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Abstract
We consider the setting where the members of
a society (voters) have preferences over candi-
dates, and the candidates can be ordered on an
axis so that the voters’ preferences are single-
peaked on this axis. We ask whether this axis can
be identified by sampling the voters’ preferences.
For several natural distributions, we obtain tight
bounds on the number of samples required and
show that, surprisingly, the bounds are indepen-
dent of the number of candidates. We extend our
results to the case where voters’ preferences are
sampled from two different axes over the same
candidate set (one of which may be known). We
also consider two alternative models of learning:
(1) sampling pairwise comparisons rather than
entire votes, and (2) learning from equivalence
queries.

1. Introduction
Professor X is visiting country Y, which is about to hold
hotly contested parliamentary elections. Professor X knows
that voters in Y primarily care about one issue: how aggres-
sive should Y be in its covid-19 response. She is curious how
the political parties in country Y position themselves on this
issue, but she does not speak the language well enough to
decide that based on their electoral manifestos. So, instead,
she asks a few locals—a shopkeeper, a yoga instructor, her
colleague at the local university, and his teenage son—how
they rank the parties. She is hoping that, if the preferences
are truly one-dimensional, and she samples a diverse cross-
section of the population, she may be able to identify the
party ordering from the responses she receives.1
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1The reader may notice that even in the best-case scenario
Professor X can only identify the party order up to a reversal, but,

In social choice, one-dimensional preferences are usually
conceptualized as single-peaked preferences (Arrow, 1951;
Black, 1948), so Professor X’s question can be rephrased
as follows: given access to a distribution of preferences
single-peaked on an unknown axis, how many samples do
we need to correctly identify the axis?

There are several reasons why we may want to know the
axis. First, the distance along the axis offers a similarity
measure between candidates: if two candidates are adjacent
on the axis, they are probably quite similar. Hence, learning
the axis enables us to better understand the structure of the
space of candidates. Further, by comparing the candidates’
positions on the axis to their attributes (in political elections,
these can be positions on different issues, such as tax policy,
covid-19 response, or climate change), we may be able to
identify attributes that are important to the voters: e.g., if
the axis orders the candidates by their position on climate
change, but there is little correlation between the axis and
the candidates’ positions on the covid-19 response, we can
tentatively predict that the voters are more interested in
climate than in covid-19 measures.

1.1. Our Contribution

We start by asking the following question: given a δ > 0
and a distribution D over preferences single-peaked on an
axis C, suppose we draw n independent samples from D;
how large should n be so that, w.p. 1− δ, there is no axis C′

that is distinct from C and its reverse such that the resulting
sample is single-peaked on C′?

Clearly, the required number of samples depends on the
distribution D. In our work, we primarily consider two
distributions: the uniform distribution, which assigns the
same probability to all votes single-peaked on C (a very
useful note by Walsh (2015) offers an efficient algorithm
for sampling from this distribution), and the random peak
distribution, considered by Conitzer (2009), in which each
candidate appears in the top position with the same prob-
ability. These two distributions are commonly used in ex-
periments involving single-peaked preferences (Aziz et al.,

conveniently, one of the parties has ‘Covid0’ in its name, and
therefore can be used as an anchor.
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2015; Boehmer & Elkind, 2020; Belahcene et al., 2021;
Beynier et al., 2021), as well as in the recent line of work
on election visualization (see, e.g., the paper by Boehmer
et al. (2021)). Some of our results also extend to a skewed
version of the uniform distribution, which favors one side
of the axis (see Section 3 for a formal definition). We show
that it suffices to draw O(log( 1

δ )) samples, and this bound
is tight (so in particular our bound does not depend on the
number of candidates). For the (skewed) uniform distribu-
tion, our analysis is based on a novel re-interpretation of
Walsh’s sampling procedure: by viewing this procedure as a
random walk, we are able to use the tools of Markov chain
theory to bound the number of samples.

We then extend our analysis to a more general setting, where
voters’ preferences are driven by two issues, and consider
the problem of learning two axes. We first explore the case
where one of the axes is known, and ask if the other axis
can be identified given a sample of votes from the mixture
of the two distributions. Interestingly, this is possible if and
only if the two axes share either 0 or 2 extreme candidates.
We obtain sample upper bounds to learn the unknown axis
as best we can for common distributions. In particular, for
the random peak model we show that, in contrast with the
single-axis case, the number of samples has to depend on
the number of candidates m. We then extend these results
to the setting where both axes are unknown, obtaining a
polynomial bound on the number of samples.

Finally, we revisit the single axis case, by considering two
other models of learning: pairwise comparisons and equiva-
lence queries. In the former setting, when drawing a vote
from a distribution, we can only query it about a single pair
of candidates (indeed, Professor X has observed that the
locals may be reluctant to rank all parties, so she has to
limit herself to questions of the form “Do you prefer A to
B?”). While in this model one cannot identify the axis with
certainty, in the sense that any set of samples is compatible
with any axis, one can still learn C with high probability
using polynomially many samples, both for the uniform dis-
tribution and for the random peak distribution. In the case
of equivalence queries (where, in the spirit of the classic
work of Angluin (1987), we have access to an oracle that,
given a candidate axis, either reports that this axis is correct
or provides a counterexample), we show that m− 1 queries
are necessary and sufficient for exact learning.

1.2. Related Work

Single-peaked preferences have received a considerable
amount of attention in the computational social choice lit-
erature in recent years; see e.g., the surveys of Elkind et al.
(2017; 2022). Our analysis of sampling complexity is in-
spired by the work of Sliwinski & Elkind (2019), who con-
sider a similar question for preferences single-peaked on

trees (Demange, 1982). However, they focus on the problem
of identifying both the underlying graphical structure (the
tree) and the assignment of the candidates to the vertices
of the tree, whereas we assume that the graphical structure
(the path) is fixed, but we need to identify an assignment
of the candidates to the nodes of that path; as a result, our
techniques are quite different from theirs. We note that Sli-
winski & Elkind (2019) mention the question that we study
as a direction for future work. Conitzer (2009) considers the
complementary question of eliciting the voters’ preferences
given that they are known to be single-peaked with respect
to a known axis. Lackner & Lackner (2017) investigate the
likelihood of sampling a single-peaked collection of prefer-
ences from various distributions. Our results for learning
two axes can be viewed in the context of the literature on
recognizing nearly single-peaked preference domains (Cor-
naz et al., 2012; Bredereck et al., 2016; Erdélyi et al., 2017;
Kraiczy & Elkind, 2022). Of particular relevance is a recent
paper by Yang (2020), who shows that one can decide in
polynomial time whether a given preference profile can be
split into two single-peaked profiles.

2. Preliminaries
Let A, |A| = m, be a set of candidates. Let L(A) be the
set of linear orders over A; we refer to elements of L(A)
as votes. A list of votes (v1, . . . , vn), where vi ∈ L(A)
for each i ∈ [n], is a profile over A. Given a vote v and
two candidates a, b ∈ A, we write v : a � b or a �v b to
indicate that v ranks a above b. We denote the candidate
ranked in position j in vote v by v[j]. We denote by rev(v)
the reverse of a linear order v: we have rev(v) : a � b if
and only if v : b � a.

2.1. Single-peaked Preferences

Let C be a linear order over A. A vote v over A is single-
peaked on C if for every pair of candidates a, b ∈ A with
v[1]CbCa or aCbCv[1] we have b �v a. A profile V over
A is single-peaked on C if every vote in V is single-peaked
on C; in this case, we say that C is single-peaked compatible
with V and call it a (societal) axis for V . A profile V over
a candidate set A is single-peaked consistent if there exists
an axis C over A such that V is single-peaked on C. Let
SP(C) denote the set of votes that are single-peaked on
C. Conversely, let I(V ) denote the set of axes that are
single-peaked compatible with V . It can be shown that
|SP(C)| = 2m−1; this follows, e.g., from the description
of the sampling procedure in Section 3.1.

We say that a set of candidates I ⊂ A is an interval of the
axis C if aC bC c, a, c ∈ I implies b ∈ I . If the axis C is
given by a1 C a2 C . . . C am, we say that a1 and am are
the leaves of C; we denote the set of leaves of an axis C by
Λ(C). It can be shown that a vote v is single-peaked on an
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axis C if and only if for each i ∈ [m] the set of candidates
v[1], . . . , v[i] forms an interval of C.

It is well-known that, given a profile V , one can decide
in polynomial time whether V is single-peaked consistent,
and, if this is the case, return an axis in I(V ) (Doignon &
Falmagne, 1994; Escoffier et al., 2008).

Note that if a vote v is single-peaked on C, it is also single-
peaked on rev(C). We say that a profile V identifies2 an axis
C if I(V ) = {C, rev(C)}. We can think of C and rev(C)
as the same axis, so we will say that V is single-peaked
consistent with a unique axis if |I(V )| = 2.

