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Abstract

In generative adversarial imitation learning
(GAIL), the agent aims to learn a policy from
an expert demonstration so that its performance
cannot be discriminated from the expert policy
on a certain predefined reward set. In this paper,
we study GAIL in both online and offline settings
with linear function approximation, where both
the transition and reward function are linear in
the feature maps. Besides the expert demonstra-
tion, in the online setting the agent can interact
with the environment, while in the offline setting
the agent only accesses an additional dataset col-
lected by a prior. For online GAIL, we propose
an optimistic generative adversarial policy imita-
tion algorithm (OGAPI) and prove that OGAPI
achieves O(VHAd3K + \/H3d2K?/Ny) regret.
Here N; represents the number of trajectories
of the expert demonstration, d is the feature di-
mension, K is the number of episodes, and O(-)
hides logarithmic terms and constants. For offline
GAIL, we propose a pessimistic generative ad-
versarial policy imitation algorithm (PGAPI). We
also obtain the optimality gap of PGAPI, achiev-
ing the minimax lower bound in the utilization
of the additional dataset. Assuming sufficient
coverage on the agditional dataset, we show that
PGAPI achieves O(\/H*d%/K + \/H*d3/N; +
v/ H?3d?/Ny) optimality gap. Here Ny represents
the number of trajectories of the additional dataset
with sufficient coverage.
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1. Introduction

In imitation learning (IL, Hussein et al. (2017)) (a.k.a ap-
prenticeship learning), the agent remains unknown of the
reward, but can learn from an expert demonstration so that
the agent learns a policy as good as the expert one. To
solve IL problem, there exist mostly three types of methods:
behavior cloning (BC, Argall et al. (2009)), inverse rein-
forcement learning (IRL, Abbeel & Ng (2004)), and online
generative adversarial imitation learning (online GAIL). BC
regards IL as a supervised learning problem of predicting ac-
tions based on states. While appealingly simple, BC suffers
from compounding error caused by covariate shift (Ross
& Bagnell, 2010). IRL explicitly solves the true reward
function and then accordingly fully solves an RL subprob-
lem at every iteration (Abbeel & Ng, 2004; Ng & Russell,
2000). Though it has succeeded in tasks involving continu-
ous spaces (Finn et al.), IRL lacks computational efficiency
and the desired true reward function may not be unique.
To address these issues, online GAIL (Ho & Ermon, 2016)
solves IL through minimax optimization with alternating
updates to learn a policy whose performance cannot be dis-
criminated from the expert policy on a certain predefined
reward set. The alternating updates in online GAIL mirror
the training of generative adversarial networks (Goodfellow
et al., 2014; Arjovsky et al., 2017). Specifically, at every
iteration, online GAIL first minimizes the discrepancy in
expected cumulative reward between the expert policy and
the learned policy and then maximizes such a discrepancy
over a given reward function class in adversary. Online
GAIL achieves tremendous empirical success in various
fields, such as autonomous driving (Kuefler et al., 2017),
human behavior modeling (Merel et al., 2017), natural lan-
guage processing (Chen et al., 2017), and robotics control
(Tsurumine et al., 2019).

Despite the state-of-art empirical performance of online
GAIL, the agent requires a huge amount of interactions with
the environment during the training. For some practical
problems, it is inconvenient, costly, or risky to get expert
data or labeled data, especially when collecting clinical
data or developing autonomous driving. Meanwhile, it is
available to get other sources of offline data, which may
be originated from historical experiments, non-labeled data,
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and published datasets, etc. Naturally, we desire to utilize
these offline data to alleviate the shortage of expert demon-
stration and aid the agent to mimic the expert policy. To this
end, besides online GAIL, we consider the offline genera-
tive adversarial imitation learning (offline GAIL) setting. In
offline GAIL, we assume that the agent is accessible to an
additional dataset besides the expert demonstration, with-
out further interaction with the environment. Some related
works (Zolna et al., 2020; Zhang & Wu, 2021) study this
setting, providing empiricial methods.

Furthermore, previous theoretical analyses on GAIL either
focus on the tabular case (Shani et al., 2021), where the state
and action spaces are discrete, or relies on strong assump-
tions, including access to a well-explored dataset (Zhang
et al., 2020), linear-quadratic regulators (Cai et al., 2019),
or kernelized nonlinear regulators (Chang et al., 2021). The-
oretical analysis for GAIL with linear function approxima-
tion either in online or offline settings still remains an open
problem, which is crucial for the application of GAIL in
the continuous or high dimensional state and action spaces.
The cruxes of such an analysis involve: (i) Different from
RL, both online GAIL and offline GAIL are minimax op-
timization problems with respect to the policy and reward
function, especially with linear reward set. (ii) For offline
GAIL, without assuming the well-exploredness of the addi-
tional dataset, the agent may be misled by distribution shift
in the additional dataset and shares the suffering with offline
RL (Jin et al., 2021; Wang et al., 2020a); (iii) For offline
GAIL, we are incapable to update the reward function based
on the trajectory of present policy.

Hence in this paper, we aim at tackling these issues and
answering the following question:

Can we design provably efficient algorithms for online and
offline GAIL with linear function approximation?

To answer the above question, we present a unified frame-
work and specialize it as Optimistic Generative Adversarial
Policy Imitation (OGAPI) for online GAIL and Pessimistic
Generative Adversarial Policy Imitation (PGAPI) for offline
GAIL with linear function approximation. This framework
is motivated by the alternating update process of GANs and
involves two main stages: policy update stage and reward
update stage. (i) In the policy update stage, we apply mirror
descent (Beck & Teboulle, 2003; Hazan, 2019) to update the
policy and evaluate policy online optimistically for OGAPI
and offline pessimistically for PGAPI. (ii) In the reward
update stage, we first estimate the gradient of GAIL objec-
tive function with respect to the reward parameter through
the collected trajectory induced by the present policy for
OGAPI. While for PGAPI, we build the estimate through
estimated action-value functions during the stage of policy
update. Then we use projected gradient ascent to update
reward parameters via such an estimated gradient.

Contribution Particularly, we conclude our contributions
in the following three aspects. First, for online GAIL with
linear function approximation, we propose a new algorithm
OGAPI and prove that OGAPI achieves O(v H4d3 K +
v/ H3d?K?2/Ny) regret when applying linear function ap-
proximation, demonstrating that OGAPI is provably effi-
cient. Here IN; represents the number of trajectories of
the expert demonstration, d is the feature dimengon, H is
the horizon, K is the number of episodes, and O(-) hides
logarithmic terms and constants Second, for offline GAIL
with linear function approximation, we design a new al-
gorithm PGAPI and obtain the optimality gap of the out-
put policy under the minimal assumption on the additional
dataset. Then we decompose the optimality gap into three
sources: optimization error, Monte Carlo (MC) estimation
error, and intrinsic error. We prove that optimization error
and MC estimation error respectively scale to O(K~1/2)
and O(N 1 1/ %), while intrinsic error depends on how well
the additional dataset D* covers the expert policy and at-
tains the minimax optimality in the utilization of the ad-
ditional dataset. Third, we demonstrate that if we fur-
ther assume that the additional dataset D* has sufficient
coverage on the expert policy, we prove PGAPI achieves
O(VH*d?/K + \/H*d3/Ny + \/H3d2? /Ny ) optimality
gap, thus PGAPI has global convergence. Here /N, repre-
sents the number of trajectories of the additional dataset.
Furthermore, we discuss the effect of the additional offline
dataset D*. In particular, facilitated with an additional
dataset D* with sufficient coverage, we decrease the depen-
dency for H and d in the optimality gap.

Related Works. Our work adds to the body of analysis on
GAIL (Cai et al., 2019; Chen et al., 2020; Zhang et al.,
2020; Xu et al., 2020; Shani et al., 2021; Chang et al.,
2021). Shani et al. (2021) study online GAIL and obtain
O(VHYS?JA|K + \/H3|S||A]K?2 /Ny ) regret in the tab-
ular case with bounded reward functions but we apply linear
function approximation on the transition kernels without
assuming the state space or the action space is discrete and
we adopt linear reward set. Chen et al. (2020) only study the
convergence of offline GAIL to a stationary point instead
of global convergence (optimality gap) as in this paper. Xu
et al. (2020); Zhang et al. (2020) analyze the global con-
vergence of GAIL with neural networks respectively in the
tabular case and the continuous case but assume that a well-
explored dataset is available (concentrability coefficients
are uniformly upper bounded), while our analysis need not
such a strict and impractical assumption. Cai et al. (2019)
study the global convergence of offline GAIL in the setting
of linear-quadratic regulators, which is unnecessary for this
paper. Chang et al. (2021) study offline GAIL with bounded
reward functions in the continuous kernelized nolinear reg-
ulator (KNR, Kakade et al. (2020)) and gaussian process
(GP, Fisac et al. (2018)) setting. We point out that the KNR
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(resp. GP) setting is different from linear kernel MDP as
analyzed in this paper and each one does not imply the other,
which leads to the difference in model estimation and later
analysis. In addition, we study the linear reward set instead
of bounded reward set and the former case is difficult to
handle with Shani et al. (2021).

Our work is also related to BC (Ross & Bagnell, 2010;
Rajaraman et al., 2020; 2021; Rashidinejad et al., 2021).
BC does not solve a minimax problem as GAIL, but di-
rectly mimics the expert policy extracted from the expert
demonstration. Rajaraman et al. (2021) propose a BC
method which achieves O(|S|H?/N;) suboptimality, at-
taining Q(|S|H?/N;) the lower bound of BC (Rajaraman
et al., 2020), when the transition model is unknown. To
best of our knowledge, present analysis of BC only focus on
the tabular case and would fail in the continuous state and
action space with horizon H > 2, since BC is considered as
a classification problem and always faces unseen states in
the continuous state space. See the remaining discussions
of related works in §B.

2. Preliminary

In this section, we introduce the notion of the episodic
Markov decision process (MDP), generative adversarial im-
itation learning in the online and offline settings, and linear
function approximation.

2.1. Episodic Markov Decision Process

We consider an episodic MDP (S, A, H, P,r), where S
and A are the state and action spaces, respectively, H is
the length of each episode, P}, is the Markov transition
kernel of the h-th step of each episode for any h € [H], and
rp: S x A — [0, 1] is the reward function at the h-th step
of each episode for any h € [H]. We assume without loss
of generality that the reward function r}, is deterministic.

