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Abstract
Offline reinforcement learning (RL) enables ef-
fective learning from previously collected data
without exploration, which shows great promise
in real-world applications when exploration is ex-
pensive or even infeasible. The discount factor,
γ, plays a vital role in improving online RL sam-
ple efficiency and estimation accuracy, but the
role of the discount factor in offline RL is not
well explored. This paper examines two distinct
effects of γ in offline RL with theoretical analy-
sis, namely the regularization effect and the pes-
simism effect. On the one hand, γ is a regula-
tor to trade-off optimality with sample efficiency
upon existing offline techniques. On the other
hand, lower guidance γ can also be seen as a
way of pessimism where we optimize the policy’s
performance in the worst possible models. We
empirically verify the above theoretical observa-
tion with tabular MDPs and standard D4RL tasks.
The results show that the discount factor plays
an essential role in the performance of offline RL
algorithms, both under small data regimes upon
existing offline methods and in large data regimes
without other conservative methods.

1. Introduction
Online reinforcement learning has achieved great success
in various domains, including video games (Mnih et al.,
2015), class games (Silver et al., 2016) and continuous
control (Lillicrap et al., 2015). However, it requires ex-
tensive interaction with the environment to learn through
trial-and-error. In many real-world problems, like personal-
ized recommendation systems (Swaminathan & Joachims,
2015) and autonomous driving (Shalev-Shwartz et al., 2016;
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Dataset size/quality w other pes-
simisms

w\o other pes-
simisms

Large, good coverage pessimism ef-
fect X

Small or bad coverage regurlarization
effect X

Table 1. The applicability of a lower guidance discount factor.

Singh et al., 2020), exploration can be expensive and unsafe,
which requires conducting RL in a supervised manner. In
contrast, offline RL (Levine et al., 2020; Fujimoto et al.,
2019) enables learning from previously collected datasets,
which shows great potential for real-world applications.

One of the major challenges of offline RL comes from the
distributional shift between the data collection policy and
the learned policy (Levine et al., 2020), and the direct ap-
plication of online RL algorithms is known to lead to poor
performance (Fujimoto et al., 2019). One paradigm for algo-
rithm design in offline RL incorporates proper conservatism
to the learning algorithm. There are several conservative
methods in existing empirical literature, including policy
regularization (Fujimoto et al., 2019; Peng et al., 2019; Ku-
mar et al., 2020), ensemble-based uncertainty (Wu et al.,
2021; An et al., 2021) and model-based penalty (Yu et al.,
2021; 2020; Kidambi et al., 2020).

However, as an essential number in RL, the discount factor
already provides a natural way of conservatism. The effect
of γ is extensively discussed in online RL and specifically
TD-learning. For instance, Jiang et al. (2015) shows that
the discount factor can be regarded as a complexity control
parameter for the class of policies. Amit et al. (2020) shows
that it is equivalent to L2-regularization of Q-values in TD-
learning to improve generalization. However, the analysis
of the role of γ in the context of offline RL is missing, which
naturally leads to the following question:

What are the roles of the discount factor in the context of
offline RL, and how does it contribute to proper

conservative offline RL methods?

In this paper, we examine the two roles of the discount fac-
tor in offline RL that affect the performance in two distinct
ways. First, we show that γ plays as a regulator upon exist-
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ing conservative methods and achieves a trade-off between
optimality and sample efficiency. Second, we show that a
lower discount factor resembles model-based pessimism. A
lower discount factor is equivalent to maximizing the value
function in the worst possible models among a confidence
set. We summarize the applicability of the two effects in
Table 1. To give a rigid characterization, we analyze the
two effects above under the context of linear MDPs and
derive two different performance bounds. These quantitive
results also characterize how the impact of a lower guidance
discount factor relies on other factors like the size of the
dataset and the coverage coefficient in terms of optimal poli-
cies. We empirically verify the two effects on both tabular
MDPs and the standard D4RL benchmark (Fu et al., 2020).
Results indicate that the discount factor can significantly
affect the performance of offline RL algorithms, both under
small data regimes upon existing pessimism and in large
data regimes without other pessimisms. We believe that our
findings highlight the importance of setting a proper lower
discount factor in offline RL practices.

1.1. Related Works

Role of Discount Factor. The discount factor is exten-
sively analyzed in online RL. Petrik & Scherrer (2008) first
shows that the approximation error bounds may be tightened
with a lower discount factor in online RL. Jiang et al. (2015)
gives a more rigorous analysis by analyzing the size of po-
tentially optimal policy class; Amit et al. (2020) points
out the equivalence between the L2 regularization and a
smaller discount factor in TD-learning. Zhang et al. (2020)
analyzes the discount factor in actor-critic algorithms from
a bias-variance-representation trade-off perspective. In the
practical aspect, Chen et al. (2018) observes a similar regu-
larization effect in partial observable settings; Fedus et al.
(2019) uses a geometry discount factor to learn multiple
values in an ensemble way. Some works (Xu et al., 2018;
Sherstan et al., 2020; Romoff et al., 2019) suggest learning
a sequence of value functions with lower discount factors
for online RL.

Convervatism in Offline RL. There are extensive works
on the conservative offline RL, which can be roughly divided
into policy constraint-based and uncertainty estimation-
based. Policy constraint methods attempt to enforce the
trained policy to be close to the behavior policy via intro-
ducing a generative model (Fujimoto et al., 2019; Fujimoto
& Gu, 2021), KL-divergence (Peng et al., 2019; Nair et al.,
2020; Siegel et al., 2020; Wu et al., 2019) or value function
regularization (Kumar et al., 2020; Agarwal et al., 2020;
Kostrikov et al., 2021). Some more recent policy constraint
methods (Yang et al., 2021; Ma et al., 2021; Ghasemipour
et al., 2021; Kostrikov et al., 2021; Brandfonbrener et al.,
2021) also suggested that only trusting the state-action pairs

given in the dataset can solve complex tasks well. As for the
uncertainty estimation of model-free methods, researchers
attempt to take into account the confidence of the Q-value
prediction using dropout or ensemble techniques (Wu et al.,
2021; An et al., 2021). Differently, model-based offline
methods incorporate the uncertainty in the model space (Yu
et al., 2020; 2021; Kidambi et al., 2020).

In addition, there are also some theoretical results for pes-
simism in offline RL. Jin et al. (2021) proves that using a
negative bonus from the online exploration is sufficient for
offline RL. Rashidinejad et al. (2021) proves that a UCB-
like penalty is provably sufficient in tabular settings. Uehara
& Sun (2021) studies the properties of model-based pes-
simisms under partial coverage.

2. Preliminaries
We consider infinite-horizon discounted Markov Decision
Processes (MDPs), defined by the tuple (S,A,P, r, γ),
where S is a state space, A is a action space, γ ∈ [0, 1)
is the discount factor and P : S×A → ∆(S), r : S×A →
[0, rmax] are the transition function and reward function, re-
spectively. We also assume a fixed distribution µ0 ∈ ∆(S)
as the initial state distribution.

To make our analysis more general, we consider the linear
MDP (Yang & Wang, 2019; Jin et al., 2020) as follows,
where the transition kernel and expected reward function are
linear with respect to a feature map. Note that tabular MDPs
are linear MDPs with the canonical one-hot representation.

Definition 2.1 (Linear MDP). We say an infinite-horizon
discounted MDP (S,A,P, r, γ) is a linear MDP with
known feature map φ : S × A → Rd, ψ : S → Rl if
there exist an unknown matrix parameter M ∈ Rd×l and an
unknown vector parameter θ ∈ Rd such that

P(s′ | s, a) = φ(s, a)>Mψ(s′),

E
[
r(s, a)

]
= φ(s, a)>θ (1)

for all (s, a, s′) ∈ S×A×S . And we assume ‖φ(s, a)‖∞ ≤
1, ‖ψ(s′)‖∞ ≤ 1 for all (s, a, s′) ∈ S × A × S and
max{‖M‖2, ‖θ‖2} ≤

√
d.

A policy π : S → ∆(A) specifies a decision-making
strategy in which the agent chooses its actions based on
the current state, i.e., at ∼ π(· | st). The value function
V πγ,M : S → R is defined as the γ-discounted sum of future
rewards starting at state s for policy π in model M , i.e.

V πγ,M (s) = Eπ
[ ∞∑
t=0

γtr(st, at)
∣∣∣ s0 = s

]
, (2)

where the expectation is with respect to the trajectory τ
induced by policy π. The action-value function Qπ : S ×
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A → R is similarly defined as

Qπγ,M (s, a) = Eπ
[ ∞∑
t=0

γtr(st, at)
∣∣∣ s0 = s, a0 = a

]
. (3)

We overload the notation and define Vγ,M (π) as the ex-
pected γ-discounted value of policy π under the initial dis-
tribution µ0, i.e. Vγ,M (π) = Es0∼µ0 [V πγ,M (s0)], and simi-
larly we have Qγ,M (π) = Es0∼µ0

a0∼π
[Qπγ,M (s0, a0)]. When it

does not lead to confusion, we omit the index for γ and M
for simplicity.

We define the Bellman operator as

(Bγf)(s, a) = E
[
r(s, a) + γf(s′)

]
, (4)

for any f : S → R and γ ∈ [0, 1). The optimal Q-
function Q∗, and the optimal value function V ∗ are related
by the Bellman optimality equation

V ∗γ,M (s) = max
a∈A

Q∗γ,M (s, a),

Q∗γ,M (s, a) = (BγV ∗γ,M )(s, a), (5)

while the optimal policy is defined as

π∗γ,M (· | s) = argmax
π

Ea∼πQ∗γ,M (s, a).

We define the suboptimality as the performance difference
of the optimal policy π∗γ and the policy π given the initial
distribution µ0 evaluated with discount factor γ. That is

SubOpt(π; γ) = Vγ,M (π∗γ)− Vγ,M (π), (6)

We also define the suboptimality for each state, that is

SubOpt(π, s; γ) = V
π∗γ
γ,M (s)− V πγ,M (s).

2.1. Pessimistic Offline Algorithms

In this section, we sketch two offline algorithms to character-
ize the effect of a lower guidance discount factor. The first
one is pessimistic value iteration (PEVI; Jin et al., 2021), as
shown in Algorithm 1, which uses uncertainty as a negative
bonus for value learning. The second one is model-based
pessimistic policy optimization (MBPPO; Uehara & Sun,
2021), as shown in Algorithm 2, which optimizes the worst
possible performance of a policy over a set of models.

