent of HK . Then with probability at least 1 − δ, the
planning error is bounded by

V ∗1 (x1)− V π1 (x1) .
H3SA

ρK
· log

HSAK

δ

+
H4S2A

K
· log(HK) · log

HSAK

δ
.

Theorem 2 (A lower bound for gap-TAE). Fix S ≥
5, A ≥ 2, H ≥ 2 + logA S. There exist positive con-
stants c1, c2, ρ0, δ0, such that for every ρ ∈ (0, ρ0),
ε ∈ (0, ρ), δ ∈ (0, δ0), and for every (ε, δ)-PAC algo-
rithm (see condition (2.2)) that runs for K episodes,
there exists some gap-TAE instances with a gap pa-
rameter ρ that satisfies (2.3), such that

E[K] ≥ c1 ·
H2SA

ρε
· log

c2
δ
,

where the expectation is taken with respect to the ran-
domness of choosing the gap-TAE instance.

Remark 1. According to Theorem 1, UCB-Clip only re-
quires ∝ Õ(1/ε) number of episodes to solve TAE pro-
vided with a constant gap parameter, which improves
the existing, pessimistic rates ∝ Õ(1/ε2) achieved
by algorithms that focus on worst-case TAE in-
stances (Zhang et al., 2020a; Wang et al., 2020b; Wu
et al., 2021). Moreover, according to Theorem 2, this

∝ Õ(1/ε) rate is nearly optimal upto logarithmic fac-
tors, which exhibits some fundamental limitations of
the acceleration afforded by a constant gap parame-
ter. A numerical simulation for the acceleration phe-
nomenon is provided in Appendix A.

Remark 2. If ρ . 1/(HS), the error upper bound

in Theorem 1 is simplified to Õ(H3SA/(ρK)), i.e.,

UCB-Clip needs at most K = Õ(H3SA/ρε) episodes
to be (ε, δ)-PAC. In this regime, Theorem 2 suggests
that UCB-Clip achieves a nearly optimal rate in terms
of S, A, ρ and ε (or K) ignoring logarithmic factors.
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Still, the dependence of H is improvable, which we
leave as a future work.

Remark 3. As explained before, our algorithm can be
applied to other unsupervised RL settings as well, e.g.,
reward-free exploration (Jin et al., 2020) with a gap
parameter ρ that satisfies (2.3). In this case, the upper
bound in Theorem 1 needs to be revised to

Õ
(
H3S2A

ρK
+
H4S3A

K

)
.

This is obtained by a standard converging and union
bound argument on the set of all possible value func-
tions, and from where the extra S factor stem67. Com-
paring to the worst-case optimal rate ∝ O(1/

√
K) for

RFE (Jin et al., 2018; Zhang et al., 2020b), we again
achieve a quadratic saving in terms of K for benign
RFE instances with a constant ρ.

Proof Sketch of Theorem 1. We first look at the
planning phase (Algorithm 2). Since the reward in-
duces a sub-optimality gap at least ρ, with some com-
putations we can obtain the following error estimation
of the planning error per episode: for every k,

V ∗1 (x1)− V πk1 (x1) . Eπk,P

H∑

h=1

ck(xh, ah), (4.1)

where πk is the planning policy at the k-th episode
and ck(x, a) is the clipped exploration bonus at the k-
th episode. The right hand side of (4.1) can be further
improved to have a uniform upper bound H per deci-
sion step. Note that the right hand side of (4.1) is the
expected cumulative bonus over the trajectory induced
by policy πk and the true transition P, and that the
bonus contains lower order terms that control the er-
ror of an inaccurately estimated probability transition
(Algorithm 1, line 5). Therefore, upto some constant
factors, it can be bounded by the expected cumulative
bonus over the trajectory induced by policy πk and
the empirical transition P̂k. The above analysis re-
flects (4.2). Moreover, (4.3) holds naturally according

to Algorithm 1, since V
k

1(x1) maximizes the cumula-
tive bonus over the empirical transition by dynamic
programming.

V ∗1 (x1)− V πk1 (x1) . Eπk,P̂k

H∑

h=1

H ∧ ck(xh, ah) (4.2)

6For more details, we refer the reader to event G1 de-
fiend in Appendix B. To apply our result in reward-free
exploration, we need G1 holds for every optimal value
function V ∗

h , which can be guaranteed by covering and
union bound argument over all possible value functions,
Vh ∈ [0, H]S .

7Due to a similar reasoning, when applied to the task-
agnostic setting with N selected planning tasks (Zhang
et al., 2020a), the log(HSAK/δ) factor in our bound needs
to be modified to log(NHSAK/δ).

≤ V k1(x1). (4.3)

Finally, a standard regret analysis for the exploration
phase shows that the total exploration values in the
exploration phase is logarithmic, thanks to the clipped
exploration bonus. Thus the total planning error is
also logarithmic. The presented error upper bound is
established by averaging over the K episodes. Some of
proving techniques are motivated by (Simchowitz and
Jamieson, 2019; Wu et al., 2021). Our key novelty is
to carefully incorporate the clip operator in the bonus
function and use that to build a connection between
the planning and exploration phases. See Appendix B
for more details.

Proof Sketch of Theorem 2. A hard instance that
witnesses the lower bound is shown in Figure 1. The
hard instance is motivated by (Mannor and Tsitsiklis,
2004; Dann and Brunskill, 2015). One can verify that
this instance has a minimum sub-optimality gap ρ/2.
Indeed, the only states that have sub-optimal actions
are the left orange states in Type I model or Type
II model. For the left orange state in Type I model,
the optimal action has value H/2 + ρ/2, but the sub-
optimal ones have value H/2, where the gap is ρ/2.
Similarly we can verify the gap in Type II model is ρ.
Moreover, in order to be ε/3-correct, the agent needs
to identify the optimal action at the left orange states,
otherwise it takes a sub-optimal action and incurs a
value error at least ε/ρ · ρ/2 = ε/2. Now the problem
is reduced to identify the best action at the left orange
states. Let us ignore H,S,A factors and focus on ρ and
ε. Then at the left orange states, the probability gap
between the best action and the second best action is
∝ Θ(ρ), thus ∝ Ω(1/ρ2) samples are needed to identify
the optimal action. On the other hand, in each episode
there is only ε/ρ chance to visit the left orange states,
thus ∝ Ω(1/(ρε)) episodes are needed to provide ∝
Ω(1/ρ2) samples at the left orange sates. This justifies
the ∝ Ω(1/(ρε)) rate in the lower bound. A complete
proof is deferred to Appendix C.

