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Abstract
We consider k-means clustering of n data points
in Euclidean space in the Massively Parallel Com-
putation (MPC) model, a computational model
which is an abstraction of modern massively par-
allel computing system such as MapReduce. Re-
cent work provides evidence that getting O(1)-
approximate k-means solution for general in-
put points using o(log n) rounds in the MPC
model may be impossible under certain condi-
tions [Ghaffari, Kuhn & Uitto’2019]. However,
the real-world data points usually have better
structures. One instance of interest is the set of
data points which is perturbation resilient [Bilu
& Linial’2010]. In particular, a point set is α-
perturbation resilient for k-means if perturbing
pairwise distances by multiplicative factors in
the range [1, α] does not change the optimum
k-means clusters. We bypass the worst case
lower bound by considering the perturbation re-
silient input points and showing o(log n) rounds
k-means clustering algorithms for these instances
in the MPC model. Specifically, we show a
fully scalable (1 + ε)-approximate k-means clus-
tering algorithm for O(α)-perturbation resilient
instance in the MPC model using O(1) rounds
and Oε,d(n1+1/α2+o(1)) total space. If the space
per machine is sufficiently larger than k, i.e., at
least k · nΩ(1), we also develop an optimal k-
means clustering algorithm forO(α)-perturbation
resilient instance in MPC using O(1) rounds and
Od(n

1+o(1) · (n1/α2

+ k)) total space.

1. Introduction
Metric clustering is at the heart of data analysis and modern
unsupervised machine learning with many applications for
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mining massive datasets. As a canonical clustering problem,
k-means clustering is defined as follows: Given a dataset
where each data element is represented by a vector of real-
valued features, the goal is to find k representative vectors,
called centers, such that the sum of squared distances from
each input vector to the closest center is minimized. Simi-
larly, in k-median clustering, the goal is to minimize sum
of distances to closest centers. k-means and k-median have
become essential building blocks for unveiling hidden pat-
terns and extracting information in datasets, especially in
the unsupervised clustering contexts where supervised ma-
chine learning cannot be applied, or little is known about
the data or when the dataset is massive and the competitive
supervised methods become impractical.

These clustering problems have received a lot of attention
through the years and for almost half a century. Hence,
good progress on our understanding of the complexity of
the problems has been made. We know that the problems are
hard to approximate within a factor better than 1.1 in high-
dimensional Euclidean spaces and admits approximation
schemes in low-dimension (Arora et al., 1998; Kolliopou-
los & Rao, 2007; Cohen-Addad, 2018; Cohen-Addad et al.,
2019a). We further know of constant-factor approximation
algorithms for high-dimensional Euclidean spaces, better
than for general metric spaces (Cohen-Addad et al., 2019b).
Also due to their applications, these problem have been
studied extensively from both theoretical and practical per-
spectives with many approximation algorithms and heuris-
tics (Lloyd, 1982; Arthur & Vassilvitskii, 2007; Byrka et al.,
2014; Kanungo et al., 2004; Jain et al., 2003; Li, 2011).

The era of massive datasets has naturally led researchers
to design massively parallel approximation algorithms, and
in particular in the Massively Parallel Computation (MPC)
model. This model has become the main model for analyz-
ing algorithms for large-scale parallel computing (Karloff
et al., 2010; Goodrich et al., 2011; Beame et al., 2013) and
serves as a theoretical abstraction of real-world systems like
MapReduce (Dean & Ghemawat, 2008), Hadoop (White,
2012) and Spark (Zaharia et al., 2010). The goal is to design
distributed algorithms that employ machines with sublinear
space, and also run in a sublinear (and hopefully sublogarith-
mic) number of rounds of computation. In addition to round
and memory complexity, this model takes into account the
total work (including total communication) as an important
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factor for the quality of the algorithm.

k-Means and related clustering problems are very well stud-
ied in distributed, parallel, and streaming settings (Balcan
et al., 2013; Bahmani et al., 2012; Bachem et al., 2015;
Lucic et al., 2016; Bachem et al., 2016; 2018; Bhaskara &
Wijewardena, 2018a). For example, as a well-established
technique in designing distributed algorithms, core-sets
have been extensively studied (Agarwal et al., 2004) for
k-means and other clustering problems (Malkomes et al.,
2015; Ceccarello et al., 2018; Bachem et al., 2015; Lucic
et al., 2016; Bachem et al., 2016; 2018; Bhaskara & Wi-
jewardena, 2018a). However, all these results suffer from
two shortcomings: They either run in Ω(log n) number of
rounds of computation, or need Ω(k) space per machine.
Moreover, recent results provide evidence that designing
a fully scalable1 MPC constant-factor approximation al-
gorithm with o(log n) rounds for these problems may be
impossible under certain complexity assumptions (Ghaffari
et al., 2019). These shortcomings can be quite unsatisfac-
tory in real-world applications: first of all, with billions
of points, Ω(log n) rounds of synchronization can result
in prohibitive running time. Secondly, in applications like
detecting duplicates or compression, k could be very large
(e.g., of the order of 100s of millions), and we may not have
enough space to compute a solution of size Ω(k) on a single
machine. The importance of designing algorithms with o(k)
space per machine has been observed recently in several pa-
pers (Bhaskara & Wijewardena, 2018a; Epasto et al., 2019;
Bateni et al., 2021). In particular, the only known massively
parallel algorithm for k-means (or k-median) that does not
require Ω(k) memory per machine is due to Bhaskara et
al. (Bhaskara & Wijewardena, 2018b) who developed a
bicriteria approximation algorithm with approximation fac-
tor O((log n log log n)2) using O(k log k log n) centers in-
stead of k, a memory per machine of s ∈ Ω(d log n), and
O(logs n) parallel rounds. While the trade-off between
memory-per-machine and number of rounds may be sat-
isfactory, the approximation quality and the fact that the
solution outputs many more centers than k is undesirable
in practice. Indeed, in several applications where k is large,
outputting k log k log n centers may lead to clusters of ex-
tremely small size and somewhat defeat the purpose of the
clustering approach.

To bypass the above barriers and significantly improve over
state-of-the-art approaches, we need to go beyond the worst-
case. Designing and analysing algorithms in so called be-
yond worst-case instances has been successful in the past to
shed lights on popular heuristics such as k-means++, Lloyd
or local search. While the above methods can perform

1An MPC algorithm is fully scalable if it works for any local
memory size, in particular, it should work when local memory less
than k for k = nO(1).

poorly in the worst-case, researchers have shown that when
the underlying instance exhibits a ”ground-truth” clustering
structure, then the methods may actually be able to identify
the optimum clustering, hence bypassing NP-hardness, and
even APX-hardness barriers.

A class of non-worst-case instances that is heavily studied in
the clustering literature is the class of perturbation resilient
instances. Roughly speaking, the optimal clusters of an
α-perturbation-resilient input instance are stable when pair-
wise distances of input points are perturbed by a multiplica-
tive factor at most α. For Euclidean k-median and k-means,
Awasthi et al. (Awasthi et al., 2012) obtained a polynomial-
time optimal clustering algorithm when the instance is 3-
perturbation-resilient. This was later improved to (1 +

√
2)-

perturbation-resilient by Balcan and Liang (Balcan & Liang,
2016) and to 2-perturbation-resilient by Angelidakis et
al. (Angelidakis et al., 2017). It is NP-hard to compute
an optimum solution for (2 − ε)-perturbation-resilient in-
stances. Cohen-Addad and Schwiegelshohn (Cohen-Addad
& Schwiegelshohn, 2017) also showed that local search
method finds the optimal clusters in polynomial time for
(3 + ε)-perturbation-resilient instances. However, none of
above algorithms can be implemented efficiently in the MPC
model (or even in near-linear time in the sequential com-
puting model). k-Median was studied by (Voevodski, 2021)
in parallel computing model, but it requires Ω(k) space per
machine and may not find the optimal solution (or even
(1 + ε)-approximation).

1.1. Our Results and Techniques
In this work, we show that when the instance indeed ex-
hibits a ”ground-truth” clustering structure, as captured by
the popular notion of α-perturbation-resilience, then one
can design efficient algorithms that solve the k-median or
k-means problems exactly in O(1) rounds, and with mem-
ory per machine O(nδk) and total memory (nd log n) +

n1+O(1/α2)+o(1) + nk. More importantly, there exists
(1 + o(1))-approximation algorithms for the problem that
runs inO(1) rounds and with arbitrary memory per machine,
as long as the total memory is (nd log n)+n1+O(1/α2)+o(1).

At a high level, our algorithms first compute a hierarchical
clustering tree and then run a dynamic programming over
the tree to find optimal clusters. Although various hierar-
chical clustering trees for perturbation-resilient instances
were proposed for better sequential algorithms, their con-
structions are all based on the linkage operations (Balcan &
Liang, 2016; Awasthi et al., 2012) which are in the flavor of
greedy algorithms and thus make the construction hard to be
parallelized. In contrast, we exploit the structural properties
of the optimal clusters of perturbation-resilient instances
and prove that the optimal clusters can be well-captured
by locality sensitive hashing (LSH). By applying LSH of
various scales simultaneously, we are able to construct all
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layers of the clustering tree at the same time and thus the
tree construction step only takesO(1) rounds. Another chal-
lenging part is to parallelize dynamic programming. The
best previously known parallel dynamic programming al-
gorithm over general trees needs Ω(log n) rounds (Bateni
et al., 2018). However, surprisingly, we show that if the
depth of the tree is small and the tree edges are stored on
machines in a well-organized manner, we are able to solve a
class of dynamic programming problems over trees in O(1)
rounds (see Algorithm 7). To achieve this, we develop a
novel task scheduling process via subtree generation. Fi-
nally, to remove the dependence of space on k, instead of
running dynamic programming over cluster sizes to opti-
mize the clustering cost, we run dynamic programming over
discretized clustering cost and try to minimize the number
of centers needed to achieve that cost. This only increases
the clustering cost by a (1 + o(1))-factor.

Theorem 1.1 (Exact k-means). Let α > 6.1. Let δ ∈ (0, 1)
be an arbitrary constant. Consider a set P ⊂ Rd of n
points which is α-perturbation resilient to k-means and
the aspect ratio of P is at most 2n

o(1)2. There is an MPC
algorithm which outputs the optimal k-means clustering of
P with probability at least 1−1/poly(n) usingO(1) rounds
and O(nd log n) + n1+o(1)(k+ nO(1/α2)) total space. The
memory needed per machine is Θ(nδk).

Theorem 1.2 (Approximate k-means). Let α > 6.1 and
ε ∈ (1/no(1), 0.5). Consider a set P ⊂ Rd of n points
which is α-perturbation resilient to k-means and the aspect
ratio of P is at most 2n

o(1)

. There is a fully scalable MPC
algorithm which outputs the (1 + ε)-approximate k-means
clustering of P with probability at least 1 − 1/poly(n)

usingO(1) rounds andO(nd log n)+n1+O(1/α2)+o(1) total
space.

We note that the above can be extended to the k-median
problem. The challenge in extending this to the k-median
problem is that the geometric median, a.k.a. the Fermat-
Weber point, is not known to be computable even in the
offline setting in polynomial time. Thus, as usual with the
k-median problem one must resort to (1 + ε) approxima-
tion. To do this in parallel it is enough for each cluster to
sample poly(d/ε) points of the cluster and run a (1 + ε)-
approximation algorithm for computing the geometric me-
dian of the samples. This can be done in O(1) rounds and
leads to a median that generalizes to the entire cluster up to
a factor (1 + ε), see Appendix D for more discussions.

Finally, we present an empirical study of algorithms validat-
ing their effectiveness.

2See Section 2 for the definition of aspect ratio. It is common
to assume that the aspect ratio is poly(n) since each coordinate of
a point is represented by O(logn) bits (one word) in practice. Our
result is more general since it works even when the aspect ratio is
an arbitrary 2n

o(1)

which can be much greater than poly(n).

2. Preliminaries and Notation
We define [n] := {1, 2, · · · , n}. For any two points
p, q ∈ Rd, we use dist(p, q) to denote their Euclidean dis-
tance, i.e., dist(p, q) := ‖p − q‖2. The aspect ratio of P
is maxp,q∈P dist(p,q)

minp6=q∈P dist(p,q) . We consider k-means clustering over
a set P ⊂ Rd of n points. The goal is to partition P into
k disjoint clusters C = {C1, C2, · · · , Ck} and assign each
cluster Ci a center zi such that

∑k
i=1

∑
p∈Ci

dist2(p, zi)
is minimized. A well-known fact is that a center z is
optimal for a cluster C when z is the mean of the clus-
ter points, i.e., z = mean(C) := (

∑
p∈C p)/|C|. Thus,

we can define the cost of clustering C as cost(C) :=∑k
i=1

∑
p∈Ci

dist2(p,mean(Ci)), and the goal of k-means
is to find clustering C minimizing cost(C). Suppose C∗ is
the optimal k-means clustering of P . If C is a partition of P
with |C| ≤ k and cost(C) ≤ β · cost(C∗), then we say that
C is a β-approximate k-means clustering of P .

