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Abstract
We study methods for estimating model uncer-
tainty for neural networks (NNs) in regression.
To isolate the effect of model uncertainty, we fo-
cus on a noiseless setting with scarce training data.
We introduce five important desiderata regarding
model uncertainty that any method should satisfy.
However, we find that established benchmarks of-
ten fail to reliably capture some of these desider-
ata, even those that are required by Bayesian the-
ory. To address this, we introduce a new approach
for capturing model uncertainty for NNs, which
we call Neural Optimization-based Model Un-
certainty (NOMU). The main idea of NOMU is
to design a network architecture consisting of
two connected sub-NNs, one for model predic-
tion and one for model uncertainty, and to train it
using a carefully-designed loss function. Impor-
tantly, our design enforces that NOMU satisfies
our five desiderata. Due to its modular architec-
ture, NOMU can provide model uncertainty for
any given (previously trained) NN if given access
to its training data. We evaluate NOMU in various
regressions tasks and noiseless Bayesian optimiza-
tion (BO) with costly evaluations. In regression,
NOMU performs at least as well as state-of-the-
art methods. In BO, NOMU even outperforms all
considered benchmarks.

1. Introduction
Neural networks (NNs) are becoming increasingly impor-
tant in machine learning applications (LeCun et al., 2015).
In many domains, it is essential to be able to quantify the
model uncertainty (epistemic uncertainty) of NNs (Neal,
2012; Ghahramani, 2015). Good estimates of model uncer-
tainty are indispensable in Bayesian optimization (BO) and
active learning, where exploration is steered by (functions
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Figure 1. Visualization of estimated model uncertainty σ̂f . The
unknown true function is depicted as a black solid line with training
points as black dots. NOMU’s model prediction f̂ is shown as
a solid blue line and its uncertainty bounds are shown as a blue
shaded area. As a benchmark, MC Dropout is shown in green.

of) these uncertainty estimates. In recent years, BO has
been successfully applied in practice to a wide range of
problems, including robotics (Martinez-Cantin et al., 2009),
sensor networks (Srinivas et al., 2012), and drug develop-
ment (Gómez-Bombarelli et al., 2018). Better model uncer-
tainty estimates for BO directly translate to improvements
in these applications.

However, estimating model uncertainty well for NNs is still
an open research problem. For settings with scarce training
data and negligible data noise, where model uncertainty is
the main source of uncertainty, we uncover deficiencies of
widely used state-of-the-art methods for estimating model
uncertainty for NNs. Prior work often only measures the
performance in data noise dominant settings, and thus does
not adequately isolate the pure model uncertainty, thereby
overlooking the algorithms’ deficiencies. However, in tasks
such as BO with costly evaluations, where accurate esti-
mates of model uncertainty are of utmost importance, these
deficiencies can drastically decrease performance.

In this paper, we study the problem of estimating model
uncertainty for NNs to obtain uncertainty bounds (UBs)
that estimate Bayesian credible bounds in a setting with
negligible data noise and scarce training data. For this, we
propose a novel algorithm (NOMU) that is specialized to
such a setting. Figure 1 shows UBs for NOMU and the
benchmark method MC Dropout.
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1.1. Prior Work on Model Uncertainty for NNs

Over the last decade, researchers have developed various
methods to quantify model uncertainty for NNs. One strand
of research considers Bayesian Neural Networks (BNNs),
where distributions are placed over the NN's parameters
(Graves, 2011; Blundell et al., 2015; Hernández-Lobato
& Adams, 2015). However, variational methods approxi-
mating BNNs are usually computationally prohibitive and
require careful hyperparameter tuning. Thus, BNNs are
rarely used in practice (Wenzel et al., 2020a).

In practice,ensemble methodsare more established:

• Gal & Ghahramani (2016) proposedMonte Carlo dropout
(MCDO) to estimate model uncertainty via stochastic for-
ward passes. Interestingly, they could show that training
a NN with dropout can also be interpreted as variational
inference approximating a BNN.

• Lakshminarayanan et al. (2017) experimentally evaluated
ensembles of NNs and showed that they perform as good
or better than BNNs. They proposed usingdeep ensem-
bles (DE), which use NNs with two outputs for model
prediction and data noise, and they estimate model uncer-
tainty via the empirical standard deviation of the ensem-
ble. DE is the most established state-of-the art ensemble
method and has been shown to consistently outperform
other ensemble methods (Ovadia et al., 2019; Fort et al.,
2019; Gustafsson et al., 2020; Ashukha et al., 2020).

• Recently, Wenzel et al. (2020b) proposedhyper deep en-
sembles (HDE), an extension of DE where additional
diversity is created via different hyperparameters, and
they showed that HDE outperforms DE.

Despite the popularity of MCDO, DE and HDE, our em-
pirical results suggest that none of them reliably capture
all essential features of model uncertainty: MCDO yields
tubular bounds that do not narrow at observed data points
(which can already be observed in Figure 1); DE and HDE
can produce UBs that are sometimes unreasonably narrow
in regions far from observed data or unreasonably wide at
training points (as we will show in Section 4.1).

1.2. Overview of our Contribution

We present a new approach for estimating model uncertainty
for NNs, which we callneural optimization-based model
uncertainty (NOMU). In contrast to a fully Bayesian ap-
proach (e.g. BNNs), where approximating the posterior for
a realistic prior is in general very challenging, we estimate
posterior credible bounds by directly enforcing essential
properties of model uncertainty. Speci�cally, we make the
following contributions:

1. We �rst introduce �ve desiderata that we argue model
UBs should satisfy (Section 3.1).

2. We then introduce NOMU, which consists of a network
architecture (Section 3.2) and a carefully-designed loss
function (Section 3.3), such that the estimated UBs ful�ll
these �ve desiderata. NOMU is easy to implement, scales
well to large NNs, and can be represented as asingle
NN without the need for further ensemble distillation
(in contrast to MCDO, DE and HDE). Because of its
modular architecture, it can easily be used to obtain UBs
for already trained NNs.

3. We experimentally evaluate NOMU in various regres-
sion settings: in scarce and noiseless settings to isolate
model uncertainty (Sections 4.1.1 and 4.1.2) and on real-
word data-sets (Sections 4.1.3 and 4.1.4). We show that
NOMU performs well across all these settings while
state-of-the-art methods (MCDO, DE, and HDE) exhibit
several de�ciencies.1

4. Finally, we evaluate the performance of NOMU in high-
dimensional Bayesian optimization (BO) and show that
NOMU performs as well or better than all considered
benchmarks (Section 4.2).

Our source code is available on GitHub: https://github.com
/marketdesignresearch/NOMU.

1.3. Further Related Work

Nix & Weigend (1994) were among the �rst to introduce
NNs with two outputs: one for model prediction and one
for data noise (aleatoric uncertainty), using the Gaussian
negative log-likelihood as loss function. However, such a
data noise output cannot be used as an estimator for model
uncertainty (epistemic uncertainty); see Appendix G for
details. To additionally capture model uncertainty, Kendall
& Gal (2017) combined the idea of Nix & Weigend (1994)
with MCDO.

Similarly, NNs with two outputs for lower and upper UBs,
trained on speci�cally-designed loss functions, were pre-
viously considered by Khosravi et al. (2010) and Pearce
et al. (2018). However, the method by Khosravi et al. (2010)
again only accounts for data noise and does not consider
model uncertainty. The method by Pearce et al. (2018) also
does not take model uncertainty into account in the design
of their loss function and only incorporates it via ensembles
(as in DE).

Besides the state-of-the art ensemble methods HDE and DE,
there exist several other papers on ensemble methods that,

1We also conducted experiments with (Blundell et al., 2015).
However, we found that this method did not perform as well
as the other considered benchmarks. Moreover, it was shown
in (Gal & Ghahramani, 2016; Lakshminarayanan et al., 2017)
thatdeep ensemblesandMC dropoutoutperform the methods by
(Herńandez-Lobato & Adams, 2015) and (Graves, 2011), respec-
tively. Therefore, we do not include (Graves, 2011; Blundell et al.,
2015; Herńandez-Lobato & Adams, 2015) in our experiments.

https://github.com/marketdesignresearch/NOMU
https://github.com/marketdesignresearch/NOMU
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for example, promote their diversity on the function space
(Wang et al., 2019) or reduce their computational cost (Wen
et al., 2020; Havasi et al., 2021).

For classi�cation, Malinin & Gales (2018) introduced prior
networks, which explicitly model in-sample and out-of-
distribution uncertainty, where the latter is realized by mini-
mizing the reverse KL-distance to a selected �at point-wise
de�ned prior. In a recent working paper (and concurrent to
our work), Malinin et al. (2020a) report on progress extend-
ing their idea to regression. While the idea of introducing
a separate loss for learning model uncertainty is related to
NOMU, there are several important differences (loss, ar-
chitecture, behavior of the model prediction, theoretical
motivation; see Appendix E for details). Furthermore, their
experiments suggest that DE still performs as good or better
than their proposed method.

In contrast to BNNs, which perform approximate inference
over the entire set of weights, Neural Linear Models (NLMs)
perform exact inference on only the last layer. NLMs
have been extensively benchmarked in (Ober & Rasmussen,
2019) against MCDO and the method from (Blundell et al.,
2015). Their results suggest that MCDO and (Blundell et al.,
2015) perform competitive, even to carefully-tuned NLMs.

Neural processes, introduced by Garnelo et al. (2018a;b),
have been used to express model uncertainty for image
completion tasks, where one has access to 1000s of different
images interpreted as functionsf i instead of input pointsx i .
See Appendix F for a detailed comparison of their setting to
the setting we consider in this paper.

2. Preliminaries

In this section, we brie�y review the classical Bayesian
uncertainty framework for regression.

Let X � Rd; Y � R and letf : X ! Y denote the un-
known ground truth function. LetD train := f (x train

i ; ytrain
i ) 2

X � Y; i 2 f 1; : : : ; n traingg; with n train 2 N be i.i.d samples
from the data generating processy = f (x) + "; where
" jx � N (0; � 2

n(x)) . We use� n to refer to thedata noise
(aleatoric uncertainty). We refer to(x train

i ; ytrain
i ) as atraining

point and tox train
i as aninput training point.

In the remainder of this paper, we follow the classic
Bayesian uncertainty framework by modelling the unknown
ground truth functionf as a random variable. Hence, with
a slight abuse of notation, we use the symbolf to denote
boththe unknown ground truth function as well as the cor-
responding random variable. In Appendix I, we provide
a mathematically rigorous formulation of the considered
Bayesian uncertainty framework.

Given a prior distribution forf and known data noise� n, the
posterior off andy are well de�ned. Themodel uncertainty

(epistemic uncertainty)� f (x) is the posterior standard devi-
ation off (x), i.e.,

� f (x) :=
p

V[f (x)jD train; x]; x 2 X: (1)

Assuming independence betweenf and " , the variance
of the predictive distribution ofy can be decomposed as
V[yjD train; x] = � 2

f (x) + � 2
n(x): We present our algorithm

for estimating model uncertaintŷ� f for the case of zero
or negligible data noise, i.e.,� n � 0 (see Appendix C for
an extension to� n � 0). For a given model prediction̂f ,
the induced uncertainty bounds (UBs) are then given by
�
UBc(x); UBc(x)

�
:=

�
f̂ (x) � c �̂ f (x)

�
, for x 2 X and

a calibration parameterc � 0.2

3. The NOMU Algorithm

We now present NOMU. We design NOMU to yield a model
predictionf̂ and a model uncertainty prediction̂� f , such
that the resulting UBs(UBc; UBc) ful�ll �ve desiderata.

3.1. Desiderata

D1 (Non-Negativity) The upper/lower UB between two
training points lies above/below the model prediction
f̂ , i.e.,UBc(x) � f̂ (x) � UBc(x) for all x 2 X and
for c � 0. Thus,�̂ f � 0.

By de�nition, for any given prior, the exact posterior model
uncertainty� f is positive, and therefore Desideratum D1
should also hold for any estimatê� f .

D2 (In-Sample)In the noiseless case (� n � 0), there is
zero model uncertainty at each input training pointx train,
i.e., �̂ f (x train) = 0 . Thus,UBc(x train) = UBc(x train) =
f̂ (x train) for c � 0.

In Appendix D.2, we prove that, for any prior that does
not contradict the training data, the exact� f satis�es D2.
Thus, D2 should also hold for any estimate�̂ f , and we argue
that even in the case of non-zero small data noise, model
uncertainty should be small at input training data points.

D3 (Out-of-Sample)The larger the distance of a pointx 2
X to the input training points inD train, the wider the
UBs atx, i.e., model uncertaintŷ� f increases out-of-
sample.3

For D3 it is often not obvious which metric to choose to
measure distances. Some aspects of this metric can be speci-

2Note that our UBs estimatecredible bounds (CBs)CB
and CB , which, for � 2 [0; 1], ful�ll that P[f (x) 2
[CB ; CB ]jD train; x] = � . For � n � 0, CBs are equal topre-
dictive boundsPB ; PB with P[y 2 [PB ; PB ]jD train; x] = � . See
Appendix A for an explanation.

3Importantly, D3 also promotes model uncertainty in gaps
betweeninput training points.
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Figure 2.NOMU's network architecture

�ed via the architecture (e.g., shift invariance for CNNs). In
many applications, it is best tolearn further aspects of this
metric from training data, motivating our next desideratum.

D4 (Metric Learning)Changes in those features ofx that
have high predictive power on the training set have a
large effect on the distance metric used in D3.4

D4 is not required for any application. However, speci�cally
in deeplearning applications, where it is a priori not clear
which features are important, D4 is particularly desirable.