Given a profile V that is single-peaked consistent, we say
that an index j ∈ [m] is a fault if j > 1 and there is a size-j
set of candidatesA′ that are ranked in top j positions in each
vote in V . Let F (V ) ⊆ [m] be the set of all faults for V ;
note that we always have m ∈ F (V ). The following result
of Doignon & Falmagne (1994) enables us to characterize
profiles that are single-peaked consistent with a unique axis.
Lemma 2.1 (Doignon & Falmagne (1994), Proposition 7).
If a profile V that is single-peaked consistent, then |I(V )| =
2|F (V )|. In particular, V is single-peaked consistent with
a unique axis if and only if F (V ) = {m}, i.e., for each
j ∈ [m− 1] \ {1} the set of candidates ranked in position
j or higher in at least one vote in V contains at least j + 1
elements.
Example 2.2. Suppose C is given by a1 C · · ·C am. Then
the profile (a1 � · · · � am, am � · · · � a1) identifies C.
However, the profile V ∗ consisting of all votes that rank
am last cannot identify C: indeed, V ∗ is consistent with
am C a1 C · · ·C am−1.

The profile V ∗ in Example 2.2 contains 2m−2 votes. In
fact, it can be shown that any profile with strictly more than
2m−2 votes identifies C.
Proposition 2.3. Let V ⊆ SP(C) be a profile with |V | >
|SP(C)|

2 . Then V identifies C.

3. Identification by Sampling Votes
In this section, we study the problem of identifying a single
axis that explains the votes, under the assumption that we
can sample votes that are single-peaked on this axis.

Let C be a linear order over a set of candidates A, and
let D be a distribution over SP(C), i.e., D(v) ≥ 0 for all
v ∈ SP(C) and

∑
v∈SP(C)D(v) = 1. The support of D,

denoted by supp(D), is the set of all votes v withD(v) > 0.

We are interested in the following problem. Suppose we
draw n independent samples from D to obtain a profile V .

2In the learning theory literature, tasks of this type are usually
referred to as exact learning (Angluin, 1988; Kearns & Vazirani,
1994)

Given an error bound δ, how large should n be for the profile
V to identify C w.p. at least 1− δ?

The answer to this question depends on the distribution D.
Example 3.1. Suppose D(v) = 1 for some v ∈ L(A).
Then we cannot hope to identify C no matter how many sam-
ples we draw from D; this follows, e.g., from Lemma 2.1.
Example 3.2. Now, suppose that D(C) = D(rev(C)) =
1/2. Then w.p. 1−21−n a sample of size n contains both C
and rev(C) and hence identifies C (again, by Lemma 2.1),
so we can take n = 1 + log 1

δ .

We will now consider a family of distributions over SP(C),
which includes the uniform distribution over this set, and
obtain a bound on the number of samples that scales with
the inverse of the error bound δ and does not depend on the
number of candidates m.

3.1. Distributions Up(CCC), p ∈ (0,1)

Fix an axis a1C · · ·Cam, and consider a sequence of m−1
independent random variables X = (X1, . . . , Xm−1) that
take values in {−1, 1}; let Ξm−1 be the set of all such
sequences. Consider a mapping ζ : Ξm−1 → SP(C),
which maps the sequence X to a vote v = ζ(X ) as follows.
We fill out v from the bottom to the top, i.e., we proceed in
m steps and at the i-th step we place a candidate in position
m+ 1− i in v. Let Ii be the set of indices of the candidates
that are not yet placed at the start of step i; we have I1 = [m].
Then, for i ∈ [m− 1], if Xi = −1, we let j = min Ii and
if Xi = 1, we let j = max Ii. We then place aj in position
m + 1 − i, so that Ii+1 = Ii \ {aj}. At step m, we place
the remaining candidate in the top position.
Example 3.3. Suppose m = 5. Then

ζ(−1, 1,−1, 1) = a3 � a4 � a2 � a5 � a1,
ζ(1, 1, 1, 1) = a1 � · · · � a5,

ζ(−1,−1,−1,−1) = a5 � · · · � a1.

By construction, for each i ∈ [m] the set Ii forms an interval
of C and therefore the vote v is single-peaked on C. Indeed,
Walsh (2015) shows that if eachXi is uniform over {−1, 1},
the resulting distribution is exactly the uniform distribution
over SP(C).

We can also consider a skewed version of this distribution
where we fix a parameter p ∈ (0, 1/2] and for all i ∈ [m−1]
set Xi = −1 w.p. p, Xi = 1 w.p. 1 − p. We denote the
resulting distribution by Up(C); note that U(C) := U1/2(C)
is the uniform distribution. We will now show that, if we
sample votes from Up(C), we can identify C using a number
of samples that is logarithmic in 1/δ.
Theorem 3.4. Fix a p ∈ (0, 1/2]. For any δ > 0, we can
identify the axis C using O(log( 1

δ )) samples from Up(C)
w.p. at least 1− δ.
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To prove Theorem 3.4, we first translate the characteriza-
tion in Lemma 2.1 into the language of random walks.
Consider k sequences X 1, . . . ,X k in {−1, 1}m−1. Let
Si` =

∑`
j=1 X ij , that is, Si` is the position on Z after ` steps,

and let Si be the simple random walk (Si0, S
i
1, . . . , S

i
m−1).

We show that {ζ(X 1), . . . , ζ(X k)} uniquely identifies C if
and only if the random walks S1, . . . ,Sk never meet all at
once (before the last step). Intuitively, this is because any
such meeting point corresponds to a fault, and the result of
Doignon & Falmagne (1994) applies.

Theorem 3.5. |I({ζ(X 1), . . . ζ(X k)})| > 2 if and only if
S1
t = . . . = Skt for some t < m− 1.

Proof. Assume that the axis C is given by a1C· · ·Cam, and
let V = {ζ(X 1), . . . ζ(X k)}. By Lemma 2.1, |I(V )| > 2
if and only if there is some t ∈ [m − 2] and a size-t set
of candidates A′ such that the bottom t positions in each
vote in V are occupied by candidates in A′. Note that a
set A′ can occupy the bottom t positions in a vote that
is single-peaked on C if and only if there exist a pair of
non-negative integers x, y with x + y = t such that A′ =
{a1, . . . , ax} ∪ {am−y+1, . . . , am}. Further, the bottom t
positions of a vote ζ(X `) are occupied by A′ if and only if
among the first t elements of X ` there are x appearances of
−1 and y appearances of 1, i.e., S`t = y − x. Thus, each
vote in V lists the candidates in A′ in the bottom t positions
if and only if the random walks S1, . . . ,Sk all meet at y−x
after t steps.

Observe thatM = (S1, . . . ,Sk) is a Markov chain of the
positions of the k independent random walks. It will be
more convenient to work with a modified Markov chain that
considers the differences between S` and S`+1. The proof
of the following lemma appears in the appendix.

Lemma 3.6. M′ = (S2 − S1,S3 − S2, . . . ,Sk − Sk−1)
is a Markov chain.

Observation 3.7. M′t = (0, . . . , 0) if and only if S1
t =

. . . = Skt in Mt, which happens if and only if for some
0 ≤ x ≤ t, each random walk S`, ` ∈ [k], goes left x times
and right t− x times in the first t steps.

A state of a Markov chainM is transient if there is a positive
probability thatM never visits this state again (Grimmett
& Welsh, 2014).

Lemma 3.8. The state (0, . . . , 0) is a transient state for
M′ for k ≥ 4.

Proof. Let ft be the probability of returning to (0, . . . , 0)
in t steps. We show that

∑∞
t=0 ft < ∞. Let T be the

first time we return to this state. By a standard result from
Markov chain theory (see Chapter 12, Section 12.4 in the
book of Grimmett & Welsh (2014)), it then follows that
P(T < ∞) = c < 1 for some c ∈ R, i.e. (0, . . . , 0) is

transient. To calculate ft, by Observation 3.7 we have that
M′t = (0, . . . , 0) if and only if S1

t = . . . = Skt , which
happens if and only if for some 0 ≤ x ≤ t, each random
walk Si, i ∈ [k], goes left x times and right t−x times. For
readability, let ν = b(t+ 1)pc. For k ≥ 4 we have

∞∑
t=0

ft =

∞∑
t=0

t∑
i=0

(
t

i

)k
pik(1− p)(t−i)k

≤
∞∑
t=0

((
t

ν

)
pν(1− p)t−ν

)k−1
×

t∑
i=0

(
t

i

)
pi(1− p)t−i (1)

≤
∞∑
t=0

((
t

ν

)
pν(1− p)t−ν

)k−1
(2)

≤
∞∑
t=0

(
λp√
t

)k−1
(3)

<∞, (4)

where λp is a constant (which may be different for different
values of p). Here, (1) follows by applying the mode of the
binomial distribution as an upper bound to k − 1 of the k
factors, (2) follows by applying the binomial theorem to the
k-th factor, (3) follows by applying Sterling’s approximation
and (4) holds if k ≥ 4, since

∑∞
t=0

1
ts < ∞ if and only if

s > 1.