Definition 2.1. A point set P = {p1, p2, · · · , pn} is α-
perturbation resilient to k-means if for any point set P ′ =
{p′1, p′2, · · · , p′n} satisfying ∀i, j ∈ [n],dist(pi, pj) ≤
dist(p′i, p

′
j) ≤ α dist(pi, pj), there is a unique optimal

k-means clustering C′ = {C ′1, C ′2, · · · , C ′k} such that
∀i ∈ [n], j ∈ [k], p′i ∈ C ′j ⇐⇒ pi ∈ Cj , where
C = {C1, C2, · · · , Ck} is the optimal k-means clustering
for P .

The massively parallel computation (MPC) model.
The MPC model (Karloff et al., 2010; Beame et al., 2017;
Goodrich et al., 2011) is an abstraction of modern massively
parallel computing systems such as MapReduce (Dean &
Ghemawat, 2008). In the MPC model, there are p machines
each with local memory size s which is sublinear in the in-
put size. Before computation starts, the input is distributed
arbitrarily on some input machines. The computation pro-
ceeds in rounds. In each round, each machine performs local
computations based on the data in its local memory. At the
end of a round, each machine can send messages to arbitrary
other machines. But the total size of messages sent/received
by a machine in one round is at most O(s). At the end
of computation, the output is distributed on some output
machines. The main goal is to obtain an MPC algorithm
with small parallel time (number of rounds) We also want
the total space p · s needed by the algorithm to be as small
as possible. Furthermore, scalability is also considered in
many applications. In particular, we want the algorithm to
work even when the local memory s is small. Suppose the
input size is N . If the algorithm works for s = O(Nδ) for
any constant δ ∈ (0, 1), then the algorithm is fully scalable.
There are many fully scalable MPC primitives. The most
basic one is sorting.

Theorem 2.2 ((Goodrich et al., 2011; Goodrich, 1999)).
There is a fully scalable MPC algorithm which sorts N data
items in O(1) rounds using O(N) total space.
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Parallel random access machine (PRAM) (Gibbons & Ryt-
ter, 1989) is a classic model of parallel computing. Based
on MPC sorting algorithm, (Goodrich et al., 2011) shows
that any PRAM algorithm can be simulated by a fully scal-
able MPC algorithm with the same number of rounds. Thus,
basic PRAM operations can also be implemented by fully
scalable MPC algorithms. We refer readers to Section E
of (Andoni et al., 2018) for more basic MPC primitives.

3. Offline Algorithms for α-Perturbation
Resilient Point Set

In this section, we describe (approximate) k-means clus-
tering algorithms for α-perturbation resilient point set in
offline setting. In later sections, we will show their imple-
mentations in the massively parallel computation setting.
We put missing proofs and other details in Appendix B.

3.1. Structural Properties
Let us show some structural properties of α-perturbation
resilient point set.

Definition 3.1. A point set P satisfies α-center proximity
property for k-means if for any clusters Ci 6= Cj ∈ C where
C is the optimal k-means clustering for P , any point p ∈ Ci
satisfies α dist(p,mean(Ci)) < dist(p,mean(Cj)).

Lemma 3.2 (Lemma 3.2 of (Balcan & Liang, 2016)). Any
point set P which is α-perturbation resilient to k-means
also satisfies α-center proximity for k-means.

Lemma 3.3. Consider a point set P which satisfies
α-center proximity property for k-means. Let C =
{C1, C2, · · · , Ck} be the optimal k-means clustering
for P . Consider an arbitrary cluster Ci and let
D := maxx,y∈Ci dist(x, y). Then, (α/4 − 1/2)D <
minp∈Ci,s∈P\Ci

dist(p, s).

3.2. Near Neighbor Graph via LSH
An important tool is locality sensitive hashing (LSH).

Definition 3.4 (LSH). Consider a family H of hash
functions mapping Rd into some universe U . H is
(D, cD,p1,p2)-sensitive, if ∀x, y ∈ Rd, it satisfies: (1).
If dist(x, y) ≤ D, Prh∈H[h(x) = h(y)] ≥ p1. (2) If
dist(x, y) ≥ cD,Prh∈H[h(x) = h(y)] ≤ p2.

There are various constructions of LSH (see e.g., (Datar
et al., 2004; Andoni & Indyk, 2006)). In particu-
lar, (Andoni & Indyk, 2006) shows how to construct
(D, cD, 1/nO(1/c2)+o(1), 1/nΩ(1))-sensitive family of hash-
ing functions for any D > 0, c > 1 and dimension d > 0.
Similar to (Balcan & Liang, 2016), we can use LSH to
construct near neighbor graph (see Algorithm 1).

Lemma 3.5. Consider a set P ⊂ Rd of n points and
c > 1, D > 0. LetG = (P,E) be the output of Algorithm 1.
Then |E| ≤ O(p−1

1 n log n). In addition, with success prob-
ability at least 1 − O(max(1/n3,p2 p

−1
1 n2 log n)), the

following holds: (1) ∀p, q ∈ P with dist(p, q) ≤ D, either

Algorithm 1 Near Neighbor Graph via LSH
1: Input: n points P ⊂ Rd, c > 1, D > 0.
2: Choose a (D, cD,p1,p2)-sensitive familyH and draw inde-

pendent h1, · · · , ht fromH for t = d 5 logn
p1
e.

3: Create a graph G = (P,E) where each point p ∈ P denotes
a vertex in the graph.

4: For each hash function hi, i ∈ [t] and each point p ∈ P ,
connects p, q in G where q ∈ P is the point with the smallest
index such that hi(p) = hi(q).

5: Return G.

there is an edge between p, q in G or p, q have a common
neighbor in G. (2) If there is an edge between p, q ∈ P in
G, dist(p, q) < cD.

3.3. Clustering Algorithm
3.3.1. FINDING CANDIDATE CLUSTERS
Let α′ = (α/4− 1/2)/1.01. Without loss of generality, we
assume that minp 6=q∈P dist(p, q) ≥ α′. Otherwise we can
scale P to make the closest distance at least α′. Let ∆ be
an upper bound of the distance between furthest points in
P , i.e., ∆ ≥ maxp,q∈P dist(p, q). Suppose ∆ is a power
of 1.01 and L := log1.01 ∆. Algorithm 2 outputs the candi-
dates of optimal clusters.

Algorithm 2 Candidates of Optimal Clusters
1: Input: α′ > 1, n points P ⊂ Rd with

minp 6=q∈P dist(p, q) ≥ α′ and maxp,q dist(p, q) ≤ ∆.
2: For i ∈ {0, 1, · · · , L} where L = log1.01 ∆, run Algorithm 1

with P, c = α′, D = 1.01i, and let Gi = (P,Ei) be the
output.

3: For i ∈ {0, 1, · · · , L}, let G′i = (P,E0 ∪ E1 ∪ · · · ∪ Ei).
4: For i ∈ {0, 1, · · · , L}, compute an arbitary Qi =
{Qi,1, Qi,2, · · · , Qi,si} such that (1). each Qi,j ⊆ P is a
connected component of G′i (2). if a connected component C
in G′i has diameter at most 2, then C ∈ Qi.

5: ReturnQ0,Q1, · · · ,QL.

Theorem 3.6 (Candidates of optimal clusters). Consider
a point set P which satisfies α-center proximity prop-
erty for k-means. Let α′ = (α/4 − 1/2)/1.01 and let
Q0,Q1, · · · ,QL be the output of Algorithm 2 for P, α′.
Let C = {C1, C2, · · · , Ck} be the optimal k-means clus-
tering for P . Suppose the failure probability of Algo-
rithm 1 is at most p3. With success probability at least
1 − O(p3 log ∆), ∀C ∈ C, C ∈ Q0 ∪Q1 ∪ · · · ∪ QL, and
P ∈ QL,∀p ∈ P, {p} ∈ Q0.

Thus, the problem becomes to choose clusters
C1, C2, · · · , Ck ∈ Q1 ∪Q2 ∪ · · · ∪ QL such that
C1, C2, · · · , Ck is a partition of P and the clustering cost is
minimized. We will show how to use dynamic programming
to find the optimal clusters from Q1 ∪Q2 ∪ · · · ∪ QL.

3.3.2. TREE CONSTRUCTION OVER CANDIDATE
CLUSTERS

We first build a binary tree T ′ over candidate clusters. Later
we run a dynamic programming over T ′. In Algorithm 3,
we show how to build a tree T over candidate clusters. In
Algorithm 4, we show how to convert T to a binary tree T ′.
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Algorithm 3 Tree Construction over Candidate Clusters
1: Input: Q0,Q1, · · · ,QL outputted by Algorithm 2.
2: For each C ∈ Q0 ∪Q1 ∪ · · · ∪ QL, create a vertex represent-

ing C in tree T .
3: For i ∈ {0, 1, · · · , L−1} and each C ∈ Qi, find the smallest
i′ > i such that ∃C′ ∈ Qi′ , C ⊆ C′, set the parent of C to
be C′ in T .

4: Return T .

Lemma 3.7 (T is a small-depth tree). Let Q0, · · · , QL be
the output of Algorithm 2. Let Q =

⋃L
i=0Qi. Suppose

the failure probability of Algorithm 1 is at most p3. With
probability at least 1−O(p3), P ∈ QL and ∀p ∈ P, {p} ∈
Q0. Conditioned on P ∈ Q, the output T of Algorithm 3 is
a tree over Q. Furthermore, the depth of T is at most L.

Definition 3.8. A pruning set S of tree T is a subset of
vertices of T such that for any leaf, there is a unique vertex
C ∈ S on the path from the leaf to the root.

Lemma 3.9 (Properties of T ). Let Q =
⋃L
i=0Qi. Let T

be the output of Algorithm 3. Conditioned on P ∈ Q and
∀p ∈ P, {p} ∈ Q, any pruning set of T is a partition of P ,
and any partition C = {C1, C2, · · · , Cs} of P is a prunning
set of T if C satisfies ∀C ∈ C, C ∈ Q
In Algorithm 4, we show how to convert T obtained by
Algorithm 3 to a binary tree.

Algorithm 4 Conversion to A Binary Tree
1: Input: T outputted by Algorithm 3.
2: Add all vertices of T into T ′.
3: Consider each non-leaf vertex C and its children
C1, C2, · · · , Cs in T . Create s auxiliary vertices
C′1, C

′
2, · · · , C′s in T ′. For i ∈ [s], we set the parent

of Ci in T ′ as C′b(s+i)/2c. For each i ∈ {2, 3, · · · , s}, we
set the parent of C′i in T ′ as C′bi/2c. We set the parent of
C′1 in T ′ as C. Furthermore, for each i ∈ [s], we use C′i
to represent the point set which is the union of point sets
represented by its children.

4: Return T ′ andQ′ whereQ′ is the vertex set of T ′.

Lemma 3.10 (Properties of T ′). Consider the output T ′ of
Algorithm 4. Each vertex in T ′ has at most 2 children. The
depth of T ′ is at most log n times larger than the depth of T .
Any pruning set of T is also a pruning set of T ′. In addition,
conditioned on that any pruning set of T is a partition of P ,
any pruning set of T ′ is a partition of P .

3.3.3. DYNAMIC PROGRAMMING OVER THE TREE
According to Theorem 3.6, Lemma 3.9 and Lemma 3.10,
to find the optimal k-means clustering of a point set which
satisfies α-center proximity property for k-means, we only
need to find the optimal size-k pruning set of T ′. Recall that
each vertex C of tree T ′ represents a subset of points of P ,
i.e., C ⊆ P . For each vertex C of T ′, we assign it a weight
w(C) =

∑
p∈C dist2(p,mean(C)). To solve k-means for

P , our goal is to find a pruning set S of T ′ with |S| = k
such that

∑
C∈S w(C) is minimized. In Algorithm 5, we

show a dynamic programming algorithm which computes
the optimal size-k pruning set of T ′.

Algorithm 5 Dynamic Programming for Exact Solution
1: Input: Tree T ′ where each vertex has at most 2 children,

weights w(·) of vertices, and parameter k.
2: For each leaf vertex C of T ′, compute DPcost(C, i) = w(C)

for all i ∈ [k].
3: for ∃vertex C, DPcost(C, ·) are not computed yet do
4: Find a vertex C such that DPcost(C, ·) are not computed,

but DPcost(C′, i) is computed for every child C′ of C and
every i ∈ [k].

5: If C only has one child C′, for i ∈ [k], compute
DPcost(C, i) = min(w(C),DPcost(C′, i)).

6: If C has two children C′, C′′, compute
DPcost(C, 1) = w(C), and for i ∈
{2, 3, · · · , k}, compute DPcost(C, i) =
min(w(C),mini′∈[i−1] DPcost(C′, i′) +
DPcost(C′′, i− i′)).

7: end for
8: //Traverse backwards to get the pruning set:
9: Initialize the pruning set S = ∅, and a list L = {(R, k)}

where R is the root of T ′.
10: Repeat the following until L is empty:

1. Pick an arbitrary (C, i) from L and remove it from L.
2. If DPcost(C, i) = w(C), add C into S and skip fol-

lowing steps.
3. If C only has one child C′, add (C′, i) into L.
4. If C has two children C′, C′′, find the smallest i′ ∈

[i − 1] such that DPcost(C, i) = DPcost(C′, i′) +
DPcost(C′′, i − i′), and add (C′, i′) and (C′′, i − i′)
into L.

