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Lifelong Learning with Branching Experts (Appendix)

Appendix A. Proofs in Section 3
A.1. Proof of Theorem 1

Recall that based on the e-cover assumption, for any expert ¢, his true loss ¢, ; at step 7 differs from
the surrogate loss £, ; = 7 x. .1 (i) Dy at most e. As our algorithm computes the probability of playing
expert 7 at a later step ¢ based on such a loss ¢, ; instead of £, ;, it is simpler to use £ ; as a surrogate
loss for expert ¢ at step 7 and bound a surrogate regret in terms of such surrogate losses, which we
will do in the following. It is straightforward to see that the true regret is only larger by at most 2&7".

Let us divide the T' time steps into M consecutive intervals Iy, Io, ..., Iy, such that the set
of experts grows at the start but remains the same within each interval. For an interval I,,, let
I, = [am,bp), sothata; = 1, by =T, and a1 = by, + 1 for 1 <m < M — 1.

Note that the regret in each interval I,,, can be bounded using standard approaches for the non-
branching case. Here, we follow that in Section 2.5 of (Bubeck, 2011) for Hedge algorithm with
time-varying learning rates.

Consider any interval I,,,. For any ¢t € I, let

1 1 I

P, = log d etk
N,

Tt i 1€[Nt+1]

As shown in the proof of Theorem 2.4 in (Bubeck, 2011),
(pe, ) < pq — O+ (D

when both steps ¢ and ¢ + 1 belong to I, so that Ny = Nyy1 and 41 = 4 /t% log Ney1 < .

For step t = b, ending interval I,,, the next step t + 1 = a,,4+1 belongs to interval I, with
Niy1 > Ny experts, and the inequality (1) may not hold. In this case, with ¢ = b,,,, we define

1 1 /
¢, = ——log | — Z e M1l
Mi+1 tiev

withn) =,/ 747 log N < 7y, so that we can similarly have

(pe, ) < ®pq — ) + 1.

For convenience later, we let &/, = & at the last step. Then, the following lemma bounds the
expected loss of our algorithm in interval I,,,, which we prove in Appendix A.1.1.
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Lemmal 3, ; (p, l) < @y, — ®, + 2 ier,, M

To bound the total expected loss of our algorithm, we sum the bound above over m to get

T B M T
D el <0 (B — D) Y e
t=1 m=1 t=1

The second term on the righthand side above is at most

T
Z,/M < 2,/MTlogN,
t=1

while the first term can be decomposed as

M M
m=1 m=1
with the first sum above becomes &5 — &7 < ET,i* + I;’f ﬁ . Finally, the theorem follows from the

following lemma, which we prove in Appendix A.1.2.
Lemma2 YV (¢, — @, )< O(/TMIogN).

A.1.1. PROOF OF LEMMA 1

Recall that I, is the interval [a,, by,], and (py, ¢;) is at most (P, — &) + 1, fort € L, \ {bm }
and is at most (®;_; — ®}) + 1, for t = by,. Therefore,

b —1
Z (pt, br) < <Z (P11 — ‘1>t)) + (o1 — Py, ) + Z Mt

telm, t=am teln,
/
< (I)am—l - @bm + E ui
t€lm
/ §
= ®b7n71 - Qbm + nt'
telm

A.1.2. PROOF OF LEMMA 2

First note that for m = M, we have by; = T and & = <I>’T. Now consider any 1 < m < M —1,
let ¢t = b,,,, and recall that 17£+1 — \/mlog N < \/(erl) log Npy1 M1 Then we have

t+1 t+1
1 1 I
¢ = —log | D ek
t+1 t+1
N+ e iNe]
1 N
< 710g max e Tttifti

Nt+1 1€[N¢41]

.
= ——log max e Ml
Mip1 €[Nt

1

5 log Z ei,r]£+l(z’t,i/71)7
nt-l—l i'€[ Ny



LIFELONG LEARNING WITH BRANCHING EXPERTS (APPENDIX)

where the last line follows from the fact that for any expert ¢ € [N¢1] split from expert i’ € [IVy],
Lii=Li1y+b;>Li1y+ by —1=Lyy—1.

This implies that for ¢ = by,

1 ;T
< y log Z e_nt-&-l(Lt,i’_l) _ (I)g
7715-‘y-1 i €[Ny)
= ,1 log (Nte"’/ﬁﬂ)
Mt1
1
= log N; + 1

/
M1

0 ( [T log Nt> .
m
By summing over m, we have

Cina) < Eo{m)

m=1

o, — D)

IN

IN

IN
Q 3
—
~
=
)
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=
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which completes the proof of the lemma.

A.2. Proof of Theorem 2

Let us first focus on the case where ¢ < A /8. The following lemma shows that a suboptimal expert
is unlikely to have small accumulated loss, which we prove in Appendix A.2.1.

Lemma 3 For any expert i with gap A; and any time t,
= = 1
Pr Lt,i — Lt,i* < iAZt < eiﬂ(A’zt).

This implies that a suboptimal expert ¢ with gap A; is unlikely to be played by our Hedge-based

algorithm after some time step #;, and here we choose
t; = é log N, for a large enough constant c.
7

Recall that in the non-branching case, (Mourtada and Gaiffas, 2019) relied on the regret bound in
adversarial setting to bound the regret before the last of these steps #;’s. In our case with branching
experts, we cannot afford to do so as the adversarial bound has an extra v/ M factor which we would
like to avoid. Instead, we will take a more careful analysis, by partitioning experts into groups and

bounding their regrets separately. More precisely, for any r > 0, let

Ay ={i: Ay < A; <2A,} where A, = 2"A
and let 7 = max;e 4, t;. In the following, we will use the notation ¢; ; to denote the probability that
our algorithm plays expert ¢ in time ¢, with ¢; ; = 0 for i ¢ H;.