In the episodic MDP, the agent interacts with the environ-
ment as follows. At the beginning of each episode, the agent
determines a policy m = {7 }nem) € A(A|S, H). Then
the agent takes the action ay, ~ 75+ | sp) at the h-th step
of the k-th episode, observes the reward r,(sp, ap,), and
transits to the next state s,1 ~ Pp(- | sn, ar). The episode
terminates when the agent reaches the state sg;. Without
loss of generality, we assume that the initial state s; = x is
fixed across different episodes. We remark that our analyses
readily generalize to the setting where the initial state s; is
sampled from a fixed distribution.

We now define the value functions in the episodic MDP.
For any policy m = {7, }e[m] and reward function r =
{"n}ne[ ), the state- and action-value functions are defined

for any (s,a,h) € S x A x [H] as follows,

H
Vhr’,r(s):EW[Zri(si,ai)‘sh:s], (D
i=h
H
Qh x(s,0) =Bx [ Y rilsiai)|sn = s,an = a], ()

i=h

where the expectation E,[-] is taken with respect to the
action a; ~ m;(-|s;) and the state s;41 ~ P;(- | s, a;) for
any i € {h,h+1,..., H}. With slight abuse of notations,
we also denote by P, the operator form of the transition
kernel such that (P, f)(s,a) = Egp, (.| s,a)[f(s")] for any
f: S — R. By the definitions of the value functions in (2),
for any (s,a,h) € § x A x [H], any policy 7, and any
reward function r, we have

Vi:,ﬂ'(s) = <Q7i;,,7r(s7 ')77Th('7 8)>A7 (3)
QZ,W(S» a) = Th(sa a) + ’th;;—i-l,w(& CL), “4)

where (-, -) denotes the inner product over the action space
Aand Vi (s) is set to zero for any s € S. We further
define the expected cumulative reward as follows,

J(m,r) = Vi (). (5)

In this paper, we characterize the performance of the agent
via the expected cumulative reward J (7, r) defined in (5).

2.2. Generative Adversarial Imitation Learning

Given an expert demonstration with /Ny trajectories of state-
action pairs D¥ = {(SE’T, ag,r)}he[H],re[Nl]v which gener-
ated following the underlying MDP and the expert policy
7¥, the goal of GAIL is to find a policy whose performance
is close to that of the expert policy 7F for any reward func-
tion in a given set R (Ho & Ermon, 2016). Here the set R
is specified later in §2.3. We assume that the trajectories
in the expert demonstration D¥ are independent, which is a
standard assumption in the literature (Abbeel & Ng, 2004;
Shani et al., 2021). In GAIL, we consider the following
minimax optimization problem,

i J(rE )y —J 6
eatin, o max (7%, r) = J(m,7), (6)

where J(m, ) is defined in (5).

Online GAIL. In online GAIL, the agent interacts with
the environment to collect state-action pairs following the
underlying MDP and the current policy. For online GAIL,
we are interested in the performance of the algorithm during
learning. To this end, we compare the expected cumulative
reward corresponding to the algorithm during learning with
the expected cumulative reward corresponding to the expert
policy under the worst-case scenario, which is defined as
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follows (Shani et al., 2021),

Regret(K) = max » [J(x%,7) = J(z%,7)], (D)

where 7% is the policy of the agent at the k-th episode.

Offline GAIL. To simultaneously utilize non-expert data
without further interaction with the environment, we con-
sider offline GAIL, which involves an additional dataset
to benefit the policy learning. Specifically, except for the
expert demonstration D¥ = {(S]}?’T, aE,T)}hE[HLTG[Nl] col-
lected by the expert policy 7% in the underlying MDP,
the agent has access to an additional dataset D* =
{(s},, a},) }ne[#),re[n,)» Which is collected a priori by an
experimenter in the underlying MDP. In particular, at each
step h € [H| of each trajectory T € [N3], the experimenter
takes the action aj, at the state sj and observes the next state
5h41 ~ Pu(-| s}, aj,). Here af, is arbitrarily chosen by the
experimenter given the filtration

Fnr=0({(sl'al): (n—1)H +i < (1 —1)H + h}),

In other words, in the 7-th trajectory, the action the experi-
ment takes is only determined by the historical information
with randomness. For offline GAIL, we measure the perfor-
mance of a policy 7 by the R-distance (Chen et al., 2020)
between the expert policy 7" and 7, which is defined as,

Dr (7% 7) = mea%[,](?rE, r)—J(m,r)]. (8)
Here R is the reward set, which is specified later in §2.3.
Optimality gap defined in (8) can be considered as one
episode regret defined in (7). When optimality gap of policy
7 approaches zero, it implies that the performance difference
between the policy 7 and the expert policy ¥ tends to be
undistinguishable by the reward set R, which implies that
the performance of 7 is measured by both the optimality
gap Dx (7", 7) and the richness of the reward set R.

2.3. Linear Function Approximation

We consider the linear setting where the transition kernel is
linear in a feature map, which is formalized as follows.

Assumption 2.1 (Linear Kernel Episodic MDP). Given
measurable sets S and A with finite measure, the episodic
MDP (S, A, H,P,r*) is a linear MDP with a feature map
¢ :8SxAxS — R thatis, for any h € [H], there
exists 0, € R? with ||01,||2 < v/d such that Py, (s’ | s,a) =
#(s,a,s") "0y, forany (s,a,s’) € S x A x S. Also, there
exists an absolute constant R > 0 such that

R sup |6(s,a,) Tyl? < / 16(s,a, ) T2 ds' < d,
s’'eS S

for any (s,a) € S x Aand y € R? with ||y||o < 1.

Under Assumption 2.1, we further assume that there exists
a feature map ¢: S x A — R? such that the reward set R
in (6) takes the following form,

{r*: 7 ()= (,-) " for any (h, ) € [H]xS}, (9)

where 7 = {r}'(-, ) }r.e(a is the reward function and p =
{un}nepm is the reward parameter. Here S' is the reward
parameter domain, which is defined as follows,

S ={p: up € Bforany h € [H]}, (10)

where B = {u € R%: |lulls < Vd}. We assume that
[(s,a)|l2 < 1forany (s,a) € S x A, which ensures that
i (s,a) € [0,v/d] forany (s,a,h,p) € S x A x [H] x S.
For notational convenience, for any reward function r#, we
denote by the GAIL objective function L(7, y) as follow,

L(m, p) = J(x®, 1) = J (m,74), (11)

where J(, ") is defined in (5).

Assumption 2.1 corresponds to the linear kernel MDP model
in RL. See Ayoub et al. (2020); Zhou et al. (2021); Cai et al.
(2020) for various examples of linear kernel MDPs. We
remark that the existence of R in Assumption 2.1 can be
guaranteed if for any (s,a) € S x A, the feature map
@(s,a,-) is upper bounded and Lipschitz continuous. Par-
ticularly, a tabular MDP where the state space S and the
action space .4 are both finite, is a special case of the linear
kernel MDP in Assumption 2.1 with d = |S|?|.A| and the
feature map ¢(s, a, s") being the canonical basis e(, 4, ) of

RISPIAL 1t implies that our analysis for GAIL with linear
function approximation also covers the tabular case. We
also remark that the range of the reward function is [0, v/d]
instead of [0, 1]. With the increasing d, we can enrich the
reward set R and then capture the performance of the pol-
icy more meticulously using the optimality gap defined in
(8). Analysis in GAIL with linear reward is more challeng-
ing than the case with bounded reward, as studied in the
previous literature (Shani et al., 2021; Chang et al., 2021).

3. Algorithms

We first propose a unified framework in Algorithm 1 to
solve GAIL in both online and offline settings. Then we
specify the framework for online and offline settings in op-
timistic generative adversarial policy Imitation (OGAPI in
Algorithm 2 of §3.1) and pessimistic generative adversarial
policy imitation (PGAPI in Algorithm 3 of §3.2), respec-
tively.

This framework in Algorithm 1 involves two stages: pol-
icy update stage and reward update stage. (i) In the policy
update stage, we use mirror descent to update the policy
based on the estimated action-value function constructed in
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Algorithm 1 A Unified Framework for OGAPI and PGAPI

1: Initialize {Q, },c[m) as zero functions over S x A and
{7} }he(m as uniform distributions over A.

2: (PGAPI) Construct estimated transition kernels
{Pn} hern and uncertainty qualifiers {I'y, } pc[z] based
on DA,

3: fork=1,..., K do

4:  Update policy 7 = {m}'},c(z) by mirror descent

with estimated action-value function {@’;71} he[H]-

5:  (OGAPI) Rollout a trajectory following 7%, and
construct empirically estimated transition kernels
{P}} he () and bonus functions {T'} } e (m).

6:  (OGAPI/PGAPI) Optlmlstlcally/Pess1mlstlcally esti-
mate action-value function {Q Yhern

7. (OGAPI/PGAPI) V,LL( ,uF)  via
(25)/(28).

8:  Update reward parameter 1+ by projected gradient
ascent with estimated V,, L(7*, u*).

9: end for

10: (PGAPI) Output the mixed policy 7 of {m"} ¢k

Estimate

the previous iteration. For OGAPI, we sample a trajectory
following the updated policy. Then we construct estimated
action-value functions with optimism based on the finite
historical data for OGAPI or pessimism based on the ad-
ditional dataset for PGAPI. (ii) In the reward update stage,
we first construct an estimate of the gradient based on the
collected trajectory induced by the present policy and the
finite historical data for OGAPI or estimated action-value
functions for PGAPI, and then we use projected gradient
ascent to update reward parameters via such an estimate of
gradient. We further detail OGAPI and PGAPI as follows.

3.1. Optimistic Generative Adversarial Policy Imitation

To specialize Algorithm 1 to solve online GAIL, we propose
OGAPI in Algorithm 2, which is detailed as follows.

3.1.1. PoLiCcY UPDATE STAGE

The policy update stage (Lines 4—12 of Algorithm 2) con-
sists of two steps: (i) policy improvement (Lines 4—6) and
(i1) policy evaluation (Lines 8—12). In policy improvement,
we apply mirror descent in its proximal form to update the
current policy via estimated action-value functions, which
is specified in policy evaluation stage. In policy evaluation,
we employ the optimism principle to construct the estimated
action-value functions, which further utilize estimated tran-
sition kernels and bonus functions.