PEVI uses negative bonus Γ(·, ·) over standard Q-value es-
timation Q̂(·, ·) = (B̂γ V̂ )(·) to reduce potential bias due to
finite data, where B̂γ is the empirical estimation of Bγ from
dataset D. We use the notion of ξ-uncertainty quantifier as
follows to formalize the idea of pessimism.

Definition 2.2 (ξ-Uncertainty Quantifier). We say Γ : S ×
A → R is a ξ-uncertainty quantifier for B̂γ and V̂ if with
probability 1− ξ,∣∣(B̂γ V̂ )(s, a)− (Bγ V̂ )(s, a)

∣∣ ≤ Γ(s, a), (7)

for all (s, a) ∈ S ×A.

Algorithm 1 Pessimistic Value Iteration

1: Require: Dataset D = {(sτ , aτ , rτ )}Tτ=1.
2: Initialization: Set V̂ (·)← 0 and construct Γ(·, ·).
3: while not converged do
4: Construct (B̂γ V̂ )(·, ·)
5: Set Q̂(·, ·)← (B̂γ V̂ )(·, ·)− Γ(·, ·).

6: Set π̂(· | ·)← argmaxπ Eπ
[
Q̂(·, ·)

]
.

7: Set V̂ (·)← Eπ̂
[
Q̂(·, ·)

]
.

8: end while
9: Return π̂

Algorithm 2 Model-Based Pessimistic Policy Optimization

1: Require: Dataset D, discount factor γ, policy class Π,
Model setM

2: Optimize policy with respect to the worst possible
model:

π̂ = argmax
π∈Π

min
M∈M

V πγ,M . (8)

3: Return π̂

Intuitively, Γ(s, a) represents the uncertainty when estimat-
ing the value function. The negative bonus ensures that we
do not overestimate the value function due to finite samples
with high probability, which allows us to give a performance
lower bound with respect to the number of samples in the
dataset.

MBPPO, on the contrary, considers the uncertainty in the
model space to reduce potential sampling bias. By optimiz-
ing the performance in the worst possible model, as shown
in Algorithm 2, we obtain a model-based offline algorithm,
which gives better suboptimality bounds compared to the
model-free counterpart when we use a proper set of models.

Both Algorithm 1 and Algorithm 2 are meta descriptions
rather than detailed implementations. We provide more
details of the algorithms in Appendix A.

3. Theoretical Analysis
This section characterizes the effects of a lower guidance
discount factor in offline RL. We first show that a similar
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regularization effect exists in offline algorithms as in online
algorithms. We quantify this effect by providing a perfor-
mance bound to analyze how other factors like the data size
and the coverage coefficient affect this regularization effect.
We then show an equivalence between a lower discount fac-
tor and the model-based pessimism. This equivalence leads
to a performance guarantee with a lower guidance discount
factor without other conservative regularizations. These two
effects indicate that the discount factor plays a vital role in
offline reinforcement learning.

3.1. Regularization Effect

As Jiang et al. (2015) suggests, the discount factor acts as
a regularization coefficient to bound the complexity of the
potential optimal policy class. However, it is unclear what
affects the effectiveness of γ regularization in the offline
setting, especially when the data coverage is poor and the
algorithms have additional pessimism. Empirically, we
found that the quality and size of the dataset are the main
factors that affect the regularization from γ. To shed light on
this observation, we first derive a performance bound in the
linear MDP setting for model-free pessimistic algorithms
like Algorithm 1. The analysis is analogous to (Jin et al.,
2021), but we focus on the discount setting.

Lemma 3.1. Suppose there exists an absolute constant

c† = sup
x∈Rd

x>Σπ∗,sx

x>ΣDx
<∞, (9)

for all s ∈ S with probability 1− ξ/2, where

ΣD =
1

N

N∑
τ=1

[
φ(sτ , aτ )φ(sτ , aτ )>

]
,

Σπ∗,s = Eπ∗
[
φ(st, at)φ(st, at)

> ∣∣ s0 = s
]
.

In Algorithm 1, we follow Equation (17) and (18), and set

λ = 1, β = c·drmax
√
ζ/(1−γ), ζ = log (4dN/(1− γ)ξ),

where c > 0 is an absolute constant and ξ ∈ (0, 1) is the
confidence parameter. Then with probability 1 − ξ, the
policy π̂ generated by Algorithm 1 satisfies

SubOpt
(
π̂, s; γ

)
≤ 2crmax

(1− γ)2

√
c†d3ζ/N, ∀s ∈ S.

Proof. See Appendix B.1 for a detailed proof.

Equation (9) defines a finite coverage coefficient, namely c†,
which represents the maximum ratio between the density of
empirical state-action distribution and the density induced
from the optimal policy. Intuitively, it represents the quality
of the dataset. For example, the expert dataset has a low

coverage ratio while the random dataset may have a high
ratio. The probability 1−ξ/2 for a finite coverage coefficient
is measured concerning the data collection process. That is,
we are only making assumptions about the data collection
process rather than the specific dataset. The dependence
on γ in Lemma 3.1 suggests that the performance bound
SubOpt

(
π̂, s; γ

)
decreases as the discount factor gets lower.

However, a lower discount factor also biases the optimal
policy, as characterized by the following lemma.

Lemma 3.2 (Jiang et al. (2015)). For any MDP M with
rewards in [0, rmax], ∀π : S ×A → R and γ ≤ γe,

VM,γ(π) ≤ VM,γe(π) ≤ VM,γ(π) +
γe − γ

(1− γ)(1− γe)
rmax,

(10)
where γe is the evaluation discount factor.

The bound above is tight in a trivial case, while it is usually
very loose in practice. Together, we have the following
bound with a guidance discount factor γ different from the
true evaluation discount factor γe.

Theorem 3.3. Based on the same assumption and definition
as in Lemma 3.1, we set ζ = log (4dN/(1− γ)ξ), β =
c · drmax

√
ζ/(1 − γ) and λ = 1. Then with probability

1− ξ, the suboptimality bound of the policy π̂ generated by
Algorithm 1 satisfies

SubOpt
(
π̂; γe

)
≤ 2c

(1− γ)2

√
c†d3ζ/N · rmax

+
γe − γ

(1− γ)(1− γe)
· rmax.

Proof. The result follows immediately from Lemma 3.1 and
Lemma 3.2.

Theorem 3.3 gives an upper bound for pessimistic offline al-
gorithms with two terms. Both terms monotonically depend
on the guidance discount factor γ but in an opposite way,
which suggests there exists an optimal trade-off γ∗ ∈ [0, γe].
It also suggests that this optimal trade-off γ∗ is dependent
on other factors like the coverage ratio of the dataset and
the size of the dataset. A small or poorly covered dataset
(i.e., a large coverage coefficient) makes the first term’s co-
efficient larger, requiring a lower discount factor to achieve
optimal performance. We empirically observe this effect on
both toy examples as well as large D4RL tasks, as shown in
Section 4.

3.2. Pessimistic Effect

This section analyses the pessimism effect of a lower dis-
count factor. We show that, perhaps surprisingly, learning
with a lower discount factor is equivalent to one type of the
model-based pessimism mechanism, as depicted in Algo-
rithm 2. This is characterized by the following lemma.
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Lemma 3.4. The optimal value function with a lower dis-
count factor is equivalent to the pessimistic value function
over a set of models. Formally, let

π∗Mε
∈ argmax

π
min
M∈Mε

VM,γ(π), (11)

where

Mε = {M |PM (·|s, a) = (1− ε)PM0
(·|s, a) + εP(·)} ,

and P(·) is an arbitrary distribution over S, then we have

V ∗M0,(1−ε)γ = VM0,γ(π∗Mε
) + ∆, (12)

where ∆ is an absolute constant.

Proof. See Appendix B.2 for a detailed proof.

The equality in Lemma 3.4 shows that learning with a lower
discount factor itself acts as a kind of model-based pes-
simism, which allows us to derive a bound without any
other additional regularizations. We consider the model-
based pessimism, where the model parameters are learned
through maximum likelihood estimation (MLE). With the
techniques in (Geer et al., 2000) that allow us to estimate
the concentration rate of the MLE estimator, we have the
following theorem. The proof of the following theorem is
analogous to the analysis in (Uehara & Sun, 2021).

Theorem 3.5. (informal) Suppose there exists an absolute
constant

c‡ = sup
x∈Rd

x>Σπ∗x

x>Σρx
<∞, (13)

Σρ = Eρ[φ(s, a)φ(s, a)>], Σπ∗ = Edπ∗ [φ(s, a)φ(s, a)>].

And suppose the underlying MDP follows the regularity
condition in Assumption B.4. Set

γ = (1− ε)γe, ε = c1
√
dζ/N, ζ = log2 (c2Nd/ξ).

Then, with probability 1 − ξ, Learning with a guidance
discount factor γ yields a policy π̂ such that

SubOpt
(
π̂; γe

)
≤ c3

(1− γe)2

√
c‡d2ζ/N · rmax, (14)

where c1, c2, c3 are constants.

Proof. See Appendix B.3 for a detailed description and
proof.

Similar to c† in Equation (9), c‡ can be interpreted as an-
other coverage coefficient, and the difference between c†

and c‡ are technical. Theorem 3.5 shows that, with a prop-
erly chosen γ, we have a performance guarantee without
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Figure 1. The estimation error of BCQ and Q-Learning in the ran-
dom MDP task. The star shapes mark the minimum of the curve.

any other offline techniques. We name this effect of the
discount factor the pessimistic effect. Note that to make this
bound meaningful, we need the dataset size N to be large
enough so that 1 − ε > 0. This means that this theorem
applies when the data is sufficient, contrary to the condi-
tion for the regularization effect. Compared to the bound
in Theorem 3.3, we note that the bound in Theorem 3.5 is
smaller with a factor of

√
d because a lower γ resembles the

model-based pessimism rather than a model-free one.

We empirically verify this effect on the tabular MDPs and
the D4RL dataset, where simple discount factor regulariza-
tion is enough to derive a reasonable performance. This
pessimistic effect suggests that γ affects the performance in
offline RL differently compared to online settings.