The next lemma bounds the pseudo-regret before step 7 for experts in each group A,., which we
prove in Appendix A.2.2.



T

Lemma 4 For anyr, Ztg diea, Aiqri < (’)(lof

To bound the pseudo-regret after step 7, we rely on the following lemma, which we prove in
Appendix A.2.3.

Lemmas5 Foranyr, Y ;x> ica Di-qri < O(A%)

By summing the regret bounds in the last two lemmas, we can conclude that the total pseudo-

regret is at most
log N log N log N
zo()=xo(Fs)=o (%)

r>0 r>0

Note that the bound in this case is bad when the gap A is small. However, by a standard
approach, one can show that the regret is still at most O(y/T log N), by considering some threshold
A" = /(log N)/T for gaps. This is because those experts with gaps at most A’ contribute a
total regret of at most AT < O(y/T log N), while those remaining, if any, contribute at most
(’)(logN) < O(/TlogN).

For the second case, we rely on the following, which we prove in Appendix A.2.4. The theorem
then follows by combining the bounds in these two cases.

Lemma 6 Ife > A/8, then the regret of our algorithm is at most O(y/T log N + £T).

A.2.1. PROOF OF LEMMA 3

Recall that for any expert j, Ly ; = Zi:l (;; where 6}7 j = Lrr .1 (j) With 7, (j) being the expert
representing expert j at step 7, and we have |L;; — L ;| < et by the e-cover assumption. Now
consider any expert ¢ with gap A; so that E[L;; — L +| = A;t, where

i* = argminE[¢; ;]
i€H

denotes the optimal expert in H. By Hoeffding bound, we have
1
Pr Lt’i — Lt,i* S §AZt S G_Q(A’?t).

Then the lemma follows as I_/t,i — I_/t,i* and L;; — L+ differ by at most 2et < iAit, under the
assumption that ¢ < A;/8.
A.2.2. PROOF OF LEMMA 4

For any r, we have

ZZAz qm<Z2A <= logN

t<r i€A, t<7
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A.2.3. PROOF OF LEMMA 5

Recall the definition that i* = arg min;c g E[ly ], A; = E[ls; — {1 i+], and A = min,;+ A, as well
as
A, ={i€e H: A\ <A; <2A,} where A, = 2"A.

Consider any 7 and note that any expert ¢ € A, has A, < A; < 2A,.. Thus for any ¢, we have
Z A g <20, Z Qi
iI€A, i€A,

and we can focus on bounding the sum  _,_ , g, which is the probability that our algorithm plays
an expert in A, at step t.
Consider any step ¢ > 7, and let B; denote the event that

= = 1
Ji € A, such that Ltfl,i — Ltfl,'i* < ZAl(t — 1),

which by Lemma 3 and a union bound is at most
Z (A7) <N. o QAFF) | (A7)
€A,
[&]

Then using the fact that 7 > @A2 log N for a large enough constant ¢, we obtain

Pr([B] < e A=),
Now assume that the event B; does not happen. Recall that our algorithm plays any active expert
i in A, with probability
e—ntljz—l,i

— < e_nt(it—l,i_it—l,i*) < e_nt%Ai(t—l)_
e—MLi—1;
2j¢€

When there are [V active experts, this is at most

— 2 _ 27 _ 2
. Q(,/ATtlog Nt) < e Q(\/Arrlog Nt> e Q( Art)
1 _ 2
< L., Q(,/Art)’
N
which implies that the contribution from all the active experts in A, is at most

N, - 1 .6_9(\/[‘7"0 < e_Q(\/r%t).

t

Note that this holds for any possible values of N;, conditioned on the event B; not happening.
Therefore, we can conclude that for any step ¢t > 7,

S g < Pr(Bl+(1-Pr(B])e (V)

€A,
e—Q(Aﬁ(t—f))+e—Q( A%t)'

IN



Finally, by summing the bound over £ > 7 and using the same analysis from the proof of Theorem
2 in (Mourtada and Gaiffas, 2019), which is based on the inequalities that } -, 27 < O(1/a)

and )7, 9oVt < O(1/a?), for any a > 0, we obtain

ZZAW%,@-QAT‘O(AE)SO(A{“).

t>7 €A,

This proves the lemma.

A.2.4. PROOF OF LEMMA 6

Recall that in the proof of Theorem 2, we have shown that in the first case when the smallest gap A
satisfies the condition ¢ < A/8, then the regret is at most O( logAN ). Now we bound the regret for the
other case, with £ > A/8. Note that those experts with gaps at most 8¢ only contribute a total regret
of at most 8cT'. For those remaining experts with larger gaps, we can apply the bound in the first
case to bound their regret by (’)(@). Thus, the total regret in this case is at most O(lmgTN +eT).
Then let us consider two subcases, depending on whether or not ¢ > A’/8.

In the first subcase, when ¢ > A’/8, the regret upper bound above becomes O(v/T log N + £T).
In the second subcase, with e < A’/8, we can apply the upper bound in the first case to bound the
regret of those experts, if any, with gaps at least A’ by O( loi, ) < O(/Tlog N). Those experts
with gaps at most A’ only contribute a total regret of at most 7" - A’ = /T log N. Thus, in both
subcases, the regret is at most O(y/T log N + T'). This proves the lemma.

A.3. Proof of Theorem 3

The key lemma to prove the theorem is the following, which we prove in Appendix A.3.1. As we will
also use it later in different settings, we describe it in a slightly more general form, by considering
any loss vectors f;’s, instead of just the surrogate loss vectors /; ’s used by Algorithm 2, as well as
bounding the regret starting from any step against any expert.

