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APPENDIX

t ≥ 1, the GP predictive mean and variance are given by:

This appendix complements the main paper with proofs,
additional results and experiment details. In Appendix A,
we start with additional theoretical background. Appendix B
presents full proofs for the main theoretical results in the
paper. Appendix C provides kernel-specific theoretical upper bounds for the KL divergence of posterior candidates
obtained by KL-UCB. In Appendix D, we present a sensitivity analysis on dimensionality effects on KL-UCB. Finally,
in Appendix E, we conclude with further details on the
experiments setup.

A

Definition A.1. Let Q and P be two probability measures
such that Q is absolutely continuous with respect to P .
The Kullback-Leibler (KL) divergence between Q and P is
defined as:


Z
log

dQ
dP

kt (θ, θ 0 ) := k(θ, θ 0 ) − kNt (θ)T (KNt + ηI)−1 kNt (θ 0 )
(4)
σt2 (θ) := kt (θ, θ) ,

dQ .

PROOFS

We here present full proofs for the theoretical results in the
paper. We start with a few auxiliary results and then follow
with the proofs for the main results.
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(5)

where kNt (θ) := [k(θ, θ 1 ), . . . , k(θ, θ Nt )]T , [KNt ]i,j :=
k(θ i , θ j ), i, j ∈ {1, . . . , Nt }, and Nt := tS.

B

FURTHER BACKGROUND

DKL (Q||P ) :=

µt (θ) := m(θ) + kNt (θ)T (KNt + ηI)−1 (zNt − mNt )
(3)

AUXILIARY RESULTS

(1)

Case Q and P are both defined on a Euclidean space Rd
and are absolutely continuous with respect to the Lebesgue
measure on this space, the equation above can be rewritten
as:


Z
q(θ)
DKL (Q||P ) = DKL (q||p) :=
q(θ) log
dθ ,
p(θ)
Rd
(2)
dP (θ)
where q(θ) := dQ(θ)
dθ and p(θ) :=
dθ are the probability density functions of Q and P , respectively.
GP predictive equations: The theoretical results are
given in terms of a Gaussian process model GP(m, k) for
the log-likelihood function ` : Θ → R which is learnt with
batches of S i.i.d. samples from a probability distribution qt
at each iteration t ∈ {1, . . . , T }. Therefore, at each iteration

Lemma B.1. In our settings, the GP posterior variance is
always bounded, i.e.:
∀t ≥ 0,

kσt k∞ ≤ 1.

(6)

Proof. As the kernel k is bounded, with k(θ, θ) ≤ 1, ∀θ ∈
Θ, the definition in Equation 5 leads to:
∀t ≥ 1,

σt2 (θ) ≤ k(θ, θ) ≤ 1,

∀θ ∈ Θ .

(7)

Lemma B.2. Assuming a bounded mean function m : Θ →
R, the GP posterior mean is bounded, i.e.:
∀t ≥ 0,

kµt k∞ < ∞ .
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(8)

since kA (θ, C)(KA (C) + ηI)−1 kA (C, θ) is non-negative.

Proof. As defined in Equation 3, for t ≥ 1, we have:
µt (θ) := m(θ) + kNt (θ)T (KNt + ηI)−1 (zNt − mNt )
≤ m(θ) + η −1 kNt (θ)T (zNt − mNt )

B.2

≤ kmk∞ + η −1 kkNt (θ)k1 kzNt − mNt k∞
≤ kmk∞ + η −1 t(kzNt k∞ + kmk∞ )
< ∞,

∀θ ∈ Θ ,
(9)

PROOF OF LEMMA 1

We prove Lemma 1 by applying Jensen’s inequality to Theorem 1. Specifically, consider that the following holds with
probability greater than 1 − δ simultaneously over all Θ:
∀t ≥ 0,

