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Abstract

Latent factor models are canonical tools to learn low-dimensional and linear embedding of
original data. Traditional latent factor models are based on low-rank matrix factorization
of covariance matrices. However, for higher-order data with multiple modes, i.e., tensors,
this simple treatment fails to take into account the mode-specific relations. This ignorance
leads to inefficiency in analysis of complex structures as well as poor data compression abil-
ity. In this paper, unlike covariance matrices, we investigate high-order covariance tensor
directly by exploiting tensor ring (TR) format and propose the Bayesian TR latent factor
model, which can represent complex multi-linear correlations and achieves efficient data
compression. To overcome the difficulty of finding the optimal TR-ranks and simultane-
ously imposing sparsity on loading coefficients, a multiplicative Gamma process (MGP)
prior is adopted to automatically infer the ranks and obtain sparsity. Then, we establish
an efficient parameter-expanded EM algorithm to learn the maximum a posteriori (MAP)
estimate of model parameters. Finally, we evaluate our model on covariance estimation,
latent factor learning and image inpainting problems.

Keywords: Bayesian latent factor model, Tensor ring decomposition, MGP prior

1. Introduction

Latent factor models provide promising tools for inferring latent structures and dimension
reduction. Traditional latent factor models aim to tackle with vector features and seek
for low-dimensional linear embedding of original data. Specifically, supposing the data
have P × P covariance matrix V , latent factor models find a low-rank representation V =
WW ᵀ + Σ, where W ∈ RP×K is the loading matrix with K � P and Σ is diagonal.
Adopting this approximation, we can use K latent factors to represent the original data for
downstreaming learning tasks, such as clustering and classification. Latent factor models
have achieved great success in sparse factor learning (Carvalho et al., 2008), covariance
estimation (Bhattacharya and Dunson, 2011), canonical correlation analysis (Zhao et al.,
2016), covariance regression (Fox and Dunson, 2015) and so on.
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Despite the achievements of traditional latent factor models, they are not designed to
model higher-order data, i.e., tensors. When dealing with tensor data, one approach is
to vectorize them and then apply traditional models. However, this näıve treatment may
suffer from the curse of dimensionality and fail to take into account the mode-specific
relations. First, recall that the size of the loading matrix is P ×K, where P grows expo-
nentially with the order of tensors. Second, there are many mode-specific relations among
higher-order data and the vectorization operation destroys original structures. Hence, this
over-simplification leads to inefficiency in modeling complex latent structures and poor data
compression ability. On the other hand, traditional tensor decomposition also has limita-
tions for higher-order data. For example, CP decomposition is not expressive and the size
of Tucker decomposition grows exponentially with the tensor order.

To overcome these drawbacks, we try to leverage the merits of tensor networks (TNs)
(Cichocki et al., 2016) to factor models. TNs are shown to be powerful tools to represent
higher-order tensors, since their sizes grow linearly with tensor orders. In this work, instead
of finding low-rank approximation of covariance matrices, our motivation is to directly
investigate tensor decomposition for covariance tensors. For higher-order data, we reckon
that the covariances can be naturally represented by tensors. For example, for a matrix
data Y (n) ∈ RI×J , the covariance V is an order-4 tensor of shape I × J × I × J, where
V ijmn = var(Y ij ,Y mn). To model the covariance tensor, we suppose that it admits the
tensor ring (TR) format (Zhao et al., 2016), which is a TN with linear structure. By
exploiting the TR format on covariance tensors, we factorize the loading matrix to several
small core tensors, which has much more compact formulation than the traditional latent
factor models, due to the compression ability of TR format. Meanwhile, the core tensors
are stacked in a hierarchical manner, which is more expressive and capable of modeling
complex multi-linear relations.

Since the TR-ranks is a vector, it is hard to tune the TR-ranks as well as the factor
numbers, which are shown to be essential to the performance. Moreover, it is desirable
to obtain sparse loading core tensors for learning interpretable latent factors. To address
these issues, we extend the multiplicative Gamma process (MGP) prior (Bhattacharya and
Dunson, 2011) to TR format, which automatically infer the TR-ranks and obtain sparsity
in loading coefficients simultaneously. Then, we establish efficient Parameter-eXpanded
Expectation Maximization (PX-EM) algorithm to find the maximum a posteriori (MAP)
estimate of model parameters. Finally, we validate our model on covariance estimation,
latent factor learning and tensor completion. The results show that our model has better
performance in modeling high dimensional data.