11: Output S.

Lemma 3.11 (Optimal size-k pruning set). Algorithm 5
outputs a pruning set S of T ′ with |S| ≤ k such that∑
C∈S w(C) = minpruning set S′ of T ′:|S′|≤k

∑
C∈S′ w(C).

In Algorithm 6, we show an alternative dynamic program-
ming algorithm which computes an approximately optimal
size-k pruning set of T ′. In comparison with Algorithm 5,
the space needed by Algorithm 6 is independent of k.

Lemma 3.12 (Approximately optimal size-k pruning
set). Algorithm 6 outputs a pruning set S of T ′ with
|S| ≤ k such that

∑
C∈S w(C) ≤ (1 + ε) ·

minpruning set S′ of T ′:|S′|≤k
∑
C∈S′ w(C).

By running Algorithm 2, Algorithm 3, Algorithm 4 and
Algorithm 5 or Algorithm 6, we are able to find k-means or
approximate k-means clustering. The correctness follows
from Theorem 3.6, Lemma 3.9, Lemma 3.10, Lemma 3.11
and Lemma 3.12. We refer readers to Appendix B.9 for
more discussions for guarantees of the offline algorithms.

4. Implementation in the MPC Model
In this section, we discuss the implementation of algorithms
described in the previous section into the MPC model. We
put all missing proofs and missing details in Appendix C.
4.1. Construction of Near Neighbor Graph
Many LSH families for Euclidean space can be easily imple-
mented in the MPC model. The following is an Euclidean
LSH with near optimal guarantee. We put the detailed MPC
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Algorithm 6 Dynamic Programming for Approximate So-
lution
1: Input: Tree T ′ where each vertex has at most 2 children,

weights w(·) of vertices, parameters k ∈ [n], ε ∈ (0, 0.5).
Weights are non-negative and the minimum positive weight
w(C) is at least 1. The maximum weight is w(R) where R is
the root of T ′. w(C) = 0 for each leaf vertex C in T ′.

2: Let ε′ = ε/(2H) where H is the depth of T ′. Let l be the
smallest integer with (1 + ε′)l ≥ 2n · w(R).

3: Let λ−1 = 0 and λi = (1 + ε′)i for i ∈ {0, 1, · · · , l}.
4: For each leaf vertex C of T ′, compute DPsize(C, i) = 1 for
i ∈ {−1, 0, 1, · · · , l}.

5: for ∃vertex C, DPsize(C, ·) are not computed yet do
6: Find a vertex C such that DPsize(C, ·) are not computed,

but DPsize(C′, i) is computed for every child C′ of C and
every i ∈ {−1, 0, · · · , l}.

7: Let i′ ∈ {−1, 0, · · · , l} be the smallest value such that
λi′ ≥ w(C). Compute DPsize(C, i) = 1 for i ∈ {i′, i′ +
1, · · · , l}.

8: If C only has one child C′, for i ∈ {−1, 0, · · · , i′ − 1},
compute DPsize(C, i) = DPsize(C′, i).

9: If C has children C′, C′′, compute DPsize(C, i) =
mini′,i′′∈{−1,0,··· ,l}:λi′+λi′′≤λi

DPsize(C′, i′) +

DPsize(C′′, i′′)
10: end for
11: //Traverse backwards to get the pruning set:
12: Find the smallest i∗ ∈ {−1, 0, · · · , l} such that

DPsize(R, i∗) ≤ k.
13: Initialize the pruning set S = ∅, and a list L = {(R, i∗)}.
14: Repeat the following until L is empty:

1. Pick an arbitrary (C, i) from L and remove it from L.
2. If DPsize(C, i) = 1, add C into S and skip following

steps.
3. If C only has one child C′, add (C′, i) into L.
4. If C has children C′, C′′, find (i′, i′′) with the small-

est lexicographical order such that λi′ + λi′′ ≤ λi
and DPsize(C′, i′)+DPsize(C′′, i′′) = DPsize(C, i).
Add (C′, i′) and (C′′, i′′) into L.

15: Return S.

implementation of it into Appendix A.

Lemma 4.1 ((Andoni & Indyk, 2006)). For any “scale”
D > 0, dimension d > 0, c > 0 and s ∈ [1, log n], there is a
(D, cD, 1/ns/c

2+o(1), 1/ns)-sensitive familyH of hashing
functions for Rd. In addition, for any set of n points P ⊂ Rd
and any h ∈ H, there is an fully scalable MPC algorithm
with O(1) rounds and n1+o(1)d total space that computes
h(p) for every p ∈ P . The space to store each h(p) is
O(log3 n).

By using above LSH construction, we can implement Algo-
rithm 1 by a fully scalable MPC algorithm. Notice that the
edges of the output graph can be distributed arbitrarily over
machines. We can always use sorting (see Theorem 2.2) to
reorder the edges on the machines.

Lemma 4.2 (Algorithm 1 in MPC). Suppose c ≥ 1 +
10/ log n. Algorithm 1 can be implemented in the MPC
model in O(1) rounds using n1+5/(c2−1)+o(1)d total space.
Furthermore, the algorithm is fully scalable and the success
probability is at least 1−O(1/n2). The size of the output

graph G is at most n1+5/(c2−1)+o(1).

4.2. Finding Candidate Clusters in MPC
We can use Lemma 4.2 as a building block to implement
Algorithm 2 in the MPC model. Suppose we know ∆ for
the point set P . In Appendix C.7, we will show how to get
a good estimation of ∆. Recall that L = O(log ∆). We
mildly assume that log ∆ = no(1). We use the represen-
tation method mentioned in (Andoni et al., 2018) to store
sets in the MPC model. In particular, for each set C stored
in the system, C is not necessarily to be stored on a sin-
gle machine, i.e., C can be stored in a distributed manner
over machines. For each element p ∈ C, we only need to
store a pair (“C”, p) in an arbitrary machine, where “C” is
the name of C. It is easy to use sorting (see Theorem 2.2)
to implement set operations such as removing duplicates,
redistributing the elements over machines, computing the
set size, etc. We refer readers to (Andoni et al., 2018) for
more MPC set operations. Consider Q which is a family of
sets. Similarly, we do not need to store entire Q on a single
machine. For each set C ∈ Q, we only need to store a pair
(“Q”, “C”) on an arbitrary machine.
Lemma 4.3 (Algorithm 2 in MPC). Algorithm 2 can
be implemented in the MPC model in O(1) rounds and
n1+5/(α′2−1)+o(1)d total space, i.e., all Q0, · · · ,QL and
all C ∈ Q0 ∪ · · ·QL are stored in the system at the end of
the algorithm. Furthermore, the algorithm is fully scalable
and the success probability is at least 1−O(1/n1.99).

4.3. MPC Construction of Tree over Candidate
Clusters

In this section, we show how to implement Algorithm 3 and
Algorithm 4 in the MPC model. In addition to compute the
traditional representation of a rooted tree — parent pointers
of vertices (Andoni et al., 2018; 2019), we also compute ev-
ery leaf-to-root path and store each path on a single machine.
According to Lemma 3.7 and Lemma 3.10, the depth of T is
O(L) and the depth of T ′ is O(L log n). Thus both depths
are no(1). Each leaf-to-root path has length at most no(1)

and can be fitted in the local memory of a single machine.
Lemma 4.4 (Algorithm 3 in MPC). Conditioned on that
Algorithm 2 succeeds, Algorithm 3 can be implemented in
the MPC model in O(1) rounds and n1+o(1) total space.
The algorithm is fully scalable. The algorithm computes
the parent of each vertex in T and computes all paths from
leafs to the root. Each leaf-to-root path is stored on a single
machine.
Similar to Lemma 4.4, we show the MPC implementation
of Algorithm 4.
Lemma 4.5. Suppose the parent of each vertex in T is
computed and each leaf-to-root path of T is stored on a
single machine after running Algorithm 3. Algorithm 4
can be implemented in the MPC model in O(1) rounds and
n1+o(1) total space. The algorithm is fully scalable. The
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algorithm computes the parent of each vertex in T ′ and
computes all paths from leafs to the root. Each leaf-to-root
path is stored on a single machine. Furthermore, for each
vertex C in T ′, w(C) =

∑
p∈C dist2(p,mean(C)) is also

computed.
4.4. An MPC Framework for Dynamic Programming

over A Tree
We show how to implement Algorithm 5 and Algorithm 6
by the same framework in MPC (Algorithm 7). The high
level idea is that since we have all leaf-to-root path, we
know all ancestors of each vertex. Furthermore, since the
depth of the tree is small, the total size over all subtrees is
small. Thus, we are able to generate all subtrees in O(1)
rounds with small total space. Then, we are able to send
each small subtree to a single machine and handle it locally.

Algorithm 7 Framework for Dynamic Programming in
MPC
1: Input: T ′ with weights w(·) of vertices.
2: Setup: Let DP(C, ·) denote either DPcost(C, ·) in Algo-

rithm 5 or DPsize(C, ·) in Algorithm 6. Let B be an upper
bound of the space needed to store all DP(C, i) for all valid i
of any vertex C. Each machine has local memory Θ(nδ

′
·B)

for some constant δ′ > 0.
3: Mark each vertex C in T ′ as ongoing.
4: for ongoing vertex exists do
5: For each vertex C in T ′ compute SC = {C′ |

C′ is ongoing and C′ is in the subtree rooted at C}.
6: For each vertex C in T ′, if |SC | ≤ nδ

′
, send SC to a single

machine and compute DP(C′, i) for every C′ ∈ SC and
every valid i.

7: For each vertex C in T ′, if DP(C, ·) are computed by any
machine, mark C as finished.

8: end for
9: For each leaf-to-root path C1, C2, · · · , Cm in
T ′, based on w(Ci), w(Ci+1), · · · , w(Cm),
DP(Ci, ·),DP(Ci+1, ·), · · · ,DP(Cm, ·) and
DP(C′i, ·),DP(C′i+1, ·), · · · ,DP(C′m−1, ·) where C′j
(if exists) is a child of Cj+1 other than Cj , we determine
whether Ci should be added into the output S (of Algorithm 5
or Algorithm 6).

10: Remove duplicates in S and output S.

Lemma 4.6. Suppose each leaf-to-root path of T ′ is stored
on a single machine and w(C) for each vertex C in T ′ is
computed after running Algorithm 4. Let B be defined in
Algorithm 7. Algorithm 7 can be implemented in the MPC
model using O(1) rounds and total space B · n1+o(1). The
local memory required per machine is Θ(nδ

′ ·B), where δ′ ∈
(0, 1) is an arbitrary constant. For DP(·, ·) ≡ DPcost(·, ·),
the output S is the same as Algorithm 5. For DP(·, ·) ≡
DPsize(·, ·), the output S is the same as Algorithm 6.

4.5. Final MPC k-Means Algorithms
Theorem 4.7 (Exact k-means). Let α > 6.05. Let δ ∈
(0, 1) be an arbitrary constant. Consider a set P ⊂ Rd
of n points which is α-perturbation resilient to k-means
and the aspect ratio of P is at most 2n

o(1)

. There is an

MPC algorithm which outputs the optimal k-means clus-
tering of P with probability at least 1 − 1/poly(n) using
O(1) rounds and n1+o(1)(k + nO(1/α2)d) total space. The
memory needed per machine is Θ(nδk).
Proof. According to Lemma 3.2, P satisfies α-center
proximity for k-means. Let α′ = (α/4 − 1/2)/1.01.
Then α′ > 1.002. Let C∗ = {C∗1 , C∗2 , · · · , C∗k} be
the optimal k-means clustering for P . Consider the
MPC model that each machine has local memory
Θ(nδk). According to Lemma 4.3, we can run Al-
gorithm 2 in the MPC model using O(1) rounds and
n1+O(1/α2)+o(1)d total space. The success probabil-
ity is at least 1 − 1/poly(n). Let Q0,Q1, · · · ,QL
be the output of Algorithm 2. In the remaining, we
condition on that Algorithm 2 succeeds. According
to Theorem 3.6, ∀i ∈ [k], C∗i ∈ Q0 ∪Q1 ∪ · · · ∪ QL,
and P ∈ QL,∀p ∈ P, {p} ∈ Q0. Then according to
Lemma 4.4, we can run Algorithm 3 in the MPC model
using O(1) rounds and n1+o(1) total space. Let T be the
output of Algorithm 3. According to Lemma 3.9, C∗ is
a pruning set of T and for any pruning set S of T with
|S| ≤ k, we have

∑
C∈C∗

∑
p∈C dist2(p,mean(C)) ≤∑

C∈S
∑
p∈C dist2(p,mean(C)). According to

Lemma 4.5, we can run Algorithm 4 in O(1)
rounds and n1+o(1) total space. Let T ′ be
the output of Algorithm 4. For each C in T ′,
w(C) =

∑
p∈C dist2(p,mean(C)) is also computed.