4. Empirical Results
In this section we examine the role of discount factor
through various experiments and aim to investigate the fol-
lowing questions: 1. How effective is the regularization
effect of γ and how other factors affect its performance? 2.
How effective is the pessimistic effect of γ and how does
it contribute to the performance? 3. Is a lower guidance
discount factor effective and essential in practical offline
settings? We answer the questions above by experiments
on both tabular MDPs and D4RL tasks. Each experiment
result is averaged over three random seeds with the standard
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Tasks BCQ BCQ (γ) TD3+BC TD3+BC (γ) COMBO COMBO (γ)
walker2d (0 noised traj) 59.6±2.7 51.5±3.6 62.0±3.2 52.2±1.1 26.1±3.2 65.5±1.7
walker2d (10 noised traj) 53.7±2.5 51.8±1.3 60.9.±1.2 45.7±4.2 27.9±2.3 63.1±1.6
walker2d (50 noised traj) 20.3±3.3 52.4±3.9 4.3±1.2 46.8±1.9 27.2±1.6 69.6±1.9
walker2d (100 noised traj) 18.6±1.9 52.1±2.2 2.1±0.2 46.6±1.3 13.3±1.1 70.7±2.3
hopper (0 noised traj) 52.8±2.1 40.3±2.5 52.5±1.8 51.0±0.9 1.5±0.1 53.5±3.2
hopper (10 noised traj) 47.9±2.1 41.0±2.7 15.4±0.5 47.9±0.3 1.2±0.1 56.5±2.5
hopper (50 noised traj) 12.7±3.5 44.1±1.9 3.0±0.2 47.0±0.5 1.0±0.1 48.6±4.2
hopper (100 noised traj) 1.0±0.1 41.6±0.6 1.5±0.4 46.3±0.7 1.3±0.1 52.3±1.7
halfcheetah (0 noised traj) 40.2±1.3 42.1±1.1 45.3±1.5 46.9±1.6 32.6±1.6 27.6±1.5
halfcheetah (10 noised traj) 39.5±0.3 40.2±3.3 45.7±0.4 47.3±1.6 32.3±2.8 29.7±2.7
halfcheetah (50 noised traj) 36.5±0.9 37.8±0.8 45.9±0.3 47.3±1.3 31.1±4.7 28.0±1.6
halfcheetah (100 noised traj) 35.4±1.1 36.4±1.7 47.3±1.0 46.1±1.8 30.0±1.9 29.3±0.6

Table 2. Experimental results on noised D4RL tasks, such as walker2d (x), hopper (x) and halfcheetah (x), containing 50 medium and x
noised trajectories. We conduct a comparison between original and lower guidance discount factor (e.g., BCQ and BCQ (γ)).

deviation.

4.1. Regularization Effect

4.1.1. TABULAR EXPERIMENTS

We first adopt the BCQ-style offline method in a tabular
MDP environment to investigate the effectiveness of the
lower discount factor. We consider a random MDP, where
the state space consists of a 30 × 30 grid, and each state
has 10 actions. The reward and the transition probabili-
ties are generated randomly. Given the tabular MDP, we
compute the true optimal value Q∗γe , where γe = 0.95.
Then, we calculate the behavior policy according to µ(· |
s) = softmax(Q∗γe(s, ·)) · mask(s, ·), where mask(s, ·) is
randomly selected in state-action space to approximate the
unseen pairs in offline tasks. Further, we calculate µ̂(· |
s) = softmax(Q∗γe(s, ·)) · mask(s, ·) to approximate the
generative model in BCQ, where ‖mask‖1 − ‖mask‖1 > 0.
The Noise Ratio = ‖mask‖1−‖mask‖1

‖mask‖1 ∗ 100% represents the
inaccuracy of the generative model. We calculate BCQ-
style value function Q̂γ by constraining the maximization
operator into the finite state-action space:

Q̂(s, a) = r(s, a) + γ max
a′ s.t. µ̂(a′|s′)>0

Q̂(s′, a′) (15)

In the experiments, the proportion of masked state-action
pairs is 0.5, and the noise ratio coefficients are {4%, 6%,
8%, 12%} respectively. We compute the estimation error
‖(Q̂γ−Q∗γe)‖∞ at seen state-action pairs for different noise
ratio coefficients and different discount factors. The results
are summarized in Figure 1. Each plot shows the average
estimation error across 100 MDP instances. The experi-
mental results demonstrate that the lower guidance discount
factor significantly reduces the estimation error in the tab-
ular offline task. Moreover, as the noise ratio increases,
the optimal discount factor γ∗ marked by the star shapes

becomes smaller. This indicates that discount regularization
is more significant when function approximation error is
large, which may result from insufficient data or poor data
coverage.

4.1.2. EXPERIMENTAL RESULTS ON D4RL TASKS

This section investigates the regularization effect in com-
plex tasks. Specifically, we evaluate various offline RL
algorithms (TD3+BC (Fujimoto & Gu, 2021), BCQ (Fuji-
moto et al., 2019) and COMBO (Yu et al., 2021)) with a
lower guidance discount factor on the limited and noised
D4RL benchmark of MuJoCo tasks. To test performance in
low data regimes and poor coverage scenarios, the training
dataset in our experiments contains 50 medium trajectories
and additional noisy trajectories ranging from 0 to 100. The
noised trajectories are fragments of the random datasets in
D4RL. We use the author-provided implementation or the
recognized code to ensure a fair and identical experimental
evaluation across algorithms. The experimental results are
shown from two aspects: coverage ratio and data size.

Coverage Ratio. We report the final performance of
TD3+BC with different amounts of noisy data in Table 2
and the detailed training curves in Appendix C. The training
datasets contain 50 medium and x noised trajectories, with x
ranging from 0 to 100. The noised trajectories are fragments
from the random dataset. Results show that the performance
of current offline RL methods with original discount fa-
cotr (γ = 0.99) degrades with more noisy data due to the
poor coverage ratio in the dataset. In contrast, offline RL
methods with a lower guidance discount factor (γ = 0.95)
achieve stable and robust performance in most scenarios.

Further, the generated data of model-based offline RL is
usually noisy since the challenges of the limited data (please
see the performance gap between COMBO and COMBO (γ)
in walker2d and hopper task).
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Halfcheetah random-v2 medium-v2 medium-expert-v2 medium-replay-v2 expert-v2
SAC-N (γ=0.95) 30.0±1.6 65.1±0.9 51.4±2.2 28.1±1.2 82.7±0.8
SAC-N (γ=0.99) 26.6±1.5 48.7±1.3 26.7±1.1 0.6±0.1 80.2±0.6

Hopper random-v2 medium-v2 medium-expert-v2 medium-replay-v2 expert-v2
SAC-N (γ=0.95) 8.4±1.7 22.4±2.1 23.1±1.9 15.5±3.2 14.5±2.6
SAC-N (γ=0.99) 14.5±3.5 7.1±2.0 15.4±1.4 100.9±0.3 2.3±0.3

Table 3. Experimental results on Halfcheetah and Hopper tasks in D4RL, where the Q-ensemble size N is 2 in Halfcheetah tasks and N is
50 in Hopper tasks.

Adroit pen-expert-v0 door-expert-v0 hammer-expert-v0 relocate-expert-v0
SAC-N (lower γ) 97.1±3.2 106.4±1.9 100.6±2.3 0.5±0.1
SAC-N (γ=0.99) 3.6±1.1 2.2±0.2 65.5±4.2 0.4±0.1

Table 4. Experimental results on Adroit tasks in D4RL, where the Q-ensemble size N is 50. We select γ = 0.95 in pen-expert-v0,
hammer-expert-v0 and relocate-expert-v0 tasks. We select lower γ = 0.9 in door-expert-v0 tasks.

Most scenarios in Table 2 adopt γ = 0.95 as a lower dis-
count factor other than BCQ (γ = 0.9) and COMBO (γ =
0.9) in hopper tasks.

Data Size. We evaluate TD3+BC on datasets containing x
medium and 100 noised trajectories, with x ranging from
0 to 1000. We select the optimal discount factor γ∗ ∈
[0.89, 0.99]. Experimental results in Figure 4 show that
the optimal discount factor γ∗ increases with the number
of trajectories. That is, the effect of the discount factor
is more significant when the size of the dataset is small,
which is consistent with the analysis in Theorem 3.3. The
experimental results also suggest we prefer a higher discount
factor in large datasets (e.g., the standard datasets in D4RL
tasks).

Sparse Reward. We evaluate EVL (Ma et al., 2021) with
various γ on standard Antmaze tasks in D4RL, where the
stitching (approximate dynamical programming) is neces-
sary. Further, Antmaze is a sparse reward task that tightens
the bound in Lemma 3.1 up to a 1/(1− γ) factor, making
the optimal γ larger. However, a lower γ still works better
than the usual 0.99 even in large tasks (Please refer to ex-
perimental results in Table 5). These results show that the
regularization effects and finetuning γ work generally, even
in sparse reward tasks. (In the medium and large tasks, we
set the terminal reward rT as 100 and 50, and the expectile
ratio is 0.96.)

play-v0 umaze medium (rT=50) large (rT=100)
γ=0.98 86.7±2.5 73.6±2.3 45.7±2.2
γ=0.99 87.4±2.6 71.0±1.8 37.8±3.0

Table 5. Results on Antmaze-play-v0 tasks with EVL.
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Figure 2. Relationship between γ and α of TD3+BC on halfchee-
tah task. The value is the normalized return metric. The optimal
γ∗ is marked with orange color.

4.2. Pessimistic Effect

We conduct experiments on both tabular MDPs and D4RL
tasks with a lower discount factor and no other offline regu-
larization to investigate the pessimistic effect.

Tabular MDPs. We adopt the same setting and evaluation
metric as the toy example in Section 4.1.1. In the exper-
iments, we define the coverage ratio as the proportion of
masked state-action pairs ranging from 50% to 90%. The
experimental results in Figure 1 show that a lower discount
factor promotes offline RL algorithms to have a better es-
timation, and the effect is more significant when the data
coverage is poor.

D4RL Task. We evaluate the standard off-policy algorithm
SAC with ensemble networks on standard D4RL datasets,
which is shown in Table 3 and Table 4. Adroit tasks re-
quire dynamic programming to infer the complete action
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Figure 3. Performance of TD3+BC on noised D4RL tasks containing 50 medium and 25 noised random trajectories. We adopt the
normalized return metric proposed by D4RL benchmark (Fu et al., 2020). Scores roughly range from 0 to 100.
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Figure 4. The relationship between optimal discount factor γ∗ and datasize on noised D4RL tasks.

sequence for finishing the task, while a lower γ works sur-
prisingly well with Q-ensemebles. Moreover, the exper-
imental results on mujoco tasks show that SAC achieves
a noticeable performance with a lower guidance discount
factor, demonstrating the role of the discount factor as a pes-
simistic mechanism. While the pessimism of lower γ is not
as good as the state-of-the-art offline algorithms, it serves
as a good baseline. It significantly surpasses online algo-
rithms with no discount factor pessimism. The pessimistic
mechanism of the discount factor is coarse, in the sense
that it is a single parameter that affects all state-action pairs,
which explains why the pessimism of lower γ is not as good
as the state-of-the-art offline algorithms. We leave finding
methods for more fine-grained discount factor control as
interesting future work.