Lemma 7 Suppose we run Algorithm 2 using the loss vectors f;’s and consider the regret with
respect to them against an expert i starting from some time step s. Let p; be the distribution it plays
at step t, let ry; = Ejmp, [ ft.j] — [fi,i be the regret at step t, and let V = Z?:s TtQ,i‘ Let M; be the
number of branching steps of i’s representatives starting from step s. Then

T
ZTt,i <O <\/V(Mz log N + 10g(NT))) .
t=s

Applying this lemma with the surrogate loss vectors £;’s and noting that V' < T, we obtain a
regret bound of O(1/T (M;log N + log(NT)) with respect to such losses. By incorporating the
approximation errors based on the e-cover assumption, we can conclude that the regret with respect
to the true losses is larger by at most O(¢T'), which proves the theorem.

A.3.1. PROOF OF LEMMA 7

For any ¢, let Wy = 3, W};. Recall that

. - 1 .
th+1,i = Wt?i(l +nre;) and th+1,i = Q410 = + (1 — 1) Wﬁrl,i-
t+1
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Then by definition, we have

i " "
Wi1 = Z 1= E :Wt+1,i < gy E :Wt,i + ZnWt,irt,i7
U] U] 2]

with the last sum above belng

angﬂ‘t,i = 277/ Zptz < [f.5] — ft,z‘) =0,
gy i’

since Ejnp, [ft,;] = >_; ptj fr,;. Consequently, we have

t+1
Wip1 Sapp + Wi < <> ar + W < O(1). )
T=1

On the other hand, for each new (7, 1) branching out from some (i’, '), we have

1—1
Wtz-lz: t+11/|CZTI|>N 2- Wtzrlz”

which implies that

t
WtZ—l,i > N—Miz—logzt (H(l — OéT+1)(1 + 777‘7-71')) Wsnz,

T=5
and hence
t

t
W/, ; > —O(M;log N +logt) — Z(CMT_H +aZ )+ Z(m’m — 7]27’3’1-) +In W,

T=s8 T=S
t
> —O(M;log N + log(Nt)) + nZ(rm- — 777’3,1)7
T=5

asIn W/, > In( % - %¥) = —O(log(N1)). Combining this with the bound

In W, <InWyp <O(1)
from Eq. (2), we have

t t
O(M;log N + log(Nt
Z’I"T,i S 7727‘72_71' + ( 1208 n g< ))

)

for any ¢, ¢ and 7. For ¢t = T, this implies the existence of some 1 € Q7 with

B M;log N + log(NT)

such that the regret starting from step s against expert ¢ can be bounded as

T
S r<0 <\/V(Mi log N + log(NT))) ;

T=s

which proves the lemma.



A.4. Proof of Theorem 4

Let us start from the case that

A /log N
< — > .
e < S and A > 7 3)

We will rely on the following nice property in stochastic setting that the optimal expert ¢* appears
early and it soon makes no more branching. More precisely, consider the following event C}, for any
step .

» C;: step t is the first time step such that the best expert ¢* branches out before it and none
branches out from ¢* since then.

Then we have the following lemma which we prove in Appendix B.2.1.
Lemma 8 There is some step sop < O( %) such that for any t > so, Pr[Cy] < t%

Let us first consider the regret with respect to the surrogate losses /;’s starting from step s, based
on Lemma 7. The key observation is that when the event C'; happens, there is no branching from the
optimal expert ¢* after step ¢, and we can bound the expected regret afterward by by Lemma 7 with

M;+ = 0 and )
V= Z <E [Zt,i} _Zt,i*> )

t>s0 Cad 4

while we can simply bound the regret before by t. As the event C; is only determined by the losses
before step ¢ and the losses afterwards are independent, we have

) ( E [0, - gm.*> < Y Pic- (t+0 (| VVIg(NT)|))

t>so Pt t>so

IN

> L+ Y pra) o (VEVTos(VT))

t>so t>so

0(1) + O (VEV]log(NT))

< O (VEVIog(NT)).

IN

since the events Cy’s are disjoint from each other. It remains to bound E[V], for which we follow
the approach in the proof of Theorem 11 in (Gaillard et al., 2014). Let the random variable S be
the number of steps after s such that suboptimal experts are played, and we have E[V] < E[S]. To
bound E[S], note that with ¢ < %, we have

Bl — ] 28— 2:> %,

for any ¢ and 7 # ", which implies that the regret above is at least E[S] - 2(A). As a result, we have
ElS] - 2(8) < O (VEISTIog(NT))
which implies that

615 < 0 (“BD).
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Thus, we can conclude that
/, /, log(NT
> (E [63] — Em‘*) <0 ( E [5] log(NT)) <0 <Og(A)> '
tZSO ~pt

Recall that our goal is to bound the regret with respect to the true losses, instead of the surrogate
losses above, and a simple analysis would introduce an additional O(¢T’) term which we would
like to avoid. Note that |l7t,i — 4] = 0if ¢ = ¢* and |l7t7i — 41;] < e otherwise (by the e-cover
assumption). Therefore, the additional regret for going from the surrogate losses to the true ones
after step sp has an expected value of at most

E[S]-agco(E(lOgA(]jT))) gO(IOg(iVT))

As a result, the total expected pseudo regret is at most

since A > 1/T according to the condition in (7).
The case when the condition does not hold in (7) can be handled using the same approach as in
the proof of Theorem 2. This completes the proof of Theorem 4.

A.4.1. PROOF OF LEMMA 8
For any step ¢, consider the following event
* DBy: there exists some i 7 ¢* such that forany 7 <t — 2, [{;; — £, ;| < e.
Then clearly Pr [C;] < Pr[By]. To bound each Pr[B;], note that for any 7 # ¢* and any step T,

E[lr; —lrix] > A,

so that with the condition ¢ < %, we have

Pri|lr; —lrp| <] <Prlly; —lr; <e] <
As the loss functions are independent from each other, we have

Pr(B] < Y Privr<t—2:l|lr;—Lrp|<e

i#i*
t—2
< N<1—7A>
8
s B

%). This proves the lemma.

when ¢t > s for some sp < O(



Appendix B. Proofs in Section 4
B.1. Proof of Theorem 5

Note that the expected loss of the algorithm equals ),  Eg~g, [01.5(g)], where Gy, , denotes the
distribution played by alg, at that time, and the regret can be decomposed into two parts:

szwk[ M—@mﬂ @
P> (lhsl07) = tislo™, 1)) 5)

Then the theorem follows from the following two lemmas which bound these two parts, respectively.
We will prove them in Appendix B.1.1 and B.1.2, respectively.