D5 (Vanishing) As the number of training pointsn train tends
to in�nity, model uncertainty vanishes for eachx in the
support of the input data distribution, i.e.,limn train!1

�̂ f (x)= 0 for a �xed c � 0. Thus, for a �xedc,
limn train!1 jUBc(x) � UBc(x)j = 0 .

In Appendix D, we discuss all desiderata in more detail (see
Appendix D.4 for a visualization of D4).

3.2. The Network Architecture

For NOMU, we construct a networkNN � with two outputs:
the model prediction̂f (e.g. mean prediction) and araw
model uncertainty prediction̂r f . Formally: NN � : X !
Y � R� 0, with x 7! NN � (x) := ( f̂ (x); r̂ f (x)) . NOMU's
architecture consists of two almost separate sub-networks:
thef̂ -network and thêr f -network (see Figure 2). For each
sub-network, any network architecture can be used (e.g.,
feed-forward NNs, CNNs). This makes NOMU highly mod-
ular and we can plug in any previously trained NN forf̂ ,

4 Consider the task of learning facial expressions from images.
For this, eyes and mouth are important features, while background
color is not. A CNN automatically learns which features are im-
portant for model prediction. The same features are also important
for model uncertainty: Consider an image with pixel values similar
to those of an image of the training data, but where mouth and
eyes are very different. We should be substantially more uncertain
about the model prediction for such an image than for one which
is almost identical to a training image except that it has a different
background color, even if this change of background color results
in a huge Euclidean distance of the pixel vectors. D4 requires that
a more useful metric is learned instead.

or we can trainf̂ simultaneously with thêr f -network. The
r̂ f -network learns the raw model uncertainty and is con-
nected with thef̂ -network through the last hidden layer
(dashed lines in Figure 2). This connection enablesr̂ f to
re-use features that are important for the model predictionf̂ ,
implementing Desideratum D4 (Metric Learning).5

Remark 3.1 NOMU's network architecture can be modi-
�ed to realize D4 (Metric Learning) in many different ways.
For example, if low-level features were important for pre-
dicting the model uncertainty, one could additionally add
connections from earlier hidden layers of thef̂ -network to
layers of thêr f -network. Furthermore, one can strengthen
D4 (Metric Learning) by increasing the regularization of
ther̂ f -network (see Appendix D.4).

After training NN � , we apply the readout map' (z) =
`max(1 � exp(� max(0 ;z )+ ` min

` max
)) ; `min � 0; `max > 0 to the

raw model uncertainty output̂r f to obtain NOMU'smodel
uncertainty prediction

�̂ f (x) := ' (r̂ f (x)) ; 8x 2 X: (2)

The readout map' monotonically interpolates between a
minimal`min and a maximal̀max model uncertainty. Here,`min

is used for numerical stability, and`max de�nes the maximal
model uncertainty far away from input training points (simi-
larly to the prior variance for GPs). With NOMU's model
predictionf̂ , its model uncertainty prediction̂� f de�ned
in (2), and given a calibration parameter6 c 2 R� 0, we can
now de�ne for eachx 2 X NOMU's UBs as

�
UBc(x); UBc(x)

�
:=

�
f̂ (x) � c �̂ f (x)

�
: (3)

It is straightforward to construct asingleNN that directly
outputs the upper/lower UB, by extending the architecture
shown in Figure 2: we monotonically transform and scale
the output̂r f (x) and then add/subtract this to/from the other
outputf̂ (x). It is also straightforward to compute NOMU's
UBs for anygiven, previously trained NN, by attaching
the r̂ f -network to the trained NN, and only training the
r̂ f -network on the same training points as the original NN.

Remark 3.2 The readout map' can be modi�ed depending
on the subsequent use of the estimated UBs. For example,
for BO over discrete domains (e.g.X = f 0; 1gd) (Baptista
& Poloczek, 2018), we propose the linearized readout map
' (z) = `min + max(0 ; z � `min) � max(0; z � `max). With
this ' and ReLU activations, one can encode NOMU's UBs
as a mixed integer program (MIP) (Weissteiner & Seuken,
2020). This enables optimizing the upper UB as acquisition

5To prevent that̂r f impactsf̂ , the dashed lines should only
make forward passes when trained.

6Like all other methods, NOMU outputsrelative UBs that
should be calibrated, e.g., via a parameterc � 0. See also
Kuleshov et al. (2018) for a non-linear calibration method.
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function without the need for further approximation via
ensemble distillations(Malinin et al., 2020b).

3.3. The Loss Function

We now introduce the loss functionL � we use for training
NOMU's architecture. LetX be such that0 < � d(X ) < 1 ,
where� d denotes thed-dimensional Lebesgue measure. We
train NN � with lossL � and L2-regularization parameter
� > 0, i.e., minimizingL � (NN � ) + � k� k2

2 via a gradient
descent-based algorithm.

De�nition 3.3 (NOMU LOSS) Let � := ( � sqr; � exp; cexp) 2
R3

� 0 denote a tuple of hyperparameters. Given a training
setD train, the loss functionL � is de�ned as

L � (NN � ) :=
n train
X

i =1

(f̂ (x train
i ) � ytrain

i )2

| {z }
(a)

+ � sqr �
n train
X

i =1

(r̂ f (x train
i ))2

| {z }
(b)

+ � exp �
1

� d(X )

Z

X
e� cexp� r̂ f (x ) dx

| {z }
(c)

: (4)

In the following, we explain how the three terms ofL �

promote the desiderata we introduced in Section 3.1. Note
that the behaviour of̂r f directly translates to that of̂� f .

• Term (a) solves the regression task, i.e., learning a smooth
functionf̂ givenD train. If f̂ is given as a pre-trained NN,
then this term can be omitted.

• Term (b) implements D2 (In-Sample) and D5 (Vanishing)
(i.e., r̂ f (x train

i ) � 0). The hyperparameter� sqr controls the
amount of uncertainty at the training points.7 The larger
� sqr, the narrower the UBs at training points.

• Term (c) has two purposes. First, it implements D1 (Non-
Negativity) (i.e.,r̂ f � 0). Second, it pusheŝr f towards
in�nity across the whole input spaceX . However, due
to the counteracting force of (b) as well as regularization,
r̂ f increases continuously as you move away from the
training data. The interplay of (b), (c), and regularization
thus promotes D3 (Out-of-Sample). The hyperparameters
� exp andcexp control the size and shape of the UBs. Con-
cretely, the larger� exp, the wider the UBs; the largercexp,
the narrower the UBs at pointsx with large�̂ f (x) and the
wider the UBs at pointsx with small �̂ f (x).

In Appendix H.1, we provide detailed visualizations on how
the loss hyperparameters� sqr, � exp, andcexp shape NOMU's
model uncertainty estimate. In the implementation ofL � ,
we approximate (c) via MC-integration using additional,

7In the noiseless case, in theory� sqr
� = 1 ; we set� sqr

� = 10 7 .
For small non-zero data noise, setting� sqr

� � 1 capturesdata
noise induced model uncertainty� f (x train) > 0 (Appendix D.2).

arti�cial input points D art := f x i g
l
i =1

i:i:d� Unif(X ) by 1
l �

P
x 2 D arte� cexp� �̂ f (x ) .

Remark 3.4 In (c), instead of the Lebesgue-
measure, one can also use a different measure� ,
i.e., 1

� (X )

R
X e� cexp� r̂ f (x ) d� (x). This can be relevant in

high dimensions, where meaningful data points often lie
close to a lower-dimensional manifold (Cayton, 2005);
� can then be chosen to concentrate on that region. In
practice, this can be implemented by sampling from a large
unlabeled data setD art representing this region or learning
the measure� using GANs (Goodfellow et al., 2014).

Theory In Appendix D, we prove that NOMU ful�lls D1,
D2 and D5 (Propositions D.1.a, D.2.c and D.5.a), and dis-
cuss how NOMU ful�lls D3 and D4. In Appendix A.1, we
show that, under certain assumptions, NOMU's UBs can
be interpreted aspointwise worst-caseUBs UB pw(x) :=
supf 2H D train

f (x) within a hypothesis classH D train of data-
explaining functions. In Appendix A.2, we explain how
UB pw(x) and UB pw(x) estimate posterior CBs of BNNs
(with a Gaussian prior on the weights), without performing
challenging variational inference. However, while exact pos-
terior CBs of BNNs lose D4 as their width goes to in�nity,
NOMU's UBs are capable of retaining D4 in this limit.

4. Experimental Evaluation

In this section, we experimentally evaluate NOMU's
model uncertainty estimate in multiple synthetic and real-
world regression settings (Section 4.1) as well as in high-
dimensional Bayesian optimization (Section 4.2).

Benchmarks We compare NOMU against four bench-
marks, each of which gives a model predictionf̂ and a
model uncertainty prediction̂� f (see Appendix B.1 for for-
mulas). We calculate model-speci�c UBs atx 2 X as
(f̂ (x) � c �̂ f (x)) with calibration parameterc 2 R� 0 and
use them to evaluate all methods. We consider three algo-
rithms that are specialized to model uncertainty for NNs: (i)
MC dropout (MCDO) (ii) deep ensembles (DE) and (iii) hy-
per deep ensembles (HDE) and a non-NN-based benchmark:
(iv) Gaussian process (GP) with RBF kernel.

4.1. Regression

To develop intuition, we �rst study themodelUBs of all
methods on synthetic test functions with 1D–2D scarce input
training points without data noise (Section 4.1.1). We then
propose a novel generative test-bed and evaluate NOMU
within this setting (Section 4.1.2). Next, we analyze NOMU
on a real-world time series (Section 4.1.3). Finally, we eval-
uate NOMU on the real-world UCI data sets (Section 4.1.4).
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Figure 3.1D synthetic test functions

4.1.1. TOY REGRESSION

Setting We consider ten different 1D functions whose
graphs are shown in Figure 3. Those include the popular
Levy and Forrester function with multiple local optima.8

All functions are transformed toX := [ � 1; 1] = : f (X ).
For each function, we conduct500runs. In each run, we
randomly sample eight noiseless input training points from
X , such that the only source of uncertainty is model uncer-
tainty. For each run, we also generate100test pointsin the
same fashion to assess the quality of the UBs.

Metrics We report theaverage negative log (Gaussian)
likelihood (NLL), minimized over the calibration parame-
ter c, which we denote asNLLmin. Following prior work
(Khosravi et al., 2010; Kuleshov et al., 2018; Pearce et al.,
2018), we further measure the quality of UBs by contrast-
ing theirmean width(MW) with their coverage probability
(CP). Ideally,MW should be as small as possible, whileCP
should be close to1. SinceCPis counter-actingMW, we
consider ROC-like curves, plottingMW againstCP for a
range of calibration parametersc, and report thearea under
the curve (AUC)(see Appendix B.2.1 for details).

Algorithm Setup For each of the two NOMU sub-
networks, we use a feed-forward NN with three fully-
connected hidden layers�a210 nodes, ReLUs, and hyperpa-
rameters� exp = 0 :01; � sqr = 0 :1; cexp = 30. In practice, the
values for� exp; � sqr, andcexp can be tuned on a validation set.
However, for all synthetic experiments (Section 4.1.1 and
Section 4.1.2), we use the same values, which lead to good
results across all functions. Moreover, we set� = 10 � 8

accounting for zero data-noise,`min = 0 :001and`max = 2 .
In Appendix H.2, we provide an extensive sensitivity analy-
sis for the hyperparameters� exp, � sqr, cexp, `min and`max. This
analysis demonstrates NOMU's robustness within a certain
range of hyperparameter values.

Furthermore, to enable a fair comparison of all methods,
we use generic representatives and do not optimize any of

8sfu.ca/ ssurjano/optimization.html

Figure 4.UBs resulting from NOMU, GP, MCDO, and DE, HDE
for the Levy function (solid black line). For NOMU, we also show
�̂ f as a dotted blue line. Training points are shown as black dots.

them for any test function. We also choose the architectures
of all NN-based methods, such that the overall number of
parameters is comparable. We provide all methods with the
same prior information (speci�cally, this entails knowledge
of zero data noise), and set the corresponding parameters ac-
cordingly. Finally, we set all remaining hyperparameters of
the benchmarks to the values proposed in the literature. De-
tails on all con�gurations are provided in Appendix B.2.2.

Results Figure 4 exempli�es our �ndings, showing typ-
ical UBs for the Levy function as obtained in one run. In
Appendix B.2.4 we provide further visualisations. We �nd
that MCDO consistently yields tube-like UBs; in particu-
lar, its UBs do not narrow at training points, i.e., failing in
D2 (In-Sample) even though MCDO's Bayesian interpreta-
tion requires D2 to hold (see Appendix D.2). Moreover, it
only ful�lls D3 (Out-of-Sample) to a limited degree. We
frequently observe that DE leads to UBs of somewhat arbi-
trary shapes. This can be seen most prominently in Figure 4
aroundx � � 0:75and at the edges of its input range, where
DE's UBs are very different in width with no clear justi-
�cation. Thus, also DE is limited in D3 (Out-of-Sample).
In addition, we sometimes see that also DE's UBs do not
narrow suf�ciently at training points, i.e., not ful�lling D2
(In-Sample). HDE's UBs are even more random, i.e., pre-
dicting large model uncertainty at training points and some-
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Table 1.Ranks (1=best to 5=worst) for AUC and NLLmin.