4.3. Effectiveness of Discount Regularization

4.3.1. SENSITIVITY OF THE DISCOUNT FACTOR

This section tests the performance sensitivity regarding γ
and whether we need to fine-tune γ for each task. To this end,
we evaluate TD3+BC on datasets containing 50 medium and
25 noised trajectories with various γ. In Figure 3, TD3+BC
achieves a high performance by decreasing γ from 0.99 to
around 0.95. Different offline RL algorithms have minor dif-
ferences in selecting γ on various tasks (e.g., the particular
case in Table 2). The suitable area of γ is almost identical
[0.95, 0.99].

4.3.2. DISCUSSION BETWEEN γ AND α IN TD3+BC

Many offline RL algorithms achieve a trade-off between
conservation and generalization by some other parameter
(e.g., the regularized hyper-parameter α in TD3+BC). This
naturally leads to the following question: Is finetuning γ
more effective than simple regularizations like behavior
cloning? To answer this question, we evaluate TD3+BC on
the halfcheetah task containing 100 medium and random tra-
jectories fragments. Experimental results in Figure 2 show
that by properly combining α and γ, we can solve tasks
more effectively. This indicates that γ offers more flexi-
bility than the original regularization. Moreover, note that
the behavior cloning performance in this task is poor (the
normalized score is 0.0). Therefore, the role of the lower
discount factor is not equivalent to behavior cloning.

Further, the experimental results also suggest that other
conservative regularization affects the optimal guidance dis-
count factor (shown in orange in Figure 2). In general, the
stronger the other regularization, the higher the optimal dis-
count factor, matching our intuition that there is a trade-off
between two regularizations.

5. Conclusion
This paper examines the two distinct effects of the discount
factor in offline RL, i.e., the regularization effect and the
pessimistic effect. On the one hand, the discount factor acts
as a regulator to trade-off optimality with sample efficiency
upon existing offline techniques like a negative uncertainty-
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based bonus. On the other hand, we show that a lower
guidance discount factor is equivalent to the model-based
pessimism, where we optimize the policy’s performance in
the worst possible models. We quantify the above effects by
analyzing the performance bounds with a lower guidance
discount factor in linear MDPs. Moreover, we verify the
above theoretical observations in tabular MDPs and D4RL
tasks. Empirical results show that a lower discount factor
can significantly improve performance in two scenarios.
The first is when the data size is limited or there is poor
data coverage, and we can apply a lower discount factor
with additional pessimism. The second is when the data is
sufficient, and we can directly use a lower discount factor
as a proper pessimistic mechanism.

Our work suggests that the discount factor plays a vital
role in offline RL, promoting current offline RL methods
in complex and diverse scenarios. This leaves several in-
teresting future works: (i) Can a lower guidance discount
factor be better integrated with current offline algorithms,
like fine-grained guidance γ at each transition? (ii) Is there
a better theoretical explanation for the success of a lower
discount factor in offline RL? (iii) How to develop more effi-
cient offline algorithms in limited data size and insufficient
coverage scenarios?
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A. Algorithm Details
In this section, we describe some details of the algorithms mentioned in Section 2.1.

A.1. Pessimistic Value Iteration

In linear MDPs, we can construct B̂γ V̂ and Γ based on D as follows, where B̂γ V̂ is the empirical estimation for Bγ V̂ . For a
given dataset D = {(sτ , aτ , rτ )}Nτ=1, we define the empirical mean squared Bellman error (MSBE) as

M(w) =

N∑
τ=1

(
rτ + γV̂ (sτ+1)− φ(sτ , aτ )>w

)2
+ λ||w||22

Here λ > 0 is the regularization parameter. Note that ŵ has the closed form

ŵ = Λ−1
( N∑
τ=1

φ(sτ , aτ ) ·
(
rτ + γV̂ (sτ+1)

))
,

where Λ = λI +

N∑
τ=1

φ(sτ , aτ )φ(sτ , aτ )>. (16)

Then we simply let

B̂γ V̂ = 〈φ, ŵ〉. (17)

Meanwhile, we construct Γ based on D as

Γ(s, a) = β ·
(
φ(s, a)>Λ−1φ(s, a)

)1/2
. (18)

Here β > 0 is the scaling parameter.

A.2. Model-based Pessimistic Policy Optimization

To give a proper performance bound, we consider the following model set

MD =
{
P (·|s, a) ∈M

∣∣ED [DTV(P̂ (·|s, a), P (·|s, a))2
]
≤ ξ
}
, (19)

where P̂ = argmaxP ED[lnP (s′ | s, a)] andM is the set of linear models. In practice, we can parameterize the model
Pθ(·|s, a) and train the model via the following loss

L(θ,D) =
1

N

N∑
τ=1

lnPθ(sτ+1|sτ , aτ ). (20)

When assuming the transitions are Gaussian, the MLE objective can be reduced to prediction loss as follows

L(θ,D) =
1

N

N∑
τ=1

‖fθ(sτ , aτ )− sτ+1‖2. (21)

As to the minimax optimization in (8), we can use techniques like bi-level optimization (Hong et al., 2020) to get the
approximate solution.

B. Addtional Lemmas and Missing Proofs
B.1. Proof of Lemma 3.1

Proof. For a sufficiently large λ, it is easy to see that T V̂ := maxa(B̂γ V̂ − Γ) is a contraction. Without loss of generality,
we assume λ = 1. Then Algorithm 1 converges and we have

V̂ (·) = max
a

Q̂(·, a),

Q̂(·, ·) = B̂γ V̂ − Γ(·, ·).
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From the definition of δ(·, ·), we have

δ(s, a) = Bγ V̂ (s)− Q̂(s, a) = Bγ V̂ (s)− B̂γ V̂ + Γ(s, a). (22)

Under the condition of Lemma B.2, it holds that

0 ≤ δ(s, a) ≤ 2Γ(s, a), for all s, a. (23)

From Lemma B.1, we have

SubOpt
(
π̂, s; γ

)
=− Eπ̂

[ ∞∑
t=0

γtδ(st, at)
∣∣∣ s0 = s

]
+ Eπ∗

[ ∞∑
t=0

γtδ(st, at)
∣∣∣ s0 = s

]

+ Eπ∗
[ ∞∑
t=0

γt
〈
Q̂(st, ·), π∗(·|st)− π̂(·|st)

〉 ∣∣∣ s0 = s

]

≤− Eπ̂

[ ∞∑
t=0

γtδ(st, at)
∣∣∣ s0 = s

]
+ Eπ∗

[ ∞∑
t=0

γtδ(st, at)
∣∣∣ s0 = s

]

≤2Eπ∗
[ ∞∑
t=0

γtΓ(st, at)
∣∣∣ s0 = s

]
=2βEπ∗

[ ∞∑
t=0

γt
(
φ(st, at)

>Λ−1φ(st, at)
)1/2 ∣∣∣ s0 = s

]
. (24)

Here the first inequality follows from the fact that π̂(·|s) = argmaxπ

〈
Q̂(·, ·), π(·|s)

〉
and the second inequality follows

from Equation (23). Then the following event

E =

{
SubOpt

(
π̂, s; γ

)
≤ 2βEπ∗

[ ∞∑
t=0

γt
(
φ(st, at)

>Λ−1φ(st, at)
)1/2 ∣∣∣ s0 = s

]
for all s ∈ S

}
(25)

holds with probability 1− ξ/2. From the assumption in Equation (9), the following event

E† =

{
c† · 1

N

N∑
τ=1

φ(sτ , aτ )φ(sτ , aτ )> � Eπ∗
[
φ(st, at)φ(st, at)

> ∣∣ s0 = s
]

for all s ∈ S
}

also holds with probability 1− ξ/2. Then from the union bound, the event E ∩E† holds with probability 1− ξ. We condition
on this event here after. By the Cauchy-Schwarz inequality, we have

Eπ∗
[ ∞∑
t=0

γt
(
φ(st, at)

>Λ−1φ(st, at)
)1/2 ∣∣∣ s0 = s

]
=

1

1− γEdπ
∗

[√
Tr
(
φ(s, a)>Λ−1φ(s, a)

) ∣∣∣ s0 = s
]

=
1

1− γEdπ
∗

[√
Tr
(
φ(s, a)φ(s, a)>Λ−1

) ∣∣∣ s0 = s
]

≤ 1

1− γ

√
Tr
(
Edπ∗

[
φ(s, a)φ(s, a)>

∣∣ s0 = s
]
Λ−1

)
=

1

1− γ

√
Tr
(

Σ>π∗,sΛ
−1
)
, (26)
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for all s ∈ S. On the event E ∩ E†, we have

SubOpt
(
π̂, s; γ

)
≤ 2βEπ∗

[ ∞∑
t=0

γt
(
φ(st, at)

>Λ−1φ(st, at)
)1/2 ∣∣∣ s0 = s

]
≤ 2β

1− γ

√
Tr
(

Σπ∗,s ·
(
I +

1

c†
·N · Σπ∗,s

)−1
)

=
2β

1− γ

√√√√ d∑
j=1

λj(s)

1 + 1
c†
·N · λj(s)

.

Here {λj(s)}dj=1 are the eigenvalues of Σπ∗,s for all s ∈ S, the first inequality follows from the definition of E in
Equation (25), and the second inequality follows from Equation (26) and the definition of E† in Equation (9). Meanwhile,
by Definition 2.1, we have ‖φ(s, a)‖ ≤ 1 for all (s, a) ∈ S ×A. By Jensen’s inequality, we have

‖Σπ∗,s‖op ≤ Eπ∗
[
‖φ(s, a)φ(s, a)>‖op

∣∣ s0 = s
]
≤ 1 (27)

for all s ∈ S. As Σπ∗,s is positive semidefinite, we have λj(s) ∈ [0, 1] for all s ∈ S and all j ∈ [d]. Hence, on E ∩ E†, we
have

SubOpt
(
π̂, s; γ

)
≤ 2β

1− γ

√√√√ d∑
j=1

λj(s)

1 + 1
c†
·N · λj(s)

≤ 2β

1− γ

√√√√ d∑
j=1

1

1 + 1
c†
·N ≤

2crmax

(1− γ)2

√
c†d3ζ/N

for all x ∈ S, where the second inequality follows from the fact that λj(s) ∈ [0, 1] for all s ∈ S and all j ∈ [d], while the
third inequality follows from the choice of the scaling parameter β > 0. Then we have the conclusion in Lemma 3.1.

