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Abstract

Diffusion probabilistic models (DPMs) are a class
of powerful deep generative models (DGMs). De-
spite their success, the iterative generation process
over the full timesteps is much less efficient than
other DGMs such as GANs. Thus, the generation
performance on a subset of timesteps is crucial,
which is greatly influenced by the covariance de-
sign in DPMs. In this work, we consider diagonal
and full covariances to improve the expressive
power of DPMs. We derive the optimal result for
such covariances, and then correct it when the
mean of DPMs is imperfect. Both the optimal
and the corrected ones can be decomposed into
terms of conditional expectations over functions
of noise. Building upon it, we propose to estimate
the optimal covariance and its correction given
imperfect mean by learning these conditional ex-
pectations. Our method can be applied to DPMs
with both discrete and continuous timesteps. We
consider the diagonal covariance in our imple-
mentation for computational efficiency. For an
efficient practical implementation, we adopt a pa-
rameter sharing scheme and a two-stage training
process. Empirically, our method outperforms a
wide variety of covariance design on likelihood re-
sults, and improves the sample quality especially
on a small number of timesteps.

1. Introduction

Recently, diffusion probabilistic models (DPMs) (Sohl-
Dickstein et al., 2015; Ho et al., 2020; Song et al., 2020b)
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have shown great promise for generative modeling. Such
models smoothly inject noise to the data distribution, which
forms a diffusion process. By learning to reverse the pro-
cess using a Markov model, DPMs are able to generate high
quality images (Ho et al., 2020; Song et al., 2020b; Dhari-
wal & Nichol, 2021) and audios (Chen et al., 2020; Kong
et al., 2020), which are comparable or even superior than
the current state-of-the-art generative models (Brock et al.,
2018; Wu et al., 2019; Karras et al., 2020; Binkowski et al.,
2019; Kalchbrenner et al., 2018).

However, the iterative generation over the full timesteps
of DPMs makes them much less efficient than generative
models such as GANs (Goodfellow et al., 2014). Thus, the
generation performance on a subset of timesteps is crucial.
In this case, the transition of the reversed diffusion process
becomes more complex (Xiao et al., 2021), and the covari-
ance design in DPMs matters (Nichol & Dhariwal, 2021;
Bao et al., 2022). Most prior works (Ho et al., 2020; Song
et al., 2020a; Bao et al., 2022) use an isotropic covariance
that only depends on the timestep without considering the
state. A notable recent progress is Analytic-DPM (Bao
et al., 2022), which estimates the optimal isotropic covari-
ance (in the sense of maximum likelihood) instead of using
handcrafted values (Ho et al., 2020; Song et al., 2020a) and
shows significant improvement on likelihood estimation and
sampling efficiency. However, the isotropic covariance sac-
rifices the expressive power of DPMs for simplicity. More-
over, the optimality of the covariance estimate in Bao et al.
(2022) holds by assuming that the optimal mean is known,
which is not the case in practice.

To overcome the aforementioned limitations and further
improve DPMs for likelihood estimation and sampling effi-
ciency, we consider diagonal and full covariances to improve
the expressive power of DPMs. We derive the optimal mean
and covariance from the perspective of the maximum like-
lihood. We also correct the optimal covariance given an
imperfect mean (i.e., considering the approximation and
optimization errors) in terms of maximum likelihood. Both
the optimal and the corrected ones can be decomposed into
terms of conditional expectations over functions of noise,
which can be estimated by minimizing mean squared error
(MSE) losses. Although our theory applies to the full covari-
ance case, in our implementation, we consider the diagonal
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covariance for computational ef ciency. Besides, we adoptThe reverse process is learned by maximizing the evidence
a parameter sharing scheme for inference ef ciency and #ower bound (ELBO)L e = Eqlog _Pxon) g log-

- - o - P ax N iXo) .
two-stage training process motivated by our theory. likelihood, or equivalently, by minimizing the KL diver-

Our method is applicable to DPMs with both discrete (Ho9€nce between the forward and the reverse process
et al., 2020) and continuous (Song et al., 2020b) timesteps. _

In our experiments, we directly compare our method with, MaX_ Lebo, — min = Dk (a(xo:n Jkp(Xo:n ) :
a variety of baselines (Ho et al., 2020; Song et al., 2020a; "' "% oG 3
Bao et al., 2022; Song et al., 2020b) in terms of sample qual- (3)
ity and likelihood estimation in DPMs with both discrete
and continuous timesteps. At nearly the same computatio
cost, our method consistently outperforms these baselind
on likelihood estimation. Besides, our method also outperFor simplicity and at the cost of the exibility, prior
forms these baselines on the sample quality in most casagorks (Ho et al., 2020; Song et al., 2020a; Bao et al., 2022)

hlote that problem (3) optimizes the mean and the covariance
gintly. Thus, we term ifoint optimization

especially when the number of timesteps is small. set o(xn)= 2l toan isotropic covariance that only de-
pends on the timestap where 2 is the variance for each
2. Background component. Under this restriction, Analytic-DPM (Bao

et al., 2022) shows that both the optimal megi(x,) and
Diffusion probabilistic models (DPMs) are special Markov variance ,2 have analytic forms w.r.t. the conditional ex-

models with Gaussian transitions: pectation of the NoISeE q(x ojx [ nl:
(on) = pocn) | ) () a
pP(Xo:n ) = P(X P(Xn 1jXn); 1 1 -
o " n=1 no n(Xn)= ~n Xn;P=(Xn nEq(xojxn)[ nl) 5 (4)
n
P(Xn 1jXn) = N(Xn 1j n(Xn); n(Xn)); - ) 2
oh ai . ZE R 1 By, Lol
which aim to reverse a forward proceg 1.y jXo) that n " d

gradually injects noise to a data distributigfx ). Song

etal. (2020a) consider a family of forward processes indexegynere , = o ppjx(a is the noise used to generatg

by a non-negative vector=( q; ; N) 2 RN i n o )
from Xgq, q]IS the dlmtansmn of the datey and , =

P—— - 5 :
. . . =2, Ho et al. (2020) estimate
a(x1njX0) = G(XNjXo)  G(Xn 1jXn;Xo); ) "t NN (2020)
n=2 n(Xn) by a noise prediction network, (X )
oy P—" - .
d(xnjxo) = N(Xnj “nXo; nI); 1 q__
a(Xn 1iXn;X0) = N (Xn 1j~n(Xn;Xo0); al); "n(Xn)= ~n Xn;P=(Xn n"n(xn)) © (6)
R n
~n (X 'x)=p*71x +q7 2 Xn g nXo,
niin 7o nAno nton =7 Here®y(xn) aims to learEqx,jx,)[ n] by minimizing the
: following MSE loss:
where™1;72; ;7 n 2 (0;1) is a strictly decreasing se-
qguence, , =1 andld'sithe identity matrix. Observ- Ami'p EnEqxoxa)k n ™ (Xn)K3: @
ing thatg(xnjxo) = N (Xnj ~—nXo; ol), we can quickly i
samplex, givenxg by
D q__ wheren is uniformly sampled froni1;2; ;Ng. Eq. (7)
Xn=" nXo*+ n,n; n N (0;1): admits an optimal solution whel (Xn) = Eg(x,jxq)[ nl
foralln 2f1;2 'Ng.
Let = =1 1, n =1 Land T, = i ..  The optimal variance in Eg. (5) can also be estimated using

Two commonly used forward processes are thendenoisin@1 (xn) as following (Bao et al., 2022)
diffusion probabilistic model (DDPM) forward process (cor-
respondingto 2 = ;) and the denoising diffusion implicit A2
model (DDIM) forward process (corresponding to = 0). "
In particular, the DDPM forward process is Markovian with  *The original work (Bao et al., 2022) uses the score function
linear Gaussian transition: r «x, logg(xn) to represent , (xn) and ,2, which is equivalent

] P to the conditional expectation of the noise up to multiplying a
d(XnjXn 1) = N(Xn]" nXn 15 nl): constantr x, logq(xn)=  PE=Equxojxm)l nl-

- KAy (X ) K3
A+ 5% 1 Eq(xn)% )
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— represent the cumulative amount ?j Gaussian noise at timastep

men i.e.,q(xnjXo0) = N (Xnj. "nXo; o).
Forward 2 represents the variance of the transiti§r,, 1jXn; Xo).
process ~n(Xn;Xo) represents the mean of the transitgf®, 1jXn; Xo).
n represents the coef cient ofp in ~, (Xn; X0).
represent the amount of added Gaussian noise atéa single tinneistep
nen the DDPM forward process, i.6(XnjXn 1) = N (Xnj. nXn 1; nl).
Reverse n(Xn), o(Xn) represent the mean ptx,, 1jx,) and the optimal one.
mean M(Xn)s Mn(Xn) represent the noise prediction network and the estimate, ¢f,,).
n(Xn), n(xn)? represent the covariancepx, 1jx,) and the optimal diagonal one.
Revgrse hn(Xn), “n(Xn)? represent the SN prediction network and the estimate, ¢k ,)?.
covariance _ : . _ _
~,(xn)? represents the corrected optimal diagonal covariance with an imperfect mean.
On(Xn), ’~‘n (Xn)? represent the NPR prediction network and the estimate, ¢  )?.
Table 1.Notations used in this paper.
3. Method the vector-to-matrix diag operator. Naturally, we optimize

. h . . ¢ buildi problem (3) w.r.t. the mean and covariance jointly and de-
We Improve the covariance estimate of DPMs building UPOMive the the optimal solution, as summarized in Theorem 3.1.

the recent progress (Bao et al., 2022). First, we consideéee the result for full covariances in Appendix B.
diagonal and full covariances instead of using an isotropic

one to improve the expressive power of DPMs and obtairf heorem 3.1. (Optimal solution to joint optimization) Sup-
the expression of the optimal solution, as detailed in Sed?0se n(xn) = diag( n(xn)?). Then the optimal mean
tion 3.1. Second, we correct the optimal covariance given a0 problem (3) is ,(xn) as in Eq. (4), and the optimal
imperfect mean (i.e., with approximation and optimizationcovariance to problem (3) is

errors), as presented in Section 3.2. For clarity, we refer the
readers to Appendix A for all proofs.

n(Xn)Z: ﬁl"' r%% Eq(xojxn)[ ﬁ] Eq(xojxn)[ n]2 ;
Although our theoretical results are applicable to the full n
covariance case (see Appendix B), it is often time consum- P— )

ing to obtain samples from Gaussian transitions with fullWhere n = *-p—2%¢ is the noise used to generatg

covariances (e.g., via Cholesky decomposition). To balancgomx o, ( )2 is thenelem%nt-wise SqucaleiS the vector of

the exibility and the time cost, we focus on diagonal covari- p_— =
- . - . onesand , = 2 _n
ances throughout the main text including the experiments. n nt n1 no
3.1. The Optimal Solution for Covariances beyond The proof idea is similar to Theorem 1 in Bao et al. (2022),

Isotropic Ones which only considers the isotropic covariance case.

ddo estimate the optimal covariancg (x ,)? in Theorem 3.1,

Instead of using an isotropic covariance that only depen i 5 5
Jye need to estimate bofy(x,jx,)[ n]° andEqx,jx.)[ 71l

on the timestep without considering the state, we consid
a diagonal covariance to improve the expressive power oAs mentioned in Section 2, the noise prediction network
DPMs. To be clear and rigorous, we rst construct an ex+, (x,,) aims to estimat&q,jx,)[ n] by minimizing the
ample where the data distribution is a mixture of GaussiarMSE loss in Eq. (7). Thus, we usg(x,)? to estimate
Even in_such a simpl_e case, we can prove that _thg optimqq(xm.xn)[ A J2. Note that the error of, (x,)2 is likely to
ELBO (in Eg. (3)) with a diagonal covariancestrictly  be ampli ed compared to that @¥, (x,) (see Appendix E.1
greaterthan that with an isotropic covariance. See a formalfor details). However, we still nd it performs well on
description and a detailed proof in Proposition A.5. sample quality (see Section 6.1).