4.2 Comparison with Multi-Armed Bandit

Theorems 1 and 2 show that for unsupervised RL
problems, even when the instance is benign and has
a constant gap parameter, a ∝ Ω(1/ε) sample com-
plexity must be paid. This establishes a stark con-
trast to the gap-dependent unsupervised exploration
problems on a multi-armed bandit (MAB). In partic-
ular, for an MAB with A arms and a minimum sub-
optimality gap ρ (that is the gap between the expected
rewards of the best action and the second-best ac-
tion), a rather simple uniform exploration strategy,

with T = O
(
A
ρ2 log A

δ

)
∝ Õ(1) pulls of the arms, is

(ε, δ)-correct for identifying the best arm (see, e.g.,
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!1 2 − !𝜌 2𝐻
or ⁄! "

Type I

and 𝑆 − 2 copies of

Type II Type III

Figure 1: A hard-to-learn MDP example. States are denoted by circles. A state-determined reward function takes value
1 at the state denoted by a circle with a plus sign and takes value zero otherwise. The plot only shows the structure of
the last three layers of the MDP, which consists of a Type I model, a Type II model, and S − 2 Type III model. These
models are connected by a (logA S)-layer tree with A-branches in each layer, and with deterministic and known transition.
In the Type III model, from the green state and for all actions, it transits to the left orange state with probability ε/ρ,
or to the self-absorbing right orange state with probability 1− ε/ρ. Then from the left orange state and for all actions, it
transits to the two blue states evenly. The Type I (II) model is only different from the Type III model at the left orange
state: in Type I (II) model, there exists and only one action such that it transits to the left blue state with probability
1/2 + ρ/(2H) (with probability 1/2 + ρ/H), and to the right blue state otherwise. In other words, in the left orange
states, an optimal action exists in the Type II model, a second-to-the-best action exists in the Type I model, and all other
actions are equivalent and are sub-optimal.

Theorem 33.1 in Lattimore and Szepesvári (2020), or
Appendix D). These observations from gap-dependent
unsupervised exploration establish an interesting sta-
tistical separation between general RL (corresponds
to MDP with H ≥ 2) and MAB (corresponds to MDP
with H = 1), with a sample complexity comparison

∝ Õ(1/ε) vs. ∝ Õ(1). This separation suggests that
unsupervised RL is significantly more challenging than
unsupervised MAB even after normalizing the H fac-
tor. The conclusion goes against an emerging wisdom
from the supervised RL theory, that RL is nearly as
easy as MAB in the supervised setting, given that H
factor is normalized (Jiang and Agarwal, 2018; Wang
et al., 2020a; Zhang et al., 2020c).

Let us take a deeper look at where RL is harder than
MAB. The hard instance in Figure 1 clearly illustrates
the issue: there could exist some important states in
MDP that cannot be ignored, but are hard to reach in
the same time, e.g., ignoring the left orange states in
Figure 1 would result in a Θ(ε) error, but there is only
Θ(ε) chance to reach these states per episode, thus
in order to reach the left orange states for at least
constant times, an algorithm needs at least ∝ Ω(1/ε)
number of trajectories.

To further verify our understanding, let us consider
an MDP with a sampling simulator (Sidford et al.,
2018a,b; Wang, 2017; Azar et al., 2013). The sampling
simulator allows us to draw samples at any state-action
pair, thus exempts the “hard-to-reach” states. The fol-
lowing theorem shows that for MDP with a sampling
simulator, the gap-TAE problem can also be solved

with ∝ Õ(1) samples, as in the case of MAB. A proof
is included in Appendix D.

Theorem 3 (MDP with a sampling simulator). Sup-
pose there is a sampling simulator for the MDP con-
sidered in the gap-TAE problem. Consider exploration
with the uniformly sampling strategy, and planning
with the dynamic programming method with the ob-
tained empirical probability. If T samples are drawn,
where

T ≥ 2H4SA

ρ2
· log

2HSA

δ
,

then with probability at least 1− δ, the obtained policy
is optimal (ε = 0).

5 ADDITIONAL DISCUSSIONS

The Gap Parameter. The gap parameter ρ is a hy-
perparameter for Algorithm 1. So long as the inputted
gap parameter ρ is a reasonably large constant and
satisfies condition (2.3), our algorithm achieves a fast,

∝ Õ(1/ε) rate for TAE according to Theorem 1. If
the inputted gap parameter ρ violates condition (2.3),
Theorem 1 no longer directly holds; but one can easily
show that

V ∗1 (x1)− V π1 (x1) = Eπ,P

H∑

h=1

(
V ∗h (xh)−Q∗h(xh, ah)

)

≤ Eπ,P
H∑

h=1

clipρ [V ∗h (xh)−Q∗h(xh, ah)] +Hρ (5.1)

≤ Õ
(H3SA

ρK
+
H4S2A

K
+Hρ

)
, (5.2)
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where (5.1) is by the definition of clip operator, and
(5.2) is by applying Theorem 1 to the first term in
(5.1) (that equals to the error on an MDP with a
sub-optimality gap ρ). In this way, if the TAE in-
stance is in fact “hard” in that condition (2.3) can-
not be met for any reasonably large ρ, one can still
choose a small ρ h ε/H and run UCB-Clip for K =

Õ(H2SA/ρ2 + H3S2A/ρ) episodes to obtain a policy

that is (Hρ, δ)-PAC. Note that this ∝ Õ(1/ε2) rate
is minimax optimal ignoring logarithmic factors (and
the H2 factor) (Jin et al., 2020; Dann and Brunskill,
2015). An open question is: is there a sample-efficient
algorithm for gap-TAE that does not need an inputted
gap parameter?

The H Dependence. In the regime that ρ .
1/(HS), our upper bound can potentially be improved
for an H factor, comparing with the provided lower
bound. Technically, this is because Algorithm 1 uti-
lizes a Hoeffding-type bonus, which is known to be
less tight compared with a Bernstein-type bonus (Azar
et al., 2017). Hoeffding-type bonus has the benefits
of being reward-independent, which allows us to con-
struct a reward-independent, hence unsupervised, ex-
ploration policy that minimizes an upper bound of the
per-episode, reward-dependent planning error. In con-
trast, Bernstein-type bonus is reward-dependent as it
requires an (good) estimation to the value function
which relies on reward signals. Since the reward sig-
nal is not available in the exploration phase, we do not
see a clear way to adopt Bernstein-type bonus in our
problem. We leave the issue of further tightening the
H factor as a future work.

Removing the Gap-Independent Term. The
bound presented in Theorem 1 has a gap-independent
term, Õ(H4S2A/K), which is still linear in Õ(1/K)
but is quadratic in S. This S2-dependence appears
in the sample-complexity lower-order term of all the
model-based algorithms that we are aware of, e.g.,
(Azar et al., 2017; Zanette and Brunskill, 2019; Sim-
chowitz and Jamieson, 2019), and could potentially be
mitigated by model-free algorithms (Jin et al., 2018;
Yang et al., 2020).

Visiting Ratio Based Approaches. In the con-
text of reward-free exploration, Zhang et al. (2020b)
extend a visiting ratio based approach that is initially
proposed by Jin et al. (2020), and achieves a nearly
minimax optimal sample complexity for reward-free
exploration. The visiting ratio based method has the
advantage of supporting plug-in planners (i.e., an ap-
proximate MDP solver given trasition matrix and re-
ward) (Jin et al., 2020). Such approach can be adapted

to obtain a Õ(1/ε) fast rate for gap-TAE as well;

however, it involves a S2-dependence on the obtained
bound, which is sub-optimal in the context of task-
agnostic exploration (see Zhang et al. (2020a); Wu
et al. (2021) and Theorem 2).