−1

where we first used the fact that (KNt + ηI)
=
η −1 (η −1 KNt + I)−1 4 η −1 I due to positive-definiteness,
then applied Hölder’s inequality, and finally the observation
that kkNt (θ)k1 ≤ t, due to the kernel bound.
Lemma B.3 (Srinivas et al. (2010, Lemma 5.3)). The information gain for a sequence of evaluations {θ i , zi }N
i=1 ,
where zi = f (θ i ) + i , i ∼ N (0, η), can be expressed in
terms of the predictive variances. Namely, if f ∼ GP(m, k),
then:
N

I(zN , f N |ΘN ) =

1X
2
log(1 + η −1 σi−1
(θ i )) .
2 i=1

(10)

Lemma B.4 (Chowdhury and Gopalan (2017, Lemma 4)).
Following the setting of Lemma B.3, the sum of predictive
standard deviations at a sequence of evaluation points is
bounded in terms of the maximum information gain:
N
X

σi−1 (θ i ) ≤

p

4(N + 2)γN .

(11)

i=1

Lemma B.5. Let A ⊂ Θ be a set of points where a function
f ∼ GP(m, k) was evaluated, so that the GP posterior
covariance function and the corresponding variance are
given by:
kA (θ, θ 0 ) := k(θ, θ 0 ) − k(θ, A)T (K(A) + ηI)−1 k(A, θ 0 )

|`(θ) − µt (θ)| ≤ βt (δ)σt (θ) .

With the same probability, we then have that:
|Eθ∼qt [`(θ) − µt (θ)]| ≤ Eθ∼qt [|`(θ) − µt (θ)|]
≤ βt (δ)Eθ∼qt [σt (θ)] ,

2
σA
(θ) := kA (θ, θ) ,

θ, θ 0 ∈ Θ,

(13)

where k(θ, A) := [k(θ, a)]a∈A and K(A) :=
[k(a, a0 )]a,a0 ∈A . Then, for any given set B ⊃ A of evaluations of f , we have:
2
σA
(θ) ≤ σB2 (θ),

∀θ ∈ Θ .

(14)

Proof. The result follows by observing that the GP posterior
given observations at A is a prior for the GP with the new
observations at the complement C := B \A. Then we obtain,
for all θ ∈ Θ:
σB2 (θ)

−1

:= k(θ, θ) − k(θ, B)(K(B) + ηI)

k(B, θ)

2
= σA
(θ) − kA (θ, C)(KA (C) + ηI)−1 kA (C, θ)
2
≤ σA
(θ) ,

(15)

(17)

∀θ ∈ Θ , ∀t ≥ 0 ,
since the absolute value |·| is convex. Lastly, we note that the
GP in Algorithm 1 is taking batches of samples per iteration.
Therefore, we have to replace the original Kt , which holds
t observations, by KDt , which holds all the tS observations
collected up to iteration t.1 This concludes the proof.
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PROOF OF THEOREM 2

We prove Theorem 2 in two parts, one for each component
of the result. In the first part we establish a bound on the instant regret. We then propagate this bound to the cumulative
regret. For these derivations, we will make use of Lemma 1
and some of the auxiliary results in Section B.1.
Proof of Theorem 2. We start by proving that, with
h(q|Dt−1 ) given by KL-UCB and βt := βt (δ) according to
Theorem 1, we obtain a bound on the instant regret:
rt ≤ 2βt−1 (δ)Eqt [σt−1 ] .