Notations Tensors are denoted by bold calligraphic letters, e.g., X ∈ RI1×I2···×ID . Matri-
ces are denoted by bold capital letters, e.g.,X ∈ RI1×I2 . Vectors are denoted by bold letters,
e.g., x ∈ RI . We denote a sequence of indexes by upright boldface letter, e.g., i = [i1, . . . , iD]
and i−d = [i1, . . . , id−1, id+1, . . . , iD]. We use subscripts to denote the elements, e.g., X i is
the i-th element of X . We adopt the little-endian convention1 for indexing, denoted by
an overline on the index. For example, if x = vec(X ), then the i-th element of x is X i.
Notation “⊗” denotes Kronecker product and “∗” denotes Hadamard product. Normal,
matrix normal and Gamma distributions are denoted as N , MN and Ga respectively.

1. In little-endian convention, we have i = i1 + (i2 − 1)I1 + (i3 − 1)I1I2 + · · ·+ (iD − 1)I1 · · · ID−1.
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2. Related Work

Traditional latent factor models have long history in statistics. Sparse Bayesian techniques
are widely used to find sparse latent factors. For example, Carvalho et al. (2008) adopted the
spike-and-slab prior to shrink the latent factors. Bhattacharya and Dunson (2011) proposed
latent factor model with the MGP prior, which is able to induce infinite number of sparse
factors. More recently, Zhao et al. (2016) designed a hierarchical prior for group sparsity.
Besides these vector-based models, the latent factors models are also applied on matrix
and tensor data recently. Wang et al. (2019) proposed the matrix factor model for time
series analysis, by adopting a bi-linear construction. Chen et al. (2019); Han et al. (2020)
extended the matrix factor model to higher-order cases by assuming the data admits Tucker
format. Our approach is quite different from these tensor-based factor models. First, we use
Bayesian techniques to automatically generate sparse factors, while their models are based
on power iterations and highly rely on truncations. Second, instead of using the Tucker
format, we adopt much expressive tensor network structures. Indeed, Tucker factor model
is equivalent to the Kronecker structure of the covariance matrix, while the matrix-TR
format is a more expressive extension (Cichocki et al., 2016).

Our model is also related to Bayesian tensor factorizations. Adopting the fully Bayesian
framework, Zhao et al. (2015) proposed CP model with automatic relevance determination
(ARD) prior to automatically infer tensor ranks. Similarly, Rai et al. (2014); Stevens et al.
(2017) applied MGP prior on CP decomposition. Also, Xu et al. (2012); Zhe et al. (2015)
proposed non-parametric Tucker decomposition. Very recently, Hawkins and Zhang (2021)
proposed a Bayesian neural network with TT representation of the coefficients and Long
et al. (2020) established a variational inference (VI) algorithm for TR completion with ARD
prior. However, the ARD prior is not able to induce local sparsity and we focus on different
problems and establish different algorithms in this work.

3. Preliminaries

3.1. Bayesian Latent Factor Model

Considering N observed data {y(n)}Nn=1 ∈ RP the generic form of a latent factor model is

y(n) = Wη(n) + ε(n), ∀n = 1, . . . , N, (1)

where W ∈ RP×K is called the loading matrix, η(n) ∈ RK are latent factors and ε(n) ∈ RP
are noises. The latent factors are supposed to follow standard Gaussian distribution, i.e.,
η(n) ∼ N (0, IK). Moreover, suppose ε(n) ∼ N (0,Σ), where Σ = diag(σ2

1, . . . , σ
2
P ). Under

such conditions, we have y(n) ∼ N (0,V ), where V = WW ᵀ + Σ. Hence, the main task of
latent factor models is to find a low-rank representation of the covariance matrix.

When applying latent factor models, low dimensional and sparse latent factors are de-
sirable. Bayesian shrinkage techniques are developed to induce low-rank and sparse factors.
Specifically, Bhattacharya and Dunson (2011) designed a Multiplicative Gamma Process
(MGP) prior to encourage both global and local sparsity. Under the MGP framework, the
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prior distribution of the loading matrix is set as

W ij | φij , uj ∼ N (0, φ−1
ij u

−1
j ), φij ∼ Ga(ν, ν), uj =

j∏
l=1

δl, δl ∼ Ga(α, 1),

for i = 1, . . . , P , j = 1, . . . ,K, where uj are global shrinkage parameters for low-rankness
and φij are local shrinkage parameters for sparsity.

3.2. Tensor Ring Decomposition

Now we introduce some basics of the Tensor Ring (TR) decomposition (Zhao et al., 2016),
which is a linearly structured tensor network. In particular, when one of the TR-ranks
becomes 1, the TR format reduces to the Tensor Train (TT) format (Oseledets, 2011).
Hence, all the properties discussed here are applied for TT format. More about tensor
algebra can be found in the survey articles Kolda and Bader (2009); Cichocki et al. (2016).