Formally, we consider the covariance in the form of As for Eqxojxn)l 21, we note that it is the expectation of
n(Xn) = diag( n(Xn)Z)._ where n(Xn)z_i RY! R%is  thesquared noise (SN} conditioned orx,. Such a con-
the diagonal of the covariance matrix asidg() denotes  ditional expectation can be learned using a neural network
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hn(xn) 2 RY trained on the following MSE loss Theorem 3.2 reveals that the optimal mean doesn't depend
_ ) ) on the covariance and therefore we can learn the mean on
fhmgllp EnEBoxoxmK i Nn(Xn)k; (9)  Eq. (7) without knowing information about the covariance.
nYn=1

_ . In contrast to the mean, the optimal covariance to prob-
wheren is umforr_nl;g sampled froni1;2;  ;Ngandh,  |em (13) depends on the mean, as shown in Theorem 3.3.
attempts to predict; givenx,. Here we calhn(xn) the  see the result for full covariances in Appendix B.

SN prediction networtkEg. (9) admits an optimal solution Theorem 3.3. (Optimal solution to optimization w.r.t. co-

— 2 .o .
whenhn(Xn) = Bqgeopen) [ alforalln 20120 5Ng. o ionce solely) Suppose, (x,) = diag( n(xn)?2). For
By estimatingEq(x ojx,)[ n]* With % (xn)? and estimating any mean ,(xn) that is parameterized by a noise predic-
Eqexojxm)[ 21 with h,(x,,), we can estimate ,(x)? by tion network®, (x) as in Eq. (6), the optimal covariance
_ ~.,(xn)? to problem (13) is
N(Xn)?= 21+ 2 (h,(x M(Xn)?): (10 -
n( n) n n—n( n( n) n( n) ) ( ) “‘n(Xn)Z: n(Xn)2+ ﬁ%f/\n(xn) E{%(xojxn)[ n])i

In the paper, we refer to the above estimat&BisDPM error

= ﬁl"' r%finEq(xojxn)[( n An(xn))z]; (14)
n

3.2. The Optimal Covariance with an Imperfect Mean

It is plausible to obtain the estimatég (x,) and”n (Xn)?,  where o (Xn)? is the optimal covariance to tpe joint op-

according to Theorem 3.1. However, we argue that the exagmization problem in Theorem 3.1, = *op _nXo g
optimal solution ,,(xn); ,(Xn)?in Theorem 3.1 cannot

be achieved due to the approximation and optimization efle noise used to generatg fromxo, ( )% is tt}gflement-

rors, making it possible to further improve the estimatesy'S€ square;cL] is the vector of ones and, = n o1
considering the errors. In fact, below we present howto 2 _n,

correct the optimal covariance given a potentially imperfect "

mean”,. The proof of Theorem 3.3 mainly builds on this fact: min-

We note that, in Theorem 3.1, the optimal mean is irrelevant™'Z/N9 the KL Fjlvergenpe between a target d.enS|ty' and a
to the covariance, while the optimal covariance is expresseffaussian density conditioned on a xed mean is equivalent
by the optimal mean. Naturally, we can rst optimize the to rstly obtammg th_e second _moment of the target density,
mean solely to obtain the mean estimateand then op- and then correcting it py_ the dn‘ferencg be_tyveen the rst mo-
timize the covariance solely givet,. Such a two-stage ments_of the two densities. We terntitnditioned moment
approach is at least not worse than the estimate in Section 3matching(see Lemma A.1).
under the maximum likelihood, because we have Theorem 3.3 shows that the optimal covariance to the joint
A A 2 . ~ optimization problem in Theorem 3.1 should be corrected
Lebo ("ns *n()) r:\(a)xz Lewo("ns n()%); (1) by the error of', (x) when”, (Xn) 6 Eg(x,jx,)[ 1. which
is inevitable in practice due to a non-realizable model family
where the equality does not hold in general. and the optimization error of gradient-based methods.

To formalize the idea, we obtain the optimal solutions to theAccording to Eq. (14), the corrected covariangg(x )2
following two problems is determined b¥Eq(xojx,)[( 1 " (Xn))?]. We learn it

) ) . by training a neural networg, (x,) 2 RY that predicts
Given arbitrary covariancen; max Leno;  (12) (A (x,))2 givenx, on the following MSE loss

nGh=1

Given arbitrary mean ;f max  Leibo; (13) mip EnEqxoxn)K( n ™ Xa))2  gn(xn)K2: (15)
nOn=1 fonon o,
as summarized in Theorem 3.2 and Theorem 3.3. wheren is uniformly sampled froni1;2; ;N g. Here we

term( » " (Xn))? thenoise prediction residual (NPR)
which is the residual between the ground truth noise and the
noise predicted by the noise prediction network, and we call
On (Xn) theNPR prediction networkEg. (15) admits an op-
1 49— timal solution whergn (Xn) = Eqxojx)[( n " (Xn))?]
n(Xn)= ~n Xn; P=Kn nEqocoixm) [ n]) foralln 2f1;2; :Ng. Note that in contrast t6, (X n )2
" used in SN-DPMg, (x,) doesn't have the error ampli ca-
which is irrelevant to . tion problem (see Appendix E.1 for details). With a NPR

Theorem 3.2. (Optimal solution to optimization solely w.r.t.
mean) For any covariance p, the optimal mean to prob-
lem (12) is always Eq. (4), i.e.,



Submission and Formatting Instructions for ICML 2022

prediction networlg, (x ) trained on Eq. (15), we estimate 5. Extension to DPMs with Continuous
~n(xn)? by Timesteps

n N s n _ Song et al. (2020b) generalize DPMs to continuous
“n(xn)"= 1+ nﬁgn(xn)- (16)  timesteps by introducing a SD& = f (t)xdt + g(t)dw,
wheref (t) andg(t) are two pre-speci ed scalar functions
In the paper, we refer to the above estimat&lRR-DPM andw is the standard Wiener process. The SDE can be
viewed as a continuous version of the forward process
4. Implementation in Eq. (2). It constructs a diffusion procebsg/_, in-
dexed by a continuous timestép2 [0; T], wherexg
We provide more details of implementing SN-DPM and obeys the data distributiog(x,). For0 s <'t T,
NPR-DPM. Speci cally, we design a parameter sharingthe condltlonal distribution of; givenxs is q(X(jxs) =
scheme for inference ef ciency in Section 4.1. Motivated (XtJ TsXe sl ), where s = € <fC)M  and
by Theorem 3.2 & 3.3, we employ a two-stage training _ Stg( )2 4 d . Following Bao et al. (2022);

- _ H 1 tjs
process for both SN-DPM and NPR-DPM in Section 4.2. Kingma et al. (2021), we reverse the diffusion process from

timestepgd to s by p(xsjX¢) = N (Xsj sjt(Xt); sjt(X
4.1. Parameter Sharing and Inference Ef ciency © s <pt T, ?//vﬁgcﬁjistl)earneé bi: sit(xe)i it (x)
During inference, both SN-DPM and NPR-DPM need to o _ _

evaluate two networks. To reduce the computation cost, we ~ MiN “s¢ = Eqe) Diw (alxsixt)kp(xsjxt));  (18)
let the two neural networks share parameters as follows e

N _ . ) whereq(x:) is the marginal distribution af. Similarly
n(Xn) = NN 1 (UNet(xn;n; )i a); to the optimal solution in Eq. (4) & (5), Bao et al. (2022)
hn(Xn) 0rgn(xn) = NN 2(UNet(xn;n; ); 2); (17)  derive the optimal mean

where UNet is the most commonly used architecture in 1 tis
DPMs (Ho et al., 2020; Song et al., 2020b) and is parame-  jt(Xt) = p—Xt P—=—=Eqx,jxnl )i  (19)
terized by the shared parameteNN; andNN, are two us 1o

small neural networks such as convolution layers and are C P %o i i i
parameterized by ; and , respectively. where = “p—U"® a5 well as the optimal isotropic

tjo
In comparison to original DPMs with the same UNet, both covariance 5! - Similarly to Eq. (7), a noise prediction
SN-DPM and NPR-DPM require negligible additional mem-network”(x+) is used to leartEq(x,jx,)[ ], inducing an
ory cost and at mogt0%more computation time (see details estimate of the optimal mean
in Appendix F.3).

| N M) = pa—(xe PUAMKD): (20)
4.2. Two-Stage Learning and Pretraining tjs tjo

Recall that the optimal mean to problem (12) is irrelevantFlrstly’ we extend Theorem 3.1 to DPMs with continuous

to the covariance. Thus, the learning of the mean and thﬁmesteps We derive the optimal solution to problem (18)
covariance can naturally be divided into two stages. In th?/vhen (x:) = diag( <(x:)2), as shown in Proposi
sjt - sjt ’ -

rst stage, we learn the mean by training a noise predlctlont n5.1.
network on Eq. (7), or just use a pretrained one from prior
works. In the second stage, we x the parameter of the noiséroposition 5.1. Suppose gji(xt) = diag(  sjt(Xt)?).
prediction network, take the UNet as a pretrained modeilhen the optimal mean to problem (18) ig, (Xt) as in
and only learn the covariance by tuning the parameger Ed. (19), and the optimal covariance to proé)lem (18)is
(in Eq. (17)) of the NPR (or SN) prediction network using

the gradient of Eq. (15) (or Eq. (9)): z

tjs

sit(X0)?= i l+ Eqoixl {1 Equopxol 47

r zEnEq(xo;xn)k( n An(Xn))z gn(xn)kg; or
p%
I LEnEquoxn)K 2 ha(Xn)K3: where | = Zp_U j5 the noise used to generate
tjo

