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Abstract

In this paper, we consider constrained optimiza-
tion problems subject to a convex set C. Stochastic
gradient descent (SGD) is a simple and popular
stochastic optimization algorithm that has been the
workhorse of machine learning for many years. We
show a new and surprising fact about SGD, in that
depending on the constraint set C, one can oper-
ate SGD with much lower-dimensional stochas-
tic gradients without affecting its performance. In
particular, we design an optimization algorithm
that operates with the lower-dimensional (com-
pressed) stochastic gradients, and establish that
with the right set of parameters it has the exact
same dimension-free convergence guarantees as
that of regular SGD for popular convex and non-
convex optimization settings. We also present two
applications of these bounds, one for improving
the empirical risk minimization bounds in differ-
entially private nonconvex optimization, and other
for reducing communication costs with distributed
SGD. Additionally, we also show that this connec-
tion between constraint set structure and gradient
compression also extends beyond SGD to the con-
ditional gradient (Frank-Wolfe) method. The geom-
etry of the constraint set, captured by its Gaussian
width, plays an important role in all our results.

1 INTRODUCTION

In this paper, we consider the classic optimization problem
of minimizing a function over a convex set:

min
w∈C

F (w), (1)

where C ⊆ Rd is a compact convex set and F : Rd → R.

(Projected) Stochastic Gradient Descent (SGD) is one of the

simplest and most popular stochastic first-order optimiza-
tion algorithms for solving (1). Stochastic gradient descent
is widely used in machine learning applications due to its
favorable computational scalability properties. This is no-
tably true in the deep learning setting, where gradients can
be computed efficiently via backpropagation. In convex opti-
mization, SGD can be used to optimize any convex function
F over a convex domain C, given access only to unbiased es-
timates of F ’s gradients (or more generally, subgradients1)
through an oracle. This feature makes it very useful for learn-
ing problems, where our goal is to minimize generalization
error based only on a finite sampled training set.

While classical results have focused on analyzing the perfor-
mance of SGD in convex optimization problems, the most
notable recent successes in machine learning have involved
nonconvex optimization. For example, in the unconstrained
setting (i.e., C = Rd) for a differentiable function that has an
µ-Lipschitz continuous gradient (i.e., µ-smooth), it is well
known that SGD finds an α-first-order stationary point (a
point w with ‖∇F (w)‖ ≤ α) withO(µ(F (w1)−F ?)/α2)
iterations [Nesterov, 1998], where w1 is the initial point and
F ? is the optimal value of F . For constrained nonconvex
smooth functions, a variety of similar dimension-free con-
vergence results are known under the appropriate notion of
stationarity [Ghadimi et al., 2016, Mokhtari et al., 2018].
These dimension-free convergence guarantees make SGD
extremely attractive when the parameter space is very high
dimensional.

1.1 OUR RESULTS

Our main result is a novel connection between constraint
set structure and compression of the gradients.2 We design a
new SGD-style optimization algorithm that operates with

1Following a common convention, we still refer to the algo-
rithm in this case as “gradient descent”.

2The term compressed gradient has been used in a variety
of contexts in prior literature, here we use the term to denote a
lower-dimensional representation of the gradient.
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just the lower-dimensional (compressed) stochastic gradi-
ents and has the exact same dimension-free convergence
guarantees as that of regular SGD for common convex and
nonconvex optimization settings. Formally, instead of the
usual stochastic gradient oracle, we assume the existence
of a compressed stochastic gradient oracle, that on inputs
Φ ∈ Rm×d and wt ∈ C, returns ϑt = Φĝt ∈ Rm where
ĝt is a stochastic subgradient of F at wt, and m could
be much smaller than d. Our new SGD procedure (Algo-
rithm COMPSGD), that has access only to this compressed
stochastic gradient oracle, first projects the current iterate
wt onto the lower-dimensional space using Φ, then updates
the iterate here using the compressed stochastic gradient
oracle, and then “lifts” back the result to C to get the new
iterate. We use ideas from geometry and high-dimensional
estimation to perform this lifting. An immediate advantage
of using compressed gradients (over regular SGD) comes
in a distributed setup for reducing the cost of transmitting
gradients.

We next investigate the convergence guarantees of this com-
pressed SGD algorithm for various classes of functions.
Our interest will be on Φ’s that are popularly referred to as
random projection matrices such as subgaussian random ma-
trices or sparse random matrices. Our analysis is based on
exploiting the geometric structure of C. We assume that in
each iteration t of the algorithm, compressed stochastic gra-
dient oracle is invoked using an independent random projec-
tion matrix Φt, and provide conditions on the learning rate
and the projection dimension under which the compressed
SGD has the same (up to constant factors) dimension-free
convergence guarantees as regular (uncompressed) SGD.

More precisely, let Φt ∈ Rmt×d be the random projec-
tion matrix used in iteration t with the compressed stochas-
tic gradient oracle. We show that with appropriate setting
of mt one could match the regular SGD guarantees. The
geometric parameter, Gaussian width, defined as ω(C) =
Er∈N (0,1)d [supw∈C〈w, r〉] plays an important role in our
analysis, and shows up repeatedly as a geometric measure of
the size of the set C. Gaussian width roughly captures the ex-
pected width of C along a random direction. Many constraint
sets have a small Gaussian width, for example, a common
choice of C for sparsity purposes, the `1-ball in Rd, has
a width of O(

√
log d). Setting, mt = Ω(ω(C)2/β2

t ), for a
parameter βt > 0, we establish the following bounds for the
convergence guarantees of our compressed SGD algorithm
over T iterations. For simplicity, we ignore dependence on
other parameters such as variance of the stochastic gradient,
the diameter of the convex set C, etc.

(a) Nonconvex Smooth Functions: For a nonconvex func-
tion F that is µ-smooth, we investigate two measures of
(non)stationarity. Firstly, we show that a minibatch ver-
sion of compressed SGD converges to α-first-order sta-

tionary point (α-FOSP)3 in T = Ω(µ(F (w1)− F ?)/α2)
iterations with ηt = 1/µ and βt ≈ α2/µ for all t ∈ [T ],
and appropriate minibatch size (Theorem 2.4). We also
investigate another popular measure of (non)stationarity
defined through gradient mapping, which is a natural
generalization of gradient for constrained problems [Nes-
terov, 1998, Ghadimi et al., 2016] (see Definition 8), and
reach to a similar conclusion (Theorem B.5).

(b) Convex and Strongly Convex Functions: In this case,
the goal is to bound the expected optimization error, de-
fined as E[F (wT ) − F (w?)], where w? ∈ C is some
minimizer of F . For a general convex function F (with-
out any smoothness assumption), setting βt = 1/t and
ηt = 1/

√
t, we get an error bound of O(log(T )/

√
T )

(Theorem 2.3). For a λ-strongly convex functions F , set-
ting βt = 1/t and ηt = 1/(λt), we get a O(µ/(λ2T ))
bound on the expected error if F is µ-smooth and a
bound of O(log T/(λT )) without smoothness (Theo-
rem 2.3). These match the known regular SGD bounds,
see, e.g., [Shamir and Zhang, 2013, Rakhlin et al., 2011].

These results demonstrate that for many problems, the com-
pression of the gradients comes for “free”. The intuition
behind this connection between constraint set structure and
compression is as follows. Given a Gaussian random ma-
trix and a finite set S of vectors, it is well-known (e.g.,
Johnson-Lindenstrauss Lemma) that projection with this
matrix preserves the norms of all these vectors in S when
the projection dimension is roughly log(|S|) [Johnson and
Lindenstrauss, 1984]. More generally, by measuring the
complexity of the constraint set through the notion of Gaus-
sian width, then the above compression guarantee can be
achieved with a projection dimension that is roughly square
of the Gaussian width of S [Gordon, 1988]. In our case,
we compress the gradients (and not the iterates), and we
show that by setting the projection dimension based on the
square of the Gaussian width of the constraint set, suffices
to well-approximate various norms that matter in conver-
gence results (for example, the potential function defined as
‖wt −w‖ for w ∈ C).

To achieve this, we carefully combine ideas from modern
SGD analyses, with ideas in convex geometry and high-
dimensional estimation. One of main challenge comes in
ensuring that the noise introduced by the random projection
is always bounded. The compressed SGD algorithm updates
the iterates in a lower-dimensional projected space, but we
track the SGD progress in the original higher-dimensional
space. To the best of our knowledge, these are the first
rigorous results in SGD based on strictly utilizing lower-
dimensional gradients.

Applications. We mention two applications of these com-

3w̄ ∈ C is an α-first-order stationary point if for all w ∈ C,
〈∇F (w̄),w − w̄〉 ≥ −α, ∇F (w̄) denotes the gradient of F at
w̄.



pressed SGD results. Both these problems benefit from the
reduced dimensionality of the gradients.

(i) Differentially Private Empirical Risk Minimization
(ERM). Machine learning algorithms are frequently run
on sensitive data, and this has motivated the study of learn-
ing algorithms that have good performance guarantees
while providing strong (mathematically proven) privacy
protections for the training data. Differential Privacy (DP)
is a formal algorithmic guarantee provides provable pro-
tection against adversaries with arbitrary side information
and computational power, allows clear quantification of
privacy losses, and satisfies graceful composition over
multiple access to the same data [Dwork et al., 2006b].
We provide the first results in differentially private non-
convex optimization for achieving first-order stationarity
where the sample size n needed for a non-trivial result
grows as ω(C) and not as

√
d (see Table 1). As an ex-

ample, if C is the `1-ball, then ω(C) = O(
√

log d), and
there is roughly an exponential improvement from

√
d

to
√

log d in the sample size needed compared to [Wang
et al., 2017a, Zhang et al., 2017].

(ii) Reducing Communication Costs in Distributed Syn-
chronous SGD. Distributed stochastic gradient descent
plays a very important role in distributed learning. In
this work, we consider the data-distributed model of dis-
tributed SGD where the data sets are partitioned across
various compute nodes. In each iteration of synchronous
SGD, the compute nodes send their computed local gra-
dients to a parameter server that averages and updates
the global parameter. Since clients could be constrained
devices that are on slow/expensive connections, commu-
nication cost is a principal constraint, especially, the cost
of uploading gradients back to the server.
Firstly, our approach of utilizing lower-dimensional gradi-
ents already provides a way of reducing communication
costs in many settings, without any change in the conver-
gence rate. In addition, we show that combining this idea
with any other gradient communication cost reduction
scheme that provides unbiased estimates of the gradi-
ent can lead to even further communication cost savings,
however now with an increase in convergence rate that
only depends on the other chosen scheme. Our results
provide the first communication cost bounds for various
distributed optimization problems that depend on the ge-
ometry of C (see Table 2).

Extension to Conditional Gradient Method. We show
that the above-mentioned connection between constraint
set and gradient compression extends beyond SGD to con-
ditional gradient (Frank-Wolfe) method [Frank and Wolfe,
1956]. This method is a natural candidate for constrained
optimization because of its projection free property and its
ability to handle structured constraints [Jaggi, 2013]. We
present a Frank-Wolfe style optimization algorithm that

utilizes the compressed stochastic gradient oracle for its
gradient evaluations, and requires a linear minimization
oracle over the set ΦC. As in the case of SGD, we show
that a gradient dimension that is based on the square of the
Gaussian width of C suffices to obtain convergence bounds
that match those of regular stochastic Frank-Wolfe method
in convex/nonconvex settings (Theorems E.1 and E.2, Ap-
pendix E). Again, these are the first rigorous results for
the Frank-Wolfe method based on strictly utilizing lower-
dimensional gradients.

Due to space limitation, we leave many details, formal state-
ments, proofs, and experimental studies in the supplement.

1.2 RELATED WORK

There has been a growing interest in understanding the con-
vergence properties of SGD where instead of the true gra-
dients some quantized/sparsified/sketched version of gra-
dients is used in the SGD update step. The most common
application of these techniques are in distributed/federated
learning with the goal of reducing the communication costs,
e.g., [Seide et al., 2014, Strom, 2015, De Sa et al., 2015,
Konecnỳ et al., 2016, Wen et al., 2017, Alistarh et al., 2017,
Agarwal et al., 2018, Lin et al., 2017, Khirirat et al., 2018,
Bernstein et al., 2018, Wu et al., 2018, Wang et al., 2018,
Karimireddy et al., 2019, Stich et al., 2018, Mishchenko
et al., 2019, Acharya et al., 2019, Alistarh et al., 2018, Ivkin
et al., 2019, Gandikota et al., 2019, Horváth et al., 2019].
The general idea here is that a client could shrink the gradi-
ent communication cost by applying some encoding on the
gradient before transmitting it to the server. Generally, these
schemes come with an increase in the gradient variance. In
other words, these schemes are generally “lossy” and will
result in a slower convergence that using the true gradients.
This is one major difference compared to our results, where
we show that with the right set of parameters based on the
geometry of the constraint set, our dimensionality-reduction
scheme is “lossless”, in that we get the same convergence
rate as if using the true gradients.

We also investigate whether our idea of utilizing lower-
dimensional gradients can be combined with these existing
gradient encoding techniques. Existing gradient encoding
techniques can be categorized as either unbiased or biased
based on whether the gradient estimates are unbiased or
not. A number of gradient quantization methods are crafted
specifically to yield unbiased estimates [Alistarh et al., 2017,
Wen et al., 2017, Wang et al., 2018, Gandikota et al., 2019].
We show that one can combine our dimensionality-reduction
scheme with any unbiased gradient encoding technique to
get a reduction in communication cost at the expense of
increased variance in gradient estimate.

We note that a number of gradient encoding techniques
also produce biased gradient estimates [Seide et al., 2014,



Strom, 2015, Bernstein et al., 2018]. Using the idea of error-
feedback, recently [Stich et al., 2018, Karimireddy et al.,
2019] gave convergence guarantees for this kind of biased
compression algorithm, showing that accumulating com-
pression error locally in the workers can overcome the bias
in the weight updates as long as the compression algorithm
obeys certain properties. On a related note, gradient sparsifi-
cation techniques with provable convergence were studied
in [Alistarh et al., 2018, Stich et al., 2018]. Another idea
proposed here is to use the count-sketch from the sketching
literature for reducing communication [Ivkin et al., 2019,
Rothchild et al., 2020]. An important point is that, in general,
none of these prior encoding techniques inherently change
the dimensionality of the gradient and also suffer from in-
flated variance at high compression rates. Also, in general
it is hard to compared biased vs. unbiased approaches be-
cause of the different guarantees they are shown to provide.
We leave the question of combining our dimensionality re-
duction idea with these biased gradient encoding schemes
and/or stochastic variance reduction ideas [Alistarh et al.,
2017, Horváth et al., 2019] for future work.

Another orthogonal idea to reduce communication, espe-
cially in the context of federated learning, is the idea of
local SGD [Stich, 2019, Basu et al., 2019], where the clients
perform local updates on their local data, and the clients
communicate with the server only after few rounds.

Beyond Gradient Descent. It is well-known that for certain
problems such as minimizing on the simplex with subgradi-
ents bounded in `∞-norm mirror descent outperforms SGD.
Our focus here is on techniques that apply to a broad class
of problems, including variety of constraint sets and non-
convex functions. Since SGD is arguably the most popular
and general optimization approach, we focus on it here.

Comparison with some additional related work based on
sketching the Hessian matrix, differentially private ERM is
presented in Appendix A.1.

1.3 PRELIMINARIES

Notation. We denote [n] = {1, . . . , n}. Vectors are denoted
by boldface letters. We use Ip to denote a p × p identity
matrix. For a vector v, ‖v‖ denotes its Euclidean-norm.
Throughout, we assume that C ⊆ Rd is a compact convex set.
We define the diameter of C as, ‖C‖ = supw,w′∈C ‖w−w′‖.
Given a Φ ∈ Rm×d, we define ΦC := {Φw : w ∈ C}.
Define the projection of w ∈ Rd onto a closed convex set
C ⊆ Rd as: ΠC(w) := argminw′∈C ‖w −w′‖. We review
some optimization fundamentals in Appendix A.2.

Gaussian width. Our analysis is based on exploiting the
geometric properties of the constraint set. We use the
well-studied quantity of Gaussian width that captures the
`2-geometric complexity of a set of points. Given a set
S ⊂ Rd, its Gaussian width ω(S) is defined as: ω(S) :=

Er∈N (0,Id) [supa∈S〈a, r〉].