We are now ready to prove Theorem 3.4.

Proof of Theorem 3.4. By Lemma 3.8, the state (0, . . . , 0)
is a transient state forM′, so the probability that four in-
dependent random walks starting at the origin are ever at
the same position on Z again is some constant cp ∈ R
(which may be different for different values of p), where
0 ≤ cp < 1. So by Theorem 3.5, the probability that
|I({ζ(X 1), . . . ζ(X 4)})| > 2 is cp, where each X k satis-
fies X ki = 1 with probability p, X ki = −1 with probability
1 − p.We know that ζ(X k) has the same distribution as
a sample from Up(C). If cp = 0, we are done. Further,

(cp)
s ≤ δ if s ≥ log 1

δ

log 1
cp

. By the union bound, we conclude

that 4

⌈
log 1

δ

log 1
cp

⌉
samples are sufficient to ensure that some

four samples identify C. In particular, this proves that the
required sample size does not depend on m.

The upper bound in Theorem 3.4 is tight with respect to δ
by a simple argument concerning the leaves of an axis.

Proposition 3.9. Consider an axis a1 C · · ·C am, and let
D be some distribution over SP(C) such that v[m] = a1
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(respectively, v[m] = am) has probability p < 1
2 . Suppose

C can be identified using n samples from D w.p. at least
1− δ. Then n ≥ log 1

δ

log( 1
1−p )

.

Proof. Let V be a collection of n independent samples
from D, and suppose that n <

log 1
δ

log( 1
1−p )

. Let p =∑
v[m]=a1

D(v) ≤ 1
2 , so that 1 − p =

∑
v[m]=am

D(v).
Then w.p. at least (1− p)n > δ each vote in V ranks am in
position m. But then by Lemma 2.1 it holds that V does not
identify C.

Figure 1. Number of samples from Up needed for identification

3.2. Experiments

Theorem 3.4 establishes an upper bound on the number of
samples that does not depend on m. We have verified this
result empirically for the uniform distribution U(C), and
the empirical results are consistent with the theory; we omit
the respective graph due to space constraints.

To test the dependence of the sample size on p, and to see
how well the lower bound in Proposition 3.9 performs, we
ran experiments with m = 1000 alternatives (we choose a
relatively large value of m for robustness; as argued above
the results are likely to be very similar for other values of
m), varying p as p ∈ {0.001, 0.002, . . . , 0.5}. Figure 1
shows the average sample size over 1000 repetitions needed
to identify the underlying axis from Up(C) depending on
p(1 − p) (red), together with a plot of p(1 − p) (blue), in
log-log scale. These experiments indicate that the sample
size scales with 1

p(1−p) .

Also, for p = 1
2 , i.e., for the distribution U(C), we com-

puted the average, minimum and maximum size of the sam-
ple needed to identify the axis, over 1000 repetitions, obtain-
ing navg = 4.35, nmin = 2, nmax = 15. Thus, on average,

when sampling from the uniform distribution, we can iden-
tify the axis using just 4–5 samples. These numbers remain
essentially the same as we vary the number of candidates m.

Finally, for small values of δ (δ ∈ {0.001, 0.002, . . . , 0.05})
we ran experiments in which we sampled at most d log( 1

δ )

log( 1
1−p )
e

(as in the lower bound of Proposition 3.9) votes single-
peaked on a given axis C with 1000 repetitions and analyzed
which fraction of them uniquely identifies the axis C. It
turns out that a 1 − δ fraction (with error at most 0.022)
identified the axis uniquely.

3.3. Sampling from RP(CCC)

We will now consider another popular distribution on
SP(C), namely, the random peak distribution RP(C),
which was proposed by Conitzer (2009). Under this dis-
tribution, we generate a vote v that is single-peaked over
a1 C · · ·C am in m steps. In the first step, we pick j ∈ [m]
uniformly at random and set v[1] = aj . For i ∈ [m − 1],
let I ′i denote the set of indices of the candidates that have
been placed by the end of the i-th step; we have I ′1 = {j}.
We will maintain the property that I ′i is an interval of C
for each i ∈ [m − 1]. Specifically, for each i ∈ [m − 1],
at step i + 1, if I ′i = {1, . . . , i}, we set v[i + 1] = ai+1,
if I ′i = {m − i + 1, . . . ,m}, we set v[i + 1] = am−i,
and if I ′i = {`, . . . , r} where 1 < ` ≤ r < m, we set
v[i+ 1] = `− 1 w.p. 1

2 , v[i+ 1] = r + 1 w.p. 1
2 .

Intuitively, under the uniform distribution U(C) we are
highly unlikely to sample a vote that ranks one of the end-
points of C in the top position: indeed, among the votes
in SP(C), there is just one vote that ranks a1 first, but
Θ(2m/

√
m) votes that rank adm2 e first. In contrast, under

RP(C) we are quite likely to see votes that rank the ex-
treme candidates highly: a1 is just as likely to be ranked
first as adm2 e. Intuitively, this makes it easier to learn the
axis. We will now show that this is indeed the case.

We use the following property of the random peak distribu-
tion (for the proof, see the appendix).

Lemma 3.10. Let v be a vote sampled fromRP(C), where
C is given by a1 C · · ·C am. Then for each 1 < i ≤ j < m
we have {v1, . . . , vj−i+1} = {ai, . . . , aj} w.p. 1

m .

Theorem 3.11. For any δ > 0, we can identify the axis C
using O(log 1

δ ) samples fromRP(C) w.p. at least 1− δ.

Proof. The claim is easy to verify for m ≤ 3, so we can
assume that m ≥ 4. Suppose that C is given by a1 C · · ·C
am. By symmetry, for a vote v sampled from RP(C) we
have v[m] = a1 w.p. 1

2 , v[m] = am w.p. 1
2 . Thus, if we

draw dlog 4
δ e samples fromRP(C), then w.p. at least 1− δ

2
we observe a vote that ranks a1 last as well as a vote that
ranks am last. Hence, we can identify the leaves of C. Now,
by Lemma 3.10 in a vote fromRP(C) candidate a1 appears
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in top bm2 c positions w.p. at least 1
4 for m ≥ 4; the same is

true for am. Thus, if we draw d(4/ log 4
3 ) · log 4

δ e samples
from RP(C), w.p. at least 1− δ

2 we obtain a vote v1 that
ranks a1 in top bm2 c positions and a vote v2 that ranks am in
top bm2 c positions. Then the candidates that appear after a1
in v1 form a suffix of C of length at least dm2 e (in the order
of appearance) and the candidates that appear after am in
v2 form a prefix of C of length at least dm2 e (in the reverse
order of appearance). We can now obtain C by combining
its prefix with its suffix (note that if we combine them ‘in
the wrong order’, we obtain rev(C)).

Remark 3.12. Our analysis extends easily to convex combi-
nations of distributions we consider (the sample size bound
for the combination is then the bound for the ‘worst’ compo-
nent). Moreover, a sample complexity bound for a distribu-
tionD1 extends to any distributionD2 such that the probabil-
ity of each vote under D2 is within a factor γ from its proba-
bility underD1 (the sample size will grow as max{γ, 1/γ}).

4. From One To Two Axes
In practice, it is unusual for voters to care about one is-
sue only and to rank candidates based on their position
on that issue. Indeed, in political science it is quite com-
mon to model the issue space as 2-dimensional, with one
axis capturing economic issues and the other axis capturing
socio-cultural issues (Eysenck, 1954; Heywood, 2017). In a
two-dimensional space, each voter would typically consider
candidates’ positions with regards to both axes. However,
it is also interesting to explore a simplified version of this
setting, where the candidates take positions on both issues,
but each voter focuses on one of the two issues and ranks
the candidates based on their position on that issue only. In
this case, there exists a pair of axes C1,C2 over the set of
candidates A such that each vote is single-peaked on C1 or
C2; whenever this is the case, we will say that the input
profile can be explained by two axes.

In this section, we focus on the scenario where we sample
votes from a distribution on SP(C1) ∪ SP(C2), and our
goal is to identify the axes C1 and C2. We will consider two
variants of this problem: (1) the axis C1 is known and the
goal is to identify C2, and (2) both C1 and C2 are unknown.

4.1. Identifying Mixtures: One Unknown Axis

Suppose the voters’ preferences come from a distribution
on SP(C1) ∪ SP(C2), we know the axis C1, and our goal
is to identify the axis C2. For instance, imagine that the
voters’ preferences are driven either by an established issue
(e.g., taxes) or by a novel issue (e.g., the covid-19 response),
and we know how to order the candidates on the established
issue, but not how to order them on the novel issue.