According to Lemma 3.10, C∗ is a pruning set of T ′
and for any pruning set S of T ′ with |S| ≤ k, we have∑
C∈C∗ w(C) ≤

∑
C∈S w(C). Since we need space Θ(k)

to store DPcost(C, 1),DPcost(C, 2), · · · ,DPcost(C, k)
for each C, according to Lemma 4.6, we can use Al-
gorithm 7 to simulate Algorithm 5 in the MPC model
using O(1) rounds and n1+o(1)k total space. According
to Lemma 3.11, we get a pruning set S of T ′ with
|S| ≤ k such that

∑
C∈S w(C) =

∑
C∈C∗ w(C). Ac-

cording to Lemma 3.10, S is a partition of P and thus
S is the optimal k-means clustering of P . The overall
parallel time is O(1). The total space needed is at most
n1+O(1/α2)+o(1)d+ n1+o(1)k.
Theorem 4.8 (Approximate k-means). Let α > 6.05 and
ε ∈ (1/no(1), 0.5). Consider a set P ⊂ Rd of n points
which is α-perturbation resilient to k-means and the aspect
ratio of P is at most 2n

o(1)

. There is a fully scalable MPC
algorithm which outputs the (1 + ε)-approximate k-means
clustering of P with probability at least 1−1/poly(n) using
O(1) rounds and n1+O(1/α2)+o(1)d total space.
In Appendix C.7, we show how to reduce the dependence
on d of Theorem 4.7 and Theorem 4.8 to finally get Theo-
rem 1.1 and Theorem 1.2.

5. Experiments
In addition to the formal analysis of the theoretical guaran-
tees of our k-means algorithms, we also conduct preliminary
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experiments on both synthetic datasets and real datasets in
the offline setting to further investigate their practical perfor-
mances. All codes are in C++. We ran experiments on a ma-
chine with 16G RAM and Intel Core i7-3720QM@2.60GHz
CPU. All experiments were in single threaded mode.
Chosen parameters and LSH. Instead of using the the-
oretically optimal LSH presented in Lemma 4.1, we im-
plement the LSH of (Datar et al., 2004), which is sim-
pler and also has theoretical guarantee. The hash func-
tion for the scale D is defined by a parameter r ∈
R>0, a set of m standard random Gaussian vectors
v1, v2, · · · , vm ∈ Rd and a set of random variables
b1, b2, · · · , bm ∈ R drawn from [0, r] uniformly at random.
The hash value h(x) for a point x ∈ Rd is computed as(
bx
>v1/D+b1

r c, bx
>v2/D+b2

r c, · · · , bx
>vm/D+bm

r c
)

. We
use the same choice as (Datar et al., 2004), i.e., r = 4
and m = 10, and thus we choose t of Algorithm 1 to be 100.
For Algorithm 2, instead of running Algorithm 1 for each
scale 1.01i, we run for each scale 1.1i. For Algorithm 6, we
choose ε′ = 0.1.

5.1. Experiments on Synthetic Datasets
We generate synthetic dataset in the following way. We
firstly choose k centers. Each center is drawn uniformly
at random from [0, 50]d. We create equal-size clusters for
centers such that the total number of points is n = 105. The
points of a cluster are drawn from the standard Gaussian
distribution at the corresponding center. We denote this
clustering as C∗.

k-Means cost on synthetic datasets. We obtain the clus-
tering C via Algorithm 5 or Algorithm 6. We calculate the
ratio ρ = cost(C)/cost(C∗) by repeating 30 runs and taking
the average. Condition on that C∗ is the optimal k-means
clustering, ρ should be at least 1. We test our algorithms
on 10 groups of dataset, the parameters of the datasets are
n = 105, d ∈ {10, 100}, k ∈ {5, 10, 25, 100, 1000}.

Due to the construction of synthetic datasets, they are well-
perturbation-resilient. For all 10 synthetic datasets, our al-
gorithms always achieve ρ = 1.00(±0.00), i.e., the optimal
k-means clustering is obtained. Surprisingly, our approxi-
mate k-means algorithm (Algorithm 6) also outputs optimal
clusters for these datasets.

Running time comparison between Algorithm 5 and Al-
gorithm 6. We run both algorithms on the dataset with
n = 105 and d = 100, and we evaluate the running time
for various k ∈ [50, 1000]. As shown in figure 1, when
k is small, Algorithm 5 is faster. But the running time of
Algorithm 5 grows quickly in k while the running time of
Algortihm 6 does not change. When k is sufficiently large,
Algortihm 6 is faster.
5.2. Experiments on Real Datasets
Note that the k-means cost of Algorithm 5 cannot be worse
than Algorithm 6 by our analysis. In this section, we evalu-
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Figure 1. We run both Algorithm 5 and Algorithm 6 to compute
k-means for the dataset with n = 105, d = 100. Algorithm 5 is
faster when k is small and Algorithm 6 is faster when k is large.

ate the k-means cost of Algorithm 6 on real datasets listed
in Table 1, and we compare it with the results obtained by
k-means solver using k-means++ seeding implemeted by
Python scikit-learn package (Pedregosa et al., 2011).
Table 1. Real datasets. n: number of points, d: dimension of points
, k: number of classes (clusters). All datasets can be obtained by
sklearn.datasets.fetch openml of the Python scikit-learn package.

DATASET n d k

EUCA 736 14 5
MICE 1080 77 8
BIOMED 209 7 2
DIABETES 768 8 2
MAGIC 19020 10 2
GESTURE 9873 32 5
MNIST 60000 784 10
ZOO 101 16 7

Notice that k-means++ is a good sequential algorithm and
should have a lower cost. Our goal is to show the cost by our
algorithm is within a small factor of the cost by k-means++.
k-Means cost on real datasets. We obtain the clustering
C via Algorithm 6 and the clustering C∗ via k-means++. We
calculate the ratio ρ = cost(C)/cost(C∗) by repeating 30
runs and taking the average. The results are in Table 2.
Table 2. k-Means cost on real datasets. cost(C): the cost obtained
by Algorithm 6, cost(C): the cost obtained by k-means++, ρ :
ratio between cost(C) and cost(C∗).

DATASET cost(C∗) cost(C) ρ

EUCA 5050.98 6020.51 1.19
MICE 49447.74 74782.30 1.51
BIOMED 1127.79 1342.03 1.19
DIABETES 5134.04 6107.07 1.19
MAGIC 136926.74 189910.43 1.39
GESTURE 253642.04 306541.12 1.21
MNIST 8.041E10 1.321E11 1.64
ZOO 125.56 204.31 1.62

By checking the distances from input points to centers ob-
tained by k-means++, these real datasets only hold at most
1.12-center proximity. Thus, they are not well-perturbation-
resilient. But even when the assumption of perturbation-
resilience does not hold for these datasets, our algorithm
still achieves reasonable k-means cost (within at most∼ 1.6
factor of the cost obtained by k-means++). It would be
an interesting future direction to explore what affects the
practical accuracy of our algorithms.
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A. Euclidean LSH in MPC
In this section, we show the construction of the LSH given by (Andoni & Indyk, 2006). We define Gt,w to be the grid points
in t-dimensional space where the side length of each grid cell is 4w, i.e., Gt,w = 4w · Zt. The Euclidean LSH (Andoni &
Indyk, 2006) is given in Algorithm 8.

Algorithm 8 LSH for Points in Euclidean Spaces
1: Preprocessing:
2: Let U ≥ 1. For u ∈ [U ], draw vu ∈ [0, 4w]t uniformly at random. Let Gt,wu = Gt,w + vu denote the points on the grid shifted by
vu.

3: Let A ∈ Rt×d be a random matrix where each entry is drawn independently fromN (0, 1/t).
4: Evaluating h(p) for p ∈ Rd:
5: Compute p′ = A · p. Find minimum u ∈ [U ] such that ∃x ∈ Gt,wu , ‖p′ − x‖2 ≤ w. Set h(p) = (u, x).

The following two lemmas for Algorithm 8 is shown by (Andoni, 2009).

The following lemma shows that if U is sufficiently large, then the balls over grids Gt,w1 , Gt,w2 , · · · , Gt,wU cover the entire
space Rt with high probability. Thus, h(p) is well-defined for every p ∈ Rd with high probability.

Lemma A.1 (Lemma 3.2.2 of (Andoni, 2009)). If U = tΘ(t) log n, with probability at least 1− 1/n10, ∀p′ ∈ Rt,∃u ∈ [U ]
s.t. ∃x ∈ Gt,wu , ‖p′ − x‖2 ≤ w.

Without loss of generality, we can only consider the scale D = 1. For different scale, we just need to multiply the
corresponding scaling factor for the input points.

Lemma A.2 (Lemma 3.2.3 of (Andoni, 2009)). Consider points p, q ∈ Rd and c > 1. Let P1 be Prh[h(p) = h(q)]

when ‖p − q‖2 ≤ 1. Let P2 be Prh[h(p) = h(q)] when ‖p − q‖2 ≥ c. Suppose w = t1/3. Then, (1). ρ = log 1/P1

log 1/P2
=

1/c2 +O(1/t1/4). (2). 0.99 ≥ P2 ≥ e−O(t1/3).

In particular, when t = log4/5 n, we have ρ = 1/c2 + O(1/ log1/5 n). Let s ∈ [1, log n]. Let us define g(p) =
(h1(p), h2(p), · · · , hb(p)), where h1(·), h2(·), · · · , hb(·) are b independent hash functions described by Algorithm 8, and
b is the smallest integer such that P b2 ≤ 1/ns. Since P2 ≤ 0.99, we have b ≤ O(s log n) = O(log2 n). The size of g(p)

is (t + 1) · b ≤ O(log3 n). Since P1 ≥ P2 ≥ e−O(log4/15 n), we have P b1 ≥ P ρb2 ≥ 1/nsρ+o(1). Theorefore, g(·) has the
following properties: (1). For any two points p, q ∈ Rd with ‖p− q‖2 ≤ 1, Pr[g(p) = g(q)] ≥ 1/nsρ+o(1) = 1/ns/c

2+o(1).
(2). For any two points p, q ∈ Rd with ‖p − q‖2 ≥ c, Pr[g(p) = g(q)] ≤ 1/ns. Thus, the hash family H of g(·) is
(D, cD, 1/ns/c

2+o(1), 1/ns)-sensitive for Rd.

Lemma A.3. Consider a set P ⊂ Rd of n points. There is a fully scalable MPC algorithm which computes g(p) for every
point p ∈ P in O(1) rounds. The total space needed is n1+o(1)d.

Proof. Notice that g(p) = (h1(p), h2(p), · · · , hb(p)) and h1, h2, · · · , hb are independent hash functions described by
Algorithm 8. We can compute these b = O(log2 n) values h1(p), h2(p), · · · , hb(p) simutaneously. It suffices to show how
to apply one function h(·) for every point p ∈ P .

Let t = log4/5 n. Consider the preprocessing step, according to Lemma A.1, U is at most tΘ(t) log n = no(1). We use one
machine to generate shift vectors v1, v2, · · · , vU ∈ Rt. We can use O(1) rounds (Goodrich et al., 2011) to make every
machine know v1, v2, · · · , vU . We can use multiple machines (in the case t · d is larger than the local memory) together
generate the random Gaussian matrix A ∈ Rt×d where each machine holds a part of entries of A. Notice that A · p can
be computed in the COMBINING CRCW PRAM in O(1) parallel time using t · d processors. By simulating this PRAM
algorithm, we can compute p′ = A · p for every p ∈ P in O(1) rounds. The algorithm is fully scalable and the total space
needed is ntd = n1+o(1)d. Since p′ has size t = no(1), p′ can be held by a single machine. Since every machine knows
v1, v2, · · · , vU , h(p) can be computed locally. Thus, the parallel time needed is O(1).

Since we simultaneously run b copies of the above procedure, the parallel time is still O(1) and the total space needed is
ntd · b = n1+o(1)d.
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B. Missing Details of Section 3
B.1. Proof of Lemma 3.3

Before we prove Lemma 3.3, we need to show the following lemma:

Lemma B.1. Consider a point set P which satisfies α-center proximity property for k-means. Let C = {C1, C2, · · · , Ck}
be the optimal k-means clustering for P . ∀Ci 6= Cj ∈ C and ∀p, q ∈ Ci, s ∈ Cj , (α/2 − 1) dist(p, q) <
min(dist(p, s),dist(q, s)).

Proof. Let ci = mean(Ci), cj = mean(Cj). If dist(p, ci) < dist(s, cj), then we have α dist(p, ci) < α dist(s, cj) <
dist(s, ci) ≤ dist(s, p) + dist(p, ci) and thus dist(s, p) > (α− 1) dist(p, ci). Otherwise dist(p, ci) ≥ dist(s, cj), we have
α dist(p, ci) < dist(p, cj) ≤ dist(p, s) + dist(s, cj) ≤ dist(p, s) + dist(p, ci) and thus dist(s, p) > (α − 1) dist(p, ci).
Therefore, in either case, we have dist(s, p) > (α− 1) dist(p, ci). By the same argument, we can also show dist(s, q) >
(α− 1) dist(q, ci).