Lemma B.1 (Suboptimality Decomposition). We have

SubOpt(π̂, s; γ) =− Eπ̂

[ ∞∑
t=0

γtδ(st, at)
∣∣∣ s0 = s

]
+ Eπ∗

[ ∞∑
t=0

γtδ(st, at)
∣∣∣ s0 = s

]

+ Eπ∗
[ ∞∑
t=0

γt
〈
Q̂(st, ·), π∗(·|st)− π̂(·|st)

〉 ∣∣∣ s0 = s

]
, (28)

where 〈f, g〉 =
∫
a∈A f(a)g(a)da.

Proof. We have

SubOpt(π̂, s; γ) = V π
∗
(s)− V π̂(s) = V π

∗
(s)− V̂ (s) + V̂ (s)− V π̂(s).

The first term satisfies

V̂ (s)− V π̂(s) = Ea∼π̂
[
Q̂(s, a)

]
− Ea∼π̂,s′∼P(·|s,a)

[
r(s, a) + γV π̂(s′)

]
= Ea∼π̂,s′∼P(·|s,a)

[
Q̂(s, a)− r(s, a)− γV̂ (s′)

]
+ γEa∼π̂,s′∼P(·|s,a)

[
V̂ (s′)− V π̂(s′)

]
= Eπ̂ [δ(s, a)] + γEa∼π̂,s′∼P(·|s,a)

[
V̂ (s′)− V π̂(s′)

]
= Eπ̂ [δ(s, a)] + · · ·

= Eπ̂

[ ∞∑
t=0

γtδ(st, at) | s0 = s

]
,
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while the second term statisfies

V π
∗
(s)− V̂ (s) = Ea∼π∗,s′∼P(·|s,a)

[
r(s, a) + γV π̂(s′)

]
− Ea∼π̂

[
Q̂(s, a)

]
= Ea∼π∗,s′∼P(·|s,a)

[
r(s, a) + γV π̂(s′)− Q̂(s, a)

]
+ Ea∼π∗

[
Q̂(s, a)

]
− Ea∼π̂

[
Q̂(s, a)

]
= Ea∼π∗,s′∼P(·|s,a)

[
r(s, a) + γV̂ (s′)− Q̂(s, a)

]
+ γEa∼π∗,s′∼P(·|s,a)

[
V π̂(s′)− V̂ (s′)

]
+
〈
Q̂(s, ·), π∗(· | s)− π̂(· | s)

〉
A

= −Ea∼π∗,s′∼P(·|s,a) [δ(s, a)] +
〈
Q̂(s, ·), π∗(· | s)− π̂(· | s)

〉
A

+ · · ·

= −Eπ∗
[ ∞∑
t=0

γtδ(st, at) | s0 = s

]
+ Eπ∗

[ ∞∑
t=0

γt
〈
Q̂(st, ·), π∗(· | st)− π̂(· | st)

〉
A
| s0 = s

]
.

Combining the two equations above, we have the desired result.

Lemma B.2 (ξ-Quantifiers). Let

λ = 1, β = c · dVmax

√
ζ, ζ = log (2dN/(1− γ)ξ). (29)

Then Γ = β ·
(
φ(s, a)>Λ−1φ(s, a)

)1/2
specified in Equation (18) are ξ-quantifiers. That is, with probability at least 1− ξ,

|(BV̂ )(s, a)− (B̂V̂ )(s, a)| ≤ Γ = β
√
φ(s, a)>Λ−1φ(s, a),∀(s, a) ∈ S ×A. (30)

Proof. we have

BV̂ − B̂V̂ = φ(s, a)>(w − ŵ)

= φ(s, a)>w − φ(s, a)Λ−1

(
N∑
τ=1

φτ (rτ + γV̂ (sτ+1)

)

= φ(s, a)>w − φ(s, a)Λ−1

(
N∑
τ=1

φτφ
>
τ w

)
︸ ︷︷ ︸

(i)

+φ(s, a)Λ−1(

N∑
τ=1

φτφ
>
τ w −

N∑
τ=1

φτ (rτ + γV̂ (sτ+1))︸ ︷︷ ︸
(ii)

, (31)

Then we bound (i) and (ii), respectively.

For (i), we have

(i) = φ(s, a)>w − φ(s, a)Λ−1(Λ− λI)w

= λφ(s, a)Λ−1w

≤ λ||φ(s, a)||λ−1 ||w||λ−1

≤ Vmax
√
dλ
√
φ(s, a)>Λ−1φ(s, a), (32)

where the first inequality follows from Cauchy-Schwartz inequality. The second inequality follows from the fact that
||Λ−1||op ≤ λ−1 and Lemma B.3.
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For notation simplicity, let ετ = rτ + γV̂ (sτ+1)− φ>τ w, then we have

|(ii)| = φ(s, a)Λ−1
N∑
τ=1

φτ ετ

≤ ||
N∑
τ=1

φτ ετ ||Λ−1 · ||φ(s, a)||Λ−1

= ||
N∑
τ=1

φτ ετ ||Λ−1︸ ︷︷ ︸
(iii)

·
√
φ(s, a)>Λ−1φ(s, a). (33)

The term (iii) is depend on the randomness of the data collection process of D. To bound this term, we resort to uniform
concentration inequalities to upper bound

sup
V ∈V(R,B,λ)

∥∥∥ N∑
τ=1

φ(xτ , aτ ) · ετ (V )
∥∥∥,

where
V(R,B, λ) = {V (s;w, β,Σ) : S → [0, Vmax] with||w|| ≤ R, β ∈ [0, B],Σ � λ · I}, (34)

where V (s;w, β,Σ) = maxa{φ(s, a)>w − β ·
√
φ(s, a)>Σ−1φ(s, a)}. For all ε > 0, let N (ε;R,B, λ) be the minimal

cover if V(R,B, λ). That is, for any function V ∈ V(R,B, λ), there exists a function V † ∈ N (ε;R,B, λ), such that

sup
s∈S
|V (s)− V †(s)| ≤ ε. (35)

Let R0 = Vmax
√
Nd/λ,B0 = 2β, it is easy to show that at each iteration, V̂ u ∈ V(R0, B0, λ). From the definition of B,

we have

|BV̂ − BV †| = γ

∣∣∣∣∫ (V̂ (s′)− V †(s′)) 〈φ(s, a), µ(s′)〉ds′
∣∣∣∣ ≤ γε. (36)

Then we have
|(r + γV − BV )− (r + γV † − BV †)| ≤ 2γε. (37)

Let ε†τ = r(sτ , aτ ) + γV †(sτ+1)− BV †(s, a), we have

(iii)2 = ||
N∑
τ=1

φτ ετ ||2Λ−1 ≤ 2||
N∑
τ=1

φτ ε
†
τ ||2Λ−1 + 2||

N∑
τ=1

φτ (ε†τ − ετ )||2Λ−1

≤ 2||
N∑
τ=1

φτ ε
†
τ ||2Λ−1 + 8γ2ε2

N∑
τ=1

|φτΛ−1φτ |

≤ 2||
N∑
τ=1

φτ ε
†
τ ||2Λ−1 + 8γ2ε2N2/λ

It remains to bound ||∑N
τ=1 φτ ε

†
τ ||2Λ−1 . From the assumption for data collection process, it is easy to show that

ED[ετ | Fτ−1] = 0, where Fτ−1 = σ({(si, ai)τi=1 ∪ (ri, si+1)τi=1}) is the σ-algebra generated by the variables from
the first τ step. Moreover, since ετ ≤ 2Vmax, we have ετ are 2Vmax-sub-Gaussian conditioning on Fτ−1. Then we invoke
Lemma B.6 with M0 = λ · I and Mk = λ · I +

∑k
τ=1 φ(xτ , aτ ) φ(xτ , aτ )>. For the fixed function V : S → [0, Vmax], we

have

PD
(∥∥∥ N∑

τ=1

φ(xτ , aτ ) · ετ (V )
∥∥∥2

Λ−1
> 8V 2

max · log
( det(Λ)1/2

δ · det(λ · I)1/2

))
≤ δ (38)

for all δ ∈ (0, 1). Note that ‖φ(s, a)‖ ≤ 1 for all (s, a) ∈ S ×A by Definition 2.1. We have

‖Λ‖op =
∥∥∥λ · I +

N∑
τ=1

φ(sτ , aτ )φ(sτ , aτ )>
∥∥∥

op
≤ λ+

N∑
τ=1

‖φ(sτ , aτ )φ(sτ , aτ )>‖op ≤ λ+N,
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where ‖ · ‖op denotes the matrix operator norm. Hence, it holds that det(Λ) ≤ (λ+N)d and det(λ · I) = λd, which implies

PD
(∥∥∥ N∑

τ=1

φ(sτ , aτ ) · ετ (V )
∥∥∥2

Λ−1

> 4V 2
max ·

(
2 · log(1/δ) + d · log(1 +N/λ)

))

≤ PD
(∥∥∥ N∑

τ=1

φ(sτ , aτ ) · ετ (V )
∥∥∥2

Λ−1

> 8V 2
max · log

( det(Λ)1/2

δ · det(λ · I)1/2

))
≤ δ.

Therefore, we conclude the proof of Lemma B.2.