Policy Improvement. To generate a policy whose per-
formance is close to the expert policy 7%, we update
the policy 7% to minimize the GAIL objective function

L(m, b= = J(xB, r*=1) — J(7,r*~1) in (11) under the
current reward functlon rk = r“kil. Note that 7

fixed, then we only need to maximize J (7, 7%~1). Apply-
ing online mirror descent (Beck & Teboulle, 2003; Hazan,
2019), a standard algorithm to solve online learning prob-

lem, we update 7 as follows,

7Tk:

argmax {Lp_1(7) —a 'D(m, 7" 1)}, (12)

TEA(A|S,H)

where « is the step size, Bregman divergence regular-
izer D(m,7*~1) is chosen as the expected KL diver-

gence i[5, Dr(ma (- [su)llmy " (- sn)) | s1=),
and Lj_1 () takes the form as

H
+Ek1|:z Sh, s

h=1
(- | sn) — ﬂ}]f_ (- |sh)>A | s1 = JCi| (13)

£k71(ﬂ') = J(Wk_l

Here expectation . [ ] is taken with respect to the trajectory
induced by 7 and Q h ! is an estimator of Q T which
is specified later in (20). Such policy update formulatlon
defined in (12) also corresponds to the policy optimization
in online RL (Kakade, 2001; Schulman et al., 2015; 2017;
Geist et al., 2019; Shani et al., 2020a; Cai et al., 2020).

By solving (12), we obtain the following closed-form solu-
tion forany (s,h) € S x [H],

W,’i( \s)omrﬁ !

(-1s)-expla-QF'(s,)},  (14)

which gives Line 5 of Algorithm 2.

Policy Evaluation. To evaluate the policy 7* under the
reward fgnction Ark, we first construct estimated transition
kernels P* = {P}}),c(u), through value-target regression
(Ayoub et al., 2020) on finite historical data in Line 9, and
then construct an estimator of the action-value functions
by the Bellman equation in (4) with an extra bonus term to
incorporate exploration in Line 10.

Specifically, in the k-th episode, we construct our estimated
transition kernels P* = {Ph} he[H] a8

PE(s | s,a) = ¢(s,a,s") T, (15)
forany (h,s,a,s’) € [H] xS x Ax S, where 97; is the min-
imizer of the regularized empirical mean-squared Bellman
error defined as follows,

k—1
guin 3 |6 6h.aR) "0 =V GDI + eI, 16
where (- fs Vh+1( s’)ds’. Here 17,: is

constructed 1n Line 11 of Algorlthm 2 and A > 0 is the regu-
larization parameter, which is specified later in Theorem 4.1.
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By solving (16), we obtain the closed-form update of @fl as

E

-1

¢2(827a2)V{+1(82+1)7 (17)
1

oh = (A~

T

where A = 257} gph(sh,ah)gah(sh,ah)Tds + AI. We
use (r¥ +Pth+1)(s a) as an estimator of @} 7r,y( ,a). To
further handle the uncertainty incurred by finite historical
data and balance between exploration and exploitation, we
employ optimism to incentivize exploration as many no-
regret online RL algorithms do (Auer et al., 2002; 2009;
Azar et al., 2017; Jin et al., 2018; 2019; Yang & Wang,
2020). Specifically, we first define the bonus term as

Fﬁ(&a)

where £ > 0 is a scaling parameter. Then we incorporate
such a bonus term into the estimator (rf + PEV} Fo)(s,a)

of thk (s,a),ie.,

= HVd-min { - @} (s, )| (af)-1, 1}, (18)

(rﬁ+73{f‘7h’“+1 +TH) () (19)
J(H—h+1)Vd},.  (20)

Q%(a) =
Qi () = min {Q (-,

We highlight that the policy update stage of OGAPI (Lines
4—12 of Algorithm 2) corresponds to the no-regret policy
optimization in adversarial MDP with full information feed-
back (Shani et al., 2020b; Rosenberg & Mansour, 2019; Cai
et al., 2020; Jin et al., 2020). Such tolerance of arbitrarily
chosen reward function every episode paves the way for the
alternate update between the policy and reward function.

3.1.2. REWARD UPDATE STAGE

To discriminate the discrepancy between the expert policy
7P and the current policy 7*, we update the reward parame-
ter u**+1 by maximizing GAIL objective function L(7*, ;1)
defined in (11). By projected gradient ascent, we obtain the
update of the reward parameter as follows,

Ni—H = PrOjB{leCL + UVM;LL(W]‘? Uk)}a 2n
where 7 is the stepsize, ¥, L(", u¥) is an estimator of
Vi, L(7*, i), and Proj: R — B is the projection oper-
ator to restrlct the updated reward parameter pkH within
the ball B for any h € [H|. Here B is defined in (10).
Without accessing to the true transition kernels of the under-
lying MDP and the expert policy 7%, we need to obtain an
estimator VuhL( ©F) in (21).

Specifically, to construct an estimator of V,,, L(7*, u*), we

first construct a Monte Carlo (MC) estimator L(7*, ;%) of
L(7*, 1¥) as follows,

= J(x®,rF) = J(x* 1F). (22)

Here J(TI’E,T ) and J(z*,rk) are MC estimators of

J(7®,rk) and J (7%, ), which are defined as,
J(w® ZZ¢ shoan ), (23)
T7=1h=1
J(r* k) = Zwsi‘;,aﬁ)%, (24)

h=1

where we use [V trajectories in J (7®, r*) and one trajectory
in J (7%, 7*). Combining (22) and (23), we obtain that

Ny
-~ 1
VMhL(ﬂ-k»/‘k):E Zw(sg,wagﬁ) - w(slfiraZ) (25)
T=1

We use @ML(w’ﬂpk) as an estimator of V,,, L(m*, u*),

which gives Lines 13-17 of Algorithm 2.

3.2. Pessimistic Generative Adversarial Policy Imitation

To specialize Algorithm 1 to solve offline GAIL, we pro-
pose PGAPI in Algorithm 3. Besides the policy update stage
and reward update stage, PGAPI further contains an initial
construction stage, which constructs estimated transition
kernels and bonus functions at the beginning of the algo-
rithm. We detail the initial construction, the policy update,
and the reward update stage as follows.

3.2.1. INITIAL CONSTRUCTION STAGE

In Line 3 of PGAPI, we construct estimated transition ker-
nels {P,} ne[#] and uncertainty quantifiers {T'y }re(q) via
the addltronal dataset DA. Before we detail such constmct
we first introduce the following definition of uncertainty
quantifiers (Jin et al., 2021) with the confidence parameter
¢ € (0, 1), which quantifies the uncertainty.

Definition 3.1 (£-Uncertainty Quantifier). We say
{Th}heim with Ty, : S x A — R are {-uncertainty quanti-
fiers for estimated kernels P = {73h} he[H]
Pp if the event

with respect to

& :{\ﬁhf/(s,a) — P;L‘A/(s,a)\ < T(s,a), for any
(s,a,h) €S x Ax [H]andany V : S — 0, HVd]}

satisfies Pp(€) > 1 — £/2. Here Py, is with respect to the
joint distribution of D* U DF.

We remark that the £-uncertainty quantifiers in Definition 3.1
is a counterpart of the bonus functions in OGAPI. Recalling
that |r,(s,a)] < V/d for any (s,a,h) € S x A x [H],
Definition 3.1 implies that with probability at least 1 — £/2,
the deviation between the true Bellman equation ig (4) with
‘P and the estimated Bellman equation in (4) with P is upper
bounded by the -uncertainty quantifier {I'y, },c[x7. Due to
the page limit, we postpone the construction process in §E.
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3.2.2. PoLiCcY UPDATE STAGE

As a pessimistic variant of OGAPI in Algorithm 2, the pol-
icy update stage of PGAPI (Lines 5-11 of Algorithm 3)
consists of two steps: (i) policy improvement (Lines 5-7)
and (ii) policy evaluation (Lines 8—11). In the stage of policy
improvement, we adopt the same idea as in OGAPI, which
employs mirror descent to update the current policy. In the
stage of policy evaluation, instead of the optimism principle,
we employ the pessimism principle to construct the esti-
mated action-value functions via the additional dataset D*,
which is not assumed to be well-explored as specified later
in §4.2. The principle pessimism-in-face-of-uncertainty
guides the agent to be conservative to visit the states and
actions that are less covered by the additional dataset D*
(Kumar et al., 2020; Jin et al., 2021; Liu et al., 2020; Yu
et al., 2020; 2021; Buckman et al., 2020). Specifically, we
construct the estimated action-value functions as follows,

@2(7 ) = max{(rﬁ' + ﬁh‘/}hk+1 - Fh)('v ')7 O}’

where {ﬁh}he[ ) are the estimated transition kernels and
{Th}he(m) are the uncertainty quantifiers constructed in
Line 3 of PGAPI, which satisfies Definition 3.1.

3.2.3. REWARD UPDATE STAGE

Similar to the reward update stage of OGAPI, in the reward
update stage of PGAPI, we update the reward parameter as,

MZ-H _ PYOJB{MZ T nVML(ﬂ'k, uk)}. (26)

Here 7 is the stepsize, V,, L(*, u¥) is an estimator of
Vi L(7*, %), and Proj: RY — B is the projection oper-
ator to restrict the updated reward parameter uﬁ“ within
the ball B for any h € [H]. Here B is defined in (10). To
q:hieve (26), we also need to obtain the estimated gradient
Vi, L(7*, 1%) in (26). However, since the agent in offline
GAIL cannot interact with the environment to collect the
state-action pairs following current policy ¥, the estimator
in (25) for OGAPI is not applicable to PGAPL. Instead, we
construct an estimator L(7*, 1) for L(7*, u*) and use its
gradient VME(W’“, ©*) to estimate V,,, L(m*, 1u*). Specif-
ically, we define the estimator L (¥, %) as

E(ﬂ-kuuk) = j(ﬂ-Eark) - j\(ﬂk77ﬁk)7 (27)

where J(E, r*¥) is a MC estimator of J(7E, r*). Here we
estimate J (7%, 7¥) with J (7%, 7%) = V[ (), which is con-
structed in Line 9 of PGAPI. Based on (27), we construct an
estimator ¥, L(7*, ui%) of V., L(7*, u¥) by taking gradi-
ent on E(wk, pF) w.rt py, as follows,

%MhL(Tf‘k,/Lk) = Vuhj(ﬂE,rk) - Vuhj(ﬂ'k,rk). (28)

4. Main Results

In this section, we present the theoretical analysis for
OGAPI and PGAPI in §4.1 and §4.2, respectively. Specifi-
cally, in §4.1 we upper bound the regret of OGAPI. In §4.2,
we upper bound the optimality gap of PGAPI under no cov-
erage assumption and propose a lower bound to show that
PGAPI achieves minimax optimality in the utilization of
the additional dataset D*. Moreover, under the assumption
that the additional dataset D* has sufficient coverage, we
establish the global convergence guarantee for PGAPI.