Thus, we have (α−1) dist(p, q) ≤ (α−1)(dist(p, ci)+dist(ci, q)) < dist(s, p)+dist(s, q). Since dist(s, p) ≤ dist(s, q)+
dist(p, q) and dist(s, q) ≤ dist(s, p)+dist(p, q), we have dist(s, p)+dist(s, q) ≤ 2 min(dist(s, p),dist(s, q))+dist(p, q).
Therefore, (α − 1) dist(p, q) < 2 min(dist(p, s),dist(q, s)) + dist(p, q) which implies that (α/2 − 1) dist(p, q) <
min(dist(p, s),dist(q, s)).

Now we are able to prove Lemma 3.3.

Proof of Lemma 3.3. Consider x, y ∈ Ci such that dist(x, y) = D. Consider arbitrary points p ∈ Ci, s ∈ P \ Ci. Since
dist(p, x)+dist(p, y) ≥ dist(x, y) = D, we have either dist(p, x) ≥ D/2 or dist(p, y) ≥ D/2. Without loss of generality,
we assume dist(p, x) ≥ D/2. According to Lemma B.1, we have (α/4− 1/2)D ≤ (α/2− 1) dist(p, x) < dist(p, s).

B.2. Proof of Lemma 3.5

Proof of Lemma 3.5. Since we connect each vertex to at most one another vertex for each hash function hi, the number of
edges |E| ≤ n · t = O(p−1

1 n log n). Consider two points p, q ∈ P with dist(p, q) ≤ D. By Definition 3.4, ∀i ∈ [t], the
probability that hi(p) = hi(q) is at least p1. Thus, the probability that 6 ∃i ∈ [t], hi(p) = hi(q) is at most (1−p1)t ≤ 1/n5.
If ∃i ∈ [t], hi(p) = h(q), p, q are either connected or have a common neighbor. Next, consider two points p, q ∈ P with
dist(p, q) ≥ cD. By union bound, the probability that ∃i ∈ [t], hi(p) = hi(q) is at most 1− tp2. Notice that there is an
edge between p, q only when ∃i ∈ [t], hi(p) = hi(q). By taking a union bound over all pairs p, q ∈ P , we conclude the
proof.

B.3. Proof of Theorem 3.6

Proof of Theorem 3.6. We suppose that all subroutines which call Algorithm 1 succeed. By union bound, this happens with
probability at least 1−O(p3 log ∆).

Consider an arbitrary cluster C ∈ C. Let D = maxp,q∈C dist(p, q). We can find i∗ ∈ {0, 1, · · · , L = log1.01 ∆} such that
1.01D ≥ 1.01i

∗ ≥ D. According to Lemma 3.5, if there is an edge between p, q in G′i∗ , then dist(p, q) < α′ · 1.01i
∗ ≤

(α/4− 1/2)D. Due to Lemma 3.3, ∀p ∈ C, q ∈ P \C, we have dist(p, q) > (α/4− 1/2)D which implies that there is no
edge between p, q in G′i∗ . In addition, according to Lemma 3.5, ∀p, q ∈ C, since dist(p, q) ≤ D ≤ 1.01i

∗
, p, q are either

connected in G′i∗ or have a common neighbor in G′i∗ . Thus, C is a connected component in G′i∗ and its diameter is at most
2.

According to Lemma 3.5, if there is an edge between p, q in G′0, then dist(p, q) < α′. Therefore, each connected component
of G′0 is a singleton, and it implies that ∀p ∈ P, {p} ∈ Q0. According to Lemma 3.5 again, since ∀p, q ∈ P,dist(p, q) ≤ ∆,
we have ∀p, q ∈ P , either there is an edge between p, q in G′L or p, q have a common neighbor in G′L. Thus, G′L is
connected, and the diameter of G′L is at most 2. Therefore, P ∈ QL.

B.4. Proof of Lemma 3.7

Proof of Lemma 3.7. With probability at least 1− 2p3, the subroutines in Algorithm 2 which call Algorithm 1 for i = 0
and i = L succeed. According to Lemma 3.5, if there is an edge between p, q in G′0, then dist(p, q) < α′. Therefore, each
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connected component of G′0 is a singleton, and it implies that ∀p ∈ P, {p} ∈ Q0 ⊆ Q. According to Lemma 3.5 again,
since ∀p, q ∈ P,dist(p, q) ≤ ∆, we have ∀p, q ∈ P , either there is an edge between p, q in G′L or p, q have a common
neighbor in G′L. Thus, G′L is connected, and the diameter of G′L is at most 2. Therefore, P ∈ QL ⊆ Q.

Since ∀i′ > i ∈ {0, 1, · · · , L} and for each connected component C in G′i there is at most one connected component C ′ in
G′i′ satisfying C ⊆ C ′, each C ∈ Qi can have at most one parent in T . Thus, T is a foreset. Furthermore, since P ∈ QL,
P should be the unique root of T which implies that T is a tree.

Consider an arbitrary C ∈ Qi. The parent of C must be in Qi′ for some i′ > i. Thus, the depth of T is at most L.

B.5. Proof of Lemma 3.9

Proof of Lemma 3.9. Let us first prove that any pruning set S of T is a partition of P . According to the definition of pruning
set and the construction of the parent of each vertex in T , for each leaf {p} ⊂ P we can find S ∈ S such that {p} ⊆ S, i.e.,
p ∈ S. Therefore,

⋃
S∈S S = P . Next we only need to show that ∀S 6= S′ ∈ S, S ∩ S′ = ∅. We prove it by contradiction.

Suppose S ∩ S′ 6= ∅. We know that S is a connected component of G′i for some i and S′ is a connected component of G′i′
for some i′. Since S 6= S′, we have i 6= i′. Without loss of generality we assume i′ > i. Let S′′ be S or an ancestor of S
such that S′′ is a connected component of G′i′′ for some i′′ < i′ and the parent of S′′ is a connected component in G′i′′′ for
i′′′ ≥ i′. By the construction of T , we know that S ⊆ S′′. Thus, S′′ ∩ S′ 6= ∅. According to Algorithm 2, the edge set of
G′i′′ is a subset of G′i′ . Thus, if two points are in the same connected component in G′i′′ , they must be in the same connected
component in G′i′ . Since S′ is a connected component of G′i′ and S′′ is a connected component of G′i′′ , we have S′′ ⊆ S′.
Thus, the parent of S′′ must be S′ which implies that S′ is an ancestor of S. It contradicts to that S is a pruning set of T .

Next we show that any partition C = {C1, C2, · · · , Cs} of P satisfying ∀C ∈ C, C ∈ Q is a pruning set of T . Since
∀C 6= C ′ ∈ C are disjoint, C cannot be an ancestor of C ′ in T . Thus, we only need to show that for any p ∈ P , there exists
C ∈ C such that C is on the path from leaf {p} to the root in T . Consider a point p ∈ P . Since C is a partition of P , we can
find C ∈ C such that p ∈ C. If C = {p}, we are done. Otherwise, we are going to show that C is an ancestor of {p} in T .
Suppose C is a connected component of G′i for some i ∈ {0, 1, · · · , L}. Let S be {p} or an ancestor of {p} such that S is
a connected component in G′i′ for i′ < i and the parent of S is a connected component of G′i′′ for i′′ ≥ i. According to
Algorithm 2, the edge set of G′i′ is a subset of G′i. Thus, the points that are in the same connected component as p in G′i′ are
also in the same connected component as p in Gi. Therefore, S ⊆ C. By the construction of the parent of S, C must be the
parent of S. Therefore, C is an ancestor of {p} in T .

B.6. Proof of Lemma 3.10

Proof of Lemma 3.10. First let us show that each vertex in T ′ can have at most 2 children. Each leaf vertex in T is still a
leaf vertex in T ′. Consider a non-leaf vertex C and its children C1, C2, · · · , Cs in T . In Algorithm 4, we add s auxiliary
vertices C ′1, · · · , C ′s. C has exactly one child C ′1. We conceptually regard C1, C2, · · · , Cs as C ′s+1, C

′
s+2, · · · , C ′2s. Then

each auxiliary vertex C ′i, i ∈ [s] can have at most 2 children: C ′i·2 and C ′i·2+1. It does not add any additional children to
C1, C2, · · · , Cs. Therefore, each vertex in the tree T ′ outputted by Algorithm 4 has at most two children.

Consider two vertices C and C ′ in T such that C is the parent of C ′. In Algorithm 4, we will add at most O(log n) vertices
in the path between C ′ and C in tree T ′. Thus, the depth of

Then, let us show that any pruning set of T is also a pruning set of T ′. According to Algortihm 4, the set of leaf vertices of
T ′ is exactly the same as the set of leaf vertices of T . Consider a path from a leaf to the root in T ′. The difference from the
path from the leaf to the root in T is that there are may be some auxiliary vertices inserted into the path. Since a pruning set
S of T does not contain any auxiliary vertex, for each leaf of T ′, there is still a unique vertex in S that is on the path from
the leaf to the root in T ′.

Now suppose that any pruning set of T is a partition of P . We will prove that any pruning set of T ′ is a partition of P .
Consider an arbitary pruning set S ′ of T ′. We construct a pruning set S of T in the following way. If S′ ∈ S ′ is also a
vertex in T , we add it to S directly. If S′ ∈ S ′ is an auxiliary vertex, according to the construction of S′ in Algorithm 4, we
can find a set of vertices S1, S2, · · · , St in T such that (1). S′ = S1 ∪ S2 ∪ · · · ∪ St, (2). for any leaf that is in the subtree
of S′ in T ′, there is a unique i ∈ [t] that the leaf is in the subtree of Si in T ′. We add S1, S2, · · · , St into S . Consider each
leaf vertex in T . It is also a leaf vertex in T ′. Since S ′ is a pruning set of T ′, we can find a unique S′ ∈ S ′ which is on the
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path from the leaf to the root in T ′. By our construction of S , we can find a unique S ∈ S which is on the path from the leaf
to the root in T . Thus, S is a pruning set of T which implies that S is a partition of P . Since each cluster of S ′ is either a
cluster in S or a union of several clusters in S, S ′ is also a partition of P .

B.7. Proof of Lemma 3.11

To prove Lemma 3.11, we first show the following two useful lemmas.

Lemma B.2 (Cost of optimal pruning set). For vertex C in T ′ and i ∈ [k], DPcost(C, i) computed by Algorithm 5 satisfies
DPcost(C, i) = minpruning set S of the subtree rooted at C:|S|≤i

∑
C′∈S w(C ′).

Proof. The proof is by an induction over the depth of the subtree rooted at C. Consider the base case when the depth of the
subtree rooted at C is 0, i.e., C is a leaf vertex. In this case, the subtree of C is a singleton and has only one pruning set
which is {C}. Since ∀i ∈ [k],DPcost(C, i) = w(C), the lemma statement holds for C.

Suppose the lemma statement is true for all vertices whose subtree depth is at most H − 1. Now consider a vertex C such
that the subtree rooted at C has depth H . Consider i ∈ [k]. If C only has one child C ′, then a pruning set with size at most i
of the subtree rooted at C is either {C} or a pruning set with size at most i of the subtree rooted at C ′. Thus the lemma
statement holds since DPcost(C, i) = min(w(C),DPcost(C ′, i)). If C has two children C ′ and C ′′, then a pruning set
with size at most i of the subtree rooted at C is either {C} or the union of S ′ and S ′′ where |S ′|+ |S ′′| ≤ i, and S ′ and S ′′
are a pruning set of the subtree rooted at C ′ and a pruning set of the subtree rooted at C ′′ respectively. By optimality, the
lemma statement holds since DPcost(C, i) = min(w(C),mini′∈[i−1] DPcost(C ′, i′) + DPcost(C ′′, i− i′)).

Lemma B.3 (Traverse backwards via dynamic programming values). At the beginning (or the end) of each repetition of
line 5 of Algorithm 5, the following invariants hold:

1. |S|+
∑

(C,i)∈L i ≤ k.
2.
∑
C∈S w(C) +

∑
(C,i)∈LDPcost(C, i) = DPcost(R, k), where R is the root of T ′.

Proof. Let us first prove the first invariant. Before the first repetition, S = ∅ and L = {(R, k)}. Thus, the invariant holds.
Suppose the invariant holds before an repetition of line 5 of Algorithm 5. Now consider the changes during the repetition.
We first remove (C, i) from L, thus the target value decreased by i. If we add C into S , then the target value increased by 1.
The total change is at most 1− i ≤ 0. If we add (C ′, i) into L, the total change is at most i− i = 0. If we add (C ′, i′) and
(C ′′, i− i′) into L, the total change is at most i′ + i− i′ − i = 0. Therefore, in any case, the first invariant always holds.

Let us consider the second invariant. Before the first repetition, S = ∅ and L = {(R, k)}. Thus, the invariant holds. Suppose
the invariant holds before an repetition. Now consider the changes during the repetition. We first remove (C, i) from L, thus
the target value decreased by DPcost(C, i). If DPcost(C, i) = w(C), we add C into S, thus the target value increased by
w(C) = DPcost(C, i). The total change is w(C)−DPcost(C, i) = 0. If C has one child C ′ and we add (C ′, i) into L, we
know that DPcost(C, i) = DPcost(C ′, i). The total change is DPcost(C ′, i)−DPcost(C, i) = 0. If C has two children
C ′, C ′′ and we add (C ′, i′), (C ′′, i− i′) into L, we know that DPcost(C, i) = DPcost(C ′, i′) + DPcost(C ′′, i− i′). The
total change is DPcost(C ′, i′) + DPcost(C ′′, i − i′) − DPcost(C, i) = 0. Therefore, in any case, the second invariant
always holds.