Applying Lemma B.2 and the union bound, we have

PD
(

sup
V ∈N (ε)

∥∥∥ N∑
τ=1

φ(xτ , aτ ) · ετ (V )
∥∥∥2

Λ−1
> 4V 2

max ·
(
2 · log(1/δ) + d · log(1 +N/λ)

))
≤ δ · |N (ε)|. (39)

Recall that

V̂ ∈ V(R0, B0, λ), where R0 = Vmax
√
Nd/λ, B0 = 2β, λ = 1, β = c · dVmax

√
ζ. (40)

Here c > 0 is an absolute constant, ξ ∈ (0, 1) is the confidence parameter, and ζ = log(2dVmax/ξ) is specified in Algorithm
1. Applying Lemma B.5 with ε = dVmax/N , we have

log |N (ε)| ≤ d · log(1 + 4d−1/2N3/2) + d2 · log(1 + 32c2 · d1/2N2ζ)

≤ d · log(1 + 4d1/2N2) + d2 · log(1 + 32c2 · d1/2N2ζ). (41)

By setting δ = ξ/|N (ε)|, we have that with probability at least 1− ξ,

∥∥∥ N∑
τ=1

φ(sτ , aτ ) · ετ (V̂ )
∥∥∥2

Λ−1

≤ 8V 2
max ·

(
2 · log(Vmax/ξ) + 4d2 · log(64c2 · d1/2N2ζ) + d · log(1 +N) + 4d2

)
≤ 8V 2

maxd
2ζ(4 + log (64c2)). (42)

Here the last inequality follows from simple algebraic inequalities. We set c ≥ 1 to be sufficiently large, which ensures that
36 + 8 · log(64c2) ≤ c2/4 on the right-hand side of Equation (42). By Equations (33) and (42), it holds that

|(ii)| ≤ c/2 · dVmax
√
ζ ·
√
φ(x, a)>Λ−1φ(s, a) = β/2 ·

√
φ(x, a)>Λ−1φ(s, a) (43)

By Equations (18), (31), (32), and (43), for all (s, a) ∈ S ×A, it holds that∣∣(BV̂ )(x, a)− (B̂V̂ )(s, a)
∣∣ ≤ (Vmax

√
d+ β/2) ·

√
φ(s, a)>Λ−1φ(s, a) ≤ Γ(s, a) (44)

with probability at least 1− ξ. Therefore, we conclude the proof of Lemma B.2.

Lemma B.3 (Bounded weight of value function). Let Vmax = rmax/(1− γ). For any function V : S → [0, Vmax], we have

||w|| ≤ Vmax

√
d, ||ŵ|| ≤ Vmax

√
Nd

λ
.

Proof. since

w>φ(s, a) = 〈M,φ(s, a)〉+ γ

∫
V (s′)ψ(s′)>Mφ(s, a)ds′,
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We have

w = M + γ

∫
V (s′)ψ(s′)>Mds′

= rmax
√
d+ γVmax

√
d

= Vmax
√
d.

For ŵ, we have

||ŵ|| = ||Λ−1
N∑
τ=1

φτ (rτ + γV (sτ+1))||

≤
N∑
τ=1

||Λ−1φτ (rτ + γV (sτ+1))||

≤ Vmax

N∑
τ=1

||Λ−1φτ ||

≤ Vmax

N∑
τ=1

√
φ>τ Λ−1/2Λ−1Λ−1/2φτ

≤ Vmax√
λ

N∑
τ=1

√
φ>τ Λ−1φτ

≤ Vmax

√
N

λ

√√√√Tr(Λ−1

T∑
τ=1

φτφ>τ )

≤ Vmax

√
Nd

λ
.

B.2. Proof of Lemma 3.4

Proof. We consider the following iteration:

Vmin ← min
s′

V (s′),

Q(s, a)← r(s, a) + γ(1− ε)Es′∼P0V (s′) + γεVmin,

V (s) ← max
a

Q(s, a). (45)

It is easy to see that if the iteration in (45) converges, it is the value function for the policies specified in Equation (11). In
fact, the iteration above has a unique stationary solution follows from the fact that it is a γ-contraction for V (s). Then it
suffices to show that the solution to the value iteration with discount factor (1 − ε)γ is the same as the above stationary
solution up to a constant. Let Q(s, a) and V (s) be the solution to the value iteration with discount factor (1− ε)γ. Then we
have

Q(s, a) = r(s, a) + (1− ε)γEs′V (s′),

Let ∆ = γεmins[maxaQ(s, a)]/(1− γ) and Q̃(·, ·) = Q(·, ·) + ∆, Ṽ (·) = V (·) + ∆, then we have

min
s

[max
a

Q̃(s, a)] =
(1− γ + γε)∆

γε
.
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This leads to

Q̃(s, a)

=r(s, a) + γ(1− ε)Es′V (s′) + ∆

=r(s, a) + γ(1− ε)Es′ Ṽ (s′) + (1− γ + γε)∆

=r(s, a) + γ(1− ε)Es′ Ṽ (s′) + γεmin
s

[max
a

Q̃(s, a)].

This means that Q̃ is the unique stationary solution to the iteration in (45). Then we have the value function for policies in
Equation (11) has the same value function as the policies in Equation (12) up to a constant. Then we finish the proof of
Lemma 3.4.

B.3. Proof of Theorem 3.5

Proof. We first specialize the algorithm for offline value iteration with a lower discount factor and an estimatied model, as
depicted in Algorithm 3.

Algorithm 3 Generalized Value Iteration

1: Require: Dataset D, discount factor γ, dicount factor coefficient ε
2: Estimated the model by MLE: P̂ = argmaxP∈M ED[lnP (s′ | s, a)].
3: Obtain the estimatied Bellman operator B̂γ from learned model P̂ .
4: while not converge do
5: Set Q̂(·, ·)← mine∈E(ε)

[
(B̂(1−e)γ V̂ )(·, ·)

]
, where E(ε) = {e(s, a)|ED[e(s, a)] ≤ ε}.

6: Set π̂(· | ·)← argmaxπ Eπ
[
Q̂(·, ·)

]
.

7: Set V̂ (·)← Eπ̂
[
Q̂(·, ·)

]
.

8: end while
9: Return π̂

Algorithm 3 is similar to the idea of a lower discount factor (1− ε)γ, with only technical differences. It is easy to show that
Algorithm 3 with discount factor γ and a lower yields the same policy as the following optimization problem

argmax
π∈Π

argmin
M∈Mε

VM,γ(π),

where

Mε =
{
M ∈M

∣∣∣∃ P(·|s, a), e ∈ E(ε),PM (·|s, a) = (1− e)P(·|s, a; M̂) + eP(·|s, a),∀(s, a) ∈ D
}
.

Here M̂ is the model obtained from MLE estimator andM is the set of all linear models. The proof is similar to Lemma 3.4
and we omit it for simplicity.

Then we prove the theorem with the following steps.

1. BoundingMε.
LetMTV(M0, ε) =

{
M |ED

[
DTV(P(·|s, a;M0),P(·|s, a;M))

2
]
≤ ε
}

. To etablish the equivalence betweenMε and
MTV(M0, ε), we need the follow assumption.

Assumption B.4 (Regularity). We assume that the underlying linear MDP satisfies

p̃ = min{pmin, 1− pmax} > 0,

where pmin = infP(s′|s,a)>0 P(s′|s, a), pmax = supP(s′|s,a)<1 P(s′|s, a).
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Note that this assumption is always true for tabular MDPs. It only rules out the case when there exists a sequence {s′n}∞n=1

such that limn→∞ P(s′n|s, a) = 0 or limn→∞ P(s′n|s, a) = 1. Then we have

MTV(M̂, p̃2ε2/4) ⊆Mε ⊆MTV(M̂, ε2), (46)

Recall that Mε =
{
M |P(·|s, a;M) = (1− ε)P(·|s, a; M̂) + εP(·)

}
. On the one hand, it is easy to see that the

largest deviation in Mε from M̂ happens when P(·|s, a; M̂)) is close to 0 or close to 1. On the other hand, we have
DTV((1− ε)P(·|s, a;M) + εP(·),P(·|s, a;M)) ≤ ε. Then we have the result in Equation (46). The following steps
largely follows (Uehara & Sun, 2021).

2. Upper-bounding E(s,a)∼ρ[DTV(P(· | s, a;M?),P(· | s, a; M̂))2].
Let

M =

{
P(· | s, a;M) |M ∈ Rd×r, ||M ||2 ≤

√
d,

∫
φ(s, a)>Mψ(s, a)d(s′) = 1, ∀(s, a)

}
,

andH =
{√

P+P?
2 | P ∈ M

}
.

By invoking Theorem B.7, we first show

E(s,a)∼ρ[DTV(P(· | s, a;M?),P(· | s, a; M̂))2] ≤ c{(d/N) ln2(Nd) + ln(c/δ)/N}.

To do that, we calculate the entropy integral with bracketing. First, we have

N[](ε,H, d) ≤ N[](ε,M, d′). (47)

where

d′(a, b) = E(s,a)∼ρ

[∫
(a(s, a, s′)− b(s, a, s′))2d(s′)

]1/2

, (48)

d(a, b) = E(s,a)∼ρ

[∫
(
√
a(s, a, s′)−

√
b(s, a, s′))2d(s′)

]1/2

. (49)

Here, we use two observations. The first observation is

d2

(√
P(M ′) + P?

2
,

√
P(M ′′) + P?

2

)
≤ c1d′2(P(M ′),P(M ′′))

due to the mean-value theorem
√
a−
√
b ≤ max(1/

√
a, 1/
√
b)(a− b)

and Assumption B.4 that P?(s′ | s, a) ≥ c0 > 0. The second observation is when we have P ′ < g < P ′′, we also have√
(P ′ + P?)/2 <

√
(g + P ?)/2 <

√
(P ′′ + P?)/2. Then, 47 is concluded.

Next, by letting M (1), · · · ,M (K) be an ε-cover of the d-dimensional ball with a radius
√
d, i.e, Bd(

√
d), we have the

brackets {[P(M (i)) − ε,P(M (i)) + ε]}Ki=1 which coverM. This is because for any P(M) ∈ M, we can take M (i) s.t.
‖M −M (i)‖2 ≤ ε/

√
d, then,

P(M (i))− ε < P(M) < P(M (i)) + ε, ∀(s, a, s′)

noting

|P(M)(s, a, s′)− P(M (i))(s, a, s′)| ≤
√
d‖M −M (i)‖2 ≤ ε, ∀(s, a, s′) (50)
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The last equality follows from the fact that ||M ||2 ≤
√
d and ||ψ||2 ≤ 1.Therefore, we have

N[](ε,M, ‖ · ‖2) ≤ N (ε/
√
d,Bd(c

√
d), ‖ · ‖2),

where N (ε/
√
d,Bd(c

√
d), ‖ · ‖2) is a covering number of Bd(c

√
d) w.r.t ‖ · ‖2. This is upper-bounded by (c

√
d/ε)d

(Wainwright, 2019, Lemma 5.7). Thus, we can calculate the upper bound of the entropy integral JB(δ,M, ‖ · ‖2):∫ δ

0

d1/2 ln1/2(cd/u)du ≤
∫ δ

0

d1/2 ln(1/u)du+ δd1/2 ln(c1
√
d)

= cd1/2(δ + δ ln(1/δ)) + δd1/2 ln(cd)

≤ cd1/2δ ln(cd/δ).