Tensor Unfolding For an order-3 tensor X ∈ RI×J×K , the lateral slices are X :j:,∀j =
1, . . . , J. In this paper, we commonly denote the lateral slices as X[j]. Tensors can be
transformed to matrices by permutations and reshapings. We hereby introduce two types
of matricization operations,

1. Mode-d unfolding: For X ∈ RI1×···×ID , the mode-d unfolding is denoted as X [d] ∈
RId×

∏
j 6=d Ij , and

X [d](id, id+1 · · · iDi1 · · · id−1) = X (i1, . . . , iD),

where X (i1, . . . , iD) is a Matlab-like notation representing the elements of X .

2. Classical mode-d unfolding: For X ∈ RI1×···×ID , the classical mode-d unfolding is
denoted as X(d) ∈ RId×

∏
j 6=d Ij , and

X (d)(id, i1 · · · id−1id+1 · · · iD) = X (i1, . . . , iD).

Tensor Ring Format For an order-D tensor X ∈ RI1×···×ID , the TR format denoted as

X =�Q(1), . . . ,Q(D) �, (2)

where Q(d) ∈ RRd×Id×Rd+1 ,∀d = 1, . . . , D are core tensors and RD+1 = R1. The se-
quence {Rd}Dd=1 is called TR-rank. Each element of the full tensor X can be expressed

as matrix product of the core tensors, namely, X i = tr
(
Q(1)[id] · · ·Q(D)[iD]

)
, where

Q(d)[id] ∈ RRd×Rd+1 is the id-th lateral slice of the d-th core tensor.

Tensor Subchains The subchains of TR is defined as tensor contractions among a sub-

sequence of core tensors. For example, the left subchain Q<d ∈ RR1×
∏d−1

j=1 Ij×Rd , right

subchain Q>d ∈ RRd+1×
∏D

j=d+1 Ij×R1 are defined as

Q<d[i1 · · · id−1] =

d−1∏
j=1

Q(j)[ij ], Q>d[id+1 · · · iD] =

D∏
j=d+1

Q(j)[ij ].
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Similarly, we can define Q6=d ∈ RRd+1×
∏D

j=1,j 6=d Ij×Rd as

Q 6=d[id+1 · · · iDi1 · · · id−1] =
D∏

j=d+1

Q(j)[ij ]
d−1∏
j=1

Q(j)[ij ].

If X admits the TR format (2), then

X [d] = Q
(d)
(2)(Q

6=d
[2] )ᵀ, ∀d = 1, . . . , D. (3)

4. Bayesian Tensor Ring Latent Factor Model

In this section, we introduce the proposed Bayesian tensor ring latent factor (TRLF) model.
By using the TR format, TRLF is suitable to model high dimensional data. Moreover, by
using MGP prior, our model can obtain low-rank and sparse factors.

Model Formulation In stead of finding low-rank matrix factorization of the covariance
matrix, i.e., Eq. (1), we generalize the latent factor model to higher-order data. Now
suppose the observed data is an order-D tensor Y(n) ∈ RP1×···×PD . For N observations, we
stack them into an order-(D + 1) tensor, denoted as Y ∈ RP1×···×PD×N . Then we extend
Eq. (1) using the TR format, namely,

Y =�Q(1), . . . ,Q(D),η � +E, (4)

where Q(d) ∈ RRd×Pd×Rd+1 are loading core tensors, η ∈ RRD×N×R1 is the latent factor and
E is the noise tensor with the same size of the data. Since the latent factors are matrices
here, we assume that they follow the standard matrix Normal distribution, namely,

η(n) ∼MN (0, IRD+1
, IR1), ∀n = 1, . . . , N. (5)

Moreover, we suppose all the noises independently follow Gaussian distribution,

E(n)
p1···pD ∼ N (0, τ−1), ∀n = 1, . . . , N. (6)

Note that instead of one single loading matrix W in Eq. (1), our model represents the
loading matrices by D loading core tensors {Q(d)}Dd=1. Such construction has two main
advantages. First, the core tensors have a much more compact form. If we vectorize the
data Y , the size of the loading matrix grows exponentially with tensor order D. However,
by directly tackle with the tensors, the parameter numbers grow linearly with D. Second,
in our model, the core tensors are stacked in a deep and hierarchical manner, which can
capture complex multi-linear relations.