Proof of Lemma 3.11. Let R be the root of T ′. According to Lemma B.2, DPcost(R, k) =
minpruning set S′ of T ′:|S′|≤k

∑
C∈S′ w(C). According to Lemma B.3, the output S has size at most k and∑

C∈S w(C) = DPcost(R, k) = minpruning set S′ of T ′:|S′|≤k
∑
C∈S′ w(C).

B.8. Proof of Lemma 3.12

To prove Lemma 3.12, we need to prove the following two useful lemmas:

Lemma B.4 (Size of near optimal pruning set). For vertex C in T ′ and i ∈ {−1, 0, · · · , l}, DPsize(C, i) computed by
Algorithm 6 satisfies

1. There is a pruning set S with |S| = DPsize(C, i) of the subtree rooted at C such that
∑
C′∈S w(C ′) ≤ λi.

2. Every pruning set S with |S| < DPsize(C, i) of the subtree rooted at C must have
∑
C′∈S w(C ′) > (1+ε′)λi/(1+ε).
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Proof. The proof is by an induction over the depth of the subtree rooted at C. Consider the base case when the depth of the
subtree rooted at C is 0., i.e., C is a leaf vertex. In this case, the subtree of C is a singleton and has only one pruning set
which is {C}. The weight w(C) = 0. Since ∀i ∈ {−1, 0, · · · , l}, DPsize(C, i) = 1, the pruning set with size less than
DPsize(C, i) = 1 does not exist, and there is a pruning set {C} of the subtree rooted at C such that w(C) = 0 ≤ λi.

Suppose for any vertex Ĉ of which subtree depth is at most M − 1 and any i ∈ {−1, 0, · · · , l}, there is a pruning set
Ŝ with Ŝ = DPsize(Ĉ, i) of the subtree rooted at Ĉ such that

∑
C′∈Ŝ w(C ′) ≤ λi. Now we consider a vertex C of

which subtree depth is M . If λi ≥ w(C), we have DPsize(C, i) = 1, and {C} is a pruning set of the subtree rooted
at C and w(C) ≤ λi. Consider the case that C only has one child C ′. We have DPsize(C, i) = DPsize(C ′, i) for
λi < w(C). By induction hypotheis, since the depth of the subtree rooted at C ′ is at most M − 1, we can find a prunning
set S with |S| = DPsize(C ′, i) of the subtree rooted at C ′ such that

∑
C̃∈S w(C̃) ≤ λi. Since a pruning set of the

subtree rooted at C ′ is also a pruning set of the subtree rooted at C, S is a pruning set with |S| = DPsize(C, i) of
the subtree rooted at C such that

∑
C̃∈S w(C̃) ≤ λi. Consider the case that C has two children C ′ and C ′′. We have

DPsize(C, i) = DPsize(C ′, i′) + DPsize(C ′′, i′′) for λi < w(C) and some i′, i′′ satisfying λi′ + λi′′ ≤ λi. By induction
hypothesis, since the depth of the subtree rooted atC ′ is at mostM−1 and the depth of the subtree rooted atC ′′ is also at most
M − 1, we can find a pruning set S ′ with |S ′| = DPsize(C ′, i′) of the subtree rooted at C ′ such that

∑
C̃∈S′ w(C̃) ≤ λi′

and a pruning set S ′′ with |S ′′| = DPsize(C ′′, i′′) of the subtree rooted at C ′′ such that
∑
C̃∈S′′ w(C̃) ≤ λi′′ . Thus,

S ′ ∪ S ′′ is a pruning set with |S ′ ∪ S ′′| = DPsize(C ′, i′) + DPsize(C ′′, i′′) = DPsize(C, i) of the subtree rooted at C
such that

∑
C̃∈S′∪S′′ w(C̃) ≤ λi′ + λi′′ ≤ λi.

Next suppose for any vertex Ĉ of which subtree depth is at most M − 1 and any i ∈ {−1, 0, · · · , l}, every pruning set
Ŝ with |Ŝ| < DPsize(C, i) of the subtree rooted at Ĉ must have

∑
C′∈Ŝ w(C ′) > λi/(1 + ε′)M−1. Recall Algorithm 6

that ε′ = ε/(2H) where H is the depth of T ′. Now we consider a vertex C of which subtree depth is M and consider
i ∈ {−1, 0, · · · , l}. Suppose there is a pruning set S with |S| < DPsize(C, i) of the subtree rooted at C such that∑
C̃∈S w(C̃) ≤ λi/(1 + ε′)M . If S = {C}, we have w(C) ≤ λi. According to Algorithm 6, we have DPsize(C, i) = 1

which contradicts to |S| < DPsize(C, i). Consider the case that C has one child C ′. The depth of the subtree rooted at C ′ is
at mostM−1. Since S 6= {C}, S is also a pruning set with |S| < DPsize(C, i) = DPsize(C ′, i) of the subtree rooted at C ′

such that
∑
C̃∈S w(C̃) ≤ λi/(1+ε′)M ≤ λi/(1+ε′)M−1 which contradicts to the induction hypothesis. Consider the case

that C has children C ′ and C ′′. The depth of the subtree rooted at C ′ is at most M − 1 and the depth of the subtree rooted at
C ′′ is also at most M − 1. Since S 6= {C}, S can be written as S ′ ∪S ′′ where S ′ is a pruning set of the subtree rooted at C ′

and S ′′ is a pruning set of the subtree rooted at C ′′. We can find i′, i′′ ∈ {−1, 0, · · · , l} such that (1+ε′)M
∑
C̃∈S′ w(C̃) ≥

λi′ ≥ (1 + ε′)M−1
∑
C̃∈S′ w(C̃) and (1 + ε′)M

∑
C̃∈S′′ w(C̃) ≥ λi′′ ≥ (1 + ε′)M−1

∑
C̃∈S′′ w(C̃). By induction

hypothesis, we have DPsize(C ′, i′) ≤ |S ′| and DPsize(C ′′, i′′) ≤ |S ′′|. Since λi′ + λi′′ ≤ (1 + ε′)M
∑
C̃∈S w(C̃) ≤ λi,

we have DPsize(C, i) ≤ DPsize(C ′, i′)+DPsize(C ′′, i′′) ≤ |S ′|+ |S ′′| = |S| according to Algorithm 6, which contradicts
to |S| < DPsize(C, i).

Thus, for every vertex C in T ′ and i ∈ {−1, 0, · · · , l}, every pruning set S with |S| < DPsize(C, i) of the subtree rooted
at C must have

∑
C′∈S w(C ′) > λi/(1 + ε′)H ≥ (1 + ε′)λi/(1 + ε).

Lemma B.5 (Traverse backwards via approximate dynamic programming values). At the beginning (or the end) of each
repetition of line 6 of Algorithm 6, the following invariants hold:

1. |S|+
∑

(C,i)∈LDPsize(C, i) ≤ k.
2.
∑
C∈S w(C) +

∑
(C,i)∈L λi ≤ λi∗ .

Proof. Let us first prove the first invariant. Before the first repetition, S = ∅ and L = {(R, i∗)}. Since we choose i∗ such
that DPsize(R, i∗) ≤ k, the invariant holds. Suppose the invariant holds before an repetition. Now consider the changes
during the repetition. We first remove (C, i) from L, thus the target value decreased by DPsize(C, i). If we add C into S,
then DPsize(C, i) = 1 and |S| increased by 1. The total change is 1−DPsize(C, i) = 0. If we add (C ′, i) into L, the total
change is at most DPsize(C ′, i) − DPsize(C, i) = 0.. If we add (C ′, i′) and (C ′′, i′′) into L, the total change is at most
DPsize(C ′, i′) + DPsize(C ′′, i′′)−DPsize(C, i) = 0. Therefore, in any case, the first invariant always holds.

Let us consider the second invariant. Before the first repetition, S = ∅ and L = {(R, i∗)}. Thus, the invariant holds.
Suppose the invariant holds before an repetition. Now consider the changes during the repetition. We first remove (C, i)
form L, thus the target value decreased by λi. If DPsize(C, i) = 1, we have w(C) ≤ λi, and we add C into S. Thus,
the target value cannot increase when DPsize(C, i) = 1. If C has only one child C ′, then we add (C ′, i) into L. The
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total change is λi − λi = 0. If C has children C ′ and C ′′, then we add (C ′, i′) and (C ′′, i′′) into L. The total change is
λi′ + λi′′ − λi ≤ 0. Thus, the invariant always holds.

Now we are able to prove Lemma 3.12.

Proof of Lemma 3.12. According to Lemma B.5, the output S of Algorithm 6 is a pruning set of T ′ such that |S| ≤ k and∑
C∈S w(C) ≤ λi∗ . If i∗ = −1, we have

∑
C∈S w(C) = 0.

By our choice of i∗, we have DPsize(R, i∗ − 1) > k. According to Lemma B.4, we have
minpruning set S′ of T ′:|S′|≤k

∑
C∈S′ w(C) > (1 + ε′)λi∗−1/(1 + ε). If i∗ = 0, we know that

minpruning set S′ of T ′:|S′|≤k
∑
C∈S′ w(C) > 0. Since the minimum positive weight is at least 1, we have∑

C∈S w(C) = 1 = minpruning set S′ of T ′:|S′|≤k
∑
C∈S′ w(C). If i∗ > 0, we have

∑
C∈S w(C) ≤ λi∗ ≤ (1 + ε′)λi∗−1 ≤

(1 + ε) ·minpruning set S′ of T ′:|S′|≤k
∑
C∈S′ w(C).

B.9. Guarantees of Offline Algorithms

Now we are able to conclude the guarantees of our k-means algorithms in the offline setting. Let C∗ be the optimal
k-means clustering for P . The success probability of Algorithm 2 is given in Theorem 3.6. We condition on that
Algorithm 2 succeeds. According to Theorem 3.6 and Lemma 3.9, C∗ is a pruning set of T and any pruning set of
T is a partition of P . According to Lemma 3.10, C∗ is also a pruning set of T ′ and any pruning set of T ′ is also a
partition of P . Because w(C) =

∑
p∈C dist2(p,mean(C)), for any β ≥ 1, if C is a pruning set of T ′ with |C| ≤ k and∑

C∈C w(C) ≤ β ·
∑
C∈C∗ w(C), then we know that C is β-approximate k-means clustering. According to Lemma 3.11,

Algorithm 5 outputs the optimal k-means clustering for P . According to Lemma 3.12, Algorithm 3.12 outputs (1 + ε)-
approximate k-means clustering for P . Now let us consider the running time of algorithms. Suppose the running time to
compute all LSH value hi(p) for p ∈ P and i ∈ [t] in Algorithm 1 is at most T . The running time to build G in Algorithm 1
is at most O(T log n) because we can use sorting to group the points with the same hash value together and the number
of edges should be at most T . Recall L = O(log ∆) and ∆ is an upper bound of the aspect ratio of P . The running
time to build all G0, G1, · · · , GL in Algorithm 2 is at most O(TL log n). Since each Gi has size at most T , each G′j
has size at most TL. The running time to find connected components for all G′0, G

′
1, · · · , G′L is at most O(TL2). Thus,

the running time of Algorithm 2 is at most O(TL2 + TL log n). Since each connected component of G′i is a subset of a
connected component of G′i′ for i′ > i, we only need O(L) time to find the parent of C for each C ∈ Q0,Q1, · · · ,QL
in Algorithm 3. Since ∀i ∈ {0, 1, · · · , L}, | Qi | ≤ n, the running time of Algorithm 3 is at most O(nL2). The number
of vertices in tree T is at most O(nL) and depth of T is O(L). The running time to create auxiliary vertices for each
non-leaf vertex of T in Algorithm 4 is linear in the number of its children. Thus, the total running time of Algorithm 4
is O(nL). The number of vertices in T ′ is O(nL) and depth of T ′ is O(L log n). To compute a single DPcost(C, i) in
Algorithm 5, we need O(k) time. Thus, the total running time of Algorithm 5 is at most O(nLk2). Therefore, to compute
the optimal k-means clustering, the overall running time is at most (T + nk2)poly(L log n). In Algorithm 6, we have
l = O(ε−1(L+ log n)L log n). Since DPsize(C, i) is monotonic over i, to compute a single DPsize(C, i) in Algorithm 6,
we only need O(l) time. Thus, the total running time of Algorithm 6 is at most O(nLl2). Therefore, the overall running time
to compute (1 + ε)-approximate k-means clustering is at most (T + n/ε2)poly(L log n). If we use the LSH of (Andoni &
Indyk, 2006), then T ≤ n1+O(1/α2)+o(1)d. If we use the LSH of (Datar et al., 2004), then T ≤ n1+O(1/α)+o(1)d.

