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Abstract
Gradient-free/zeroth-order methods for black-box
convex optimization have been extensively stud-
ied in the last decade with the main focus on
oracle call complexity. In this paper, besides
the oracle complexity, we focus also on iteration
complexity, and propose a generic approach that,
based on optimal first-order methods, allows to
obtain in a black-box fashion new zeroth-order
algorithms for non-smooth convex optimization
problems. Our approach not only leads to optimal
oracle complexity, but also allows to obtain iter-
ation complexity similar to first-order methods,
which, in turn, allows to exploit parallel compu-
tations to accelerate the convergence of our al-
gorithms. We also elaborate on extensions for
stochastic optimization problems, saddle-point
problems, and distributed optimization.

1. Problem Formulation
We consider optimization problem

min
x∈Q⊆Rd

f(x) (1)

in the setting of a zeroth-order oracle. This means that an
oracle returns the value f(x) at a requested point x (Conn
et al., 2009), possibly with some adversarial noise that is
uniformly bounded by a small value ∆ > 0. Let γ > 0 be
a small number to be defined later and Qγ := Q+Bd

2 (γ),
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where Bd
2 (γ) is the Euclidean ball with center at 0 and

radius γ > 0 in Rd. Using these objects, we make the
following assumptions.1

• The set Q is convex and the function f is convex on the
set Qγ ; 2

• The function f is Lipschitz-continuous with constant M ,
i.e. |f(y)−f(x)| ≤ M∥y−x∥p on Qγ , where p ∈ [1, 2]
and ∥ · ∥p is the p-norm. If p = 2 we use the notation M2

for the Lipschitz constant.

This class of problems was widely investigated and optimal
algorithms in terms of the number of zeroth-order oracle
calls were developed in non-smooth setting (Nesterov &
Spokoiny, 2017; Duchi et al., 2015; Gasnikov et al., 2017;
Shamir, 2017; Bayandina et al., 2018) and smooth setting
(Nesterov & Spokoiny, 2017; Dvurechensky et al., 2021;
Gorbunov et al., 2022). At the same time, to the best of
our knowledge, the development of optimal algorithms in
terms of the number of iterations is still an open research
question (Duchi et al., 2015; Bubeck et al., 2019). The goal
of this paper is to propose a generic approach that allows us
to construct algorithms with the best iteration complexity
among the algorithms that have optimal oracle complexity.
This can be seen as a two-criteria optimization problem if
one would like to improve both: oracle complexity and it-
eration complexity. An important observation of this paper
is that there is no need to sacrifice oracle complexity to
obtain better iteration complexity. A special focus is made

1Note that, for most of the algorithms in this paper, we can
make these assumptions only on the intersection of Qγ and the ball
x0 + Bd

p(R) for some p ∈ [1, 2], where x0 is the starting point
of the algorithm and R = O

(
∥x0 − x∗∥p ln d

)
with x∗ being a

solution of (1) closest to x0 (Gorbunov et al., 2019a).
2This assumption on the availability of the objective values f

in a small vicinity Qγ of the feasible set Q is quite standard in
the literature, see, e.g., (Yousefian et al., 2012; Duchi et al., 2012)
and can be established in two ways. The first one is changing
the set Q in problem (1) to a slightly smaller set Q̃ such that
Q̃ + Bd

2 (γ) ⊆ Q, see, e.g., (Beznosikov et al., 2020b). The
second one is the extension of f to the whole space Rd with
preserving the convexity and Lipschitz continuity (Risteski & Li,
2016). More precisely, by changing the objective to fnew(x) :=
f
(
projQ(x)

)
+ αminy∈Q ∥x− y∥2.
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on the possibility to use non-Euclidean geometry to define
the algorithms.
The simplest and most illustrative result obtained in this
work is as follows. Our generic approach allows to solve
problem (1) in the Euclidean geometry in O(d1/4M2R/ε)
successive iterations, each requiring O(d3/4M2R/ε) ora-
cle calls per iteration that can be made in parallel to make
the total working time smaller. The dependence ∼ d1/4/ε
corresponds to the first part of the lower bound for itera-
tion complexity (Diakonikolas & Guzmán, 2020; Bubeck
et al., 2019) min

�
d1/4ε−1, d1/3ε−2/3

	
. Note that this

lower bound is obtained for a wider class of algorithms
that allow Poly

�
d, ε−1

�
oracle calls per iteration. On the

contrary, our algorithm makes minimal possible number of
oracle calls in each iteration in such a way that the total
number of oracle calls is optimal.
Due to the page limitation, we next describe the main results
and technical details are deferred to the Appendices.

2. Smoothing Scheme
In this section we describe our main scheme that allows
us to develop batch-parallel gradient-free methods for
non-smooth convex problems based on batched-gradient
algorithms for smooth stochastic convex problems. In
the following sections, we generalize this scheme to
non-smooth stochastic convex optimization problems and
convex-concave saddle-point problems, including the prob-
lems with finite-sum structure.
The first element of our approach is the randomized smooth-
ing for non-smooth objective f . This approach is rather stan-
dard, and goes back to 1970s (Ermoliev, 1976; Nemirovsky
& Yudin, 1983; Spall, 2005). The smooth approximation to
f is defined as the function

fγ(x) = Euf(x+ u),

where u ∼ RBd
2 (γ), i.e. u is random vector uniformly

distributed on Bd
2 (γ). The following theorem is a general-

ization of the results (Yousefian et al., 2012; Duchi et al.,
2012) for non-Euclidean norms.

Theorem 2.1 (properties of fγ). For all x, y ∈ Q, we have

• f(x) ≤ fγ(x) ≤ f(x) + γM2;
• fγ(x) is M -Lipschitz:

|fγ(y)− fγ(x)| ≤ M∥y − x∥p;

• fγ(x) has L =

√
dM

γ
-Lipschitz gradient:

∥∇fγ(y)−∇fγ(x)∥q ≤ L∥y − x∥p,

where q us such that 1/p+ 1/q = 1.