NOMU GP MCDO DE HDE
FUNCTION AUC NLL MIN AUC NLL MIN AUC NLL MIN AUC NLL MIN AUC NLL MIN

ABS 1 1 3 1 3 4 1 1 5 5
STEP 2 2 4 3 2 3 1 1 5 5
K INK 1 1 3 1 4 4 1 1 5 5
SQUARE 2 2 2 1 4 4 2 3 5 5
CUBIC 2 2 1 1 3 4 3 3 5 5
SINE 1 2 1 2 1 1 1 2 1 5 5
SINE 2 2 2 3 1 1 2 3 3 5 5
SINE 3 1 1 4 1 3 4 1 1 5 5
FORRESTER 1 2 1 1 3 4 3 3 5 5
LEVY 1 1 4 3 1 4 3 1 5 5

times zero model uncertainty in gaps between them (e.g.
x � � 0:75). In contrast, NOMU displays the behaviour it
is designed to show. Its UBs nicely tighten at training points
and expand in-between (D1–D3, for D4 (Metric Learning)
see Appendix D.4). Like NOMU, the GP ful�lls D2 (In-
Sample) and D3 (Out-of-Sample) well, but cannot account
for D4 (Metric Learning) (a �xed kernel does not depend on
the model prediction). Table 1 provides the ranks achieved
by each algorithm (see Appendix B.2.3 for corresponding
metrics). We calculate the ranks based on the medians and
a 95% bootstrap CI ofAUC andNLLmin. An algorithm
loses one rank to each other algorithm that signi�cantly
dominates it. Winners are marked in grey. We observe that
NOMU is the only algorithm that never comes in third place
or worse. Thus, while some algorithms do particularly well
in capturing uncertainties of functions with certain charac-
teristics (e.g. RBF-GPs for polynomials), NOMU is the
only algorithm that consistently performs well. HDE's bad
performance can be explained by its randomness and the
fact that it sometimes predicts zero model uncertainty out-
of-sample. For 2D, we provide results and visualizations in
Appendix B.2.3 and B.2.4 highlighting similar characteris-
tics of all the algorithms as in 1D.

4.1.2. GENERATIVE TEST-BED

Setting Instead of only relying on alimited number of
data-sets, we also evaluate all algorithms on a generative test-
bed, which provides an unlimited number of test-functions.
The importance of using a test-bed (to avoid over-�tting
on speci�c data-sets) has also been highlighted in a recent
work of Osband et al. (2021). For our test-bed, we generate
200 different data-sets by randomly sampling 200 differ-
ent test-functions from a BNN with i.i.d centered Gaussian
weights and three fully-connected hidden layers with nodes
[210; 211; 210] and ReLU activations. From each of these
test-functions we uniformly at random samplen train = 8 � d
input training points and100 � d test data points, where
d refers to the input dimension. We train all algorithms
on these training sets and determine theNLL on the corre-
sponding test sets averaged over the 200 test-functions. This
metric converges to the Kullback-Leibler divergence to the

Table 2.AverageNLL (without const.ln(2 � )=2) and a 95% CI over
200 BNN samples. Winners are marked in grey.

FUNCTION NOMU GP MCDO DE HDE

BNN1D -1.65� 0.10 -1.08� 0.22 -0.34� 0.23 -0.38� 0.36 8.47� 1.00
BNN2D -1.16� 0.05 -0.52� 0.11 -0.33� 0.13 -0.77� 0.07 9.11� 0.39
BNN5D -0.37� 0.02 -0.33� 0.02 -0.05� 0.04 -0.13� 0.03 8.41� 1.00

exact BNN-posterior (see Theorem B.7). We calibrate by
choosing per dimension an optimal value ofc in terms of
averageNLL, which does not depend on the test-function.

Results In Table 2, we provide the results for input dimen-
sions 1, 2 and 5. We see that NOMU outperforms all other al-
gorithms including MCDO, which is a variational inference
method to approximate this posterior (Gal & Ghahramani,
2016). See Appendix B.2.5 for a detailed explanation of the
experiment setting and further results in modi�ed settings
including a discussion of higher dimensional settings.

4.1.3. SOLAR IRRADIANCE TIME SERIES

Setting Although the current version of NOMU is specif-
ically designed for scarce settings without data noise, we
are also interested to see how well it performs in settings
where these assumptions are not satis�ed. To this end, we
now study a setting with many training points and small
non-zero data noise. This allows us to analyze how well
NOMU captures D5 (Vanishing). We consider the popular
task of interpolating the solar irradiance data (Steinhilber
et al., 2009) also studied in Gal & Ghahramani (2016). We
scale the data toX = [ � 1; 1] and split it into 194 training
and 197 test points. As in Gal & Ghahramani (2016), we
choose �ve intervals to contain only test points. Since the
true function is likely of high frequency, we set� = 10 � 19

for NOMU and the benchmarks' regularization accordingly.
To account for small non-zero data noise, we set� exp = 0 :05,
`min = 0 :01and use otherwise the same hyperparameters as
in Section 4.1.1.

Results Figure 5 visualizes NOMU's UBs. We see that
NOMU manages to �t the training data well while capturing
model uncertainty between input training points. In particu-

Figure 5.NOMU's model prediction (solid), model uncertainty
(dotted) and UBs (shaded area) on the solar irradiance data. Train-
ing and test points are shown as black dots and red crosses.
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Table 3.AverageNLL and a95%normal-CI over 20 runs forUCI
data sets. Winners are marked in grey.

DATASET NOMU DE MCDO MCDO2 LL NLM-HPO NLM

BOSTON 2.68� 0.11 2.41� 0.49 2.46� 0.11 2.40� 0.07 2.57� 0.09 2.58� 0.17 3.63� 0.39
CONCRETE 3.05� 0.06 3.06� 0.35 3.04� 0.03 2.97� 0.03 3.05� 0.07 3.11� 0.09 3.12� 0.09
ENERGY 0.77� 0.06 1.38� 0.43 1.99� 0.03 1.72� 0.01 0.82� 0.05 0.69� 0.05 0.69� 0.05
K IN8NM -1.08� 0.01 -1.20� 0.03 -0.95� 0.01 -0.97� 0.00 -1.23� 0.01 -1.12� 0.01 -1.13� 0.01
NAVAL -5.63� 0.39 -5.63� 0.09 -3.80� 0.01 -3.91� 0.01 -6.40� 0.11 -7.36� 0.15 -7.35� 0.01
CCPP 2.79� 0.01 2.79� 0.07 2.80� 0.01 2.79� 0.01 2.83� 0.01 2.79� 0.01 2.79� 0.01
PROTEIN 2.79� 0.01 2.83� 0.03 2.89� 0.00 2.87� 0.00 2.89� 0.00 2.78� 0.01 2.81� 0.00
WINE 1.08� 0.04 0.94� 0.23 0.93� 0.01 0.92� 0.01 0.97� 0.03 0.96� 0.01 1.48� 0.09
YACHT 1.38� 0.28 1.18� 0.41 1.55� 0.05 1.38� 0.01 1.01� 0.09 1.17� 0.13 1.13� 0.09

lar, large gapsbetweeninput training points are successfully
modeled as regions of high model uncertainty (D3 (Out-of-
Sample)). Moreover, in regions highly populated by input
training points, NOMU's model uncertainty vanishes as re-
quired by D5 (Vanishing). Plots for the other algorithms
are provided in Appendix B.2.6, where we observe similar
patterns as in Section 4.1.1.

4.1.4. UCI DATA SETS

Setting Recall that NOMU is speci�cally tailored to noise-
less settings with scarce input training data. However, even
the current version of NOMU, which does not explicitly
model data noise, already performs on par with existing
benchmarks on real-world regression taskswith data noise.
To demonstrate this, we test its performance on (a) the UCI
data sets proposed in Hernández-Lobato & Adams (2015), a
common benchmark for uncertainty quanti�cation in noisy,
real-world regression, and (b) the UCI gap data set exten-
sion proposed in Foong et al. (2019). We consider exactly
the same experiment setup as proposed in these works, with
a 70=20=10-train-validation-test split, equip NOMU with a
shallow architecture of50hidden nodes, and train it for400
epochs. Validation data are used to calibrate the constantc
on NLL. See Appendix B.2.7 for details on NOMU's setup.

Results Table 3 reports NLLs on test data, averaged across
20 splits, compared to the current state-of-the-art. We re-
port theNLL for MCDO (Gal & Ghahramani, 2016) and
DE (Lakshminarayanan et al., 2017) from the original pa-
pers. Moreover, we reprint the best results (for comparable
network sizes) of neural linear models (NLMs) with and
without hyperparameter optimization (HPO) from (Ober &
Rasmussen, 2019) (NLM-HPO, NLM), linearized laplace
(LL) (Foong et al., 2019) and a recent strong MCDO base-
line (MCDO2) from (Mukhoti et al., 2018). It is surprising
that, even though the current design of NOMU does not
yet explicitly incorporate data noise, it already performs
comparably to state-of-the-art results. We obtain similar
results for the UCI gap data. See Appendix B.2.7 for more
details on this experiment.

4.2. Bayesian Optimization

In this section, we assess the performance of NOMU in
high-dimensional noiselessBayesian optimization (BO).

Setting In BO, the goal is to maximize an unknown
expensive-to-evaluate function, given a budget of function
queries. We use a set of test functions with different char-
acteristics from the same library as before, but now in5 to
20 dimensionsd, transformed toX = [ � 1; 1]d; f (X ) =
[� 1; 1].9 Additionally, we again use Gaussian BNNs to
create a generative test-bed consisting of a large variety
of test functions (see Section 4.1.2). For each test func-
tion, we randomly sample8 initial points (x i ; f (x i )) and
let each algorithm choose64 further function evaluations
(one by one) using its upper UB as acquisition function.
This corresponds to a setting where one can only afford
72expensive function evaluations in total. We provide de-
tails regarding the selected hyperparameters for each algo-
rithm in Appendix B.3.1. We measure the performance of
each algorithm based on its�nal regret j maxx 2 X f (x) �
maxi 2f 1;:::; 72g f (x i )j=j maxx 2 X f (x)j.

For each algorithm, the UBs must be calibrated by choosing
appropriate values ofc. We do so in the following straight-
forward way: First, after observing the8 random initial
points, we determine those two values ofc for which the
resulting mean width (MW) of the UBs is0:05 and0:5,
respectively (MW SCALING).10 We perform one BO run
for both resulting initial values ofc. Additionally, if in a
BO run, an algorithm were to choose a pointx i 0 very close
to an already observed pointx i , we dynamically increase
c to make it select a different one instead (DYNAMIC C ;
see Appendix B.3.2 for details). A value of0:05 in MW
SCALING corresponds to small model uncertainty, such that
exploration is mainly due toDYNAMIC C . Smaller values
than0:05 thus lead to similar outcomes. In contrast, a value
of 0:5 corresponds to large model uncertainties, such that
DYNAMIC C is rarely used. Only for the “plain GP (pGP)”
we use neitherMW SCALING nor DYNAMIC C , as pGP
uses its default calibration (c is determined by the built-
in hyperparameter optimization in every step). However, a
comparison of GP and pGP suggests thatMW SCALING and
DYNAMIC C surpass the built-in calibration (see Table 4).
As a baseline, we also report random search (RAND).

Results In Table 4, we present the BO results in 5D, 10D
and 20D. We show the average �nal regret per dimension
across the �ve functions. For each algorithm and dimen-
sion, we give the results corresponding to the MW scaling
parameter (0.05 or 0.5) that minimizes the average �nal

9These functions are designed for minimization. We multiply
them by� 1 and equivalently maximize instead.

10We �x MW instead of c, since the scales of the algorithms
vary by orders of magnitude.
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Table 4.BO results: average �nal regrets per dimension and ranks
for each individual function (1=best to 7=worst).

FUNCTION NOMU GP MCDO DE HDE PGP RAND

LEVY5D 1 1 6 3 3 4 7
ROSENBROCK5D 1 1 1 1 2 5 7
G-FUNCTION5D 2 3 1 4 2 3 7
PERM5D 3 1 1 5 7 2 4
BNN5D 1 1 4 1 4 1 7

Average Regret 5D 2:87e� 2 5:03e� 2 4:70e� 2 5:18e� 2 7:13e� 2 4:14e� 2 1:93e� 1

LEVY10D 1 3 5 6 1 1 6
ROSENBROCK10D 1 1 2 6 3 2 7
G-FUNCTION10D 2 5 1 3 2 5 7
PERM10D 2 1 2 6 2 2 1
BNN10D 1 2 1 1 3 1 7

Average Regret 10D8:40e� 2 1:17e� 1 6:96e� 2 1:15e� 1 9:32e� 2 9:46e� 2 2:35e� 1

LEVY20D 1 1 5 7 1 1 6
ROSENBROCK20D 2 2 2 6 1 4 6
G-FUNCTION20D 1 4 5 1 1 3 7
PERM20D 3 5 3 2 3 3 1
BNN20D 1 2 2 2 6 1 7

Average Regret 20D1:12e� 1 1:33e� 1 1:39e� 1 1:71e� 1 1:37e� 1 1:17e� 1 2:80e� 1

regret across that dimension (see Appendix B.3.3 for both
MWs). In practice, one often only knows the dimensionality
of a given BO task, which is why we use the average �nal
regret per dimension as the criterion for setting the optimal
MW. For each individual function, we also present the ranks
based on the �nal regret and a 95% CI over 100 (5D) and 50
(10-20D) runs. We see that NOMU performs as well or bet-
ter than all benchmarks in terms of average �nal regret. By
inspecting the ranks achieved for each individual function,
we further observe that NOMU is never ranked worse than
3rd. In contrast, the performance of the benchmarks heavily
depends on the test function; and each benchmark is ranked
4th and worse multiple times. For Perm10D/20D we see
that RAND performs best. However, due to a �at optimum
of Perm, all algorithms achieve similar (very small) �nal
regrets. Finally, we see that NOMU is always ranked �rst
for the BNN test functions. Figure 6 shows the regret plot
for BNN20D (see Appendix B.3.4 for all regret plots).

Figure 6.Regret plot for BNN20D. For each BO step, we show the
regrets averaged over 50 runs (solid lines) with 95% CIs.