0 .
tjo tjs-

Note that this pretraining paradigm for the second stagéromxo and ;¢ =
only needs to tune the small neural netwdhd,, which

does not need to keep the computation graph of the UNethen, we extend Theorem 3.3 to DPMs with continuous
Algorithm 1&2 present the second stage learning procedurdéimesteps. Similarly to problem (12) & (13), we consider
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Algorithm 1 Learning of the NPR prediction network

1: Input: The NPR prediction network, (x) and its Algorithm 2 Learning of the SN prediction network

tunable parameter,; the pretrained noise prediction1: Input: The SN prediction network, (x,) and its

network”, (xn) tunable parameter,
2: repeat 2: repeat
3 Xo q(Xo) 3 Xo d(Xo)
4: n Uniform(f1l, ;NOg) 4:  n Uniform(fl, ;Ng)
5: n N (O;1) q__ 5: n N (O;1) q_
6 Xn= "~nXpt 7n n 6 Xn= "~ nXot nn
7:  Take gradient descent step on 7:  Take gradient descent stepon,k 2 h,(xn)k3
ro,kCn “M(xn)?  gn(xn)k3 8: until converged

8: until converged

the following two optimizations w.r.t. the mean or the co- 2 = 7, in Eq. (2)), and the DDIM forward process
variance solely: (corresponding to 2 = 0 in Eq. (2)). We explicitly call
. . , o our methodNPR-DDPMandNPR-DDIM (or SN-DDPM
Given arbitrary covariance ji; ms'irt' sits (21) andSN-DDIM) in these two cases respectively. We com-
; : Cemin L - pare our method with the following baselines: (i) thrég-
Given arbitrary mean ;. mn st (22) " ihal DDPM (Ho et al., 2020), which uses handcrafted val-
ues n(Xn) = Tl or L(xn) = nl, (i) the original

The optimal mean to problem (21) is also Eq. (19), which is
irrelevantto ;;. The optimal covariance to problem (22)
is given in Proposition 5.2.

Proposition 5.2. Suppose sj;(xt) = diag( Sjt(xt)z). ) _ _ _
For any mean g(x,) that is parameterized by a noise As for DPMs with continuous timesteps (see Section 5), we

prediction network (x;) as in Eq. (20), the optimal covari- consider the VP SDE (Song et al., 2020b) as the forward
ance~sj[(xt)2 to problem (22) is process. We compare our method with the following base-

lines: (i) theEuler-Maruyama solve(Song et al., 2020b),
which rstly reverses the VP SDE and then discretizes the

DDIM (Song et al., 2020a), which uses handcrafted values
n(Xn) = 21 = 0, and (iii) theAnalytic-DPM(Bao et al.,
2022), as introduced in Section 2.

2

~Sjt(xt)2: Sit(xt)2+ .OtJSA f/\t(xt) E&Xoixt)[ t])i reverse one using the Euler-Maruyama solver, (ii)@hees-
uo-us error tral sampling(Song et al., 2020b), which designs a Markov
thS ) chain similar to Eq. (1) and samples from the Markov chain,
=Tl TEq(xojx‘)[( t X)) (iii) the probability ow (Song et al., 2020b), which rstly
jo tis

o derives an equivalent ODE to the SDE and then discretizes
where | = X p_U%%° is the noise used to generatg  the ODE, (iv) theAnalytic-DPM(Bao et al., 2022), as in-
tjo troduced in Section 2, and (v) tli&otta Go Fast” SDE
fromxo and ;¢ = Ts tjs- solver(Jolicoeur-Martineau et al., 2021), which uses adap-
tive step sizes.

Similarly to Eq. (10) & (16), to obtain estimates of, (x)? . . . :
y 2q (10) & (16) . g”(_ t) Since the performance on a subset of timesteps is crucial,
and ~sjt(xt) , we can learn conditional expectations ap-

d'in p ition 5.1 & 5.2 by minimizing MSE | we compare our method and baselines constrained on tra-
E?:;Ee Isnee z):t(;?lgl?: Abpen d.ix Cy minimizing osses'jectoriesl 1 < < k = N with different number

of timestepK (Song et al., 2020a; Bao et al., 2022) (see
Appendix D for details of how to apply our method to tra-
6. Experiments jectories). Following Bao et al. (2022), we consider two
kinds of trajectories. The rst one is the even trajectory
(ET) (Nichol & Dhariwal, 2021), where the timesteps are
evenly spaced. The second one is the optimal trajectory
As for DPMs with discrete timesteps (see Section 2), wgOT) (Watson et al., 2021), where the timesteps are deter-
consider the DDPM forward process (corresponding tanined by dynamic programming that maximizes ELBO.

We provide our implementation dittps:/github. We evaluate our method on six pretrained noise prediction
com/baofff/Extended-Analytic-DPM . networks provided by prior works (Ho et al., 2020; Song

We evaluate SN-DPM and NPR-DPM in DPMs with both
discrete and continuous timestéps
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et al., 2020b;a; Nichol & Dhariwal, 2021; Bao et al., 2022).considering the imperfect mean and the ampli ed error of
Three of them are trained on CIFAR10 (Krizhevsky et al.,, (x)? as mentioned in Section 3.1. The inconsistency
2009) with the linear schedule (LS) of, (Ho et al., 2020), with its FID results in Table 2 roots in the different natures
the cosine schedule (CS) of (Nichol & Dhariwal, 2021)  of the two metrics, which has been observed and explored
and the VP SDE (Song et al., 2020b) respectively. We refeextensively in prior works (Ho et al., 2020; Nichol & Dhari-
to the rsttwo settings as CIFAR10 (LS) and CIFAR10 (CS) wal, 2021; Song et al., 2021; Vahdat et al., 2021; Watson
respectively, which have discrete timesteps, and refer to thet al., 2021; Kingma et al., 2021; Bao et al., 2022). We also
last setting as CIFAR10 (VP SDE), which has continuousnote that while NPR-DPM performs better than SN-DPM
timesteps. The others are trained with discrete timesteps an.r.t. likelihood, it does not perform better w.r.t. FID. Please
CelebA 64x64 (Liu et al., 2015), ImageNet 64x64 (Dengsee Appendix E.2 for a discussion.

e_t al., 2009) _and LSUN Bedroom (\_(u etal., 2015) reSPeCe also compare to Improved DDPM (Nichol & Dhari-
tively. We train NPR (or SN prediction networks for all of wal, 2021) in terms of likelihood estimation. With a small

them, following the implementation in Section 4. See more . .

experimental details in Appendix F. r_1umber of t|mestep§, our methoq can get a much better like-
lihood result than Nichol & Dhariwal (2021) on ImageNet

, 64x64. With the full timesteps, two methods show a similar

6.1. Sample Quality likelihood performance (the upper bound on NLL of our

In this part, we compare the sample quality quantitativelymethod is 3.60 and that of Improved DDPM is 3.57), which

as measured by the commonly used FID score (Heusel et almplies that using an alternative objective such as the MSE

2017). We evaluate DPMSs with both the discrete and corloss can achieve a similar likelihood performance to directly

tinuous timesteps. As for DPMs with discrete timesteps@pPtimizingL eino - See details in Appendix G.1.

we report results under both the DDPM and DDIM forward

processes. Since Watson et al. (2021); Bao et al. (2022}, Related Work

report that a DPM with the optimal trajectory is likely to

have a worse FID score, we only include results under th&PMs and their variants. The idea that a data gen-

even trajectory. eration process can be constructed by reversing a diffu-
. sion process is initially introduced by Sohl-Dickstein et al.

As shown in Table 2, both NPR-DPM and SN-DPM out-5q15) * gpeci cally, Sohl-Dickstein et al. (2015) reverse

perform baselines in most cases. In particular, SN-DPMy,q gitfusion process using a Markov chain with discrete

improves the sample quality remar-kably on _CIFARlO andtimesteps, which is learned on the ELBO objective. Ho et al.

CelebA 64x64 when the number of timesteps is small. More(2020) propose to parameterize the mean of the Markov

over, our.method's perform well in DPMs with both discrete chain by the noise prediction network, which share param-

and continuous timesteps. eters between different timesteps and is learned on a MSE

Following Bao et al. (2022), we also compare the leasioss. Song et al. (2020b) consider DPMs with in nitesimal
number of timesteps required to achieve a FID around 6, amesteps, which can be represented by stochastic differen-
shown in Table 3. Remarkably, on CelebA 64x64, SN-DPMtial equations (SDEs). Recently, some variants of DPMs are
requires less than half the number of timesteps compared t@roposed. Kingma et al. (2021) additionally learn the for-
baselines. In Appendix G.3, we show FID comparison afteivard diffusion process, Vahdat et al. (2021) learn DPMs in
normalizing for the extra cost, as well as the comparisoriatent space and Dockhorn et al. (2021) introduce auxiliary
with the “Gotta Go Fast” SDE solver. In Appendix G.4, we Velocity variables to the diffusion process.

show generated samples of our methods. Based on the powerful generation performance, DPMs have

o shown great promise in a wide variety of applications, such

6.2. Likelihood Results as controllable generation (Choi et al., 2021; Meng et al.,
In this part, we evaluate the upper bound. e, (see 202}; Sinha et al., 2021; N|chol et al., 2021), vom;e con-
Eg. (3)) on the negative log-likelihood of DPMs with Version (Popov et al., 2021), image super-resolution (Sa-
discrete timesteps. Since Bao et al. (2022) claim thaf@nia et al,, 2021; Li et al., 2021), image-to-image trans-
Lebo = 1 in the DDIM forward process, we only in- lation (Sasaki et al., 2021), shape generation (Zhou et al.,

clude results under the DDPM forward process. 2021), 3d point cloud generation (Luo & Hu, 2021) and
time series forecasting (Rasul et al., 2021).
As shown in Table 4, our NPR-DPM consistently outper-

forms all baselines on all datasets, all number of timestep§©variance design in DPMs As mentioned in Section 1,
and both kinds of trajectories. the covariance design in DPMs is crucial for the perfor-

mance on a subset of timesteps, and some prior works (Ho

In initial experiments, we nd that SN-DPM doesn't per- et al., 2020; Song et al., 2020a; Bao et al., 2022) use
form well on the likelihood results, potentially due to not
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Table 2.FID score#. All results are evaluated under the ET. Here A-DPM denotes the baseline Analytic-DPM. Note that the extra
time cost of the NPR (or SN) prediction network is negligible on CIFAR10, CelebA 64x64, and at most 4.5% on ImageNet 64x64 (see
Appendix F.3 for details). Thus, we can use the number of timesteps to compare the ef ciency of these methods.