4.1. Analysis of OGAPI

We derive an upper bound of the regret of OGAPI in the
following theorem, whose proof sketch is in §H.1

Theorem 4.1 (Regret of OGAPI). In Algorithm 2, we
set o = (2log|A|/(H>VAK)Y?, X = 1, k =
Cy/dlog(HdK/€), n =1/vVHK, where C > 0 is a con-
stant. Under Assumption 2.1, it holds with probability at
least 1 — & that

Regret(K)<O(VHd3K log(HdK/€)) + KA,
(29)

where Ay, = O(/H3d? /Ny log(N1/£)).

The first term on the right-hand side of (29) scales with
V'K, which attains the optimal dependency on K for online
RL. The second term on the right-hand side of (29) is linear
in K and depends on the MC estimation error Ay,. As
the statistical error from the MC estimation, the error term
Ay, is inevitable and independent of GAIL algorithm, since
we cannot access the expert policy but expert demonstra-
tion with IV, trajectories. When the number of trajectories
N in the expert demonstration is sufficiently large such
that N; = Q(K), the first term on the right-hand side of
(29) dominates the regret upper bound so that the regret of
OGAPI scales with VK. The dependency of H, K, and N,
correspond to O(y/H*|S]2|A|K ++/H3|S||A|K?2/N;) re-
gret in the tabular case, established by Shani et al. (2021). If

we consider the case K = Q(Nl?’/2

1/2

), then the average regret

decays at a rate of N; /~ and the dependency for H turns
from H? into H3/2. As K and N; both tend to infinity, the
average regret also shrinks to zero, meaning that the output
policy has the same performance on average with the expert
policy with respect to the linear reward set R.

According to Assumption 2.1, if we constrain the reward
set R to a fixed reward function 7 = {7 } (), then GAIL
(6) is reduced to RL, with respect to an episodic MDP
(S, A, H,P,r), where S, A, H, P are the same as the ones
in Assumption 2.1. Hence OGAPI can also be considered
as an RL algorithm for episodic MDP with linear function
approximation. From the aspect for information-theory, the
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lower bound of the regret of any online RL algorithm is
of the square-root order with respect to K even in tabular
case (Jin et al., 2018). Since the reward set is singleton,
OGAPI needs not MC estimation, whose regret is also of
the square-root order with respect to K, achieving such a
lower bound in online RL.

4.2. Analysis of PGAPI

‘We upper bound the optimality gap of PGAPI in the follow-
ing theorem, whose proof sketch can be found in §I.1.

Theorem 4.2. (Optimalty Gap of PGAPI). In Algorithm
3, we set A\ = 1, k = cRy/dlog(HdK)/¢, a =
(2log(vol(A))/(H*VdK))Y/?, n = 1/vVHK, where ¢>0
is a constant. Under Assumption 2.1, {U, }_| constructed
in §3.2.1 are &-uncertainty qualifiers defined in Definition
3.1. it holds with probability at least 1 — & that

D (7", 7)<O(\/H*d?/K)+Ap, —i—IntUncertﬁi ,
(30)

where T is the output policy of Algorithm 3,
E
IntUncertﬁA=2ZhH:1EWE[Fh(Sh,ah)|51 = x|, and

AN, = O(\/H3d?/N;log(N1/£)).

In Theorem 4.2, the first term on the right-hand side of
(30) is an optimization error term, which is independent of
both expert demonstration DF and the additional dataset
DA. The optimization error term decays at a rate of K ~1/2,
The second term on the right-hand side of (30) is related
to the MC estimation error and also occurs in the upper
bound of the regret of OGAPI as in Theorem 4.1. The
third term on the right-hand side of (30) is an intrinsic error
IntUncertH’;i, which arises from the uncertainty of estimat-
ing Bellman equation (4) based on the additional dataset
DA In the structure of the intrinsic error IntUncert]g)i, we
note that the expectation is taken with respect to the tra-
jectory induced by the expert policy 7, which measures
the quality of the additional dataset D* and is irrelevant
to the training process. We clarify that the occurrence of
IntUncert]’I;]i implies that the optimality gap only depends
on how well the additional dataset D* covers the trajectories
of the expert policy 7 and it is not necessary to assume
that the additional dataset D? is well-explored. Hence, The-
orem 4.2 relies on no assumption on the coverage of the
additional dataset D*, such as uniformly lower bound of
densities of visitation measures, the behavior policy to be
upper bounded uniformly over the state-action space, the
concentrability coefficients are uniformly upper bounded,
or even the partial coverage assumption (Antos et al., 2007;
Munos & Szepesvari, 2008; Yang et al., 2020b;a; Levine
et al., 2020; Uehara et al., 2020; Siegel et al., 2020; Wang
et al., 2020b; Zhang et al., 2020; Xu et al., 2020). We also
highlight that Theorem 4.2 can be generalized to the case

when the transition kernel is non-linear, only if we explic-
itly find proper uncertainty quantifiers {I'y, }/Z_ | satisfying
Definition 3.1 for the estimated transition kernel.

Next we show that PGAPI is provably efficient and attains
global convergence under the assumption that the additional
dataset D* has sufficient coverage. We first impose such an
assumption on the additional dataset D* as follows.

Assumption 4.3 (Sufficient Coverage). The ad-
ditional dataset D* has sufficient coverage with
the expert policy 7%, that is, there exists an

absolute constant ¢! > 0 such that the event
gt = { Niz ZJTVL S(b(s;,a;,s’m(sz,a;,s’)Tds’ >l
E, e [fs &(sn,an, 8" )P(sn, an,s') Tds'], for any (s1,h) €
S x [H]} satisfies Pp(ET) > 1 — £/2. Here the expectation
E, =[] is taken w.r.t. the trajectory induced by 7% and
¢ € (0,1) is the confidence level.

Assumption 4.3 implies that the additional dataset D* with
sufficient coverage covers the trajectories of the expert pol-
icy 7® averagely in the sense of the feature map outer prod-
uct fs é(-,-,8")¢(-,-,s') T ds’. We highlight that sufficient
coverage does not assume that the additional dataset D* to
be well-explored dataset (Zhang et al., 2020; Xu et al., 2020;
Yang et al., 2020b;a; Levine et al., 2020), e.g. restricting
that the densities of visitation measures of the behavior pol-
icy generating the dataset are uniformly lower bounded, i.e.
inf (s anyesxAx(H) [pZA(s,a)] = ¢ > 0, where pJ is the
density of visitation measure on S x 4 induced by policy
7 at the h-step and 7 is the policy of the experimenter
who collected the additional dataset D*. We also remark
that sufficient coverage is a weaker restriction than the par-
tial coverage assumption in offline RL (Uehara et al., 2020;
Siegel et al., 2020; Wang et al., 2020b), which assumes that

E A
SUP(s,a,h)eS x Ax[H] [p;; (Saa)/PZ (S7a)} = ("™ < o0.

Under Assumption 4.3, we present the following corollary,
whose proof can be found in §I.3.

Corollary 4.4. Under Assumption 4.3 and the same assump-
tions as in Theorem 4.2, it holds with probability at least
1 — & that

Dy (7%, 7)<O(\/HAd? K ++/H4d3 [No++/H3d2 /N, ),
where T is the output of Algorithm 3.

Corollary 4.4 proves that under Assumption 4.3 the intrinsic
error IntUncertﬁi in Theorem 4.2 decays at a rate of N, 1/ ?,
showing that PGAPI attains global convergence. We remark
that this result does not require the additional dataset D*
to be well-explored and only relies on a much weaker as-
sumption as sufficient coverage in Assumption 4.3. This

improved result also responds to the information-theoretical

lower bound Q(H2N, Y %) for offline policy evaluation
(Duan et al., 2020). When K, Ny, and V5 all tend to infinity,
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the optimality gap shrinks to zero as a negative square-root
rate, meaning that the output policy has the same perfor-
mance with the expert policy with respect to the reward
set K. More discussions about PGAPI can be found in §F,
where we show that how pessimism guarantees the mini-
max utilization of the additional dataset D* and how the
additional dataset D contributes to our policy learning.

5. Experiment

Besides the theoretical analysis, we also conduct an exper-
iment for PGAPI in the offline setting. Results show that
PGAPI can converge fast and exceeds the performance of
BC method. See Appendix G for detailed discussions and
experimental results.

6. Conclusion

In this paper, we study provably efficient algorithms for
GAIL in the online and offline setting with linear func-
tion approximation, where both the transition kernels and
reward functions are linearly parameterized. We present
a unified framework and specialize it as optimistic gen-
erative adversarial policy imitation (OGAPI) for online
GAIL and pessimistic generative adversarial policy imi-
tation (PGAPI) for offline GAIL, respectively. With linear
function approximation, we derive the upper bound of the re-
gret of OGAPI as O(H2d3/2K1/? + K H3/2dN; */?) and
the decomposition of optimality gap of PGAPI, without
any assumption on the additional dataset. Facilitated with
an additional dataset with sufficient coverage, we demon-
strate that PGAPI also attains global convergence, achieving
O(H2dK /2 4 H2d%/2N; '/* + H3/2dN,'/* ) optimal-
ity gap. Furthermore, we discuss that OGAPI can be reduced
to an online RL algorithm whose online regret achieves an
information-theoretic lower bound. Besides, we show that
pessimism in PGAPI guarantees the minimax utilization of
the additional dataset and how an additional dataset with
sufficient coverage contributes to our policy learning. How-
ever, how to design provably efficient GAIL algorithms with
general function approximation on both the transition ker-
nels and reward functions still remains an open problem,
which is a challenging but important future direction.
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A. Notations

We denote by a = O() if there exists an absolute constant ¢ such that a < ¢b when a and b are both large enough. We
use O(+) to hide the constants term and logarithmic terms in O(-). We denote by [N] = {1,..., N}. We also denote
by a = Q(b) if there exists an absolute constant ¢ such that @ > ¢b when a and b are both large enough. We denote
by || - |2 the o-norm of a vector and denote by || - || 4 the spectral norm of a matrix A. We denote by A(X) the set of
probability distributions on a set X" and correspondingly define A(A|S, H) = {{7n(- | ) }nerm) : 7n(-|s) € A(A) for any
(s,h) € S x [H]} forall set S and H € N, . For p;,ps € A(A), we denote by Dkr,(p1||p2) the KL-divergence, that is,
Dxw(p1lp2) = [, p1(a)log %da. And (-, -) 4 is the inner product taken over the action space .A. We also denote by d,,.