5. Conclusion

We have introduced NOMU, a new algorithm for estimating
model uncertainty for NNs, specialized for scarce and noise-
less settings. By using a speci�c architecture and carefully-
designed loss function, we have ensured that NOMU satis-
�es �ve important desiderata regarding model uncertainty
that any method should satisfy. However, when analyz-
ing model uncertainty decoupled from data noise, we have
experimentally uncovered that, perhaps surprisingly, estab-
lished state-of-the-art methods fail to reliably capture some
of the desiderata, even those that are required by Bayesian
theory. In contrast, NOMU satis�es all desiderata, matches
the performance of all benchmarks in regression tasks, and
performs as well or better in noiseless BO tasks. We see
great potential to further improve NOMU, for example by
adapting the loss, or by modifying the connections between
the two sub-NNs. We also envision several extensions of
NOMU, including its application to classi�cation, employ-
ing different architectures (CNNs, GNNs, RNNs or Trans-
formers), and incorporating data noise.
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Appendix

A. Theoretical Analysis of NOMU

In this section, we

1. �rst provide a theoretical motivation for the design of
NOMU and establish via Theorem A.1 a connection to
pointwise worst-case UBsUB pw; UB pw (Appendix A.1).

2. Next, we provide a Bayesian interpretation of those point-
wise worst-case UBsUB pw; UB pw and elaborate onrela-
tive uncertainties(Appendix A.2).

3. Then, we discuss the case ifH D train is not upwards di-
rectedas assumed in Theorem A.1 and further show how
we deal with this challenge(Appendix A.3).

4. Finally, we prove Theorem A.1(Appendix A.4).

A.1. Relating NOMU to Pointwise Worst-Case
Uncertainty Bounds

In this section, we provide a theoretical motivation for the
design of NOMU. To this end, we �rst de�ne worst-case
UBs. We then state a theorem connecting these worst case
bounds and NOMU's UBs via NOMU's loss function. In
what follows, we assume zero data noise� n = 0 .

Consider ahypothesis classH given as a subset of a Banach
space of functionsf : X ! Y . Furthermore, letH D train :=
f f 2 H : f (x train

i ) = ytrain
i ; i = 1 ; : : : ; n traing denote the set of

all functions from the hypothesis class that �t through the
training points and let̂f 2 H D train be a prediction function
(e.g., a NN trained onD train). Worst-case bounds within the
classH D train can be de�nedpointwise for eachx 2 X as:

UB pw(x) := inf
f 2H D train

f (x); (5)

UB pw(x) := sup
f 2H D train

f (x): (6)

By de�nition, these UBs are the tightest possible bounds
that cover everyf 2 H D train (i.e., UB pw(x) � f (x) �
UB pw(x) 8x 2 X ). From a Bayesian perspective, such
bounds correspond to credible bounds for� = 1 if the sup-
port of the prior is contained inH. Interestingly, ifH is
the class of regularized NNs, these bounds can also be in-
terpreted as an approximation of credible bounds for� < 1
with respect to a Gaussian prior on the parameters of a NN
(see Appendix A.2. for a derivation).11

In applications like BO, when optimizing an acquisition
function based on these pointwise-de�ned bounds, we re-
quire the UBs forall x 2 X . Thus, numerically optimizing
such an acquisition function is practically infeasible, as it
would require solving the optimization problems from(5)

11Standard BNNs also aim to approximate the posterior coming
from exactly this prior.

millions of times. In NOMU, we circumvent this problem
by constructing the UBs forall x 2 X simultaneously. We
can do so by only solving asingleoptimization problem,
i.e., minimizing the NOMU loss from (4).

In the following theorem, we show that these pointwise-
de�ned UBs can be computed by solving a single optimiza-
tion problem under the following assumption.

Assumption 1(UPWARDS DIRECTED) For everyf 1; f 2 2
H D train there exists anf 2 H D train such thatf (x) �
max(f 1(x); f 2(x)) for all x 2 X .

Theorem A.1 (SINGLE OPTIMIZATION PROBLEM) Let
X =

Q d
i =1 [ai ; bi ] � Rd; ai < b i , let Y = R, and let

D train be a nonempty set of training points. Furthermore,
let H D train � (C(X; Y ); k � k1 ) be compact andupwards
directedandf̂ 2 H D train . Then, for every strictly-increasing
and continuousu : R ! R, it holds that

UB pw = arg max
h2H D train

Z

X
u(h(x) � f̂ (x)) dx: (7)

In words,UB pw can be calculated via the single optimization
problem (7) onH D train.12

Proof. See Appendix A.4.

In practice, Assumption 1 can be violated such that a
straightforward calculation of the r.h.s. of(7) for an ar-
bitrary u would result in unreasonable UBs. However, for a
sensible choice ofu, NOMU's UBs based on the r.h.s. of
(7) still satisfy our Desiderata D1–D5, similar toUB pw (see
Appendix A.3 for a discussion).

The connection of NOMU's UBs to the pointwise worst-
case boundsUB pw; UB pw becomes clear by observing that
minimizing NOMU's loss functionL � (Equation(4)) can
be interpreted as solving the r.h.s of(7) for a speci�c choice
of u, whenH is the class of regularized NNs. In detail:

• Term (a) of the NOMU-loss(4) implements that̂f solves
the regression task and thusf̂ 2 H D train up to numerical
precision (if the regularization� is small enough).

• Term (b) enforceŝr f (x train
i ) � 0 and thus when de�ning

h := f̂ + r̂ f , we directly obtainh(x train
i ) � ytrain

i corre-
sponding to the constrainth 2 H D train in (7).

• While terms (a) and (b) enforce the constraints of(7),
term (c) is the objective function of(7) for the speci�c
choice ofu(z) := � e� cexpz ; cexp 2 R� 0.

12We formulate Theorem A.1 for upper UBsUB pw. The analo-
gous statement also holds for lower UBsUB pw.
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A.2. Bayesian Interpretation of Pointwise Worst-Case
Uncertainty Bounds

In this Section, we provide a Bayesian interpretation of
the pointwise worst-case UBsUB pw; UB pw and elaborate on
relative uncertainties.

In the following, we denote byNN f
� : X ! Y a (stan-

dard) NN for model predictions. Note thatNN f
� does not

represent the whole NOMU architecture but can be used as
f̂ -sub-network in the NOMU architectureNN � . Further-
more, we consider the hypothesis class of regularized NNs,

i.e., H :=
n

NN f
� : k� k2 � 


o
. Recall that one needs to

assume that the prior is fully concentrated onH in order
to interpret the pointwise UBsUB pw; UB pw as � =1 CBs.
In the following, we will present an alternative Bayesian
interpretation ofUB pw.

Many other approaches (MC dropout, BNNs) assume a
Gaussian prior on the parameters of the NNs, i.e,� �
N (0; � 2

� I ), and try to approximate the corresponding poste-
rior CBs. Interestingly,UB pw andUB pw can also be seen as
approximations of�< 1 CBs in the case of such a Gaussian
prior on the parameters. This can be seen as follows:

Let the data generating process be given asy = NN f
� + ",

with " � N (0; � 2
n).13 For a Gaussian prior on the parame-

ters� � N (0; � 2
� I ) the negative log posterior can be written

as

� log(p(� jD train)) =
1

2� 2
n

= :L ( � )
z }| {
n train
X

i =1

�
NN f

� (x train
i ) � ytrain

i

� 2

+
k� k2

2

2� 2
�

+ n train log(� n) + Cn train;� �
:

(8)

for a constantCn train;� �
:= n train

2 log(2� ) + 1
2 log(2�� 2

� ).
Then the pointwise upper UBs can be reformulated to

UB pw(x) def.= sup
f 2H D train

f (x) = lim
� n! 0

sup
f 2 ~H � n

D train

f (x) (9)

with

~H � n
D train : =

�
NN f

� :
� 2

�

� 2
n

L(� ) + k� k2
2 � 


�
(10a)

=
n

NN f
� : log(p(� jD train)) � ~
 � n

o
(10b)

where~
 � n := � 

2� 2

�
� n train log(� n) � Cn train;� �

.

Therefore, for small data noise� n � 0 we obtain from

13For simplicity we assume homoskedastic noise in this section.

Equations (9) and (10b) that

UB pw(x) � sup
�

�
NN f

� (x) : p(� jD train) > e ~
 � n

�
: (11)

In words, from a Bayesian point of view, we seek the
highest valueNN f

� (x) provided that the posterior density
p(� jD train) > e ~
 � n , which can be seen as a heuristic to ap-
proximate CBs similarly as the MAP from the parameter-
space is a commonly used heuristic to approximate the pos-
terior mean ofy.

Remark A.2 Note, that ifp(NN f
� (x)jD train) = p(� jD train)

and this posterior is unimodal,(11) corresponds to a classi-
cal highest posterior density interval (HPDI).

Thus, pointwise worst-case UBs can be seen as an alter-
native method to approximate BNN-based CBs with the
typically used Gaussian prior.

A.2.1. FROM ABSOLUTE TORELATIVE MODEL

UNCERTAINTY

If the prior scale (e.g.,
 or � � in the above mentioned
approaches) is known, in theory no further calibration is
needed and one can interpret the resulting UBs inabso-
lute terms (Kuleshov et al., 2018). However, typically, the
prior scale is unknown and the resulting UBs can only be
interpreted in terms ofrelativemodel uncertainty (i.e., how
much more model uncertainty does one have at one point
x compared to any other pointx0?) and in a second step
careful calibration of the resulting UBs is required.

Thus, there are two (almost) independent problems: First,
the fundamental concept of how to estimate relative model
uncertainty (such as MC dropout, deep ensembles, hyper
deep ensembles or NOMU) and second, the calibration of
these UBs. In this paper, we do not mix up these two
challenges and only focus on the �rst one. Furthermore,
desiderata D1–D4 and our metricsAUC andNLLmin do not
depend on the scaling of the uncertainty. Whenever we use
NLL as a metric, we make sure to calibrate the uncertainties
by a scalarc to ensure that our evaluations do not depend
on the scaling of the uncertainty predictions.

A.3. A Note on Theorem A.1

In practice, the setH D train often is not upwards directed
for typical NN-architectures and Equation (7) of The-
orem A.1 is not ful�lled in general. Indeed,h� :=
arg maxh2H D train

R
X u(h(x) � f̂ (x)) d(x) can be much

more overcon�dent thanUB pw. However, in the follow-
ing we will motivate why for a suitably chosenu the relative
model uncertainty ofh� still ful�lls the desiderata D1 (Non-
Negativity), D2 (In-Sample) and D3 (Out-of-Sample).

Remark A.3 In our proposed �nal algorithm from Section
3 NOMU, we incorporated D4 (Metric Learning) by modify-
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ing the network architecture as presented in Section 3.2.

Problem First, we give an example of a speci�c NN-
architecture, where Theorem A.1 is not ful�lled due to a
violation of the upwards directed assumption. Note that
from a Lagrangian perspective it is equivalent to add a term
� � k� k2

2 ; � � 0 to the target function of(7) instead of
boundingk� k2

2 � 
 2 as a constraint inH D train. Moreover,
for a speci�c NN-architecture it is shown that regularizing
k� k2

2 is equivalent to regularizing theL 2-norm of the second
derivative of the functionf = NN f

� (Heiss et al., 2019),
i.e., regularizing

R
X f 00(x)2 dx. If we choose for example

u = id : R ! R, then increasingh in-between the two
close points in the middle of Figure 7, would improve the
target function of(7)

R
u(h(x) � f̂ (x)) dx less than the

additional regularization cost resulting from the additional
second derivative when increasingh. Therefore,h� will
be below the mean prediction̂f in this region, break D1
(Non-Negativity), andh� 6= UB pw.

Figure 7.h� would not ful�ll D1 (Non-Negativity), if u was cho-
sen as the identity and the architecture from Heiss et al. (2019)
was used.

Solution However, if e.g., we chooseu : x 7! � e� cexpx

with cexp large enough, we highly penalizeh < f̂ , and
thus f̂ � h� D1 (Non-Negativity) is ful�lled. Since
h� 2 H D train, it follows that h� (x train

i ) � f̂ (x train
i ) = 0 for

all training points. This together witĥf � h� implies that

r
�

h� � f̂
�

(x train
i ) = 0 at the training points (in the interior

of X ), which subsequently interrupts the downwards trend
of h� � f̂ from one side of a point to the other side of a
point as depicted in Figure 8.

Figure 8.h� ful�lls D1–D3 if u prevents it from getting negative.
See Appendix D for a detailed discussion how NOMU ful-
�lls all �ve desiderata.

A.4. Proof of Theorem A.1

In the following, we prove Theorem A.4, an even more gen-
eral version of Theorem A.1. The statement of Theorem A.1
follows from Theorem A.4 by setting

1. X =
Q d

i =1 [ai ; bi ] � Rd compact,Y := R

2. � = � d, where� d is the Lebesgue measure onRd (which
is �nite on every compact set and has full support).

Theorem A.4 Let X be a nonempty topological space
equipped with a �nite measure� with full support14, letY be
a normed and totally ordered space and letD train denote a set
of observations. Moreover, letH D train � (C(X; Y ); k � k1 )
be compact, and̂f 2 H D train . Assume further thatH D train

is upwards directed (see Assumption 1). Then, for every
strictly-increasing and continuousu : Y ! R it holds that

UB pw = arg max
h2H D train

Z

X
u(h(x) � f̂ (x)) d� (x): (12)

Proof. First note that since� is �nite and h; f̂ andUB pw are
bounded sinceH D train is assumed to be compact with respect
to thek � k1 -topology, it holds that the integral in(12) is
�nite.