CIFAR10 (LS) CIFAR10 (CS)
# TIMESTEPSK 10 25 50 100 200 1000 10 25 50 100 200 1000
DDPM, 44.45 21.83 15.21 10.94 8.23 5.11 34.76 16.18 11.11 8.38 6.66 4.92
DDPM, 233.41 125.05 66.28 31.36 12.963.04 205.31 84.71 37.35 14.81 5.743.34
A-DDPM 34.26 11.60 7.25 5.40 4.01 4.03 22.94 8.50 5.50 445 4.04 4.31
NPR-DDPM 32.35 10.55 6.18 4,52 3.57 4.10 19.94 7.99 5.31 452 4,10 4.27
SN-DDPM 24.06 6.91 4.63 3.67 3.31 3.65 16.33 6.05 4.17 3.83 3.72 4.07
DDIM 21.31 10.70 7.74 6.08 5.07 4.13 34.34 16.68 10.48 7.94 6.69 4.89
A-DDIM 14.00 5.81 4.04 3.55 3.39 3.74 26.43 9.96 6.02 488 4.92 4.66
NPR-DDIM 13.34 5.38 3.95 3.53 3.42 3.72 22.81 9.47 6.04 5.02 5.06 4.62
SN-DDIM 12.19 4.28 3.39 3.23 3.22 3.65 17.90 7.36 5.16 463 4.63 4.51
CELEBA 64x64 IMAGENET 64x64

# TIMESTEPSK 10 25 50 100 200 1000 25 50 100 200 400 4000
DDPM, T 36.69 24.46 18.96 14.31 10.48 5.95 29.21 21.71 19.12 17.81 17.48 16.55
DDPM, 294.79 115.69 53.39 25.65 9.723.16 170.28 83.86 45.04 28.39 21.38 16.38
A-DDPM 28.99 16.01 11.23 8.08 6.51 5.21 32.56 22.45 18.80 17.16 16.40 16.34
NPR-DDPM 28.37 15.74 10.89 8.23 7.03 5.33 28.27 20.89 18.06 16P%.32 16.38
SN-DDPM 20.60 12.00 7.88 5.89 5.024.42 2758 20.74 18.04 16.6116.37 16.22
DDIM 20.54 13.45 9.33 6.60 496 3.40 26.06 20.10 18.09 17.84 17.74 19.00
A-DDIM 15.62 9.22 6.13 4.29 3.46 3.13 25.98 19.23 17.73 17.49 17.44 18.98
NPR-DDIM 14.98 8.93 6.04 4.27 3.59 3.15 28.84 19.62 17.63 17.42 17.30 18.91
SN-DDIM 10.20 5.48 3.83 3.04 2.85 2.90 28.07 19.38 17.53 17.23 17.23 18.89

CIFAR10 (VP SDE)

# TIMESTEPSK 10 25 50 100 200 1000
EULER-MARUYAMA 292.20 170.17 90.79 47.46 21.922.55
ANCESTRAL SAMPLING 235.28 129.29 68.52 31.99 1281 2.72
PROBABILITY FLOW 107.74 21.34 7.78 4.33 3.27 2.82
A-DPM 35.10 11.57 6.54 4.71 3.61 2.98
NPR-DPM 33.70 10.44 5.83 3.97 3.05 3.04
SN-DPM 25.30 7.34 4.46 3.27 2.83 2.71

isotropic covariances that only depends on the timestedgthms can be further combined with our method to get
without considering the state, which is less exible com-a better performance. For example, the combination of
pared to ours. Besides, we note that Nichol & Dhariwalthe dynamic programming and our method leads to a bet-
(2021) also use state-dependent diagonal covariances. Ther likelihood performance, as shown by the OT results in
difference is that Nichol & Dhariwal (2021) directly train Table 4. Several works change the model family in the
a covariance network obeho, and our one is learned by reverse process, replacing the Gaussian model. Luhman
optimizing a MSE loss based on the form of the optimal& Luhman (2021); Anonymous (2022b) distill the original
covariance. As a result, our method can get a reasonabteverse process to a model of a single or a few timesteps,
likelihood result on a small number of timesteps, which isand Xiao et al. (2021) model the reverse process as a con-
contrast to Nichol & Dhariwal (2021) (see Appendix G.1). ditional generator and propose to train with an adversarial
loss. However, their likelihood estimation is non-trivial due
to the change of the model family. Several works design

. . ~“M3aster solvers (Jolicoeur-Martineau et al., 2021; Popov et al.,
Several works explore to nd short trajectories by applying 021) for DPMs with continuous timesteps. However, these

searching algorithms, e.g., grid search (Chen et al,, 2020 blvers only consider isotropic covariances as in Ho et al.

dynamic programming (Watson et al,, 2021) and dlﬁ:eren'ZOZO); Bao et al. (2022), which are less exible compared

tiable search (Anonymous, 2022a). These searching alg ) OUrS

Faster DPMs. In addition to exploring covariance design
in DPMs, there are also other attempts toward faster DPM
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Table 3.The least number of timestegigequired to achieve a FID around 6 (with the corresponding FID). The time cost in a single
timestep is the same for all baselines. Since our methods have extra prediction networks which require extra time cost, we multiply their
results by the ratio of the time cost in a single timestep in them to that in baselines. See experimental details in Appendix F.7.

METHOD CIFAR10 CELEBA 64x64 LSUN BEDROOM
DDPM (Ho ET AL., 2020) 90 (6.12) > 200 130 (6.06)
DDIM (SONG ET AL., 202(0) 30 (5.85) > 100 BESTFID > 6
IMPROVED DDPM (NicHOL & DHARIWAL, 2021) 45 (5.96) NBSING MODEL 90(6.02)
ANALYTIC-DPM (BAO ET AL., 2022) 25 (5.81) 55 (5.98) 100 (6.05)
NPR-DPM (QURS) 1.002 23 (5.76) 1.01150(6.04) 1.01790(6.01)
SN-DPM (OURS) 1.005 17(5.81) 1.012 22(5.96) 1.100 92 (6.02)

Table 4.Upper bound ( Leno ) On the negative log-likelihood (bits/dir#) Here A-DPM denotes the baseline Analytic-DPM. Note that

the extra time cost of the NPR prediction network is negligible on CIFAR10, CelebA 64x64, and at most 4.5% on ImageNet 64x64 (see
Appendix F.3 for details). Thus, we can use the number of timesteps to compare the ef ciency of these methods. To reduce the effect of
randomness, we also repeat the experiments under the full timesteps and report the variance in Appendix G.2.

CIFAR10 (LS) CIFAR10 (CS)
# TIMESTEPSK 10 25 50 100 200 1000 10 25 50 100 200 1000

DDPM, T 7495 2498 1201 7.08 5.03 3.73 7596 2494 1196 7.04 4.95 3.60
DDPM, 6.99 6.11 544 486 4.39 3.75 6.51 555 492 441 4.03 3.54
A-DDPM 547 479 438 4.07 3.84 3.59 5,08 445 4.09 3.83 3.64 3.42
NPR-DDPM 5.40 4.64 4.25 3.98 3.79 3.57 503 433 3,99 3.76 3.59 341

DDPM, 538 4.34 3,97 3.82 3.77 3.75 551 430 3.86 3.65 3.57 3.54
OT A-DDPM 411 3.68 3.61 3.59 3.59 3.59 3.99 356 3.47 3.44 3.43 3.42
NPR-DDPM 3.91 3.64 3.59 3.58 3.57 3.57 3.88 3,52 3.45 3.42 341 341

ET

CELEBA 64x64 IMAGENET 64x64
# TIMESTEPSK 10 25 50 100 200 1000 25 50 100 200 400 4000

DDPM, T 33.42 13.09 7.14 460 3.45 2.71 105.87 46.25 22.02 12.10 7.59 3.89
DDPM, 6.67 572 498 431 3.74 2.93 5.81 520 4.70 431 4.04 3.65
A-DDPM 454 3.89 348 3.16 2.92 2.66 4.78 4.42 4.15 3.95 3.81 3.61
NPR-DDPM  4.46 3.78 3.40 3.11 2.89 2.65 4.66 4.22 3.96 3.80 3.71 3.60

DDPM, 476 3.58 3.16 299 294 293 456 4.09 3.84 3.73 3.68 3.65
OT A-DDPM 2.97 271 267 266 2.66 2.66 3.83 3.70 3.64 3.62 3.62 3.61
NPR-DDPM  2.88 2.69 266 2.66 2.65 2.65 3.73 3.65 3.62 3.60 3.60 3.60

ET
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A. Proof
A.1. Proof of Theorem 3.1, 3.2 & 3.3

Lemma A.1. (Conditioned moment matching) Suppage) is a probability density function with mean, and covariance
matrix qandp(x) = N(xj ;diag( 2)) is a Gaussian distribution. Then

1. forany 2, the optimization problermin Dy (gkp) admits an optimal solution = ;

2. forany , the optimization problermizn Dk. (gkp) admits an optimal solution- 2 = diag( ) + ( q)?, where
()? is the element-wise square;

3. the optimization problermir; Dk. (akp) admits an optimal solution = gand 2=diag( q).

Proof. Bao et al. (2022) show that the KL divergence between a probability density furiptind a Gaussian distributign
can be written aB . (gkp) = Dk (N(Xj 4; q)Kp) + ¢, wherecis a constant only related tp(see Lemma 2 of Bao
etal. (2022)). Thus, the optimizationsDf (gkp) andDy. (N (Xj q; ¢)kp) w.rt. or 2 are equivalent.