A Refined Gap Dependence? For supervised RL,
the finest gap-dependent sample complexity bound can
accurately characterize the role of each state-action
gap (Simchowitz and Jamieson, 2019; Xu et al., 2021).
In contrast, for unsupervised RL, our derived gap-
dependent bound is stated as a function of a gap pa-
rameter that reflects only the minimum nonzero state-
action gap. We argue that obtaining a refined gap de-
pendence is generally not possible in the unsupervised
setting. In particular, let us consider a gap-TAE prob-
lem with two candidate rewards, where one of them is
specified as in our lower bound construction (see The-
orem 2 and Figure 1) and the other induces better
state-action gaps; in the planning phase, one of the
two rewards is selected uniformly at random. Then
any algorithm for this problem instance will need to
solve the hard instance in Theorem 2 with probabil-
ity 1/2, therefore it must suffers from the “worst” gap
parameter instead of the better state-action gaps.

6 RELATED WORKS

Supervised RL with Gap Dependence. In the
literature of supervised RL, the state-action sub-
optimality gap has been long embraced to characterize
instance-dependent theoretic guarantees. Ortner and
Auer (2007); Tewari and Bartlett (2007); Ok et al.
(2018) study gap-dependent bounds in the asymp-
totic sense, and Jaksch et al. (2010) establish a finite
time, gap-dependent bound. More recently, in the set-
ting of finite-horizon MDP and for a broad class of
UCB-type, model based algorithms, Simchowitz and
Jamieson (2019) provide a finite, gap-dependent regret
bound that comprehensively interpolates the minimax,
gap-independent regret bound and a logarithmic, gap-
dependent regret bound. Similar results are further
built for model-free algorithms (Yang et al., 2020),
linear MDP (He et al., 2020), and MDP with corrup-
tions (Lykouris et al., 2019). More recently, Dann et al.
(2021) improves the gap-dependent bounds in Sim-
chowitz and Jamieson (2019) by considering the reach-
ability of state-action pairs. In addition to this line,
Jonsson et al. (2020) study the gap-dependent bound
for a Monte-Carlo tree search algorithm, Xu et al.
(2021) establish a fine-grained gap-dependent bound
through a non-UCB type algorithm, and Al Marjani
et al. (2021); Wagenmaker et al. (2021) investigate
gap-dependent bound for the best-policy-identification
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problem8. However, all these results explores the en-
vironment under the guidance of an observable reward
signal, thus are not applicable to the unsupervised ex-
ploration problems studied in this paper.

Unsupervised RL in the Worst Case. The ar-
guably most typical unsupervised exploration prob-
lem is the reward-free exploration problem formalized
by Jin et al. (2020), where the agent collects sam-
ples in the unsupervised fashion in order to be able
to plan nearly optimally for arbitrary rewards. Prior
to Jin et al. (2020), Hazan et al. (2018); Brafman and
Tennenholtz (2002); Du et al. (2019) also study ex-
ploratory policies with certain covering properties; and
following Jin et al. (2020), the sample complexity of
reward-free exploration is further improved to nearly
minimax optimal by Kaufmann et al. (2020); Ménard
et al. (2020); Zhang et al. (2020b). Besides reward-
free exploration problems, Zhang et al. (2020a); Wang
et al. (2020b) introduce and study task-agnostic ex-
ploration problems where the planning reward is fixed
but unknown during exploration, and Wu et al. (2021)
study preference-free exploration problems in the con-
text of multi-objective RL. Nonetheless, the above con-
siderations of unsupervised exploration problems and
their algorithms take no advantage of a gap parame-
ter, and the obtained theoretic results are pessimistic
and restricted by the worst cases.

Lenient Regret. Our results can also be under-
stood from the viewpoint of lenient error (Merlis and
Mannor, 2020), which is first introduced in the context
of MAB and aims to capture a regret that tolerances
small errors per decision step. This notion naturally
generalizes to RL as follows:

LenientError(π) :=

Eπ,P

H∑

h=1

clipρ [V ∗h (xh)−Q∗h(xh, ah)] .
(6.1)

Clearly, solving a gap-TAE problem with a gap param-
eter ρ under the error measured by V ∗1 (x1)−V π1 (x1) is
equivalent to solving a TAE problem under a lenient
error measured by (6.1). From this viewpoint, an inter-
esting future direction to extend our results to general
gap function (see Definition 1 in Merlis and Mannor
(2020)) beyond the clipρ[·] studied in this work.

8Similarly to our lower bound construction, Wagen-
maker et al. (2021) also exploit a transition probability
to show their gap-dependent lower bound. We emphasize
that our works are concurrent and the similar idea is used
for solving different problems.

7 CONCLUSION

In this paper we study sample-efficient algorithms for
gap-dependent unsupervised exploration problems in
RL. When the targeted planning tasks have a con-
stant gap parameter, the proposed algorithm achieves
a gap-dependent sample complexity upper bound that
significantly improves the existing pessimistic bounds.
Moreover, an information-theoretic lower bound is
provided to justify the tightness of the obtained up-
per bound. These results establish an interesting sta-
tistical separation between RL and MAB (or RL with
a simulator) in terms of gap-dependent unsupervised
exploration problems.
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A minimax rate, Θ(1/
√
k)

Figure 2: An illustration of the fast task-agnostic exploration achieved by UCB-Clip. In the experiment we simulate a
random MDP with H = 5, S = 10, A = 10 and ρ = 0.4, and run UCB-Clip for K = 50, 000 episodes. The red curve shows
the planning error of UCB-Clip, and the green dotted curve shows a minimax error rate. The plot shows that UCB-Clip
achieves an improved rate for gap-dependent task-agnostic exploration.

A NUMERICAL SIMULATIONS

Figure 2 illustrates the fast rate achieved by UCB-Clip for task-agnostic exploration on a benign MDP with
constant minimum sub-optimality gap. The curve for UCB-Clip indicates the planning error of UCB-Clip when
running on a random MDP with H = 5, S = 10, A = 10, ρ = 0.4 and K = 50, 000. By comparing with the
minimax rate, we observe that UCB-Clip solves task-agnostic exploration with a faster rate, when the task has
a constant minimum sub-optimality gap.

In this experiment, the random MDP can be regarded as a Grid World. It is generated as follows. The reward
is 1 at a state x∗ and is 0 otherwise. The initial state is fixed x0 6= x∗ and cannot be revisited in the rest
steps in one game. x∗ can only be reached by taking an optimal action a∗ at two states, x0 and x∗, where
P{x∗|x0, a

∗} = ρ and P{x∗|x∗, a∗} = 1. Except for these constraints, the transition kernel is filled with random
numbers uniformly distributed in (0, 1) and is then properly normalized. This MDP has a gap parameter ρ. In
experiment the exploration bonus in Algorithm 1 is simplified: only the first two terms are considered (which
are leading terms) and absolute constants and logarithmic factors are set to be 1.

B PROOF OF THE UPPER BOUND (THEOREM 1)

Our proof is inspired by (Simchowitz and Jamieson, 2019) and (Wu et al., 2021).

Preliminaries. Let πk be the planning policy at the k-th episode, i.e., a greedy policy that maximizes Qkh(x, a).

Let π̄k be the exploration policy at the k-th episode, i.e., a greedy policy given that maximizes Q
k

h(x, a). Let
wkh(x, a) := P

{
(xh, ah) = (x, a) | π̄k,P

}
and wk(x, a) :=

∑
h w

k
h(x, a). In the following, if not otherwise noted,

we define ι := log 2HS2AK
δ .