A natural approach to this problem is to sample votes, then

discard the votes that belong to SP(C1) and try to identify
C2 from the remaining votes. The next example shows that
this approach may fail: we may be unable to identify C2

even if we are given all votes in SP(C2) \ SP(C1).

Example 4.1. Consider the axes C1, C2 given by

1 C1 2 C1 . . .C1 m, 1 C2 mC2 . . .C2 2.

Then SP(C2) \ SP(C1) is exactly the set of votes in
SP(C2) that rank candidate 2 last. But then this set of
votes is compatible both with C2 and with the axis C′ given
by 2 C′ 1 C′ mC′ m− 1 C′ . . .C′ 3.

Since we may not be able to identify C1, in the following we
will say that a sample V almost identifies C2 if |I(V )| =
|I(SP(C2) \ SP(C1))|.

In Example 4.1 the axes C1 and C2 share exactly one leaf.
It turns out that this is exactly what makes it problematic:
if C1 and C2 either have no common leaves or share both
leaves, then we can identify C2 from SP(C2) \ SP(C1).

Proposition 4.2. Suppose |A| ≥ 4 and C1,C2 are two axes
over A such that Λ(C1) = Λ(C2) or Λ(C1)∩Λ(C2) = ∅.
Then we can identify C2 from SP(C2) \ SP(C1).

Proof. We can identify C from any set of votes containing
C and rev(C), and in both cases in the proposition statement
we have {C2, rev(C2)} ⊂ SP(C2) \ SP(C1).

Lemma 4.3. If C1 6∈ {C2, rev(C2)), then |SP(C1) ∩
SP(C2)| ≤ 2m−2.

Proof. By Proposition 2.3, if |SP(C1) ∩ SP(C2)| >
2m−2 = |SP(C1)|

2 , then SP(C1) ∩ SP(C2) identifies C2

and similarly it identifies C1, so C1 ∈ {C2, rev(C2)}.

Our main positive result for the mixture of two uniform
distributions is as follows (see Appendix C for the proof).

Theorem 4.4. For any δ > 0, given the axis C1 we can
identify the axis C2 using O(log( 1

δ )) samples from the dis-
tribution 1

2 ·U(C1)+ 1
2 ·U(C2) if |Λ(C1)∩Λ(C2)| ∈ {0, 2}

and otherwise almost identify C2 using O(m log(mδ )) sam-
ples, w.p. at least 1− δ.

For the random peak model, under the assumptions of Propo-
sition 4.2 we can identify C2 w.h.p. using just O(log( 1

δ ))
samples.

Theorem 4.5. For any δ > 0, given the axis C1 we can iden-
tify the axis C2 using O(log( 1

δ )) samples from the distribu-
tion 1

2 ·RP(C1)+ 1
2 ·RP(C2) if |Λ(C1)∩Λ(C2)| ∈ {0, 2}

and otherwise almost identify C2 using Θ(m log( 1
δ )) sam-

ples, w.p. at least 1− δ.

We first establish a lower bound on the worst case sample
complexity (see appendix for the proof).
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Lemma 4.6. If C2 and C1 share exactly one leaf, to almost
identify C2 when sampling from 1

2 ·RP(C1) + 1
2 ·RP(C2)

w.p. at least 1 − δ we need at least Ω(m log( 1
δ )) samples

in the worst case.

Proof of Theorem 4.5. Lemma 4.6 gives the lower bound of
Ω(m log( 1

δ )). To prove the upper bounds in the statement of
the theorem, we proceed by case analysis. In the following,
we assume that the two axes are a1 C1 · · ·C1 am and b1 C2

. . .C2 bm, and denote a restriction of axis C1 to candidate
set ai, . . . , aj by C[i:j]

1 , and similarly for C2.

Case 1: If |Λ(C1)∩Λ(C2)| = 0, then we can easily identify
the leaves of C2, b1 and bm, and hence easily identify C2

by the same argument as in the proof of Theorem 3.11. This
requires a sample of size O(log( 1

δ )), since every vote that
is sampled from SP(C2) is not single-peaked on SP(C1)
and we obtain a vote from SP(C2) with probability 1

2 .

Case 2: If |Λ(C1) ∩ Λ(C2)| = 1, we can sample the votes
from C2 ending in b1 /∈ {a1, am}. If C1:m−1

2 6= C1:m−1
1 ,

then by Proposition 4.3

|SP(C1:m−1
2 ) ∩ SP(C1:m−1

1 )| ≤ |SP(C1:m−1
2 )|
2

.

Since any v ∈ SP(C2) has probability at least 1
m×2−(m−2)

underRP(C2), which is at least 2
m of its probability under

U(C2), the probability of sampling v ∈ SP(C2) \ SP(C1)
with v[m] = bm is at least

1

2
× |SP(C1:m−1

2 )|
2

1

m
× 2−(m−2) =

1

4m
.

So again with a sample size of O(m log 1
δ ) w.h.p. we obtain

a sample that identifies bm as the other leaf of C2.

Otherwise C1:m−1
2 6= C1:m−1

1 . By Lemma C.1, with prob-
ability 1

2m a vote ranks b2, b1 last. W.p. 1
m , v ∼ RP(C2)

has v[1] = bm and v[m] = b1. Such two votes let us iden-
tify C1:m−1

2 . Thus, a sample of size O(m log( 1
δ )) suffices

to almost identify C2.

Case 3: Suppose |Λ(C1) ∩ Λ(C2)| = 2, say, a1 = b1 and
am = bm. We show that we can also identify C2 using only
a sample of size O(log( 1

δ )). Since C1 6= C2, at least one of
the following must hold:

(1) A vote v single-peaked on C2 with b1 ranked in posi-
tion bm4 c or higher is not compatible with C1.

(2) A vote v single-peaked on C2 with bm ranked in posi-
tion bm4 c or higher is not compatible with C1.

If both hold, then we are done: A vote with property (1)
and a vote with property (2) together identify b1 and bm as

leaves of C2. Furthermore two such votes identify at least
a
⌈
3
4m
⌉
-length segment of C2 from either direction, hence

identifying all of C2.

Otherwise, just one of these properties holds. Assuming
without loss of generality that just property (1) holds, then
we obtain such a vote, call it v, with high probability. Vote
v identifies bm as a leaf of C2. Since (2) does not hold by
assumption, an at least

⌈
3
4m
⌉
-long interval including b1 in

each of C1 and C2 is identical. So

a1 = b1, . . . , ad 3m4 e = bd 3m4 e.

With probability at least 1
2 we sample a vote v′ with v′[1] ∈

{bbm4 c, . . . , bd 3m4 e}, and furthermore by symmetry w.p. 1
2 ,

b1 is ranked last. So overall obtaining a vote v′ with v′[1] ∈
{bbm4 c, . . . , bd 3m4 e} and v′[m] = b1 has probability at least
1
4 . A sample of size O(log( 1

δ )) is large enough to guarantee
such a vote with high probability.

Vote v′ orders the candidates according to C2, which in
particular means according to v′[1] C2 · · ·C2 bm. Since we
do not have v′[1] C1 · · · C1 bm, the vote v′ is not single-
peaked on C1. In particular, vote v′ identifies b1 as the other
leaf of C2.

Then since v ranks bm in position dm4 e or higher, v reveals
the ordering of the so far unknown quarter interval of C2

including b1: b1 C2 · · ·C2 bbm4 c.

To summarize, we obtain a sample of sizeO(log( 1
δ )), which

with high probability includes a vote v1 satisfying (1) and
a vote v2 satisfying (2), if possible. If our sample only
includes one of v1 and v2, we may assume at most one of
(1) and (2) holds. Then a further O(log( 1

δ )) samples lets
us identify a vote v′ as described above. Then v′ and v,
which are both not single-peaked on C1, identify C2. We
conclude that we can identify C2 w.h.p. using a sample of
size O(log( 1

δ )).

4.2. Identifying Mixtures: Two Unknown Axes

We will now consider the setting where we observe votes
from SP(C1) ∪ SP(C2), and our goal is to identify both
C1 and C2. This case is more challenging than the case of
one known and one unknown axis: for m = 4 we may be
unable to identify C1 and C2 even if Λ(C1) ∩ Λ(C2) = ∅.
Example 4.7. Consider the axes C1, C2 given by

aC1 bC1 cC1 d, bC2 aC2 dC2 c.

Then Λ(C1) ∩ Λ(C2) = ∅, but SP(C1) ∪ SP(C2) =
SP(C3) ∪ SP(C4), where

bC3 cC3 dC3 a, dC4 aC4 bC4 c.

However, for m > 4 we obtain an analogue of Theo-
rem 4.4. Let I2(V ) = {{C1,C2} | v ∈ SP(C1) or v ∈
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SP(C2) for all v ∈ V }. Then we will say that V almost
identifies C1,C2 if |I2(V )| = |I2(SP(C1) ∪ SP(C2))|.