Lemma 9 The sum in (4) is O(\/T (Mg~ log Ni +log T) + €T).
Lemma 10 The sum in (5) is O(\/T My log Ny + £T).

B.1.1. PROOF OF LEMMA 9

We can see the sum as the regret of alg, for learning representations with respect to the loss vectors
l%s’s, since we use them to update alg., based on our Algorithm 2. Then the lemma follows from
Theorem 3 once we show that for any step ¢, G; forms a good cover with respect to these loss
vectors. For this, we claim that any g is covered by g = 7;(g) € G. This is because for any 7 < ¢,
Tr+1(9) = mr+1(g) (recall the tree-shape branching structure), and

ir(9) — 1:(3) = Bl (mr11(9). 1) — (e (3), )] = O,

where the expectation is taken over i sampled from HI7. As a result, we can apply Theorem 3 with
e = 0 and obtain a regret bound of O(+/T (M- log N¢; + log T) with respect to such loss vectors,
which proves the lemma.

B.1.2. PROOF OF LEMMA 10
Fix any task k, and let us bound the inner sum of (5) in our main text, which is

D Crslg) = rs(g™, h7))- (6)

s

To ease the notation, let us drop the index k. We also use the notation gs; = ms+1(9%), Hf = H, 9s
and H¥ = HI.

Then let us express the sum in (6) as

Z(@s"’ﬁs‘f‘%),

S
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where
o = B (@ ]~ & ().
Bs = 4 (h}) — (s, hp)
= LG5, w21 (h7)) — £5(ss i),
Vs = 58(957}12)_63(9*7}12)
= gs(ﬂ-s-l-l(g*)?hlt)_£S<g*7hlt)‘

Note that s < cand 75 < ¢ based on Assumptions 2.3 & 2.2 respectively. On the other hand, as
ls(gs, h) = ls(gs, ™ SJrl(h)) = 09 (h) forany h € H?, we have

a3 (5, [w]-aom).

Then we can see the sum above as the regret of algg in task k with respect to such surrogate loss
functions #7 ’s. This is because the distribution ¥ = HJ* is updated according to the loss functions

gi]_s (h) = e’r(g’m h”?’) = (h)
for 7 < s, by noting that 7,11(gs) = mr+1(¢*) = g- due to the tree-shape branching structure. Of
course it is possible that g* is never split out and our algorithm never actually runs it in the task. In
this case, we can still imagine actually running it, and calculate what its regret would be with respect
to such surrogate loss functions. To apply Theorem 1, it remains to show that for any s, the active set
H? forms a 5e-cover with respect to such loss functions.

We claim that any h is 5e-covered by its representative in H} = H, 95, denoted as h,. To
see this, consider any 7 < s, and let us use the notation x ~. y for |x — y| < e. Then by
Assumptions 2.2 & 2.3, we have

E‘?_ (h) = ET(.@T? BT) %E g‘r(.@‘l’) h) %E g‘r(gsv h’)7

since 7,41(gs) = g- as discussed before. Similarly, we also have

*

0 (hs) = Lo (Gr, hs) e (s, hs) e €-(Gs, h),

as h, = 12 (h). Consequently, we can conclude that e (h) ~5¢ e (hs) for any 7 < s.

Therefore, we can apply Theorem 1 to upper bound )« and hence the sum in (6) by
O(\/Mp 1Ty log Ng + €T};), where T, is the length of task k and M j, is the number of steps at
which ¢g*’s representatives branch out new predictors. Finally, by summing over & and applying the
Cauchy-Schwarz inequality, we obtain an upper bound of

\/Z MHk\/Z Tilog N +eT |,
k k

where Y, My = My and ), Tj, = T'. The lemma then follows.




B.2. Proof of Theorem 6

Before the proof, let us make some remarks. Recall that in the one-task stochastic setting, our
Theorem 2 relies heavily on the nice property that the loss distribution of each expert is fixed
during the whole time, which is needed for Lemmas 4 & 5. However, in lifelong learning, the
loss distribution of a representation can actually change in different tasks as different predictors are
allowed. This means that a representation which looks good previously may turn out very bad later,
which makes the learning of representations hard. Although we can still apply Algorithm 1 and
show that after some time step ¢, each suboptimal representation is unlikely to be chosen, the loss
functions f}(~)’s before step £ looks rather like adversarial ones. Therefore, we rely on a different
algorithm, our Algorithm 2, for learning representations, which has a better form of the adversarial
regret bound, given in Lemma 7. In particular, it can utilize the nice property in the stochastic setting
that the optimal g* appears early and soon makes no more branching.

The proof for the theorem is very similar to that for Theorem 4. Let us consider the following
analogous event C}, for any step ¢.

» (y: step t is the first time step such that the best representation ¢g* branches out before it and
none branches out from g* since then.

Then we have the following analogous lemma which we prove in Appendix B.2.1.
Lemma 11 There is some step § < O(%) such that for any t > 3, Pr[Cy] < 3.

Let us start from the case that

log Ng + K'log Ny
T .

A
eggandAz\/ @)

Recall from the proof of Theorem 5 that the regret can be decomposed into two parts:
Z( B [io) —mg*)) + 3 (i) - i) ®)
t NI t

with £f(g) = ¢+ (g, hj;) when step t belongs to task k.
Note that the second sum in Eq. (8) corresponds to the learning of predictors for g*. We bound
its expected value using the following lemma, which we prove in Appendix B.2.2.