Many interesting examples of S have low Gaussian width.
For example, the `1-ball and simplex in Rd have width of
O(
√

log d), whereas a convex hull of l vectors with bounded
`2-norm of c has width O(c

√
log l). See Table 3 in Ap-

pendix A.2 for additional examples of commonly used sets
with low Gaussian width.

Given a set S, the square of Gaussian width of S mea-
sures the dimension size one needs to take on a random
projection to still approximately preserve the norms of all
the points in S. For Gaussian random matrices Φ, this was
first shown in [Gordon, 1988], popularly referred to as Gor-
don’s theorem (Theorem A.3 in Appendix A.2). This was
recently extended to matrices drawn from subgaussian dis-
tributions [Dirksen, 2014] or distributions over sparse matri-
ces [Bourgain et al., 2015] (Theorem A.4 in Appendix A.2).
We will use this norm-preservation property and its conse-
quences throughout our analyses.

2 SGD WITH LOW-DIM. GRADIENTS

In a regular SGD setup, the assumption is that we do not
know F , and the only information is through a stochastic
gradient oracle, which given w ∈ C, produces a vector ĝ
such that E[ĝ] = g is a subgradient of F at w. In this sec-
tion, we introduce a dimensionality reduced gradient setup,
where the stochastic gradient oracle does not return ĝ but
only a lower-dimensional projection of ĝ, say obtained by
applying a dimensionality reducing random projection to the
subgradient. For a formal analysis, we define a compressed
stochastic gradient oracle as follows.

Definition 1 (Compressed Stochastic Subgradient Oracle
(CSFO)). Upon receiving query w and Φ ∈ Rm×d, the
compressed stochastic gradient oracle returns ϑ where
ϑ = Φĝ. Here, ĝ is an independent random vector whose
expectation E[ĝ] = g is a subgradient of F at w. Borrow-
ing from the stochastic optimization literature, we denote
this oracle as the compressed stochastic first-order oracle
(CSFO), and use the notation ϑ = CSFO(w,Φ).

Note that with Φ = Id, CSFO defaults to the standard
subgradient (SFO) oracle. Implementing a CSFO oracle
is easy, as it just computes a projection of the subgradient.
Hence, it can be efficiently implemented for any problem
for which subgradients can be computed efficiently. Our
convergence results, provide bounds on the number of calls
needed to a CSFO oracle to get accurate results. Transmit-
ting Φ to the oracle is unnecessary as long as both the oracle
and algorithm agree upon it. For example, as discussed in
Section 3, in a distributed setup one can avoid transmitting
Φ by using shared randomness between clients and server.

Note that when m < d, the ϑ = CSFO(w,Φ) ∈ Rm has



a dimensionality lower than d.4 This creates an immediate
issue with using CSFO as there is now a dimensionality
mismatch for the SGD iterate update step. We first design
an SGD-style algorithm that overcomes this problem and
operates with only access to CSFO.

Our algorithm (Algorithm COMPSGD) is based on a simple
modification to the SGD procedure. Algorithm COMPSGD
is parameterized by two functions ηt and βt, where ηt de-
scribes the learning rate and βt ∈ (0, 1) relates to the di-
mension of the compressed gradient. In each iteration t, the
algorithm picks an independent random projection matrix
Φt of dimension mt × d. Various choices of Φt could work
here. For example, Φt could be a Gaussian matrix with
where each entry is sampled i.i.d. from N(0, 1/mt) or Φt
could be a sparse JL matrix as defined by [Kane and Nel-
son, 2014]. Our approach can be informally described as:
i) take an SGD step in the projected domain Rmt using the
lower-dimensional subgradient, ii) do a projection onto ΦC,
and iii) lift back the solution to C to form the new iterate.

Algorithm COMPSGD

Objective: minw∈C F (w)
Input: Convex set C, learning rate parameters {ηt},
and projection dimension parameters {βt}.

1. Pick w1 as any point in C
2. for t = 1 to T do

a. Set mt ← Ω
(
min{d, ω(C)2/β2

t }
)

b. Let Φt ∈ Rmt×d be an i.i.d. random pro-
jection matrix (e.g., subgaussian or sparse JL
matrix)
c. Let ϑt ← CSFO(wt,Φt) (from com-
pressed stochastic gradient oracle)

d. Let θt ← ΠΦtC(Φtwt − ηtϑt)
e. Let wt+1 ← pick any element from the
set St = {w ∈ C : Φtw = θt} (e.g., by
solving (2))

Note that for any Φ ∈ Rm×d, ΦC is a convex set, and since
C is compact and closed, implies ΦC is closed. This follows
because if C is compact then the recess cone RC = {0}
(Definition 6), which implies that ΦC is closed [Bertsekas,
2009]. Therefore, by properties of the projection operator
ΠΦC is well-defined and satisfies the projection properties
in (5) and (6). For common C’s of interest here such as
convex hulls (polytopes), the linear transformation (through
Φ) is also a convex hull (polytope) in Rm, so the standard
techniques for projection onto these sets are applicable for
projection onto ΦC.

4Given Φĝ ∈ Rm (with m� d) it is not possible to recover
ĝ without further structural assumptions (such as sparsity) on ĝ,
which are generally not true.

In Algorithm COMPSGD, wt+1 exists because θt ∈ ΦtC =
{Φtw : w ∈ C} so we can represent θt = Φw̃ with
w̃ ∈ C, therefore the set St = {w ∈ C : Φtw = θt} has
at least one entry w̃. For our theoretical results, it suffices
that we pick any wt+1 ∈ St. We now discuss an idea for
constructing wt+1, based on estimating w̃ which lies in C,
given θt = Φtw̃. For any vector w ∈ Rd, the Minkowski
functional of C ⊆ Rd is the non-negative number ‖w‖C
defined by the rule: ‖w‖C = inf{τ ∈ R : w ∈ τC}.
Minkowski functional of a convex set is a convex function.
In particular, when C is a symmetric convex body, then ‖·‖C
defines a norm (called Minkowski norm). Now consider the
following optimization problem:

InvC(θt,Φt)
def
= argminw′∈Rd‖w′‖C s.t. Φtw

′ = θt. (2)

We now show that we can pick wt+1 by solving (2).

Lemma 2.1. For any wt+1 ∈ InvC(θt,Φt), wt+1 ∈ St.

For any convex set C, the optimization problem in (2) is
a convex program, and hence can be solved using convex
programming solvers. In fact, if is a C polytope then this is a
linear program. For example, if C is the popular `1-sparsity
constraint, then (2) reduces to the well-studied basis-pursuit
problem

argminw′∈Rd ‖w′‖1 subject to Φtw
′ = θt. (3)

for which lots of efficient solution techniques are
known [Hastie et al., 2015]. In our experiments, we no-
ticed that using sparse random matrices and known tricks
for solving (3) (see, e.g., [Lorenz et al., 2015]), the per-
iteration cost of Algorithm COMPSGD is almost identical
to that of regular SGD. On the other hand, the reduction in
gradient dimension could be quite substantial. Another point
to note here is that in a distributed setup (as we discuss in
Section 3.2), the selection of wt+1 will be performed on the
server, which is assumed to be computationally powerful,
therefore this step will not be a matter of concern.

2.1 CONVERGENCE ANALYSIS

We now analyze the convergence guarantees of Algo-
rithm COMPSGD. In all our results, the final expectation
(E[·]) is over the stochastic gradient noise and other ran-
domness in the SGD algorithm (as is standard), but not over
the randomness introduced by the random projection. The
following inequality will play an important role in keeping
track of the algorithm’s progress.

Lemma 2.2. In Algorithm COMPSGD, for any t ∈ [T ],
(1− βt)‖wt+1 −w‖2 ≤ ‖(wt − ηtĝt)−w‖2.

The challenge in our analysis comes from the fact that
we have access to only to lower-dimensional gradients,



the updates happen in the compressed space, and the ran-
dom projection introduces noise in the gradients. Our anal-
yses will establish the values of ηt, βt under which Al-
gorithm COMPSGD has same (up to constant factors)
dimension-free convergence guarantees as regular SGD. The
analyses for the strongly convex and convex cases (with or
without smoothness) are deferred to Appendix B.2 (Theo-
rems B.7, B.8 and B.9). We get the following result.

Theorem 2.3. 1. [Strongly Convex, Smooth] Let F be
a λ-strongly convex and µ-smooth function over a con-
vex set C, and E[‖ĝt‖2] ≤ G2 for all t ∈ [T ] (where
ϑt = Φtĝt). Then with ηt = 2/(λt) and βt = 1/t, Al-
gorithm COMPSGD satisfies: E[F (wT ) − F (w?)] =
O(µG2/(λ2T )).

2. [Strongly Convex] Let F be a λ-strongly convex func-
tion over a convex set C, and E[‖ĝt‖2] ≤ G2 for all
t ∈ [T ] (where ϑt = Φtĝt). Then with ηt = 2/(λt) and
βt = 1/t, Algorithm COMPSGD satisfies: E[F (wT )−
F (w?)] = O(G2(1 + log(T ))/(λT )).

3. [Convex] Let F be convex function over a con-
vex set C, and E[‖ĝt‖2] ≤ G2 for all t ∈ [T ]
(where ϑt = Φtĝt). Then with ηt = ϕ/

√
t and

βt = 1/t, Algorithm COMPSGD satisfies: E[F (wT )−
F (w?)] = O(

(
‖C‖2/ϕ+ ϕG2

)
(log T/

√
T )). In par-

ticular with ϕ = ‖C‖/G, E[F (wT ) − F (w?)] =
O(‖C‖G log T/

√
T ).

Convergence Analysis for Nonconvex Functions. We now
focus on the analysis for the nonconvex case. For nonconvex
functions, in the constrained setting, several measures of
(non)stationarity have been considered for projected gradi-
ent methods [Ghadimi et al., 2016, Mokhtari et al., 2018,
Nouiehed et al., 2018]. We work with two popular station-
arity notions here: a) α-FOSP (Definition 7)3 and b) norm
of the gradient mapping (deferred to Appendix B.1.2). Let
F ? = minw∈C F (w). Missing details from this section are
collected in Appendix B.1.

In this case, we assume a stronger stochastic approximation
to the subgradient in that we use a minibatch version of
Algorithm COMPSGD, where b is the minibatch size (for-
mally described in Appendix B.1). Theorem 2.4 shows that
after ≈ O(α−2) iterations, even with compressed gradients,
minibatch Algorithm COMPSGD converges to an α-FOSP
(with high probability). The proof has two parts, first we
show that when the difference between two consecutive iter-
ates is small then we have an α-FOSP, and then we bound
the number of iterations before which this iterate difference
condition is achieved. We show that the algorithm fails with
a low probability to produce an α-FOSP (in which case it
outputs ⊥). We assume the following.

Assumptions: E[‖ĝ(i)
t ‖2] ≤ G2 and

E[‖∇F (wt)− ĝ
(i)
t ‖2] ≤ ζ2, ∀i ∈ [b], t ∈ [T ]. (4)

Theorem 2.4. Let F be µ-smooth and continuously differ-
entiable function over a convex set C. Let the assumptions
in (4) hold. Let ρ ∈ (0, 1) and α > 0. Consider the mini-
batch version of Algorithm COMPSGD with output of first
wτ (if it exists) in (w1, . . . ,wT ) such that ‖wτ −wτ+1‖ ≤
α/(G+ µ‖C‖), and ⊥ (fail) otherwise. Set ηt = η = 1/µ,
βt = β = min{1/4, (µα2)/(64G‖C‖(G + µ‖C‖)2)} for
all t ∈ [T ], and batchsize b = Ω((1/ρ) ·max{1, (‖C‖ζ(G+
µ‖C‖)2/(α2µ))2}). Then, if T = Ω((F (w1) − F ?)(G +
µ‖C‖)2/(µα2ρ)), with probability at least (1 − ρ)2, this
procedure outputs a wτ that is an α-FOSP for F .

One may notice that in the above theorem βt’s are fixed
across all iterations and scales as ≈ α2. whereas in the
convex settings we set βt = 1/t. This distinction comes
because the nature of guarantees differ in these two cases.
In the convex case, as we get closer to the global optimum,
we need a more precise estimate of the stochastic gradient
(as compression adds noise), which is achieved by reducing
βt. In the nonconvex case, we can set β to a fixed value
based on the required guarantee and there seems to be no
advantage in adjusting it per iteration. We conjecture that
for the convex cases, this dependence on βt on t is unavoid-
able, if we want the corresponding convergence rates of
Algorithm COMPSGD to match that of regular SGD.

The batchsize in Theorem 2.4 is carefully selected for our
analysis to go through, and even with full stochastic gra-
dients a similar batchsize would probably be needed, see
for e.g., [Mokhtari et al., 2018] (note that the batchsize is
independent of βt and ω(C)). In practice, small batchsizes
suffices as observed in our experiments.

2.2 EXPERIMENTAL RESULTS

We now experimentally compare Algorithm COMPSGD to
SGD with the goal of validating our theoretical findings.
Missing details about the datasets and experimental setup
are provided in Appendix B.3. There we also have addi-
tional experimental results under other constraint sets such
as subspace and (positive) simplex (Figure 5).

Experimental Results on Convex Functions. In Fig-
ure 1, we compare the performance of SGD and Algo-
rithm COMPSGD on sparse linear regression [Hastie et al.,
2015] and logistic regression with `1-constraint [Lee et al.,
2006].We use a sparse random projection matrix in our ex-
periments. We use the linear program in (3) to pick wt+1,
and use heuristic stopping ideas from [Lorenz et al., 2015]
on an `1-homotopy solver for efficiency. Based on the Gaus-
sian width of the `1-ball, we set mt = max{d, t2 log(d)}



where d here is the dimensionality of the input. In Ap-
pendix B.3, we presents some results with other types of
constraint sets.

With sparse linear regression, given a matrix A ∈ Rn×d
and y ∈ Rn where y = Aw? with sparse w?, we solve:
minw ‖y −Aw‖2 subject to an `1-constraint on w. In Fig-
ure 1a, we plot the objective value (error) ‖y−Awt‖2 over
SGD and COMPSGD iterations. We use synthetic random
data for A with n = 1000, d = 10000. With logistic regres-
sion, we minimize the standard logistic regression objective
but with an additional `1-constraint [Lee et al., 2006].

The performance COMPSGD is almost identical (some-
times marginally better) than SGD. Computationally too
Algorithm COMPSGD matches that of SGD. For example,
on the MNIST, Reuters, and IMDB datasets, SGD took an
average of 0.58, 6.36, 7.04 seconds per epoch respectively,
whereas Algorithm COMPSGD took an average of 0.75,
6.76, 7.49 seconds per epoch respectively. So, for exam-
ple on the IMDB dataset, CompSGD is only about 6.3%
slower than SGD, however, as Figure 3d (Appendix B.3)
shows the dimensionality of utilized gradients is signifi-
cantly smaller, by a factor of ≈ 19 over the entire run. So,
overall, Algorithm COMPSGD matches (or marginally im-
proves) SGD performance, achieves significant gradient
compression, with a minor increase in the computational
cost. Training accuracy plots are in Figure 3 (Appendix B.3).
The variance across runs for Algorithm COMPSGD is also
low (see, e.g., Figure 4, Appendix B.3). In theory, this stems
because of the tight concentration results we have with these
random projections [Oymak et al., 2018, Theorem 1.3].

Experimental Results on Nonconvex Functions. We use
an MLP with three hidden fully-connected layers (input
dimension×50, 50×50, and 50× number of output classes)
with ReLU activations, followed by softmax classifier. We
optimize the network under an `1-constraint on weights.
Figure 2 presents the test accuracy plots for this network.
For COMPSGD, we set mt = di/10 for each layer i, where
di is the original number of parameters in layer i. The results
show that convergence of SGD and COMPSGD are near
identical, even though COMPSGD uses a factor of 10 lower-
dimensional gradients. The training accuracy plots presented
in Figure 6 (Appendix B.3) also exhibit a similar behavior.

3 APPLICATIONS

We now consider two different problems in which reducing
the dimensionality of the gradient proves helpful.

3.1 DIFF. PRIV. ERM WITH NONCONVEXITY

We consider the standard Empirical Risk Minimization
(ERM) framework. Given a dataset D = (z1, . . . , zn)
from a data universe Dn, the goal in ERM is to:

minw∈C F (w;D) := 1
n

∑n
i=1 f(w; zi), where f : Rd →

R is the loss of model w ∈ Rd for data record zi. Let us
start with the definition of differential privacy. Let D rep-
resent some domain. We say two datasets D ∈ Dn and
D′ ∈ Dn with n elements each are neighbors if they differ
in one entry.