We expand. (N (Xj q; q)kp) according to the de nition of KL divergence:

2D (N(Xj o g)kp) =tr(diag( %) o) d+log

W+( Ddagl (o (23

al
W . .
= i2 Qi +C i ( q)i)2 +log |2 logj 4 d: (24)
i=1

According to Eqg. (23), we know that
min Dy (akp) . min( q)” diag( ?)( a);

which admits an optimal solution = .

According to Eq. (24), we know that

xd
min Dk (gkp) ,  min 20 v (gi)? +log ?
i=1

By taking gradients, we know. 2 ( o)ii +( i ( q)i)? +log 2 as a function of ? gets its minimum at

2

2= Qv (i (N
Thus,min Dk (gkp) admits an optimal solutior ? = diag( ) + ( ).

Combining and~ 2, we know thaimir; Dk. (okp) admits an optimal solution = qand 2 =diag( q)+(
q)? =diag( q). O
Lemma A.2. Suppose|(Xo:n ) is de ned as Eq. (2). Then we have

q _—
1 =
Eqxn 1jxn)[Xn 1] = "'n(Xn;Pf—n(Xn nEqxojxn)[ n1))s

COVq(x, sjxm)Xn 2]= A1+ ﬁ% Eqxoixn)l n n]  Eqxoixm)[ n]Eqxojxm)[ nl”

diag(Covyex, jxm)Xn 1) = 51+ 2=" Equeixm)l 2l  Equoixm)[ nl* :
n

P — q iiq —
where , = *np_1Xo jsthe noise used to generatg fromx, and |, = p*n 1 n o1 2

n
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Proof. Since~,(Xn;Xp) is linear w.r.t.x o, we have

Eqixn 1jxn)[Xn 1] = Eqxojxa)Eqtxn 1jxn:xo)[Xn 1]

q_—

1
=Eqxojxn) Tn(XniX0) = ~n(Xn;Eqgxojxn)X0) = ~n(Xn: P=(Xn
n
As for Covgx, ,jx,)[Xn 1], Bao et al.q(2022) show that it can be expandedCasqx, ,jx.)[Xn 1] =
2COVg(xjx ) [X 0], Where |, = P -

7n Eq(xojxn)[ n]):
“ho1

2] +
n 1 2 = (seelLemma13inBao etal. (2022)).
P— _
Besides, we hav€ovy(y yjx,)[ n] = COV gixgjx ) [FP=22] = =2COVq(xojx,) [X0]- Thus,
COVg(x, sjxa)Xn 1]= 31+ F="CoVgxoix,)l nl
n

2 2
nI + n—in

Eq(xojxn)[ n ;]

Eaxoixa) [ nIEquoix)[ nl”
diag(Covy(x, ,jx,)[Xn 1]) =

a1+ 20 Eq(ijxn)[ﬁ] Eq(xojxn)[n]z :

O

Theorem 3.1. (Optimal solution to joint optimization) Suppose (x,) = diag( »(Xn)?). Then the optimal mean to
problem (3)is ,(Xn) asin Eqg. (4), and the optimal covariance to problem (3) is

n(Xn)?= A1+ 2" Equoixnl 31 Equoixmy[ nl?
n
P—
where , = Xnp _nX¢ j5the noise used to generatg fromxg, ()? is the element-wise squarkjs the vector of ones
p _ " q iq —
and n = n 1 n 1 n

chainp(xo:n ) can be written as

Proof. Bao et al. (2022) show that the KL divergence between a joint probability density furmgkien, ) and a Markov

W
DL (a(Xo:n )Kkp(Xo:n ) =

EqDKL (Q(Xn 1an)kp(Xn 1an))+ C;
n=1

wherec is a constant only related tp(see Lemma 8 in Bao et al. (2022)). As a result, the optimization of the KL divergence
is decomposed intn independent optimization sub-problems:
(r)T_]in ()2 EqDkL (A(Xn 1jXn)Kp(Xn 1jXn));

1 n N:

Lemma A.1 and Lemma A.2, we know the optimal solution is

Since q(xn 1jXn) is a probability density function with mearkyy, ,jx,)[Xn 1] and covariance matrix
CoVgx, 1jxm)[Xn 1] @ndp(Xn 1jXn) = N(Xn 1j n(Xn);diag( n(xn)?)) is a Gaussian distribution, according to

q _—
1
n(Xn) = Eq(x» 1jxn)[Xn 1]= ~n(Xn; P=(Xn
n

~nEqtoixm) [ n]));

2 n
n—

n(xn)2 =diag(Cov gk, LjxmyXn 1l)= 21+

Eqxoixa)[ 2] Equeoix)[ nl
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is always Eq. (4), i.e.,

Theorem 3.2. (Optimal solution to optimization solely w.r.t. mean) For any covariange the optimal mean to problem (12)

q__
1 =
n(Xn)= ~n Xn; P=Kn nEqxojxn)[ nl)
n
which is irrelevantto .

Proof. Similarly to the proof in Theorem 3.1, these optimizations are equivalent

fmg}wx Lebo » m;p Dk (A(Xo:n)Kkp(Xo:n)) » MINEgDke (A(Xn 1JXn)KP(Xn 1jXn)); 1 n N
nYn=1 nYn=1 n
According to Lemma A.1 and Lemma A.2, we know the optima(x,) is
1 9=
n(Xn) = Eq(xn 1jxn)[Xn 1]= =n Xn; P=(Xn nEq(xojxn)[ nl)
n

O
Theorem 3.3. (Optimal solution to optimization w.r.t. covariance solely) Suppogé€x,) = diag( n»(x,)?). For any
mean ,(X,) that is parameterized by a noise prediction netwdykx ) as in Eq. (6), the optimal covariance, (x )? to
problem (13) is

~n(Xn)2: n(Xn)2+ ﬁ%f/\n(xn) E xojxn)[ nl)

2

}

error

= §1+ r%f*nEq(xojxn)[( n An(Xn))Z]; (14)
n
pP—
where ,(xn)? is the optimal covariance to the joint optimization problem in Theorem 3.E, *np—nXe js the noise
9 -t——0q_
used to generate,, fromx g, ()? is the element-wise squarkjs the vector of ones and, = ' —, 1 n o1 3 =
Proof. Similarly to the proof in Theorem 3.1, these optimizations are equivalent
max Lemo »
f ongha

f mgin Dk (a(xo:n)Kkp(Xo:n))
nYn=1

min EqDwL (A(Xn 1jXn)Kp(Xn 1jXn)); 1 n  N:
According to Lemma A.1, we know the optimay}, (x)? is

~y(xn)? = diag(Cov qx, jxn)Xn 1)+ n(Xn)  Eqxy ajxm)Xn 1)%
According to Theorem 3.4iag(Covy(x, jx,)[Xn 1]) =

n(Xn)2
According to Lemma A.2 and the parameterization g{x ) in Eqg. (6), we have

S

n(Xn) Eq(xn 1jxn)[xn 11= n %(Eq(xojxn)[ nl  "h(Xn)):
n
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Finally,

~n(xn)? =diag(Cov g, Lixa)Xn 1D+ n(Xn)  Equn 1jxn)Xn 1])?

2

}

2

n(Xn)2+ n%f/\n(xn) E{(}(xojxn)[ nl)

error

= 21+ 2" Equopxn[ 81 Eqooixn) [ 0l + Equeoix)[ 0P 2Eqexoixn)[ al%n(Xn) + " (Xn)?

=

= ﬁl"' s% Eq(xojxn)[ﬁ] 2Eq(xojxn)[ n]%n (Xn) + An(xn)z
n

= ﬁl"' r%%Eq(xojxn)[( n An(xn))z]:

A.2. Proof of Proposition 5.1 and Proposition 5.2

Lemma A.3. Let0 s<t T,andq(xsjxt) be the conditional distribution ofs givenx; determined by the SDE
dx = f (t)xdt + g(t)dw. Then we have

1 ti
Eqexsixo [Xs] = p—=—=(xt p%Eq(ijxl)[ tl);
j

tjs
2
COVg(x .| = il + — B 1 Eqixj Eqxoixoyl (7
OV(xsjx) [Xs] = it o axoix)l t £1 Eqoixol tlEquxoix [ 1]
jo tjs
2
. o~ tjs .
diag(Covg(xjx ) [Xs]) = el + o e Eqoixol {1 Equopxo [ 11
] ]
pi.
where = *-p—1°° is the noise used to generate fromx o and ~;; = =2 s

tjo

Proof. The conditional distribution af s givenx; andx o determined by the SDE is

R P—
tjs sjo sjo tjs L~ i
Xt + Xo0; Tsjtl )

tjo tjo

a(XsjXt;X0) = N (Xsj
As for Eq(x . jx,)[Xs], we have
_ 1 _ 1 tjs .
Eq(xijt)[xs] - DT(Xt + tjsr IOQOI(X'[)) - DT(X'{ p 7’Eq(xojxt)[ t])
is is tj

As for Covy(y,jx,)[Xs], we can expand it using the law of total variance

CoVg(xjx 1) [Xs] = Eqexojxi) COVa(xsjx ix0) [Xs] + COV q(xjx ) Eqexsjx i ix0) [Xs]

2
o~ sj0 tjs
=Tl + 2 COVQ(Xont)[XO]

{0

sj0 2

- tis tjo
=il + 7 —CoVg(xojx i)l t]

o tjo

2
-~ tjs > >
=Tt + Eaexoixol t 1 Egxoix)[ tlEqexojxi) [ t]

tjo tjs
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Its diagonal is

2
tjs

diag(COVq(ijx‘)[Xs]) = ~sjtl + Eq(xojxt)[ t2] Eq(xojx()[ t]2 :

tjo tjs
O
Proposition 5.1. Suppose gj;(Xt) = diag( Sjt(xt)z). Then the optimal mean to problem (18) igt(xt) asin Eq. (19),
and the optimal covariance to problem (18) is

2
2_ ~ tjs 2 .
sjt(xt) - sjtl+f Eq(XOJXI)[tZ-I Eqtxoixol 47
tjo tjs

P
X ioX . . —_
where | = ~p—L=% is the noise used to generate fromx o and ~;; = [—z tjs-
tjo i

Proof. According to Lemma A.1 and Lemma A.3, the optimal solution is

1 .
sit(Xt) = Equeajx o [Xs] = WT(Xt H%qun(mxt)[ e]);
is tj
2
tjs

sjt(Xt)2 = diag(covq(xijt)[xs]) = Tl Eq(xojxl)[ t2] Eq(xojxt)[ t]2 .

tjo tjs

O

Proposition 5.2. Suppose s;;(xt) = diag( S,-t(xt)z). For any mean gj;(X) that is parameterized by a noise prediction
network”(x) as in Eqg. (20), the optimal covarianc:esjt(xt)2 to problem (22) is