Now we introduce more intuitions about our model and connections with model (1).
Despite the enormous size of parameter, the näıve vectorization dismisses the mode-specific
relations in the tensor data. To this end, we introduce the covariance tensor for higher-order

data Y(n), i.e., Vp1···pDp′1···p′D = var(Y(n)
p1···pD ,Y

(n)
p′1···p′D

), where V ∈ RP1···×PD×P1···×PD is an

order-(2D) tensor. By adopting model (4), we have

Vp1···pDp′1···p′D = τ−1 + tr
(
Q(1)[p1] · · ·Q(D)[pD] · (Q(D)[p′D])ᵀ · · · (Q(D)[p′D])ᵀ

)
.
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The low-rank covariance tensor follows a symmetric TR format and if we reshape V to
matrix form, this is a matrix-TR format, which is a much more expressive extension of the
Kronecker structure (Oseledets, 2011). Indeed, given Eq. (3), (4), (5) and (6), by proper
permutations and reshapings, the distribution of the observed data is

vec(Y(n)) ∼ N (0,V ), (7)

where V = Q≤D[2] (Q≤D[2] )ᵀ + diag(τ−1). Note that we do not need to compute the above
vector form distribution. All the computations can be conducted by the core tensors.

According to Eq. (4), (5) and (6), the conditional distribution of the data is

log p(Y |Q,η, τ) =
NP1 · · ·PD

2
log τ − τ

2

N∑
n=1

P1∑
p1=1

· · ·
PD∑
pD=1

(
Y(n)
p1···pD − Ŷ(n)

p1···pD

)2
, (8)

where Ŷ =�Q(1), . . . ,Q(D),η � .

Prior Distributions To get sparse loading core tensors, we extend the Multiplicative
Gamma Process (MGP) (Bhattacharya and Dunson, 2011) to multi-way scenario. For each
elements of the core tensors, we assume

Q
(d)
jh [i] | φ(d)

jih, u
(d)
j , u

(d+1)
h ∼ N

(
0, (φ

(d)
jih)−1(u

(d)
j )−1(u

(d+1)
h )−1

)
,

for i = 1, . . . , Pd, j = 1, . . . , Rd, h = 1, . . . , Rd+1 and d = 1, . . . , D, where {u(d)}Dd=1 are
global shrinkage prior to induce sparse and low-rank estimators and {φ(d)}Dd=1 are local
shrinkage prior to prevent the model from over shrinkage. Then, we put the MGP on the
global shrinkage parameters u, namely,

u
(d)
h =

h∏
l=1

δ
(d)
l , δ

(d)
l ∼ Ga(αδ, 1),

where αδ is set larger than 1 to encourage sparsity. Furthermore, the local shrinkage follows

Gamma distribution φ
(d)
jih ∼ Ga(ν, ν). Finally, we assume the noise precision follows Gamma

distribution τ ∼ Ga(ατ , βτ ). The graphical illustration is shown in Figure 1.
For simplicity, we denote all the parameters in our model as Θ = {Q,η,φ, δ, τ}. The

joint distribution of our model is log p(Y ,Θ) = log p(Y | Θ) + log p(Θ), where p(Y | Θ) is
defined in Eq. (8) and

log p(Θ) = log p(Q | φ,u) + log p(φ) + log p(δ) + log p(τ) + log p(η).

Identifiability As most latent factor models, the proposed model is not identifiable. To
be specific, if we apply some orthogonal transformations on the neighborhood core tensor,

for instance, let Q̃
(d)

[i] = Q(d)[i]P ᵀ and Q̃
(d+1)

[j] = PQ(d)[j], where P ᵀP = I, we have

Q̃
(d)

[i] · Q̃(d+1)
[j] = Q(d)[i] ·Q(d+1)[j] and the covariance estimation does not change. This

unidentifiability sometimes makes the posterior hard to be optimized. To this end, we adopt
the parameter-expansion technique to optimize the transformation. This method is widely
used in latent factor models and is shown to encourage sparse factors (Ročková and George,
2016; Zhao et al., 2016)
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P1 P2 P3 PD

MGP

K

(a) InfLF(Bhattacharya and Dunson, 2011)

MGP MGP MGP MGP MGP

R R R R R

P1 P2 P3 PD

(1) (2) (3) (D)

R

(b) TRLF

Figure 1: Graphical representation of matrix latent factor model and the proposed model.
Each node represents a random variable and the legs are dimensions. Connected
legs mean contractions over corresponding dimensions. MGP means the prior.

5. Algorithm

Since our model is fully conjugate, it is convenient to establish a Gibbs sampler to approxi-
mate the true posterior (See supplementary material). However, the Gibbs sampler usually
converges slowly. Since we only concern about the point estimate of the model parameters
for most of times, we establish an efficient EM algorithm to learn the MAP estimate. More-
over, we adopt the Parameter-eXpansion (PX) technique (Liu et al., 1998) to improve the
EM algorithm. In this section, we firstly introduce the ordinary EM algorithm. Then we
adjust it to the PX-EM by adopting a double-rotation step.