Definition 2 ((ε, δ)-DP [Dwork et al., 2006b,a]). A ran-
domized algorithm A is (ε, δ)-differentially private if for
all neighboring datasets D,D′ and for all outcomes Γ in
the output space of A, we have Pr[A(D) ∈ Γ] ≤ exp(ε) ·
Pr[A(D′) ∈ Γ] + δ, where the probability is taken over the
randomness of the algorithm.

Missing details and formal statements from this section are
provided in Appendix C.

One of the basic ideas for achieving DP for ERM prob-
lems is add noise to the gradients using the (DP-SGD) algo-
rithm [Song et al., 2013, Bassily et al., 2014]. The DP-SGD
iteration is of the form, θt+1 ← θt − ηt (∇F (w;D) + et),
where et ∼ N (0, σ2Id) is the calibrated noise to achieve
(ε, δ)-differential privacy. The fact that ∇F (w;D) ∈ Rd,
means that the popular Gaussian mechanism (Theorem A.1)
idea in DP requires E[‖et‖2] = σ2d that brings about the
dependence on the dimension d in the utility analysis.

An approach to reduce the dependence on d arising from
noise addition in DP-SGD iteration is to reduce the di-
mensionality of the gradient vector. For example, if we
take Φ ∈ Rm×d with entries drawn i.i.d from N (0, 1/m),
then Φ∇F (w;D) ∈ Rm. Therefore, by using the Gaussian
mechanism now, one could add noise as: Φ∇F (w;D) + et
where et ∼ N (0, σ2Im). This roughly changes the depen-
dence on d to m in the convergence analysis. This idea is
formalized in Algorithm PRIVSGD (Appendix C). Table 1
summarizes the improved sample size bounds. These are
the first results in differentially private nonconvex optimiza-
tion which provides meaningful guarantees when n� ω(C)
rather than requiring n�

√
d. So for common C’s, such as

the `1-ball, this reduction in sample size would be exponen-
tial from roughly d to log d.

3.2 REDUCING COMMUNICATION IN DIST. SGD

We consider the data-distributed model of distributed SGD.
Let us assume that there are M clients, numbered 1, . . . ,M .
Let F (w) : Rd → R. We investigate the following op-
timization problem: minw∈C F (w) := 1

M

∑M
i=1 fi(w),

where each fi resides at the ith client. As an illustration
of the above setup, consider a machine learning prob-
lem, with data {z1, . . . , zn} partitioned on the clients,
with Pi the set of indexes of datapoints on client i, then
with fi(w) = (M/n)

∑
j∈Pi f(w; zj), we get F (w) =

(1/n)
∑n
i=1 f(w; zi). Missing details are provided in Ap-

pendix D.
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Figure 1: (a) Performance comparison for sparse linear regression on a synthetic dataset. (b), (c), and (d) Performance
comparison for logistic regression with `1-constraint on the MNIST dataset, Reuters dataset, and IMDB datasets, respectively.
We use a constant learning rate at 0.1 based on its good performance for SGD and use minibatch size of 32.
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Figure 2: Performance comparison of training a MLP network with SGD vs. COMPSGD on different datasets. Again, we
use a constant learning rate at 0.1 based on its good performance for SGD and use minibatch size of 32.

Guarantee DP-SGD Sample Size Reqd. Algorithm PRIVSGD Sample Size Reqd.

α-FOSP Ω

(√
d · ‖C‖(L+µ‖C‖)2L

√
T log(1/δ)

√
ρα2µε

)
Ω

(
min

{
ω(C)
β ,
√
d
}
· ‖C‖(L+µ‖C‖)2L

√
T log(1/δ)

√
ρα2µε

)
Table 1: Comparison of sample size (n) needed for achieving α-FOSP for a nonconvex µ-smooth function under (ε, δ)-DP.
Assume ‖∇f(w; ·)‖ is uniformly bounded by L for all w ∈ C. The settings of β and the upper bound on T are from
Corollary C.2. Additional results are presented in Table 4, Appendix C.

Assumptions on F SGD SGD with Contraction C Algorithm COMPDISTSGD
and Guarantee (Total comm. cost) (Total comm. cost) (Total comm. cost)

Convex Õ
(
G2‖C‖2
α2 d

)
Õ

(
χCd

G2‖C‖2

α2 γCd

)
Õ

(
χCd

G2‖C‖2

α2 min {γCd , γCr}
)

E[F (wT )− F (w?)] ≤ α Shamir and Zhang [2013] (From Corollary D.2, Part 3)
µ-smooth and diff. nonconvex O (κ1Td) O (κTγCd) O (κT min {γCd , γCr})

α-FOSP Mokhtari et al. [2018] (From Corollary D.2, Part 4)

Table 2: Comparison of the total communication costs of distributed synchronous SGD, distributed synchronous SGD
with contraction operator C, and our proposed Algorithm COMPDISTSGD. For convex case, we set κ = 1 and r =
(ω(C)χCdG2‖C‖2/α2)2. The Õ(·) notation hides some logarithmic terms. The settings of κ, β, T for the nonconvex case is
from Corollary D.2, Part 4 and r = ω(C)2/β2. Here, κ1 is the value of κ obtained by setting χCd = 1. Additional results
are presented in Table 5, Appendix D.

In each iteration t of synchronous SGD, the server randomly
picks a set Rt of κ ≥ 1 clients and sends them the current
model parameter wt. Each of these selected client i com-
putes ĝ(i)

t an independent stochastic (sub)gradient of fi at

wt, and communicates ĝ(i)
t back to the server. The central

server then aggregates these gradients and applies the up-
date wt+1 ← wt − ηt

κ

∑
i∈Rt ĝ

(i)
t . Naively for the above

protocol, the resulting per round communication is roughly
κ · (32d) bits (assuming 32-bit floating point numbers). Our



results (Theorems B.7, B.8, B.9, 2.4, and B.5) already show
that, by transmitting lower-dimensional gradients, we can
reduce communication costs, while preserving the conver-
gence guarantees to within constant factor of the regular
distributed SGD. In this section, we build on these results
and show that in fact one can use any unbiased gradient
compression scheme on top of our idea of utilizing lower-
dimensional gradients.

For a formal analysis, we define a contraction opera-
tor to capture a general class of existing unbiased gra-
dient encoding schemes. Following [Stich et al., 2018],
we define a contraction operator as a (possibly random-
ized) function Ca defined as mapping from Ra → Ra
for a ∈ N that satisfies these following common assump-
tions: (i) ∀v ∈ Ra,E[Ca(v)] = v (unbiasedness) and (ii)
E[‖Ca(v)−v‖2] ≤ χCa‖v‖2 (variance bound). Let γCa de-
note the bits needed to communicate Ca(v) from a client to
server. This general notion captures many common unbiased
quantization techniques such as stochastic rounding [Alis-
tarh et al., 2017, Wen et al., 2017], vector quantization
techniques such as vqSGD [Gandikota et al., 2019], and
unbiased sparsification techniques such as random sparsifi-
cation [Stich et al., 2018]. As an example, the quantization
technique of [Alistarh et al., 2017] satisfies χCa = 1 and
γCa ≈ 2.8a+ 32 for all a ∈ N.

Our procedure is presented in Algorithm COMPDISTSGD
(Appendix D). The overall idea is simple, take a random
projection of a gradient and then apply the contraction oper-
ator Cmt . More formally, client i at iteration t will transmit
Cmt(Φtĝ

(i)
t ). The total communication cost in iteration t

equals κ · γCmt bits. This saves at least a factor γCd/γCmt
over just applying the contraction operator over the true gra-
dients in each iteration t, which could be significant when
mt � d.5 For example, if C is the quantization technique
of [Alistarh et al., 2017], then γCd/γCmt ≈ d/mt where
mt ≈ ω(C)2/β2

t , and for sets C such as the unit l1-ball,
ω(C)2 = O(log d).

The cost of communicating Φt is not significant as it can be
achieved using various techniques such as one-to-all broad-
casting. In practice, Φt will be generated by a pseudorandom
generator initialized by some seed, so by just communicat-
ing the seed we can regenerate Φt at each device. In Table 2,
we summarize the total communication cost (summed over
all rounds) for a convex and nonconvex setting considered.
Additional results and formal statements are provided in
Appendix D.

In Figure 7, we provide experiments supporting our theoret-
ical results. For illustration, we used the simple stochastic
gradient quantization technique of [Alistarh et al., 2017]
(described in Appendix D.1) for the contraction operator
and assume just one client. Otherwise, we use the same

5γCa is a non-decreasing function in a, i.e., cost of communi-
cating a longer vector can’t be less than one for a shorter vector.

experimental setup as described in Section 2.2. Again, the
main takeaway is that the performance of COMPDISTSGD
matches that of SGD under the same contraction operator.
The performance drop in both these schemes (compared to
Figure 2 where we do not have any quantization) comes due
to the applied quantization.

4 EXTENSIONS AND CONCLUSIONS

Frank-Wolfe with Low-Dim. Gradients. The Frank-Wolfe
(FW) optimization algorithm requires access to a linear op-
timization oracle over C. In Appendix E, we show how one
could recover the standard convergence guarantees of Frank-
Wolfe algorithm (for both convex and nonconvex functions)
with only access to compressed gradients provided through
the CSFO oracle (see Algorithm COMPFW). The main dif-
ference, compared to a traditional Frank-Wolfe algorithm, is
how we invoke the linear optimization oracle. A traditional
(stochastic) FW update computes a stochastic approxima-
tion to the gradient at the current iterate wt and invokes
the LOO oracle with it. This gives the element in C that
correlates the most with the steepest descent (the negative
stochastic gradient). We use a similar idea but instead solve a
linear minimization problem with the compressed gradients
over the set ΦtC. We then utilize the lifting idea from (2) to
compute a direction to take the step.

In Theorem E.2 (Appendix E), we establish that for
convex functions the convergence guarantees of Algo-
rithm COMPFW matches the known results with stochastic
Frank-Wolfe algorithm [Hazan and Luo, 2016, Theorem 3].
In Theorem E.1 (Appendix E), we show that for smooth
nonconvex functions Algorithm COMPFW, after O(α−2)
iterations, converges to an α-FOSP (with high probability).

Concluding Remarks. We introduce the setting of SGD
with compressed gradients, a fundamental question that stud-
ies how much bits of gradient information are truly needed
for SGD to continue providing its guarantees, and also cap-
tures practical applications in private nonconvex ERM and
distributed SGD. This new setup requires a rethinking of
the SGD algorithm, and a subsequent careful analyses of
the SGD guarantees. We also show that these ideas extend
beyond SGD to the conditional gradient method. While we
focused on getting bounds which hold in expectation it is
possible that under assumptions on the tail of the noise dis-
tribution (such as [Harvey et al., 2019]) one could obtain
high probability bounds. A natural question that arises from
this work is whether the connection between constraint set
structure and gradient compression that we observe here is
inherent for any first-order optimization scheme. Extending
the presented techniques to compress higher-order deriva-
tives is an interesting open research direction.
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A MISSING DETAILS FROM SECTION 1

A.1 OTHER RELATED WORK

Sketching Hessian. Pilanci and Wainwright [2017], extending their previous work [Pilanci and Wainwright, 2016], proposed
a technique for sketching the Hessian matrix square root by pre-multiplying it with a random matrix. As the column
dimension is still d, the sketch matrix can be directly be used in Newton’s technique. The main technical difference
compared to our setting is that our algorithms only sees a lower-dimensional summary (sketch) of the gradient which now
due to dimension mismatch can’t be directed used in the SGD iteration. This requires a rethinking of the SGD algorithm. Also
note that in practice first-order methods are preferred over second-order ones due to their simplicity and low per-iteration
costs.

Wang et al. [2017b] presented sketching techniques for reducing the dimensionality of the data matrix for `2-regularized
least squares problem. Our focus is on general (non)convex optimization problems.

Differentially Private ERM. Starting with the results of [Chaudhuri and Monteleoni, 2009, Chaudhuri et al., 2011],
differentially private convex ERM mechanisms have been investigated extensively in the literature under both ε- and
(ε, δ)-DP notions. Using carefully calibrated noisy gradients in first-order optimization algorithms is a common technique
for achieving differential privacy. This framework, with the use of a SGD algorithm for optimization, was first introduced
by [Song et al., 2013] and later [Bassily et al., 2014] analyzed the excess empirical risk bounds for various classes of convex
functions. In particular, under (ε, δ)-DP, for general convex 1-Lipschitz functions [Bassily et al., 2014] showed the expected
excess empirical risk is at most O(

√
d/n) on a dataset of size n.1 They also showed that this bound cannot be improved in

general, even for squared loss functions. Subsequently there has been a line of work that go beyond these worst-case bounds
by exploiting properties of the constraint set C [Talwar et al., 2015a,b, Kasiviswanathan and Jin, 2016, Wang et al., 2017a].
The general picture that emerges is that we can replace

√
d term in the excess risk by the Gaussian width of C. These above

results are based on convex optimization ideas. To the best of our knowledge, there are no known similar results that exploit
the geometry of C, when the function is nonconvex.

A.2 MISSING PRELIMINARIES

Convex Optimization Fundamentals. We now review some basic concepts from convex optimization.

Definition 3. (Lipschitz Functions) A function F : Rd → R is L-Lipschitz with respect to w over the domain C, if for all
wa,wb ∈ C, we have |F (wa)− F (wb)| ≤ L‖wa −wb‖. If F is a convex function, then F is L-Lipschitz iff for all w ∈ C
and subgradients g of F at w we have ‖g‖ ≤ L.

Definition 4. (Strongly Convex Functions) A function F : Rd → R is λ-strongly convex if for all wa,wb ∈ C, all

1Ignoring privacy parameters and some polylog factors. It is easy to see that these results are non-trivial, i.e., better than a trivial
bound, only when n�

√
d.
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subgradients g of F (wa), we have F (wb) ≥ F (wa) + 〈g,wb −wa〉+ (λ/2)‖wb −wa‖2 (i.e., F is bounded below by a
quadratic function tangent at wa).

Such functions arise, for instance, in Support Vector Machines and other regularized learning algorithms.

Definition 5. (Smooth Functions) A function F : Rd → R is µ-smooth if for all wa,wb ∈ C, all subgradients g of F (wa),
we have F (wb) ≤ F (wa) + 〈g,wb −wa〉+ (µ/2)‖wb −wa‖2 (i.e., F is bounded above by a quadratic function tangent
at wa).

Note that sometime smoothness is stated slightly differently as a condition on Lipschitz continuity on the gradient. A
differentiable function F with µ-Lipschitz continuous gradient, i.e., which means for all wa,wb ∈ C, ‖∇F (wa) −
∇F (wb)‖ ≤ µ‖wa −wb‖, is also µ-smooth under the above definition. µ-smooth functions arise, for instance, in logistic
and least-squares regression.

Definition 6 (Recess Cone). Given a nonempty convex set C, a vector z is a direction of recession if starting at any x in C
and going indefinitely along z, we never cross the relative boundary of C to points outside C: x + τz ∈ C, ∀x ∈ C, ∀τ ≥ 0.
The recess cone (RC) of C is the set of all directions of recession for C.

Unit Ball and Sphere. The d-dimensional unit ball in `p-norm centered at the origin is denoted by Bdp and the unit sphere
in Rd centered at origin is denoted by Sd−1.

Properties of Projection. By the properties of the projection operator, for any w ∈ Rd, wp = ΠC(w) iff

〈w −wp, w̃ −wp〉 ≤ 0, ∀w̃ ∈ C. (5)

We also use the standard contractive property of the projection operator that states,

‖wp − w̃‖ ≤ ‖w − w̃‖, ∀w̃ ∈ C. (6)

Differential Privacy Background. Differential privacy is a rigorous notion of privacy that emerged from a long line of
work in theoretical computer science [Dwork et al., 2006b]. Differential Privacy (DP) is a formal algorithmic guarantee
that provides provable protection against adversaries with arbitrary side information and computational power, allows clear
quantification of privacy losses, and satisfies graceful composition over multiple access to the same data. The literature on
differential privacy is now rich with tools for constructing differentially private analyses, and we refer the reader to a survey
by Dwork et al. [2014] for a comprehensive review of developments there.

We use the popular idea of adding Gaussian noise to achieve (ε, δ)-DP (commonly referred to as the Gaussian mechanism).

