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A PROOF OF THEOREM 1

In this section, we show that Theorem 1 holds even for a
special type of deterministic-update regular strategies where,
for all (v,m) € V and v’ € V, there is at most one m’ such
that o ((v, m), (v/,m’)) > 0.

For the rest of this section, we fix a patrolling graph G =
(V,T,E,time,d,a, B). We say that a strategy vy is optimal
if Valg(y) = Valg. The existence of optimal strategies in
patrolling games has been proven in Brazdil et al. [2015].

For a strategy vy and 0 = vy,...,v,, vy—Vuy € Q, let
v[o] be a strategy that starts in v, by selecting the edge
Vv —Vu41 With probability one, and for every finite path of
the form v, v,41, ..., Vasks1 Where k > 1 we have that

Y01(Vns Viats - ooy Virka1) =Y (Vs ooy Viakrl)-

First, we need the following lemma.

Lemma 1. Let y be an optimal strategy and o € Q such
that Prob” (0) > 0. Then y[o] is optimal.

Proof. For every € > 1, let Q(£) be the set of all obser-
vations 0 = v, ..., V¢, Ve—Vey1 such that Prob” (o) > 0.
Clearly, for every fixed £ > 1 we have that

Z Prob” (o) - Valg (y[o]) < Valg
0eQ(€)

because Valg(y[o]) < Valg and ¥,co s Prob” (o) = 1.
We show that

Valg < Z Prob? (o) - Valg (y[o]) (1)
0€Q(¢)

which implies Valg = ¥,c0(¢) Prob” (o) - Valg (y[o]), and
hence Valg (y[o]) = Valg for every o € Q(¢).

It remains to prove (1). Since Valg = Valg (y), it suffices to
show that, for an arbitrarily small € > 0,

Valg(y) < e+ Z Prob? (o) - Valg (y[o]) .
0eQ(€)

For every o € Q(¢), let m, be an Attacker’s strategy such
that EUp (y[o], m,) < Valg(y[o]) + €. Consider another
Attacker’s strategy 7 waiting for the first £ moves and then
“switching” to an appropriate m, according to the corre-
sponding observation. Then,

Valg (y) < EUp(y, )

< Z Prob” (o) - EUp (y[o], 7,)
0eQ(€)

< Z Prob” (o) - (Valg(y[o]) +€)
0eQ(¢)

—c+ Z Prob” (o) - Valg(y[o]) .
0€Q(C)

This completes the proof of Lemma 1. O

Proof of Theorem 1. We show that for an arbitrarily small
& > 0, there exists a deterministic-update regular strategy
o ¢ such that Valg (0z) > Valg —&.

Let diax = max;er d(2), and amax = max;er a(r) and let
an optimal Defender’s strategy y be fixed.

We say that two non-empty finite paths h, i’ € H are §-
similar, where 6 > 0, if the following conditions are satis-
fied:

e hand i’ end with the same vertex v,
¢ Prob”(h) > 0, Prob” (h’) > 0,

* for every target t and every £ € {1,...,dmnax}, the
probabilities that y successfully detects an ongoing
attack at 7 in at most ¢ time units after executing the
histories 4 and A’ differ at most by ¢.

Note that there are only finitely many pairwise non-g-similar
histories. More precisely, their total number is bounded from

above by |V| - (|'6—1'|)dmux'|T"

Let us fix an arbitrarily small £ > 0, and let 6 = &/a@max-

dmax‘ T
Furthermore, let x = [V| - ([671]) 1 We construct a
regular deterministic-update strategy o, as follows:
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* Let H;s be the set of all finite paths 4 of length at most
K - dmax such that Prob” (k) > 0 and for all proper pre-
fixes h’, h” of h whose length is a multiple of dp,x we
have that if 4/, h’" are §-similar, then 4’ = h”’. For no-
tation simplification, from now on we identify memory
elements with such finite paths.

* For every eligible pair (v, &), the distribution o (v, k)
is determined in the following way:

— If the length of % is a multiple of dy.x and there
is a proper prefix i’ of h where the length of A’ is
also a multiple of dy,x and the histories 4, h” are
o-similar, then oo (v, h) = o (v, h’) (since A’ is
shorter than &, we may assume that (v, h’) has
already been defined).

— Otherwise, o.(v,h) is a distribution
u € Dist(VxHg) such that u(v’,hv’') =
Prob” (hv”) /Prob” (h) for every vertex v’ such
that hv’ € Hs. For the other pairs of V X H, the
distribution y returns zero.

e The initial distribution assigns y(1)(v) to every
(v,v) € V X Hg. For the other pairs of V X Hg, the
initial distribution returns zero.

Intuitively, the strategy o, mimics the optimal strategy vy,
but at appropriate moments “cuts” the length of the history
stored in its memory and starts to behave like y for this
shorter history. These intermediate “switches” may lower
the overall protection, but since the shorter history is o-
similar to the original one, the impact of these “switches” is
very small.

More precisely, we show that, for an arbitrary Attacker’s
strategy 7, EUp (0¢, m) = BEUp (y, ) — €. Since 7 is opti-
mal, we obtain EUp (0¢, m) > Valg —¢, hence Valg (0z) >
Valg —¢ as required. For the rest of this proof, we fix an At-
tacker’s strategy m. For every target 7, let 7, be an Attacker’s
strategy such that 7. (u—v) = attack, for every edge u—v,
i.e., . attacks T immediately. Furthermore, let Azt(r, T) be
the set of all observations o such that Prob?s (o) > 0 and
n(0) = attack,. We have the following:

EUA(O—&" 71-)
= Z Z Prob?# (o) - (a(t) = P7=(7 | 0))

7€T oeAnt(n,1)

:Z Z Prob“#(0) - EUa(c:[0], 77)

7€T oeAnt(n,T)

Here, oc[0], where 0 = vy, ..., vy, Vp—Vu41, IS a strategy
that starts in v,, by executing the edge v,—v,|, and then
behaves identically as o, after the history o (since o is
deterministic-update, the associated memory elements are
determined uniquely by o).

Now, realize that for every o € Att(m, 1), there exists an
observation o’ (stored in the finite memory of o) such
that Prob” (0’) > 0 and the strategy oc[0] “mimics” the
strategy y[o’] until the finite path stored in the memory of
O 1s “cut” into a shorter path in the way described above.
Since at most one such “cut” is performed during the first
dmax steps and the shorter path obtained by the cut is J-
similar to the original one, we obtain that the difference
between EUA (0 ¢[0], nr) and EUA(y[0’], ) is at most &.

By Lemma 1, we obtain EUp (y[o’],7;) > Valg, hence
EUa(y[0'],m7) < amax — Valg and EUp(0¢[0],m7) <
@max — Valg +&. This gives

EUa(0s, 1)
<> > Prob?#(0) - (amax — Valg +)

7€l o€Ant(n,T1)
= (@max — Valg +&) - Z Z Prob?=(0)
7€T o€Ant(x,7)

< @max — Valg +&

since the sum is equal to the probability that m attacks at
all against o, which is at most 1. Hence, EUp (0g, 1) >
Valg —¢ and we are done. O
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