Dirac function centered at . We denote by Vol(X') by the measure of set X. We also denote by {x}, = max{x, 0}.

B. More Discussions about Related Works

Our work is also related to IRL, (Abbeel & Ng, 2004; Neu & Szepesvdri, 2007; Syed et al., 2008; Syed & Schapire, 2008)
study the convergence of IRL in the tabular case, while they require to solve an RL subproblem every iteration, inefficiently.

Besides, our work is related to the vast body of existing literature on online RL cooperated with optimism (Auer et al.,
2002; 2009; Azar et al., 2017; Jin et al., 2018; 2019; Yang & Wang, 2020), offline RL (Fujimoto et al., 2019b; Kumar et al.,
2020; Fujimoto et al., 2019a; Duan et al., 2020; Levine et al., 2020; Jin et al., 2021), policy optimization (Beck & Teboulle,
2003; Hazan, 2019; Cai et al., 2020; Nemirovskij & Yudin, 1983), adversarial MDP (Shani et al., 2020b; Rosenberg &
Mansour, 2019; Jin et al., 2020), and linear function approximation (Duan et al., 2020; Bradtke & Barto, 1996; Yang &
Wang, 2019a; Jin et al., 2019; Ayoub et al., 2020; Yang & Wang, 2019b; Zhou et al., 2021) while they study minimization or
maximization problem with known reward through value-based or policy-based method, instead of minimax problem with
respect to policy and reward function as GAIL.

Our work is related to a line of study on pessimism. Specifically, the uncertainty quantification for estimated model in
PGAPI is motivated by the pessimism in offline RL (Chen & Jiang, 2019; Xie et al., 2021a;b; Kumar et al., 2020; Jin et al.,
2021; Liu et al., 2020; Yu et al., 2020; 2021; Buckman et al., 2020; Rashidinejad et al., 2021; Uehara & Sun, 2021). (Liu
et al., 2020) propose a pessimistic variant of fitted Q-learning algorithm (Antos et al., 2007; Munos & Szepesvari, 2008)
achieving the optimal policy within a restricted class of policies without assuming the dataset to be well-explored. (Jin
et al., 2021) propose a provably efficient algorithm with the spirit of pessimism to solve offline RL with linear function
approximation, under no coverage assumption on the dataset. (Xie et al., 2021a) propose a refined pessimistic estimate and
obtain a tighter suboptimality in d compared with (Jin et al., 2021). (Rashidinejad et al., 2021) study the offline RL in the
tabular case through lower confidence bound (LCB), relining on the partial coverage assumption on the dataset. (Uehara &
Sun, 2021) analyze the constrained pessimistic policy optimization with general function approximation and with the partial
coverage assumption of the dataset, then they specialize the case in the KNR setting and give a refined upper bound. The
importance of pessimism in offline RL is characterized by (Buckman et al., 2020; Zanette, 2021) through discussing the
lower bound of offline RL when the dataset has no restriction.
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C. Pseudocode of OGPAI

Algorithm 2 Optimistic Generative Adversarial Policy Imitation (OGAPI)

I: Input: Expert demonstration DE, scaling factor x, and step size 1 and a.

2: Initialize {Q, }pc(m) as zero functions over S x A, {m} } ,¢(g as uniform distributions over A, u* = {1}, } e[ as
zero vectors, and {VE 1 }reqon

3: fork=1,..., K do

4 forh=1,...,H do

S wh(]) oot () expfa- GE M) //Policy Improvement

6: end for

7

8

9

K} as zero functions over S.

.....

Rollout a trajectory {(sk,af)}ne(m following 7",
forh=H,...,1do

: Set {Ph}h , and {T% }h  via (15) and (18), respectively. //Policy Evaluation
10: Qh( ) min{(r} +7’;'th+1 +T5)(0), (H = h+ 1)Vd} .
11 VEC) (@) mh (] ))a
122 end for _
13: Set {VMJ(WE, ™) bherm) via (25). //Reward Update
14: forh=1,...,Hdo
150 VL0, 1) Vi, (B r0) | — (s, al).
16: it e PrOJB(Nh + 0V, L7, 1)),
17:  end for
18: end for
D. Pseudocode of PGPAI

Algorithm 3 Pessimistic Generative Adversarial Policy Imitation (PGAPI)

1: Input: Expert demonstration D¥, the additional dataset D, step size 7, o
2: Initialize {Q} }rem) as zero functions, {7} }ye(y) as uniform distribution, ' = {4}, }re[m) as zero vectors, and

{VHH}ke{o 1,...,K} as zero functions over S.

3: Construct {Ph}he[H and {T', } e (s from D# via (39) and (36), respectively. //Initial Construction
4: fork=1,...,K do

for h = 1 ,H do

(|- )O”TZ 1( |-) exp{a - k 1( )} //Policy Improvement

6
7:  end for
8.
9

forh=H,...,1do

: Qh( ) Inax{(rh—i—ﬁh‘/}th —Tw)(,-),0}. //Policy Evaluation
10: VEE) < (QEC, ), mh (] ) a
11:  end for _
12: Construct {V,,, J (7%, 7) }e(m via (25). //Reward Update

13:  Construct {V,,, J(r*, ") }herm) via Proposition D.1.
14. forh=1,...,Hdo

15: Vi L% i) = V0, J(xB e | =V TR, r) |
16: g Projplug + 1V, Lk, 1b)].

17:  end for

18: end for

19: Output: 7 = Unif ({m*} ¢ (7).
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Proposition D.1. If we define {@i’rﬂ Yhe(m) and {‘7:_;_7‘1” Yhe(m) as

Vi) =0,
Qp () = max {(r} + Pp VT —Tw)(,-), 0}, (31)
VET () = Q8 () 1)) s

~ ~ k ~ -~ k ~ ~
forall h € [H] and p € S. It suggests that QF = QZ’T and Vi = V,f’r , where Q% and VI are constructed in the policy
evaluation stage in PGAPI (Algorithm 3 Lines 8—11). We can solve V Vlk’ru (x) recursively as follows,

Skt (kG s)gk (1), PV VT )] (s02)) i 1<t <h—1,

VT (s) = 4 \TRY 109 ’ a
<7Th( | )gh(shf)vvlthrh(shf»A ift="nh
where 51 = x, [Py, f](s, a) is a shorthand of [ f( s )Pn(s' | s,a)ds’ and gF : S x A — R is defined as
gi(s.a) = 1{Q"" (s,0) > 0}, (32)

forall (s,a) € S x A. Here 1{-} is the indicator function.
Proof. Taking gradient toward p;, and applying chain rule on (31), we can obtain Proposition D.1. O
E. Initial Construction of PGAPI

Now, we construct the estimated transition kernels and uncertainty quantifiers as follows. Specifically, we first construct the
initial estimated transition kernels P = {P4, } (] as

Pi(s'|s,a) = ¢(s,a,5) " O, (33)

for any (s, a,s',h) € S x A x S x [H], where 8, is the solution of the following optimization problem,

mmZ/ (6(sT R, )70 — 55 ([ ds’ + AJ6]2. (34)

0cRd

Here A > 0 is the regularization parameter and ¢, (y) is Dirac function. By solving (34), we obtain the closed-form solution
of 6}, as follows,

N2
On = A}Zl Z ¢(527 a‘}r“ S;—L-‘rl)? (35)
T=1
where Ap, = > 2, fs (s7,a%,8)p(s7,al,s')Tds’ + AI. Given (33) and (35), we further construct £-uncertainty quanti-
fiers {I', } ne[m) as follows,
Th(s,a) = H\/&/ I'7(s,a,s)ds (36)
S

where I'] (s, a,s') = min {x - ||¢(s,a, s') ||A;1, 1}. Here x > 0 is a scaling parameter. In the following lemma, we show
that {T', } e[z in (36) are -uncertainty qualifiers for P in (33) if & is properly chosen.

Lemma E.1. In (36), we set A\ = 1 and k = ¢ - R\/dlog(dH Ny /§), where ¢ > 0 is an absolute constant and § € (0,1) is

the confidence parameter. Under Assumption 2.1, {I', } ne[m) in (36) are &-uncertainty qualifiers for P, defined in Definition
3.1

Proof. See Appendix K.1 for a detailed proof. O
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However, given (s,a) € S x A, the initial estimated transition kernels P (- | s, a) in (33) is not guaranteed to lie within
A(S). Different from OGAPI, we are incapable to update reward functions based on the newly sampled trajectory in offline
GAIL. This difference is crucial to the analysis of PGAPI (Theorem 4.2), which relies on the fact that estimated GAIL
objective function L(7r ) defined in (27) is concave for p (we prove it in Lemma 1.3). To address this issue, we define a
feasible estimation parameter domain © and choose the estimated transition kernel parameter 6 from the feasible domain ©
(Zhou et al., 2021). Formally, we take © = ©1 N O4 with ©; and O3 defined as follows,

= {6 if € holds, then it satisfies that | P,V (s,a) — P4V (s,a)| < Ty(s,a)
for any (s,a,h) € S x A x [H] andany V : S — [O,H\/g]}, 37)
O, = {5 Pu(-|s,a) € A(S) forany (s,a,h) € S x A x [H]},

where £ and {ﬁh} nepm) are defined in Definition 3.1 and (33), respectively. We remark that under Assumption 2.1, the
true transition kernel parameter ¢ = {0}, } <[z lies within the feasible estimation parameter domain ©, which implies that
@ is not empty. Thus, similar to (34) but enforcmg the estimated transition kernel parameter to lie within ©, we define
= {Hh}he[H] as follows,

0, —argman/ |d> s7,a},s')T0 — 5s;+ (s ’)|2ds’+)\|\9||§, (38)
=1

where the minimization is taken over ©. Similarly, we construct the estimated transition kernel ’ﬁ = {ﬁh}he[ H] as follows,
Pu(s'|s,a) = ¢(s,a,5") " O, (39)

for any (s,a,s’,h) € S x A x S x [H]|, where 05, is defined in (38).