Lemma 12 For any steps a and b, with a < b,

zb: (&(9*) - @(9*))

S=a

E

<0 <logNG —i—AKlogNH) '

On the other hand, the first sum in Eq. (8) corresponds to the learning of representations. Based
on Lemma 11 given above as well as Lemma 7 in Appendix A.3, we have the following, which we
prove in Appendix B.2.3.

Lemma 13 The first sum in Eq. (8) assuming A > 1/T is at most

(log(NgT) + K log NH>
(@] A :
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By combining these two lemmas together, we obtain the regret bound of O (

when the condition in Eq. (7) holds.
Next, let us consider the case that

A< \/log Ng +TK log Ny

In this case with a small gap, the situation becomes different in the lifelong learning setting with
multiple tasks. More precisely, a representation can have different gaps in different tasks, as different
predictors can be used, and the gap of a representation is defined as the smallest among them. This
means that even if its smallest gap is small, it can have large gaps in other tasks. Therefore, we
can not use the same argument in the proof of Theorems 2 and 4 for the case of small gaps, and in
fact our lower bound in Theorem 9 shows that it is impossible to do much better than that in the
adversarial setting. Therefore, in this case, we simply apply our adversarial regret bound for learning
representations. On the other hand, the argument in the proof of Theorems 2 and 4 still works for
learning predictors for ¢g*, and consequently we obtain a regret bound of

(@] <\/T(Mg* log Ng + log T) + /T K log Nig +£T> .

Note that when ¢ < O(A), the term €7 in the regret bound above is dominated by other terms. This
completes the proof of the theorem.

log(NeT)+K log Ny )
A

B.2.1. PROOF OF LEMMA 11
For any step ¢, consider the following event
* By: there is some g # ¢* such that forany 7 <t —2and h € H, |(;(g,h) — l-(g*, h)| < e.

Then clearly we have Pr[C;] < Pr[B]. To bound each Pr [B;], note that for any g # ¢* and any
step 7 in task k,
E[lr(g,hi) = € (g", hi)l = A,

which implies that

Privh: 6:(9,h) — L:(g", W) <] < Prllto(g,h}) — Lo(g", )| <<
S Pr [KT(gahZ) - ET(g*7hZ) S E]
< 1—-(A—-¢)

7
< 1--A.
8

As the loss functions are independent from each other, we have

Pr(By] < > Pr[vr<t—2Vh:|l(g,h)—Ll(g" h)| <]

9#g*
7 t—2
< Ng¢g (1—A>
8
< 1
= 3

(log(J\E/A) )

when t > s for some s < O , which proves the lemma.



B.2.2. PROOF OF LEMMA 12
As discussed in the proof of Lemma 10 in Appendix B.1.2, the sum

b

> (blg") —29") ©)

s=a
corresponds to the regret of learning the predictors of ¢* with respect to the surrogate loss functions
“ (+)’s. While we could apply the adversarial regret bound derived there, here we aim for a better
bound, in terms of pseudo regret, in the stochastic setting. We would like to apply our results in the
one-task stochastic setting, but there are some issues which we need to handle. The first issue is that
during a task, the distribution of the surrogate loss w“ (h) may change, because it depends on the
representative 741 (g*) which may change. The second issue is that each surrogate loss “ (h) is
only an approximation of the true loss /5(g*, h), and even though each approximation error can be
bounded by 2, their accumulation may contribute 2(¢7") to the total regret, which we would like to
avoid.

Consider any steps a < b, and recall the definition that £ (g) = £,(g, hj) when step s belongs to

task k. Following the proof of Lemma 10 in Appendix B.1.2, let us express the sum in (9) as

b b

> (Gl = £(9") = 3 (s + By + %),

S=a s=a

where for step s belonging to task k,

as = Ly(g*) — 0 (hy)

= E |Zo]-& .
Bs = 7 (h}) — (s, i)

= Lo(ge 78y (BE)) — Lo(Fss B}),
Vs = 68(957}12)_65(9*7}12)

= 65(7754_1(9*),}&7;)—55(9*,h2)-

Note that o corresponds to the regret at step s, while 55 and 5 correspond to the approximation
errors. The lemma follows from the following three propositions for bounding their expected sums
respectively.

Proposition B.1 ZZ:(L Elas] < O(% log N).

Proof As discussed previously in the proof of Lemma 10, ) as corresponds to the regret of learning

predictors for g* with respect to the loss functions £7 ’ (+)’s. Instead of applying the adversarial regret
bound there, we would like to apply our results in the one-task stochastic setting. For this, we need
to show that these loss functions have desirable gaps during each task k. Consider any h # hj, with a

gap for £, (instead of for 172*) defined as

An =Els(g",h) — Ls(g™s )]
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which is at least A > 8¢. Then on one hand, we have

E |62 (h) — € (hy)

v

E [és(ﬂ-s+1(g*)a h) - es(ﬂ-erl (g*)7 hZ)] — 2

> Ells(g" h) — ls(g", hy)] — 4e
= Ah —4e

> 1Ah

- 2

On the other hand, one can similarly show that
. — 3
E [eg (h) — 7 (h;;)] < Ap+4e < A

Thus, although the expected loss E[?‘Z* (h)] may have a changing gap as s varies during each task,
it always falls in the small range between %Ah and %Ah. Then it is straightforward to check that
for each task, similar bounds as in Lemmas 3 & 4 & 5 still hold by almost identical proofs, and the
pseudo regret of each task is at most O(% log Ng7). By summing the bounds over at most K tasks,
one can then obtain the bound

zs: Elas) <O <[A( log NH> .