See Appendix A.6 for the proof.
The second very important element of our approach goes
back to (Shamir, 2017), who proposes a special unbiased
stochastic gradient for fγ with small variance:

∇fγ(x, e) = d
f(x+ γe)− f(x− γe)

2γ
e, (2)

where e ∼ RSd
2 (1) is a random vector uniformly distributed

on Sd
2 (1) – Euclidean unit sphere with center at 0 in Rd. To

simplify the further derivations, here and below we make a
slight abuse of notation and denote by f the value returned
by the oracle, which can be an approximation to the value
of the objective up to a small error, bounded by ∆.

We note that an alternative way to define a stochastic ap-
proximation to ∇fγ(x) is based on the double smoothing
technique of B. Polyak (Polyak, 1987; Bayandina et al.,
2018). This approach is more complicated and requires
stronger assumptions on the noise ∆ (see Theorem 2.2).
Thus, we use the approach of (Shamir, 2017).

The following theorem is a combination of the results from
(Shamir, 2017; Gorbunov et al., 2019b; Beznosikov et al.,
2020a).

Theorem 2.2 (properties of ∇fγ(x, e)). For all x ∈ Q, we
have

• ∇fγ(x, e) is an unbiased approximation for ∇fγ(x):3

Ee [∇fγ(x, e)] = ∇fγ(x);
• ∇fγ(x, e) has bounded variance (second moment):

Ee

�
∥∇fγ(x, e)∥2q

�
≤ κ(p, d) ·

�
dM2

2 +
d2∆2

γ2

�
,

where 1/p+ 1/q = 1 and

κ(p, d) = O
�q

Ee∥e∥4q
�
= O

�
min {q, ln d} d2/q−1

�
=

(
O(1), p = 2 (q = 2)

O ((ln d)/d) , p = 1 (q = ∞).

Moreover, if ∆ is sufficiently small, then

Ee

�
∥∇fγ(x, e)∥2q

�
≤ 2κ(p, d)dM2

2 .

See Appendix A.7 for the proof.
Remark 2.3. If the zeroth-order oracle returns an unbiased
noisy stochastic function value f(x, ξ) (Eξf(x, ξ) = f(x)),
then with two-point oracle we can introduce the following
counterpart of (2)

∇fγ(x, ξ, e) = d
f(x+ γe, ξ)− f(x− γe, ξ)

2γ
e. (3)

3For simplicity, we assume here (and everywhere where we talk
about unbiased estimates) that the small noise in the function value
is random (but not not necessary i.i.d.) with zero mean. For the
general setting see (Beznosikov et al., 2020a) and Appendix A.11.
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Theorem 2.2 remains valid with the appropriate changes
of r f 
 (x; e) to r f 
 (x; �; e ), the expectationEe to the ex-
pectationEe;� , and the rede�nition ofM 2 as a constant
satisfyingE� kr x f (x; � )k2

2 � M 2
2 for all x 2 Q
 .

Based on the two elements above, we are now in a position
to describe our general approach, which for shortness, we
refer to as theSmoothing scheme(technique).
Assume that we have some batched algorithmA(L; � 2) that
solves problem(1) under the assumption thatf is smooth
and satis�es

kr f (y) � r f (x)kq � Lky � xkp; 8x; y 2 Q
 ; (4)

and by using a stochastic �rst-order oracle that depends on
a random variable� and returns at a pointx an unbiased
stochastic gradientr x f (x; � ) with bounded variance:

E�
�
kr x f (x; � ) � r f (x)k2

q

�
� � 2: (5)

Further, we assume that, to reach"-suboptimality in ex-
pectation, this algorithm requiresN (L; " ) successive itera-
tions andT(L; � 2; " ) stochastic �rst-order oracle calls, i.e.
A(L; � 2) allows batch-parallelization with the average batch
sizeB (L; � 2; " ) = T(L; � 2; " )=N(L; " ).
Our approach consists of applyingA(L; � 2) to the smoothed
problem

min
x 2 Q� Rd

f 
 (x) (6)

with

 = "=(2M 2) (7)

and� = e, r x f (x; � ) = r f 
 (x; e), where" > 0 is the
desired accuracy for solving problem(1) in terms of the
suboptimality expectation.
According to Theorem 2.1, an("=2)-solution to(6) is an"-
solution to the initial problem(1). According to Theorem 2.1
and (7) we have

L �
2
p

dMM 2

"
; (8)

and, according to Theorem 2.2, we have

� 2 � 2� (p; d)dM 2
2 (9)

if � is suf�ciently small.
Thus, we obtain thatA(L; � 2) implemented using stochastic
gradient(2) is a zeroth-order method for solving non-smooth
problem(1). Moreover, to solve problem(1) with accuracy
" > 0 this method suf�ces to make

N

 
2
p

dMM 2

"
; "

!

successive iterations and

2T

 
2
p

dMM 2

"
; 2� (p; d)dM 2

2 ; "

!

zeroth-order oracle calls.