Consider the following good events

G1 :=

{
∀x, a, h, k,

∣∣∣(P̂k − P)V ∗h+1(x, a)
∣∣∣ ≤

√
H2

2Nk(x, a)
log

2HSAK

δ

}
, (G1)
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G2 :=

{
∀x, a, y, k,

∣∣∣P̂k(y | x, a)− P(y | x, a)
∣∣∣ ≤

√
2P(y | x, a)

Nk(x, a)
log

2S2AK

δ
+

2

3Nk(x, a)
log

2S2AK

δ

}
,

(G2)

G3 :=

{
∀x, a, y, k,

∣∣∣P̂k(y | x, a)− P(y | x, a)
∣∣∣ ≤

√
2P̂k(y | x, a)

Nk(x, a)
log

2S2AK

δ
+

7

3Nk(x, a)
log

2S2AK

δ

}
,

(G3)

G4 :=



∀x, a, k, N

k(x, a) ≥ 1

2

∑

j<k

wj(x, a)−H log
HSA

δ



 . (G4)

Lemma 1 (The probability of good events). P {G1 ∩G2 ∩G3 ∩G4} ≥ 1− 4δ.

Proof. By Hoeffding’s inequality and a union bound, we have that P {G1} ≥ 1− δ.
By Bernstein’s inequality, a union and that 1− P(y | x, a) ≤ 1, we have that P {G2} ≥ 1− δ.
By empirical Bernstein’s inequality (Maurer and Pontil, 2009), a union bound and that 1− P̂k(y | x, a) ≤ 1, we
have that P {G3} ≥ 1− δ.
According to Lemma F.4 by (Dann et al., 2017) and a union bound, we have that P {G4} ≥ 1− δ.
Finally, a union bound over the four events proves the claim.

Planning Phase. Recall the planning bonus is set to be

bk(x, a) :=

√
H2ι

2Nk(x, a)
. (B.1)

Lemma 2 (Optimistic planning). If G1 holds, then Qkh(x, a) ≥ Q∗h(x, a) for every k, h, x, a.

Proof. We prove it by induction. Clearly the hypothesis holds for H + 1; now suppose that Qkh+1(x, a) ≥
Q∗h+1(x, a), and consider h. From Algorithm 2, we see that

Qkh(x, a) := H ∧
(
rh(x, a) + bk(x, a) + P̂kV kh+1(x, a)

)
. (B.2)

If Qkh(x, a) = H, then Qkh(x, a) = H ≥ Q∗h(x, a); otherwise, we have that

Qkh(x, a)−Q∗h(x, a) = rh(x, a) + bk(x, a) + P̂kV kh+1(x, a)− rh(x, a)− PV ∗h+1(x, a)

= bk(x, a) + P̂kV kh+1(x, a)− PV ∗h+1(x, a)

≥ bk(x, a) + (P̂k − P)V ∗h+1(x, a) (since Qkh+1(x, a) ≥ Q∗h+1(x, a))

≥ 0 (since G1 holds).

These complete our induction.

Let us denote the optimistic surplus (Simchowitz and Jamieson, 2019) as

Ekh(x, a) := Qkh(x, a)−
(
rh(x, a) + PV kh+1(x, a)

)
. (B.3)

Lemma 3 (Optimistic surplus bound). If G1, G2 and G3 hold, then for every k, h, x, a,

Ekh(x, a) ≤ H ∧



√

2H2ι

Nk(x, a)
+

HSι

Nk(x, a)
+ Eπk,P

∑

t≥h+1

(
4e2H3ι

Nk(xt, at)
+

8e2H5S2ι2

(Nk(xt, at))
2

)
 .
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Proof. By (B.3) and (B.2) we have Ekh(x, a) ≤ Qkh(x, a) ≤ H. As for the second bound, note that

Ekh(x, a) = Qkh(x, a)−
(
rh(x, a) + PV kh+1(x, a)

)
(use (B.3))

≤ rh(x, a) + bk(x, a) + P̂kV kh+1(x, a)− rh(x, a)− PV kh+1(x, a) (use (B.2))

= bk(x, a) + (P̂k − P)V ∗h+1(x, a) + (P̂k − P)(V kh+1 − V ∗h+1)(x, a)

≤ 2bk(x, a) + (P̂k − P)(V kh+1 − V ∗h+1)(x, a) (use (B.1) and that G1 holds)

≤
√

2H2ι

Nk(x, a)
+

HSι

Nk(x, a)
+ P

(
V kh+1 − V ∗h+1

)2
(x, a). (use Lemma 4) (B.4)

We next bound V kh (x)− V ∗h (x) by

V kh (x)− V ∗h (x) ≤ Qkh(x, a)−Q∗h(x, a) (set a = πk(x))

≤ bk(x, a) + P̂kV kh+1(x, a)− PV ∗h+1(x, a) (use (B.2))

=
(
bk + P

(
V kh+1 − V ∗h+1

)
+ (P̂k − P)

(
V kh+1 − V ∗h+1

)
+ (P̂k − P)V ∗h+1

)
(x, a)

≤
(

2bk + P
(
V kh+1 − V ∗h+1

)
+ (P̂k − P)

(
V kh+1 − V ∗h+1

) )
(x, a) (use (B.1) and G1)

≤
√

2H2ι

Nk(x, a)
+

(
1 +

1

H

)
P
(
V kh+1 − V ∗h+1

)
(x, a) +

2H2Sι

Nk(x, a)
. (use Lemma 4)

Solving the recursion we obtain

V kh (x)− V ∗h (x) ≤ e · Eπk,P
∑

t≥h

(√
2H2ι

Nk(xt, at)
+

2H2Sι

Nk(xt, at)

)
,

where xh = x. This implies that

(
V kh (x)− V ∗h (x)

)2 ≤


Eπk,P

∑

t≥h

(√
2e2H2ι

Nk(xt, at)
+

2eH2Sι

Nk(xt, at)

)


2

≤ Eπk,P


∑

t≥h

√
2e2H2ι

Nk(xt, at)
+

2eH2Sι

Nk(xt, at)




2

((·)2 is convex)

≤ H · Eπk,P
∑

t≥h

(√
2e2H2ι

Nk(xt, at)
+

2eH2Sι

Nk(xt, at)

)2

(Cauchy–Schwarz)

≤ Eπk,P
∑

t≥h

(
4e2H3ι

Nk(xt, at)
+

8e2H5S2ι2

(Nk(xt, at))
2

)
,

inserting which to (B.4) we have that

Ekh(x, a) ≤
√

2H2ι

Nk(x, a)
+

HSι

Nk(x, a)
+ Eπk,P

∑

t≥h+1

(
4e2H3ι

Nk(xt, at)
+

8e2H5S2ι2

(Nk(xt, at))
2

)
,

where (xh, ah) = (x, a). The two upper bounds on Ekh(x, a) together complete the proof.