2
2_ 2 tjs 2
~it(X1)"= (X))t ——— f’\t(xt) E{yc}ix[)[ t])
uo us error !
2
_ ~ tjs 27.
= Sitl+ ——Eqoixp [l ¢ (X)L
tjo tjs
Xt P tjoXo : ~ 0
where { = —P—=— is the noise used to generate fromxo and ~;; = = s
tjo ]

Proof. According to Lemma A.1 and Proposition 5.1, the optimal covariatrgﬁ:te(xt)2 is

~sjt(xt)2 :diag(COVq(xijl)[X s]) +( sjt(Xt) Eq(xij[)[xs])2

2
G
= sjt(xt)2+ I f"t(Xt) Eqxojxo)[ 1)
1o us error }
2
~ tj
=Tl t,olst_ Equoix)l 21 Equoixi)[ 12+ Equoixo) [ 2 2Equojxy[ 1% (Xe) + A (X¢)?
J IS
2
~ tjs
= sjt1+ ) l ) Eq(xojxt)[ t2] 2Eq(xojxt)[ 1% (X¢) + I\t(Xt)2
tjo tjs
2
~ tjs
=il %Eq(xojxt)[( t At(xt))Z]:
tjo tjs
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A.3. Strictly Improved Expressive Power when the Data Distribution is a Mixture of Gaussian

=]

Lemma A.4. Suppose|(x;y) is a probability density function, s.g(x) = iN( j;cl)withd  2and pairwise
i=1

distinctf jng:1 ,andg(yjx)= N (yjp “Xx; |)forsome; > 0. Suppos@(xjy)= N(xj (y); (y)) isaGaussian

distribution conditioned oiy. Then we have,

min Eqy)D Xjy)kp(xjy)) < min Eqy)D Xjy)kp(xjy)):
gl e Baon D (axiy)ke(xy)) < min - Bqgy) Di (alxiy)kp(xjy)

Proof. As mentioned in the proof of Lemma A.1, the KL divergence between a probability density fulncéiod a
Gaussian distributiop can be written a® k. (gkp) = Dk (N (X] 4 ¢)kp) + const, where g is the meanofl, 4is
the covariance matrix af andconstis only related tay. Thus, we only need to prove

min
© (y)=diag(  (y)?)

< nz;/r;: " Eqry) DL (N (XjEqxjy) [X]; Covgxjy) XD KpP(Xjy)):

Eq(y) Dk (N (Xqu(xjy) [X]; COVq(xjy) [X])kp(ij))

We know the optimal mean is (y) = Eqxjy)[X] for both problems. LeM (y) = Cov qjy)[X]. We expand the KL
divergence, and substitute into

2D kL (N (XjEqexjy) [X]; Covexjyy XD KP(Xjy)) = tr M d+log — L O .
kL (N (X[Eqexjy) [X]; Covgexjyy (XDKp(XjY)) =tr( - (y) *M (y)) 0 Cove KT
Thus, we only need to prove

gy min - Ea () M (y)+logj ()i < min , Eqy) (¥ M (y) +logj (V)i ;

which is equivalent to
n # n #
xd xd

min Eqqy) (¥)i 2M (y)i +log (y)? < minEgy,) M (y)ii +log 2
i=1 i=1

The left problem admits the optimal solution (y)? = M (y)i, and the right one admits the optimal solutiorf =
Eqqy) W Thus, we only need to prove

# " #
Xj 2 2 Xd 2 2
Eqwy) (¥)i ‘M (y)i +log (y)i < Eqy) M (y)i +log : (25)
i=1 i=1
We prove it by contradiction. Suppose
" # " #
X 2 2 X 2 2
Eaty) (V)i ‘M (y)i +log  (Y)7 = Eqy) M (y)i +log
i=1 i=1

Sinceq(y) is fully supported, it implies that
8 Xd 2 . | 2 _ Xd 2 . [ 2 .
y; ()i “M (y)i +log  (y)i = M (y)ii +log ,
i=1 i=1

which holds if and only iBy; 8i;  (y)?= 2. This meansy;8i; M (y)i = Eqy) ™™ which implies that there
existsm 2 Rirrelevant toy, s.t.,diag(Covyxjy)[x]) = ml .
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Now we deriveq(xjy),
. X kx (k2 ky P xig
axiy) | a)ayix) 1 exp( o exp( )
j=1
X K (K2 c + )kxk2 2  + Ty
_ i K2 2 v Yl
I = )
Xk Ty kK x (j+Ty)e + K
_1:1 j exp( 2c (c + ) 2c ) exp( 2c=(c + ) )
X ki P p_
I expllog j  —————+—— YN j+c y)=c + )c=(c + )
i=1
12 p—
Let ; =log j o5 4% Let (y) = ( 1(y); ; s(y), where j(y) = j + z5— 7y, and (y) =

_ P P
softmax( (y)). Let j(y) = ( j+ & y)=c + ), 7(y) = @) jand(y) = j(y) j(y)
J

p =1 j=1
( “(y)+c y)=c + ).Then

X

q(xjy)=_ F(N(Cj(y);c=(c + )I);

i=1

which is also a mixture of Gaussian. According to the property of mixture of Gaussian, the diagonal of its covariance is

X
diag(Covgxjy)[x]) = c=(c + )1+ i) iy? Tyx
i=1
Meanwhile,diag(Covqxjy)[x]) = ml . Thus,
X
c=(c + )d+ F(K (K Kk T(y)ks = dm;
j=1
which is irrelevant toy. Since
2 3
X X
Tk KB k Tk = 2=(c + )P4 j(y)k [k Kk T(y)ksS;
j=1 i=1

i(Y)k jk3 k ~(y)kjisalsoirrelevantty. Lety = tyo,jo =argmax ; Yo. Thentllilm is(tyo)=1,and
i=1 j !

lim  j(tyo)k ;K5 k ~(tyo)k =0:
j=1

P
Thus,  j(y)k jk3 k —(y)k3 =0 forally. This means
j=1

X X
i)k K3 k T(y)k3 = i)k T(y)k3=0:
j=1 j=1

Thus, 1 = , = = 3 = ~(y). This contradicts the assumption tfiat; gle are pairwise distinct. Therefore,
Eq. (25) must hold. O
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=]

Proposition A.5. If the data distributiong(x ) = iN( j;cl)is amixture o 2 Gaussian, and jgle are
j=1

pairwise distinct, then we have

max Lebo > max Lebo:
ns n: n(Xn)=diag( n(xn)z) ny ons on(xn)= %l
Proof. We only need to prove
min D Xo:n ) KP(X o0 < min D Xo:n )KP(Xo:N )
UL L. PR kL (A(Xo:n )Kp(X 0:N ) M PR (a(xo:n )kp(xo:n))

As mentioned in the proof of Theorem 30, (q(X o:n )KP(X0:n ) can be decomposed as

X
Dke (a(Xo:n )Kp(Xo:n ) = EqDkL (A(Xn 1JXn)Kp(Xn 1jXn)) + C;

n=1

wherecis a constant only related tp Thus, we only need to prove

%

min E.D Xn 1JXn)kp(Xn 1jX
v et a(xa)sdiag( o (xn)2) < (G0 2PXn)Kp0n 2Xn)

< min IEqDKL (a(xn 1jxn)kp(Xn 1jXn)):

n=1 ny oni on(Xn)= 2
It is suf cient to prove whem =1,

min EqDkw (a(Xojx 1)Kp(X0jX 1))
15 10 a(xa)=diag( 1(x1)?)

< min - EqDiw (a(Xoix1)kp(XojX1));

110 1(xa1)= 1§

which holds according to Lemma A.4. O

B. Results for Full Covariances

In this part, we derive results on full covariances. In Proposition B.2, we derive the optimal solution to the joint optimization
problem (3). In Proposition B.3, we derive the optimal covariance to the optimization problem (13) w.r.t. the covariance
solely. Their proof requires Lemma B.1, which is very similar to Lemma A.1.

Lemma B.1. Suppose(x) is a probability density function with mean, and covariance matrix 4 and p(x) =
N (xj ; ) is a Gaussian distribution. Then

1. forany , the optimization problemmin D, (gkp) admits an optimal solution = ;
2. forany , the optimization problemin Dy, (gkp) admits an optimal solutiom™ = ¢+ ( a)( 9
3. the optimization problemin D, (gkp) admits an optimal solution = gand = .

Proof. Similarly to the proof of Lemma A.1, the optimizationsDf, (gkp) andDk. (N (Xj ¢; ¢)kp) w.rt. and are
equivalent. We expanBk. (N (Xj o ¢)kp) according to the de nition of KL divergence:

2Dk (N(Xj ¢; kp)=tr( ' ) d+log JJqJJ +( ) I a)

S N et o) q)>»+logj’:j d:
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Thus,min Dy, (gkp) , min( P I q)» which admits an optimal solution = ¢, andmin D, (okp) ,
mintr( 1 q+( a)( q)”)) +log j j, which admits an optimal solution = 4+ ( a)( @ -
Combining and~ , we know thaimin D. (gkp) admits an optimal solution = gsand = . O

Proposition B.2. Suppose ,(x,) is a full covariance. Then the optimal mean to problem (3),i$x») as in Eqg. (4), and
the optimal covariance to problem (3) is

n(Xn)= A1+ A" Eqoix)[n n] Eaoixm)[ nJEqexojxa) nl”
n

Proof. Bao et al. (2022) show that the KL divergence between a joint probability density furfien, ) and a Markov
chainp(x .y ) can be written as

X
Dke (a(Xo:n)Kp(Xo:n)) = EqDkL (A(Xn 1jXn)kp(Xn 1jXn)) + C;

n=1

wherec is a constant only related tp(see Lemma 8 in Bao et al. (2022)). As a result, the optimization of the KL divergence
is decomposed into independent optimization sub-problems:

min()EqDKL(q(Xn 1Xn)kp(Xn 1jxn)); 1 n  N:
Since q(Xn 1jxn) is a probability density function with mearEq, ,jx,)[Xn 1] and covariance matrix
Covg(xyn 1jxn)Xn 1]andp(xn 1jxn) = N (Xn 1j n(Xn); n(Xn))) is a Gaussian distribution, according to Lemma B.1
and Lemma A.2, we know the optimal solution is
1 9=
n(Xn) = Eqx, sjxm)Xn 1] = ~n(Xn: P=(Xn n Eqxoixmy[ n1));
n

n(Xn) = CoVg(x, 4jxm)[Xn 1] = e+ i Eaxoixn)l n 0] Eqxoixn)[ n1Eqxoixa)[ n]”
n

O

Proposition B.3. Suppose ,(x,) is a full covariance. For any mean, (x,) that is parameterized by a noise prediction
network”™, (xn) as in Eq. (6), the optimal covariancg, (x,) to problem (13) is