We underline that this approach is �exible and generic as
we can take different algorithms asA(L; � 2). For example,
if we take batched Accelerated gradient method (Cotter
et al., 2011; Lan, 2012; Devolder, 2013; Dvurechensky &
Gasnikov, 2016; Gorbunov et al., 2019a), then from(8), (9)
we have that

N (L; " ) = O
� q

LR 2

"

�
= O

�
d1= 4 p

MM 2 R
"

�
;

T(L; � 2; " ) = ~O
�

max
n

N (L; " ); � 2 R 2

" 2

o�

= ~O
�

� (p;d )dM 2
2 R 2

" 2

�
;

where ~O ( � ) is a convergence rate up to a logarithmic factor
HereR = O(kx0 � x � kp ln d) with x0 being the starting
point andx � being the solution to(1) closest tox0. The last
equality assumes also that" . d� 1=4M 3=2

2 R=M 1=2 when
p = 1 .

Theorem 2.4. Based on the batched Accelerated gradi-
ent method, the Smoothing scheme applied to non-smooth
problem(1), provides a gradient-free method with

O
�

d1=4
p

MM 2R
"

�
successive iterations and

~O
�

� (p; d)dM 2
2 R2

"2

�
=

8
<

:

~O
�

dM 2
2 R 2

" 2

�
; p = 2

~O
�

(ln d)M 2
2 R 2

" 2

�
; p = 1 :

zeroth-order oracle calls.

See Appendix A.8 for the proof.

Next we make several remarks on some related works. First,
an important difference between ourSmoothing schemeand
the work of (Duchi et al., 2015) is that, unlike them we do
not assume the smoothness of the objectivef and we use a
different �nite-difference approximation(2) due to (Shamir,
2017). Second, in (Scaman et al., 2019), the authors use a
similar smoothing technique to reduce the number of com-
munications in distributed non-smooth convex optimization
algorithms. Unlike their exact �rst-order oracle setting, we
consider zeroth-order oracle model and construct stochas-
tic approximation to the gradient of the smoothed func-
tion. Finally, the authors of (Bubeck et al., 2019) propose
a close technique with an accelerated higher-order method
(Nesterov, 2021; Gasnikov et al., 2019; Agafonov et al.,
2020) playing the role ofA(L; � 2). For the particular set-
ting of p = 2 , they obtain a better in some regimes bound
N � d1=3="2=3 for the number of iterations. Yet, they have
signi�cantly worse oracle complexityT, which makes it un-
clear how to use their results in practice. To sum up, despite
some similarities with other works, the proposedSmoothing
schemeis, to the best of our knowledge, new, general, and
�exible. Moreover, as we show below it is quite universal
and can be applied to many different problems.
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3. Applications Of the Smoothing Scheme

3.1. Stochastic Optimization

Based on Remark 2.3, we can consider the non-smooth
stochastic convex optimization problem:

min
x 2 Q� Rd

f f (x) := E� f (x; � )g (10)

with a two-point zeroth-order oracle that returns the values
f f (x i ; � )g2

i =1 given two pointsx1; x2. The result of The-
orem 2.4 still holds4 if M 2 is rede�ned to be a constant
satisfyingE� kr x f (x; � )k2

2 � M 2
2 for all x 2 Q
 , � is set

to be the pair(�; e). e and� are independent between it-
erations with available samples. Moreover, by using the
stochastic gradient clipping (Gorbunov et al., 2020a), we
can prove a stronger result and guarantee"-suboptimality
with high-probability (with exponential concentration) inde-
pendently of distribution ofr x f (x; � ).

If the two-point feedback as in(3) is not available, our
Smoothing techniquecan utilize the one-point feedback by
using the unbiased estimate (Nemirovsky & Yudin, 1983;
Flaxman et al., 2005; Gasnikov et al., 2017):

r f 
 (x; �; e ) = d
f (x + 
e; � )



e;

with (Gasnikov et al., 2017)

E�;e
�
kr f 
 (x; �; e )k2

q

�
�

(
(q� 1)d1+2 =q G2


 2 ; q 2 [2; 2 ln d]
4d(ln d)G2


 2 ; q 2 (2 ln d;1 );

where 
 is de�ned in (7) and it is assumed that
E�

�
jf (x; � )j2

�
� G2 for all x 2 Q
 . Thus, theSmooth-

ing techniquecan be generalized to the one-point feedback
setup by replacing the RHS of(9) by the above estimate.
This leads to the same iteration complexityN , but increases
the oracle complexityT, and, consequently, the batch size
B at each iteration.

3.2. Finite-sum Problems

As a special case of(10) with � uniformly distributed on
1; :::; m, we can consider the �nite-sum (Empirical Risk
Minimization) problem

min
x 2 Q� Rd

f (x) := E� f (x; � ) =
1
m

mX

k=1

f k (x): (11)

4Note, that for the stochastic optimization problem(10) it is
important thatA(L; � 2) requiresL to be de�ned according to(4),
rather than asL satisfying

kr f (y; � ) � r f (x; � )kq � L ky � xkp ;

for all x; y 2 Q
 and all� . For example, this means that we can
not apply theSmoothing techniqueto batched Accelerated gradient
method with interpolation (Woodworth & Srebro, 2021).

Clearly, if we have incremental zeroth-order oracle, i.e.
zeroth-order oracle for eachf k , we are in the setting of
two-point feedback in the sense of Section 3.1. Thus,
we can apply Theorem 2.4, whereM 2 is de�ned as
maxk=1 ;:::;m kr f k (x)k2 � M 2 for all x 2 Q
 .

At the same time, problem(11)has speci�c structure, that
allows to split batching among nodes (to make algorithm
centralized distributed amongm nodes) if batch size

B =
T
N

'
dM 2

2 R2="2

d1=4M 2R="
= d3=4 M 2R

"

is greater thanm, i.e.5 m . d3=4M 2R=". As it is known,
in Machine Learning applicationsm can be as large as
O

�
dM 2

2 R2="2
�

(Shapiro & Nemirovski, 2005; Feldman,
2016) orO

�
M 2

2 R2="2
�
, if a proper regularization is applied

(Shalev-Shwartz et al., 2009; Shalev-Shwartz & Ben-David,
2014). In both casesm can be very large.