Theorem 4.8. For any δ > 0, if m > 4, we can identify the
axes C1,C2 using O(log( 1

δ )) samples from the distribution
1
2 ·U(C1)+ 1

2 ·U(C2) if |Λ(C1)∩Λ(C2)| ∈ {0, 2} and oth-
erwise we can almost identify C1,C2 using O(m log(mδ ))
samples, w.p. at least 1− δ.

A bound with an additional factor of m can be established
for the random peak model by observing that for any v ∈
SP(C) we have P(v ∼ RP(C)) ≥ 1

mP(v ∼ U(C)).

5. Alternative Models
So far, we assumed that, when we draw a sample, we obtain
an element of L(A). In this section, we consider two alterna-
tive models of learning: learning via pairwise comparisons
and learning via equivalence queries.

5.1. Learning From Pairwise Comparisons

In some applications, it may be infeasible to get a voter to
report their entire preference ranking, especially if the set
of candidates is large. Suppose instead we ask each voter to
provide a single comparison: when we sample a vote v, we
select a pair of candidates a, b, and learn whether v : a � b.
In this setting we cannot hope to identify C: any set of
pairwise comparisons is compatible with any axis. However,
we can ask how many samples we need to correctly guess
C with a given probability.

Example 5.1. Suppose C is given by a1 C . . .C am. Con-
sider the votes v = a1 � · · · � am and v′ = am � · · · �
a1. Then the comparison ai � aj is compatible with v if
i < j and with v′ if j > i. Thus, if we sample from U(C),
every comparison occurs with positive probability. However,
a2 � a1 is exponentially more likely to occur than a1 � a2:
there is only one vote that ranks a1 above a2 and 2m−1 − 1
votes that rank a2 above a1. Thus, if we draw a sample of
size polynomial in m, we are unlikely to observe a1 � a2.

For the uniform distribution, we show that, to guess correctly
w.p. at least 1− 1

δ , it suffices to draw a number of samples
that scales linearly with 1

δ and polynomially with m.

Theorem 5.2. Suppose that we sample pairwise compar-
isons from U(C). For any δ > 0, we can learn C w.p. at
least 1− δ using O(m3 log(mδ )) samples.

Proof sketch. Suppose the axis C is given by a1C · · ·Cam
and we draw a vote v from U(C). Then for each 1 ≤ i <

j ≤ dm/2e it can be shown that for ε = 1

2(
√
π(m+ 1

2 )+1)

P[aj �v ai] ≥
1

2
+ ε,

P[aj �v am−i+1] ≥ 1

2
+ ε.

Thus, if we sample sufficiently many pairwise comparisons,
and then order the candidates by the number of ‘wins’, from
the lowest to the highest, with high probability we observe
an order of the form {a1, am} < {a2, am−1} ≤ . . . , with
gaps between the size-2 groups, and candidates in each size-
2 group being nearly tied. To distinguish between candidates
in size-2 groups, we can show that for 1 < j ≤ dm/2e, we
have P[aj �v aj−1] − P[aj �v am−j+2] ≥ 1

3
√
π(m+ 1

2 )
.

Then given a partially constructed axis aj C · · ·C am−j+1,
using estimators for P[aj �v aj−1] and P[aj �v am−j+2]
and applying Chernoff bounds, we decide how to place aj−1
and am−j+2; for the full proof, see the appendix.

A similar result can be obtained for the random peak model.

Theorem 5.3. Suppose that we sample pairwise compar-
isons fromRP(C). For any δ > 0, we can learn C w.p. at
least 1− δ using O(m4 log(mδ )) samples.

5.2. Learning via Equivalence Queries

Now, suppose instead that we have access to an oracle
EQ(C) that, given a candidate axis C′ either reports that
C′ ∈ {C, rev(C)} or returns a vote from SP(C)\SP(C′).
We will show that we need at most m− 1 oracle queries to
learn C and this bound is tight.

Theorem 5.4. An axis C can be identified using m − 1
queries to EQ(C), and this bound is tight.

Proof. Let vi be the vote returned by the i-th query, and
let Vi = (v1, . . . , vi). We start by querying the oracle on
an arbitrary axis. Then, at step i > 1, we compute an axis
Ci ∈ I(Vi−1) and query the oracle on Ci. We will prove
by induction that Vi has at most m− i faults. Thus, either
the oracle accepts our guess before step m− 1, or after step
m−1 we have a profile that is single-peaked consistent with
a unique axis and hence the oracle accepts our next guess.

The profile V1 consists of a single vote and hence has m− 1
faults. Suppose |F (Vi)| ≤ m − i. If Vi+1 also has m − i
faults, then F (Vi) = F (Vi+1) and hence I(Vi) = I(Vi+1).
But at step i+1 we query the oracle on an axis Ci+1 ∈ I(Vi)
and obtain the vote vi+1 that is not single-peaked on Ci+1.
Hence, Ci+1 ∈ I(Vi) \ I(Vi+1), a contradiction.

To prove that our bound is tight, we will argue that the oracle
can answer the queries so as to remove exactly one fault at
a time; since V1 has m− 1 faults, this suffices to establish
our claim. Observe first that at step i > 1 it is suboptimal
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to submit a query C′ 6∈ I(Vi−1), as the oracle can simply
return a vote in Vi−1 that is not single-peaked on C′, and
no new information is obtained. Thus, suppose at step i the
oracle receives a query C′ ∈ I(Vi−1). Assume without loss
of generality that a1 C · · ·C am.

Let j be the minimum element of F (Vi−1), and let A′ be
the set of candidates ranked in top j positions in all votes
in Vi−1. Note that A′ forms an interval of C. Suppose
A′ is of the form {ak, . . . , a`}. We will construct a vote
v′ ∈ SP(C) such that the set of faults of (v1, . . . , vi−1, v

′)
is F (Vi−1) \ {j}. Thus, if the oracle returns v′, it removes
exactly one fault, as desired. To construct v′, pick a vote
v ∈ Vi−1. Since this vote is single-peaked on C, it ranks
ak−1 or a`+1 in position j + 1; assume without loss of
generality that v[j + 1] = a`+1. We construct v′ as follows.
First we fill the top j − 1 positions in v′ by candidates in
A′ \ {ak} in right-to-left order (a` first, ak+1 last). Then
we set, v′[j] = a`+1, v′[j + 1] = ak. Finally, we set
v′[r] = v[r] for r = j + 2, . . . ,m. It is immediate that this
vote is in SP(C): in particular, {ak+1, . . . , a`+1} forms
an interval of C. Further, since v′[j] = a`+1, the set of
faults of (v1, . . . , vi−1, v

′) does not contain j. Moreover, for
r > j + 1 the top r positions in v′ are occupied by the same
set of candidates as in v, so no other fault is removed.

6. Conclusion and Open Problems
We have explored the problem of identifying one or more
axes that explain the voters’ preferences, based on sampling
the voters’ opinions. We have obtained positive results
for commonly studied preference distributions, such as the
uniform distribution and its skewed variants and the random
peak distribution, as well as their mixtures. It would be
interesting to formulate more general conditions that suffice
for exact learning with polynomially many samples.

We observed that we cannot identify the axis if we are
limited to pairwise comparisons; a natural next step is to
explore what happens if we can ask each voter to provide c
comparisons for a small constant c.

Another direction for future work is to extend our sampling
complexity results from two axes to three or more axes.
Also, instead of assuming that one of the axes is fully known,
while the other axis is completely unknown, one may want
to consider the more general scenario where we have partial
information about each of the axes.
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A. Proof of Proposition 2.3
Proposition 2.3. Let V ⊆ SP(C) be a profile with |V | >
|SP(C)|

2 . Then V identifies C.

Proof. We proceed by induction on m. If m = 1 the claim
is trivial. Now, suppose m > 1 and the axis C is given by
a1 C a2 C . . . C am. Consider a profile V ⊂ SP(C) that
satisfies |V | > |SP(C)|

2 . We have v[m] ∈ {a1, am} for all
v ∈ V , so we can assume without loss of generality that
at least half of the votes rank a1 last. Consider all votes
in V that rank a1 last, and remove a1 from each of these
votes; let V ′ be the resulting set of votes. All votes in V ′

are single-peaked on the axis C′ given by a2 C · · · C am
over A \ {a1}. We have |V ′| ≥ |V |/2 and |SP(C′)| =
|SP(C)|/2, so we have |V ′| > |SP(C′)|/2. Hence, by
the inductive hypothesis V ′ identifies C′. Since there are
votes in V that rank a1 last, we know that a1 is a leaf of C.
Moreover, since |V | > |SP(C)|

2 and exactly half of the votes
in SP(C) rank a1 last, there is must be some vote v ∈ V
such that v[m] = am. So a1 and am must be leaves of C.
So V identifies C : a1 C . . .C am.