For our model, we treat η as latent variables and optimize them in the E-step. Other pa-
rameters are optimized in the M-step. In this section, we denote subscripts p = [p1, . . . , pD]
and p−d = [p1, . . . , pd−1, pd+1, . . . , pD] for simplicity. We also adopted the little endian
convention as p and p−d. Moreover, we denote the expectation w.r.t η as 〈·〉.

E-step In the E-step we compute the expectation of the latent variables. For our model,
we have

〈η̃(n)〉 = Λ
(n)
η

(∑
p

τY(n)
p vec(Q≤D,ᵀ[p])

)
〈η̃(n) · (η̃(n))ᵀ〉 = 〈η̃(n)〉 · 〈η̃(n)〉ᵀ + Λ

(n)
η ,

where η̃(n) = vec(η(n)) and(
Λ

(n)
η

)−1
= τ

∑
p

vec((Q 6=D,ᵀ[p])vec(Q 6=D,ᵀ[p])ᵀ + IK ,

where Q 6=D,ᵀ[p] is the transpose of the subchain defined in Section 3.2.

M-step In the M-step, we maximize the expectation of the log-likelihood function. To
make the notations consistent, we denote Q(D+1) = η and PD+1 = N in this section. To
update the core tensors, for d = 1, . . . , D, we have

q̃(d)[pd] = Λ
(pd)

Q(d)

 N∑
n=1

∑
p−d

τY(n)
p 〈vec(Q6=d,ᵀ[p−d])〉

 ,
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where q̃(d)[pd] = vec(Q(d)[pd]) and(
Λ

(pd)

Q(d)

)−1
=
∑
p−d

τ〈vec(Q6=d,ᵀ[p−d])vec(Q 6=d,ᵀ[p−d])
ᵀ〉

+ diag(vec(φ(d)
:pd:)) ∗ (diag(u(d+1))⊗ diag(u(d))),

where diag(·) is diagonal matrix and “∗” denotes the Hadamard product. To update the

local shrinkage parameter φ, for d = 1, . . . , D, we have φ
(d)
jih = aφ/bφ, where

aφ = 1/2 + ν, bφ = ν + 〈(Q(d)
jk [i])2〉u(d)

j u
(d+1)
h .

The update rule for the global shrinkage is δ
(d)
h = aδ/bδ. For d = 2, . . . , D − 1, we have

aδ = αδ +
(PdRd+1 + Pd−1Rd)(Rd − h+ 1)

2
,

bδ = 1 +
1

2

Rd∑
l=h

 Pd∑
i=1

u(d+1)
〈
Q

(d)
l· [i] ∗Q(d)

l· [i]
〉

+

Pd−1∑
i=1

u(d−1)
〈
Q

(d−1)
·l [i] ∗Q(d−1)

·l [i]
〉u(d)

l,−h,

where u
(d)
l,−h =

∏l
j=1,j 6=h δ

(d)
j . For d = 1, the update rule is similar, except that the term

involves u(d−1) is dropped. For d = D, we should drop the term with u(d+1). See supple-
mentary material for details. Finally, we update the noise precision by τ = aτ/bτ , where

aτ = N/2 + ατ , bτ = βτ +

〈
N∑
i=1

∥∥∥Y(i) − Ŷ(i)
∥∥∥2

F

〉
.

PX-EM Since the latent factor model is not identifiable, some rotations on the latent
factors may greatly benefit the learning process. In traditional latent factor models, the
rotation step is designed for vectors. However, in our model, the latent factors are matrices.
Hence, we develop a double-rotation step, which can be split into the left rotation and the
right rotation. To begin with, we rewrite model (4) as

Y =� Q̃(1)
, . . . , Q̃(D)

,η � +E, η(n) ∼ N (0,A,B),

where ∀i = 1, . . . , P1 and ∀j = 1, . . . , PD,

Q̃
(1)

[i] = R−1
1 Q(1)[i], Q̃

(D)
[j] = Q(D)[j]R−1

2 .

By setting R2 as the lower triangular part of the Cholesky decomposition of B and R1 as
the upper triangular part of the Cholesky decomposition of A, it is equivalent to model (4).

In the PX-EM algorithm, we add MGP prior on the loading tensor Q̃(1)
and Q̃(D)

, instead
of Q(1) and Q(D). After each iteration of the EM algorithm, an additional double-rotation

step is added, by Q(1)[i] = R1Q̃
(1)

[i] and Q(D)[i] = Q̃
(D)

[i]R2. The rotation matrices can
be computed by maximizing the log-likelihood function (Ročková and George, 2016), as
follows,

A =

〈
N∑
n=1

η(n),ᵀB−1η(n)

〉
/(NR1), B =

〈
N∑
n=1

η(n)A−1η(n),ᵀ)

〉
/(NRD).
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Complexity Analysis The storage complexity of our model is O(
∑D

d=1 PdR
2 + KN),

where Pd is the dimension of each order, K is the factor number, N is the sample size and
we suppose the TR-ranks equal to R. The storage complexity grows linearly with the data
order D and the sample size N .