So, in this case (d3=4M 2R=" . m . d3=2M 2
2 R2="2), to

preserve the total oracle complexity one can use stochastic
Accelerated Variance Reduced algorithms (Lan & Zhou,
2018; Kulunchakov & Mairal, 2019; Kulunchakov, 2020;
Lan, 2020) with (see (8), (9))

N (L; " ) = ~O
�

m +
q

mLR 2

"

�
= O

�
d1= 4 p

mM 2 R
"

�
;

T(L; � 2; " ) = ~O
�

max
n

N (L; " ); � 2 R 2

" 2

o�
=

= ~O
�

dM 2
2 R 2

" 2

�
:

The number of successive iterations grows, but nowm-
nodes distribution of batching is possible if

m . B =
T
N

'
dM 2

2 R2="2

d1=4
p

mM 2R="
= d3=4 M 2R

p
m"

;

that is

m . d3=2 M 2
2 R2

"2 :

This regime is quite natural for Machine Learning and Sta-
tistical applications (Shalev-Shwartz & Ben-David, 2014;
Shapiro et al., 2021).
The results of this subsection can be generalized to the
stochastic optimization problems withf k (x) := E� f k (x; � ),
see (Section 3.1).

3.3. Strongly Convex Problems

By using the restart technique (Nemirovsky & Yudin, 1983;
Juditsky & Nesterov, 2014) we can prove a counterpart of
Theorem 2.4 for the case whenf is � -strongly convex w.r.t.
thep-norm for somep 2 [1; 2] and� � "=R2.

5For clarity in this subsection we consider the Euclidean case
with p = 2 .
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Theorem 3.1. Based on the batched Accelerated gradi-
ent method, the Smoothing scheme applied to non-smooth
and strongly convex problem(1), provides a gradient-

free method with~O
�

d1= 4 p
MM 2p
�"

�
successive iterations and

~O
�

� (p;d )dM 2
2

�"

�
zeroth-order oracle calls, where� (p; d) is

bounded as in Theorem 2.4.
Moreover, the same holds for stochastic optimization prob-
lem(10) if M 2 is de�ned asE� kr x f (x; � )k2

2 � M 2
2 for all

x 2 Q
 .

See Appendix A.10 for the proof.

3.4. Saddle-point Problems

In this subsection we consider non-smooth convex-concave
saddle-point problem

min
x 2 Q x � Rd x

max
y2 Q y � Rd y

f (x; y): (12)

Gradient-free methods for convex-concave saddle-point
problems were studied in (Beznosikov et al., 2020b; 2021;
Gladin et al., 2021; Sadiev et al., 2021) with the main focus
on the complexity in terms of the number of zeroth-order
oracle calls. Unlike these papers, we focus here also on the
iteration complexity.

Applying Smoothing techniqueseparately tox-variables and
y-variables, we obtain almost the same results as for opti-
mization problems with the only difference in Theorem 2.1:
instead of

f (x) � f 
 (x) � f (x) + 
M 2

we have

f (x; y) � 
 y M 2;y � f 
 (x; y) � f (x; y) + 
 x M 2;x :

This leads to a clear counterpart of(7) for choosing
 =
(
 x ; 
 y ), whereM 2;x , M 2;y – corresponding Lipschitz con-
stants in2-norm.

If we take asA(L; � 2) the batched Mirror-Prox or the
batched Operator extrapolation method or the batched Ex-
tragradient method (Juditsky et al., 2011; Kotsalis et al.,
2020; Gorbunov et al., 2021), using(8), (9), we obtain the
following bounds

N (L; " ) = O
�

LR 2

"

�
= O

� p
dMM 2 R 2

" 2

�
;

T(L; � 2; " ) = O
�

max
n

N (L; " ); � 2 R 2

" 2

o�

= O
�

� (p;d )dM 2
2 R 2

" 2

�
;

whered = max f dx ; dy g, M = max f M 2;x ; M 2;y g, M 2 =
max f M 2;x ; M 2;y g, R depends on the criteria. For example,
if " is expected accuracy in fair duality gap (Juditsky et al.,

2011), thenR is a diameter inp-norm ofQx 
 Qy up to a
ln d-factor, where
 is a Cartesian product of two sets. The
last equality assumes thatd . (M 2=M )2 whenp = 1 . This
result is also correct for stochastic saddle-point problems
with proper rede�nition of what isM 2, see Section 3.1.
We see that due to the lack of acceleration for saddle-point
problems the batch-parallelization effect is much more mod-
est than for convex optimization problems.
By using the restart technique we can generalize these re-
sults to� -strongly convex,� -strongly concave case, see
Section 3.3. Alternatively, we can combine theSmoothing
techniquewith Stochastic Accelerated Primal-Dual method
from (Zhang et al., 2021b) for(12) with f (x; y) being� x -
strongly convex and� y -strongly concave in2-norm (Eu-
clidean setup). In this case we obtain the following bounds

N (f Lg; " ) = ~O
�

L xx
� x

+ max f L xy ;L yx g
p

� x � y
+ L yy

� y

�

= ~O
� p

dx M 2
2;x

� x " +
M 2;x M 2;y max f

p
dx ;

p
dy g

p
� x � y " +

p
dy M 2

2;y

� y "

�
;

T(f Lg; f � 2g; " ) = ~O
�

max
n

N (f Lg; " ); � 2
x

� x " +
� 2

y

� y "

o�

= ~O
�

dx M 2
2;x

� x " +
dy M 2

2;y

� y "