B. Omitted Proofs from Section 3

Lemma 3.6. M′ = (S2 − S1,S3 − S2, . . . ,Sk − Sk−1)
is a Markov chain.

Proof. SinceM1 = (0, . . . , 0),M′1 = (0, . . . , 0). Then

M′t+1 =(S2 − S1, . . . ,Sk − Sk−1)t+1

=(S2t+1 − S1t+1, . . . ,Skt+1 − Sk−1t+1 )

=(S2t + X 2
t+1 − (S1t + X 1

t+1), . . . ,Skt + X kt+1

− (Sk−1t + X k−1t+1 ))

=(S2t − S1t , . . . ,Skt − Sk−1t )+

(X 2
t+1 −X 1

t+1, . . . ,X kt+1 −X k−1t+1 )

=M′t + (X 2 −X 1, . . . ,X k −X k−1)t+1.

So since (X 1, . . . ,X k)t+1 is uniform over {−1,+1}k inde-
pendently ofM′t, . . . ,M′1, (X 2−X 1, . . . ,X k−X k−1)t+1

is also independent ofM′t, . . . ,M′1. We conclude thatM′
is a Markov chain.

Lemma 3.10. Let v be a vote sampled fromRP(C), where
C is given by a1 C · · ·C am. Then for each 1 < i ≤ j < m
we have {v1, . . . , vj−i+1} = {ai, . . . , aj} w.p. 1

m .

Proof. We induct on j − i. The base case j − i = 1 is true
by the definition of the random peak model. Suppose our
claim holds for any interval of length d − 1 and assume
j − i = d. By the inductive hypothesis, w.p. 1

m the first
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d − 1 candidates are ai, . . . , aj−1 and then w.p. 1
2 , aj is

ranked in position d. Similarly, w.p. 1
m , ai+1, . . . , aj are

ranked in the first d − 1 positions and then w.p. 1
2 ai is

ranked dth. Whenever ai, . . . , aj are ranked in the first d
positions, one of these two cases must occur. Hence this
happens w.p. 1

m ·
1
2 + 1

m ·
1
2 = 1

m .

C. Omitted Proofs From Section 4
In the following, we assume that the two axes are a1 C1

· · ·C1 am and b1 C2 . . .C2 bm.

Theorem 4.4. For any δ > 0, given the axis C1 we can
identify the axis C2 using O(log( 1

δ )) samples from the dis-
tribution 1

2 ·U(C1)+ 1
2 ·U(C2) if |Λ(C1)∩Λ(C2)| ∈ {0, 2}

and otherwise almost identify C2 using O(m log(mδ )) sam-
ples, w.p. at least 1− δ.

Proof. If m ≤ 4, this is easy to see, since every vote has
probability at least 2−3 = 1

8 and so we conclude by Propo-
sition 4.2. For m > 4, we refer to the proof of Theo-
rem 4.8.

Let Ri = {a1, . . . , ai} and Lj = {am−j+1, . . . , am} for
i+ j ≤ m.

Lemma C.1. Let v ∼ RP(C). Suppose {v[m− (i+ j) +
1], . . . , v[m]} = Ri ∪ Lj with i ≥ 1. If j = 0, then v[m−
(i + j)] = ai+1 w.p. m−i

m−i+1 . If j ≥ 1, then P(v[m − (i +

j)] = ai+1) = 1
2 .

Proof. Consider first j = 0, i.e. Rj = ∅. We calculate the
probability that {v[m− i+ 1], . . . , v[m]} = {ai, . . . , a1}.
This event occurs exactly when either am is ranked first or
C \ {a1 . . . ai, . . . ai+k}, for 0 ≤ k < m − i is ranked in
the last i + k positions and then am is ranked next. The
former happens w.p. 1

m by the definition of the random peak
model. The latter has probability 1

m ·
1
2 by Lemma 3.10 and

by the definition of random peak model. To summarize,
w.p. (m−i−1)

2m + 1
m = m−i+1

2m {v[m− i+ 1], . . . , v[m]} =
{ai, . . . , a1} happens. So conditioned on a1, . . . , ai being
ranked last, ai+1 is above w.p.

m−(i+1)+1
2m

m−i+1
2m

=
m− (i+ 1) + 1

m− i+ 1
=

m− i
m− i+ 1

.

Next suppose j ≥ 1. W.p. 1
m the the first consecutive po-

sitions in a vote are filled by candidates C \ (Li ∪ Rj) by
Lemma 3.10. Also by Lemma 3.10, w.p. 1

m the first con-
secutive positions are filled by candidates C \ (Li+1 ∪Rj),
we then visit ai+1 w.p. 1

2 . We conclude that conditioned on
the last i+ j candidates being Li ∪Rj , the next candidate

is ai+1 w.p.
1
m ·

1
2

1
m

= 1
2 .

Lemma 4.6. If C2 and C1 share exactly one leaf, to almost
identify C2 when sampling from 1

2 ·RP(C1) + 1
2 ·RP(C2)

w.p. at least 1 − δ we need at least Ω(m log( 1
δ )) samples

in the worst case.

Proof. Consider C1 and C2 as in Example 4.1. Only votes
ending in bm = 2 are in SP(C2) \ SP(C1). These occur
w.p. 1

4 . From the proof of Theorem 3.9, we see that to iden-
tify b1, . . . , bm−1 w.h.p. we need to observe votes ending
in bm, where both b1 = 1 and bm−1 = m are ranked last
once bm is removed. By Lemma C.1, given that bm = 2
is ranked last, bm−1 is ranked last w.p. 1

m . So to identify
b1 as a leaf of C1:m−1

2 = b1, . . . , bm−1 we need to sample
from a subset of votes that has frequency 1

4m so that we
need Ω(4m log( 1

δ )) samples.

Theorem 4.8. For any δ > 0, if m > 4, we can identify the
axes C1,C2 using O(log( 1

δ )) samples from the distribution
1
2 ·U(C1)+ 1

2 ·U(C2) if |Λ(C1)∩Λ(C2)| ∈ {0, 2} and oth-
erwise we can almost identify C1,C2 using O(m log(mδ ))
samples, w.p. at least 1− δ.

Proof. In this proof, we write CA
′

to denote the restriction
of the axis C to a subset of candidates A′ ⊆ A.

After sampling O(log( 1
δ )) votes we have discovered all the

leaves Λ(C1) ∪ Λ(C2) w.h.p.

Case 1: If |Λ(C1)∩Λ(C2)| = 0, i.e. |Λ(C1)∪Λ(C2)| = 4
we can apply Theorem 3.4 to votes ending in x for each
x ∈ Λ(C1) ∪ Λ(C2). Since such a vote has probability 1

4 ,
a sample of size O(log( 1

δ )) in each case suffices. Then we
need to identify b1 and bm as the leaves of one axis and a1
and am as the leaves of the second axis.

The votes ending in a1 identify an axis, say C1, up to two
possibilities, which are

a1 C1 a2 C1 . . .C1 am and a1 C1 am C1 . . .C1 a2.

If a2 /∈ {a1, am, b1, bm}, then we have identified C1 and
C2, since then a1 and am must be the leaves of one axis and
by exclusion b1 and bm must be the leaves of the other axis.

Otherwise, since a2 /∈ {a1, am}, a2 = b1 or a2 = bm. We
assume a2 = b1 and show that this leads to a contradiction,
concluding that indeed am is the other leaf of the axis with
leaf a1. The case a2 = bm is analogous. We now consider
all samples ending in b1(= a2). Since the sample is suffi-
ciently large, with high probability it identifies an axis up to
two possibilities, and in particular by assumption C1 up to
two possibilities:

bm C1 . . .C1 b2 C1 b1 and b2 C1 . . . bm C1 b1.
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Since bm 6= a1 (both are distinct leaves of one of C1 and
C2), we conclude that b2 = a1 and in particular, note that
b3 = am.

Now the other axis, C2, must have leaves am and bm. The
second axis must be:

am C2 a1 C2 . . .C2 am−1 = bm−1 C2 . . .C2 b1 C2 bm.

This implies that am = bm−1, but from above we have
am = b3. If m > 4 and in particular m − 1 6= 3, then
clearly bm−1 6= b3 and we get a contradiction.

Note that a sufficiently large sample S satisfies with high
probability that S ∩ Vx, where Vx is the set of votes with
v[m] = x, x ∈ Λ(C1) ∪ Λ(C2), identifies the correspond-
ing axis up to two possibilities. These can be obtained by
running the linear recognition algorithm by Escoffier et al.
(2008) on Vx. The in total up to 8 axes let us go through the
above argument in time O(1) and identify C1 and C2 with
high probability.