F. More Discussions about PGAPI

Pessimism Guarantees Minimax Utilization. With a well-explored and large enough dataset, the full information about
the transition kernel can be extracted by the agent and supports the agent to make correct decision. But when we assert no
restriction on the dataset, it is challenging to do the same because of the distribution shift and extrapolation error on the
states and actions that are less covered by the dataset. This problem has been studied widely in offline RL (Fujimoto et al.,
2019a; Kumar et al., 2020; Fujimoto et al., 2019b; Levine et al., 2020; Jin et al., 2021) and (Wang et al., 2020a) even propose
that the lower bound of offline RL can grow exponentially with the horizon under linear approximation and no assumption
on the dataset. Hence how to cooperate the additional dataset D* to aid the agent to improve the performance in offline
GAIL is also difficult since the additional dataset D* is not assumed to be well-explored. Inspired by the spirit of being
conservative in offline RL (Fujimoto et al., 2019b; Kumar et al., 2020; Jin et al., 2021), we propose a pessimistic variant of
policy optimization in the policy update stage of PGAPI (Lines 5-11 of Algorithm 3), which ensures that PGAPI utilize
the information of the additional dataset D* in the sense of minimax optimality. To illustrate it, we present the following
proposition, which is adapted from Theorem 4.7 in (Jin et al., 2021).

Proposition F.1 (Minimax Optimality in Utilizing Additional Dataset). For the output policy A1go(D) of any offline
algorithm only based on the dataset D, there exists a linear kernel MDP M (S, A, H, P, r) with an initial state v € S, a
dataset D compliant with M, and a reward set R , such that
D (7%, a1g0(D)) }
. E
Informationg;

>c

- )

max Egx
TECA(A|S,H)

where ¢ > 0 is an absolute constant, Eg[-| is taken expectation with respect to randomness of the dataset D, and

E
Informationg; is defined as

H
. B _
Information = (VoI(S))™" - Ex [Z/S ||¢(5h,ah,s’)||A;1ds" 51 = x},

where Ay, is only determined by the dataset D and takes the same form as in (35).
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Proof. See §1.2 for a detailed proof. O

According to Proposition F.1, if we consider the additional dataset D* as I, it reveals that IntUncertH’gi in the upper bound
of optimality gap of PGAPI (Theorem 4.2) matches the lower bound up to H,/d, Vol(S§), and the scaling parameter s
defined in (36). Though we do not assume any restriction on the additional dataset D*, owing to the pessimism principle,
PGAPI ensures the good utilization of the additional dataset D even in the worst case.

The Additional dataset Contributes. We illustrate the contribution of the additional dataset D* by considering the
following two cases.

1. Without accessing an additional dataset, PGAPI is also applicable by simply treating the given expert demonstration
DE as the additional dataset D* in PGAPI (Algorithm 3), that is, DA = DE, which satisfies Assumption 4.3. If we set
K = Q(Ny), then by Corollary 4.4, we have

Dx (72, 7) = O(H?d*2N; 2. (40)

2. If we have access to a large enough additional dataset with sufficient coverage, taking No = Q(d? H Ny ) for instance,
then by setting K = 2(NN2), we upper bound the optimality gap of PGAPI as follows,

Dy (7%, 7) = O(H¥2dN; %), (41)

By comparing (40) and (41), we observe that the additional dataset D* helps decrease the dependency for H and d in the
optimality gap by H'/2? and d'/2. It implies that we can use a much smaller expert demonstration DF to learn a policy
as good as the expert policy 7%, especially when horizon H and feature space dimension d are sufficiently large. This
improvement is meaningful in the imitation learning tasks, such as autonomous driving and robotics (Demiris* & Johnson,
2003; Hussein et al., 2017; Kebria et al., 2019; Jalali et al., 2019).

G. Experiment

To verify our theoretical analysis of PGAPI, we provide the experiment of PGAPI here, choosing the simulation environment
as a MDP with a finite state space, a finite action space, and a linear reward function. Next we will first provide the
descriptions of environment setup, then introduce the implementation details, and finally discuss the results. The codes are
available on https://github.com/YSLIU627/Adversarial-Policy-Imitation-with-LFA.

Environment Setup. In the following experiment, we consider a MDP with a linear reward function, which is adapted
from a simple 3 x 3 GridWorld deterministic environment. The original GridWorld is a n x n grid network with a state
space S = {(4, j)}}';—1, an action space A = {stay, up, down, left, right}, and a horizon H = n?. The agent always starts
from z¢ = (1,1) and collects rewards by taking actions. Whenever the agent reaches (n, n), she gets reward 1; whenever
the agent reaches (n, 1), she gets reward 0; otherwise, she gets reward 0.1.

In our test environment, we let n = 3 and make two adaptations from the original GridWorld: (i) At each time timestep,
the agent will get stuck on the current state for one timestep with probability 0.1 and move successfully according to the
original GridWorld with probability 0.9, which induces the transition kernel. (ii) The reward function r(s, a) is defined by
r(s,a) = ¥(s,a) " p, where the reward parameter f is a |S||.A|-dimensional vector and a known feature map 1) maps from
S x Ato R, We design 9(s, a) by first adding 0.1 to the each entry of the canonical basis €(s,q) Of the space S x A and
then normalizing it. Since each entry of RIS/ corresponds to a state-action pair (s, a) € S x A, the reward parameter
€ RISIAI can be determined by the reward function of the original GridWorld.

We can verify that our test environment satisfies Assumption 2.1. Given the test environment, we solve the expert policy
7P by conducting a model-based reinforcement learning method with a known transition kernel and reward function for
20 iterations such that ¥ has converged to a near optimal policy. The expert demonstration DF is obtained by sampling
5 trajectories from 7 while the additional dataset D is collected by sampling 1000 trajectories from the policy which
samples uniformly random actions.
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Implementation of Algorithms. Our proposed method PGAPI are implemented according to Algorithm 3,
where we can simplify the forms of uncertainty quantification in the tabular setting: T'n(s,a) =
CH|S|\/log(H|SHA|/(5)/(N(h, s,a) V1). Here C' is a hyper-parameter, ¢ is the confidence level, and N(h, s, a) is
the visitation count of (s, a) within the additional dataset D at the timestep h. We implement BC on a given dataset by
2% als) = 1{N(h,s) = 0}/|A| + 1{N(h,s) > 0}N(h,s,a)/N(h,s), where 1{-} is the indicator function, N (h, s, a)
and N (h, s) are the visitation count of (s, a) and s at the timestep h within the given dataset , respectively.

Results and Conclusions. We conduct our proposed method PGAPI for 20 iterations and compare the average return of
PGAPI with the performance of expert 7, BC method on D¥ | and BC method on the mixture of D® and D#. From the
result in Figure 1, we show that PGAPI converges fast and exceeds the performance of BC method conducted on DF after
the sixth iteration, while BC conducted on the mixture of D¥ and D has the nearly the same performance as uniformly
random policy. Although the additional dataset D* only involves the trajectories of uniformly random policy, PGAPI utilizes
it effectively given only very limited expert trajectories.

— PGAPI expert —— BC-mixture —— BC-expert
6
5
£
2
o 4
o
)
o
©
o3
>
<
2
1
3 6 9 12 15 18
Iteration

Figure 1. Average return of PGAPI (our proposed method), expert, BC method conducted on the mixed dataset, and BC conducted method
on the expert demonstration. Results are averaged for 5 random seeds.

H. Proof Sketch: Analysis of OGAPI
H.1. Proof of Theorem 4.1

Proof. Recall the definition of regret in (7) and GAIL objective function L(, 1) in (6), we decompose the regret as follows,

K
Regret(K) = sup Z L(7*, u)
/Lesk=1
K K 42)
< [J(WE,rk) - J(Wk,rk)] + sup Z [L(ﬂ'k,r“) — L(Wk,rk)} .
k=1 HES T

(A) (B)
The intuition of decomposition in (42) is to respectively deal with regret occurring in the stage of policy update and reward
update, which are denoted by term (A) and term (B).

Upper bound of term (A) in (42). In what follows, we upper bound term (A) in (42). For the simplicity of later discussion,
we define the model prediction error for estimating Bellman equation (4) in the h-th step of k-th episode in Algorithm 3
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with reward function r* as follows,

th(s,a) == rf(s,a) + [PaVifa](s,0) — Qf (s, a), (43)
for any (s,a) € S x A,h € [H|,n € S.
First, we introduce a regret decomposition lemma to decompose term (A) in (42).

Lemma H.1 (Regret Decomposition for Policy Update). It holds for any initial state © € S that

K H
Z (@) = V(@) = 30N B [(QF(sny ), i ([ s0) — 7 (- sn)) | 51 = 2]

k=1 k=1 h=1

P 44)
+ M + ZZ( welih(shoaf)ls = o] = (s}, af) ).
k=1 h=1

Here L’,?L is the model prediction error defined in (43), and {MK7H7m}(k7}L7:"L)E[K]X[H]x[Q] is a martingale adapted to the
filtration { Fi. 1.m } (k,h,m)c K] x [H] x [2), With respect to the timestep index t(k,h,m) = (k —1)-2H + (h—1) -2+ m.

Proof. See Appendix J.1 for a detailed proof. O

Lemma H.1 shows that term (A) in (42) can be decomposed into three terms as follows,

K
A) =3 (Vos(@) = Vi (2)
k=1
K H N
= S S B [(Q(she )y mE (- Lsn) — (- [sn))| 51 = 2] + Mz
k=1h=1 (A2) (45)

(A

K H
+ Z Z (EWE[L’fL(sh,ahﬂsl =z]— Lﬁ(sﬁ,aﬁ)) .

(A3)

To upper bound term (A1) and term (A2) in (45), we introduce the following two lemmas, respectively.

Lemma H.2 (Performance Improvement). If we set o = \/ 2log(vol(A))/(H2K~d ) in the policy update stage of OGAPI
(Line 5 of Algorithm 2), then under Assumption 2.1, for any initial state x € S, it holds that

K H R
ZZEWE}[< K=l ol -kl A‘31 =z] < \/2H4\/8Klog(vol(.A)).

k=1h=1

Proof. See Appendix J.2 for a detailed proof. O

Lemma H.3. Ir holds that

(M 2| < 4/ H3dK log(8/€).

with probability at least 1 — £ /4, where Mk p o is the martingale defined in (44).
Proof. See Appendix J.3 for a detailed proof. O

To upper bound the term (A3) in (45), we introduce the following two lemmas.
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Lemma H.4 (Optimism). Under Assumption 2.1, it holds with probability at least 1 — £ /4 that
—2T (s,a) < 1f(s,a) <0 forany (h,k,s,a) € [H] x [K] x S x A,

where LZ is the model prediction error defined in (44).