Lemma 4 (Bounds for the lower order term). If G2 and G3 hold, we have that for every V1, V2 such that
0 ≤ V1(x) ≤ V2(x) ≤M and for every k, x, a, the following inequalities hold:

∣∣∣(P̂k − P)(V2 − V1)(x, a)
∣∣∣ ≤ P (V2 − V1)

2
(x, a) +

MSι

Nk(x, a)
;

∣∣∣(P̂k − P)(V2 − V1)(x, a)
∣∣∣ ≤ 1

H
P (V2 − V1) (x, a) +

2MHSι

Nk(x, a)
;

∣∣∣(P̂k − P)(V2 − V1)(x, a)
∣∣∣ ≤ 1

H
P̂k (V2 − V1) (x, a) +

3MHSι

Nk(x, a)
.



Jingfeng Wu, Vladimir Braverman, Lin F. Yang

Proof. For simplicity let us denote p(y) := P(y | x, a) and p̂(y) := P̂k(y | x, a). For the first inequality,
∣∣∣(P̂k − P)(V2 − V1)(x, a)

∣∣∣ ≤
∑

y∈S

∣∣p̂k(y)− p(y)
∣∣ (V2(y)− V1(y))

≤
∑

y∈S

(√
2p(y)ι

Nk(x, a)
+

2ι

3Nk(x, a)

)
(V2(y)− V1(y)) (since G2 holds)

≤
∑

y∈S

√
2ι

Nk(x, a)
·
√
p(y) (V2(y)− V1(y))

2
+

2MSι

3Nk(x, a)

≤
∑

y∈S

(
ι

Nk(x, a)
+ p(y) (V2(y)− V1(y))

2

)
+

2MSι

3Nk(x, a)
(use

√
ab ≤ a+ b)

≤ P (V2 − V1)
2

(x, a) +
MSι

Nk(x, a)
.

For the second inequality,
∣∣∣(P̂k − P)(V2 − V1)(x, a)

∣∣∣ ≤
∑

y∈S

∣∣p̂k(y)− p(y)
∣∣ (V2(y)− V1(y))

≤
∑

y∈S

(√
2p(y)ι

Nk(x, a)
+

2ι

3Nk(x, a)

)
(V2(y)− V1(y)) (since G2 holds)

≤
∑

y∈S

(
p(y)

H
+

Hι

2Nk(x, a)
+

2ι

3Nk(x, a)

)
(V2(y)− V1(y)) (use

√
ab ≤ 1

2
(a+ b))

≤
∑

y∈S

p(y)

H
(V2(y)− V1(y)) +

2MHSι

Nk(x, a)

=
1

H
P (V2 − V1) (x, a) +

2MHSι

Nk(x, a)
.

The third inequality is proved in a same way as the second inequality, except that in the second step we use
event G3 rather than G2.

Lemma 5 (Half-clip trick). If G1 holds, then for every k,

V ∗1 (x1)− V πk1 (x1) ≤ 2 · Eπk,P
H∑

h=1

clip ρ
2H

[Ekh(xh, ah)].

Proof. Following (Simchowitz and Jamieson, 2019), let us consider

Ëkh(x, a) := clip ρ
2H

[Ekh(x, a)] = Ekh(x, a) · 1
[
Ekh(x, a) ≥ ρ

2H

]
≥ 0 (B.5)

and {
V̈ kh (x) := Q̈kh(x, πk(x)),

Q̈kh(x, a) := rh(x, a) + Ëkh(x, a) + PV̈ kh+1(x, a).

Notice that

V kh (x)− V πkh (x) = Eπk.P

∑

t≥h
Ekt (xt, at), (B.6)

V̈ kh (x)− V πkh (x) = Eπk,P

∑

t≥h
Ëkt (xt, at) ≥ 0, (B.7)

then we immediately see that

V̈ kh (x)− V πkh (x) ≥ Eπk.P
∑

t≥h

(
Ekt (xt, at)−

ρ

2H

)
= V kh (x)− V πkh (x)− H − h+ 1

H
· ρ

2
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≥ V kh (x)− V πkh (x)− ρ

2
. (B.8)

Given a sequence of a random trajectory {xh, ah}Hh=1 induced by policy πk and P, let Fh be the event such that

Fh := {ah /∈ π∗h(xh), ∀t < h, at ∈ π∗t (xt)} .

Clearly {Fh}H+1
h=1 are disjoint and form a partition for the sample space of the random trajectory induced by

policy πk. Then we have that

V ∗1 (x1)− V πk1 (x1) = Eπk,P

H∑

h=1

1 [Fh]
(
V ∗1 (x1)− V πk1 (x1)

)
+ 0

= Eπk,P

H∑

h=1

1 [Fh]
(
V ∗h (xh)− V πkh (xh)

)

= Eπk,P

H∑

h=1

1 [Fh]
(
gaph(xh, ah) +Q∗h(xh, ah)− V πkh (xh)

)
,

where gaph(xh, ah) ≥ ρ > 0 under Fh (since ah /∈ π∗h(xh)). Similarly we have that

V̈ k1 (x1)− V πk1 (x1) = Eπk,P

H∑

h=1

1 [Fh]
(
V̈ k1 (x1)− V πk1 (x1)

)
+ 1 [FH+1]

(
V̈ k1 (x1)− V πk1 (x1)

)

≥ Eπk,P
H∑

h=1

1 [Fh]
(
V̈ kh (xh)− V πkh (xh)

)
(use (B.7) and (B.5))

≥ Eπk,P
H∑

h=1

1 [Fh]
(
V kh (xh)− V πkh (xh)− ρ

2

)
(use (B.8))

≥ Eπk,P
H∑

h=1

1 [Fh]

(
V ∗h (xh)− V πkh (xh)− 1

2
gaph(xh, ah)

)

(use Lemma 2, and that gaph(xh, ah) ≥ ρ under Fh)

= Eπk,P

H∑

h=1

1 [Fh]

(
1

2
gaph(xh, ah) +Q∗h(xh, ah)− V πkh (xh)

)

≥ 1

2
Eπk,P

H∑

h=1

1 [Fh]
(
gaph(xh, ah) +Q∗h(xh, ah)− V πkh (xh)

)

(note that Q∗h(xh, ah)− V πkh (xh) ≥ 0)

=
1

2

(
V ∗1 (x1)− V πk1 (x1)

)
.

The above inequality plus (B.7) (B.5) completes the proof.

Lemma 6. If G1, G2 and G3 hold, then

V ∗1 (x1)− V πk1 (x1) ≤

Eπk,P

H∑

h=1

(
clip ρ

2H

[√
8H2ι

Nk(xh, ah)

]
+

120(H3 + S)Hι

Nk(xh, ah)
+

240H6S2ι2

(Nk(xh, ah))
2

)
.