Theorem A.1 (Gaussian Mechanism [Dwork et al., 2006b]). Let F : Dn → Rd. The algorithm that on an input D
outputs F (D) + e where e ∼ N (0, (2∆2 ln(2/δ))/ε2)d and ∆ denotes `2-global sensitivity of the function F defined as
supD,D′ neighbors‖F (D)− F (D′)‖, is (ε, δ)-differentially private.

Composition theorems for differential privacy allow a modular design of privacy preserving algorithms based on algorithms
for simpler subtasks.

Theorem A.2 (Strong Composition of DP [Dwork et al., 2010]). Let ε, δ, δ′ > 0 and ε ≤ 1. A mechanism that permits k
adaptive interactions with mechanisms that preserves (ε, δ)-differential privacy ensures (ε

√
2k ln(1/δ′) + 2kε2, kδ + δ′)-

differential privacy.

Gordon’s Theorem and Extensions. Gordon’s theorem [Gordon, 1988] can be viewed as a generalization of the Johnson-
Lindenstrauss (JL) lemma for the case of Gaussian random matrices. The following is a simple restatement of the original
theorem, better suited for this paper.

Theorem A.3 (Gordon’s Theorem [Gordon, 1988] Restated). Let Φ ∈ Rm×d be a random matrix with independent
N (0, 1/m) entries. Let S ⊂ Sd−1 be a subset of the unit sphere in d dimensions. Then if m = Θ(ω(S)2/β2),

EΦ

[
sup
x∈S
|‖Φx‖2 − 1|

]
≤ β, (7)

where ω(S) is the Gaussian width of S and the expectation EΦ[·] is over the randomness in Φ.



Set Gaussian Width
Unit `1-ball in Rd O(

√
log d)

Probability simplex in Rd O(
√

log d)
`p-ball in Rd for 1 < p ≤ ∞ O(d1−1/p)

Convex hull of l vectors with bounded `2-norm of c O(c
√

log l)
m-dimensional subspace of Rd O(

√
m)

d1 × d2 matrices of rank at most r and unit Frobenius norm O(
√
r(d1 + d2))

d× d matrices with unit nuclear norm O(
√
d)

Table 3: Gaussian width of some popular constraint sets.

Gordon’s theorem was extended to i.i.d. subgaussian random matrices by [Dirksen, 2014]. Recently, Bourgain et al. [2015]
extended Gordon’s theorem to distributions over sparse matrices having at most s non-zeroes per column. There are multiple
constructions of such distributions discussed in [Kane and Nelson, 2014] and a matrix Φ drawn from these distributions are
referred to as a sparse Johnson-Lindenstrauss matrix.

Theorem A.4 (Gordon’s Theorem with Sparse JL Matrices [Bourgain et al., 2015]). Let Φ ∈ Rm×d be a sparse Johnson-
Lindenstrauss transform Φ with column sparsity s.Then the guarantees of Theorem A.3 stated in (7) holds if m =
Ω(polylog(n)ω(S)2/β2), s = Ω(polylog(n)/β2), and (logm)2(log n)5/2υ(S) ≤ β, where

υ(S) = max
q≤m/s log s

 1
√
qs

Eη

Eg sup
x∈S
|
d∑
j=1

ηjgjxj |

q1/q
 ,

where (gj)j∈[d] are i.i.d. standard Gaussian and (ηj)j∈[d] are i.i.d. Bernoulli with mean qs/(mlogs), and x = (x1, . . . , xd).

Bourgain et al. [2015] also show how the complexity parameter υ(S) can be controlled quite easily for all common S arising
in applications. A simple consequence of these above theorems is the following corollary about inner-products.

Corollary A.5. Consider the settings as in Theorem A.3 or Theorem A.4. Then for any x,x′ ∈ S, we have 〈x,x′〉 − β ≤
EΦ[〈Φx,Φx′〉] ≤ 〈x,x′〉+ β.

B MISSING DETAILS FROM SECTION 2

The following lemma shows that any feasible solution to the linear estimation problem in (2) lies in St.

Lemma B.1 (Lemma 2.1 Restated). For any wt+1 ∈ InvC(θt,Φt), wt+1 ∈ St.

Proof. Let θt = Φtw̃ with w̃ ∈ C, therefore there exists a feasible solution to (2). By definition of Minkowski functional,
C = {w ∈ Rd : ‖w‖C ≤ 1}. Since w̃ ∈ C, ensures that ‖w̃‖C ≤ 1. By construction, ‖wt+1‖C ≤ ‖w̃‖C ≤ 1, therefore, by
wt+1 ∈ C. This along with the fact that by construction Φtwt+1 = θt implies that wt+1 ∈ St.

In all our results, the final expectation (E[·]) is over the stochastic gradient noise and other randomness in the SGD algorithm
(as is standard), but not over the randomness introduced by the random projection. EΦt [·] denotes expectation just over Φt.

We start by establishing an inequality that helps us keep track of the Algorithm COMPSGD’s progress.

Lemma B.2 (Lemma 2.2 Restated). In Algorithm COMPSGD, for any t ∈ [T ],

(1− βt)‖wt+1 −w‖2 ≤ ‖(wt − ηtĝt)−w‖2.

Proof. Let ϑt = Φtĝt and θt = ΠΦtC(Φtwt − ηtΦtĝt) = Φtŵt (as ΠΦtC(·) is a projection on ΦC). By construction,
Φtwt+1 = Φtŵt.We use the following inequality based on Theorem A.3 (or Theorem A.4). Consider any w ∈ C (picked
independent of Φt). We have wt+1 −w ∈ C − C ∈ 2C (Minkowski difference). Let Ĉ denote the convex set 2C. Let us fix a



Φt. Define a function, u : Rd → Rd as u(v) = v/‖v‖, i.e., u(v) is just the unit vector along v. Let Ŝ = {u(w) |w ∈ Ĉ}.
Note that Ŝ ⊆ Sd−1 (unit sphere). Let u(wt+1 −w) be unit vector along wt+1 −w. Since u(wt+1 −w) ∈ Ŝ, we have

|‖Φtu(wt+1 −w)‖2 − 1| ≤ sup
w∈Ŝ
|‖Φtw‖2 − 1|.

Since this argument holds for every Φt, we have,

EΦt [|‖Φtu(wt+1 −w)‖2 − 1|] ≤ EΦt [ sup
w∈Ŝ
|‖Φtw‖2 − 1|].

From (7) (Theorem A.3 or Theorem A.4), EΦt [supw∈Ŝ |‖Φtw‖2 − 1|] ≤ βt, we get

EΦt [|‖Φtu(wt+1 −w)‖2 − 1|] ≤ βt ⇒ (1− βt) ≤ EΦt [‖Φtu(wt+1 −w)‖2] ≤ (1 + βt).

Multiplying by ‖wt+1 −w‖2, we get,

(1− βt)‖wt+1 −w‖2 ≤ EΦt [‖Φt(wt+1 −w)‖2] = EΦt [‖Φtŵt − Φtw‖2]

= EΦt [‖ΠΦtC(Φtwt − ηtΦtĝt)− Φtw‖2]

= EΦt [‖ΠΦtC(Φtwt − ηtΦtĝt)−ΠΦtC(Φtw)‖2]

≤ EΦt [‖(Φtwt − ηtΦtĝt)− (Φtw)‖2]

= ‖(wt − ηtĝt)−w‖2.

The second last equality follows because the projection operation is contractive. The last equality follows because all
wt, ηt, ĝt,w are all independent of Φt.

B.1 CONVERGENCE ANALYSIS FOR NONCONVEX FUNCTIONS

In this section, we consider the optimization problem from minw∈C F (w) where F : Rd → R is a smooth, continuously
differentiable function over a compact convex C, but F is potentially nonconvex. In this case, it is known that finding a
global minimum (if it even exists) is hard. Given the well-known hardness results in finding stationary points, recent focus
has shifted in characterizing approximate stationary points. In the constrained setting, several measures of (non)stationarity
have been considered for projected gradient methods [Ghadimi et al., 2016, Mokhtari et al., 2018, Nouiehed et al., 2018].
We consider two popular stationarity notions here: a) first-order stationarity and b) stationarity defined through the norm of
the gradient mapping. Let F ? = minw∈C F (w).

B.1.1 First-Order Stationary Point

We start with definition of first-order stationary point (FOSP). If the problem is unconstrained (i.e., C = Rd), then a point w̄
is an α-first-order stationary point (FOSP) if it satisfies ‖∇F (w̄)‖ ≤ α. For the constrained setting, we use the following
generalization.

Definition 7 (α-FOSP [Bertsekas, 1997]). A point w̄ ∈ C is an α-first-order stationary point (α-FOSP) for a function F
over a convex set C if, 〈∇F (w̄),w − w̄〉 ≥ −α for all w ∈ C.

For constrained optimization, Mokhtari et al. [2018] established an≈ O(α−2) convergence rate to α-FOSP for the techniques
of projected gradient descent with true gradients and conditional descent with stochastic gradients.

In the following, we assume that F is smooth function over C (see Definition 5). We now analyze the number of steps
needed to recover an α-FOSP with only access to CSFO. In this case, we assume a stronger stochastic approximation to the
subgradient in that we use a minibatch version of Algorithm COMPSGD, where b is the minibatch size.



Minibatch version of Algorithm COMPSGD

Objective: minw∈C F (w)
Input: Convex set C, learning rate parameters {ηt}, projection dimension parameters {βt}

1. Pick w1 as any point in C
2. for t = 1 to T do

a. Set mt ← Ω
(
ω(C)2/β2

t

)
b. Let Φt ∈ Rmt×d ∼i.i.d N (0, 1/mt)

c. Let ϑ̄t ← 1
b

∑b
i=1 ϑ

(i)
t (each ϑ(i)

t is an independent call to CSFO(wt,Φt))

d. Let θt ← ΠΦtC(Φtwt − ηtϑ̄t)
e. Let wt+1 ← pick any element from the set St = {w ∈ C : Φtw = θt} (e.g., by solving (2))

Remark B.3. Since, ϑt = (1/b)
∑b
i=1 ϑ

(i)
t , we can re-express it as ϑt = (1/b)

∑b
i=1 Φtĝ

(i)
t , where ĝ

(i)
t are independent

stochastic gradients of F (wt). Let ḡt = (1/b)
∑b
i=1 ĝ

(i)
t . Under this notation, ϑ̄t = Φtḡt.

We now consider the minibatch version of Algorithm COMPSGD executed till we encounter the first iteration T where
‖wT −wT+1‖ satisfies a certain bound. Theorem 2.4 shows that after≈ O(α−2) iterations, even with compressed gradients,
Algorithm COMPSGD converges to an α-FOSP (with high probability). The proof has two parts, first we show that when the
difference between two consecutive iterates is small then we have an α-FOSP, and then we bound the number of iterations
before which this iterate difference condition is achieved. We show that the algorithm fails with low probability to produce
an α-FOSP.

Theorem B.4 (Theorem 2.4 Restated). Let F be µ-smooth and continuously differentiable function over a convex set C.
Let the assumptions in (4) hold. Let ρ ∈ (0, 1) and α > 0. Consider the minibatch version of Algorithm COMPSGD with
output of first wτ (if it exists) in (w1, . . . ,wT ) such that ‖wτ − wτ+1‖ ≤ α/(G + µ‖C‖), and ⊥ (fail) otherwise. Set
ηt = η = 1/µ,

βt = β = min

{
1/4,

µα2

64G‖C‖(G+ µ‖C‖)2

}
for all t ∈ [T ], and batchsize b = Ω((1/ρ) · max{1, (‖C‖ζ(G+µ‖C‖)2

α2µ )2}). Then, if T = Ω( (F (w1)−F?)(G+µ‖C‖)2
µα2ρ ), with

probability at least (1− ρ)2, this procedure outputs a wτ that is an α-FOSP for F .

Proof. We establish the proof over two parts.
1. If wτ exists, then with probability at least 1− ρ, wτ is an α-FOSP.

2. If T = Ω
(

(F (w1)−F?)(G+µ‖C‖)2
µα2ρ

)
, then with probability at least 1− ρ, wτ exists in (w1, . . . ,wT ).

Note that under our assumptions, ‖∇F (wt)‖ ≤ G for all t ∈ [T ].

Let us start with the first part. Let gt = ∇F (wt) and ḡt = 1
b

∑b
i=1 ĝ

(i)
t (see Remark B.3) for any t ∈ [T ]. Note that

Φtḡt = ϑt. We use the following observation that for any w ∈ C,

〈Φτgτ ,Φτ (w −wτ )〉 = 〈Φτgτ ,Φτ (wτ+1 −wτ )〉+ 〈Φτgτ ,Φτ (w −wτ+1)〉
≥ −‖Φτgτ‖‖Φτ (wτ+1 −wτ )‖+ 〈Φτgτ ,Φτ (w −wτ+1)〉.

Now,

〈Φτgτ ,Φτ (w −wτ+1)〉 = 〈Φτ ḡτ ,Φτ (w −wτ+1)〉+ 〈Φτgτ − Φτ ḡτ ,Φτ (w −wτ+1)〉
≥ 〈Φτ ḡτ ,Φτ (w −wτ+1)〉 − ‖Φτgτ − Φτ ḡτ‖‖Φτ (w −wτ+1)‖.

From properties of the projection operator, we also have

〈Φτwτ − ητΦτ ḡτ − Φτwτ+1,Φτw − Φτwτ+1〉 ≤ 0

=⇒ 〈Φτ ḡτ ,Φτw − Φτwτ+1〉 ≥
1

ητ
〈Φτwτ − Φτwτ+1,Φτw − Φτwτ+1〉.



Putting the above expressions together,

〈Φτgτ ,Φτ (w −wτ )〉

≥ 1

ητ
〈Φτwτ − Φτwτ+1,Φτw − Φτwτ+1〉 − ‖Φτgτ‖‖Φτ (wτ+1 −wτ )‖ − ‖Φτgτ − Φτ ḡτ‖‖Φτ (w −wτ+1)‖

≥ − 1

ητ
‖Φτwτ − Φτwτ+1‖‖Φτw − Φτwτ+1‖ − ‖Φτgτ‖‖Φτ (wτ+1 −wτ )‖ − ‖Φτgτ − Φτ ḡτ‖‖Φτ (w −wτ+1)‖.

Taking expectation with respect to Φτ on both sides.

〈gτ ,w −wτ 〉 = EΦτ [〈Φτgτ ,Φτ (w −wτ )〉] ≥ −(1 + β)(µ‖C‖‖wτ −wτ+1‖+G‖wτ −wτ+1‖+ ‖C‖‖gτ − ḡτ‖).

This implies that

min
w∈C
〈gτ ,w −wτ 〉 ≥ −(1 + β)(µ‖C‖‖wτ −wτ+1‖+G‖wτ −wτ+1‖+ ‖C‖‖gτ − ḡτ‖). (8)

Since E[‖gτ − ḡτ‖2] ≤ ζ2/b, we obtain from Markov’s inequality2

Pr[‖gτ − ḡτ‖ ≤ α/‖C‖] ≥ 1− ζ2‖C‖2

bα2
.

Using the assumption ‖wτ −wτ+1‖ ≤ α
G+µ‖C‖ in (8) and the above probability bound, we get that with probability at least

1− ζ2‖C‖2
bα2 ,

min
w∈C
〈gτ ,w −wτ 〉 ≥ −c′′α,

for some constant c′′. By rescaling α to α/c′′ and using our lower bound on batchsize b, we establish the α-FOSP property
under the condition that ‖wτ −wτ+1‖ ≤ α/(G+ µ‖C‖).

Let us look at the second part which bounds the expected number of iterations T , starting from any w1 ∈ C, before reaching
the first wT such that ‖wT −wT +1‖ ≤ α/(G+ µ‖C‖). Here we use a proof idea based on Theorem 2 of [Mokhtari et al.,
2018]. Consider t ≤ T . By our assumption, ‖wt+1 −wt‖ > α/(G+ µ‖C‖). We start with the µ-smooth condition which
implies that,

F (wt+1)− F (wt)− 〈gt,wt+1 −wt〉 ≤
µ

2
‖wt+1 −wt‖2.

We have
F (wt+1)− F (wt) ≤ 〈ḡt,wt+1 −wt〉 − 〈ḡt − gt,wt+1 −wt〉+

µ

2
‖wt+1 −wt‖2.