Proposition B.2 5°_ E[y,] < O(log(Ng/A)).
Proof Note that for any step s,
El[vs] < e-Prlg* # me11(9%)] = € - Pr[g” & Gopa]-
From Lemma 11, we know that Pr{g* & G,11] < S% when s > 5. As 5§ < O(%), we have

b
S B < 3 ePrlg & Goa] + Y e Pily” ¢ Gop] S 55+ Y < Oflog(Ng/A)).

s=a s<3 s>5 5>8

Proposition B.3 le’:aE[ﬁs] < O(K log(Ng/A)).

Proof Let us partition the time steps according to tasks and consider the sum corresponding to each
task separately. For each task k, the corresponding sum can be bounded by O(log(N/A)) using the
same analysis as in the proof of Proposition B.2, as the optimal predictor A, is also likely to appear
in sg < O(%) steps according to Lemma 8. The proposition then follows by summing the
bounds over tasks. |



B.2.3. PROOF OF LEMMA 13

We would like to apply Lemma 7 with starting step s given in Lemma 11 using the loss functions
¢;’s, which have the corresponding

regr = E [@t(g)} —l(g*)and V = Zrig*.
g~Gt t>5

We know from Lemma 11 that for some § < O(%), the event C; happens with probability at
most 1/t3. Following the proof of Theorem 4, we decompose the regret in two parts. For that before
step s, we use the trivial upper bound of 5. For the remaining steps, we do the following, depending
on when the event C'; happens.

As in the proof of Theorem 4, the key observation is that when the event C; happens, there is
no branching from the optimal representation g* after step ¢, and we can bound the expected regret
afterward by O(y/E[V]log(NgT)) according to Lemma 7, while we can simply bound the regret
before by t. As the event C} is only determined by the losses before step ¢ and the losses afterwards
are independent, we have

B Y rg| < PG (140 (VEVTog(VaD)))
< Z%%—ZPr[Ct]-O( E[V] log(NgT))
< (9—(1)+O—< E[V] log(NGT))

< O(VEVIlog(NT)) .

as the events C,’s are disjoint from each other.

It remains to bound E[V]. As in the proof of Theorem 4, let S denote the number of steps after s
such that suboptimal representations are played, and we know that E[V]| < E[S]. Next, we would
like to bound [E[S]. However, the situation now becomes more difficult as the loss functions /;’s may
not always have a large gap for a suboptimal representation g. To handle this issue, let us decompose
the regret as

2o =2 <g£%t o] - <9*>> t (09" = lulg) .

where 07 (g*) = £;:(g*, hj) when step ¢ belongs to task k. Then we can again have that the expectation
of the first sum above is at least E[S] - ©2(A). On the other hand, the expectation of the second sum
corresponds to the negation of the expected regret for learning predictors for g*, which according to

Lemma 12 is at least —O (M) . As a result, we have

EIS] - (A) — O <log Ng +AKlog NH) <3 ry <0 (\/E[S] 1og(NGT)) ,

t>5

which implies that

log(NgT') + K log N
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Therefore, we can conclude that

ZT’t,g* <O ( E [S] log(NGT)) <0 (log(NGT)ZKlog NH) .

t>5

Then the lemma follows as 3, ;7 4+ < 3 < (’)(log(NG/A)) < O(log(JXGT)), assuming A > .

B.3. Proof of Corollary 7

Let us start from the adversarial setting. Recall that our algorithm updates each G; and HY to satisfy
Assumptions 2.2 &2.3, which allows us to apply the regret bound in Theorem 5. It remains to bound
the numbers N¢g and Ny there.

Our goal is to bound them in terms of their covering numbers, defined as follows.

Definition 14 The e-covering number of G is defined as the size of the smallest G' C G such that
any g € G has some g’ € G’ (g,h)—L(g', h)| <e.
Moreover, for any g € G, the e-covering number of HY is defined as the size of the smallest H' C HY
such that any h € H has some h/ € H’ (g,h) —L(g, 1) <e.

Following (Cohen and Mannor, 2017), we define their empirical versions with respect to a set £
of loss functions as follows.

Definition 15 The covering number N¢ (g, L) is the size of the smallest GCaG satisfying the
condition that any g € G is e-close to some § € G in the sense that

Yl e L,Yh € H,|((g,h) — £(§,h)] <e.

Definition 16 For any g € G, the covering number N7 (5 L) is the size of the smallest HCH
satisfying the condition that any h € H is e-close to some h € H in the sense that

Ve e L, ]t(g,h) — g, h)| <.
We also need the notions of packing numbers defined as follows.

Definition 17 The packing number P (e, L) is the size of the largest G C G which forms an
e-packing in the sense that any distinct g1, g2 € G are not e-close to each other, so that

I € L,3h € H, such that |{(g1,h) — (g2, h)| > e.

Definition 18 For any g € G, the packing number P, (g, L) is the size of the largest H C H which
forms an e-packing for g in the sense that any distinct hy, ho € H are not e-close to each other, so
that

3¢ € L such that [¢(g, h1) — £(g, h2)| > €.

Now to bound Ng, observe that as in (Cohen and Mannor, 2017), the way in which we construct
each G, ensures that G forms an eg-packing, which implies that |G7| < Pg(eq, L), with Lp
denoting the set containing all the loss functions in 7" steps. Furthermore, according to Lemma 2 in
(Cohen and Mannor, 2017), we have Pg(eq, L1) < Ng(eg/2, L1). Therefore, we can upper bound



the size of G by the empirical covering number N (e¢ /2, L), which is clearly upperbounded by
the covering number N (£¢/2, £), with £ being the set of all possible loss functions.

To bound Ny, let us consider any task £, let L’fp denote the set of loss functions appearing during
task &, and suppose task k ends at step t. Then we know that g, = m.41(g*) is eg-close to g* with
respect to loss functions in ﬁl}. Next, we argue that the set Hﬂ‘rl forms an &’-packing for g*, with
E/ = E&H — 25@.