Proof. We proceed the proof as follows:

V ∗1 (x1)− V πk1 (x1) ≤ 2 · Eπk,P
H∑

h=1

clip ρ
2H

[Ekh(xh, ah)] (use Lemma 5)
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≤ 2 · Eπk,P
H∑

h=1

clip ρ
2H

[√
2H2ι

Nk(x, a)
+

HSι

Nk(x, a)

+ Eπk,P
∑

t≥h+1

(
4e2H3ι

Nk(xt, at)
+

8e2H5S2ι2

(Nk(xt, at))
2

)]
(use Lemma 3)

≤ 2 · Eπk,P
H∑

h=1

{
clip ρ

4H

[√
2H2ι

Nk(xh, ah)

]
+

2HSι

Nk(xh, ah)

+ Eπk,P
∑

t≥h+1

(
8e2H3ι

Nk(xt, at)
+

16e2H5S2ι2

(Nk(xt, at))
2

)}
(use Lemma 11)

≤ 2 · Eπk,P
H∑

h=1

{
clip ρ

4H

[√
2H2ι

Nk(xh, ah)

]
+

2HSι

Nk(xh, ah)

}

+ 2H · Eπk,P
H∑

t=1

(
8e2H3ι

Nk(xt, at)
+

16e2H5S2ι2

(Nk(xt, at))
2

)

= Eπk,P

H∑

h=1

(
clip ρ

2H

[√
8H2ι

Nk(xh, ah)

]
+

4HSι

Nk(xh, ah)
+

16e2H4ι

Nk(xh, ah)
+

32e2H6S2ι2

(Nk(xh, ah))
2

)

≤ Eπk,P
H∑

h=1

(
clip ρ

2H

[√
8H2ι

Nk(x, a)

]
+

120(H3 + S)Hι

Nk(x, a)
+

240H6S2ι2

(Nk(x, a))
2

)
.

Exploration Phase. Recall the exploration bonus in Algorithm 1 is defined as

ck(x, a) := clip ρ
2H

[√
8H2ι

Nk(x, a)

]
+

120(H + S)H3ι

Nk(x, a)
+

240H6S2ι2

(Nk(x, a))
2 , (B.9)

and the exploration value function in Algorithm 1 is given by




V
k

h(x) = maxaQ
k

h(x, a),

Q
k

h(x, a) = H ∧
(
ck(x, a) + P̂kV

k

h+1(x, a)
)
.

(B.10)

Let us also define the following population and empirical bonus value functions (for some policy π):

{
Ṽ k,πh (x) = Q̃k,πh (x, π(x)),

Q̃k,πh (x, a) = H ∧
(
ck(x, a) + PṼ k,πh+1(x, a)

)
;

(B.11)




V
k,π

h (x) = Q
k,π

h (x, π(x)),

Q
k,π

h (x, a) = H ∧
(
ck(x, a) + P̂kV

k,π

h+1(x, a)
)
.

(B.12)

Lemma 7 (Exploration value function maximizes empirical bonus value functions). For every π and every
k, h, x, a,

Q
k,π

h (x, a) ≤ Qkh(x, a) and V
k,π

h (x) ≤ V kh(x).

Proof. Use induction and (B.10) (B.12).

Lemma 8 (Planning error is upper bounded by population bonus value function). For every πk

V ∗1 (x1)− V πk1 (x1) ≤ Ṽ k,π
k

1 (x1). (B.13)
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Proof. Let Ah be the σ-field generated by {x1, a1, . . . , xh, ah} (induced by πk and P). For simplicity, denote
E≥h[·] := E[· | Ah−1], i.e., taking conditional expectation given a trajectory {x1, a1, . . . , xh−1, ah−1}. Then
E≥1[·] is taking the full expectation. From (B.11) we obtain

E≥h
[
Q̃k,π

k

h (xh, ah)
]

= E≥h
[
H ∧

(
c(xh, ah) + E≥h+1

[
Ṽ k,π

k

h+1 (xh+1)
])]

= E≥h
[
H ∧

(
c(xh, ah) + E≥h+1

[
Q̃k,π

k

h+1 (xh+1, ah+1)
])]

= E≥h
[
H ∧ E≥h+1

[
c(xh, ah) + Q̃k,π

k

h+1 (xh+1, ah+1)
]]

≥ E≥hEt≥h+1

[
H ∧

(
c(xh, ah) + Q̃k,π

k

h+1 (xh+1, ah+1)
)]

(H ∧ · is concave)

= E≥h
[
H ∧

(
c(xh, ah) + Q̃k,π

k

h+1 (xh+1, ah+1)
)]
.

Recursively applying the above relation, and using a fact that

H ∧ (a+H ∧ b) = H ∧ (a+ b) for a, b ≥ 0,

we obtain that

Ṽ k,π
k

1 (x1) = E≥1

[
Q̃k,π

k

1 (x1, a1)
]
≥ E≥1

[
H ∧

H∑

h=1

c(xh, ah)

]
= Eπk,P

[
H ∧

H∑

h=1

c(xh, ah)

]
.

Finally, by Lemma 6 and that V ∗1 (x1)− V πk1 (x1) ≤ H = Eπk,P [H], we have that

V ∗1 (x1)− V πk1 (x1) ≤ Eπk,P
[
H ∧

H∑

h=1

c(xh, ah)

]
≤ Ṽ k,π

k

1 (x1),

which completes our proof.

Lemma 9 (Empirical vs. population bonus value functions). If G2 and G3 hold, then for every k and for every
policy π, we have that

1

e
· V k,π1 (x1) ≤ Ṽ k,π1 (x1) ≤ e · V k,π1 (x1).

Proof. For the second inequality, we only need to prove that for every k and π,

Ṽ k,πh (x) ≤
(

1 +
1

H

)H−h+1

· V k,πh (x), for every h, x.

We proceed by induction over h. For H + 1 the hypothesis holds trivially as Ṽ k,πH+1(x) = 0 = V
k,π

H+1(x). Now
suppose the hypothesis holds for h+ 1, and let us consider h:

Ṽ k,πh (x) = Q̃k,πh (x, a) (set a = π(x))

≤ ck(x, a) + PṼ πh+1(x, a) (by (B.11))

= ck(x, a) + P̂kṼ k,πh+1(x, a) + (P− P̂k)Ṽ k,πh+1(x, a)

≤ ck(x, a) +

(
1 +

1

H

)
P̂kṼ k,πh+1(x, a) +

3H2Sι

Nk(x, a)
(by Lemma 4 and Ṽ k,πh+1 ≤ H)

≤
(

1 +
1

H

)
ck(x, a) +

(
1 +

1

H

)
P̂kṼ k,πh+1(x, a). (by (B.9))

≤
(

1 +
1

H

)
ck(x, a) +

(
1 +

1

H

)H−h+1

P̂kV
k,π

h+1(x, a) (by induction hypothesis)

≤
(

1 +
1

H

)H−h+1

·
(
ck(x, a) + P̂kV

k,π

h+1(x, a)
)
,
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moreover from (B.11) we have that Ṽ k,πh (x) ≤ H. In sum, we have

Ṽ k,πh (x) ≤
(

1 +
1

H

)H−h+1

·
(
H ∧

(
ck(x, a) + P̂kV

k,π

h+1(x, a)
))

=

(
1 +

1

H

)H−h+1

·Qk,πh+1(x, a) =

(
1 +

1

H

)H−h+1

· V k,πh+1(x).

This completes our induction, and as a consequence proves the second inequality.

The first inequality is proved by repeating the above argument to show that for every k and π

V
k,π

h (x) ≤
(

1 +
1

H

)H−h+1

· Ṽ k,πh (x), for every h, x.

Lemma 10 (Exploration regret). If G2, G3 and G4 hold, then

K∑

k=1

V
k

1(x1) .
H3SAι

ρ
+H4S2Aι · log(HK).