Let h� 2 H D train denote an optimizer of(12), which exists
sinceH D train is assumed to be compact and the operator
h 7!

R
X u(h(x) � f̂ (x)) d� (x) is continuous on thek � k1 -

topology.

We want to show thath� (x) = UB pw(x) for everyx 2 X .

Note that per de�nition for allx 2 X andh 2 H D train it
holds that

UB pw(x) = sup
f 2H D train

f (x) � h(x): (13)

ThusUB pw(x) � h� (x) for all x 2 X:

For the reverse inequality assume on the contrary that there
exists anx0 2 X such that

UB pw(x0) > h � (x0): (14)

Then, we de�nef x 0 := arg max f 2H D train
f (x0), which ex-

ists because of compactness and continuity. Sincef x 0 and
h� are both continuous andf x 0(x0) = UB pw(x0) > h � (x0)
there exists a neighbourhoodUx 0 of x0 such that

f x 0(x) > h � (x) for all x 2 Ux 0; (15)

Using theupwards directedproperty withf 1 := f x 0 and
f 2 := h� , it follows that there exists a~h 2 H D train with

~h(x) � max(f x 0(x); h� (x)) for all x 2 X: (16)

14I.e. every nonempty open set has non-zero measure.
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Using (15) together with (16) implies further that

~h(x) � h� (x) for all x 2 X and (17)
~h(x) > h � (x) for all x 2 Ux 0: (18)

However, sinceu is strictly increasing and� (Ux 0) > 0 by
the full support assumption, we get that
Z

X
u(~h(x) � f̂ (x)) d� (x) >

Z

X
u(h� (x) � f̂ (x)) d� (x);

(19)

which is a contradiction to the assumption thath� is the
optimizer of(12). Therefore, it holds thatUB pw(x) � h� (x)
for all x 2 X .

In total we get thatUB pw(x) = h� (x) for all x 2 X , which
concludes the proof.

Remark A.5 For our algorithm we selectH :=n
NN f

� : k� k2 � 

o

to be the class of regularized NNs with
a continuous activation function. Thus, the assumption of
H D train being compact and a subset ofC(X; Y ) is ful�lled.

B. Experiments

B.1. Benchmark Methods

In this Section, we give a brief overview of each considered
benchmark algorithm.

B.1.1. GAUSSIAN PROCESS(GP)

A GP de�nes a distribution over a set of functionsf f : X !
Yg where every �nite collection of function evaluations
follows a Gaussian distribution (see Williams & Rasmussen
(2006) for a survey on GPs). A GP is completely speci�ed
by ameanm : X ! Y and akernelfunctionk� : X � X !
Y , where� denotes a tuple of hyper-parameters. More
formally, for any �nite set ofk 2 N input pointsx :=
f x1; : : : ; xk g; x i 2 X and for f := ( f 1; : : : ; f k ) 2 Y k

with f i := f (x i ) it holds that

f � N k (m (x ); K � (x ; x )) ; (20)

i.e., it follows ak-dimensional Gaussian distribution with co-
variance (or Gramian) matrix[K � (x ; x )] i;j := k� (x i ; x j );
and mean vectorm (x ) := ( m(x1); : : : ; m(xk )) . Let

f � GP (m(�); k� (�; �)) ; (21)

denote a GP with mean functionm and kernelk� .

In the following, we summarize the main steps of GP re-
gression for a 1D-setting andm � 0.

1. De�ne probabilistic model:

y = f (x) + ": (22)

2. Specify prior (kernel and data noise):

f � GP (0; k� (�; �)) ; (23)

" jx � N
�
0; � 2

n(x)
�

: (24)

3. Calculate likelihood for training points x and
y := f y1; : : : ; yk g:

y jx ; � � N k
�
0; K � (x ; x ) + diag(� 2

n(x )
�

; (25)

with � 2
n(x ) :=

�
� 2

n(x1); : : : ; � 2
n(xk )

�
.

4. Optimize kernel hyper-parameters (optional):

�̂ 2 arg max
�

p(y jx ; � ): (26)

5. Calculateposterior predictive distributionfor new point
(x � ):

f (x � )jx � ; y ; x ; �̂ � N
�
�̂ (x � ); �̂ 2

f (x � )
�

; (27)

where for A :=
�
K �̂ (x ; x ) + diag(� 2

n(x )
�

and
k �̂ (x � ; x ) := ( k�̂ (x � ; x1); : : : ; k�̂ (x � ; xk )) the parameters
are given as

�̂ (x � ) := k �̂ (x � ; x )A � 1f (x ) (28)

�̂ 2
f (x � ) := k�̂ (x � ; x � ) � k �̂ (x � ; x )A � 1k �̂ (x � ; x )T : (29)

Setting the data noise to zero� n � 0 in (28)and(29)yields
the mean prediction̂f and the model uncertainty prediction
�̂ 2

f as

f̂ (x � )= k �̂ (x � ; x ) (K �̂ (x ; x )) � 1f (x ); (30)

�̂ 2
f (x � )= k�̂ (x � ; x � ) � k �̂ (x � ; x )(K �̂ (x ; x )) � 1 k �̂ (x � ; x )T;

(31)

which are then used to de�ne the Gaussian process's UBs by�
f̂ (x) � c �̂ f (x)

�
with a calibration parameterc 2 R� 0.

B.1.2. MONTE CARLO DROPOUT(MCDO)

Let NN f
� = W K � � � W K � 1 � : : : � � � W 1(x) be an

NN with K � 1 hidden layers, activation function� , and
�xed parameters� = f W 1; : : : ; W K g, which have been
trained with added dropout regularization. Furthermore,
let (p1; : : : ; pK ) denote the dropout probability vector used
when trainingNN f

� , i.e,pi determines the probability for a
single node in thei th hidden layerW i to be dropped in each
backpropagation step.15

To obtain model uncertainty one drawsM different NNs
according to the dropout probability vector and represents
model uncertainty using sample estimates of the mean and

15One could also use different probabilitiespij for each node
within a hidden layer. The equations extend straightforwardly.
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variance of the model predictions.16 These predictions are
frequently termedstochastic forward passes. More formally,
given a dropout probability vector(p1; : : : ; pK ), one draws
M realisationsf � (1) ; : : : ; � (M ) g of parameters� , where
� (m ) := f W 1;(m ) ; : : : ; W K; (m ) g. W k; (m ) is obtained from
the original hidden layerW k by dropping each column with
probabilitypi , i.e., forW k 2 Rdrow � dcol set

W k; (m ) = W k
h
z(m )

1 ; : : : ; z(m )
dcol

i
; z(m )

j 2 Rdrow (32)

wherez(m )
j :=

(
0; with probabilitypi

1; with probability1 � pi :
(33)

UBs that represent model uncertainty andknowndata noise
� 2

n are then estimated for eachx 2 X as

f̂ (x) :=
1

M

MX

m =1

NN f
� ( m ) (x); (34)

�̂ 2(x) :=
1

M

MX

m =1

�
NN f

� ( m ) (x) � f̂ (x)
� 2

| {z }
model uncertainty

+ � 2
n(x)

| {z }
data noise

:

(35)

The model uncertainty prediction̂� 2
f is then given as

�̂ 2
f (x) :=

1
M

MX

m =1

�
NN f

� ( m ) (x) � f̂ (x)
� 2

(36)

which de�nes Mc dropout's UBs as
�

f̂ (x) � c �̂ f (x)
�

with
a calibration parameterc 2 R� 0.

B.1.3. DEEPENSEMBLES (DE)

Deep ensembles consists of the following two steps:17

1. Use a NN to de�ne a predictive distributionp� (yjx),
select a pointwise loss function (proper scoring rule)
`(p� ; (x; y)) , which measures the quality of the predic-
tive distributionp� (yjx) for an observation(x; y) and
de�ne the empirical loss used for training as

L(� ) :=
X

(x;y )2 D train

`(p� ; (x; y)) : (37)

2. Use an ensemble of NNs, each with different randomly
initialized parameters to represent model uncertainty.

16Alternatively, one could also determine the UBs using empiri-
cal upper and lower quantiles of the different model predictions.

17Lakshminarayanan et al. (2017) also considered in their paper
a third step:adversarial training. However, as the authors point
out, the effectiveness of adversarial training drops quickly as the
number of networks in the ensemble increases. Therefore, we do
not consider adversarial training in this paper.

Concretely, for regression, Lakshminarayanan et al. (2017)
use a NNNN f

� with two outputs:�̂ � (mean prediction) and
�̂ �

n (data noise prediction) and train it using as pointwise
loss function the Gaussian negative log-likelihood, i.e,

p� (yjx) := N
�

y; �̂ � (x);
�
�̂ �

n(x)
� 2

�
; (38)

`(p� ; (x; y)) :=
log

� �
�̂ �

n(x)
� 2

�

2
+

(�̂ � (x) � y)2

2 (�̂ �
n(x))2 : (39)

To add model uncertainty, Lakshminarayanan et al. (2017)
use an ensemble ofM NNs fNN f

� (1) ; : : : ; NN f
� ( M ) g,

where each NN outputs a mean and data noise prediction,
i.e, for x 2 X andm 2 f 1; : : : ; M g

NN f
� ( m ) (x) :=

�
�̂ � ( m )

(x); �̂ � ( m )

n (x)
�

: (40)

This then de�nes the learned predictive distribution for each
NN in regression as

p� ( m ) (yjx) = N
�

y; �̂ � ( m )
(x);

�
�̂ � ( m )

n (x)
� 2

�
: (41)

Finally, the ensemble is treated as uniformly-weighted Gaus-
sian mixture model, i.e.,

1
M

MX

m =1

p� ( m ) (yjx); (42)

which is further approximated using a single Gaussian by
matching the �rst and second moments. The deep ensemble
predictions for the mean̂f and for the combined model
uncertainty and data noisê� 2 are given as

f̂ (x) :=
1

M

MX

m =1

�̂ � ( m )
(x); (43)

�̂ 2(x) :=
1

M

MX

m =1

�
�̂ � ( m )

n (x)
� 2

| {z }
data noise

+
1

M

MX

m =1

h
�̂ � ( m )

(x) � f̂ (x)
i 2

| {z }
model uncertainty

:

(44)

The model uncertainty prediction̂� 2
f is then given as

�̂ 2
f (x) :=

1
M

MX

m =1

h
�̂ � ( m )

(x) � f̂ (x)
i 2

: (45)

which de�nes deep ensembles' UBs as
�

f̂ (x) � c �̂ f (x)
�

with a calibration parameterc 2 R� 0.

Remark B.1 For known data noise� n, no estimation is
required and one can use an NNNN f

� with only one output
�̂ � . If additionally the data noise� n is assumed to be ho-
moskedastic, one can trainNN f

� using the mean squared
error (MSE) with suitably chosen L2-regularization param-
eter � . To obtain predictive bounds instead of credible
bounds, one can add� 2

n to (45)at the end.
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B.1.4. HYPER DEEPENSEMBLES (HDE)

Hyper deep ensembles (HDE) (Wenzel et al., 2020b) is a
simple extension of DE. In HDE, the ensemble is designed
by varying not only weight initializations, but also hyperpa-
rameters. HDE involves (i) a random search over different
hyperparameters and (ii) strati�cation across different ran-
dom initializations. HDE inherits all the components (e.g.,
the architecture, or the loss function) from DE, which are
presented in detail in Appendix B.1.3. Speci�cally, formu-
las(43) and(44) for the mean prediction̂f and the model
uncertainty prediction̂� 2

f (x) are the same for HDE.

Let NN f
� ( m ) ;� ( m ) denote a NN for model predictions with

weights� (m ) and hyperparameters� (m ) (e.g. the dropout
rate). Furthermore, letrand search (� ) denote the ran-
dom search algorithm from (Bergstra & Bengio, 2012),
where� is the desired number of different NNs with ran-
domly sampled hyperparameters.

The only difference of HDE compared to DE is the proce-
dure how the ensemble is built, which we recall in Algo-
rithm 2. Algorithm 2 uses as subprocedure Algorithm 1
from (Caruana et al., 2004), which we present �rst.

Algorithm 1 greedily grows an ensemble among a given
pre-de�ned set of modelsM , until some target sizeM is
met, by selectingwith-replacementthe NN leading to the
best improvement of a certain scoreS on a validation set.18

Algorithm 1 hyper ens (Caruana et al., 2004)

input M ,M
EnsembleE := fg ; ScoreS(�); sbest = + 1
while jE:unique() j � M do

NN f
� � 2 arg minNN f

� 2M S
�

E [ fNN f
� g

�

if S
�

E [ fNN f
� g

�
< s best then

E = E [ fNN f
� g

else
output E

end if
end while

output E

Note that the Algorithm 1 does not require the NNs to have
the same random weight initialization. However, Wenzel
et al. (2020b) consider a �xed initialization for HDE to
isolate the effect of just varying the hyperparameters.

Finally, Algorithm 2 builds an ensemble of at mostM
unique NNs which can exploit both sources of diversity:
differentrandom initializationsand different choices ofhy-
perparameters.

18Note that we use a slightly different notation than Wenzel et al.
(2020a) here.

Algorithm 2 hyper deep ens (Wenzel et al., 2020b)

input M, �
M 0 = fNN f

� ( j ) ;� ( j ) g�
j =1  rand search (� )

E0  hyper ens (M 0; M )
Estrat = fg
for all NN f

�;� 2 E0:unique() do
for all m 2 f 1; : : : ; M g do

� 0  random initialization (seed numberm)
NN f

� ( m ) ;�  trainNN f
� 0;�

Estrat = Estrat [ fNN f
� ( m ) ;� g

end for
end for

output hyper ens (Estrat ; M )

B.2. Regression

B.2.1. METRICS

In this Section, we provide details on the three metrics,
which we use to assess the quality of UBs in the regression
settings. In the following, let

�
UBc(x); UBc(x)

�
:=

�
f̂ (x) � c �̂ f (x)

�
(46)

denote UBs obtained from any of the considered models via
a model prediction̂f , a model uncertainty prediction̂� f ,
and a calibration parameterc 2 R� 0. Furthermore, we use
the following shorthand notation:

UBc(x) :=
�
UBc(x); UBc(x)

�
: (47)

In the following, let D := f (x i ; yi ) 2 X � Y; i 2
f 1; : : : ; ngg; with n 2 N denote a set of input-output points
(depending on the speci�c purpose,D would typically refer
to a validation or test set).