The computational complexity is O(
∑D

d=1 PdR
6 +ND

∑D
d=1 PdR

4 +NPD2R3) per iter-
ation, where P = P1 · · ·PD is the feature length. If Y does not have any special structure,
this complexity inevitably grows linearly with the feature length P , which can be extremely
large as order D grows. However, if the data Y is given by TR format of rank r, the compu-
tational complexity can be reduced to O(

∑D
d=1 PdR

6+ND
∑D

d=1 PdR
4+ND

∑D
d=1 PdR

2r2),
which grows quadratically with the data order D and can be generalized to higher-order
scenarios. Even when the data is given by a matrix form, we can tensorize it and use
the TR-SVD (Zhao et al., 2016) or TRA (Wang et al., 2017) algorithm to get an initial
representation, which is reasonable in practice since we have assumed that Y is low rank.

6. Experiments

To test our model, we conduct experiments on covariance estimation, latent factor learning
and data imputation. We initialize the proposed model with both TR and TT format,
denoted as TRLF and TTLF, respectively. All of our experiments are performed on a
GNU/Linux workstation with Intel Xeon E5-2690 3.50GHz CPU and 64GB memory.

6.1. Synthetic Data Analysis

6.1.1. Scalability with Tensor Orders

Firstly, we show that our model scales linearly with the tensor orders, if the observed tensor
admits low rank structures. Specifically, we suppose the observed tensor Y ∈ RI1×···×ID×N
is given in TR format of rank 10. We set I1 = · · · = ID = 4, N = 100 and D = 2, 3, . . . , 10.
Then we generate TR cores of Y from standard Gaussian distribution. For our model,
we directly use the TR representation of Y . As a comparison, we apply the InfLF (Bhat-
tacharya and Dunson, 2011) on vectorized Y . InfLF can be regarded as a vector form of our
model. For our model, we set the TR-ranks as 20 and for InfLF, we set the factor number
as 20. We report the time costs for 100 iterations and number of parameters in Figure 2.
It shows that both the time cost and parameters of our model grows polynomially with the
tensor order, which reveals the potential of our model in high-order applications.

6.1.2. Covariance Estimation

Covariance estimation is an important and difficult problem in high dimensional statistics.
However, if the target covariance matrix is highly structured, e.g., low-rank and sparse, we
show that our model will greatly boost the performance. In the synthetic data analysis, we
artificially design some covariance matrices and test the performance of our model.

Data generation We consider data of feature length 1000 and different sample sizes. We
pick 4 kind of loading matrices, 1). EXP, which is generated using Exponential functions,
e.g., W exp(i, j) = a exp(−(i−j)2/b), and then the covariance matrix is computed by V exp =
W expW

′
exp + τI. 2). PED, which is a Periodic function W ped(i, j) = a exp(− sin2(π|i −
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Figure 2: Figure (a) shows the times costs and figure (b) shows the parameters numbers.
The x-axes are feature orders. The y-axes are time costs in seconds and parameter
numbers, respectively. Both y-axes are in log scale.

j|)/b) and V ped = W pedW
′
ped + τI. 3). LIN ⊗ EXP, which is computed by V lin⊗ped =

W lin ⊗W pedW
′
ped + τI, where W lin(i, j) = ai · j. 4). LIN ⊗ EXP, which is computed

by V lin⊗ped = W lin ⊗W pedW
′
ped + τI. See Figure 3 (a) for illustrations. From the top

row to the bottom row are EXP, PED, LIN ⊗ EXP and LIN ⊗ PED, respectively. We
set τ = 1e−3 for all the cases. Finally we sample the data from Gaussian distribution
N (0,V ), where V is the covariance matrices generated above. We choose sample size of
N = {100, 500, 1000, 1500} and repeat every experiment for 50 times.

Baseline models We compare our model with the following baselines: 1). LW, a James-
Stein type model which shrinks the sample covariance matrix to the Ledoit-Wolf target
matrix (Ledoit and Wolf, 2004). 2). POET (Fan et al., 2013), the Principal Orthogonal
Complement Thresholding, which is a low rank matrix model. 3). InfLF (Bhattacharya
and Dunson, 2011), the Infinite Latent Factor model, which is a Bayesian latent factor model
using the MGP prior. Also, it can be regarded as a vector form of our model. 4). HOLQ
(Gerard and Hoff, 2016), the Higher-Oder LQ decomposition, which is a generalization
of Tucker decomposition. It assumes that the covariance matrix follows the Kronecker
structure,