Proof. Recall π̄k is the exploration policy at the k-th episode, i.e., a greedy policy given by maximizing Q
k

h(x, a).
Recall wkh(x, a) := P

{
(xh, ah) = (x, a) | π̄k,P

}
and wk(x, a) =

∑
h w

k
h(x, a). Let us consider the following “good

sets”:
Lk :=

{
(x, a) :

∑

j<k

wj(x, a) ≥ H3Sι
}
. (B.14)

Then we have

K∑

k=1

V
k

1(x1) ≤ e ·
K∑

k=1

Ṽ k,π̄
k

1 (x1) (use Lemma 9)

≤ e ·
K∑

k=1

∑

x,a∈Lk

H∑

h=1

wkh(x, a)ck(x, a) + e ·
K∑

k=1

∑

x,a/∈Lk

H∑

h=1

wkh(x, a)H (use (B.11))

= e ·
K∑

k=1

∑

x,a∈Lk
wk(x, a)ck(x, a) + e ·

K∑

k=1

∑

x,a/∈Lk
wk(x, a)H

≤ e ·
K∑

k=1

∑

x,a∈Lk
wk(x, a)

(
clip ρ

2H

[√
8H2ι

Nk(x, a)

]
+

120(H + S)H3ι

Nk(x, a)
+

240H6S2ι2

(Nk(x, a))
2

)

+ e ·
K∑

k=1

∑

x,a/∈Lk
wk(x, a)H (use (B.9)).

We then bound each terms using integration tricks and that G4 holds. The fourth term is bounded by

e

K∑

k=1

∑

x,a/∈Lk
wk(x, a)H . SA · (H +H3Sι) ·H . H4S2Aι.

The third term is bounded by

e

K∑

k=1

∑

x,a∈Lk
wk(x, a)

240H6S2ι2

(Nk(x, a))
2

. H6S2ι2
K∑

k=1

∑

x,a

wk(x, a)
(∑

j<k w
j(x, a)− 2Hι

)2 · 1


∑

j<k

wj(x, a) ≥ H3Sι


 (use G4 and (B.14))
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. H6S2ι2 · SA · 1

H3Sι− 2Hι
. H3S2Aι. (integration trick)

The second term is bounded by

e

K∑

k=1

∑

x,a∈Lk
wk(x, a)

120(H + S)H3ι

Nk(x, a)

. (H + S)H3ι

K∑

k=1

∑

x,a

wk(x, a)∑
j<k w

j(x, a)− 2Hι
· 1


∑

j<k

wj(x, a) ≥ H3Sι


 (use G4 and (B.14))

. (H + S)H3ι · SA · log(HK) . (H + S)H3SAι · log(HK). (integration trick)

The first term is bounded by

e

K∑

k=1

∑

x,a∈Lk
wk(x, a) clip ρ

2H

[√
8H2ι

Nk(x, a)

]

= e

K∑

k=1

∑

x,a

wk(x, a) ·
√

8H2ι

Nk(x, a)
· 1


∑

j<k

wj(x, a) ≥ H3Sι


 · 1

[
Nk(x, a) ≤ 32H4ι

ρ2

]

. H
√
ι ·

K∑

k=1

∑

x,a

wk(x, a)√∑
j<k w

j(x, a)− 2Hι
· 1


∑

j<k

wj(x, a) ≤ 64H4ι

ρ2
+ 2Hι


 (use G4)

. H
√
ι · SA ·

√
H4ι

ρ2
+Hι .

H3SAι

ρ
. (integration trick)

Summing up everything yields that

K∑

k=1

V
k

1(x1) .
H3SAι

ρ
+ (H + S)H3SAι · log(HK) +H3S2Aι+H4S2Aι .

H3SAι

ρ
+H4S2Aι · log(HK).

Theorem 4 (Restatement of Theorem 1). With probability at least 1− δ, the planning error is bounded by

V ∗1 (x1)− V π1 (x1) .
H3SA

ρK
· log

HSAK

δ
+
H4S2A

K
· log(HK) · log

HSAK

δ
.

Proof. First by Lemma 1, we have that with probability at least 1− δ, G1, G2, G3 and G4 hold. Next we have
the following:

V ∗1 (x1)− V π1 (x1) =
1

K

K∑

k=1

(
V ∗1 (x1)− V πk1 (x1)

)
(by Algorithm 2)

≤ 1

K

K∑

k=1

Ṽ k,π
k

1 (x1) (by Lemma 8)

≤ e

K

K∑

k=1

V
k,πk

1 (x1) (by Lemma 9)

≤ e

K

K∑

k=1

V
k

1(x1) (by Lemma 7)

.
H3SAι

ρK
+
H4S2Aι log(HK)

K
. (by Lemma 10)
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Lemma 11 (Properties of the clip operator). Let ρ, ρ′, a > 0, then

• a · clipρ [A] = clipaρ [a ·A] ;

• Let ρ ≥ ρ′ and A ≤ A′, then A− ρ ≤ clipρ[A] ≤ clipρ′ [A
′] ≤ A′;

• clipρ [A+B] ≤ clip ρ
2

[A] + 2B for B ≥ 0;

• clipρ[A1 + · · ·+Am] ≤ 2
{
clip ρ

2m
[A1] + · · ·+ clip ρ

2m
[Am]

}
.

Proof. The first three claims are easy to see by the definition of the clip operator. The last claim is from
(Simchowitz and Jamieson, 2019), for which we provided a proof here for completeness. Without loss of generality,
assume that A1 + · · ·+ Am ≥ ρ. Let us divide {Ai}mi=1 into two groups by examining whether or not Ai ≥ ρ

2m .
Without loss of generality, assume that

A1, . . . , Ak ≥
ρ

2m
, Ak+1, . . . , Am <

ρ

2m
.

The latter implies that Ak+1 + · · ·+Am < ρ
2m · (m− k) ≤ ρ

2 , then by A1 + · · ·+Am ≥ ρ we obtain that

A1 + · · ·+Ak ≥
ρ

2
> Ak+1 + · · ·+Ak,

In sum, we have that

RHS = 2
{
clip ρ

2m
[A1] + · · ·+ clip ρ

2m
[Am]

}

= 2 {A1 + · · ·+Ak}
≥ A1 + · · ·+Ak +Ak+1 + · · ·+Am

= LHS.

C PROOF OF THE LOWER BOUND (THEOREM 2)

Lemma 12 ((Mannor and Tsitsiklis, 2004), Theorem 1). There exist positive constants c1, c2, ε0, and δ0, such
that for every n ≥ 2, ε ∈ (0, ε0), δ ∈ (0, δ0), and for every (ε, δ)-correct policy, there exists some Bernoulli
multi-armed bandit model with n arms, such that the policy needs at least T number of trials where

E[T ] ≥ c1
n

ε2
log

c2
δ
.

In particular, the bandit model can be chosen such that one arm pays 1 w.p. 1/2 + ε/2, one arm pays 1 w.p.
1/2 + ε, and the rest arms pay 1 w.p. 1/2.