Mean Width vs. Coverage Probability We �rst formal-
ize the concepts of mean width (MW) and coverage proba-
bility (CP). Then we de�ne the metric AUC.

De�nition B.2 (COVERAGE PROBABILITY ) Let D denote
a set of input-output points, and letUBc denote UBs for a
calibration parameterc. Then the coverage probability is
de�ned as

CP(D j UBc) :=
1

jD j

X

(x;y )2 D

1f UB c (x ) � y � UB c (x )g: (48)

De�nition B.3 (MEAN WIDTH) Let D denote a set of
input-output points, and letUBc denote UBs for a calibra-
tion parameterc. Then the mean width is de�ned as

MW(D j UBc) :=
1

jD j

X

(x;y )2 D

jUB(x) � UB(x)j: (49)
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Remark B.4 Note that in De�nition B.3, uncovered points
at which UBs (for some �xed calibration parameterc) are
narrow have a positive effect on overall mean width. In
order not to reward such overcon�dent mispredictions, a
possible remedy is to consider in(49)only the subsetD capt �
D of input-output points captured by the UBs, i.e.,

D capt :=
�

(x; y) 2 D : UB(x) � y � UB(x)
	

:

However, focusing on captured data points only punishes
UBs that capture some points with large widths and almost
cover others with small widths unnecessarily harshly com-
pared to UBs for which the reverse is true. In other words,
a slight change in calibration parameterc can lead to very
diverse evaluations of UBs that have been assessed almost
equal under the originalc. Since ultimately we are inter-
ested in comparing UBs based on a range of calibration
parameters (see Measure 1) we decided to include all points
in the calculation of MW in our experiments.

Ideally,MW should be as small as possible, whileCPshould
be close to its maximal value1. Clearly, CP is counter-
actingMW. This naturally motivates considering ROC-like
curves, plottingMW againstCP for a range of calibration
parametersc, and comparing different UBs based on their
area under the curves(AUC).

Metric 1 (AUC) Let D denote a set of input-output points.
De�ne further c� as the minimal calibration parameter
achieving full coverage ofD for given UBsUBc, i.e.,

c� := arg min
c� 0

f CP(D j UBc) = 1 g:

AUC is then de�ned as the integral of the following curve

f (CP(D j UBc) ; MW(D j UBc)) : c 2 [0; c� ]g:19

Negative Log-likelihood Next, we �rst de�ne the second
metric: average20 negative log (Gaussian) likelihood (NLL)
and then present our third metric NLLmin.

Metric 2 (NLL) Let D denote a set of input-output points,
and letUBc denote UBs for a calibration parameterc with
corresponding model prediction̂f : X ! R and model un-
certainty prediction̂� f : X ! R� 0. ThenNLL is de�ned

19In our experiments, we approximated this integral via the
trapezoidal rule.

20We remark thatNLL can be interpreted as average marginal
predictive density over the setD , assuming these marginals are
Gaussian with mean̂f and variancec�̂ f . In particular, we refrain
from posing assumptions of posterior independence, that we be-
lieve are highly �awed, i.e.,NLL should not be interpreted as joint
negative log predictive density.

as

NLL(D jUBc) := (50)

1
jD j

X

(x;y )2 D

2

6
4

�
y � f̂ (x)

� 2

2 (c�̂ f (x))2 + ln ( c�̂ f (x))

3

7
5 + ln(2 � )=2

The �rst term inNLL measures the error of the model predic-
tion, where large errors can be attenuated by large uncertain-
ties while the second term penalizes logarithmically larger
uncertainties. Thus,NLL penalizes both over-con�dent
(c�̂ f (x) � 0) wrong predictions as well as under-con�dent
(c�̂ f (x) � 0) predictions.

We de�ne the third metric as the minimal value of theNLL
when varying the calibration parameterc.

Metric 3 (M INIMUM NLL) Let D denote a set of input-
output points, and letUBc denote UBs for a calibration
parameterc. Then NLLmin is de�ned as

NLLmin := min
c2 R� 0

NLL(D jUBc): (51)

Remark B.5 (CALIBRATION ) Different approaches of ob-
taining UBs require rather different scaling to reach similar
CP (as well as MW). For instance, as mentioned above, we
found that the calibration parameterc required to achieve
a certain value ofCP typically is larger for DE than those
of the remaining methods by a factor of approximately
10. Therefore, in practice it is important to �nd a well-
calibrated parameter c. Standard calibration techniques
can be applied to NOMU (e.g. methods based on isotonic
regression Kuleshov et al. (2018), or when assuming Gaus-
sian marginals of the posterior one can selectc as the
arg min

c2 R� 0

NLL(D jUBc) on a validation setD).

B.2.2. TOY REGRESSION: CONFIGURATION DETAILS

All NN-based methods are fully connected feed forward
NNs with ReLU activation functions, implemented inTEN-
SORFLOW.KERAS and trained for210 epochs ofTENSOR-
FLOW.KERAS' Adam stochastic gradient descent with stan-
dard learning rate 0.001 and full batch size of all training
points. Moreover, weights and biases are initialized uni-
formly in the interval[� 0:05; 0:05].

NOMU Setup For the MC-integration of the integral in
the NOMU loss(4), i.e., term (c), we usel = 128 and
l = 256 arti�cial input points (we draw new arti�cial input
points in every gradient descent step) in 1D and 2D, respec-
tively.21 For numerical stability, we use the parameters�

21In 1D, we tried MC-integration based on uniform samples
and MC-integration based on a deterministic grid, where both
approaches led to qualitatively similar results and the latter is
presented in this paper.
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Table 5.Detailed results of theAUC metric for NOMU, GP, MCDO, DE, HDE and HDE* (our HDE see Appendix B.2.2) for all ten 1D
synthetic functions. Shown are the medians and a 95% bootstrap con�dence interval over 500 runs. Winners are marked in grey.

NOMU GP MCDO DE HDE HDE*
FUNCTION AUC# 95%-CI AUC# 95%-CI AUC 95%-CI AUC# 95%-CI AUC# 95%-CI AUC# 95%-CI

ABS 0:07 [0:07, 0:08] 0:14 [0:13, 0:16] 0:16 [0:15, 0:17] 0:08 [0:07, 0:09] 1:02 [0:82, 1:20] 0:72 [0:65, 0:81]
STEP 0:29 [0:26, 0:31] 0:93 [0:85, 1:02] 0:25 [0:24, 0:27] 0:14 [0:13, 0:15] 1:90 [1:61, 2:67] 0:82 [0:66, 0:99]
K INK 0:08 [0:08, 0:09] 0:17 [0:15, 0:19] 0:22 [0:21, 0:23] 0:09 [0:07, 0:10] 1:81 [1:40, 2:31] 1:01 [0:9 , 1:24]
SQUARE 0:12 [0:11, 0:13] 0:16 [0:13, 0:19] 0:38 [0:36, 0:41] 0:14 [0:12, 0:15] 1:72 [1:50, 2:23] 1:86 [1:54, 2:53]
CUBIC 0:07 [0:07, 0:08] 0:00 [0:00, 0:00] 0:10 [0:10, 0:11] 0:10 [0:09, 0:11] 0:63 [0:54, 0:79] 0:52 [0:45, 0:66]
SINE 1 1:10 [1:03, 1:16] 1:14 [1:09, 1:2 ] 0:90 [0:87, 0:93] 1:21 [1:16, 1:26] 9:38 [7:42, 11.4] 9:75 [7:64, 12.1]
SINE 2 0:38 [0:37, 0:40] 0:42 [0:41, 0:44] 0:36 [0:35, 0:36] 0:50 [0:47, 0:53] 3:18 [2:82, 4:08] 2:43 [2:12, 3:38]
SINE 3 0:20 [0:19, 0:21] 0:31 [0:29, 0:34] 0:28 [0:26, 0:29] 0:20 [0:19, 0:21] 1:43 [1:19, 1:73] 1:33 [1:10, 1:57]
FORRESTER 0:19 [0:18, 0:20] 0:18 [0:17, 0:19] 0:26 [0:24, 0:28] 0:25 [0:24, 0:27] 1:28 [1:11, 1:51] 1:58 [1:35, 1:93]
LEVY 0:40 [0:39, 0:42] 0:53 [0:51, 0:56] 0:38 [0:36, 0:39] 0:45 [0:43, 0:48] 3:43 [2:67, 4:42] 3:58 [2:83, 4:18]

Table 6.Detailed results of theNLLmin metric (without constantln(2 � )=2) for NOMU, GP, MCDO, DE, HDE and HDE* (our HDE see
Appendix B.2.2) for all ten 1D synthetic functions. Shown are the medians and a 95% bootstrap con�dence interval over 500 runs.
Winners are marked in grey.

NOMU GP MCDO DE HDE HDE*
FUNCTION NLL MIN # 95%-CI NLLMIN # 95%-CI NLLMIN # 95%-CI NLLMIN # 95%-CI NLLMIN # 95%-CI NLLMIN # 95%-CI

ABS � 2:85 [� 2:95, � 2:80] � 2:82 [� 2:90, � 2:71] � 1:76 [� 1:80, � 1:69] � 2:91 [� 3:03, � 2:76] � 0:19 [� 0:36, 0:00] � 0:72 [� 0:82, � 0:56]
STEP � 1:04 [� 1:12, � 0:97] � 0:61 [� 0:81, � 0:49] � 0:78 [� 0:85, � 0:69] � 2:49 [� 2:59, � 2:36] 0:61 [ 0:38, 0:83] � 1:18 [� 1:42, � 0:84]
K INK � 2:74 [� 2:80, � 2:69] � 2:64 [� 2:75, � 2:54] � 1:28 [� 1:32, � 1:22] � 2:81 [� 2:93, � 2:68] 0:56 [ 0:26, 0:83] � 0:35 [� 0:46, � 0:17]
SQUARE � 2:45 [� 2:51, � 2:41] � 3:80 [� 4:21, � 3:38] � 0:56 [� 0:65, � 0:52] � 2:27 [� 2:37, � 2:16] 0:53 [ 0:31, 0:73] 0:07 [� 0:17, 0:22]
CUBIC � 2:98 [� 3:04, � 2:94] � 6:03 [� 6:15, � 5:92] � 2:41 [� 2:47, � 2:33] � 2:65 [� 2:70, � 2:59] � 0:77 [� 0:93, � 0:64] � 1:42 [� 1:63, � 1:15]
SINE 1 0:10 [ 0:04, 0:18] � 0:06 [� 0:13, 0:01] 0:09 [ 0:07, 0:13] 0:09 [ 0:04, 0:16] 1:97 [ 1:71, 2:28] 1:65 [ 1:45, 1:84]
SINE 2 � 1:35 [� 1:38, � 1:32] � 1:48 [� 1:52, � 1:42] � 1:03 [� 1:06, � 1:00] � 0:92 [� 0:96, � 0:88] 1:21 [ 0:95, 1:65] 0:45 [ 0:26, 0:73]
SINE 3 � 1:55 [� 1:61, � 1:47] � 1:69 [� 1:85, � 1:55] � 1:07 [� 1:12, � 1:01] � 1:66 [� 1:75, � 1:58] 0:26 [ 0:10, 0:40] � 0:02 [� 0:21, 0:21]
FORRESTER � 1:98 [� 2:03, � 1:91] � 2:68 [� 2:86, � 2:49] � 1:10 [� 1:19, � 1:03] � 1:75 [� 1:79, � 1:69] � 0:11 [� 0:23, 0:17] � 0:50 [� 0:65, � 0:28]
LEVY � 1:12 [� 1:14, � 1:07] � 0:93 [� 0:98, � 0:90] � 0:76 [� 0:79, � 0:73] � 1:04 [� 1:08, � 0:97] 1:35 [ 0:99, 1:53] 0:74 [ 0:53, 0:96]

that gave the best training loss during the training which are
not necessarily the ones after the last gradient descent step.

Deep Ensembles Setup We consider the proposed num-
ber of �ve ensembles (Lakshminarayanan et al., 2017) with
a single output̂� � only (accounting for zero data noise),
each with three hidden layers consisting of28; 210 and29

nodes (resulting in� 4 million parameters). We train them
on standard regularized mean squared error (MSE) with reg-
ularization parameter� = 10 � 8=ntrain chosen to represent
the same data noise assumptions as NOMU.

MC Dropout Setup The MC dropout network is set up
with three hidden layers as well, with210; 211 and210 nodes
(resulting in� 4 million parameters). Both training and pre-
diction of this model is performed with constant dropout
probability p := pi = 0 :2, proposed in (Gal & Ghahra-
mani, 2016). We perform100 stochastic forward passes.
To represent the same data noise assumptions as NOMU
and deep ensembles we set the regularization parameter to
� = (1 � p) � 10� 8=ntrain = (1 � 0:2) � 10� 8=ntrain (based on
equation (7) from (Gal & Ghahramani, 2016)).