Proof. See Appendix J.4 for a detailed proof. O

Lemma H.5. Under Assumption 2.1, it holds that

K H
ZZI‘ (sf,af) < O'VHABK - log(HAK /€),

k=1h=1

where C' > 0 is an absolute constant.
Proof. See Appendix J.5 for a detailed proof. O

Lemma H.4 implies that E [t} (s, a) | s1 = 2] > 0 with high probability. Combining Lemmas H.4 and H.5, it holds
with probability at least 1 — £/4 that

K H K
(A3) <D ui(shiaf) <2

k=1h=1 k=1

T} (sf,af) < 2C'VHAd3K -log(HdK /€), (46)

Mm

>
I

1

with probability at least 1 — £/4.
Now, by plugging Lemma H.2, Lemma H.3, and (46) into the formulation of term (A) in (42), we obtain that

(A) < \/ 2H*VdK log(vol(A)) + 4v/H3dK log(8/€) + 2C'VHAPBK - log(HAK /€)
< C\WWHABK log(HAK/€),

(47)

with probability at least 1 — £/2, where C} is an absolute constant.

Upper bound of term (B) in (42). We decompose term (B) in (42) by the following lemma, which characterizes the regret
occuring in the reward update.

Lemma H.6. For any pn = {p,}_, € S, it holds that

K K H 1
> Lt ) - <00 g ik = pll3 = ™ = pnll3 = g™ = f113)
k=1 k=1h=1 n
K H R _
+ Z Z k+1 ,)Tv#hL(ﬂkv .uk)] + K[J(WEv ) — J(WEa Tu)}
k=1h=1
K

Mm

pn) (W (sh, a) = Vi, J (7%, 1)),

>

k=1h

Il
—

forany (k,h) € [K] x [H]. Here @ML(W, (%) and J(x®, 1) are defined in (25) and (23), respectively.

Proof. See Appendix J.6 for a detailed proof. O
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Applying Lemma H.6, we decompose term (B) in (42) into four terms as follows,

(B)<s161pzz (e = panll3 = [l = penll3 = ™ = i 13)
HS2 k=1 h=1

®2) (48)

K H
sup S5 [0k — ) T (55 a) — V0, T (08 ).

(B4)
We upper bound terms (B1), (B2), (B3), and (B4) as follows.

By telescoping the summand in term (B1) of (48) with respect to k € [K], we have

H
(B1) = sup 5 [Z ((leh = pnll3 = Ml = pnll3 = Z af = s 13)]
Hes h=1
(49)
ul 2
Z ey, — pnll3 < = Hd,
_ n
where the last inequality relies on the fact that ||y, |l2 < v/d for all u = {ps}tL, € S. This upper bounds term (B1).
By the update process zf ! = Projz{u¥ + 7V, L(*, i*)} in OGAPI (Line 16 of Algorithm 2), we have
ikt = pillo < 10V, L(*, 1)l (50)
Then we upper bound (B2) in (48) as follows,
K H R
(B2) =Y > [ = ) Vi L, )]
k=1h=1
K
<D ™ = pilla IV L, )2 (5D

bl
Il
1= 1=

0|V L%, 1) |3 < dnH K,

] >

ol
Il
-
>
Il
s

where the first inequality follows from Cauchy Schwartz inequality, the second inequality follows from (50) and the last
inequality follows from the fact that HVML( pE) || < 2[|9(-, +)|l2 < 2. This upper bounds term (B2).

We upper bound term (B3) via the following lemma.

Lemma H.7 (Monte Carlo Estimation). Since reward function class 'R is linear as defined in (9) and the estimator J (ﬂ'E, rH)
constructed in (25), it holds that

sup |,7(7TE, ) — J(7", r“)’ < 4+/H?3d?/N;log(6N1/¢),

nes

with probability at least 1 — &.
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Proof. See Appendix J.7 for detailed proof.

By Lemma H.7, it holds with probability at least 1 — £/4 that

(B3) < 4K/ H3d? /Ny log(24N,/§),
which upper bounds term (B3).
To upper bound term (B4) in (48), we introduce the following lemma.

Lemma H.8 (Unbiased Estimation). It holds that

supZZ (W(sfar) = Vo, J (7%, 1F))] < 32/ H3d?K log(9/¢),
HES 71 =1

with probability at least 1 — &.
Proof. See Appendix J.8 for a detailed proof.

By Lemma H.3, it holds with probability at least 1 — £/4 that

(B4) < sup Z Z — pn) T (Y(sh,ap) = Vi, J(7*, 1*)) < 320/ H3d2 K log(36/€),

HES LT =1

which upper bounds term (B4).
Plugging (49), (51), (53), and (52) into (48), it holds with probability at least 1 — £/2 that

(B) < 2VH3d2K + 4AKVHK + 32\/H3d2K 1log(36/€) + 4\/H3d2 /N, log(24N, /€)
< 32\/H3d2K log(36/€) + 4K /H3d2? /N, log(24N, /€),
where we recall that n = 1/+/H K. Combining (42), (47), and (54), we obtain that

Regret(K) <C,VH*d3K log(HdK /€) + 32v/H3d2K log(24/€) + 4v/H3d? /N, log(36 N, /€)

<Cy(H?d*? KV ?1og(HAK [€) + KH?2dN] "/? log(N, /€)),

with probability at least 1 — &, where C5 is an absolute constant. This concludes the proof of Theorem 4.1.

I. Proof Sketch: Analysis of PGAPI
L.1. Proof of Theorem 4.2

Proof. By the property of mixed policy, we can rewrite the optimality gap as

Dg (7%, 7) = sup [J(TrE,r“) —J(@ )] = = supZL
neSs ,U.GS

(52)

(53)

(54)

(55)

where L(m*, j1) = J(x®,r#) — J (7%, 7). Recall that J (¥, r#) = V", (2) and J (7%, rk) = V}(x), where x is the initial

state, we upper bound D (7%, 7) as follows,

Dr (7%, 7) < %{ ’; [J(ﬂEﬂJc) _ j(ﬂ'k,rk)]
(A)
K
sup 37 [ ) = () = I (7Bt + T ]

(56)
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We upper bound terms (A) and (B) in (56)as follows, respectively.

Upper Bound of Term (A) in (56). To upper bound term (A) in (56), we introduce the following lemma.

Lemma L1 (Extended Value Difference (Cai et al., 2020)). Let 7 = {m,}L | and ' = {x} }L | be any two policies and
let {Qh} h=1 be any estimated Q-functions. For any h € [H|, we define the estimated V-function Vi, : S — R by setting
Vi(x) = <Qh( x, ), 7 (- |1’)>Af0r any x € S. For any initial state x € S, we have

H
Vi(z) ) =D B [(Qnlsns)s mal- [sn) = mh(- [ sn))a | 81 = 2]
h=1
H ~ A~
+ ) B [Qn(sn,an) = v(sn,an) — PuVasa (s, an) | 1 = 2],
h=1

where B is taken with respect to the trajectory generated by 7' and r is the reward function.
Proof. See Appendix B.1 in (Cai et al., 2020) for a detailed proof. O

For the simplicity of later discussion, at the h-th step of k-th episode, we define the error for estimating Bellman equation in
(4) in the policy evaluation stage of PGAPI (Lines 8—11 of Algorithm 3) with any reward function r* as follows,

k.t Skt N
Lh’r (Sva) = rﬁ(&a) + [thh—;-rl ](870,) - h’r (870,),

for any (s,a,h, ) € S x A x [H] x S, where Qk " and V™" are defined as

h+1
Skt
VH+1():
QN () = max {(r} + VS —Tw)(-,-),0}, (57)
ka :< kw ,)’ﬂh(.|.)>A’ forhe[ ].

~ ~ K ~ ~p ok ~ ~
It implies that QF = Q1" and V¥ = V*™", where Q} and V}* are constructed in the policy evaluation stage in PGAPI
(Lines 8-11 of Algorithm 3).

By applying Lemma 1.1, we decompose term (A) in (56) as follows,

K H
=3 Eae [(QR(sho ), mh ([ 50) = 7 (| sn)).a] 51 = 2]

k=1h=1
(A1)
K H (58)
+ZZE ’T (sh,an)|s1 =] .
k=1h=1
(A2)
We upper bound terms (A1) and (A2) in (58) as follows.
By Lemma H.2, we have
(A1) < \/2H4dV/dK log(vol(A)). (59)

We upper bound term (A2) in (58) using the following lemma.

Lemma L2 (Pessimism). If {I', },c[m] are {-uncertainty qualifiers defined in Definition 3.1, when conditioned on & defined
in Definition 3.1, it holds for any (s,a,h) € S x A x [H| and any reward function r* with . € S that

0< LI;’TM (s,a) < 2T (s,a).
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Proof. See Appendix K.2 for a detailed proof. O

By Lemma 1.2, conditioned on &£, we upper bound term (A2) in (58) as follows,
K H ;
<> Z & [20%(sh, an) | 51 = 2] = K - IntUncert], (60)
k=1h=1

where we denote by IntUncertﬁi = Zle E &2, (sh, an) | s1 = :c] for notational convenience. Combining (59) and
(60), we derive an upper bound on term (A) in (56) conditioned on £ as

A) < \/2H4\/glog(vol(¢4)) +K- IntUncerthSE. 61)

Upper Bound of Term (B) in (56). We Z(m 1) as follows,
L, p) = J(x%, ) = J(x®,r1).

Here J(r, 7) is the MC estimation defined in (23) and .J (%, /) is the estimated cumulative reward defined as J (7%, r#) =
Vlk’ru (x), where Vlk”'“ is defined in (57) and z is the initial state. By this, we upper bound term (B) in (56) as

(B)—supz J(Tf‘kﬂ"H)—J(WE,Tk)+j(7Tk,Tk)]
reS L
K N K N
< supz [T (%, 7ty = J(x®,r#)] + supz [ = J(x@", %) + T (7, r7)]
Hes k=1 nes k=1 (62)
(B1) (B2)
K ~
—|—supZ[J(ﬂ'k,r“)—J(7r )] +supz (ﬂk,uk)] .
pes =1 ,U.GS
(B3) (B4
We upper bounds terms (B1)—(B4) in (62) as follows.
By applying Lemma H.7 on term (B1) and term (B2) in (62), it holds with probability at least 1 — £/2 that
(B1) + (B2) < 8K+/H?3d?/Ny log(24N; /€). (63)
To upper bound term (B3) in (62), we invoke Lemmas 1.1 and 1.2, which imply
K H
(B3) = sup [Z Z]Eﬂk — Lh sﬁ, aﬁ) | 51 = xﬂ <0. (64)

To upper bound term (B4) in (62), we first introduce the following lemma.