(12)

(16)

(18)

By Lemma 1, uniformly over all t ≥ 1 with probability at
least 1 − δ, we have that:
max Eq [`] − DKL (q||p) ≤ max Eq [ut−1 ] − DKL (q||p)
q∈Q

q∈Q

= Eqt [ut−1 ] − DKL (qt ||p) .
(19)
Applying this bound to the definition of instant regret yields

1

This replacement does not violate the conditions under
which Theorem 1 holds, as we may define a filtration Ft−1 :=
σ(Dt−1 , {θ t,i }S
i=1 ), i.e., the σ-algebra generated by the random
variables in the dataset Dt−1 and the selected batch, t ≥ 1. In this
case, the noise {t,i }S
i=1 in the observations at iteration t ≥ 1 is
σ -sub-Gaussian when conditioned on Ft−1 .

the first part of Theorem 2:
rt := DKL (qt ||px ) − DKL (q ∗ ||px )
= max Eq [`] − DKL (q||p) − Eqt [`] + DKL (qt ||p)
q∈Q

≤ Eqt [ut−1 ] − Eqt [`]
= Eθ∼qt [µt−1 (θ) + βt−1 σt−1 (θ) − `(θ)]
≤ 2βt−1 Eθ∼qt [σt−1 (θ)] ,
(20)

where Θt := {θ i,1 }ti=1 , with θ i,1 ∈ Bi , i ∈ {1, . . . , t}.
Note that the right-hand side of the equation above is
simply the non-batched GP predictive variance. Furthermore, sample points within a batch are i.i.d., so that θ t,1 ∼
qt and θ̃ t ∼ qt are identically distributed. We can now apply
Lemma B.4, yielding:
" T
#
X
σt−1 (θ̃ t )
Eθ̃1 ∼q1 ,...,θ̃T ∼qT
t=1

which holds with probability at least 1 − δ.
≤ Eθ̃1 ∼q1 ,...,θ̃T ∼qT

For the second part, we apply the bound to the cumulative
regret and initally obtain:
RT :=

T
X

rt ≤ 2

t=1

T
X

≤ 2βT

Eθ̃t ∼qt [σt−1 (θ̃ t )]

t=1

≤ 2βT Eθ̃1 ∼q1 ,...,θ̃T ∼qT

" T
X

#
σt−1 (θ̃ t ) ,

t=1

(21)
since βt ≥ βt−1 , ∀t ≥ 1, and expectations are linear operations. Considering the predictive variances above, recall that,
at each iteration t ≥ 1, the algorithm selects a batch of i.i.d.
points Bt := {θ t,i }Si=1 , sampled from qt , where to evaluate the log-likelihood function `. The predictive variance
2
σt−1
is conditioned on all previous observations, which are
grouped by batches. We can then decompose, for any t ≥ 1:
2
σt2 (θ) = σt−1
(θ)

− kt−1 (θ, Bt )(Kt−1 (Bt ) + ηI)

st−1 (θ̃ t )

kt−1 (Bt , θ) ,
(22)

(26)

t=1

p
≤ 2 (T + 2)γT .

(27)

Lastly, from the definition of βt (δ), we have:
q
βT (δ) := b + σ 2η −1 log(|I + η −1 KDT |1/2 /δ) , (28)
where:
log(|I + η −1 KDT |1/2 ) = I(zNT , gNT ) ≤ γNT = γST ,
(29)
for g ∼ GP(m, k). Therefore, the KL-UCB cumulative
regret is such that:
√
√
√
RT ∈ O( T (b γT + γT γST )) ,
(30)
which concludes the proof.
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−1

#

Combining this result with Equation 21, we obtain:
p
p
RT ≤ 4βT (T + 2)γT ∈ O(βT T γT ) .

βt−1 Eθ̃t ∼qt [σt−1 (θ̃ t )]

t=1
T
X

" T
X

PROOF OF LEMMA 2

Lemma 2 states that, for a bounded kernel k, maximising h
at any t ≥ 1 is equivalent to:

where we use the notation introduced in Lemma B.5, and:
argmax h(q|Dt−1 ) = argmin DKL (q||p̂t−1 ) ,

kt (θ, θ 0 ) = kt−1 (θ, θ 0 )

q∈Q

− kt−1 (θ, Bt )(Kt−1 (Bt ) + ηI)−1 kt−1 (Bt , θ 0 )
(23)
k0 (θ, θ 0 ) := k(θ, θ 0 ) .