Considering the 〈ḡt,wt+1 −wt〉 term. By Corollary A.5,

〈ḡt,wt+1 −wt〉 ≤ EΦt [〈Φtḡt,Φt(wt+1 −wt)〉] + β‖ḡt‖‖wt+1 −wt‖. (9)

Let Φtw̃t = Φt(wt − ηḡt). As before, let Φtŵt = ϑt = ΠΦtC(Φtwt − ηΦtḡt) = ΠΦtC(Φtw̃t). By definition, Φtwt+1 =
Φtŵt = ΠΦtC(Φtw̃t). Therefore, by properties of the projection operator,

〈Φtḡt,Φt(wt+1 −wt)〉 =
1

η
〈Φtwt − Φtw̃t,Φtwt+1 − Φtwt〉

≤ 1

η
〈Φtwt − Φtwt+1,Φtwt+1 − Φtwt〉 = −1

η
‖Φtwt+1 − Φtwt‖2.

Using this along with Lemma 2.2 (with w = wt), we have

EΦt [〈Φtḡt,Φt(wt+1 −wt)〉] ≤ −
(1− β)

η
‖wt+1 −wt‖2.

Therefore, we have

〈ḡt,wt+1 −wt〉 ≤ −
(1− β)

η
‖wt+1 −wt‖2 + β‖ḡt‖‖wt+1 −wt‖.

2We will use the Markov’s higher moment inequality: for a random variable x and a ≥ 1, Pr[|x| > t] ≤ E[|x|a]/ta.



Since β ≤ 1/4 and η = 1/µ, we get

F (wt+1)− F (wt) ≤ −
µ

4
‖wt+1 −wt‖2 + β‖ḡt‖‖wt+1 −wt‖ − 〈ḡt − gt,wt+1 −wt〉

≤ −µ
4
‖wt+1 −wt‖2 + β‖ḡt‖‖wt+1 −wt‖+ ‖ḡt − gt‖‖wt+1 −wt‖.

Note that ‖wt+1 −wt‖ ≥ α/(G+ µ‖C‖). Also note that ‖wt+1 −wt‖ ≤ ‖C‖.

F (wt+1)− F (wt) ≤ −
µα2

4(G+ µ‖C‖)2
+ β‖ḡt‖‖C‖+ ‖ḡt − gt‖‖C‖.

Consider Ft as the sigma algebra that measures all sources of randomness up to iteration t. Then taking expectation on both
sides,

E[F (wt+1) | Ft] ≤ F (wt)−
µα2

4(G+ µ‖C‖)2
+ β E[‖ḡt‖]‖C‖+ ‖C‖E[‖ḡt − gt‖]

≤ F (wt)−
µα2

4(G+ µ‖C‖)2
+ β‖C‖G+

ζ√
b
‖C‖.

Under our setting of b and β we get,

E[F (wt+1) | Ft] ≤ F (wt)−
µα2

8(G+ µ‖C‖)2
. (10)

Let us take a look at the expected value of E[F (w1)− F (wT+1)]

E[F (w1)− F (wT +1)] = E

[ T∑
t=1

(F (wt)− F (wt+1))

]

= E

[
E

[ T∑
t=1

(F (wt)− F (wt+1))

]
| T = k

]
= E

[
E

[
k∑
t=1

(F (wt)− F (wt+1))

]
| T = k

]

=

∞∑
k=1

E

[
k∑
t=1

(F (wt)− F (wt+1))

]
Pr[T = k] =

∞∑
k=1

k∑
t=1

E[(F (wt)− F (wt+1))] Pr[T = k]

≥
∞∑
k=1

k∑
t=1

µα2

8(G+ µ‖C‖)2
Pr[T = k] =

µα2

8(G+ µ‖C‖)2

∞∑
k=1

kPr[T = k]

=
µα2

8(G+ µ‖C‖)2
E[T ].

This implies that E[T ] ≤ E[F (w1)− F (wT +1)]/(8µα2/(G+ µ‖C‖)2). Since F ? ≤ F (wT+1), we get that

E[T ] ≤ (F (w1)− F ?)8(G+ µ‖C‖)2

µα2
.

Using Markov’s inequality

Pr

[
T ≤ 8(F (w1)− F ?)(G+ µ‖C‖)2

µα2ρ

]
≥ 1− ρ.

This completes both parts of the theorem. Putting them together gives the claimed result.

B.1.2 Stationarity based on Gradient Mapping

Nestrov [Nesterov, 1998] introduced the notion of gradient mapping in the context of constrained optimization, where
the gradients required to be treated differently as compared with unconstrained optimization. In particular, in constrained
minimization problems gradient mapping is known to preserve the most important properties of the gradient. We refer the
reader to [Nesterov, 1998] for a thorough investigation of these connections. Following Ghadimi et al. [2016], for a learning



rate η, we define the mapping at w as: 1
η (w − ŵ) where ŵ := ΠC(w − η∇F (w)). To get an intuition about gradient

mapping, notice that If we let η → 0, then the gradient mapping becomes simply the negative of the projection of −∇F (w)
on the solid tangent cone to C at w. When C = Rd (unconstrained setting), then the gradient mapping becomes simply
∇F (w). In our setting, with only access to compressed (lower-dimensional) gradients, we never perform a projection on C
directly, so we modify the above definition of gradient mapping to that of compressed gradient mapping.

Definition 8 (Compressed Gradient Mapping). Given a continuously differentiable function F : Rd → R, the compressed
gradient mapping at w, given compressed gradient Φ∇F (w) for Φ ∈ Rm×d, is defined as

1

η
(w −w+) where Φw+ := ΠΦC(Φw − ηΦ∇F (w)).

We say w is an α-compressed gradient mapping for α > 0, if ‖ 1
η (w −w+)‖ ≤ α.

When Φ ∼i.i.d N (0, 1/m) and C = Rd, then with high probability ΦC = Rm, and 1
η (Φw − Φw+) = Φ∇F (w), and

‖ 1
ηw−w

+‖2 ≈ EΦ[‖ 1
η (Φw−Φw+)‖2] = ‖∇F (w)‖2. Therefore, compressed gradient mapping provides an interpretation

that is similar to gradient mapping.

Again, we consider the minibatch version of Algorithm COMPSGD defined above. Our goal is to analyze the number
of steps needed to achieve an α-compressed gradient mapping in expectation. The following theorem establishes a rate
of convergence for this quantity. In particular, we see that convergence rate is again ≈ O(α−2) as is typical with SGD
stationarity analyses.

Theorem B.5. Let F be µ-smooth and continuously differentiable function over a convex set C. Let the assumptions
in (4) hold. Let α > 0. Consider the minibatch version of Algorithm COMPSGD that outputs a uniformly at random
iterate wk from {w1, . . . ,wT }. Set ηt = η = 1/(2µ), βt = β = min{1/4, α2

(µG‖C‖)} for all t ∈ [T ], and batchsize

b = Ω(max{1, ζ
2

α2 ,
ζ2‖C‖2µ2

α4 }). Then, if T = Ω(µ(F (w1)−F?)
α2 ), wk satisfies

ER
[∥∥∥∥1

η
(wk −w+

k )

∥∥∥∥] ≤ α where Φkw
+
k := ΠΦkC(Φkwk − ηΦk∇F (wk)).

where the expectation is over the choice of k and the stochastic gradient oracle noise (together denoted byR).

Proof. Let gt = ∇F (wt) and δt = ḡt − gt, where ḡt = 1
b

∑b
i=1 ĝ

(i)
t (see Remark B.3). Define rt at iteration t as:

rt =
1

η
(wt −wt+1).

We have

F (wt+1)− F (wt) ≤ 〈gt,wt+1 −wt〉+
µ

2
‖wt+1 −wt‖2

= 〈ḡt,wt+1 −wt〉 − 〈δt,wt+1 −wt〉+
µ

2
‖wt+1 −wt‖2.

As in the proof of Theorem 2.4, it is easy to see that

〈ḡt,wt+1 −wt〉 ≤ −
(1− β)

η
‖wt+1 −wt‖2 + β‖ḡt‖‖wt+1 −wt‖.

Hence, we have

F (wt+1)− F (wt) ≤ −
(1− β)

η
‖wt+1 −wt‖2 + β‖ḡt‖‖wt+1 −wt‖ − 〈δt,wt+1 −wt〉+

µ

2
‖wt+1 −wt‖2

≤
(
−3η

4
+
µη2

2

)
‖rt‖2 + η〈δt, rt〉+ β‖ḡt‖‖C‖. (11)

Note that
Φtrt =

1

η
(Φtwt − Φtwt+1) =

1

η
(Φtwt −ΠΦtC(Φtwt − ηḡt)).



Similarly define,

Φtr̂t =
1

η
(Φtwt −ΠΦtC(Φtwt − ηgt)).

It is not hard to see that there exists a r̂t ∈ C − C. Therefore, (11) can be re-expressed as

F (wt+1)− F (wt) =

(
−3η

4
+
µη2

2

)
‖rt‖2 + η〈δt, r̂t〉+ η〈δt, rt − r̂t〉+ β‖ḡt‖‖C‖

≤
(
−3η

4
+
µη2

2

)
‖rt‖2 + η〈δt, r̂t〉+ η‖δt‖‖rt − r̂t‖+ β‖ḡt‖‖C‖.

Now ‖rt − r̂t‖ can be bounded as,

‖rt − r̂t‖ ≤
1√

1− β
EΦt [‖Φt(rt − r̂t)‖]

1√
1− β

EΦt [‖Φtδt‖] ≤
√

1 + β√
1− β

‖δt‖ ≤ c′′‖δt‖.

for some constant c′′. Substituting this bound on ‖rt − r̂t‖, we get

F (wt+1)− F (wt) ≤
(
−3η

4
+
µη2

2

)
‖rt‖2 + η〈δt, rt〉+ c′′η‖δt‖2 + β‖ḡt‖‖C‖.

Following the idea in [Ghadimi et al., 2016, Theorem 2], we get starting from a similar to above condition, for a k drawn
uniformly at random from [T ]

ER
[

1

η2
‖(wk −wk+1)‖2

]
= O

(
µ(F (w1)− F ?)

T
+
µζ‖C‖√

b
+
ζ2

b
+ µβG‖C‖

)
. (12)

Therefore,

EΦk,R

[∥∥∥∥1

η
(Φkwk − Φkw

+
k )

∥∥∥∥2
]

= EΦk,R

[
1

η2
‖Φkwk −ΠΦkC(Φkwk − ηΦkgk))‖2

]
≤ 1

η2
(2EΦk,R[‖Φkwk −ΠΦkC(Φkwk − ηΦkḡk)‖2] + 2EΦk,R[‖ΠΦkC(Φkwk − ηΦkgk)−ΠΦkC(Φkwk − ηΦkḡk)‖2])

≤ 2EΦk,R

[
1

η2
‖Φkwk − Φkwk+1‖2

]
+ 2EΦk,R[‖(Φkḡk − Φkgk)‖2]

= O

(
ER
[

1

η2
‖wk −wk+1‖2

]
+ ER[‖ḡk − gk‖2]

)
= O

(
µ(F (w1)− F ?)

T
+
µζ‖C‖√

b
+
ζ2

b
+ µβG‖C‖

)
= O(α2),

where in the second to last line we used (12). We now have

(1− β)ER

[∥∥∥∥1

η
(wk −w+

k )

∥∥∥∥2
]
≤ EΦk,R

[∥∥∥∥1

η
(Φkwk − Φkw

+
k )

∥∥∥∥2
]

= O(α2).

Rescaling α proves the claimed bound.

B.2 CONVERGENCE ANALYSIS FOR CONVEX FUNCTIONS

In this section, we analyze the expected error bounds of Algorithm COMPSGD for convex functions. We assume that
F is minimized at some w? ∈ C. We consider three cases: a) strongly convex and smooth functions, b) strongly convex
functions (without smoothness), and c) convex function (without smoothness). We build on ideas from modern SGD analyses,
e.g. [Rakhlin et al., 2011, Shamir and Zhang, 2013].

Analysis for Strongly Convex and Smooth Functions. We start with just utilizing the strong convexity assumption. The
following lemma provides a bound on the expected error on individual iterate wt for strongly convex functions.



Lemma B.6. Let F be a λ-strongly convex function over a convex set C, and E[‖ĝt‖2] ≤ G2 for t ∈ [T ] (where ϑt = Φtĝt).
Then if we pick ηt = 2/(λt) and βt = 1/t, Algorithm COMPSGD satisfies for every t ∈ [T ]:

E[‖wt −w?‖2] ≤ 4G2

λ2t
.

Proof. We start with Lemma 2.2 with w = w?

(1− βt)‖wt+1 −w?‖2 ≤ ‖wt − ηtĝt −w?‖2.

Using strong convexity,
E[〈ĝt,wt −w?〉] ≥ E[F (wt)− F (w?) + (λ/2)‖wt −w?‖2].

The fact that w? is a minimizer of F in C also implies that

F (wt)− F (w?) ≥ (λ/2)‖wt −w?‖2.

Using these inequalities, E[‖(wt − ηtĝt)−w?‖2] can be bounded as,

E[‖(wt − ηtĝt)−w?‖2] = E[‖wt −w?‖2]− 2ηt E[〈ĝt,wt −w?〉] + η2
tG

2

≤ E[‖wt −w?‖2]− 2ηt E[F (wt)− F (w?) + (λ/2)‖wt −w?‖2] + η2
tG

2

≤ E[‖wt −w?‖2]− 2ηt E[(λ/2)‖wt −w?‖2 + (λ/2)‖wt −w?‖2] + η2
tG

2

= (1− 2ληt)E[‖wt −w?‖2] + η2
tG

2.

Plugging this into Lemma 2.2,

(1− βt)E[‖wt+1 −w?‖2] ≤ (1− 2ηtλ)E[‖wt −w?‖2] + η2
tG

2.

Setting ηt = 2/(λt) gives,

(1− βt)E[‖wt+1 −w?‖2] ≤
(

1− 4

t

)
E[‖wt −w?‖2] +

4G2

λ2t2
.

Now, 1/(1− βt) ≤ (1 + 2βt) if βt ≤ 1/2. Therefore,

E[‖wt+1 −w?‖2] ≤ (1 + 2βt)

((
1− 4

t

)
E[‖wt −w?‖2] +

4G2

λ2t2

)
.

From Lemma 2 of [Rakhlin et al., 2011], for any w1 ∈ C, E[‖w1 −w?‖2] ≤ 4G2/λ2. The rest of the proof proceeds by
induction using t = 2 as the base case. The base case can be verified by substituting t = 2 in the above equation, and
by noting that the left hand side is always non-negative. By inductive hypothesis, E[‖wt −w?‖2] ≤ 4G2/(λ2t), we can
complete the proof by noting (after some algebraic manipulation) that,(

1 +
2

t

)(
4G2

λ2t
− 12G2

λ2t2

)
≤ 4G2

λ2(t+ 1)
.

The following theorem is a simple consequence of the above lemma using the definition of smoothness at the minimizer w?.

Theorem B.7. Let F be a λ-strongly convex and µ-smooth function over a convex set C, and E[‖ĝt‖2] ≤ G2 for all t ∈ [T ]
(where ϑt = Φtĝt). Then with ηt = 2/(λt) and βt = 1/t, Algorithm COMPSGD satisfies:

E[F (wT )− F (w?)] = O

(
µG2

λ2T

)
.

Analysis for Strongly Convex Functions without Smoothness. We now focus on non-smooth optimization that appear in
many machine learning applications (such as in SVMs). For SGD, the log T factor appearing in the analysis can be removed
through careful stepsize selection [Jain et al., 2019].



Theorem B.8. Let F be a λ-strongly convex function over a convex set C, and E[‖ĝt‖2] ≤ G2 for all t ∈ [T ] (where
ϑt = Φtĝt). Then with ηt = 2/(λt) and βt = 1/t, Algorithm COMPSGD satisfies:

E[F (wT )− F (w?)] = O

(
G2(1 + log(T ))

λT

)
.

Proof. Let gt denote a subgradient of F at wt. Again, we start with Lemma 2.2,

(1− βt)‖wt+1 −w‖2 ≤ ‖wt − ηtĝt −w‖2.

Taking expectation on both sides,

(1− βt)E[‖wt+1 −w‖2] ≤ E[‖(wt − ηtĝt)−w‖2‖] ≤ E[‖wt −w‖2]− 2ηt E[〈gt,wt −w〉] + η2
tG

2.