V = V (D) ⊗ · · · ⊗ V (1), (9)

where V d,∀d = 1, . . . , D are small covariance matrices of each modes of the tensor data.
For LW, POET and InfLF, we directly use the data of shape 1000 × N . For HOLQ

and our model, we reshape the data to shape 10× 10× 10×N . For POET, we use factor
number 50, because it is not sensitive to large factor numbers. For InfLF and our model,
we set the factor number as 30 and adaptive tune it during training. Figure 3 shows the
visualization results for data size N = 100. It results that our model achieves the best
recovery performance. Also, we found that the HOLQ does not perform well on these data.
The reason may be that our synthetic data does not match its assumption in Eq. (9).
In specific, the HOLQ requires that the true covariance matrix can be decomposed into
Kronecker product of small covariance matrices, which are positive semi-definite (PSD).
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Although our data also has the Kronecker structure, the loading matrices, e.g., W expW
′
exp,

may be low-rank and hence are not PSD.
To evaluate the performance, we use the Log-Euclidean Distance (LED) (Vemulapalli

and Jacobs, 2015), which is a measurement for symmetric positive definite matrices. The
results are shown in Figure 4. We plot the median value, 1/4 and 3/4 quantiles of all
the experiments. For the simulation data, our model outperforms the baseline models,
especially when the sample size is small.

(a) Truth (b) TTLF (c) LW (d) POET (e) InfLF (f ) HOLQ

Figure 3: Covariance estimation for synthetic data of sample size 100. For the top row to
the bottom row is shape EXP, PED, LIN ⊗ EXP and LIN ⊗ PED.

6.2. Real Data Covariance Estimation

In this subsection, we test our model on three real data sets, i.e., Arcene dataset2, Madelon
dataset3 and EEG dataset4. The Arcene has feature length 10000 and consists of 100
training samples and 100 testing sample, where the training/testing set has 44 positive
samples and 56 negative samples. The Madelon has feature of length 500 and two classes.
Each class has 1000 samples for training and 300 samples for testing. The EEG has 5
classes, where each class has 100 samples of signal length 4096. For the EEG data, which

2. https://archive.ics.uci.edu/ml/datasets/Arcene
3. https://archive.ics.uci.edu/ml/datasets/Madelon
4. http://epileptologie-bonn.de/cms/front_content.php?idcat=193&lang=3

https://archive.ics.uci.edu/ml/datasets/Arcene
https://archive.ics.uci.edu/ml/datasets/Madelon
http://epileptologie-bonn.de/cms/front_content.php?idcat=193&lang=3
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(a) EXP (b) PED

(c) LIN ⊗ EXP (d) LIN ⊗ PED

Figure 4: Results of covariance estimation in synthetic data analysis. Each subfigure shows
results of different shapes. The x-axis is sample sizes and the y-axis is the LED.

is a time series, we use the first 50 samples as training and the last 50 samples as testing.
Since it is hard to scale the LW and POET algorithm to the high dimensional cases, we
compare our model with InfLF and HOLQ in this subsection. For preprocessing, we simply
centralize the data, so that the mean of each feature is zero. Moreover, for HOLQ and
our model, we reshape the Arcene to shape 10 × 10 × 10 × 10 ×N , the Madelon to shape
5× 10× 10×N and the EEG to shape 16× 16× 16×N . We initialize the factor number
as 40 and adaptively tune it during training.

Since the true covariance is unknown, we use the classification accuracy to evaluate the
performance. In particular, we firstly estimate the covariance matrices of each class using
the training data, e.g., V̂ l, where l is the label. Then for the test data x, the prediction of
the label is l̂ = arg maxl LL(x, V̂ l), where LL(·, ·) is the log-likelihood function. We report
the accuracy (ACC) and AUC value in Table 1. The InfLF algorithm fails to converge for
the Arcene data. This may reveal the advantage of tensor-based model in high-dimensional
cases. Our model outperforms both InfLF and HOLQ.

Table 1: Results for the classification using the estimated covariance.

Data Arcene Madelon EEG
Metric ACC AUC ACC AUC ACC AUC

TTLF 0.730 0.797 0.652 0.687 0.640 0.913
InfLF NA NA 0.571 0.655 0.228 0.758
HOLQ 0.640 0.700 0.592 0.617 0.532 0.840
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6.3. Supervised Learning with Extracted Factors

In this subsection, we show that the TR/TTLF model actually learn some meaningful latent
factors of the original data. We use the U.S. Postal Service (USPS) data to illustrate the
experiments5. This dataset totally consists of 9298 grayscale images of the handwritten
digits from 0 to 9. For each of the images, the shape is 16× 16 and the value ranges from
−1.0 to 1.0. The whole dataset is split into a training set of size 7291 and a test set of
size 2007. In this experiment, we compare our model with the InfLF. For our model, we
tensorize each image to 4× 4× 4× 4.