Case 2: Suppose |Λ(C1) ∩ Λ(C2)| = 1. In this case wlog
assume x = a1 = b1. We want to identify x as the double
leaf w.h.p. but we may not be able to, depending on the
axes C1 and C2. As before, let Vx be the set of votes in
SP(C1,C2) ending in x. In particular Vx is single-peaked
on a line if and only if CA\{x}1 = CA\{x}2 .

First suppose that Vx is single-peaked on a single axis. Then
since am 6= bm we have am = b2 and bm = a2. Sampling
O(log( 1

δ )) from Va, by Theorem 3.4 we obtain a sample
identifying CA\{x}1 with high probability. In this case, the
linear time recognition algorithm for single-peakedness of
Escoffier et al. (2008) outputs the two axes compatible with
Vx: C1 and C2. By a similar argument, for each of Va1
and Vb1 it similarly outputs w.h.p. two compatible options.
Then the three compatible options with the data are either

1. both options from Vx, C1,C2 (the true mixture),

2. C1 from Vx and the axis compatible with Vb1 with leaf
b2,

3. C2 from Vx and the axis compatible with Va1 with leaf
a2.

Now suppose CA\{x}1 6= CA\{x}2 , so Vx is not single-peaked
consistent. Then by Theorem 3.4, a sample S of size
O(log( 1

δ )) gives us that w.p. ≥ 1 − δ, Vx ∩ S can be
partitioned into a sets V 1

x , V
2
x such that V ix identifies Ci,

i = 1, 2. Then Vx ∩ S can be used to identify x as the dou-
ble leaf by running the linear recognition algorithm. With
high probability it outputs that Vx ∩ S is not single-peaked
on any line. We can then identify C1 up to two possibilities
by sampling votes ending in am and identify C2 up to two
possibilities by sampling votes ending in bm.

Case 3: Now suppose |Λ(C1)∩Λ(C2)| = 2, i.e. |Λ(C1)∪
Λ(C2)| = 2.

Suppose a1 = b1 and am = bm. Note that since C1 6= C2

and a1 = b1 and am = bm, there exists a minimal i such
that ai 6= bi or am−i+1 6= bm−i+1. Say wlog that ai 6=
bi. The O(log( 1

δ )) votes suffice to identify ai . . . am−i+1

and bi . . . bm−i+1 up to 3 (or 1) possibilities as in Case
2 if m > 2i. So there are only one possibility for the
restricted axes. Now restricted to a1 . . . ai, am−i+1, . . . am
with constant probability a1, . . . ai−1 are ranked first which
shows what is ranked below am−1 i.e. we learn the right
of C1. Now restricted to a1 . . . ai, am−i+1, . . . am with
constant probability am−i+2, . . . am are ranked first which
shows what is ranked below am−1 i.e. we learn the right
endpoint of C1.

ai . . . am−i+1, am−i+2 and bi . . . bm−i+1, bm−i+2

a2 C1 · · ·C1 am−1 6= b2 C2 · · ·C2 bm−1.

Let Va1 ⊂ SP(C1) ∪ SP(C2) be the set of votes v with
v[m] = a1. Sampling v ∈ Va1 has probability 1

2 .A sample
S of size O(log( 1

δ )) suffices so that S ∩ Va1 is not single-
peaked consistent with high probability. This is because
a vote in Va1 ∩ SP(Ci), i = 1, 2 has probability 1/4 So a
sample of sizeO(log( 1

δ )) suffices so that S1∩Va1∩SP(Ci)
identifies a2 C1 . . .C1 am and similarly another sample of
sizeO(log( 1

δ )) suffices so that S2∩Va1∩SP(C2) identifies
b2 C2 . . .C2 bm. So S = S1 ∪ S2 is of size O(log( 1

δ )) and
S∩Va1 is not single-peaked consistent with high probability.
This identifies a1 = b1 as a leaf of both C1 and C2. By an
analogous argument we identify am = bm as a leaf of both
C1 and C2. Furthermore,

a3 C1 · · ·C1 am−1 6= b3 C2 · · ·C2 bm−1,

so sampling sufficiently many votes v from SP(C1) sat-
isfying v[m − 1] = a2, v[m] = a1, we can get a sample
that identifies a2 as the neighbor of a1 in one of C1 and
C2 and identifies CA\{a1,a2}1 = a3 C1 . . . C1 am. Sim-
ilarly, sampling sufficiently many votes v from SP(C2)
satisfying v[m − 1] = b2, v[m] = b1, we can get a sam-
ple that identifies CA\{b1,b2}1 = b3 C1 . . . C1 bm. Next
we sample votes and remove a1(= b1) and am(= bm)
from them and hence we are sampling from the mixture
1
2 · U(CA\{a1,am}1 ) + 1

2 · U(CA\{b1,bm}2 ).
If a2 = b2 and am−1 = bm−1, we are in the same case as
before, and proceed analogously to identify a2 and am−1
as the leaves of the induced axes. If, say, a2 6= b2, we can
sample votes from Va2 and using Theorem 3.4 a sample of
size O(log( 1

δ )) suffices to identify a2 C1 . . .C1 am−1 with
high probability. Then since we identified a1 C1 a2 C1 am,
we have identified C1. Again, an analogous argument holds
for C2.
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We consider this as the base case, since in general there
exists an i ≥ 2 such that ai−1 = bi−1 and am−i = bm−i,
but ai 6= bi or bm−i+1 6= am−i+1. In each recursive step
we sample O(log(mδ )) votes and hence overall the sample
complexity is O(m log(mδ )) since there are m candidates
and at most m2 recursive steps.

A runtime of O(m2 log(mδ )) is possible since in each recur-
sive step we run the linear recognition algorithm of Escoffier
et al. (2008) on a set of samples from Vx of size O(log(mδ ))
at most four times, which takes time O(m log(mδ )).

D. Omitted Proofs from Section 5

Theorem D.1. Consider a distributionD over SP(C) such
that for v ∼ D,

P(ai �v aj) ≥
1

2
+ ε1

for all i, j with dm2 e ≥ i > j or dm2 e ≥ i > m− j+ 1, and

P(ai �v am−i+1) =
1

2
.

Suppose furthermore

P(ai+1 �v ai)− P(ai+1 �v am−i+1) ≥ ε2 > 0,

for 1 ≤ i < k. Then for any δ > 0 we can learn C w.p.
≥ 1− δ using O(m log(mδ )( m

(ε1)2
+ 1

ε2
)) samples.

Proof. For each pair {a, b} ⊂ A we will draw sufficiently
many independent samples from D so that our estimate for
P(a �v b) is very accurate with high probability, using
Chernoff bounds.

Let Iai,aj = 1 if ai �v aj in a sampled vote v and Iai,aj =
0 otherwise. Suppose either dm2 e ≥ i > j or dm2 e ≥ i >
m− j + 1. We use the multiplicative form of the Chernoff
bound as found in the textbook of Mitzenmacher & Upfal
(2017) with ε′ satisfying 1 ≥ ε′ = 2ε1

1+2ε1
> 0:

P

(
1

t

t∑
k=1

Ikai,aj ≤
1

2

)

=P

(
1

t

t∑
k=1

Ikai,aj ≤ (1− ε′)(1

2
+ ε1)

)

≤e−
ε′2t( 1

2
+ε1)

2 = e−
ε21t

1+2ε1 ≤ δ

m2
,

if t ≥ 2 1+2ε1
ε21

log(mδ ).

We assume for convenience that m = 2k + 1, but a very
similar argument works the case where m is even. By the
union bound, w.p. at least 1− δ

m , candidate ak+1 beats every
other candidate and we identify it as the central candidate.

Similarly, ak and am−k+1 on average beat all candidates in
A \ {ak+1} w.p. at least 1− δ

m , except for each other. We
continue analogously with ai, am−i+1, who on average beat
all candidates in A \ {ak+1, ak, am−k+1, . . . , ai+1, am−i},
i < k. To identify which of ai, am−i+1 is in fact on the left
or on the right we fix an arbitrary direction for ak, am−k+1.
Then we can learn which of ai and am−i+1 is on the left or
right by estimating P(ai+1 �v ai) and P(ai �v am−i+1).
Since P(ai+1 �v ai) − P(ai+1 �v ai) ≥ ε2 > 0 using
sufficiently many samples we can distinguish am−i+2 and
ai−1, i ≤ k. We again show this via Chernoff bounds with
δ = 1

2 (any 0 < δ < 1 will work):

P

(
1

t

t∑
k=1

Ikai+1,ai −
1

t

t∑
k=1

Ikai,am−i+1
≤ (1− 1

2
)ε2

)

≤ e−
tε2
8 ≤ δ

m2
,

if t ≥ 8
ε2

log(mδ ). Let us say that if an event we are trying to
bound above occurs, the corresponding estimator is bad. We
summarize that for each of the m(m−1)

2 pairs of alternatives,
the estimators are bad w.p. at most δ

m2 and with probability
at most δ

m2 each of the at most m2 estimators for P(ai+1 �v
ai)− P(ai+1 �v am−i+1), 1 < i+ 1 ≤ dm2 e, are bad. So
the probability that any of the estimators is bad is at most δ.
We can conclude that for any δ > 0 we can learn C w.p. ≥
1− δ using a sample of size O(m log(mδ )( m

(ε1)2
+ 1
ε2

)).