Let k be an arbitrary element in {1, . . . , dT/2e}. Extracting the inner product, summing over all t = T − k, . . . , T , and
rearranging, we get

T∑
t=T−k

E [〈gt,wt −w〉]

≤ 1

2ηT−k
E[‖wT−k −w‖2] +

1

2

T∑
t=T−k+1

E[‖wt −w‖2]

(
1

ηt
− 1

ηt−1
+

βt
ηt−1

)
+
G2

2

T∑
t=T−k

ηt.

By convexity, we can lower bound E[〈gt,wt −w〉] ≥ E[F (wt)− F (w)]. Using this and substituting for ηt and βt,

E

[
T∑

t=T−k

(F (wt)− F (w))

]

≤ λ(T − k)

4
E[‖wT−k −w‖2] +

λ

4

T∑
t=T−k+1

E[‖wt −w‖2] +
λ

4

T∑
t=T−k+1

E[‖wt −w‖2]
(t− 1)

2t
+
G2

λ

T∑
t=T−k

1

t

≤ λ(T − k)

4
E[‖wT−k −w‖2] +

3λ

8

T∑
t=T−k+1

E[‖wt −w‖2] +
G2

λ

T∑
t=T−k

1

t
. (13)

Picking w = wT−k, and using Lemma B.6,

E[‖wt −wT−k‖2] ≤ 2E[‖wt −w?‖2 + ‖wT−k −w?‖2] ≤ 8G2

λ2

(
1

t
+

1

T − k

)
≤ 32G2

λ2T
,

where we have used that t ≥ T − k. Plugging this into (13)

E

[
T∑

t=T−k

(F (wt)− F (w))

]
≤ 12G2k

λT
+
G2

λ

T∑
t=T−k

1

t
.

The remainder of the proof follows as in Theorem 1 of [Shamir and Zhang, 2013], where starting from the previous equation
it can be shown that,

E [F (wT )− F (w?)] = O

(
G2(1 + log(T ))

λT

)
.

Analysis for Convex Functions. The analysis from Theorem B.8 can also be extended to a case of a general convex function
without any assumption on strong convexity or smoothness.

Theorem B.9. Let F be convex function over a convex set C, and E[‖ĝt‖2] ≤ G2 for all t ∈ [T ] (where ϑt = Φtĝt). Then
with ηt = ϕ/

√
t (for some constant ϕ) and βt = 1/t, Algorithm COMPSGD satisfies:

E[F (wT )− F (w?)] = O

((
‖C‖2

ϕ
+ ϕG2

)
log T√
T

)
.

In particular with ϕ = ‖C‖/G, E[F (wT )− F (w?)] = O
(
‖C‖G log T/

√
T
)

.



Proof. The proof begins the same as in Theorem B.8, with k now being from the set [T − 1].

T∑
t=T−k

E [〈gt,wt −w〉]

≤ 1

2ηT−k
E[‖wT−k −w‖2] +

1

2

T∑
t=T−k+1

E[‖wt −w‖2]

(
1

ηt
− 1

ηt−1
+

βt
ηt−1

)
+
G2

2

T∑
t=T−k

ηt.

Setting w = wT−k, ηt = ϕ/
√
t, E[‖wt −w‖2] ≤ 4‖C‖2 (by assumption on the diameter of C).

T∑
t=T−k

E [〈gt,wt −w〉] ≤ 2‖C‖2

ϕ
(
√
T −
√
T − k) +

2‖C‖2

ϕ

T∑
t=T−k+1

√
t− 1

t
+
G2ϕ

2

T∑
t=T−k

1√
t

≤ 2‖C‖2

ϕ
(
√
T −
√
T − k) +

2‖C‖2

ϕ

T∑
t=T−k+1

1√
t

+
G2ϕ

2

T∑
t=T−k

1√
t

≤ 2‖C‖2

ϕ
(
√
T −
√
T − k) +

2‖C‖2

ϕ
2(
√
T −
√
T − k) +

G2ϕ

2
2(
√
T −
√
T − k − 1),

where we have used the fact that
∑T
t=T−k 1/

√
t ≤ 2(

√
T −

√
T − k − 1) and

∑T
t=T−k+1 1/

√
t ≤ 2(

√
T −

√
T − k).

Simplifying the above bound (using that (
√
T −
√
T − k − 1) ≥ (

√
T −
√
T − k)), we get

T∑
t=T−k

E [〈gt,wt −w〉] ≤
(

6‖C‖2

ϕ
+G2ϕ

)
(
√
T −
√
T − k − 1).

Using the convexity bound E[〈gt,wt −wT−k〉] ≥ E[F (wt)− F (wT−k)],

E

[
T∑

t=T−k

F (wt)− F (wT−k)

]
≤
(

6‖C‖2

ϕ
+G2ϕ

)
(
√
T −
√
T − k − 1).

The remainder of the proof follows as in Theorem 2 of [Shamir and Zhang, 2013], whose proof can be used to show, starting
from the previous equation,

E [(F (wT )− F (w?))] = O

((
‖C‖2

ϕ
+ ϕG2

)
log T√
T

)
.

B.3 MISSING DETAILS FROM SECTION 2.2

Dataset Description. Here we evaluate on three common datasets: a) MNIST (60,000 28× 28 grayscale images of the 10
digits, along with a test set of 10,000 images) [LeCun et al., 1998], b) Reuters newswire topics (11,228 newswires from
Reuters split as 8982 train and 2246 test, labeled over 46 topics) [Keras, 2017], and c) IMDB movie reviews sentiment
(50,000 movies reviews from IMDB split as 25000 train and 25000 test, labeled by sentiment positive/negative) [Maas
et al., 2011]. For the Reuters and IMDB datasets, we use the top 10000 words from each dataset respectively for input
representation, i.e., d = 10000.

Different Constraint Sets. In Figure 5, we present results on some other popular constraint sets. In Figure 5a, we plot the
results (objective value) for a least-squares problem: minw ‖y−Aw‖2 subject to a constraint that w lies in a 10-dimensional
subspace U ⊂ Rd. Here, matrix A ∈ Rn×d is random standard Gaussian matrix and y ∈ Rn where y = Aw? with a
random w? picked from U , and n = 1000, d = 10000. The Gaussian width of U is

√
10, and the dimensionality of utilized

gradients by Algorithm COMPSGD in various epochs is presented in Figure 5b.

In Figure 5c, we use the same setup, except now the constraint on w is that it lies in a positive simplex S, and w? is
randomly picked from this positive simplex S. Again, and the dimensionality of utilized gradients by Algorithm COMPSGD
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Figure 3: Training accuracy for: (a) logistic regression with `1-constraint on MNIST dataset, (b) logistic regression with
`1-constraint on Reuters dataset, and (c) logistic regression with `1-constraint on IMDB dataset. Note that the performance
of SGD and COMPSGD are almost identical. (d) Comparison of dimensionality of the utilized gradients on IMDB dataset.
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Figure 4: Performance of Algorithm COMPSGD for solving logistic regression with `1-constraint on Reuters dataset. The
error bars show one standard deviation computed across 10 runs.
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0 5 10 15 20
Epoch

101

103

Ob
je

ct
iv

e 
Va

lu
e SGD

CompSGD

(c) Least squares regression un-
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(d) Dimensionality of gradients
used for least squares regression
under simplex constraint.

Figure 5: Least-squares objective with different constraint sets on a synthetic dataset.

in various epochs is presented in Figure 5d. The key takeaway is that the performance of COMPSGD is again quite identical
to regular SGD while utilizing much lower-dimensional gradients.

Experimental Results on Nonconvex Functions. We optimize the network under an `1-constraint on weights in each layer.
Since computing exactly the βt and batchsize provided in the theoretical bounds is hard in practice, we use a fixed batchsize
of 32 and set mt = di/10 for each layer i, where di is the original number of parameters in layer i. The results show that one
can match SGD (or even marginally improve) performance with lower-dimensional gradients using Algorithm COMPSGD.
The training accuracy plots presented in Figure 6 also exhibit a similar behavior.

In terms of the running time, for the MNIST, Reuters, and IMDB datasets, SGD took an average of 24.77, 30.23, 72.48
seconds per epoch respectively, whereas Algorithm COMPSGD took an average of 28.83, 34.01, 78.51 seconds per
epoch respectively. So, for example on the IMDB dataset, CompSGD is only about 8.3% slower than SGD, however the
dimensionality of utilized gradients is reduced by a factor of 10.
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Figure 6: Training accuracy of a MLP network with SGD and COMPSGD on different datasets. Note that the performance
of SGD and COMPSGD are almost identical.

C DIFFERENTIALLY PRIVATE ERM WITH NONCONVEX FUNCTIONS

We consider the standard Empirical Risk Minimization (ERM) framework. Given a dataset D = {z1, . . . , zn} from a data
universe Dn, the goal in ERM is to

min
w∈C

F (w;D) :=
1

n

n∑
i=1

f(w; zi),

where f : Rd → R is the loss of model w ∈ Rd for data record zi. This formulation also captures regularized ERM, in
which an additional function r(w) is added to the loss function to penalize certain types of solutions. One can fold the
regularizer r(·) into the data-dependent functions by replacing f(w; zi) by f(w; zi) + r(w)/n.

Our Approach. We start with the simple differentially private gradient descent (DP-SGD) algorithm [Song et al., 2013,
Bassily et al., 2014].3 The basic idea is to perturb each intermediate update by adding noise to the gradients.

DP-SGD iteration: θt+1 ← θt − ηt (∇F (w;D) + e) , (14)

where ηt is the learning rate and e ∼ N (0, σ2Id) is the calibrated noise to achieve (ε, δ)-differential privacy. The fact that
∇F (w;D) ∈ Rd, means that the popular Gaussian mechanism (Theorem A.1) idea in DP has E[‖e‖2] = σ2d that brings
about the dependence on the dimension d into the utility analysis.

Algorithm PRIVSGD: Differentially Private SGD with Dimensionality-reduced Gradients

Input: Dataset D = (z1, . . . , zn), privacy parameters (ε, δ), learning rate parameters {ηt}, projection dimension
parameters {βt}.

1. Pick w1 as any point in C
2. for t = 1 to T do

a. Set mt ← min{d, c · ω(C)2/β2
t } (for some constant c)

b. Let Φt ∈ Rmt×d ∼i.i.d N (0, 1/mt)

c. Set σ2 ← 32L2T log(1/δ)
n2ε2

d. Let st ← ‖∇F (wt;D)‖
‖Φt∇F (wt;D)‖

e. Let θt ← ΠΦtC(Φtwt − ηt(stΦt∇F (wt;D) + e)) where e ∼ N (0, σ2Im) (fresh noise)
f. Let wt+1 ← pick any element from the set St = {w ∈ C : Φtw = θt} (e.g., by solving (2))

An approach to reduce the dependence on d arising from noise addition in (14) is to reduce the dimensionality of the gradient
vector. For example, if we take Φ ∈ Rm×d with entries drawn i.i.d from N (0, 1/m), then Φ∇F (w;D) ∈ Rm. Therefore,
by using the Gaussian mechanism now, one could add noise as: Φ∇F (w;D) + e where e ∼ N (0, σ2Im). This roughly

3A background in differential privacy is provided in Appendix A.



changes the dependence on d to m in the convergence analysis. This idea is formalized in Algorithm PRIVSGD. We assume
that ‖∇f(w; ·)‖ is uniformly bounded by L for all w ∈ C, and also f is µ-smooth and continuously differentiable in the
first parameter. We use (full) gradient descent here for simplicity.

The proof of (ε, δ)-DP of Algorithm PRIVSGD is fairly straightforward based on the privacy guarantees of Gaussian
mechanism (see Theorem A.1), and the strong composition (see Theorem A.2) and follows as in [Bassily et al., 2014,
Theorem 2.1]. The normalizing factor st ensures that ‖stΦt∇F (wt;D)‖ = ‖∇F (wt;D)‖ ≤ L (by our assumption), thus
bounding the `2-global sensitivity (see Appendix A) defined as

sup
D,D′neighbors

‖stΦt∇F (wt;D)− stΦt∇F (wt;D
′)‖ ≤ 2L.

Moreover, Algorithm COMPSGD can release all the intermediate wt’s without damaging the privacy guarantee as differential
privacy is immune to post processing [Dwork et al., 2006b].

Claim C.1. Algorithm PRIVSGD is (ε, δ)-DP.

We focus on the utility guarantees of Algorithm PRIVSGD using the previously established convergence bounds on
Algorithm COMPSGD. Table 4 summarizes our results. These are the first results in differentially private nonconvex
optimization which provides meaningful guarantees when n� ω(C) rather than requiring n�

√
d. Note that there will be

an increase in the sample size with the number of rounds for any differentially private SGD algorithm due to the fact it will
have to use some composition result (such as Theorem A.2) to account for accumulation of privacy parameters over multiple
rounds.

The following corollaries follow from Theorems 2.4 and B.5, where the role of ζ/
√
b is replaced by σ (the variance in the

coordinates of e).

Corollary C.2 (From Theorem 2.4). Let f be µ-smooth and continuously differentiable function over a convex set C. Let
‖∇f(w; ·)‖ ≤ L for all w ∈ C. Let ρ ∈ (0, 1) and α > 0. In Algorithm PRIVSGD, let T = Θ((F (w1) − F ?)(L +
µ‖C‖)2/(µα2ρ)), ηt = η = 1/µ, and βt = β = min{1/4, (µα2)/(64L‖C‖(L+µ‖C‖)2)}, Output the first wτ (if it exists)
in (w1, . . . ,wT ) such that ‖wτ −wτ+1‖ ≤ α/(L+ µ‖C‖) and ⊥ (fail) otherwise. Then, with probability at least (1− ρ)2,
this procedure outputs a wτ that is an α-FOSP for F , if the sample size n ≥ 1 satisfies:

n = Ω

(
min

{
ω(C)
β

,
√
d

}
·
‖C‖(L+ µ‖C‖)2L

√
T log(1/δ)

√
ρα2µε

)
.

Proof Sketch. The proof is identical to Theorem 2.4, so we just give the high-level idea. Again, we establish the proof over
two parts.

1. If wτ exists, then with probability at least 1− ρ, wτ is an α-FOSP.

2. If T = Ω
(

(F (w1)−F?)(L+µ‖C‖)2
µα2ρ

)
, then with probability at least 1− ρ, wτ exists in (w1, . . . ,wT ).

Let gt = ∇F (wt;D). For the first part assume wτ exists. We replace the role of Φtḡt in Theorem 2.4 by Φtgt + et. By
noting that EΦt [st] = 1, it is easy to derive an expression similar to (8),

min
w∈C
〈gτ ,w −wτ 〉 ≥ −(1 + β)(µ‖C‖‖wτ −wτ+1‖+ L‖wτ −wτ+1‖+ ‖C‖‖eτ‖),

which suffices to establish the first part. For the second part, similar to (9), we get,

〈gt,wt+1 −wt〉 ≤ EΦt [〈stΦtgt + et,Φt(wt+1 −wt)〉] + ‖et‖‖wt+1 −wt‖+ β‖gt‖‖wt+1 −wt‖.

The reminder of the proof proceeds identical to Theorem 2.4.

Using Theorem B.5 one could also get a bound on Algorithm PRIVSGD for achieving stationarity based on compressed
gradient mapping.

Corollary C.3 (From Theorem B.5). Let f be µ-smooth and continuously differentiable function over a convex set C. Let
‖∇f(w; ·)‖ ≤ L for all w ∈ C. Let α > 0. In Algorithm PRIVSGD, let T = Θ(µ(F (w1)− F ?)/α2), ηt = η = 1/(2µ),
and βt = β = min{1/4, α2/(µL‖C‖)}. Output a uniformly at random iterate wk from {w1, . . . ,wT }. Then, wk satisfies
the α-compressed gradient mapping condition (Definition 8) in expectation, if the sample size n ≥ 1 satisfies:

n = Ω

(
max

{
min

{
ω(C)
β

,
√
d

}
·
µ‖C‖L

√
T log(1/δ)

εα2
,min

{
ω(C)
β

,
√
d

}
·
L
√
T log(1/δ)

εα

})
.



Guarantee DP-SGD Sample Size Reqd. Algorithm PRIVSGD Sample Size Reqd.

α-FOSP Ω

(√
d · ‖C‖(L+µ‖C‖)2L

√
T log(1/δ)

√
ρα2µε

)
Ω

(
min

{
ω(C)
β
,
√
d
}
· ‖C‖(L+µ‖C‖)2L

√
T log(1/δ)

√
ρα2µε

)
α-comp. gradient mapping ≈ Ω

(√
d · µ‖C‖L

√
T log(1/δ)

εα2

)
≈ Ω

(
min

{
ω(C)
β
,
√
d
}
· µ‖C‖L

√
T log(1/δ)

εα2

)
Table 4: Comparison of sample size (n) needed for achieving a first-order stationarity condition for a nonconvex µ-smooth
function under (ε, δ)-DP. Assume ‖∇f(w; ·)‖ is uniformly bounded by L for all w ∈ C. The settings of β and the upper
bound on T are from Corollaries C.2 and C.3.