Figure 5: Classification using the latent factors.

We stack the train and test set to-
gether and use TR/TTLF model to
extract the latent factors without us-
ing the information about the labels.
Then we feed supervised learning algo-
rithms with the learned latent factors,
e.g., support vector machine (SVM).
For simplicity, we use the same param-
eter for the SVM in all the experiments
without any tuning. The results are
shown in Figure 5. We can see that the
classification accuracy increases as the
factor number growing. All the latent
factor models improve the performance
of the vanilla SVM and the TTLF has
the best results. The classification experiment reveals that our model is potential as an un-
supervised data preprocessing method. It reduces the feature dimension significantly while
increasing the classification accuracy.

6.4. Image Inpainting

Finally, the proposed model can be easily extended to tackle with missing data. When the
data is partially observed, the only difference is the conditional distribution in Eq. (8).
Supposing the set of observed index is Ω, the conditional distribution Eq. (8) becomes

log p(Y |Q,η, τ) =
M

2
log τ − τ

2

N∑
i=1

∑
p1···pD∈Ω

(
Y(i)
p1···pD − Ŷ(i)

p1···pD

)2
,

where M is the number of observed entries and the prior distribution remains the same.
Then we can use the same algorithm with fully observed case to maximize the posterior. We
test the performance on the image inpainting problem. For one single image, we split it into
patches and then stack them together. For example, for an image of shape 256 × 256 × 3,
we can split it into 256 patches of shape 16× 16× 3.

We compare our model with several low-rank tensor completion algorithms, including
Bayesian CP Factorization (BCPF) (Zhao et al., 2015), Tensor Ring Alternating Least
Square (TRALS) (Wang et al., 2017), Tensor Train Weighted OPTimization (TTWOPT)

5. https://web.stanford.edu/~hastie/StatLearnSparsity_files/DATA/zipcode.html

https://web.stanford.edu/~hastie/StatLearnSparsity_files/DATA/zipcode.html
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(Yuan et al., 2019b), Tensor Ring Low-Rank Factorization (TRLRF) (Yuan et al., 2019a).
The BCPF model also uses sparse Bayesian priors to automatically choose latent factors
and requires no hyperparameters. However, for the rest of models, we have to carefully
tune the hyperparameters, e.g., the TT/TR-ranks. Here we compute those models under
several TT/TR-rank settings and select the best performance. However, it should be noted
that this is not realistic in many applications where the true signals are unknown. For
our model, we simply initialize with TR format of rank 15, and we truncate the redundant
factors while training, in order to reduce computational cost.

We choose 8 standard pictures from USC- SIPI6 database as benchmark and randomly
generate masks of missing rate 0.5, 0.7 and 0.9. For numerical metrics, we use the Relative
Standard Error (RSE) and the Peak Signal-to-Noise Ration (PSNR), which are two of
the mostly used criteria to evaluate visual data. Smaller RSE and higher PSNR indicate
better performance. We average the numerical results for the 8 pictures, as shown in Table
2. When the missing rate is 0.5, the TRLRF is slightly better than the proposed TRLF
model, but the results are comparable. However, as the missing rate grows, our model
outperforms others significantly.

Table 2: Results for image inpainting.

Missing Metric TRLF TRALS TRLRF TTWOPT BCPF

50%
RSE↓ 0.0580 0.0738 0.0555 0.0783 0.0833
PSNR↑ 30.16 28.41 31.03 27.70 27.18

70%
RSE↓ 0.0759 0.1133 0.1000 0.1272 0.1113
PSNR↑ 27.63 24.46 25.81 23.31 24.58

90%
RSE↓ 0.1268 0.5340 0.2286 0.2321 0.1813
PSNR↑ 23.01 11.17 18.33 17.98 20.24

7. Conclusion

Latent factor modeling is a classical problem in statistical learning. This concept includes a
wide range of algorithms for dimension reduction and sparse learning. However, traditional
latent factor models are not designed for higher-order data. To address this issue, we try
to combine the Bayesian latent factor model with TNs. By assuming the covariances are
highly structured and can be approximated by TR format, we design the TRLF model to
extract latent factors of the original data. We adopt the MGP prior to impose low-rank
and sparse latent factors simultaneously and designed efficient PX-EM algorithm to find the
MAP estimate of model parameters. Results show that our model outperforms in several
high-dimensional modeling problems. For future research, we are interested in several di-
rections: 1) Non-linear extensions; 2) Scalable inference algorithms for large datasets, such
as amortized inference; 3) Exploring the TN formats of covariance matrices in other field.

6. http://sipi.usc.edu/database/

http://sipi.usc.edu/database/
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