Consider any hg, hy € Htgjrl. Assuming hy, is added after h,, let 7, € [t] denote the time step
when the loss /., forces hy, to be added to the set, with g;, = 7., +1(g"). As we add hy, to the set only
when it is not € y-close to any existing element, including A, in the set, we must have

|€Tb (gTba ha) - gTb (g‘l‘ba hb)| > E€H.

Furthermore, since g, = 7, 4+1(¢"), we have

lr, (g‘rba ha) Reg Un (g%, ha)

as well as
g"'b (gTb’ hb) Reg gfb (g*, hb)-

Therefore, we must have
107, (9% ha) — L (g% M) | > e — 26 = €,

which implies that Hfjrl forms an ¢’-packing for g* with respect to E%.
As a result, we can conclude that

|HP | < PY (', £8) < NG ()2, £5),

and therefore we have Ny < maxy N f; (¢'/2, El}), which is clearly bounded by the covering
number Ng; (¢'/2,L). Assuming that e < ep7/4, we have €’/2 > e /4, which implies that Ny is
upperbounded by the €7 /4-covering number. This completes the proof of the adversarial setting.

Now let us move on to the stochastic setting, and recall that here we only aim for a better bound
on the part of regret corresponding to the learning of predictors for g*. As we use Algorithm 1 to
learn the predictors for each task separately, we can focus on each task k, with T}, steps. We would
like to apply our Theorem 2 for the finite case, but some care is needed. The key difference is that,
for the event B, defined there, we can no longer bound its probability by a simple union bound as
there are now an infinite number of experts. To deal with this issue, we rely on the assumption that
the set H of experts has a finite e-covering number N, and let S denote such a subset of experts
which achieves this e-covering number.

Given ¢, let us choose A = 32¢ here, and consider as before the set

A, ={i€ H: A\ <A; <2A,} where A, = 2"A|

for r > 0. As the regret contributed by experts not in any such set is at most AT = O(eT'), we can
focus on experts in these sets. Now fix any r > 0. Let us define the event B;:

Ji € A, such that I_/t—l,i — Et—l,i* < Al(t — 1).

|
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Moreover, let us define the set
Sp={ieS: A —e<A; <2\, +¢},

as well as the event C}:
= — 1
45 € S, such that Lt—l,j — Lt—l,i* < ZAj(t — 1)

We claim that the event B, implies the event C}. To see this, consider any i € A, andletj € S
be its e-cover, so that £(i) =, ¢(j) for any loss ¢, using the notation = =, y for |z — y| < e. This
implies that A; ~. A; and hence A; < %Aj, as well as j € S,.. Then note that

L1 ~cp—1) Li—1i =e—1) Li—1,j Ret—1) Li—14,

which implies that
Li—1j — L1+ R3e(t—1) Ly 1;— Li14+.

Therefore, if Ly_1; — Li—1,+ < %Ai(t — 1), then

_ _ 1
Lt_17j — Lt—l,i* < <8AZ + 3€> (t - 1)

where ) 7 7 )

= 3270 = 3170 =450

This proves our claim, and we have

Pr(B] <Pr[C] < 3 e UAY) < o 0A70-7),
JESr

for some 7 < O(ﬁ log Nr), as in the proof of Lemma 5. Then it is straightforward to check that
all the remaining proof works and we can achieve the regret bound of O(/T}, log Ny + €T};) as in
Theorem 2.

Finally, by summing the bound over task k£, and combing the adversarial bound for learning
representations, we obtain the regret bound for the stochastic setting. This completes the proof of the
corollary.

Appendix C. Proofs in Section 6

C.1. Sub-optimality of previous algorithms

First, the algorithm of (Gofer et al., 2013) uses a constant learning rate, and according to Proposition
7 in (Mourtada and Gaiffas, 2019), such an algorithm has a regret lower bound of (/T log N) in
the stochastic setting, even when a large gap A exists. Thus, it cannot achieve an upper bound of the
form (’)(% log N') we are looking for, which motivates us to design a different algorithm.

Next, let us consider the algorithm of (Cohen and Mannor, 2017) which resets and restarts the
learning every time a new expert branches out. In the following, we show that its regret depends on
the number of branching steps in the stochastic setting, which we would like to avoid.

To make the algorithm of (Cohen and Mannor, 2017) suffer such a regret, our strategy is to make
suboptimal experts branch out in appropriate time steps so that the algorithm must restart many times
and suffer large enough regret each time. More precisely, we design the loss functions as follows,
withany A € (0,1]ande < £.



* We let expert N be the optimal expert with deterministic loss ¢; y = 0 for each step t.

* We let each expert j, for % < j < N, be a suboptimal one, with deterministic loss /; ; =
A+ 2(N — j — 1)e for each step t.

* We let each remaining expert ¢, for 1 < ¢ < % be a suboptimal one, with stochastic loss
gt,i =A + (1 - A)(Et’i

for each step ¢, where each x; ; is an independent Bernoulli random variable with mean p;, for
some p; to be determined next.

Note that the loss functions has a gap A, and we would like to have many branching steps which are
at least s = ﬁ log N steps apart from each other, so that we can have the algorithm suffer a regret
of Q(y/slog V) between two branching steps. Note that for our choice of €, any expert j > & must
branch out in the beginning. On the other hand, any expert i < % can branch out at some step ¢ only
if Tt = 1.

Our idea is to choose each p; appropriately so that each expert ¢ is likely to succeed in branching
out in the time interval I; = [t;, r;], with desirable ¢; and r; satisfying t;+1 = r; + s (with rg = 0
for convenience). For this, we would like each of the following three bad events to happen with
probability at most 6 = ﬁ, for some M to be determined later, with ¢ = min{7 : Tri = 1}, which
is the first time that z; = 1.

e By: £< t;.
* Bs: £> ;.
* Bz x;; = 1somej #£ 1.