C. Missing Details of Section 4
C.1. Proof of Lemma 4.2

Proof of Lemma 4.2. Let s = 5c2/(c2 − 1). We have s ∈ [1, log n]. Let H be the (D, cD, 1/ns/c
2+o(1), 1/ns)-sensitive

hash family described in Lemma 4.1. We can handle h1, h2, · · · , ht described in Algorithm 1 simultaneously. According to
Algorithm 1, we have t = ns/c

2+o(1) = n5/(c2−1)+o(1). According to Lemma 4.1, we can compute hi(p) for every p ∈ P
and i ∈ [t] in O(1) rounds and n1+5/(c2−1)+o(1)d total space. Furthermore, the algorithm is fully scalable.

Then we simultaneously handle each i ∈ [t]. Consider i ∈ [t], we can sort all points p ∈ P by their hash value hi(p).
According to Theorem 2.2, sorting in the MPC model takes O(1) rounds and the total space needed for one i is at most
O(n log3 n) (each hash value takes O(log3 n) space according to Lemma 4.1). Thus, we can find the point with the smallest
index for each hash values hi(p). Therefore, we can create an edge between p and q where q is the point with the smallest



Massively Parallel k-Means Clustering for Perturbation Resilient Instances

index satisfying hi(q) = hi(p) . Thus, the overall algorithm is fully scalable and takes O(1) rounds. The total space needed
is at most n1+5/(c2−1)+o(1)d.

SinceH is a (D, cD, 1/ns/c
2+o(1), 1/ns)-sensitive hash family and s = 5c2/(c2−1), the success probability of Algorithm 1

is at least 1 − O(1/n2) according to Lemma 3.5. Since each edge in the output G corresponds to a point p ∈ P and an
i ∈ [t], the number of edges of G is at most O(nt) = n1+5/(c2−1)+o(1).

C.2. Proof of Lemma 4.3

Proof of Lemma 4.3. We run Algorithm 1 for all i ∈ {0, 1, · · · , L} simultaneously. According to Lemma 4.2, the number of
rounds is O(1), the total space needed is n1+5/(α′2−1)+o(1)Ld = n1+5/(α′2−1)+o(1)d, and the overall success probability is
at least 1−O(L/n2) = 1−O(1/n1.99). In addition, the procedure is fully scalable. Furthermore, according to Lemma 4.2,
the size of each G0, G1, · · · , GL is at most n1+5/(α′2−1)+o(1).

For each edge e in Gi, we can make i+ 1 copies of the edge. Then we add each copy into each graph G′0, G
′
1, · · · , G′i. Since

i ≤ L = no(1), this can be done locally on machines. The size of each G′0, G
′
1, · · · , G′i is at most n1+5/(α′2−1)+o(1)L =

n1+5/(α′2−1)+o(1).

Next we compute Qi for all i ∈ {0, 1, · · · , L} simultaneously. Consider i ∈ {0, 1, · · · , L}. In the following, we show how
to computeQi satisfying the properties listed in Algorithm 2. We use the following procedure to find connected components
with diameter at most 2 in G′i:

1. Initialize label(u) = u for each vertex u in G′i.
2. Run 2 iterations: in each iteration, for each edge {u, v} in G′i, if label(u) < label(v), update label(v)← label(u), or

if label(v) < label(u), update label(u)← label(v). If label(x) is updated by multiple label(y) in an iteration, take
the minimum one.

3. For each vertex u in G′i, let Cu = {v | label(v) = u}. If u = label(u) and there is no edge {x, y} in G′i such that
label(x) = u, label(y) 6= u, add Cu into Qi.

In the above procedure, we run two iterations of label propagation. Each iteration of label propagation can be done in O(1)
parallel time: for each edge {u, v} in G′i, we first query label(u) and label(v). This operation can be done in the CRCW
PRAM model in O(1) parallel time and thus can be simulated in MPC in O(1) parallel time and the simulation is fully
scalable (Goodrich et al., 2011). Next, we can use label(u) (or label(v)) to update label(v) (or label(u)) locally. Finally
we can use sorting (Theorem 2.2) to keep the minimum updated value for each label(u). The total space needed for above
label propagation step is at most the size of G′i. Thus, it is at most n1+5/(α′2−1)+o(1).

Next, let us consider how to compute Cu and how to determine whether Cu should be added into Qi. Cu for all vertices u
are easy to compute in MPC: for each vertex v, we locally add v into Clabel(v). Thus, all Cu are constructed and stored
distributedly. For each edge {x, y} in G′i, if label(x) 6= label(y), we mark both bad(label(x)) = bad(label(y)) = true.
For each vertex u, we can query label(u) and bad(u). This operation can be done in CRCW PRAM in O(1) parallel time
and thus can be simulated in MPC in O(1) parallel time and the simulation is fully scalable (Goodrich et al., 2011). If
label(u) = u and bad(u) 6= true, then it implies that no edge {x, y} in G′i such that label(x) = u, label(y) 6= u. Then we
just add Cu into Qi.

Therefore, above procedure has O(1) overall parallel time and total space n1+5/(α′2−1)+o(1). In the remaining of the proof,
we show that each C ∈ Qi is a connected component of G′i, and any connected component of G′i with diameter at most 2
must be in Qi.

Let us first show that any Cu ∈ Qi is a connected component. Notice that the label propagation process can only update
label(·) between connected vertices. Thus each Cu ∈ Qi must be a subset of connected component. If Cu ∈ Qi is not
a connected component, we can find an edge {x, y} such that x ∈ Cu and y 6∈ Cu. Thus, We have label(x) = u and
label(y) 6= u which contradicts to Cu ∈ Qi.

Next, let us show that if a connected component C in G′i has diameter at most 2, C must be in Qi. Notice that in each
iteration of label propagation, label(u) will be updated by the smallest label in its neighborhood. By induction, we can
show that label(u) = minv:distance betweenu,v inG′i is at most 2 v for every vertex u in G′i. Let u be the vertex in the connected
component C with the smallest index. Since the diameter of C is at most 2, every vertex v in the connected component
C has label(v) = u. Thus, Cu = C and label(u) = u. Furthermore, since C is a connected component, there is no edge
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{x, y} such that x ∈ C and y 6∈ C which implies that there is no edge {x, y} such that label(x) = u, label(y) 6= u. By our
construction of Qi, we have C ∈ Qi.

C.3. Proof of Lemma 4.4

Proof of Lemma 4.4. According to our representation of sets in the MPC model. For each i ∈ {0, 1, · · · , L}, C ∈ Qi and
each p ∈ C, there is a pair (“C”, p) stored in the system. Since L = no(1), there are at most no(1) pairs (“C”, p) for p.
Therefore, we can use sorting (Theorem 2.2) to group all (“C1”, p), (“C2”, p), · · · , (“Cs”, p) into a single machine, i.e.,
∀i ∈ {0, 1, · · · , L} if ∃C ∈ Qi, (“C”, p) is held by the machine. Suppose ∀j ∈ [s], Cj ∈ Qij where i1 < i2 < · · · < is.

Claim C.1. C1 = {p}, Cs = P and ∀i ∈ [s − 1], Ci+1 is the parent of Ci in T , i.e., C1, C2, · · · , Cs is a path from leaf
{p} to the root P in T .

Proof. According to Lemma 3.7, condition on that Algorithm 2 succeeds, ∀p ∈ P, p ∈ Q0, and P ∈ QL. Thus, we have
C1 = {p} and Cs = P . According to Algorithm 2, a connected component of G′i for i ∈ {0, 1, · · · , L} must be a subset of
a connected component of G′i′ for any i′ ≥ i. Since p ∈ C1, C2, · · · , Cs, ∀i ∈ [s− 1], we have that Ci+1 is the parent of
Ci. Therefore, C1, C2, · · · , Cs is a path from leaf {p} to the root P in T .

For the leaf-to-root path C1, C2, · · · , Cs, we set the parent of Ci as Ci+1 for each i ∈ [s − 1]. We can use sorting
(Theorem 2.2) to remove duplicated parent pointers. Since each vertex must be on at least one leaf-to-root path in T , the
parent of each vertex in T is computed. Since we only need to use sorting (Theorem 2.2), the overall parallel time is O(1)

and the total space is linear in
∑L
i=0 |Qi| = O(nL) = n1+o(1). Furthermore, the algorithm is fully scalable.

C.4. Proof of Lemma 4.5

Proof of Lemma 4.5. Since we know the parent of each vertex in T , we can sort (Theorem 2.2) all vertices in T by their
parents, and rank each vertex among all children of its parent. We can also compute the number of children of each vertex.
The parallel time is O(1), the total space needed is O(nL) = n1+o(1), and the algorithm is fully scalable (see e.g., (Andoni
et al., 2018)). Let rank(C) be the rank of C among all children of the parent of C in T . Let numchild(C) be the number of
children of C in T .

According to Algorithm 4, each leaf of T is still a leaf of T ′. Thus, each leaf-to-root path in T corresponds to a leaf-to-root
path in T ′. In addition, if C is the parent of C ′ in T , C is still an ancestor of C ′ in T ′, and all vertices on the path between
C ′ and C in T ′ are auxiliary vertices created when processing C in Algorithm 4. Suppose C ′ is the i-th children of C,
i.e., rank(C ′) = i. Suppose C ′1, C

′
2, · · · , C ′s are auxiliary vertices created when processing C in Algorithm 4. We have

s = numchild(C). Then we know that the parent ofC ′ in T ′ isC ′b(s+i)/2c. For each j > 1, we know that the parent ofC ′j in
T ′ is C ′bj/2c, and the parent of C ′1 is C. Thus, when we have rank(C ′) and numchild(C), we can compute the path between
C ′ and C in T locally on a machine. For a leaf-to-root path C1, C2, · · · , Cm in T stored on a machine, we query the value
of rank(C1),numchild(C1), rank(C2),numchild(C2), · · · , rank(Cm),numchild(Cm). This corresponds to concurrent
read in the CRCW PRAM model ans thus can be simulated in the MPC model in O(1) parallel time and the total space
needed does not increase (see e.g., (Goodrich et al., 2011; Andoni et al., 2018)). The algorithm is fully scalable. Then, we
are able to compute the corresponding path from C1 to Cm in T ′. Since the length of the path in T ′ can increase by a factor
at most log n, it is still at most no(1) and thus it can be stored on a single machine. The total space needed will also blow-up
by a factor at most O(log n). Thus, the total space needed is still n1+o(1). For each leaf-to-root path in T ′, we can set the
parent of each vertex on the path properly. We use sorting (Theorem 2.2) to remove duplicated parent pointers. Since each
vertex must be on at least one leaf-to-root path in T ′, the parent of each vertex in T ′ is computed.

Now let us consider how to compute w(C) for each vertex C in T ′. If C is in T , then the point set C is already stored in the
MPC model (see Algorithm 2 and Lemma 4.3). For each auxiliary vertex C ′ in T ′, it corresponds to the point set which is
the union of all point sets represented by the leafs in the subtree rooted at C ′. Each leaf in T ′ corresponds to a singleton.
Thus, for each leaf-to-root path in T ′ where the leaf is {p}, we add the point p into every point set represented by a auxiliary
vertex C ′ which is an ancestor of {p}. This can be done locally since we just need to create a pair (“C ′”, p). We can use
sorting (Theorem 2.2) to remove duplicated points in each C ′. For each vertex C in T ′, we need to compute mean(C). We
can use sorting (Theorem 2.2) and prefix sum subroutines (Andoni et al., 2018; Goodrich et al., 2011) to compute

∑
p∈C p

and |C| for each vertex C in O(1) rounds and linear total space, and the algorithm is fully scalable. Thus, we can compute
mean(C) for each vertex C in T ′. Then, for each p ∈ C, we can query mean(C) (corresponding to concurrent read in
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CRCW PRAM), and we can use sorting and prefix sum subroutines again to compute
∑
p∈C dist2(p,mean(C)) for each C

in T ′ in O(1) parallel time and linear total space. The algorithm is fully scalable.

Therefore, the overall parallel time is O(1) and the total space needed is n1+o(1). Furthermore, the algorithm is fully
scalable.

C.5. Proof of Lemma 4.6

Proof of Lemma 4.6. In the proof, we fix an arbitrary constant δ′ ∈ (0, 1) and suppose that each machine has local memory
Θ(nδ

′ ·B).

Let us first show that SC for each C can be computed in O(1) MPC rounds and n1+o(1) total space. Consider each
leaf-to-root path C1, C2, · · · , Cm of T ′. For each Ci which is ongoing and each Ci′ with i′ > i, we add Ci into SCi′ . This
can be done locally by creating a pair (“SCi′”, “Ci”). According to Lemma 3.7 and Lemma 3.10, the depth of T ′ is at most
O(L log n) = no(1). Thus, the number of pairs that we will create for each leaf-to-root path is at mostO(L2 log2 n) = no(1).
Notice that if C is a ongoing vertex, then there must be leaf C ′ such that C and all ancestors of C are on the path from C ′

to the root, and thus C will be added into SC′′ for each C ′′ which is an ancestor of C. Therefore, all SC can be correctly
computed. Then we use sorting (Theorem 2.2) to remove duplicates for each SC . The above steps take O(1) rounds. The
total space needed is at most n1+o(1).