�
;

where we use subscripts corresponding tox or y variables,
e.g.L xx ; L xy ; L yx ; L yy is de�ned as

kr x f 
 (x2; y) � r x f 
 (x1; y)k2 � L xy kx2 � x1k2

kr x f 
 (x; y2) � r x f 
 (x; y1)k2 � L xy ky2 � y1k2

kr y f 
 (x2; y) � r y f 
 (x1; y)k2 � L yx kx2 � x1k2

kr y f 
 (x; y2) � r y f 
 (x; y1)k2 � L yy ky2 � y1k2

for all (x; y) 2 Qx;
 x 
 Qy;
 y . The only non-trivial calcu-
lation here is estimation ofL xy , L yx , see Appendix A.9 for
the proof. The other constantsf Lg andf � 2g are de�ned
according to the standardSmoothing schemewith variables
x or y corresponding to subscripts.
Note, that most of the results for saddle-point problems (i.e.
mentioned result from (Zhang et al., 2021b) or �nite-sum
composite generalization (Tominin et al., 2021)) with differ-
ent constants of smoothness and strong convexity/concavity
were obtained based on the Accelerated gradient method
for convex problems and Catalyst envelope, that allows us
to generalize it to saddle-point problems (Lin et al., 2020).
There exist also loop-less (direct) accelerated methods that
saveln(" � 1)-factor in the complexity, for� x -strongly con-
vex, � y -strongly concave saddle-point problems (Kovalev
et al., 2021). But even for composite bilinear saddle-point
problems (with different smoothness and strong convexity
constants) there is still a gap between the state-of-the-art up-
per bounds (Kovalev et al., 2021) and lower bounds (Zhang
et al., 2021a).
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3.5. Distributed Optimization

In decentralized distributed convex optimization and convex-
concave saddle-point problems optimal methods (both in
terms of communication rounds and oracle calls) were de-
veloped in the Euclidean setup, see, e.g. surveys (Gorbunov
et al., 2020b; Dvinskikh & Gasnikov, 2021). In particu-
lar, there exists a batched-consensus-projected Accelerated
gradient method (Rogozin et al., 2021) that, for� -strongly
convex in2-normf from (11)with L-Lipschitz gradient in
2-norm, requires

N (L; " ) = ~O

 s

�
L
�

!

= ~O

 p
�d 1=4M 2
p

�"

!

communication rounds and

T(L; � 2; " ) = ~O
�

max
�

N (L; " );
� 2

�" 2

��
= ~O

�
dM 2

2

�"

�

oracle calls per node, whereM 2 is de�ned in Section 3.2,�
– condition number of the Laplace matrix of communication
network or square of worst-case condition number for time-
varying networks (Rogozin et al., 2021).
This batched-consensus-projected Accelerated gradient
method is optimal (up to aln(" � 1)-factor) as a decen-
tralized method, but theSmoothing techniqueprovides
a gradient-free method that is not the best (state-of-the-
art) method in terms of communication rounds. The
best one requires~O

� p
�M 2=

p
�"

�
communication rounds

(Beznosikov et al., 2020a). This holds for stochastic de-
centralized convex problems with two-point feedback and
one-point feedback. For the one-point feedback, optimal
decentralized method is described in (Stepanov et al., 2021).
This method is better also by a� d1=4-factor in terms of the
number of communication rounds.
For saddle-point problems, by replacing in theSmoothing
schemethe batched-consensus Accelerated gradient method
(Rogozin et al., 2021), which is optimal for decentralized
convex problems, with the batched-consensus Extragradient
method (Beznosikov et al., 2020c), which is optimal for
decentralized convex-concave saddle-point problems, we
lose a�

p
d-factor in the number of communication rounds

in comparison with optimal gradient-free methods for non-
smooth decentralized saddle-point problems.
To sum up, in distributed optimization, for the �rst time, we
have a situation where theSmoothing schemegenerates a
non-optimal method from an optimal one.

4. Discussion

4.1. Superposition Of Different Techniques

In convex optimization and convex-concave saddle-point
problems there are several generic techniques that allow

black-box reduction of known methods to develop new meth-
ods for new problem classes (Gasnikov, 2021). For example,
theRestart techniquementioned in Section 3.3 allows to
construct methods for strongly convex problems based on
methods for convex problems; theCatalyst envelopemen-
tioned in Section 3.4 allows to construct methods for convex-
concave saddle-point problems based on methods developed
for convex optimization problems;Batching techniquemen-
tioned in Section 2 allows to construct methods for stochas-
tic problems based on methods developed for deterministic
problems;Consensus-projection techniquementioned in
Section 3.5 allows to build decentralized distributed meth-
ods for convex problems based on non-decentralized meth-
ods developed for non-decentralized convex problems.
The �rst important property of all these reduction tech-
niques, informally speaking, is that all of them preserve
the optimality of the method: an optimal method after ap-
plying any of the techniques becomes optimal (Gasnikov,
2021) for the new class of problems. We remark that the
Catalyst envelopeleads to optimal algorithms only on a
certain (yet large enough) class of problems, see Section 3.4
for details. Also, when considering saddle-point problems
with different strong convexity constants, it is better to use
a direct method rather than theRestart technique. Despite
these limitations, the optimality-preserving property is very
useful in practice.
The second important property is that a superposition or
different combination of these reduction techniques also
preserves the optimality of algorithms. This can be demon-
strated via the batched-consensus-projected Accelerated
gradient method from Section 3.5. This algorithm is ob-
tained via a combination of theBatching techniqueand
theConsensus-projection techniqueapplied to Accelerated
gradient method. Moreover, theRestart techniquecan be
added to this combination in order to obtain the algorithm
for strongly convex problems.
Note that in some cases these techniques require a proper
generalization before they can be applied as a part of com-
bination. For example, when we generalize the batched-
consensus-projected Accelerated gradient method to saddle-
point problems, instead of the standardCatalyst envelope
developed in this context in (Lin et al., 2020), we should
use a special decentralized stochastic (batched) version of
theCatalyst envelope, that can be developed from (Kulun-
chakov, 2020; Tian et al., 2021).
We expect that theSmoothing scheme (technique)developed
in this paper will take its rightful place in the mentioned
above (not exhaustive) list of useful reduction techniques
that allow us to develop new methods based on existing
ones.
In the previous (sub)sections we demonstrated that the
Smoothing schemeis quite generic and allows a black box
reduction of algorithms for smooth problems to solve non-
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smooth problems. Moreover, except the combination with
Consensus-projection technique, theSmoothing schemeal-
lows to obtain optimal algorithms for non-smooth black-box
problems with zeroth-order oracle.Thus, as one of our
main contributions in this paper, we consider the obser-
vation that the Smoothing schemecan be developed in a
such a way, that it can be used in different combinations
with other reduction techniques.