We now apply Theorem D.1 to U(C). This involves finding
suitable values for ε1 and ε2.
Lemma D.2. am−i+1 �v aj w.p. at least

1

2
+

1

2
· 1(√

π(m+ 1
2 )
)

+ 1
,

where dm2 e ≥ i > j.

Proof. Again we view v ∼ U(C) as v = ζ(X ). We have
am−i+1 �v aj whenever the last i+j−1 spots in v contain
{a1, . . . aj} and aj �v am−i+1 otherwise. The last i+j−1
spots in vote v contain {a1, . . . aj} whenever X goes to the
left at least j times. The number of such votes is

i+j−1∑
k=j

(
i+ j − 1

k

)
.

In the remaining
∑i+j−1
k=i

(
i+j−1
k

)
votes v, aj �v am−i+1.

Note that P(am−i+1 �v aj) ≥ P(am−j �v aj) since
whenever am−j �v aj , we also have am−i+1 �v aj . So let
i = j + 1 and it is sufficient to calculate a lower bound for
p′ = P(am−j �v aj):

p′

1− p′
=

∑2j
k=j

(
2j
k

)∑2j
k=j+1

(
2j
k

) =
22j−1 +

(
2j
j

)
22j−1
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≥′ 1 +
22j

22j−1
√
π(j + 1

2 ))
= 1 +

2√
π(j + 1

2 ))

∀j ≥ 1.
So for q′ = 1− p′ and C(j) = 2√

π(j+ 1
2 ))

,

1

q′
≥ 2 + C(j)

⇔ 1

2 + C(j)
≥ q′

⇔ 1

2 + C(j)
− 1

2
≥ q′ − 1

2

⇔ −(C(j))

2(2 + C(j))
≥ q′ − 1

2

⇔ −1

2((
√
π(j + 1

2 )) + 1)
≥ q′ − 1

2
.

So p′ ≥ 1
2 + 1

2((
√
π(j+ 1

2 ))+1)
≥ 1

2 + 1

2((
√
π(m+ 1

2 ))+1)
.

Theorem 5.2. Suppose that we sample pairwise compar-
isons from U(C). For any δ > 0, we can learn C w.p. at
least 1− δ using O(m3 log(mδ )) samples.

Proof. We note that for dm2 e ≥ i > j, we have
P(am−i+1 �v am−j+1) ≥ P(am−k �v am−j+1) since
whenever am−k is ranked above am−j+1, so is am−i+1

and P(am−k �v am−j+1) ≥ P(am−k �v am−k+1),
since whenever am−k+1 is ranked below am−k, so is
am−j+1. But by Lemma D.2 P(am−k �v am−k+1) ≥
1
2 + 1

2((
√
π(m+ 1

2 ))+1)
.

So ε1 = 1

2((
√
π(m+ 1

2 ))+1)
for some C > 0 can be used in

the application of Theorem D.1 to U(C). That is ( 1
ε1

)2 =
O(m).

To obtain a corresponding ε2, we are interested in distin-
guishing estimates for the probabilities P(am−i+1 �v ai−1)
and P(am−i+1 �v am−i+2). It remains to calculate a lower
bound ε2 for P(am−i+1 �v am−i+2) − P(am−i+1 �v
ai−1).

Let Fa be the event that a is ranked first. Note that whenever
am−i, . . . , ai are ranked in the first m− (2i− 1) spots and
ai−1 is ranked just below, then in particular it holds that
one of am−i, . . . , ai is ranked first and ai−1 �v am−i+1.
Suppose am−i, . . . , ai are the first m− (2i−1) alternatives
in v. Conditioned on this, what is the probability that ai−1
is ranked next, i.e. in position m − (2i − 1) + 1? Using
conditional probability, this probability is(

2i−2
i

)
2m−1−(2i−1)(

2i−1
i

)
2m−1−(2i−1)

=
i− 1

2i− 1
≥ 1

3

since i > 1. The probability that am−i, . . . , ai are ranked
in the first m− (2i− 1) spots is(

2i− 1

i

)
2m−1−(2i−1)

2m−1
=

(
2i− 1

i

)
2−(2i−1)

=

(
2i

i

)
2−2i ≥ 1√

(i+ 1
2 )π

for all i ≥ 1. By the previous calculation, conditioned
on this event, ai−1 is ranked next w.p. at least 1

3 . We
observe that 1

3
√
π(i+ 1

2 )
is a lower bound for the probability

of the event that one of am−i, . . . ai is ranked first in v and
ai−1 �v am−i+1, which becomes relevant in the last part
of this argument. For clarity, we leave out the subscript
v ∼ U(C). We conclude that

P(ai �v am−i+2)− P(am−i+1 �v ai−1)

=
∑
a∈A

P(Fa)P(am−i+1 �v am−i+2 | Fa)

−
∑
a∈A

P(Fa)P(am−i+1 �v ai−1 | Fa)

=
∑

a∈{am−i+1,...,ai}

P(Fa)(P(am−i+1 �v am−i+2 | Fa)

−P(am−i+1 �v ai−1 | Fa))

=P(Fam−i+1
)(1− P(am−i+1 �v ai−1 | Fam−i+1

))

+
∑

a∈{am−i,...,ai}

P(Fa)(P(am−i+1 �v am−i+2 | Fa)

−P(am−i+1 �v ai−1 | Fa))

=
∑

a∈{am−i,...,ai}

P(Fa)(P(am−i+1 �v am−i+2 | Fa)

−P(am−i+1 �v ai−1 | Fa))

=
∑

a∈{am−i,...,ai}

P(Fa)(1− P(am−i+1 �v ai−1 | Fa))

=
∑

a∈{am−i,...,ai}

P(Fa)(P(ai−1 �v am−i+1 | Fa))

≥ 1

3
√

(i+ 1
2 )π
≥ 1

3
√

(m+ 1
2 )π

,

for large enough i (for the remaining finite i the difference
is positive).
Then choosing ε2 = 1

3
√
π(m+ 1

2 )
, from Theorem D.1 we can

conclude that for any δ > 0 we can learn C w.p. at least
1−δ usingO(m log(mδ )( m

(ε1)2
+ 1
ε2

)) = O(m log(mδ )(m2+
√
m)) = O(m3 log(mδ )) samples.

Lemma D.3. For v ∼ RP(C) we have ai �v am−j+1,
i+ j ≤ m w.p. 1

2 + i−j
2m .
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Proof. Whenever one of am, . . . , am−j+1 is ranked first
in a vote v, it holds that am−j+1 �v ai. Similarly
whenever one of a1, . . . ai is ranked first in v, it holds
that ai �v am−j+1. In the remaining cases, when one
of ai+1, . . . am−j is ranked first, each with probability
1
m , there is a symmetry between am−j+1+k and ai+k
for am−j+1 and ai. When am−j+1−k is ranked first,
m − j + 1 − k ≤ i, the probability that am−j+1 �v ai
is equal to the probability that ai �v am−j+1 when ai+k
is ranked first. So by symmetry in these remaining cases,
ai �v am−j+1 w.p. 1

2 for v ∼ RP(C) (that is, conditioned
on one of ai, . . . am−j+1).

This implies that P(ai �v am−j+1)−P(am−j+1 �v ai) =
i−j
m and so

P(ai �v am−j+1)− (1− P(ai �v am−j+1))

= 2P(ai �v am−j+1)− 1 =
i− j
m

.

We conclude that P(ai �v am−j+1) = 1
2 + i−j

2m .

Corollary D.4. Let bm2 c ≥ i > 1. Then it holds that
P(ai �v ai−1)− P(ai �v am−i+2) ≥ 1

2m .

Proof. Using Lemma D.3, we obtain

P(ai �v ai−1)− P(ai �v am−i+2)

=
m− (i− 1)− (i− 1)

2m
− i− (i− 1)

2m

=
m− 2i+ 2− 1

2m
=
m− 2i+ 1

2m
≥ 1

2m
,

since i ≤ bm2 c.

Theorem 5.3. Suppose that we sample pairwise compar-
isons fromRP(C). For any δ > 0, we can learn C w.p. at
least 1− δ using O(m4 log(mδ )) samples.

Proof. From Lemma D.3 we get ε1 = 1
2m , and from Corol-

lary D.4 we get ε2 = 1
2m . Hence by Theorem D.1 we can

learn C using a sample of size O(m log(mδ )( m
(ε1)2

+ 1
ε2

)) =

O(m log(mδ )(m3 +m2)) = O(m4 log(mδ )).