By taking G(x) = d1/2x ln(c
√
d/x) in B.7, δn = (d/n)1/2 ln(nd) satisfies the critical inequality

√
nδ2
n ≥ d1/2δn ln(cd/δn).

Finally, with probability 1− δ
E(s,a)∼ρ[DTV(P (· | s, a;M?), P (· | s, a; M̂))2] ≤ ξ′, ξ′ := {(d/N) ln2(Nd) + ln(c/δ)/N}. (51)

Hereafter, we condition on this event.

3. Upper bounding ED[‖P (· | s, a;M?)− P (· | s, a; M̂)‖21].
We take an ε-cover of the ball Bd(R) in terms of ‖ · ‖2, i.e., M̄ = {M (1), · · · ,M (K)}, where K = (cR/ε)d. Then, for any
M ∈ Bd(R), there exists M (i) s.t. ∀(s, a) ∈ S ×A,∣∣∣‖P (· | s, a;M)− P (· | s, a;M?)‖21 − ‖P (· | s, a;M (i))− P (θ?)(· | s, a)‖21

∣∣∣
≤ 4|‖P (· | s, a;M)− P (· | s, a;M?)‖1 − ‖P (· | s, a;M (i))− P (· | s, a;M?)‖1| (a2 − b2 = (a− b)(a+ b))

≤ 4‖P (· | s, a;M)− P (· | s, a;M (i))‖1 (|‖a‖ − ‖b‖| ≤ ‖a− b‖)
≤ 4‖M −M (i)‖2 (From (50))
≤ 4ε. (52)

Here, note for M̂ , we have M (i) s.t. ‖M̂ −M (i)‖2 ≤ ε. Then, we have

ED‖P (· | s, a;M?)− P (· | s, a; M̂)‖21
. ED‖P (· | s, a;M?)− P (· | s, a;M (i))‖21 + ε (From 52)

. (ED − E(s,a)∼ρ)‖P (· | s, a;M?)− P (· | s, a;M (i))‖21 + ε+ E(s,a)∼ρ‖P (· | s, a;M?)− P (· | s, a;M (i))‖21

.

√
var(s,a)∼ρ[‖P (· | s, a;M?)− P (· | s, a;M (i))‖21] ln(K/δ)

n
+

ln(K/δ)

n

+ ε+ E(s,a)∼ρ‖P (· | s, a;M?)− P (· | s, a;M (i))‖21 (Berstein inequality)

.

√
E(s,a)∼ρ[‖P (· | s, a;M?)− P (· | s, a;M (i))‖21] ln(K/δ)

n
+

ln(K/δ)

n

+ ε+ E(s,a)∼ρ‖P (· | s, a;M?)− P (· | s, a;M (i))‖21. (‖P (· | s, a;M?)− P (· | s, a;M (i))‖21 ≤ 4)

Then,

ED‖P (· | s, a;M?)− P (· | s, a; M̂)‖21

.

√
{E(s,a)∼ρ[‖P (· | s, a;M?)− P (· | s, a; M̂)‖21] + ε} ln(K/δ)

n
+

ln(K/δ)

n

+ ε+ E(s,a)∼ρ‖P (· | s, a;M?)− P (· | s, a; M̂)‖21

.

√
{ξ′ + ε} ln(K/δ)

n
+

ln(K/δ)

n
+ ε+ ξ′. (From (51))
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In the end, by taking ε = 1/n, we have with probability 1− δ,

ED‖P (· | s, a;M?)− P (· | s, a; M̂)‖21 ≤ ξ, ξ = c{(d/n) ln2(nR) + ln(c/δ)/n}.

This implies with probability 1 − δ, P ? ∈ MTV(M̂, ξ). Note thatMTV(M̂, p̃2ε2/4) ⊆ Mε, this also implies that with
probability 1− δ, P (· | s, a;M?) ∈Mε, where ε = 2

√
ξ/p̃.

4. Show E(s,a)∼ρ
[
DTV(P(· | s, a;M?),P(· | s, a;M))2

]
. ξ, ∀ P(M) ∈Mε.

We show for any P ∈Mε, the distance between P? is controlled in terms of TV distance. Formally, we need

E(s,a)∼ρ
[
DTV(P(· | s, a;M?),P(· | s, a;M))2

]
. ξ, ∀P (M) ∈Mε.

SinceMε ⊆MTV(M̂, ε2), it suffices to show that

E(s,a)∼ρ
[
DTV(P(· | s, a;M?),P(· | s, a;M))2

]
. ξ, ∀P (M) ∈MTV(M̂, 2ε).

For any P ∈MTV(M̂, ε2), we have

ED[DTV(P (· | s, a), P ?(· | s, a))2]

≤ 2ED[DTV(P̂ (· | s, a), P (· | s, a))2] + 2ED[DTV(P̂ (· | s, a), P ?(· | s, a))2] ≤ 16ξ/p̃2.

Thus, we have

Es,a∼ρ[DTV(P (· | s, a), P ?(· | s, a))2]

= Es,a∼ρ[DTV(P (· | s, a), P ?(· | s, a))2]− ED[DTV(P (· | s, a), P ?(· | s, a))2] + ED[DTV(P (· | s, a), P ?(· | s, a))2]

≤ A(M) + cξ, (53)

where A(M) := |(ED − E(s,a)∼ρ)
[
DTV(P(· | s, a;M?),P(· | s, a;M))2

]
|.

We again consider an ε/
√
d-cover of the ballBd(

√
d) in terms of ‖·‖2, i.e.,M ′ = {M (1), · · · ,M (K)}, whereK = (c1d/ε)

d

(ε = 1/N ). Then M ′ is also an ε/
√
d-cover forMTV(M̂, ε2). That is for any M s.t. ∀P(M) ∈MTV(M̂, ε2), we can take

M ′ ∈M′ s.t. ‖M −M ′‖2 ≤ ε/
√
d.

Then, we have

E(s,a)∼ρ
[
DTV(P(· | s, a;M?),P(· | s, a;M))2

]
≤ A(M) + cξ, ∀M ∈M′. (54)

This is because for any M (i) ∈M′, we can take P (M) ∈MTV(M̂, ε2) such that

E(s,a)∼ρ

[
DTV(P(· | s, a;M?),P(M (i))(· | s, a))2

]
≤ E(s,a)∼ρ[DTV(P(· | s, a;M?),P(M (i))(· | s, a))2 −DTV(P(· | s, a;M?), P (· | s, a;M))2]

+ E(s,a)∼ρ[DTV(P(· | s, a;M?),P(· | s, a;M))2]

≤ 4ε+ E(s,a)∼ρ[DTV(P(· | s, a;M?),P(· | s, a;M))2]

. A(M) + ξ.

From Bernstein’s inequality, we have that with probability 1− δ,

A(M) = |(ED − E(s,a)∼ρ)[DTV(P(· | s, a;M),P(· | s, a;M?))2]|

.

√
var(s,a)∼ρ[DTV(P(· | s, a;M),P(· | s, a;M?))2] ln(K/δ)

N
+

ln(K/δ)

N
, ∀M ∈M′. (55)

Based on the construction ofM′ and Equation (54), we have

var(s,a)∼ρ[DTV(P(· | s, a;M?),P(· | s, a;M))2] . A(M) + ξ, ∀M ∈M′. (56)
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Taking Equation (56) into Equation (55), we have A(M) satisfing

A2(M)−A(M)B1 −B2 ≤ 0, B1 =
ln(K/δ)

N
,B2 = ξ

ln(K/δ)

N
+

(
ln(K/δ)

N

)2

.

Then, we have

A(M) ≤ ln(K/δ)

N
+ ξ1/2

√
ln(K/δ)

N
. ξ, ∀M ∈M′. (57)

We combine all steps. Recall for any ∀P (M) ∈ Mε, we can take M ′ ∈ M′ s.t. ‖M −M ′‖2 ≤ 1/n. Then, for any
P (M) ∈Mε, we have

A(M) = |(ED − E(s,a)∼ρ)
[
DTV(P(· | s, a;M),P(· | s, a;M?))2

]
≤ |(ED − E(s,a)∼ρ)[DTV(P(· | s, a;M),P(· | s, a;M?))2 −DTV(P (· | s, a;M ′),P(· | s, a;M?))2]

+ (ED − E(s,a)∼ρ)[DTV(P(· | s, a;M ′),P(· | s, a;M?))2]

. 8ε+ |(ED − E(s,a)∼ρ)[DTV(P(· | s, a;M ′),P(· | s, a;M?))2]

. ξ. (From (57) and M ′ ∈M′)

Then, we have with probability 1− δ,

A(M) . ξ, ∀P (M) ∈Mε. (58)

Finally, for any P (M) ∈Mε, with probability 1− δ, we have

E(s,a)∼ρ[DTV(P (· | s, a;M?), P (· | s, a;M))2] ≤ A(M) + cξ (From (54))
. ξ. (From (58))

5.Bounding the performance of π∗ .
We first prove

V π
∗

P∗ − V π
∗

P . (1− γ)−2
√
c‡dξ · rmax, (59)

for all P ∈Mε. Recall from the third step, for P (M) ∈Mε, we have

E(s,a)∼ρ
[
DTV(P (· | s, a;M?), P (· | s, a;M))2

]
. ξ.

From the second statement of Lemma B.8,

∀V : S → [0, Vmax], (M −M∗)>Σρ,V (M −M∗) . V 2
maxξ, Σρ,V = E(s,a)∼ρ[ψV (s, a)ψ>V (s, a)].