Tan(Xn) = (X)) ﬁ}FEq(XDjxn)[n] An(xn))iqu(xojxn)[ nl An(xn))>}
" error

= A+ A gl n M) 0 ()T
n
Proof. According to Lemma B.1, we know the optimal, (X ) is
“n(Xn) =CoVgix, sixmyXn 1]+ n(Xn)  Egqxn ajxa)Xn 1DC n(Xn)  Egqxy jxa)Xn )

According to Proposition B.Z20Vq(x, ,jx,)Xn 1]=  n(Xn).
According to Lemma A.2 and the parameterization @{x,) in Eqg. (6), we have

S

n(Xn) Eq(x» 1jxn)[xn 11= n ﬁ(Eq(xojxn)[n] M(xn)): (26)
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Finally,

Tn(Xn) =CoV gix, aixyXn 1]+ n(Xn)  Egix, ijxa)Xn 1DC n(Xn)  Eqxn ajxayXn 1])”

= (xn)+ E%qu(xojxn)[n] An(Xn))iqu(xojxn)[n] An(xn))>}
" error

= ﬁl + r%% Eq(xojxn)l n nl Eqexojxn)l n]"n(Xn)” " (Xn)Eqexojx ) [ nl” + M (Xn) M (Xn))”

= ﬁ' + E%Eq(xojxn)[ n ; n™n(Xn)”  "(Xn) ; + M (Xn) M (Xn)7]
n

= r21| + ﬁ%Eq(xojxn)[( n e n M(xa)7I:

O

Note thatEq(y ojx,)[ n 7 ]in Proposition B.2 an@q(x,jx,)[( 1 "n(Xn))( n " (Xn))” ]in Proposition B.3 are matrices
of shaped d. We can also learn these conditional expectations by training neural networks that output matrices of shape
d don MSE losses, and then estimatg(x ) and ~, (x) using these neural networks.

However, obtaining samples from Gaussian transitions with full covariances requires a decomposition of the covariance
matrix, e.g., Cholesky decomposition, which ha®@?) time complexity. In practiced can be large (e.g., high resolution
images), and such a decomposition can be time consuming. Therefore, in practical settings, it is more suitable to consider
diagonal covariances as in the main text, which do not involve a matrix decomposition.

C. Details on Extension to DPMs with Continuous Timesteps

To obtain the estimate ofsjt(xt)2 appeared in Proposition 5.1, we use a netwartk;) 2 R? to learnEqy ojx ) [ 2] by
minimizing the following MSE loss

min EEqgeoxk £ Me(x)K3;
t

wheret is uniformly sampled fronfO; T]. Then we obtain the estimate ogjt(xt)zz

2

~ tjs .
Nr(x1)? = el —— h(x)  A(xo)?
tjo tjs

To obtain the estimate cﬁfsjt(xt)2 appeared in Proposition 5.2, we use a netwg(ik) 2 RY to learnEq(x ojx ) [( ¢
" (Xt))2] by minimizing the following MSE loss

n;inEtEq(XOJXt)k(t N(X))? Gi(Xo)kKS;

wheret is uniformly sampled fronfO; T]. Then we obtain the estimate egjt(xt)zz

2
N 2 _ ~ tjs
~sjt(Xt) = sjtl+

gt (X1):
tjo tjs
D. Inference on Trajectories

To speed up the inference, we can reverse a shorter forward prgess ;X , jXo) constrained on a trajectory
1 ;< < k = N of K timesteps (Song et al., 2020a; Bao et al., 2022). Following the notation of Bao et al. (2022),
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the shorter forward process is de ned as

K
q(X 1 P X KjXO): q(X KjXO) q(X K 1jX k;xo);
k=2
q(Xk 1ij;X0):N(Xk 1j~k 1jk(Xk;Xo); 2k 1Jk|)’ p
P — 9 ——— X =X
T 1jk(Xk;X0): v 1 Xot K1 2k 1k éqfiko:

Similarly to Eq. (1), the shorter Markov model to reverse the forward process is de ned as

¥
p(Xo;X i ;XK): p(XK) p(xk 1jX k);
k=1

p(xk 1jX k):N(Xk 1j k 1jk(X k); K 1ik(x k)l):

According to Theorem 3.1, when , ; , (x ,)=diag( , ., (X .)?), the optimal covariance 1 (X )2 is

2_ 2 2 K 2 2 .
K 1Jk(x D5 = K 1ik1+ kK 1) k— Eq(xoix k)[ k] Eqxoix k)[ N
k
p— q r
— X KXo ; _P= - 2 _k
where , = —a——*— is the noise used to generatg, fromxoand , ,;, = C 1 - e T

K k
Thus, we can reuse the SN prediction networx ») trained on the loss in Eq. (9), and estimate , (x )? as follows:

2 - 2 2 2 .
Ak 1Jk(X k) - kljk1+ |<1J'k*k hk(x k) Ak(X k) :
K

When considering an imperfect mean (i.e., considering the errgy(af, )), according to Theorem 3.3, the corrected optimal

covariance- . (x ,)?is
k 1) k

2_ 2 2 21.
Tk k(x k) T kil k1+ Kk 1] k—qu(Xon k)[( K Ak(x k)) I
K

Thus, we can reuse the NPR prediction netwgirkx ) trained on the loss in Eq. (15), and estimate

[(x )% as
follows:

1

n 2 _ 2 2 .
Tk 1jk(xk) - k1jk1+ kljk%gk(xk)'

k
We emphasize that the inference on a shorter trajectory doesn't need to train a new NPR (or SN) prediction network on the

corresponding shorter process, since the shorter process and the original one share the same marginal distribution. We reuse
the one trained on the full timesteps.

E. Additional Discussion
E.1. Error Ampli cation

Note that in SN-DPM, the error df, (x,)? is likely to be ampli ed compared to that %, (x,). SN-DPM estimates
Eq(xojxm)l n]% using”, (xn)?, which is the square of the model. However, the training objectivé\fex,,) in Eq. (7)

is the MSE loss betweefy, (X)) andEqx,jx,)[ n] instead of their squares. Therefore, the error betwgén,)? and
Eqxojxn)[ nl? is likely to be ampli ed. Speci cally, the error ofy, (X ) ati-th component i$™n (Xn)?  Eqxojx)[ nl?i =
Aij™ (Xn)i Eqxojxm)l nlil, whereAj = jA (Xn)i + Eqxojxn)[ nlii- Thus, the error of, (xn)? ati-th component is
ampli ed by a factor ofA;. In practice, the value oA; is not guaranteed to be bounded, and the error is likely to be
ampli ed by a large factor.

In contrast, NPR-DPM doesn't have the error ampli cation problem, since it uses the modgl) itself to estimate the
targetEq(x jx ) [( 0 "n (xn))?], and directly minimizes the MSE loss between them.
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E.2. NPR-DPM is Not Always Better Than SN-DPM

We note that SN-DPM is better w.r.t. FID and NPR-DPM is better w.r.t. likelihood. The performance of NPR-DPM on
likelihood is guaranteed, since it aims to optimize the log-likelihood with the actual imperfect mean. Note the sample
quality and likelihood are not necessarily consistent (see Section 3.2 in Theis et al. (2015)), and NPR-DPM does not directly
optimize the sample quality. Thus, the performance of NPR-DPM on FID is not guaranteed.

In practice, the NPR-DPM is useful in applications such as lossless compression (see Section 7.3 in Kingma et al. (2021)),
where the likelihood performance and the computation ef ciency play a central role.

F. Experimental Details
F.1. Details of Pretrained Noise Prediction Networks

In Table 5, we list details of pretrained noise prediction networks used in our experiments. The ImageNet 64x64 pretrained
model includes a noise prediction network and additionally a covariance network, and we only use the former one.

Table 5.Details of noise prediction networks used in our experiments. LS means the linear schedul@ofet al., 2020) in the forward

process of discrete timesteps (see Eg. (2)). CS means the cosine schedu(g@& Dhariwal, 2021) in the forward process of

discrete timesteps (see Eq. (2)). The VP SDE is de nedxas % (t)xdt + (t)dw, where (t) is a linear function of with
(0)=0:1and (1) =20 (Song et al., 2020b).

TIMESTEPSTYPE #TIMESTEPSN  FORWARD PROCESS PROVIDED BY
CIFAR10 (LS) DISCRETE 1000 LS BrO ET AL. (2022)
CIFAR10 (CS) DSCRETE 1000 CS B0 ET AL. (2022)
CIFAR10 (VP SDE) @ONTINUOUS - VP SDE NG ET AL. (202®B)
CELEBA 64x64 DISCRETE 1000 LS NG ET AL. (2020n)
IMAGENET 64x64 DISCRETE 4000 Cs NcHOL & DHARIWAL (2021)
LSUN BEDROOM DISCRETE 1000 LS Ho ET AL. (2020)

F.2. Structure Details of Prediction Networks

In Table 6, we list structure details BfN; andNN, of prediction networks used in our experiments.

Table 6.NN; of pretrained noise prediction networks aitll; of SN & NPR prediction networks used in our experiments. Conv denotes
the convolution layer. Res denotes the residual block.

NN: NN (SN) NN, (NPR)

CIFAR10 (LS) QONV Conv Conv
CIFAR10 (CS) ONV Conv Conv
CIFAR10 (VP SDE) ®nNv Conv Conv
CELEBA 64x64 CoNv Conv Conv
IMAGENET 64x64 CoNv  REst+CONV Conv
LSUN BEDROOM CoNv  REs+CONV Conv

F.3. Details of Memory and Time Cost

In Table 7, we list the memory and time cost of models (with the corresponding methods) used in our experiments. The
extra memory cost of the NPR (or SN) prediction network is negligible. The extra time cost of the NPR (or SN) prediction
network is negligible on CIFAR10, CelebA 64x64, at most 4.5% on ImageNet 64x64, and at most 10% on LSUN Bedroom.
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Table 7.Model size (MB) and the averaged time (ms) to run a model function evaluation (i.e., the time to compute noise prediction
network for baselines, and the time to compute noise & NPR (or SN) prediction networks that share parameters for our method). We also
show the extra time cost of the NPR (or SN) prediction network relative to that of the noise prediction network in parentheses. All are
evaluated with a batch size of 10 on one GeForce RTX 2080 Ti.