(24)

Therefore, the predictive variance of the batched algorithm
is not the same as the predictive variance of a sequential
algorithm, and we cannot direcly apply Lemma B.4 to bound
the last term in Equation 21.
Lemma B.5 tells us that the predictive variance given a set
of observations is less than the predictive variance given a
subset of observations. Selecting only the first point from
within each batch and applying Lemma B.5, we get, for
t ≥ 1:
σt2 (θ) ≤ s2t (θ)
:= k(θ, θ) − k(θ, Θt )(K(Θt ) + ηI)−1 k(Θt , θ) ,
(25)

q∈Q

(31)

where h is defined as:
h(q|Dt−1 ) := Eθ∼q [ut−1 (θ)] − DKL (q||p) ,

(32)

with ut (θ) := µt (θ) + βt σt (θ), 0 ≤ βt < ∞, and µt
and σt2 define GP posterior mean and variance at iteration
t. The proof follows by the same argument which turns
the general KL divergence minimisation problem into an
ELBO maximisation. The only part to verify is whether
p̂t−1 defines a valid probability density function.
Proof of Lemma 2. In general, let f : Θ → R be a bounded
function on Θ ⊂ Rd , i.e. kf k∞ < ∞, and p a probability
density function on Θ. Then we have that:
Z
Z
Ep [f ] :=
f (θ)p(θ) dθ ≤ kf k∞
p(θ) dθ = kf k∞ .
Θ

Θ

(33)

Combining Lemma B.1 and Lemma B.2, we have that ut is
always bounded, since:

from p̂t to px is bounded via Lemma 1. Namely, with probability greater than 1 − δ, we have that:

∀t ≥ 1,

DKL (p̂t ||px ) = Eθ∼p̂t [log p̂t (θ) − log px (θ)]

ut (θ) := µt (θ) + βt σt (θ)
≤ kµt k∞ + βt kσt k∞ < ∞,

Then the normalisation constant ζt for p̂t (θ)
1
ζt p(θ) exp ut (θ) is bounded, for:
∀t ≥ 0,

= Eθ∼p̂t [log p(θ) − µt (θ) + βt σt (θ)

∀θ ∈ Θ .
(34)

− log ζt − log px (θ)]
= Eθ∼p̂t [µt (θ) + βt σt (θ) − `(θ)] + log p(x)

=

− log ζt
≤ 2βt Eθ∼p̂t [σt (θ)] + log p(x) − log ζt .

ζt := Ep [exp ut ]
Z
=
p(θ) exp ut (θ) dθ ≤ kexp ut k∞
Θ

< ∞.
(35)

(39)
For the second part of the last term in the right-hand side
above, we also have that:
Z
Z
p(x) =
p(θ) exp `(θ) dθ ≤
p(θ) exp ut (θ) dθ = ζt ,
Θ

Θ

(40)
which holds with the same probability as Equation 39. Therefore, we conclude the proof with:

Now, for the lemma’s main result, we obtain:
argmax Eq [ut−1 ] − DKL (q||p)

log p(x) − log ζt ≤ 0

q∈Q

= argmax Eq [ut−1 + log p − log q]

=⇒ DKL (p̂t ||px ) ≤ 2βt Eθ∼p̂t [σt (θ)] .

q∈Q

(41)

= argmin log Ep [exp ut−1 ] − Eq [ut−1 + log p − log q]
q∈Q



Z
= argmin
q∈Q

q(θ) log
Θ

q(θ)Ep [exp ut−1 ]
p(θ) exp ut−1 (θ)


dθ

C

= argmin DKL (q||p̂t−1 ) ,
q∈Q

(36)
which concludes the proof.