Gaussian Process Setup Finally, we compare to a Gaus-
sian process with RBF-kernel,

k� (x; x 0) := � � e
�

�
kx � x 0k2

2
h 2

�

; (52)

with hyperparameters� := ( �; h ), where both the prior
variance parameter� and the length scale parameterh (ini-
tialized as� = h = 1 ) are optimized in the default range
[10� 5; 105] using10 restarts and the data noise level is set
to 10� 7,22.23

Hyper Deep Ensembles Setup We consider the same net-
work architectures as for DE with a single output�̂ � only
(accounting for zero data noise), each with three hidden
layers consisting of28; 210 and29 nodes (resulting in� 4
million parameters). We train them on standard regularized
mean squared error (MSE).

Furthermore, we use the following proposed parameter val-
ues from Wenzel et al. (2020b) top build the ensembles: we
considerM := 5 networks (termedK in (Wenzel et al.,
2020b)) in the �nal ensemble and search over� = 50
networks resulting fromrandom search . Moreover, as
random hyperparameters we use the proposedL2 regulariza-

22This is mainly used for numerical stability.
23We useGaussianProcessRegressorfrom SCIKIT-LEARN.
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Table 7.Aggregate results for NOMU, GP, MCDO, DE, HDE and
HDE* (our HDE see Appendix B.2.2) for the set of all ten 1D
synthetic functions. Shown are the medians and a 95% bootstrap
CI of AUC andNLLmin (without constantln(2 � )=2) across all runs.
Winners are marked in grey.

M ETHOD AUC# 95%-CI NLL MIN # 95%-CI

NOMU 0.21 [0.21, 0.22] -1.76 [-1.81, -1.72]
GP 0.33 [0.32, 0.35] -1.74 [-1.81, -1.69]
MCDO 0.30 [0.29, 0.30] -1.02 [-1.05, -0.99]
DE 0.22 [0.21, 0.23] -1.75 [-1.79, -1.70]
HDE 2.04 [1.90, 2.20] 0.59 [ 0.51, 0.66]
HDE* 1.73 [1.63, 1.84] 0.04 [-0.03, 0.10]

tion and thedropout rate , which we draw as in (Wen-
zel et al., 2020b) log-uniform from(0:001; 0:9) and(10� 8 �
10� 3; 10� 8 �103), respectively. Furthermore, we use the pro-
posed train/validation split of 80%/20% and as scoreS the
NLL �Finally, as for MCDO and DE we scale the realized L2
regularization by(1� dropout rate )=floor (0:8�n train)
chosen to represent the same data noise assumptions as
NOMU.

For our HDE version termedHDE* , we use a train/valida-
tion split of 70%/30%, draw the dropout probability from
(0:001; 0:5) and continue training the �nal ensemble again
on all n train training points (rescaling the realized L2 regular-
ization again byfloor (0:8 � n train)=ntrain).

B.2.3. TOY REGRESSION: DETAILED RESULTS

Results 1D In Table 5 (AUC) and Table 6 (NLLmin), we
present detailed results, which correspond to the presented
ranks from Table 1 in the main paper. In Table 7, we present
aggregate results, i.e., median values (incl. a95%bootstrap
con�dence interval (CI)) ofAUC andNLLmin acrossall
5000runs (500 runs for10 test functions) for each algo-
rithm. We see that NOMU performs well on both metrics
and yields numbers similar to those of DE. The GP is only
competitive onNLLmin. MCDO performs in both metrics
worse than NOMU and DE. Not surprisingly, HDE, shown
to be the state-of-the-art ensemble algorithm (Wenzel et al.,
2020b), fails to produce reliable model uncertainty esti-
mates in such a scarce and noiseless regression setting (see
Appendix B.2.4 for a discussion).

Results 2D Test functions for 2D input are taken from
the same library as in the 1D setting.24 Speci�cally, we
select the following11different test functions:Sphere, G-
Function, Goldstein-Price, Levy, Bukin N.6, Rosenbrock,
Beale, Camel, Perm, Branin, Styblisnki-Tang.

In Table 8, we present median values ofAUC andNLLmin

24sfu.ca/ ssurjano/optimization.html All test functions are scaled
to X = [ � 1; 1]2 andf (X ) = [ � 1; 1].

Table 8.Aggregate results for NOMU, GP, MCDO, DE, HDE and
HDE* (our HDE see Appendix B.2.2) for the set of all eleven 2D
synthetic functions. Shown are the medians and a 95% bootstrap
CI of of AUC andNLLmin (without constantln(2 � )=2) across all runs.
Winners are marked in grey.

M ETHOD AUC# 95%-CI NLL MIN # 95%-CI

NOMU 0.42 [0.41, 0.42] -0.99 [-1.01, -0.96]
GP 0.36 [0.36, 0.37] -1.07 [-1.09, -1.05]
MCDO 0.45 [0.44, 0.45] -0.61 [-0.62, -0.60]
DE 0.42 [0.41, 0.43] -0.95 [-0.97, -0.93]
HDE 5.06 [4.75, 5.49] 1.74 [ 1.66, 1.84]
HDE* 6.33 [5.87, 6.75] 1.58 [ 1.51, 1.67]

acrossall 5500 runs (500 runs for 11 test functions) for each
algorithm. We also provide a 95% bootstrap con�dence
interval (CI) to assess statistical signi�cance. We observe
a similar ranking of the different algorithms as in 1D, i.e.,
NOMU and DE are ranked �rst inAUC; and the GP is
ranked �rst in NLLmin followed by NOMU and DE, who
share the second rank.

B.2.4. TOY REGRESSION: DETAILED

CHARACTERISTICS OFUNCERTAINTY BOUNDS

UB Characteristics in 1D Within the one-dimensional
setting, characteristics of NOMU UBs can be nicely com-
pared to those of the benchmark approaches. Figure 9 ex-
emplarily shows typical outcomes of the UBs on a number
of selected test functions as obtained in one run.

• Deep Ensembles UBs:Throughout the experiment, we
observe that deep ensembles, while sometimes nicely cap-
turing increased uncertainty in regions of high second
derivative (e.g. around the kink in Figure 9e; pursuant
in some form desiderata D4), still at times leads to UBs
of somewhat arbitrary shapes. This can be seen most
prominently in Figure 9b aroundx � � 0:25, in Figure 9f
aroundx � � 0:8 or in Figure 9d aroundx � 0:2. More-
over, deep ensembles' UBs are very different in width,
with no clear justi�cation. This can be seen in Figure 9b
when comparing the UBs forx � 0 against the UBs for
x � 0 and at the edges of the input range in Figures 9a
and 9f In addition, we frequently observe that deep en-
sembles UBs do not get narrow at training points, as for
instance depicted in Figure 9c forx < � 0:5, in Figure 9f
for x > 0:2, or in Figure 9d forx 2 [� 1; � 0:7] and thus
are not able to handle well small or zero data noise.

• Hyper Deep Ensembles UBs:Throughout our exper-
iments, HDE produces less accurate UBs, which vary
more from one run to another, than DE (recall that here
we consider the setting of noiseless scarce regression).
Possible reasons for this are:
1. The scarcity of training/validation data. HDE trains
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(a) Sine 3

(b) Step

(c) Squared (GP would not behave reasonable for standard hyper-parameters in this instance, so we changed the range for the prior
variance parameter� to be[10� 5 ; 4].)

(d) Forrester
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(e)Kink

(f) Levy

Figure 9.Visualisations of resulting UBs for NOMU, GP, MCDO, DE, HDE and HDE* for a selection of test functions.

its NNs based on 80% of the training points and uses
the remaining 20% to build an ensemble based on a
score, whilst the other methods can use 100% of the
training points for training. In a scarce data setting this
implies that �rst, the mean prediction of HDE does
not �t through all the training points, and second, the
scoring rule is less reliable.

2. In a noiseless setting one already knows that the L2
regularization should be small, and thus optimizing
this parameter is less useful here.

Therefore, we believe HDE is less well suited in a noise-
less scarce regression setting to reliably capture model
uncertainty. This manifests in Figure 9. HDE's uncer-
tainty bounds often do not narrow at training points (Fig-
ures 9a–9c and 9e), while they suggest unreasonably over-
con�dent mean predictions in some regions (Figures 9b
and 9d). While our HDE* (see Appendix B.2.2 Hyper
Deep Ensembles) manages to better narrow at training
data, it tends to more frequently result in unnecessarily
narrow bounds (Figures 9a, 9c and 9d). Overall, both
HDE and HDE* vary a lot from run to run and thus tend
to yield bounds of seemingly arbitrary shapes, where in
each run the desiderata are captured in different regions.

• MC Dropout UBs: MCDO consistently yields tube-like

UBs that do not narrow at training points. Interestingly,
we remark that throughout the experiment MCDO sam-
ples frequently exhibit stepfunction-like shapes (see e.g.
Figure 9d atx � 0:5 or Figure 9b forx 2 [� 0:5; 0]). This
effect intensi�es with increasing training time.

• NOMU UBs: In contrast, NOMU displays the behaviour
it is designed to show. Its UBs nicely tighten at training
points and expand in between and thus NOMU ful�lls
D1–D3 across all considered synthetic test functions.

• Gaussian Process UBs: The quality of the RBF-
Gaussian process' UBs (as judged in this simulated set-
ting) naturally varies with the true underlying function.
While the UBs nicely capture parts of the true function
with low widths in Figures 9c and 9d they have a hard
time accurately enclosing true functions that are not as
conformant with the prior belief induced by the choice
of the RBF kernel (e.g. Figures 9b and 9e). Nonetheless,
we also observe instances in which the training points
are misleading to the GP's mean predictions even when
considering ground truth functions for which this choice
of kernel is very suitable. This manifests in over-con�dent
mean predictions far away from the data generating true
function (Figure 9a) or over-swinging behavior of the �t-
ted mean (Figure 9f). It is true that one could �nd better
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Figure 10.Contour plot of the 2D Styblinski test function.

Figure 11.Estimated model uncertaintŷ� f of NOMU for a single
run of the Styblinski test function.

function-speci�c kernels. However, the RBF kernel is a
good generic choice when evaluated across many differ-
ent test functions without any speci�c prior information,
which is why we choose this kernel for our comparison.

UB Characteristics in 2D To visualize the UBs in 2D,
we select as the ground truth theStyblinskitest function
depicted in Figure 10. In Figure 11 (NOMU) and Figure 12
(benchmarks), we visualize the estimated model uncertainty
as obtained in one run for thisStyblinskitest function.

• NOMU (Figure 11): As in 1D, we observe that NOMU's
UBs nicely tighten at input training points and ex-
pand in-between, with overall steady shapes. Speci�-
cally, NOMU's UBs are larger for extrapolation, e.g.,
[0; 1]� [0:5; 1], compared to regions which aresurrounded
by input training data points, e.g.,[� 0:25; 0:25] �
[� 0:25; � 0:75], even though the distance to the closest
input training point is approximately the same. Thus,
NOMU's UBs do not only depend on the distance to the
closest training point but rather on the arrangement of all
surrounding training points.

• Benchmarks (Figure 12): As in 1D, we see that the
RBF-based GP's UBs do have the expected smooth and

isotropic shape with zero model uncertainty at input train-
ing points. Moreover, as in 1D, MCDO's UBs exhibit a
tubular shape of equal size (� 0–0.25) across the whole
input space. Whilst DE nicely captures zero model uncer-
tainty at input training points, it again exhibits the some-
how arbitrary behaviour in areas with few input training
points. Both HDE and HDE* yield model uncertainty
estimates that are small at input training points, except for
HDE for one input training point(x1; x2) � (0:6; 0:2),
where the estimated model uncertainty is only small when
continuing training on all training points (see HDE*).
However, these estimates drastically fail to capture in-
creased uncertainty in out-of-sample regions. For both al-
gorithms, the model uncertainty estimate is unreasonably
low in most regions of the input space and inexplicably
high in a tiny fraction of the input space.

(a) GP with calibration constantc = 1 .

(b) MCDO with calibration constantc = 10 .

Figure 12.Estimated model uncertainty of Gaussian process (GP)
and MC dropout (MCDO) for a single run of the Styblinski test
function.
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(c) DE with calibration constantc = 15 .

(d) HDE with calibration constantc = 30 .

(e)HDE* with calibration constantc = 30 .

Figure 12.(cont.) Estimated model uncertainty of deep ensembles
(DE), hyper deep ensembles (HDE) and HDE* for a single run of
the Styblinski test function.

B.2.5. GENERATIVE TEST-BED: DETAILS

In this section, we give a detailed description of the genera-
tive test-bed setting and provide further results for up to20
dimensional input.

Detailed Setting

1. We sample a test-function (i.e. the ground truth func-
tion) f : [� 1; 1]d ! R from a BNN with i.i.d Gaus-

sian weights. This means we sample i.i.d random pa-
rameters� i � N (0; � prior) and setf = NN � . The
BNN is set up with three hidden layers with210; 211

and210 nodes, respectively. We choose� prior such that

E�

hp
V x [NN � (x) j � ]

i
� 1:25 Resulting values for

� prior are shown in Table 9.

Table 9.� prior depending on the input dimensiond.

d � PRIOR

1 0:114
2 0:102
5 0:092
10 0:084
20 0:070

2. We samplen train = 8 � d input training points uniformly at
random from the input space[� 1; 1]d for Tables 2 and 10.
In the case of Table 11, we samplen train = 8 � d input
training points fromd-dimensional centered normal dis-
tribution with a covariance withmin(5; d) eigenvalues
of value0:15 and the remaining eigenvalues only have
the value0:001. In both cases we get for input training
point x train

i the corresponding noiseless output-training
point ytrain

i = f (x train
i ) = NN � (x train

i ). And in both cases
we createn test = 100 � d test-data points from the same
distribution as the training data points.26

3. We calculate UBs of all considered algorithms including
NOMU. For this, we use for all algorithms the same con-
�guration as in the 1D and 2D toy regression settings (see
Section 4.1.1 and Appendix B.2.2) except for NOMU,
where we set̀min = 0 :1, `max = 1 and usel = 100 � d
arti�cial data points, whered denotes the respective di-
mension.