Here, we have

V π
∗

P∗ − V π
∗

P ≤ (1− γ)−1

∣∣∣∣E(s,a)∼dπ∗

[∫
{P (s′ | s, a)− P ?(s′ | s, a)}V π∗P (s′)d(s′)

]∣∣∣∣ (Simulation lemma)

≤ (1− γ)−1
∣∣∣E(s,a)∼dπ∗

[
(M −M∗)ψV π∗P (s, a)

]∣∣∣
≤ (1− γ)−1 ‖M −M∗‖λI+Σ

ρ,V π
∗

P︸ ︷︷ ︸
(a)

E(s,a)∼dπ∗

[
‖ψV π∗P (s, a)‖(Σ

ρ,V π
∗

P
+λI)−1

]
︸ ︷︷ ︸

(b)

. (C-S inequality)
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The first term (a) is upper-bounded by
√
V 2

maxξ + λd noting 0 ≤ V π∗P ≤ Vmax. The term (b) is upper-bounded by

E(s,a)∼dπ∗

[
‖ψV π∗P (s, a)‖(Σ

ρ,V π
∗

P
+λI)−1

]
≤ E(s,a)∼dπ∗

[
‖ψV π∗P (s, a)‖2(Σ

ρ,V π
∗

P
+λI)−1

]1/2

(Jensen’s inequality)

=
√

Tr(Σdπ∗ ,V π∗P
(λI + Σρ,V π∗P

)−1)

≤
√
cV Tr(Σρ,V π∗P

(λI + Σρ,V π∗P
)−1)

≤
√
cV rank(Σρ,V π∗P

)

≤
√
cV d =

√
c‡d,

where cV = supV ∈{S→[0,Vmax]} supx
x>ΣV (dπ

∗
)x

x>ΣV (ρ)x
, c‡ = supx

x>Σ(dπ
∗

)x
x>Σ(ρ)x

, and

ΣV (µ) = E(s,a)∼µ[ψV (s, a)ψ>V (s, a)], Σ(µ) = E(s,a)∼µ[φ(s, a)φ>(s, a)].

The second inequality follows from the definition of cV , and the last inequality follows from the third statement in
Lemma B.8. By taking λ s.t. λd . Vmaxξ, We have the desired Equation (59).

Finally, combining all things together, with probability 1− 2δ, for any π∗ ∈ Π, we have

V π
∗

P? − V π̂P? ≤ V π
∗

P? − min
P∈Mε

V π
∗

P + min
P∈Mε

V π
∗

P − V π̂P?

≤ V π∗P? − min
P∈Mε

V π
∗

P + min
P∈Mε

V π̂P − V π̂P? (definition of π̂)

≤ V π∗P? − min
P∈Mε

V π
∗

P (Second step, P ? ∈Mε)

. (1− γ)−2
√
c‡dξ · rmax. (From (59))

Finally, recall from the relationship in the second and third step, we have ε =
√
ξ/2p̃, ξ = c{(d/N) ln2(Nd)+ln(c/δ)/N},

which leads to

V π
∗

P? − V π̂P? .
c3

(1− γ)−2

√
c‡d2ζ/N · rmax, ζ = log2 (c2Nd/δ).

B.4. Technical Lemmas

Lemma B.5 (ε-Covering Number (Jin et al., 2020)). For all h ∈ [H] and all ε > 0, we have

log |N (ε;R,B, λ)| ≤ d · log(1 + 4R/ε) + d2 · log
(
1 + 8d1/2B2/(ε2λ)

)
.

Proof of Lemma B.5. See Lemma D.6 in (Jin et al., 2020) for a detailed proof.

Lemma B.6 (Concentration of Self-Normalized Processes (Abbasi-Yadkori et al., 2011)). Let {Ft}∞t=0 be a filtration and
{εt}∞t=1 be an R-valued stochastic process such that εt is Ft-measurable for all t ≥ 1. Moreover, suppose that conditioning
on Ft−1, εt is a zero-mean and σ-sub-Gaussian random variable for all t ≥ 1, that is,

E[εt | Ft−1] = 0, E
[
exp(λεt)

∣∣Ft−1

]
≤ exp(λ2σ2/2), ∀λ ∈ R.

Meanwhile, let {φt}∞t=1 be an Rd-valued stochastic process such that φt is Ft−1-measurable for all t ≥ 1. Also, let
M0 ∈ Rd×d be a deterministic positive-definite matrix and

Mt = M0 +

t∑
s=1

φsφ
>
s
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for all t ≥ 1. For all δ > 0, it holds that

∥∥∥ t∑
s=1

φsεs

∥∥∥2

M−1
t

≤ 2σ2 · log
(det(Mt)

1/2 · det(M0)−1/2

δ

)
for all t ≥ 1 with probability at least 1− δ.

Proof. See Theorem 1 of (Abbasi-Yadkori et al., 2011) for a detailed proof.

Given a function class F , let N[](δ,F , d) be the bracketing number of F w.r.t the metric d(a, b) given by

d(a, b) = E(s,a)∼ρ

[∫
(a(s′ | s, a)− b(s′ | s, a))2d(s′)

]1/2

.

Then, the entropy integral of F is given by

JB(δ,F , d) = max

(∫ δ

δ2/2

(logN[](u,F , d))1/2du, δ

)
. (60)

We also define the localized class ofH:

H(δ) = {h ∈ H : E(s,a)∼ρ[h
2(P (· | s, a)‖P ?(· | s, a))] ≤ δ2},

where h(P (· | s, a)‖P ?(· | s, a)) denotes Hellinger distance defined by(
0.5

∫
{
√
P (s′ | s, a)−

√
P ?(s′ | s, a)}2d(s′)

)1/2

.

Theorem B.7 (MLE guarantee with general function approximation, Uehara & Sun (2021)). We take a function G(ε) :
[0, 1] → R s.t. G(ε) ≥ JB [ε,H(ε), d] and G(ε)/ε2 is a non-increasing function w.r.t ε. Then, letting ξn be a solution to√
nε2 ≥ cG(ε) w.r.t ε. With probability 1− δ, we have

E(s,a)∼ρ[‖P̂MLE(· | s, a)− P (· | s, a)‖21] ≤ c1
{
ξn +

√
log(c2/δ)/n

}2

.

Proof. The proof follows directly by adapting to conditional distribution from Theorem 7.4 in (Geer et al., 2000). Please
refer to (Geer et al., 2000) for more details.

Lemma B.8 (Property of linear MDPs). Let P (M) = P (s′ | s, a;M) = φ(s, a)>Mψ(s′). Suppose P (M) ∈ S ×
A → ∆(S). For any function V ∈ S → [0, Vmax], letting ψV (s, a) =

∫
vec(φ(s, a)ψ(s′)>)V (s′)d(s′), we suppose

‖φ(s, a)‖2 ≤ 1 and ‖ψ(s′)‖2 ≤ 1. The following theorems hold:

1. For any (s, a, s′), we have |P (M)(s, a, s′)− P (M ′)(s, a, s′)| ≤ ‖M −M ′‖2.

2. For any (s, a), we have TV(P (M)(s, a, ·), P (M ′)(s, a, ·)) ≤ ‖M −M ′‖2. Besides, for any V : S → [0, 1], we have

|(M −M ′)ψV (s, a)| ≤ VmaxTV(P (M)(s, a, ·), P (M ′)(s, a, ·)).

3.

sup
V ∈{S→[0,Vmax]}

sup
x

x>E(s,a)∼dπ∗ [ψV (s, a)ψ>V (s, a)]x

x>E(s,a)∼ρ[ψV (s, a)ψ>V (s, a)]x
= sup

x

x>Edπ∗ [φ(s, a)φ(s, a)>]x

x>Eρ[φ(s, a)φ(s, a)>]x
.

Proof. See Lemma 12 in (Uehara & Sun, 2021) for a detailed proof.
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C. Complete experimental results on noised D4RL tasks
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Figure 5. Experimental results on walker2d task consisting of 50 medium trajectories and x noised trajectories. The evaluation metric is
the episode return and log Q-value.
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Figure 6. Experimental results on hopper task consisting of 50 medium trajectories and x noised trajectories. The evaluation metric is the
episode return and log Q-value.

0.00 0.25 0.50 0.75 1.00
Million Steps

4000

4500

5000

5500

6000

E
pi

so
de

R
et

ur
n

TD3+BC

TD3+BC (γ=0.95)

(a) med(50) noise(0)

0.00 0.25 0.50 0.75 1.00
Million Steps

4.0

4.5

5.0

5.5

6.0

L
og

(Q
)

TD3+BC

TD3+BC (γ=0.95)

(b) med(50) noise(0)

0.00 0.25 0.50 0.75 1.00
Million Steps

4000

4500

5000

5500

6000

E
pi

so
de

R
et

ur
n

TD3+BC

TD3+BC (γ=0.95)

(c) med(50) noise(5)

0.00 0.25 0.50 0.75 1.00
Million Steps

4

5

6

L
og

(Q
)

TD3+BC

TD3+BC (γ=0.95)

(d) med(50) noise(5)

0.00 0.25 0.50 0.75 1.00
Million Steps

4000

4500

5000

5500

6000

E
pi

so
de

R
et

ur
n

TD3+BC

TD3+BC (γ=0.95)

(e) med(50) noise(10)

0.00 0.25 0.50 0.75 1.00
Million Steps

4.0

4.5

5.0

5.5

6.0

L
og

(Q
)

TD3+BC

TD3+BC (γ=0.95)

(f) med(50) noise(10)

0.00 0.25 0.50 0.75 1.00
Million Steps

4000

4500

5000

5500

6000

E
pi

so
de

R
et

ur
n

TD3+BC

TD3+BC (γ=0.95)

(g) med(50) noise(15)

0.00 0.25 0.50 0.75 1.00
Million Steps

4.0

4.5

5.0

5.5

6.0

L
og

(Q
)

TD3+BC

TD3+BC (γ=0.95)

(h) med(50) noise(15)

0.00 0.25 0.50 0.75 1.00
Million Steps

4000

4500

5000

5500

6000

E
pi

so
de

R
et

ur
n

TD3+BC

TD3+BC (γ=0.95)

(i) med(50) noise(20)

0.00 0.25 0.50 0.75 1.00
Million Steps

4.0

4.5

5.0

5.5

6.0

L
og

(Q
)

TD3+BC

TD3+BC (γ=0.95)

(j) med(50) noise(20)

0.00 0.25 0.50 0.75 1.00
Million Steps

4000

4500

5000

5500

6000

E
pi

so
de

R
et

ur
n

TD3+BC

TD3+BC (γ=0.95)

(k) med(50) noise(25)

0.00 0.25 0.50 0.75 1.00
Million Steps

4.0

4.5

5.0

5.5

6.0

L
og

(Q
)

TD3+BC

TD3+BC (γ=0.95)

(l) med(50) noise(25)

Figure 7. Experimental results on halfcheetah task consisting of 50 medium trajectories and x noised trajectories. The evaluation metric is
the episode return and log Q-value.