D REDUCING COMMUNICATION IN DISTRIBUTED SYNCHRONOUS SGD

Training very large machine learning models requires a distributed computing approach, with communication of the model
updates often being the bottleneck. This is especially true in the federated learning setting where clients are mobile devices
with expensive up-link communication cost [McMahan et al., 2017].

Here we consider a distributed synchronous model. Let us assume that there are M clients, numbered 1, . . . ,M . Let
F (w) : Rd → R. We investigate the following optimization problem

min
w∈C

F (w) :=
1

M

M∑
i=1

fi(w), (15)

where each fi resides at the ith client. As an illustration of the above setup, consider a machine learning problem, with
data {z1, . . . , zn} partitioned on the clients, with Pi the set of indexes of datapoints on client i, then with fi(w) =
M
n

∑
j∈Pi f(w; zj), we get F (w) = 1

n

∑n
i=1 f(w; zi).

In each iteration t of synchronous SGD, the server randomly picks a set Rt of κ ≥ 1 clients and sends them the current
model parameter wt. Each of these selected client i computes ĝ(i)

t an independent stochastic (sub)gradient of fi at wt, and
communicates ĝ(i)

t back to the server. The central server then aggregates these gradients and applies the update

wt+1 ← wt −
ηt
κ

∑
i∈Rt

ĝ
(i)
t .

Naively for the above protocol, the resulting per round communication is roughly κ · (32d) bits (assuming 32-bit floating
point numbers).

Prior gradient encoding works focus on reducing the communication cost of κ · (32d) to κ · (γd) where γ < 32. However,
an important point is that, in general, none of these prior encoding techniques inherently change the dimensionality of the
gradient and also suffer from inflated variance when γ is really small. With only constant variance blowup, Ω(d) bits per
iteration is also necessary if C = Rd (unconstrained setting), see, e.g., communication complexity lower bound of distributed
mean estimation [Zhang et al., 2013]. We show that in-fact we can go beyond these worst-case bounds by exploiting
properties of the constraint set C. Our results (Theorems B.7, B.8, B.9, 2.4, and B.5) already show that, by transmitting
lower-dimensional gradients, we can reduce communication costs, while preserving the convergence guarantees to within
constant factor of the regular distributed SGD. The reduction of d is especially important as it is common to have d > 108 in
deep networks. In this section, we build on these results and show that in fact one can use any unbiased gradient compression
scheme on top of our idea of utilizing lower-dimensional gradients.

Our Approach. For a formal analysis, we define a contraction operator to capture a general class of existing unbiased
gradient encoding schemes. We define a contraction operator as a (possibly randomized) function Ca defined as mapping
from Ra → Ra for a ∈ N that satisfies these following common assumptions:

∀v ∈ Ra,E[Ca(v)] = v (unbiasedness) and E[‖Ca(v) − v‖2] ≤ χCa‖v‖2 (variance bound). (16)

Let γCa denote the bits needed to communicate Ca(v) from a client to server. This general notion captures many common
unbiased quantization techniques such as stochastic rounding [Alistarh et al., 2017, Wen et al., 2017], vector quantization
techniques such as vqSGD [Gandikota et al., 2019], and sparsification techniques such as random sparsification [Stich et al.,
2018]. As an example, the quantization technique of [Alistarh et al., 2017] satisfies χCa = 1 and γCa ≈ 2.8a+ 32 for all
a ∈ N.



Our procedure is presented in Algorithm COMPDISTSGD. The overall idea is simple, take a random projection of a
gradient and then apply the contraction operator Cmt . More formally, client i at iteration t will transmit Cmt(Φtĝ

(i)
t ). The

total communication cost in iteration t equals κ · γCmt bits. This saves at least a factor γCd/γCmt over just applying the
contraction operator over the true gradients in each iteration t, which could be significant when mt � d.4 For example, if C
is the quantization technique of [Alistarh et al., 2017], then γCd/γCmt ≈ d/mt where mt ≈ ω(C)2/β2

t , and for sets C such
as the unit l1-ball, ω(C)2 = O(log d).

Algorithm COMPDISTSGD

Setup: M clients numbered 1, . . . ,M , each with function fi. Contraction operator C. Batchsize b. Learning rate
parameters are {ηt} and projection dimension parameters are {βt}.
ServerUpdate: //Run on the server

1. Pick w1 as any point in C
2. Set mt ← min{d, c · ω(C)2/β2

t } (for some constant c)
3. For t = 1 to T do

a. Let Φt ∈ Rmt×d be an i.i.d. random projection matrix
b. Let Rt ← random set of κ clients chosen from [M ] (with replacement)
c. For each client i ∈ Rt (in parallel do)

ϑ
(i)
t ← ClientUpdate(i,wt,Φt)

c. Let θt ← ΠΦtC

(
Φtwt − ηt

κ

∑
i∈Rt ϑ

(i)
t

)
d. Let wt+1 ← pick any element from the set St = {w ∈ C : Φtw = θt} (e.g., by solving (2))

ClientUpdate(i,wt,Φt): //Run on Client i
1. Compute ĝ

(i)
t as independent stochastic (sub)gradient of fi at wt

2. Return Cmt(Φtĝ
(i)
t ) back to the server

The cost of communicating Φt is not significant as it can be achieved using various techniques such as one-to-all broadcasting.
In practice, Φt will be generated by a pseudorandom generator initialized by some seed, so by just communicating the seed
we can regenerate Φt at each device.

For our analysis, we make the following assumptions. Let∇fi(wt) denote the (sub)gradient of fi at wt.

Assumption A: E[‖ĝ(i)
t ‖2] ≤ G2, Assumption B: E[‖ĝ(i)

t −∇fi(wt)‖2] ≤ ζ2, ∀i ∈ [M ], t ∈ [T ],

Assumption C: Ei[‖∇fi(w)−∇F (w)‖2] ≤ ϑ2 ∀w ∈ C. (17)

Assumptions A and B are similar to (4) on the subgradients. Assumption C is also common in the distributed SGD literature
as a measure of non-iidness among clients, and is referred to as bounded inter-client gradient variance [Kairouz et al., 2019,
Lian et al., 2018, Jiang and Agrawal, 2018].

Lemma D.1. Let ḡt = 1
κ

∑
i∈Rt Cmt(Φtĝ

(i)
t ). Then (over all randomness in Algorithm COMPDISTSGD) (a) E[ḡt] =

1
κ

∑
i∈Rt Φt∇fi(wt) (unbiasedness), (b) E[‖ḡt‖2] ≤ 2(

χCmtG
2

κ +G2) (second moment), and (c) E[‖ḡt−Φt∇F (wt)‖2] ≤
2(χCmtG

2 + ζ2 + ϑ2)) (variance).

Proof. From unbiasedness of contraction operator and ĝ
(i)
t , the unbiasedness follows. For Part (b) (expectation over all

4As γCa would be a non-decreasing function in a, i.e., cost of communicating a longer vector can’t be less than one for a shorter
vector.



randomness in Algorithm COMPDISTSGD),

E[‖ 1

κ

∑
i∈Rt

Cmt(Φtĝ
(i)
t )‖2] = E[‖ 1

κ

∑
i∈Rt

Cmt(Φtĝ
(i)
t )− 1

κ

∑
i∈Rt

Φtĝ
(i)
t +

1

κ

∑
i∈Rt

Φtĝ
(i)
t ‖2]

= E[‖ 1

κ

∑
i∈Rt

Cmt(Φtĝ
(i)
t )− 1

κ

∑
i∈Rt

Φtĝ
(i)
t ‖2] + E[‖ 1

κ

∑
i∈Rt

Φtĝ
(i)
t ‖2]

=
1

κ2

∑
i∈Rt

E[‖Cmt(Φtĝ
(i)
t )− Φtĝ

(i)
t ‖2] + E[‖ 1

κ

∑
i∈Rt

Φtĝ
(i)
t ‖2]

≤ (1 + βt)(
χCmtG

2

κ
+G2).

Here, we used Cmt(Φtĝ
(i)
t ) − Φtĝ

(i)
t are mean 0 and independent random variables. The last inequality follows from

assumption on the contraction operator C, Assumption A in (17). We also use the guarantees from Theorem A.3 or
Theorem A.4 to remove Φt. Using the fact that βt ≤ 1/4, completes this part.

For Part (c) (expectation over all randomness in Algorithm COMPDISTSGD),

E[‖ 1

κ

∑
i∈Rt

Cmt(Φtĝ
(i)
t )− Φt∇F (wt)‖2]

= E[‖ 1

κ

∑
i∈Rt

Cmt(Φtĝ
(i)
t )− 1

κ

κ∑
i=1

Φt∇F (wt)−
1

κ

∑
i∈Rt

Φt∇fi(wt) +
1

κ

∑
i∈Rt

Φt∇fi(wt)‖2]

= E[‖ 1

κ

∑
i∈Rt

Cmt(Φtĝ
(i)
t )− 1

κ

∑
i∈Rt

Φt∇fi(wt)‖2] + E[‖ 1

κ

∑
i∈Rt

Φt∇fi(wt)−
1

κ

κ∑
i=1

Φt∇F (wt)‖2]

=
1

κ2
E[‖

∑
i∈Rt

Cmt(Φtĝ
(i)
t )−

∑
i∈Rt

Φt∇fi(wt)−
∑
i∈Rt

Φtĝ
(i)
t +

∑
i∈Rt

Φtĝ
(i)
t ‖2] +

1

κ2
E[‖

∑
i∈Rt

Φt∇fi(wt)−
κ∑
i=1

Φt∇F (wt)‖2]

=
1

κ

∑
i∈Rt

E[‖Cmt(Φtĝ
(i)
t )− Φtĝ

(i)
t ‖2] +

1

κ

∑
i∈Rt

E[‖Φtĝ(i)
t − Φt∇fi(wt)‖2] +

1

κ

∑
i∈Rt

E[‖∇fi(wt)−∇F (wt)‖2]

≤ (1 + βt)(χCmtG
2 + ζ2 + ϑ2),

where the last inequality follows from assumption on the contraction operator C, Assumptions A, B, C in (17). We also use
the guarantees from Theorem A.3 or Theorem A.4 to remove Φt. Using the fact that βt ≤ 1/4, completes this part.

The following results follow from Theorems B.7, B.8, B.9, 2.4, and B.5 using the bounds from Lemma D.1. For simplicity,
we assume that χCa is a non-decreasing function in a, an assumption that is true for all known contraction operators.

Corollary D.2. Consider the optimization problem minw∈C F (w) := 1
M

∑M
i=1 fi(w). Let G′2 = 2(χCdG

2/κ+G2). Let
ζ ′2 = 2(χCdG

2 + ζ2 + ϑ2).
1. Let Assumption A in (17) hold. Let F be λ-strongly convex and µ-smooth over C, then Algorithm COMPDISTSGD
with ηt = 2/(λt) and βt = 1/t satisfies: E[F (wT )− F (w?)] = O

(
µG′2/(λ2T )

)
.

2. Let Assumption A in (17) hold. Let F be λ-strongly convex over C, then Algorithm COMPDISTSGD with ηt = 2/(λt)
and βt = 1/t satisfies: E[F (wT )− F (w?)] = O

(
G′2(1 + log(T ))/(λT )

)
.

3. Let Assumption A in (17) hold. Let F be a convex function over C, then Algorithm COMPDISTSGD with ηt =

‖C‖/(G′
√
t) and βt = 1/t satisfies: E[F (wT )− F (w?)] = O

(
‖C‖G′ log T/

√
T
)
.

4. Let Assumptions A, B, C in (17) hold. Let F be a µ-smooth and continuously differentiable function over C. Let ρ ∈
(0, 1) and α > 0. Consider Algorithm COMPDISTSGD with ηt = 1/µ, βt = min{1/4, (µα2)/(64G′‖C‖(G+µ‖C‖)2)},
and κ = Ω((1/ρ) ·max{1, (‖C‖ζ ′(G+ µ‖C‖)2/(α2µ))2}). Output the first wτ (if it exists) in (w1, . . . ,wT ) such that
‖wτ −wτ+1‖ ≤ α/(G+ µ‖C‖) and ⊥ (fail) otherwise. Then, if T = Ω((F (w1)− F ?)(G+ µ‖C‖)2/(µα2ρ)), with
probability at least (1− ρ)2, this procedure outputs a wτ that is an α-FOSP for F .

5. Let Assumptions A, B, C in (17) hold. Let F be a µ-smooth and continuously differentiable function over
C. Let α > 0. Consider Algorithm COMPDISTSGD with ηt = 1/(2µ), βt = min{1/4, α2/(µG′‖C‖)}, and



κ = Ω(max{1, ζ ′2/α2, ζ ′2‖C‖2µ2/α4}). Output a random iterate wk from {w1, . . . ,wT }. Then, if T = Ω(µ(F (w1)−
F ?)/α2), wk satisfies the α-compressed gradient mapping condition in expectation.

Proof Sketch. For Parts 1, 2, and 3, the following variant of Lemma 2.2 holds. For any t ∈ [T ],

(1− βt)E[‖wt+1 −w‖2] ≤ E[‖wt − ηt∇F (wt)−w‖2] + η2
t (
χC
κ

+ 1)G2.

The reminder of the proofs for Parts 1, 2, and 3 follow identical to Theorems B.7, B.8, B.9, respectively (after replacing
Lemma 2.2 with the above inequality).

For Part 4, assuming wτ exists, we can derive an expression similar to (8),

min
w∈C
〈∇F (wτ ),w −wτ 〉

≥ −(1 + β)

(
µ‖C‖‖wτ −wτ+1‖+G‖wτ −wτ+1‖+ ‖C‖

∥∥∥∥∥Φτ∇F (wτ )− 1

κ

∑
i∈Rτ

Cmτ (Φτ ĝ
(i)
τ )

∥∥∥∥∥
)
.

We can use Lemma D.1 and follow proof of Theorem 2.4.

Part 5 follows from Theorem B.5 using similar ideas.

To take the blow-up in variance into account, in Table 5, we summarize the total communication cost (summed over all
rounds) for: i) distributed synchronous SGD, ii) distributed synchronous SGD with only the contraction operator, and
iii) Algorithm COMPDISTSGD which utilizes both the lower-dimensional gradients and the contraction operator. Note that
Algorithm COMPDISTSGD improves the communication costs for many constraint sets, and is never more than that the
case of distributed synchronous SGD with only the contraction operator.

Assumptions on F SGD SGD with Contraction C Algorithm COMPDISTSGD
and Guarantee (Total comm. cost) (Total comm. cost) (Total comm. cost)

λ-strongly convex, µ-smooth O
(
µG2

λ2α
d
)

O

(
µχCd

G2

λ2α
γCd

)
O

(
µχCd

G2

λ2α
min

{
γCd , γCr

})
(where r =

(
ω(C)µχCd

G2

λ2α

)2

)

E[F (wT )− F (w?)] ≤ α Rakhlin et al. [2011] (From Corollary D.2, Part 1)

λ-strongly convex Õ
(
G2

λα d
)

Õ
(
χCd

G′2
λα γCd

)
Õ

(
χCd

G2

λα min
{
γCd , γCr

})
(where r =

(
ω(C)χCd

G2

λα

)2

)

E[F (wT )− F (w?)] ≤ α Shamir and Zhang [2013] (From Corollary D.2, Part 2)

Convex Õ

(
G2‖C‖2

α2 d

)
Õ

(
χCd

G2‖C‖2

α2 γCd

)
Õ

(
χCd

G2‖C‖2

α2 min
{
γCd , γCr

})
(where r =

(
ω(C)χCd

G2‖C‖2

α2

)2

)

E[F (wT )− F (w?)] ≤ α Shamir and Zhang [2013] (From Corollary D.2, Part 3)

µ-smooth and diff. nonconvex O (κ1Td) O
(
κTγCd

)
O

(
κT min

{
γCd , γCr

})
(where r =

ω(C)2

β2
)

α-FOSP Mokhtari et al. [2018] (From Corollary D.2, Part 4)

µ-smooth and diff. nonconvex O (κ1Td) O
(
κTγCd

)
O

(
κT min

{
γCd , γCr

})
(where r =

ω(C)2

β2
)

α-comp. grad. mapping Ghadimi et al. [2016] (From Corollary D.2, Part 5)

Table 5: Comparison of the total communication costs of distributed synchronous SGD, distributed synchronous SGD with
contraction operator C, and our proposed Algorithm COMPDISTSGD for solving (15). For the first 3 rows, we set κ = 1.
The Õ(·) notation hides some logarithmic terms. The settings of κ, β, T for the last two rows are from Corollary D.2, Parts
4 and 5 respectively. Here, κ1 is the value of κ obtained by setting χCd = 1.