It is easy to see that expert ¢ succeeds (branching out in the interval I;) if none of the events happens.
Note that we can have Pr [B1] < t;p; < ¢ with p; = té_. We can also have Pr[Bg] < (1 —p;)™ <§

with r; = -1 log 5 = & log 5, which with the notation o = § log § implies that

i
ri=ot; =a(ri1 +s) = Z ods € [als, a' s,
j=1

Moreover, we have Pr[Bs] < >° i< Dj because after fixing  as well as the randomness of expert i,
2

the distribution of z; ;, for any j # 1, is still independent from each other. As p; = % = Tjj 5 We
have 5
Pr B3 < — <.
[ ] B 21:\7 ri-1+s
i<z

As aresult, the probability that some expert fails is at most M = % Moreover, as r; < sa't1, we
can have r; < T for ¢ > M, with some M = Q(log’ﬁng).

Next, let us consider the case that all the experts in [M] succeed, so that there are M branching
steps, which fall in those M intervals Iy, ..., Iy, with I; = [t;,r;]. As the algorithm restarts at

each branching step, it suffices to show a large regret lower bound between two such branching



LIFELONG LEARNING WITH BRANCHING EXPERTS (APPENDIX)

steps, denoted as b; and b; 1, of experts ¢ and ¢ 4+ 1, which are at least s steps apart, as b;11 — b; >
ti+1 — r; = s. Recall that after 7 steps of update since a restart, the algorithm with a time-varying

learning rate 1, = \/(clog N;)/7 plays suboptimal experts with probability at least

<N - 1) 6—777—2AT > <N B 1) e—\/4cA2710gN > 1
2 —\ 2 -2

when 7 < ¢, for some ¢ > Q(ﬁ log N). This implies that between steps b; and b; 1, the pseudo
regret of the algorithm is at least

1 1 1
A= Q(-=logN)>Q(<logN

and the total pseudo regret is at least

Q <J\ZlogN> ,

which depends on the number of branching steps M.

C.2. Proof of Theorem 8

Our proof is based on the previous approaches for proving lower bounds in the branching settings
(Gofer et al., 2013) and the lifelong learning setting (Wu et al., 2019). Both rely on the well-known
lower bound of Q(/T log N) for the traditional case of experts problem, with N experts in one task
of length 7" (see e.g. Section 3.7 in (Cesa-Bianchi and Lugosi, 2006)).

Following (Wu et al., 2019), we prove our lower bound by considering two special cases. First,
let us consider the case when the predictor set for each representation has only one element, and the
problem reduces to that of learning representations. Consider the scenario in which the 7" steps are
evenly divided into M intervals, where the representations do not branch within each interval. Given
any algorithm, our strategy is to make it suffer a large regret by adding N¢ /M new representations
at the start of each interval. More precisely, at the start of the first interval, there are Ng /Mg
representations, and we can have the algorithm suffer a regret of at least Q(+/(T/M¢) log(Ne/Mc))
based on the lower bound for the experts problem. In each later interval ¢ > 2, we take the best
representation g;_1 in the previous interval and have it split into N¢ /M representations, with .S;
denoting this set of N /M representations. We let representations not in S; remain bad by giving
them large losses in this interval, while the new best representation is now hiding in this set .5;. We
use representation in \S; to confuse the algorithm by letting them share the same losses as that of g;_;
up to interval ¢ — 1, but in interval ¢, the algorithm face a new experts problem with this set .S; of
experts, and again we can establish the same regret lower bound as in the first interval. Therefore,
the total regret the algorithm suffers is M times that in each interval, which is

Q(\/TMglog(Ng/Mc)).

Next, let us consider the case when there is only one representation, and the problem reduces to
that of learning predictors. In this case, the tasks become unrelated to each other and we can bound
the regret of each task separately, since the offline algorithm is allowed to use a different predictor
for a different task. Thus, we divide the time steps and the branching steps evenly for these K tasks,



each having T}, = T'/ K steps and My, = My /K branching steps. Using the argument as in the
first case, we can establish for each task & a regret lower bound of Q(\/ T Mp g log(Neg /Mp k).
Multiplying this lower bound by K, we obtain a total regret lower bound of

QT My log(Ng K /Mp)).

Finally, since the problem has these two special cases, the regret lower bound is at least the
maximum of these two lower bound, which is at least the average of the two. This proves the theorem.

C.3. Proof of Theorem 9

Our approach here follows closely that for Theorem 8, but now we instead rely on the stochastic
lower bound for the standard case of experts problem, also of the form (/7 log N), which can be
found in Proposition 4 of (Mourtada and Gaiffas, 2019).

Again, we prove the bounds by considering two special cases. In the first case, the predictor set for
each representation has only one element, and the problem reduces to that of learning representations.
Although the loss distribution of a representation must remain fixed during a task, it can change
when a new task starts as that of its predictor can change. Therefore, we now make the branching
happen only at the start of a new task, unlike in the adversarial case. That is, we will use the first
K' = min{ Mg, K} tasks to force a large regret by adding N /K’ new representations each time,
with each of these K’ tasks lasting for Q(7"/ K’) steps. Following our approach for Theorem 8, but
now using instead the stochastic lower bound of (Mourtada and Gaiffas, 2019), we can establish a
regret lower bound of

Q <\/TK’ 1og(NG/K/)) .

The second case is when there is only one representation. In this case, the tasks become unrelated
to each other, so we can establish a lower bound for each task separately and add these bounds
together, just as in our proof of Theorem 8. However, as allowing branching in a single task does
not make the problem harder in the stochastic setting, as shown by our Theorem 2, we simply apply
(Mourtada and Gaiffas, 2019) to obtain a lower bound of Q(/(7'/K) log Nfr) for each task, with
each lasting for 7'/ K steps. By multiplying this by K, we obtain a total regret lower bound of

o (VTKlog Ny )

Finally, by combining these two lower bounds for these two special cases, we obtain the claimed
lower bound of the theorem.
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