4.2. Batching Technique

In the Smoothing schemean input algorithm should be
a batched-gradient algorithm, and, thus, theSmoothing
schemestrongly depends on theBatching technique, which
we now describe in more detail. In Section 2 we mentioned
some particular algorithms (Cotter et al., 2011; Lan, 2012;
Devolder, 2013; Dvurechensky & Gasnikov, 2016) which
do not constitute a generic technique that allows us to utilize
an arbitrary algorithm, which solves a deterministic smooth
convex problem. Some attempts to propose a genericBatch-
ing techniquewere made (Dvinskikh et al., 2020b; Gasnikov,
2021) in a much more general setting of inexact models of
the objective, which we do not consider here. Instead, we
describe here a simple version in the convex case and for
the Euclidean setting withp = 2 .
First of all, following (Devolder, 2013; Dvinskikh et al.,
2020b; Dvinskikh & Gasnikov, 2021) we introduce the no-
tion of (� 1; � 2; L )-oracle. We say that for the problem(1)
we have an access to(� 1; � 2; L )-oracle at a pointx if we
can evaluate a vectorr � f (x) such that, for allx; y 2 Q
 ,

� � 1 � f (y) � f (x) �hr � f (x); y � xi �
L
2

ky � xk2
2 + � 2;

whereE� 1 = 0 (� 1 is independently taken at each oracle
call), E� 2 � � . Note that the left inequality corresponds
to the de�nition of � 1-(sub)gradient (Polyak, 1987) and
reduces to the convexity property in the case� 1 = 0 . In
this case the LHS holds withr � f (x) = r f (x). The right
inequality in the case when� 2 = 0 is a consequence6 of
(4). Let us consider an algorithmA(L; � 1; � 2) that converges
with the rate7

Ef (xN ) � f (x � ) = O
�

LR 2

N � + N � �
�

: (13)

Thebatching technique, applied to the problem(10) with

6Note, that the right inequality in the case when� 2 = 0 is not
equivalent to(4), but is typically suf�cient to obtain optimal (up
to constant factors) bounds on the rate of convergence of different
methods (Taylor et al., 2017).

7N is a number of iterations which up to a constant factor is
equal to the number of(� 1 ; � 2 ; L )-oracle calls andx � is a solution
of (1). We can consider more speci�c rates of convergence for
problems with additional structure and developBatching technique
in a similar way.

L-Lipschitz gradient (in 2-norm), is based on the use of the
mini-batch stochastic approximation of the gradient

r � f (x) =
1
r

rX

j =1

r x f (x; � j )

in A(L; � 1; � 2), wheref � j gr
j =1 are sampled independently

andr is an appropriate batch size. The choice ofr is based
on the following relations

hr � f (x) � r f (x); y � xi �

�
1

2L
kr � f (x) � r f (x)k2

2 +
L
2

ky � xk2
2;

Ef � j g
�
kr � f (x) � r f (x)k2

2

�
�

� 2

r
;

where� 2 is the variance ofr x f (x; � ), see (5). Hence, if

� �
1

2L
max
x 2 Q 


Ef � j gr
j =1

�
kr � f (x) � r f (x)k2

2

�
; i.e.

� = � 2

2Lr , we have thatA(2L; � 1; � 2) converges with the rate
given in (13). From (13) we see that to obtain

Ef (xN ) � f (x � ) � "

it suf�ces to take

N = O

 �
LR 2

"

� 1=�
!

and r = O
�

� 2N �

L"

�
:

In particular, for the Accelerated gradient method we have
that � = 1=2, � = 1 (Devolder, 2013; Dvinskikh et al.,
2020b). In this case, we obtain the complexity bounds
for batched Accelerated gradient methods mentioned in
Section 2:

N = O
� p

LR 2="
�

, B = r = O
�

� 2R=
� p

L" 3=2
��

,

T = N � B = O
�
� 2R2="2

�
.

Note that, based on (Stonyakin et al., 2021), the described
aboveBatching techniquecan be applied to saddle-point
problems. In particular, this allows to obtain new methods
for stochastic bilinear saddle-point problems with compos-
ites based on the state-of-the-art method of (Kovalev et al.,
2021). The latter method, for the considered class of prob-
lems, works better than Stochastic Accelerated Primal-Dual
method (Zhang et al., 2021b) which we use in Section 3.4.
Interestingly, ourSmoothing schemeis not the only tech-
nique for reduction of algorithms for smooth convex prob-
lems to algorithms for non-smooth convex problems.Uni-
versal Nesterov's techniquefrom (Nesterov, 2015) claims
that if f is M 2-Lipschitz, then, for arbitrary� > 0,

f (y) � f (x) + hr f (x); y � xi +
L
2

ky � xk2
2 + �;
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with L = M 2
2 =(2� ). Based on this observation, a generic

reduction of algorithms with inexact gradient for smooth
convex problems to algorithms for non-smooth problems
is possible. Although it may seem that this approach com-
bined with full gradient approximation by �nite-differences
(Berahas et al., 2019) can be applied for our setting, it is not
the case. Firstly, sinceL = M 2

2 =(2� ) and for Accelerated
gradient method� should be such thatN� ' " , since� = 1 ,
we obtain thatL � " � 3=2, rather thanL � " � 1 that we
have in ourSmoothing scheme. Secondly, the full gradi-
ent approximation by �nite-differences provably works for
smooth objectivef (Berahas et al., 2019), which is not our
case.
Thus, the proposedSmoothing schemeis better than alterna-
tive approaches based on other smoothing techniques such
as theUniversal Nesterov's technique(Nesterov, 2015),
Nesterov's smoothing via regularization of dual problem
(Nesterov, 2005) and its different generalizations (Devolder
et al., 2012; Nguyen et al., 2017; Tran-Dinh, 2017), which
are designed and work good in the setting of �rst-order
methods, but lead to inferior complexity in the zeroth-order
setting. Unlike these approaches, ourSmoothing scheme
achieves the best known complexity in terms of the suc-
cessive iterations number with the best possible number of
zeroth-order oracle calls.