B.5

PROOF OF COROLLARY 1

The corollary is simply a restatement of Theorem 2 in terms
of qt = p̂t−1 . In this case, the KL divergence with respect
to the optimal solution is DKL (q ∗ ||px ) = 0, since we are
considering a class of non-parametric distributions which
can recover arbitrary distributions via MCMC. By Theorem
2, we then know that:
min rt ≤
t≤T

1
RT ∈ O(γST T −1/2 ) .
T

(37)

If γST ∈ O(T α ), for some α < 1/2, so that α − 1/2 < 1,
then:

KL DIVERGENCE BOUNDS FOR
KL-UCB WITH SPECIFIC KERNELS

Corollary 1 connects the regret bound in Theorem 2 with
the KL divergence of posterior approximations by KL-UCB
when sampling directly from the posterior surrogate induced
by UCB. In this case, we can bound the KL divergence of
the posterior approximations by KL-UCB with respect to
the posterior as:
min DKL (p̂t ||px ) ≤
t≤T

RT
,
T

T ≥ 1.

(42)

√
According to Theorem 2, we have RT ∈ O(γST T ).
Therefore, to bound the KL divergence, we need kernelspecific upper bounds for the maximum information gain
γT (Srinivas et al., 2010; Vakili et al., 2021). In particular,
we consider the case of two popular stationary kernel classes.
The first one is the squared-exponential kernel, used in our
experiments. As previouslymentioned, this kernel yields a
bound γT ∈ O logd+1 (T ) (Srinivas et al., 2010).

The second type of kernel is the Matérn class with smooth1
1
α−1/2
RT ∈ O(T
) =⇒ lim min rt ≤ lim
RT = 0 . ness parameter ν > 1/2:
T →∞ t≤T
T →∞ T
T
!ν
!
√
√
(38)
0
0
2νρ
2νρ
1
θ,θ
θ,θ
k(θ, θ 0 ) :=
Bν
,
Replacing rt = DKL (p̂t−1 ||px ) above concludes the proof.
Γ(ν)2ν−1
l
l
Alternative proof. Another way of proving the same bound
on the KL divergence is the following. The KL divergence

(43)
where ρθ,θ0 := kθ − θ 0 k2 , l > 0 is a length-scale parameter
controlling the smoothness of the functions in the RKHS, Γ

Kernel class
Squared exponential
Matérn ν > 1/2

mint≤T DKL (p̂t ||px )


O T −1/2 logd+1 (ST )

 1 d
2ν
O T 2ν+d ( 2 −ν ) log 2ν+d (ST )

Table 1: KL divergence bounds for KL-UCB

is the gamma function, and Bν is the modified Bessel function of the second kind, for θ, θ 0 ∈ Θ.This kernel leads to a
2ν
d
maximum information gain γT ∈ O T 2ν+d log 2ν+d (T )
according to recent results (Vakili et al., 2021).
Table 1 presents upper bounds for the KL divergence of posterior approximations by KL-UCB. As the table shows, both
kernels lead to an asymptotically vanishing KL divergence
in the approximations with respect to the true posterior in
general. An exception to asymptotic convergence, however,
is that convergence does not necessarily hold for d ≥ 2ν
in the case of the Matérn kernel, noticing the exponent in
its rate. For instance, a Matérn kernel with ν = 3/2 would
not guarantee convergence in a problem whose parameter
space has dimension d > 3. The guarantees for the squaredexponential kernel do not suffer from this drawback, though
the rates are possibly worse due to the exponential dependence on d via the logarithmic term.
In terms of approximation bounds with respect to the number of likelihood evaluations N = ST
a KL
 , we1 have
 diver
d
−ν )
−1/2
(
2ν+d
2
gence bound of Õ N
and Õ N
for the
squared-exponential and the Matérn kernels, respectively.
Here the Õ-notation suppresses logarithmic factors. Compared to the exponential convergence rates in Kanagawa
and Hennig (2019), notice that their results are for a noisefree setting, while we consider settings with (sub-Gaussian)
noise. In the noise-free setting, one is usually able to obtain
tighter concentration bounds for the GP approximation (see
de Freitas et al., 2012).