NOISE PREDICTION NOISE & SN PREDICTION NoOISE& NPR PREDICTION
NETWORK NETWORKS NETWORKS
(ALL BASELINES) (SN-DPM) (NPR-DPM)
CIFAR10 (LS) 200.44 MB/ 25.6™s 200.45 MB / 25.7Ms (+0.5%) 200.45 MB / 25.711s (+0.2%)
CIFAR10 (CS) 200.44 MB / 25.261s 200.45 MB / 25.62vs (+1.4%) 200.45 MB / 25.641s (+1.5%)
CIFAR10 (VP SDE) 235.77 MB/26.98s 235.78 MB / 27.1Ms (+0.7%) 235.78 MB / 27.1%1s (+0.7%)
CELEBA 64x64 300.22 MB / 48.641s 300.23 MB / 49.2Qus (+1.2%) 300.23 MB /49.1&1s (+1.1%)

IMAGENET 64x64 461.82 MB / 72.324s 463.47 MB / 75.56vs (+4.5%) 461.84 MB / 72.8Ws (+0.7%)
LSUN BEDROOM 433.63 MB/441.4s 435.02 MB / 485.544s (+10.0%) 433.64 MB/448.7#s (+1.7%)

F.4. Training Details

We use a similar training setting to that of the noise prediction network in Bao et al. (2022). On all datasets, we use
the AdamW optimizer (Loshchilov & Hutter, 2017) with a learning rate of 0.0001; we train 500K iterations; we use an
exponential moving average (EMA) with a rate of 0.9999. We use a batch size of 64 on LSUN Bedroom, and 128 on other
datasets. We save a checkpoint every 10K iterations and select the one with the best FID on 1000 generated samples. By
default, these samples are generated with full timesteps, except for LSUN Bedroom. On LSUN Bedroom, these samples
are generated with 100 timesteps for an acceptable time cost (the time cost on LSUN Bedroom is much larger than other
datasets as shown in Table 7).

Training a NPR (or SN) network on CIFAR10 takes about 32 hours on one GeForce RTX 2080 Ti. Training on CelebA
64x64 takes about 72 hours on two GeForce RTX 2080 Ti. Training on ImageNet 64x64 takes about 83 hours on two
GeForce RTX 2080 Ti. Training on LSUN Bedroom takes about 171 hours on four GeForce RTX 2080 Ti.

F.5. Log-Likelihood and Sampling

The image data is a vector of integerd M 1; ;2553 and we linearly scale it tp 1; 1] following Ho et al. (2020); Bao
et al. (2022).

Log-likelihood. Following Ho et al. (2020); Bao et al. (2022), we discretize the last Markov trangifpogjx 1) to get
discrete NLL and its upper bound. The likelihood results are evaluated on the whole test dataset by default.

Sampling. Following Ho et al. (2020); Bao et al. (2022), we only display the meap(®fjx 1) noiselessly at the

end of sampling. Following Bao et al. (2022), we clip the covariangéx;)? of p(x1jx2) by in nity norm, such

thatk >(x2)ky Ej j éy, wherek »(x2)k; denotes the in nity norm, is the standard Gaussian noise and

is the maximum tolerated perturbation of a channel. Following Bao et al. (2022), we as2 on CIFAR10 (LS)

and CelebA 64x64 under the DDPM forward process, andyusel for other cases. Following Bao et al. (2022),

we calculate the FID score on 50K generated samples, using the of cial implementation of FID to pytipsh (
/lgithub.com/mseitzer/pytorch-fid ). Following Nichol & Dhariwal (2021); Bao et al. (2022), the reference
distribution statistics of FID are computed on the full training set on CIFAR10 and ImageNet 64x64, and 50K training
samples on CelebA 64x64 and LSUN Bedroom.

F.6. Number of Monte Carlo Samples to Calculate the Optimal Trajectory

Calculating the optimal trajectory needs to estimate every decomposed term appeayigs iwhich involves a Monte
Carlo estimate calculated on a set of training samples (Watson et al., 2021; Bao et al., 2022). Following Bao et al. (2022),
we use 50K samples on CIFAR10, 10K samples on CelebA 64x64 and ImageNet 64x64.

F.7. Experimental Details of Table 2, 3 & 4

In Table 2 & 4, the results of baselines and our methods are based on the same noise prediction networks (i.e., those listed
in Table 5). The baseline results in DPMs with discrete timesteps are provides by Bao et al. (2022). As for DPMs with
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continuous timesteps, we get results of the Euler-Maruyama solver and the probability flow by running the pytorch official
code (https://github.com/yang-song/score_sde_ pytorch) of Song et al. (2020b), and get results of the
ancestral sampling and Analytic-DPM using our implementation.

In Table 3, the results of DDPM, DDIM, Analytic-DPM and our methods are based on the same noise prediction networks
(i.e., those listed in Table 5). The time cost in a single timestep is the same for all baselines (DDPM, DDIM, Improved
DDPM and Analytic-DPM), based on the statistics reported in Table 4 in Bao et al. (2022). The ratio of the time cost in a
single timestep in NPR-DPM and SN-DPM to that in baselines is based on Table 7. The result of baselines are provided by
Bao et al. (2022). The results of NPR-DPM and SN-DPM are based on the DDPM forward process on LSUN Bedroom,
and based on the DDIM forward process on other datasets. These choices require smaller number of timesteps than their
alternatives.

G. Additional Experiments
G.1. Additional Likelihood Comparison

We compare our NPR-DDPM and Improved DDPM (Nichol & Dhariwal, 2021) based on the ImageNet 64x64 model
mentioned in Appendix F.1. Improved DDPM parameterizes the diagonal covariance using an interpolation between p
and T and learn the covariance by directly optimizing Lejpe. As shown in Table 8, our NPR-DDPM can get a reasonable
likelihood result with a small number of timesteps, which is contrast to Improved DDPM. With the full timesteps, two
methods show a similar likelihood performance. This implies that using an alternative objective such as the MSE loss can
achieve a similar likelihood performance to directly optimizing Lejpe.

Table 8. Upper bound ( Leino) on the negative log-likelihood (bits/dim) #, under the setting of the DDPM forward process on ImageNet
64x64 and the even trajectory.

MODEL n # TIMESTEPS K 25 50 100 200 400 1000 4000
IMPROVED DDPM 1891 8.46 527 424 386 3.68 3.57
NPR-DDPM 4.66 4.22 396 3.80 3.71 3.64 3.60

G.2. Variance of Likelihood Results

‘We note that under the full timesteps, the likelihood results of Analytic-DDPM and NPR-DDPM in Table 4 are close. To
reduce the effect of randomness, we report the standard deviation of the likelihood results under the full timesteps in Table 9.

Table 9. Upper bound ( Leino) on the negative log-likelihood (bits/dim) #. We repeat 5 times with different seeds and report the mean
and the standard deviation. Each time we randomly select 10K test samples.

CIFAR10 (LS) CIFAR10 (CS) CELEBA 64X64 IMAGENET 64X64

ANALYTIC-DDPM  3.58593+0.00028 3.42229+0.00019 2.65657+0.00126  3.61749+0.00745
NPR-DDPM 3.57204+0.00039 3.41013+0.00031 2.65257+0.00113  3.59660+0.00793

G.3. Comparison After Normalizing for the Extra Cost

We present results after normalizing for the extra inference cost. As shown in Table 10, our method still outperforms the
strong baseline Analytic-DPM. We also compare with the “Gotta Go Fast” SDE solver (Jolicoeur-Martineau et al., 2021),
and our method performs better when the NFE is small (e.g., 49), and thereby is more efficient. When the NFE is large
(e.g., 147), different methods have similar performance.

We also present results after normalizing for the extra training cost. On CIFAR10 (LS), we train a noise prediction network
with 300K iterations and train a NPR (or SN) prediction network with 200K iterations. This ensures that the total training
cost is strictly less than that of the original CIFAR10 (LS) model provided by Bao et al. (2022), which is trained with S00K
iterations. With 24 and 49 timesteps respectively, NPR-DDPM gets a FID of 10.56 and 6.24; SN-DDPM gets a FID of 7.51
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and 4.64. The results are not affected much by the normalization for the extra training cost, and our method still outperforms
the strong baseline Analytic-DPM.

Table 10. FID comparison after normalizing for the extra inference cost. The normalized number of timesteps and model function
evaluations (NFE) are displayed in parentheses. The normalization ensures the time cost of our method is strictly less than that of the
baselines.

CIFAR10 (LS) CIFAR10 (CS) CELEBA 64X64  IMAGENET 64Xx64 CIFAR10 (VP SDE)

# TIMESTEPS 25(24) 50(49) 25(24) 50(49) 25(24) 50(49) 25(23) 50(47) 25(24) 50 (49)
ANALYTIC-DDPM  11.60 7.25 8.50 550 16.01 11.23 3256 2245  11.57 6.54
NPR-DDPM 10.82 6.28 7.98 533  16.00 11.06 29.72  21.52  10.88 5.80
SN-DDPM 7.42 4.60 6.15 420 12.11 8.08 29.05  20.80 7.94 4.47

NFE oN CIFAR10 (VP SDE) 29 (28) 39(38) 49(48) 147 (145) 179(177) 274 (272) 329 (326)

GOTTA GO FAST (OFFICIAL CODE)  247.79 116.91 72.29 2.95 2.59 2.74 2.70

NPR-DDPM 9.22 6.97 5.88 3.44 3.19 2.91 2.94

SN-DDPM 6.62 5.21 4.55 2.96 2.85 2.67 2.64
G.4. Samples

Recall that Table 3 reports the least number of timesteps required to achieve a FID around 6 on CIFAR10, CelebA 64x64 and
LSUN Bedroom. In Figure 1-3, we show generated samples of NPR-DPM and SN-DPM under these number of timesteps
on these datasets. Here we use K to denote the number of timesteps. In Figure 4, we also show generated samples on
ImageNet 64x64 under K = 25 timesteps and the DDPM forward process.

In Figure 5-9, we show more generated samples from both NPR-DPM and SN-DPM under both the DDPM and DDIM
forward processes, as well as the VP SDE.

VS Tade . =N O _ P %
(a) Samples from dataset (b) NPR-DPM (K = 23) (c) SN-DPM (K = 17)
Figure 1. Generated samples on CIFAR10.