5. Experiments

5.1. Reinforcement Learning

Reinforcement Learning (RL) is one of the key motivations
for the proposed approach. We focus in this section on the
Actor-Critic architecture (Peters & Schaal, 2008) and as-
sume that the Critic is available to the Actor during training
through a black-box oracle. This situation naturally moti-
vates the application of zeroth-order methods in which we
only have access to function values. Moreover, the opti-
mization problem is stochastic and may be convex or non-
convex, smooth or non-smooth. Our RL experiments are
carried out in the environment called "Reacher-v2," which
is provided by the Open AI Gym toolkit. The network
structure is described in Appendix A.2. We use PyTorch
ADAM optimizer with three alternative inexact gradients
for the Actor learning problem: exact gradient (Gradient),
central �nite difference (Central) from(2) and forward �nite
difference (Forward) de�ned as

r f 
 (x; e) = d
f (x + 
e ) � f (x)



e: (14)

For a better visualization, we plot the moving average of
the reward with a window size of250. Figure 1 shows the
convergence of our methods.

Figure 1.Actor's reward for ADAM with Forward and Central
differences for various
 and exact gradient ADAM.lr= 10� 5 .

Figure 2.Loss forabalone scaledataset withbatch size= 100,
learning rate is0:1 and
 = 10 � 5 .

5.2. Robust Linear Regression

Least absolute deviation (LAD) is a non-smooth convex
problem, one of the variant of a robust linear regression (Yu
& Yao, 2017). It is more robust to outliers in data than the
standard Linear Regression. The problem statement is

min
w2 Rd

(

f (w) =
1
n

mX

k=1

jxT
i w � yi j

)

; (15)

where(x i ; yi ) are feature and target pairs. For the experi-
ments we take the simple dataset "abalone scale" from the
LibSVM (Chang & Lin, 2011). For this problem, we also
implement the zeroth-order (ZO) method with central co-
ordinate and forward coordinate �nite differences for the
comparison.8 Their full de�nitions can be found in the Ap-
pendix A.3. Figure 2 shows the convergence of our methods.

8The code for all methods is available athttps://github.
com/OPTAMI/OPTAMI
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Figure 3.Loss fora9adataset with� = 10 � 5 , batch size= 100,
lr = 0 :1. 
 = 10 � 5 .

5.3. Support Vector Machine

Support Vector Machine (SVM) is one of the classical clas-
si�cation algorithms that is still very popular. The problem
statement is:

min
w2 Rd

(

f (w) =
�
2

kwk2 +
1
n

mX

k=1

(1 � yi � xT
i w)+

)

;

(16)
where(x i ; yi ) are feature and label pairs. We use the Lib-
SVM basic dataset "a9a" for our experiments with this prob-
lem. Figure 3 shows the convergence of our methods.

5.4. Conclusion On Experiments

We run experiments with4 different seeds ranging from0 to
3 and present mean values as a main line and a light �lling
between the maximum and minimum values. The Figures
1, 2 and 3 show that with a decent choice of
 , ADAM
with zeroth-order oracle works nearly as well as ADAM
with exact gradient. Central and Forward differences out-
perform their coordinate versions, as it can be seen from
Figures 2 and 3. The effect of computational instability ap-
pears for tiny
 sincex is too close tox + 
e and we reach
the machine precision when computing the function value.
However, Figure 1 demonstrates that the Central approxi-
mation is more robust than Forward to such errors since the
distance between points is twice larger than in the Forward
case. All these plots show that our approach is applicable
and can compete with gradient-based methods. For more
experiments, see Appendixes A.2, A.3, A.4.

Conclusion

This paper is devoted to the development of a universal
smoothing schemethat allows us to construct ef�cient
zeroth-order/gradient-free methods for non-smooth prob-
lems based on batched-gradient methods for smooth prob-

lems. This scheme preserves the ef�ciency of the input
methods transferring it to the output zeroth-order method.
Oursmoothing schemecombines well with many other re-
duction techniques (batching, restarts, Catalyst acceleration
for saddle-point problems, consensus-projection for decen-
tralized distributed algorithms) that allows us to obtain via
our scheme many algorithms for a wide class of non-smooth
problems. As a future work we mention adaptive (Dvin-
skikh et al., 2020a; Ene et al., 2021) and inexact model
(Stonyakin et al., 2021) (composite, max-structure, etc.)
generalizations. Another generalization consist in replac-
ing 2-sphere randomization on1-sphere randomization in
smoothing scheme (Gasnikov et al., 2016). In some special
regimes such randomization allows to improve complexity
estimates on a logarithmic factor (Akhavan et al., 2022).
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Figure 4.Comparison of different zeroth-order algorithms for generatingn = 50 adversarial examples for digit class "4" with
� = 0 :1. Left: Loss (18) with Central, Forward, Central Coord and Forward Coord wherelr = 0 :01 and 
 = 0 :01. Right:
Distortion(1

n

P n
i =1 kaadv

i � ai k2) average inn = 50 generated adversarial examples.