4. We measure the quality of the UBs viaNLL for a �ne
grid of different values for the calibration parameterc.

We repeat these four stepsmseeds = 200-times. Then we
choose for each method the valuec where the averageNLL
is minimal. Importantly, the chosen calibration constantc
onlydepends on the input-dimensiond and on the algorithm
but not on the randomly chosen test-functionf . In Table 10
and Table 11 we report the mean and a 95% CI over these
200 runs for the chosen calibration constantc.

25E�

hp
V x [NN � (x) j � ]

i
� 1 holds true for x �

Unif
�
[� 1; 1]d

�
. This might deviate (slightly) for Gaussianx.

26Note that we sample the arti�cial data points for NOMU
always uniformly from[� 1; 1]d , since we assume that the low-
dimensional manifold is often unknown in practice. NOMU could
probably be improved if one tries to learn the distribution of the
input data or if one already had some prior information about the
distribution of the input data points. It is good to see how robustly
NOMU can handle a different distribution of the input data points
without the need to adapt the distribution of the arti�cial data
points.
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Table 10.Uniform data generation. Shown are averageNLL (with-

out constantln(2 � )=2) and a 95% CI over 200 BNN samples.

FUNCTION NOMU GP MCDO DE HDE TUBE

BNN1D -1.65� 0.10 -1.08� 0.22 -0.34� 0.23 -0.38� 0.36 8.47� 1.00 -0.86� 0.19
BNN2D -1.16� 0.05 -0.52� 0.11 -0.33� 0.13 -0.77� 0.07 9.10� 0.39 -0.81� 0.06
BNN5D -0.37� 0.02 -0.33� 0.02 -0.05� 0.04 -0.13� 0.03 8.41� 1.00 -0.33� 0.02
BNN10D -0.09� 0.01 -0.11� 0.01 0.06� 0.02 0.10� 0.01 6.44� 1.36 -0.12� 0.01
BNN20D 0.15� 0.01 0.06� 0.01 0.18� 0.01 0.30� 0.01 3.58� 0.81 0.07� 0.01

Discussion of the Results in Table 10 We see that for
d � 5 NOMU signi�cantly outperforms all other consid-
ered benchmarks. For dimensionsd � 10 it gets harder
to �nd a good metric for measuring the quality of the un-
certainty bounds: For high dimensions almost no test data
point sampled uniformly from[� 1; 1]d is close to the train-
ing data points, so they all have quite high uncertainty. We
further veri�ed this for dimensionsd = 10 andd = 20 by
introducing another algorithm we callTUBE. TUBE uses
NOMU's mean prediction and assigns the same (calibrated)
constant uncertaintyc to all test data points. As we can
see in Table 10,TUBE is ranked �rst (en par with GP) in
d = 10 andd = 20, highlighting that the metricNLL is
�awed in this setting for dimensionsd � 10. However,
for dimensionsd � 5 the trivial TUBE algorithm is signif-
icantly outperformed by other methods. Thus, theNLL-
metric for dimensionsd � 10 and uniformly distributed
data on[� 1; 1]d mainly measures if D3 (Out-of-Sample) is
reliably ful�lled. D3 (Out-of-Sample) is particularly reliably
ful�lled for TUBE and for GP. For BO however, especially
D2 (In-Sample) is important to not get stuck in local optima,
because in BO the test data-points are not uniformly dis-
tributed, and the predicted uncertainty close to the training
points is particularly important. Therefore, in this setting,
we only include results for input dimensions 1-5D (see Ta-
ble 2) in the main part of the paper.

Discussion of the Results in Table 11 Another approach
to circumvent the problem that theNLL metric lose their rel-
evance for scenarios where the input test data points are all
far away from the input training data points is to use a differ-
ent distribution forX . The well known manifold-hypothesis
(Cayton, 2005) states that in typical real world data-sets
relevant input data points lie close to a low-dimensional
manifold. Therefore, we run a further experiment where
we sample from our training and test data from a Gaussian
distribution that concentrates mainly close to amin(d;5)-
dimensional �at manifold as described in Item 2 and report
the results in Table 11. For this experiment we see that
dimensiond � 10 are interesting too, sinceTUBE is signi�-
cantly beaten by NOMU and GP. In Table 11 one can see
that NOMU is among the best methods for all considered
dimensions.

Table 11.5D-Gaussian data generation. Shown are averageNLL
(without constantln(2 � )=2) and a 95% CI over 200 BNN samples.

FUNCTION NOMU GP MCDO DE HDE TUBE

BNN1D -1.91� 0.13 -1.13� 0.27 -0.49� 0.16 -0.27� 0.54 8.95� 1.18 -0.85� 0.13
BNN2D -1.55� 0.05 -0.85� 0.12 -0.62� 0.13 -1.15� 0.08 7.92� 0.42 -0.95� 0.11
BNN5D -0.77� 0.02 -0.72� 0.02 -0.47� 0.03 -0.55� 0.03 9.68� 1.08 -0.68� 0.02
BNN10D -1.36� 0.01 -1.31� 0.01 -1.08� 0.03 -1.14� 0.02 5.16� 1.55 -1.25� 0.01
BNN20D -1.70� 0.01 -1.72� 0.01 -1.52� 0.02 -1.53� 0.01 0.99� 0.39 -1.68� 0.01

Our Generative Test-Bed vs. Osband et al. (2021)Os-
band et al. (2021) measures the Kullback–Leibler diver-
gence between the posterior of any method to the posterior
of shallow GP with a �xed (deep) neural tangent kernel
(NTK). Thus, they evaluate methods by their similarity to a
NTK-GP posterior. Because of the �xed kernel the posterior
of the NTK GP does not ful�ll D4 (Metric Learning) at all.
This implies that their evaluation metric does not reward D4
(Metric Learning) at all. However, we think that D4 (Metric
Learning) is very important for real-world deep learning
applications (see Footnote 4 and Appendix D.4). The pos-
terior of a �nite-width BNN ful�lls D4 (Metric Learning).
Therefore, approximating such a posterior is more desirable.
However, in contrast to the NTK-GP posterior in (Osband
et al., 2021), there is no closed formula for a �nite-width
BNN posterior. Thus, at �rst sight one cannot straightfor-
wardly evaluate methods based on the Kullback–Leibler
divergence between their posterior and this intractable BNN
posterior as in Osband et al. (2021).

Nonetheless, in the following, we proof in Theorem B.7
that the metric we use in Tables 2, 10 and 11 indeed con-
verges (up to a constant)27 to the average Kullback–Leibler
divergence�dKL to the posterior of a �nite width BNN as
mseeds tends to in�nity. First, we de�ne the average Kull-
back–Leibler divergence�dKL and introduce some notation.

De�nition B.6 (AVG KULLBACK –LEIBLER DIVERGENCE)
Let D train be a �nite set of training points and consider a
prior distribution28 P[f 2 � ] on the function spacef f :
X ! Yg and the corresponding posteriorP[f 2 � j D train]
on the function space. Then the marginal of the posterior
P[f (x) 2 � j D train; x] is a measure onR for every given
input data pointx 2 X and every given training data set
D train. LetQ [� j D train; x] also be a measure onR for every
given input data pointx 2 X and every given training data
setD train.29 The average Kullback–Leibler divergence is then
de�ned as

�dKL = ED train;x [dKL (P[f (x) 2 � j D train; x] jj Q [� j D train; x])] ;

27If we are just interested in the relative performance of different
methods compared to each other, the constant does not matter.

28In our generative test-bed the prior distribution is a BNN prior
with i.i.d centered Gaussian weights.

29In our contextQ [� j D train; x] can be the approximation of the
marginal posterior atx 2 X given training dataD train obtained
from any method such as NOMU, GP, MCDO, DE, HDE etc.
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where the expectation is taken overx andD train according
to P, anddKL is the classical Kullback–Leibler divergence
between two probability measures onR. This is equivalent
to Equation (1) from (Osband et al., 2021).

Theorem B.7 Using the notation from De�nition B.6,
let q(� j D train; x) be the density ofQ [� j D train; x] on
R. Let (f j (x j ); D train

j ; x j ) j 2f 1;:::;m seedsg be i.i.d samples of
P[(f (x); D train; x) 2 � ].30 Then, the average NLL

lim
m seeds!1

1
mseeds

m seedsX

j =1

� log
�
q(f j (x j ) j D train

j ; x j )
�

= �dKL+ CP

converges in probability to�dKL up to an additive constant
CP, whereCP only31 depends onP and not onQ.

Proof. Let p be the density ofP[(f (x); D train; x) 2 � ] and
p(� j D train; x) the density onR of the marginal posterior
P[f (x) 2 � j D train; x]. Further we writep(D train; x) for the
density of of the marginalP[(D train; x) 2 � ] evaluated at
(D train; x). Since

lim
m seeds!1

1
mseeds

m seedsX

j =1

� log
�
q(f j (x j ) j D train

j ; x j )
�

can be seen as a Monte-Carlo approximation, it converges
in probability to

Ef (x ) ;D train;x [� log (q(f (x) j D train; x))] =

=
Z

� log (q(f (x) j D train; x)) p(f (x); D train; x)d(f (x); D train; x) =

=
Z

� log (q(f (x) j D train; x)) p(f (x) j D train; x)p(D train; x)d(f (x); D train; x):

By Fubini this is equal to

Z Z
� log (q(f (x) j D train; x)) p(f (x) j D train; x)d(f (x))p(D train; x)d(D train; x) =

= ED train;x

" Z
� log (q(f (x) j D train; x)) p(f (x) j D train; x)d(f (x))

| {z }
H (P[f (x )2� j D train;x ];Q[� j D train;x ])

#

;

30We formulate the theorem for the hardest case ofn test = 1 .
The convergence in probability of

lim
m seeds!1

1
mseeds

m seedsX

j =1

1
n test

n test
X

i =1

� log
�
q(f j (x j;i ) j D train

j ; x j;i )
�

= �dKL + CP

is obviously even faster forn test > 1. For the proof it is only
important thatmseeds! 1 . If one formulates the theorem for gen-
eraln test > 1, one has to formulate that(D train

j ) j 2f 1;:::;m seedsg are
i.i.d, but (f j (x j;i ); x j;i ) i 2f 1;:::;n testg are only conditionally inde-
pendent conditioned onD train

j , which would make the presentation
unnecessarily technical.

31P does not depend on the chosen method. OnlyQ (and ac-
cordinglyq) differs among the methods. Thus,CP does not change
the ranking amongst different methods.

whereH is the cross-entropy. So this is further equal to

ED train;x [dKL (P[f (x) 2 � j D train; x] jj Q [� j D train; x])] +

ED train;x [H (P[f (x) 2 � j D train; x])] =

= �dKL + CP;

whereCP = ED train;x [H (P[f (x) 2 � j D train; x])] only de-
pends onP and not onQ or q.

To apply Theorem B.7 to the metrics reported in Tables 2,
10 and 11 one has to apply Footnote 30 and has to set
q(� j D train; x) to be the density corresponding to the al-
ready calibrated uncertainty atx obtained from any method
trained onD train, i.e., for example letc be a �tted calibra-
tion parameter, and̂f and�̂ be the �tted model and model
uncertainty prediction of NOMU thenq(� j D train; x) :=
N (�; f̂ (x); c � �̂ (x)) for x 2 X .32 In our setting, we made
sure that the correct calibration constantc is chosen in the
limit mseeds! 1 , since we chose one �xed value forc per
dimension and method and do not over-�t on speci�c seeds.

B.2.6. SOLAR IRRADIANCE TIME SERIES: DETAILS

Con�guration Details We use for all algorithms the same
con�guration as in the 1D and 2D toy regression setting (see
Section 4.1.1 and Appendix B.2.2) except that we now train
all algorithms for214 epochs and set as L2-regularization
� = 10 � 19 for NOMU, � = 10 � 19=ntrain for DE, and
� = (1 � 0:2) � 10� 19=ntrain for MCDO. For HDE we ac-
cordingly draw the L2 regularization parameter log-uniform
from (10� 19 � 10� 3; 10� 19 � 10+3 ) (which affects the L2-
regularization parameter of HDE* in the same way as in
Appendix B.2.2).

Results Figure 13 visualizes the UBs from NOMU and
the benchmark algorithms. As becomes evident, NOMU
manages to best �t the training data33, while keeping model
uncertainty in-between training points. The corresponding
metrics for this speci�c run are given in Table 12.

B.2.7. UCI DATA SETS: DETAILS

To get a feeling for how well NOMU (without data noise
extensions or hyperparameter tuning) performs in noisy
regression with high-dimensional input, we test our algo-

32In theory, more general posteriors than Gaussians could be
used too, but within this paper we always assumed Gaussian
marginals of the posterior as all the considered benchmarks also
output Gaussian distributed approximations of the marginal poste-
riors.

33(Gal & Ghahramani, 2016) consider the same data set to
compare UBs of MC dropout and GPs. In this work however, NNs
are trained for106 epochs possibly explaining why MC dropout
more nicely �ts the training data in their case.
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Figure 13.Visualization of each algorithm's model prediction (solid lines) and UBs (shaded areas) on the solar irradiance data set.
Training and test points are shown as black dots and red crosses, respectively. We present UBs obtained by NOMU (c=2) compared to the
benchmarks MC dropout (MCDO) (c=5), deep ensembles (DE) (c=5), Gaussian process (GP) (c=1) and hyper deep ensembles (HDE)
(c=15) and (HDE*) (c=40). Additionally, NOMU's estimated and scaled model uncertainty2�̂ f is shown as a dotted line.