D

DIMENSIONALITY EFFECT

In this section, we present a short analysis on the effect
of dimensionality on the regret of the KL-UCB algorithm.
Figure 1 presents the KL-UCB regret for the problem in
Section 7.1 when we increase the dimensionality of the
parameter space Θ = Rd . As the plot shows, the regret
has an exponential dependence on the dimensionality of the
parameter space. Therefore, the practitioner might need to
run the method for longer to obtain reasonable posterior
approximations or apply dimensionality reduction methods.

Figure 1: Dimensionality effect on the mean regret of KLUCB on the RKHS log-likelihood problem after 20 iterations as a function of the dimensionality of the parameter
space. The results of 5 independent runs were combined to
produce the box plot.

E

DETAILS OF THE EXPERIMENTAL
SETUP

In this section, we present further details on the experimental
setup for the empirical results in the paper. In particular, we
describe the settings for KL-UCB. For VBMC, we used an
implementation provided by its author.2
KL-UCB setup: For the GP model in KL-UCB, we used
GPyTorch (Gardner et al., 2018) with adaptations to perform
fast rank-1 Cholesky updates on the GP covariance matrix
(see Rasmussen and Williams, 2006, Algorithm 2.1). Given
the theoretical nature of this work, we did not perform online hyper-parameters learning, contrary to what is usual in
other GP-based approximate inference methods (Gutmann
and Corander, 2016; Acerbi, 2018). The kernel lengthscale
was set as 0.5, a value which provided fitting GP estimates
for the generated problem scenarios. The GP was configured
as zero mean m := 0 for the RKHS-based problem in Section 7.1, while we used the log-prior probability as the mean
function m := log p for the problems in Section 7.2. The
latter allows the GP to provide low likelihood estimates for
parameters of low prior probability, avoiding excessive exploration of the parameter space. In terms of noise settings,
observations in the RKHS problem (Section 7.1) were added
with Gaussian noise σ := 0.01k`kk , while the problems
with comparisons against VBMC were configured with basically no noise (σ := 10−6 ), since this algorithm was not
originally designed to handle noise (see Acerbi, 2020, for a
recent noise-adapted version). The GP noise parameter was
correspondingly set as η := 10−2 for the RKHS problem,
and η := 10−4 for the noise-free problems. Having a small,
non-zero η avoids numerical issues with matrix inversions.
Lastly, for the setting of βt , the RKHS norm for the loglikelihood function in Section 7.1 is available in closed form,
but for the non-RKHS functions we set b := 3 which yields
2

VBMC experiments code: https://github.com/
lacerbi/infbench

the common 3 standard deviations UCB parameter (also in
VBMC (Acerbi, 2018)) in a noiseless setting.
MCMC setup: We configured the EMCEE sampler
(Foreman-Mackey et al., 2013) with 25 walkers and a burnin of 400 samples. We selected the S := 5 evaluation points
in each BO iteration’s batch out of 500 samples drawn by
EMCEE. Sub-sampling from a larger batch of samples reduces the correlation between samples from the chain.
Estimation of KL divergence: To verify theoretical
bounds, we measured the KL divergence between KLUCB’s posterior approximations and the true posterior distribution, which is unknown to KL-UCB. As the posterior
distribution approximations from KL-UCB are sampledbased MCMC estimates, we had to estimate the KL divergence based on samples. We also took into account
that MCMC samples are usually correlated. To decorrelate the samples, we built a kernel density estimator out of
the MCMC samples using a Gaussian kernel with the rule
by Scott (1992) for kernel bandwidth selection3 and then
sampled from this continuous density. For a large enough
number of MCMC samples (2000 for the likelihood-free
inference problem, 10000 for the circular likelihood, and
1000 for the other problems), the i.i.d. samples from the
density estimator approximately follow the stationary distribution of the MCMC chain, i.e. its target posterior. We then
applied a k-nearest-neighbours method (Szabó, 2014)4 to
obtain the KL divergence estimates.
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