A. Appendix

A.1. Additional Experiments: Adversarial Attack

Adversarial attack is aimed to generate input images with unobtrusive interference introduced to them to deceive a well
trained classi�er. These adversarial examples are created to recognize the robustness of models. In our experiments, we
used ZO methods to generate adversarial examples targeted at a black-box model trained to solve a task of classi�cation of
MNIST dataset of handwritten digits. The output of this model isF (�) = [ F1(�); : : : ; FK (�)], whereFk (�) is a prediction
score of thekth class. A correctly classi�ed sample imageai is taken from the dataset and its adversarial example is
produced as follows:

aadv
i = 0 :5 tanh(tanh � 1(2ai ) + x) (17)

Next, we apply the same individual attacking loss utilized in (Chen et al., 2017):

f i (x) = max f logFy i (a
adv
i ) � max

t 6= y i

logFt (aadv
i ); 0g + � kaadv

i � ai k2 (18)

In our experiments we used sample images for digit class "1" and "4" and set their regularization parameters as� = 1 and
� = 0 :1 respectively.

Figure 4 shows that methods with coordinate steps require more function computations to converge which is justi�ed by
larged. This can also be observed in Table 1 where randomly generated adversarial examples were classi�ed similarly by
target model, although it is clear that each method produces different result.

All the experiments were conducted in Python 3 and PyTorch 1.10.1 on an Ubuntu 20.04.3 LTS machine with Intel(R)
Xeon(R) Silver 4215 CPU @ 2.50GHz and 125 GB RAM.

A.2. Additional Experiments: RL experiments

Our RL experiments are carried out in an environment called "Reacher-v2," which is provided by the Open AI Gym toolkit.
This environment simulates an agent (2 DOF robotic arm) tasked with reaching a particular target (red sphere) in a 2D
square space. The target is placed at random at the start of each episode. So, the action belongs to continuous space.
Implementation of Deep Deterministic Policy Gradients (DDPG) algorithm from (Lillicrap et al., 2019) is used to train
the Actor-Critic agent. This policy� : S ! A takes the state of a current environment and maps it to a predicted action.
The Actor and Critic networks are made up of two hidden layers of fully-connected neural networks withh1 = 400 and
h2 = 300 neurons withrelu activation functions. To match the constraints of available actions, the Actor's output is also
scaled bytanhactivation multiplied by the maximum allowed action.
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Table 1.Generated adversarial examples for digit “1” class from a random batch ofn = 10 images, where image distortion is de�ned as
1
n

P n
i =1 kaadv

i � ai k2 .

Image ID 7 10 13 18 19 20 21 22 28 29 Image distortion

Original

Central 5:0107

Classi�ed as 4 6 7 4 8 8 8 3 8 8

Forward 5:1004

Classi�ed as 4 6 7 4 8 8 8 3 8 8

Central Coord 4:6761

Classi�ed as 4 6 7 4 8 8 8 3 8 4

Forward Coord 4:4163

Classi�ed as 4 6 7 4 8 8 8 3 8 8

Figure 5 shows the dependence of ZO methods on
 . One can see that: for a �tted learning rate= 0 :0001at the right side
of 5, methods converge for all
 ; for a small learning rate= 10 � 5 at 1, methods converge for all
 except the smallest

 = 10 � 7; for a big learning rate= 0 :001at the left side of 5, Gradient method converges but all ZO methods collect
errors and slowly diverge; for a huge learning rate= 0 :01at the right side of 6, all methods diverge. As a result, we �nd a
regime where ZO methods are stable and very close to gradient methods, but also, we �nd a regime where gradient method
converges and ZO methods diverge. The left side of 6 shows that all gradient methods in our experiments converge to the
same level. Figure 7 is made for a detailed look on regime with a huge learning rate= 0 :01at the left side of 5.

A.3. Additional Experiments: Robust Linear Regression

For the learning, we divide dataset "abalone scale" into two parts, where the part for training is3500samples. The dimension
of features equals to8. So, it is a very small dataset. We take dataset with such small dimension to compare Forward and
Central with their variants of coordinate steps that depend on dimension.

The Central Coordinateis a zero-order �nite difference such that we take(2) approximationd times by each coordinate.
Hence, we get2d function computations per each step.

The Forward Coordinateis a zero-order �nite difference such that we take(14)approximationd times by each coordinate.
Hence, we getd + 1 function computations per each step.

As a result, coordinate steps are more accurate approximation of the gradient but also, they are more expansive computation-
ally. We also add some graphics for Robust Linear Regression with different parameters.

A.4. Additional Experiments: Support Vector Machine

In this subsection one can see additional graphics for SVM with different parameters.

Figure 10 compares performance of ZO methods fora9a dataset with various
 (Left) and learninng rates (Right). It can
be observed (Left) thatCentralandForward methods converge faster thanCentral CoordinateandForward Coordinate
methods. Also, it is clear that both pairs ofCoordinateandNon-Coordinatemethods converge in a similar fashion. However,
under extreme cases of
 some methods do not converge at all. For instance,Forward Coordinatemethod with
 = 0 :1,
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Figure 5.Left: Actor's reward for ADAM with Forward and Central with various
 and true gradient ADAM, wherelr = 0 :001.
Right: Actor's reward for ADAM with Forward and Central with various
 and true gradient ADAM, wherelr = 0 :0001.

Figure 6.Left: Actor's reward for true gradient ADAM with different learning rates.
Right: Actor's reward for25000iterations of ADAM with Forward and Central �nite difference with various
 = 10 � 5 and true gradient
ADAM, wherelr = 0 :01.

Figure 7.Left: Actor's reward for ADAM with Forward and Central for
 = 10 � 3 and true gradient ADAM, wherelr = 0 :001.
Middle: Actor's reward for ADAM with Forward and Central for for
 = 10 � 5 and true gradient ADAM, wherelr = 0 :001.
Right: Actor's reward for ADAM with Forward and Central for
 = 10 � 7 and true gradient ADAM, wherelr = 0 :001.
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