Then, we can use sorting (Theorem 2.2) to compute the size of each SC , and this can be done in O(1) rounds and linear
total space (Andoni et al., 2018; Goodrich et al., 2011). We can use sorting again to make each set SC with |SC | ≤ nδ

′
be

stored entirely on a single machine. This takes O(1) rounds and linear total space. Next we show how to compute DP(C ′, i)
for each C ′ ∈ SC with |SC | ≤ nδ

′
. Let us focus on a fixed SC with |SC | ≤ nδ

′
. We know that the set SC are entirely

stored on a machine. Then for each non-leaf C ′ ∈ SC , and for each finished child C ′′ of C ′, we query DP(C ′′, i) for all
valid i and make them stored on the same machine. Since each vertex can have at most 2 children, the total size of queried
outcomes can be at most 2 · nδ′ · B, and thus the outcomes can be stored in the same machine. For each C ′ in SC , we
further query w(C ′) and make the queried value stored on the same machine. These steps correspond to the concurrent
read operations in the CRCW PRAM model and thus can be simulated in the MPC model in O(1) rounds (Goodrich
et al., 2011). Then, we show how to compute DP(C ′, i) for each C ′ ∈ SC and each valid i via local computation. We
can prove it by induction over the depth of the subtree rooted at C ′. If the depth of the subtree rooted at C ′ is 0, then
C ′ is a leaf. According to Algorithm 5 and Algorithm 6, DP(C ′, i) only depends on w(C ′). Thus DP(C ′, i) can be
computed locally. Suppose DP(Ĉ, i) can be computed locally for every valid i and every Ĉ ∈ SC such that the depth of
the subtree rooted at Ĉ is at most M − 1. Consider C ′ ∈ SC that the depth of the subtree rooted at C ′ is M . Notice that
DP(C ′, i) only depends on the values of w(C ′) and DP(C ′′, j) where C ′′ can be any child of C ′ and j can be any valid
value. w(C ′) is already stored on the machine. If C ′′ is finished, then DP(C ′′, j) is also stored on the machine. Otherwise
C ′′ is on going. According to the construction of SC , since C ′ ∈ SC and C ′′ is a ongoing child of C ′, C ′′ must be in
SC . By induction hypothesis, DP(C ′′, j) can be computed locally. Therefore, in all cases, DP(C ′, i) can be computed
locally. Thus, each iteration of the loop in Algorithm 7 can be implemented in the MPC model using O(1) rounds and
n1+o(1) total space. Now, we analyze the number of iterations the loop can have. Consider an iteration, and let f1 be
the number of ongoing vertices before the iteration and let f2 be the number of ongoing vertices after the iteration. Let
B = {C | C is ongoing after the iteration but all children of C are finished after the iteration}. Since the depth of T ′ is at
most O(L log n) = no(1), we have f2 ≤ |B| · O(L · log n) = |B| · no(1). Before the iteration, we know that |SC | > nδ

′

for every C ∈ B. Thus, f1 ≥ |B| · nδ
′
. Therefore, f1/f2 ≥ nΩ(δ′) which implies that the number of ongoing vertices in

each iteration will decrease by a factor at least nΩ(δ′). Thus the number of iterations of the loop in Algorithm 7 is at most
O(1/δ′) = O(1).

Finally, let us consider the traverse backwards steps in Algorithm 5 and Algorithm 6. Suppose (C, i) is in L. To determine
whether C ∈ S, we only need to know w(C). For a child C ′ of C and a valid j, to determine whether (C ′, j) will
be added into L, we only need to know DP(C ′′, j′) for other child C ′′ (if exists) of C and all valid j′. Notice that
each vertex in T ′ has at most 2 children. By induction, for an arbitrary vertex C1 if all w(C1), w(C2), · · · , w(Cm), all
DP(C1, ·),DP(C2, ·), · · · ,DP(Cm, ·) and all DP(C ′1, ·),DP(C ′2, ·), · · · ,DP(C ′m−1, ·) are known, where C2, · · · , Cm are
all ancestors of C1 and C ′j is a child (if exists) of Cj+1 other than Cj , then we can know whether C1 should be added into S .

Consider a leaf-to-root path C1, C2, · · · , Cm. This path is entirely stored on a single machine. We can query all
w(C1), w(C2), · · · , w(Cm), all DP(C1, ·),DP(C2, ·), · · · ,DP(Cm, ·) and all DP(C ′1, ·),DP(C ′2, ·), · · · ,DP(C ′m−1, ·)
where C ′i is a child of C ′i+1 other than Ci, and store the queried outcomes on the same machine. This corresponds to the
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concurrent read operation in the CRCW PRAM model and thus can be implemented in the MPC model in O(1) rounds and
linear total space (Goodrich et al., 2011; Andoni et al., 2018). For each C ∈ S , since it must be on some leaf-to-root path, it
must be correctly added into S. Finally, we can use sorting to remove duplicates in S.

The overall parallel time is O(1) and the total space needed is at most n1+o(1). If DP(·, ·) ≡ DPcost(·, ·), Algorithm 7
exactly simulates Algorithm 5 and thus the output S is the same as the output of Algorithm 5. If DP(·, ·) ≡ DPsize(·, ·),
Algorithm 7 exactly simulates Algorithm 6 and thus the output S is the same as the output of Algorithm 6.

C.6. Proof of Theorem 4.8

Proof of Theorem 4.8. According to Lemma 3.2, P satisfies α-center proximity for k-means. Let α′ = (α/4− 1/2)/1.01.
Then α′ > 1.002. Let C∗ = {C∗1 , C∗2 , · · · , C∗k} be the optimal k-means clustering for P . Consider the MPC model that
each machine has local memory Θ(nδ) where δ ∈ (0, 1) is an arbitrary constant. According to Lemma 4.3, we can run
Algorithm 2 in the MPC model using O(1) rounds and n1+O(1/α2)+o(1)d total space. The success probability is at least
1 − 1/poly(n). Let Q0,Q1, · · · ,QL be the output of Algorithm 2. In the remaining, we condition on that Algorithm 2
succeeds. According to Theorem 3.6, ∀i ∈ [k], C∗i ∈ Q0 ∪Q1 ∪ · · · ∪ QL, and P ∈ QL,∀p ∈ P, {p} ∈ Q0. Then
according to Lemma 4.4, we can run Algorithm 3 in the MPC model using O(1) rounds and n1+o(1) total space. Let T
be the output of Algorithm 3. According to Lemma 3.9, C∗ is a pruning set of T and for any pruning set S of T with
|S| ≤ k, we have

∑
C∈C∗

∑
p∈C dist2(p,mean(C)) ≤

∑
C∈S

∑
p∈C dist2(p,mean(C)). According to Lemma 4.5, we

can run Algorithm 4 in O(1) rounds and n1+o(1) total space. Let T ′ be the output of Algorithm 4. For each C in T ′,
w(C) =

∑
p∈C dist2(p,mean(C)) is also computed. According to Lemma 3.10, C∗ is a pruning set of T ′ and for any

pruning set S of T ′ with |S| ≤ k, we have
∑
C∈C∗ w(C) ≤

∑
C∈S w(C). According to Lemma 3.7, the depth of T

is at most O(log(aspect ratio of P )) = no(1). According to Lemma 3.10, the depth of T ′ is at most no(1). Thus, we
need space O(log1+ε/no(1)(naspect ratio of P )) = no(1) to store DPsize(C, 0),DPsize(C, 1), · · · ,DPsize(C, l) for each
C. According to according to Lemma 4.6, we can use Algorithm 7 to simulate Algorithm 6 in the MPC model using
O(1) rounds and n1+o(1) total space. According to Lemma 3.12, we get a pruning set S of T ′ with |S| ≤ k such that∑
C∈S w(C) ≤ (1+ε)·

∑
C∈C∗ w(C). According to Lemma 3.10, S is a partition of P and thus S is an (1+ε)-approximate

k-means clustering of P . The overall parallel time is O(1). The total space needed is at most n1+O(1/α2)+o(1)d.

C.7. Further Improvements

Estimation of the aspect ratio. To estimate maxp,q∈P dist(p, q), we can choose an arbitrary x ∈ P . Then by tri-
angle inequality, 2 maxy∈P dist(x, y) is a 2-approximation of maxp,q∈P dist(p, q). Now consider how to estimate
minp 6=q∈P dist(p, q). We choose a random vector r ∈ Rd where each entry of r is a standard random Gaussian variable.
Thus, ∀p, q ∈ P, r>(p− q) ∼ N (0,dist2(p, q)). With probability at least 1− 1/n3, O(n · dist(p, q)) ≥ |r>p− r>q| ≥
Ω(dist(p, q)/n3). By sorting all r>p, we can find minp 6=q∈P |r>(p− q)|. By taking union bound over all pairs p, q ∈ P ,
with probability at least 1− 1/n, it is at least Ω(minp 6=q∈P dist(p, q)/n3) and at most O(n ·minp 6=q∈P dist(p, q)). Thus,
we are be able to get a poly(n)-approximation of the real aspect ratio. If the real aspect ratio is 2n

o(1)

, then the poly(n)-
approximate aspect ratio is still 2n

o(1)

and all of our algorithms can work with the approximate aspect ratio. In addition, the
above estimation method can be simply implemented in the MPC model using O(1) rounds and linear total space. The
algorithm is fully scalable.

Dimension reduction. Let A ∈ Rd′×d be a random matrix where each entry is of A is independently drawn from
N (0, 1/d′). Let d′ be a sufficiently large Θ(log n). Due to Johnson-Lindenstrauss lemma (Johnson & Lindenstrauss,
1984), with probability at least 1 − 1/poly(n), ∀p, q ∈ P , dist(p, q) ≤ dist(1.001Ap, 1.001Aq) ≤ 1.0012 dist(p, q).
Let P ′ = {1.001Ap | p ∈ P}. We have P ′ ⊂ Rd′ . Suppose P is α-perturbation resilient to k-means. According to
Definition 2.1, P ′ is α/1.0012-perturbation resilient to k-means, and the optimal k-means clustering of P ′ corresponds to
the optimal k-means clustering of P , i.e., 1.001Ap, 1.001Aq are in the same optimal cluster for P ′ ⇐⇒ p, q are in the
same optimal cluster for P . Thus, we only need to solve k-means clustering for P ′. Notice that Ap can be easily computed
in the MPC model using O(1) rounds and O(d · d′) total space, and the algorithm is fully scalable. Thus, we have a fully
scalable algorithm which computes P ′ using O(1) rounds and O(nd log n) total space. By applying Theorem 4.7 and
Theorem 4.8 on P ′, we obtain Theorem 1.1 and Theorem 1.2.
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D. Extension to k-Median
We can extend our techniques to obtain (1 + ε)-approximate k-median. In the k-median problem, the goal is to partition
P into k clusters C = {C1, C2, · · · , Ck} such that

∑k
i=1

∑
p∈Ci

dist(p,median(Ci)) is minimized, where median(C) is
defined as arg minq∈Rd

∑
p∈C dist(p, q).

It is easy to verify that the structural properties, i.e., Lemma 3.2 and Lemma 3.3 also hold for k-median. Thus, the only
modification needed to make our algorithms work for k-median is that we needw(C) =

∑
p∈C dist(p,median(C)) (instead

of w(C) =
∑
p∈C dist2(p,mean(C))) for each vertex C in T ′. Next, we show how to estimate

∑
p∈C dist(p,median(C)).

We can use coreset to achieve the goal.

Theorem D.1 (see e.g., (Feldman & Langberg, 2011)). Let ε ∈ (0, 1) be an arbitrary constant. Let δ ∈ (0, 1). Consider a
set C ⊂ Rd of m points. There is an MPC algorithm which outputs a set of points C ′ and weights w′ : C ′ → R>0 such that
with probability at least 1− δ, |C ′| ≤ poly(d log(1/δ)/ε) and

∀q ∈ Rd, (1− ε)
∑
p∈C

dist(p, q) ≤
∑
p∈C′

w′(p) · dist(p, q) ≤ (1 + ε)
∑
p∈C

dist(p, q).

The local memory per machine is mδ′ · poly(d log(1/δ)/ε) for some arbitrary small constant δ′ > 0. The parallel time is
O(1), the total space needed is O(m).

As discussed in Section C.7, we can reduce the dimension d to O(log n). Let δ in the above lemma be 1/n10. Suppose
ε ≥ 1/no(1). Then we are able to create C ′ and w′ for every C in T ′ in O(1) rounds and send C ′ and w′ to a single machine.
Thus, we can estimate w(C) up to a (1 + ε) factor by local computation. By taking union bound over all C in T ′, the
probability that all estimations are good is at least 1− 1/n5. Therefore, we are able to conclude the following theorem:

Theorem D.2. Let α > 6.1 and ε ∈ (1/no(1), 0.5). Consider a set P ⊂ Rd of n points which is α-perturbation
resilient to k-median and the aspect ratio of P is at most 2n

o(1)

. There is a fully scalable MPC algorithm which outputs
the (1 + ε)-approximate k-median clustering of P with probability at least 1 − 1/poly(n) using O(1) rounds and
O(nd log n) + n1+O(1/α2)+o(1) total space.