D.1 STOCHASTIC ROUNDING TECHNIQUE OF [Alistarh et al., 2017]

As an illustration, we present the stochastic rounding technique which is a popular example of a contraction operator. Let
s ≥ 1 be a tuning parameter. For any v = (v1, . . . ,va) ∈ Ra with v 6= 0, Ca(v, s) is defined as:

Ca(vi, s) = ‖v‖ · sign(vi) · ξi(v, s),

where ξi(v, s)’s are independent random variables defined as follows. Let 0 ≤ l < s be an integer such that |vi|/‖v‖ ∈
[l/s, (l + 1)/s]. Then ξi(v, s) = l/s with probability 1− p(|vi|/‖v‖, s) and (l + 1)/s otherwise. Here, p(a, s) = as− l
for any a ∈ [0, 1]. If v = 0, then Ca(v, s) = 0.



From [Alistarh et al., 2017, Lemma 3.1], for any vector v ∈ Ra, we have E[Ca(v, s)] = v, E[‖Ca(v, s) − v‖2] ≤
min{a/s2,

√
a/s}‖v‖2, and E[‖Ca(v, s)‖0] ≤ s(s +

√
a) (sparsity). The authors in [Alistarh et al., 2017] combine this

quantization with Elias coding to get better results.
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Figure 7: Performance comparison of training a MLP network with SGD vs. COMPDISTSGD on different datasets under
the stochastic gradient quantization technique of Alistarh et al. [2017] (without the Elias encoding part). The setup is similar
to Section 2.2. The dimensionality of gradients utilized in COMPDISTSGD experiments is a factor 10 smaller than that for
SGD. See Figure 2 for results without the quantization.
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Figure 8: Training accuracy of a MLP network with SGD and COMPDISTSGD on different datasets under the stochastic
gradient quantization technique of Alistarh et al. [2017] (without the Elias encoding part). The dimensionality of gradients
utilized in COMPDISTSGD experiments is a factor 10 smaller than that for SGD.

E FRANK-WOLFE WITH LOW-DIMENSIONAL GRADIENTS

The Frank-Wolfe (FW) optimization algorithm proposed by [Frank and Wolfe, 1956] (also known as conditional gradient
method), is another popular first-order method to solve (1) while only requiring access to a linear optimization oracle
(LOO) over C, i.e., the ability to compute efficiently LOO(r) := argmins∈C〈s, r〉. Frank-Wolfe is a remarkably simple
algorithm that given an initial guess w1 constructs a sequence of estimates w2, . . . that converges towards a solution of the
optimization problem. This algorithm has seen an impressive revival in recent years due to its low memory requirement and
projection-free iterations.

In this section, we show how one could recover the standard convergence guarantees of Frank-Wolfe algorithm with only
access to compressed gradients provided through the CSFO oracle. Algorithm COMPFW presents our scheme. The main
difference, compared to a traditional Frank-Wolfe algorithm, is how we invoke the linear optimization oracle. A traditional
(stochastic) FW update computes a stochastic approximation to the gradient at the current iterate wt and invokes the LOO
oracle with it. This gives the element in C that correlates the most with the steepest descent (the negative stochastic gradient).
We use a similar idea but instead solve a linear minimization problem with the compressed gradients over the set ΦtC. We
then utilize the lifting idea from (2) to compute st ∈ C which is then used to take a step in the direction dictated by st −wt.
Algorithm COMPFW is also projection-free.



In Algorithm COMPFW, the linear minimization problem is over domain ΦtC. Again, the fact that ΦtC is a linear transform
of C could come in handy. For example, if C is convex hull (polytope) over l vectors in Rd, then ΦtC is also a convex hull
over l vectors in Rmt . Linear optimization over convex hulls is simple as the minimum is achieved at one of the extreme
points.

We start here on the nonconvex case. The following theorem shows that for smooth nonconvex functions Algo-
rithm COMPFW, after O(α−2) iterations, converges to an α-FOSP (with high probability). Now typical analyses of
Frank-Wolfe algorithms rely on bounding the Frank-Wolfe (duality) gap that measures how close the iterate is to be a
first-order stationary point. The Frank-Wolfe (FW) gap at iterate wt is defined as: maxs∈C 〈s−wt,−∇F (wt)〉. However,
since we do not have access to the true (or even the stochastic gradients) computing this FW gap is not possible. We
overcome this issue by constructing an approximation to the true Frank-Wolfe gap through the 〈ϑ̄t,Φt(st −wt)〉 term and
using it as a stopping condition. In particular, we show that when 〈ϑ̄t,Φt(st −wt)〉 ≥ −α, then we do achieve an α-FOSP
(with high probability).

Algorithm COMPFW: Frank-Wolfe with Dimensionality Reduced Gradients

Objective: minw∈C F (w)
Input: Convex set C, learning rate parameters {ηt}, and projection dimension parameters {βt}.

1. Pick w1 as any point in C
2. for t = 1, . . . do

a. Set mt ← Ω
(
ω(C)2/β2

t

)
b. Let Φt ∈ Rmt×d ∼i.i.d N (0, 1/mt)

c. Let ϑ̄t ← 1
b

∑b
i=1 CSFO(wt,Φt) (b independent invocations of CSFO oracle)

d. Let θt ← argminθ∈ΦC 〈θ, ϑ̄t〉5
e. Let st ← pick any element from St = {w : Φtw = θt} (e.g., by solving (2))
f. wt+1 ← wt + ηt(st −wt)

Theorem E.1. Let F be µ-smooth and continuously differentiable function over a convex set C. Let the assumptions in (4)
hold. Let ρ ∈ (0, 1) and α > 0. Consider Algorithm COMPFW with output of first wτ (if it exists) in (w1, . . . ,wT ) such
that 〈Φτθτ ,Φτ (sτ −wτ )〉 ≥ −α, and ⊥ (fail) otherwise. Set ηt = η = α

(16‖C‖2µ) , βt = β = α
G‖C‖ for all t ∈ [T ], and

batchsize b = Ω((1/ρ) · max{1, ζ
2‖C‖2
α2 }). Then, if T = Ω( (F (w1)−F?)‖C‖2µ

(α2ρ) ), with probability at least (1 − ρ)2, this
procedure outputs a wτ that is an α-FOSP for F .

Proof. We use an idea similar to Theorem 2.4. Again, we establish this result over two steps.
1. If wτ exists, then with probability at least 1− ρ, wτ is an α-FOSP.

2. If T = Ω( (F (w1)−F?)‖C‖2µ
(α2ρ) ), then with probability at least 1− ρ, wτ exists in (w1, . . . ,wT ).

Note that under our assumptions, ‖∇F (wt)‖ ≤ G for all t ∈ [T ].

Let us start with the first part. For any t ∈ [T ], let gt = ∇F (wt) and ḡt = 1
b

∑b
i=1 ĝ

(i)
t where ĝ

(i)
t are independent

stochastic gradients of F (wt) used by CSFO oracle to compute ϑt in Step 2c of Algorithm COMPFW. Under this notation
ϑt = Φtḡt. Now for any w ∈ C,

〈gτ ,w −wτ 〉 = 〈ḡτ ,w −wτ 〉+ 〈gτ − ḡτ ,w −wτ 〉 ≥ 〈ḡτ ,w −wτ 〉 − ‖C‖‖gτ − ḡτ‖.

Now focusing on the 〈ḡτ ,w −wτ 〉 term,

〈ḡτ ,w −wτ 〉 ≥ EΦτ [〈Φτ ḡτ ,Φτ (w −wτ )〉]− βτ‖ḡτ‖‖w −wτ‖
≥ EΦτ [〈Φτ ḡτ ,Φτ (sτ −wτ )〉]− βτ‖ḡτ‖‖C‖
≥ −α− βτ‖ḡτ‖‖C‖,

5As in common in the Frank-Wolfe literature, see e.g. [Jaggi, 2013], an approximate linear oracle suffices for our results too (omitted
here for clarity).



where the second inequality comes the minimization problem solved in Algorithm COMPFW and the last inequality comes
by the assumption on wτ that 〈Φτ ḡτ ,Φτ (sτ −wτ )〉 = 〈ϑτ ,Φτ (sτ −wτ )〉 ≥ −α. Hence, we have that

〈gτ ,w −wτ 〉 ≥ −α− βτ‖ḡτ‖‖C‖ − ‖C‖‖gτ − ḡτ‖.

Since the above discussion holds any w ∈ C, we get that

min
w∈C
〈gτ ,w −wτ 〉 ≥ −α− βτ‖ḡτ‖‖C‖ − ‖C‖‖gτ − ḡτ‖.

Since E[‖gτ − ḡτ‖2] ≤ ζ2/b, we obtain from Markov’s inequality

Pr[‖gτ − ḡτ‖ ≤ α/‖C‖] ≥ 1− ζ2‖C‖2

bα2
.

Also, ‖ḡτ‖ ≤ G. With our setting of βτ , we get that with probability at least 1− ζ2‖C‖2
bα2 , we have,

min
w∈C
〈gτ ,w −wτ 〉 ≥ −c′′α,

for some constant c′′. By rescaling α to α/c′′, and using the lower bound on b, we get that wτ satisfies the α-FOSP.

We now establish the second part which bounds the expected number of iterations T , starting from any w1 ∈ C, before
reaching a 〈ϑ̄t,Φt(st−wT )〉 ≥ −α Consider any t ≤ T . By our assumption, 〈Φtḡt,Φt(st−wt)〉 = 〈ϑt,Φt(st−wt)〉 <
−α. The smoothness condition implies,

F (wt+1) ≤ F (wt) + 〈gt,wt+1 −wt〉+
µ

2
‖wt+1 −wt‖2

= F (wt) + η〈gt, st −wt〉+
µ

2
‖η(st −wt)‖2

≤ F (wt) + η〈gt, st −wt〉+
µη2

2
‖C‖2

= F (wt) + η〈ḡt, st −wt〉+ η〈gt − ḡt, st −wt〉+
µη2

2
‖C‖2

≤ F (wt) + η〈ḡt, st −wt〉+ η‖gt − ḡt‖‖C‖+
µη2

2
‖C‖2. (18)

Let us focus on the 〈ḡt, st −wt〉 term.

〈ḡt, st −wt〉 ≤ EΦt [〈Φtḡt,Φt(st −wt)〉] + β‖st −wt‖‖ḡt‖ ≤ −α+ β‖st −wt‖‖ḡt‖ ≤ −α+ β‖C‖‖ḡt‖.

Plugging the above inequality in (18),

F (wt+1) ≤ F (wt)− ηα+ ηβ‖C‖E[‖ḡt‖] + η E[gt − ḡt]‖C‖+
µη2

2
‖C‖2.

Consider Ft as the sigma algebra that measures all sources of randomness up to iteration t. Then taking expectation on both
sides,

E[F (wt+1) | Ft] ≤ F (wt)− ηα+ ηβ‖C‖G+ η
ζ√
b
‖C‖+

µη2

2
‖C‖2.

Under our setting of b, η, and β,

E[F (wt+1) | Ft] ≤ F (wt)−
α2

8‖C‖2µ
.

Starting from the above expression, we analyze the expected value of E[F (w1)− F (wT+1)] as in (10). We get that

E[F (w1)− F (wT+1)] ≥ α2

8‖C‖2µ
E[T ].



This implies that E[T ] ≤ E[F (w1)− F (wT +1)](8‖C‖2µ/α2). Since F ? ≤ F (wT +1), we get that

E[T ] ≤ (F (w1)− F ?)8‖C‖2µ
α2

.

Using Markov’s inequality

Pr

[
T ≤ 8(F (w1)− F ?)‖C‖2µ

α2ρ

]
≥ 1− ρ.

This completes both parts of the theorem. Putting them together gives the claimed result.

For convex functions too the convergence guarantees of Algorithm COMPFW matches the known results with stochastic
Frank-Wolfe algorithm [Hazan and Luo, 2016, Theorem 3].

Theorem E.2. Let F be a µ-smooth convex differentiable function over a convex set C. Let the assumptions in (4) hold. Then,
with ηt = 2

(t+1) , βt = min{1/4, µηt‖C‖G }, and batchsize b = Ω(max{1, ( ζ
(‖C‖µηt) )2}), Algorithm COMPFW satisfies:

E[F (wT )− F (w?)] ≤ 4µ‖C‖2

T
.

Proof. For any t ∈ [T ], let gt = ∇F (wt) and ḡt = 1
b

∑b
i=1 ĝ

(i)
t where ĝ

(i)
t are independent stochastic gradients of F (wt)

used by CSFO oracle to compute ϑt in Step 2c of Algorithm COMPFW. Under this notation ϑt = Φtḡt. We start by
utilizing the smoothness assumption on F .

F (wt+1) ≤ F (wt) + 〈gt,wt+1 −wt〉+
µ

2
‖wt+1 −wt‖2

= F (wt) + ηt〈gt, st −wt〉+
µ

2
‖ηt(st −wt)‖2

= F (wt) + ηt〈ḡt, st −wt〉+ ηt〈gt − ḡt, st −wt〉+
µ

2
‖ηt(st −wt)‖2

≤ F (wt) + ηt〈ḡt, st −wt〉+ ηt‖gt − ḡt‖‖C‖+
µη2

t

2
‖C‖2.

Let us focus on the 〈ḡt, st −wt〉 term.

〈ḡt, st −wt〉 ≤ EΦt [〈Φtḡt,Φt(st −wt)〉] + βt‖st −wt‖‖ḡt‖ ≤ EΦt [〈Φtḡt,Φt(w? −wt)〉] + βt‖st −wt‖‖ḡt‖
= 〈ḡt,w? −wt〉+ βt‖st −wt‖‖ḡt‖ ≤ 〈ḡt,w? −wt〉+ βt‖C‖‖ḡt‖,

where we used the fact EΦt [〈Φtḡt,Φt(w? − wt)〉] = 〈ḡt,w? − wt〉 as ḡt,w
? and wt are all independent of Φt. Also,

we used that Φtḡt = ϑt and Φtḡt = θt and therefore 〈ϑt, θt〉 = 〈Φtḡt,Φtst〉 ≤ 〈Φtḡt,Φtw?〉 due to the minimization
problem solved in Algorithm COMPFW. Using this inequality, in the above bound on F (wt+1) yields

F (wt+1) ≤ F (wt) + ηt(〈ḡt,w? −wt〉+ βt‖C‖‖ḡt‖) + ηt‖gt − ḡt‖‖C‖+
µη2

t

2
‖C‖2.

Taking expectation on both sides, and using convexity on F ,

E[F (wt+1)] ≤ E[F (wt)] + ηt E[〈gt,w? −wt〉] + ηtβt‖C‖E[‖ḡt‖] + ηt E[‖gt − ḡt‖]‖C‖+
µη2

t

2
‖C‖2

= E[F (wt)] + ηt E[F (w?)− F (wt)] + ηtβt‖C‖E[‖ḡt‖] + ηt E[‖gt − ḡt‖]‖C‖+
µη2

t

2
‖C‖2

≤ E[F (wt)] + ηt E[F (w?)− F (wt)] + ηtβt‖C‖G+ ηt
ζ√
b
‖C‖+

µη2
t

2
‖C‖2.

This can be re-expressed as

E[F (wt+1)− F (w?)] ≤ (1− ηt)E[F (wt)− F (w?)] + ηtβt‖C‖G+ ηt
ζ√
b
‖C‖+

µη2
t

2
‖C‖2.



If b = Ω(max{1, (ζ/(‖C‖µηt))2}) and βt = min{1/4, µηt‖C‖/G}, then

E[F (wt+1)− F (w?)] ≤ (1− ηt)E[F (wt)− F (w?)] + µη2
t ‖C‖2.

A simple inductive argument now shows that ηt = 2/(t+ 1), we get

E[F (wT+1)− F (w?)] ≤ 4µ‖C‖2/(T + 1).
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