Theorem 5 (Restatement of Theorem 2). Fix S ≥ 5, A ≥ 2, H ≥ 2 + logA S. There exist positive constants
c1, c2, ρ0, δ0, such that for every ρ ∈ (0, ρ0), ε ∈ (0, ρ), δ ∈ (0, δ0), and for every (ε, δ)-correct policy, there exists
some MDP instance with gap ρ, such that

E[K] ≥ c1
H2SA

ερ
log

c2
δ
.

Proof. The hard example is constructed as in Figure 1. We prove such example witness our lower bound as
follows.

Let us call all left orange states the bandit states. Let Nb be the number of visits to the bandit states. Then
from the construction, we have that

E[Nb] = E[K] · ε
ρ
.
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We may without loss of generality image the bandit states as an entity, and at this entity, there are SA arms:
one arm pays reward H w.p. 1

2 + ρ
2H , one arm pays reward H w.p. 1

2 + ρ
H , and the rest arms pay reward H w.p.

1
2 . Next, for any (ε, δ)-correct policy on the MDP, it induces a policy that is (ρ, δ)-correct policy on the above
bandit model. By a linear scaling of the reward from H to 1, it is equivalent to a policy that is ( ρH , δ)-correct in
a stand hard-to-learn bandit model with SA-arms.

By Lemma 12, we must have that

E[Nb] ≥ c1
H2SA

ε2
log

c2
δ
,

which implies that

E[K] ≥ c1
H2SA

ερ
log

c2
δ
.

Clearly, the MDP discussed above has A actions, 2S states, H+ 2 + logA S length of the horizon. We next verify
that the MDP has ρ

2 gap. Notice that except in the left orange states, all actions have the same consequence,
therefore the gap is zero if the agent is not at a left orange state. When we are at the left orange state
at the Type III model, there is no gap. When we are at the left orange state at the Type II model, the
gap is

(
1
2 + ρ

H

)
· H − 1

H · H = ρ. When we are at the left orange state at the Type I model, the gap is(
1
2 + ρ

2H

)
· H − 1

H · H = ρ
2 . By a rescaling of the number of states, length of the horizon, MDP gap, and the

absolute constants, the promised lower bound is established.

D GAP-DEPENDENT UNSUPERVISED EXPLORATION FOR
MULTI-ARMED BANDIT AND MDP WITH A SAMPLING SIMULATOR

Multi-Armed Bandit. The following result is from Theorem 33.1 in (Lattimore and Szepesvári, 2020). For
completeness, we restate the result and the proof here.

Lemma 13 (Uniform Exploration). Consider a Bernoulli bandit with A arms and a minimum non-zero expected
reward gap ρ > 0. Consider the following policy: in the exploration phase an agent uniformly pulls each arm
and collects rewards for K = T/A rounds, and in the planning phase the agent chooses the arm with the highest
empirical rewards. Then

1. the output is (ε, δ)-correct for ε < ρ if T h A
ρ2 log A

δ ;

2. the expected error is at most Eπ[V ∗ − V π] . A exp(−ρ2T/A) ∝ exp(−T ).

Proof. Let us denote the expected reward of an arm a as ra, and denote the empirical reward of an arm a as
R̂a = (R1

a + · · ·+RKa )/K. Suppose a is the best arm, and a′ is the arm with highest empirical reward, then

P{a′ 6= a} = P
{
R̂a′ > R̂a

}

= P
{(
R̂a′ − ra′

)
−
(
R̂a − ra

)
> ra − ra′

}

≤ P
{(
R̂a′ − ra′

)
−
(
R̂a − ra

)
> ρ
}

. A exp(−ρ2K) h A exp(−ρ2T/A).

The proof is completed by noting that 0 ≤ ra ≤ 1.

MDP with a Sampling Simulator. Now we consider gap-TAE for MDP with a sampling simulator. The
algorithm is simple: in the exploration phase we sample N data at each pair (x, a) and compute an empirical

transition probability P̂; in the planning phase we compute the optimal value function over P̂, and output the
induced greedy policy π. Mathematically speaking, the policy π is given by





Q̂∗h(x, a) = rh(x, a) + P̂V̂ ∗h+1(x, a),

V̂ ∗h (x) = maxa Q̂
∗
h(x, a),

πh(x) = arg maxa Q̂
∗
h(x, a).
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Next we justify the sample complexity of this algorithm.

Lemma 14 (Good events). Consider the following two events

G :=
{
∀x, a, h,

∣∣∣(P̂− P)V ∗h+1(x, a)
∣∣∣ < ρ

2H

}
, E := {∀x, h, V ∗h (x)− V πh (x) = 0} ,

then G implies E.

Proof. Assume G holds, and define Eh := {∀x, V ∗h (x)− V πh (x) = 0}. We prove E holds by induction over Eh for
h ∈ {H + 1, H, . . . , 1}. First EH+1 holds by definition. Next suppose that Eh+1, . . . , EH+1 holds, and consider
Eh. Since G holds, we have that for every x,

V ∗h (x)− V̂ π∗h (x) = Eπ,P̂

∑

t≥h
(P− P̂)V ∗t+1(xt, at) < (H + 1− h) · ρ

2H
<
ρ

2
.

Since Et holds for t ≥ h+ 1, we have that for every x,

V̂ πh (x)− V πh (x) = Eπ,P̂

∑

t≥h
(P̂− P)V πt+1(xt, at)

= Eπ,P̂

∑

t≥h
(P̂− P)V ∗t+1(xt, at) (since Et holds for t ≥ h+ 1)

< (H + 1− h) · ρ

2H
<
ρ

2
. (since G holds)

The above two inequalities imply that for every x,

V ∗h (x)− V πh (x) = V ∗h (x)− V̂ π∗h (x) + V̂ π
∗

h (x)− V̂ πh (x) + V̂ πh (x)− V πh (x)

≤ V ∗h (x)− V̂ π∗h (x) + V̂ πh (x)− V πh (x) < ρ,

which further yields that for every x and a = πh(x),

V ∗h (x)−Q∗h(x, a) ≤ V ∗h (x)− V πh (x) < ρ,

which forces a ∈ π∗h(x) since otherwise V ∗h (x)−Q∗h(x, a) ≥ ρ. Therefore, we have that for every x,

V ∗h (x)− V πh (x) = Q∗h(x, a)−Qπh(x, a) = P
(
V ∗h+1 − V πh+1

)
(x, a) = 0,

where the last equality holds since Eh+1 holds, and by this we show that Eh holds, which completes our induction.

Lemma 15 (Probability of the good event). P {Gc} < 2HSA · exp
(
−ρ2N2H4

)
.

Proof. This is by Hoeffding’s inequality and a union bound over x, a, h.

Theorem 6 (Restatement of Theorem 3). Suppose there is a sampling simulator for the MDP considered in the
gap-TAE problem. Consider exploration with the uniformly sampling strategy, and planning with the dynamic
programming method with the obtained empirical probability. If T samples are drawn, where

T ≥ 2H4SA

ρ2
· log

2HSA

δ
,

then with probability at least 1− δ, the obtained policy is optimal (ε = 0).

Proof. Note that T ≥ 2H4SA
ρ2 · log 2HSA

δ implies that N = T/(SA) ≥ 2H4

ρ2 · log 2HSA
δ , then by Lemma 15, we have

that
P {G} ≥ 1− δ,

then according to Lemma 14, the policy is optimal with probability at least 1− δ.
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