Lemma L.3. The function L( k. w) defined in (27) is concave in py, for any h € [H], where . = {up}tL, € S and
L(r*, ).

Proof. See Appendix K.3 for a detailed proof. O

By Lemma 1.3, we establish the following lemma to upper bound term (B4) in (62), which corresponds to the reward update
stage in PGAPI (Lines 12—17 of Algorithm 3).
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Lemma 1.4. For any iu € S, it holds that

K R R K H 1
S OL ) = Lk )] <> *Ilu’“+1 — pnll3 + ||Mk+1 — a3

k=1 k=1h=1

1 —~
II/ﬁ+1 — w13+ 0l L(*, 1*)13]

Proof. See Appendix K.4 for a detailed proof. O

By Lemma 1.4, we have

H K
1 1
(B4) < sup [Z (s=llh — nll3 — IIMK+1 — a3 = = llek — o3
pes 21 2n
h=1 k=1
K
+ 0l Vi Lt 1) 3)).
k=1
which implies that
H K
(B4) < bupz ||uh pn 3] +sup ZZ [V, L%, 1*)13] (65)
h=1 k=1

Based on (65), we upper bound ||VM,LL( ,7)||3 for any u € S and h € [H] as follows,

IV L 3 < 1V, T (7, 74) = V0, T (1,74 13

~ ~ (66)
< 2|V, (7, B + 20|V, T (7, )3
Recall that V,,, J (7%, r#) = N; ! Z (sh o Q) E Yand V,, J(x*, 1) is characterized in Proposition D.1, then we
have that
1V, T (@, 3 A+ 1V, S (7 )13 < 201013 (67)
Since it holds that ||z, ||z < v/d for any p € S and ||3)(-, -)||2 < 1, it also yields that
ik = pnll3 < (il + llpnll2)? < 4d (68)
for any p, ' € S. By setting n = 1/+/ K H and combining (65), (66), (67), and (68), we attain that
vVHK 1
(B4)<H -——— -4d+ HK - -2-4d
2 VHEK (69)
<2H*2dK'? + 8H'Y2dKY? < 8HP2dK/2.
Plugging (63), (64), and (69) into (62), conditioned on &, it holds with probability at least 1 — £/2 that
(B) < 8K+/H3d2/N; log(24N, /€) + 8dH3/? K'/2. (70)

Recall that Definition 3.1 implies Pp (&) > 1 — £/2. Combining (55), (61), and (70), with probability at least 1 — £, we have

Dy (7%, 7) < \/2H4Vdlog(vol(A))/K + IntUncert]”

+ 8/ H3d2 /Ny log(24N, /€) + 8H3/2dK ~1/?
< 8H%dK /% + IntUncertl + 8H3/2dN; "/ log(24N, /¢€).

Thus, we conclude the proof of Theorem 4.2. O
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I1.2. Proof of Proposition F.1
Proof. Our proof is based on the following theorem that presents the information-theoretic lower bound.

Theorem L5 (Information-Theoretic Lower Bound, Theorem 4.6 in (Jin et al., 2021)). For the output A1go(D) of any
offline RL algorithm based on the dataset D, there exists a tabular MDP M (S, A, H, P, r) with initial state v € S and a
dataset D which is compliant with M, such that

J(m*) — J(Algo(D))
Zf:l Er [1/ 1+ ny (Sh, ah) | S1 = x}

>c

where c is an absolute constant, ™ is the optimal policy statisfying that T := argmax ca4|s,m) J(m), and np, (sp, ap) =

Zivzl 1{s} = sn,a], = an} for (sp,an) € S x A

First we show the linear kernel MDP defined in Assumption 2.1 can be reduced to tabular MDP. If we set d = |S|?|.4| and
take the feature map as the canonical basis

¢(57aa Sl) = €(s,a,5')> T/)(Sa a) = €(s5,a)» for all (8, a, S/) €ESxAx 87

then Assumption 2.1 is satisfied with R = 1.

Applying Theorem 1.5, we derive a hard instance in tabular MDP with known reward r. When we choose the reward set R
as the singleton reward r, it yields that

_[Dr(r",21g0(D))] _ . [Dr(r*,21g0(D))] _ . [J(7*) = J(algo(D))
. max ) — > g o =Ly o
TEEA(A|S,H) Informatlonﬁ Informatlonﬁ Informat1onﬁ

], (71)

where the last equality is originated from the definition of optimality gap in (8).

Next we handle IntUncert%*, which takes the form as

Informationg = (Vol(S))™' - / lo(sh,an, s ||A 1ds’ | 51 = x}
h=1 (72)

N
where Ay = AT+ 3" / 657, a7, 5') (s, af, ') T,
_ S

where N is the number of the trajectories in the dataset D. In the tabular setting, we obtain that

N

Z¢(827a;78/)¢(827a;75/)—r = Z nh(saa)W(s,a,s’)v

=1 (s,a)€ESx.A

where W, , .y is a symmetric matrix whose non-zero entry is at ((s, a, s")(s, a, s")) and equals to 1. Summing s" over S,
in the tabular case we have that

N
Ap =M+ Z Z (s7,a},8")b(sh,af,s")Tds’ = AT + Z N1 (8, a)Wis,a,60)-

T=1s'€S (s,a,8")ESXAXS
Choosing A = 1, we obtain that
1
A - -

forall (s,a,s’) € S x A x S. Hence we have that

(73)

ZZH¢SG8 HAI_Z\/W

h=1s'€S
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forall (s,a) € S x A. Taking expectation on (73) with respect to the optimal policy 7* and according to (72), it holds that

H
Information%* =|S|7t- ZE”* [1/ 1+ np (Sh,an) ‘ $1 = m] (74)
h=1

Plugging (74) into (71), under the hard instance in Theorem 1.5, we obtain that

J[Dat niee®))

max N B
TECA(A|S,H) Informationg;

where ¢ > 0 is a positive constant. Then we conclude the proof of Proposition F.1

O
L.3. Proof of Corollary 4.4
Proof. By the property of trace, we have that
ETA’E |:/ \/((b(shm Qh, S/)TA;1¢(Sh7 Qh, S/)dsl‘ s1 = $:|
S
=E,®& {/ \/Tr((b(sh,ah,8’)TA;1¢(sh,ah,s’))ds’ 51 = x} (75)
S
=Eze {/ \/TT(¢(Sh,a}u8’)¢(Sh7ah78’)TAﬁl)dS/ s1 = 33}
S
Applying Cauchy-Schwartz inequality on (75), we derive that
E, e [/ \/Tr(¢(sh,ah,5’)¢(sh,ah,s’)TA;1)ds’ $1 = x]
g (76)

. :I:|)1/2

< (VoI(8)* (B [ [ To(@(onan, ) (sm ) A
s
forany z,s’ € Sandall h € [H].

To utilize Theorem 4.2, we define the event £ as follows,

gt — {DR(WE,%) < O(H?dK~Y2) + Ay, + ImUncertﬂgE},

where IntUncertH’{)E =2 Zthl E,=[Tx(sk,an) | s1 = 2] and T, is defined in (36). Conditioned on the event £* N ET, where
ET is defined in Assumption 4.3, we obtain that

H
IntUncertl, < 25HVAY En {/ [8(snran, )|+ ds’ [ 51 = x} (77)
h=1 S

By plugging (75) and (76) into (77), we have

H
IntUncertg)i < 26HVdr/Vol(S) - Z Tr(E,rE [/ &(sn,an, s')o(sp,ap,s)Tds' | s1 = a:} A,f), (78)
h=1 §
where Vol(S) is the finite measure of the state space S. For notational simplicity, we define

Sn(z) =Emm {/ G(shyan, s)d(sn,an,s')Tds'| 51 = 33}7 (79)
S

forall z € Sand all h € [H].
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By Assumption 4.3 and the definition of 3, () in (79), we know that the matrix (I + cTNQZh(x))_l — A,:l is positive
definite conditioned on £F. Combining (78) and (79), we obtain that

H
IntUncertfa < 2(Vol(8))"* - kHVAY " \/TY (Sh(@) - (I +ct - Ny Sy (x))~Y)

h=1
(ol S) VS S An (@) (80)
=2(Vo RHVA) Zl—l—cT~N2~)\h (z)

h=1 \ j=1 ]

Here {\p, ; (:v)};-lzl are the eigenvalues of X, () for any z € S and h € [H]. Meanwhile, under Assumption 2.1, we have
(- -, )]l2 < dR, which is shown in (109). By applying Cauchy-Schwartz inequality to (79), it holds that

124 (@)llop < Ens |

’/ B(Shy an, 8 )p(sn, an,s') " ds’ 51 = ac} < d*?R?. (Vol("S'))l/Q7
s

op

for any « € S and h € [H], where || - ||op is the operator norm. As Xy (x) is positive semidefinite, we have X, ;(x) €
[0, |24 () ||op | for any z € S and (h,j) € [H] x [d]. Hence, conditioned on £T N €, combining (80), it holds for any
x € S that

H d
IntUncertg)i <2 (Vol(S)) 12 wHVd Z Z An,j (@)
h=1

L4l No- ()
1/2 u d 1 (81)
h=1

j=1

1/2

< ¢ (Vol(8)) a2 H? Ny /* log(HAN, /€),

where the second inequality follows from the fact that Ay, ;(z) € [0, ||X4(2)||op | for any (z, h,j) € S x [H] x [d], while
the third inequality follows from the choice of the scaling parameter x > 0 stated in Theorem 4.2. Here ¢’ is an absolute
constant dependent on ¢ and c'. By the condition in Corollary 4.4, we have Pp(£T) > 1 — £/2. Also, by Theorem 4.2, we
have Pp(E¥) > 1 — £/2. Hence, by the union bound, we derive that Pp(ET N €%) > 1 — ¢, Combining (81), we finish the
proof of Corollary 4.4. O

J. Proofs of Supporting Lemmas: Analysis of OGAPI
J.1. Proof of Lemma H.1

Proof. For notational simplicity, we define operators J;, and J¥ as

Tnf)(s) = (f(s,),m (- 15)), (@RF)(s) = {f(s,-),mr(-]9)), (82)
forany s € S, (k,h) € [K] x [H], and any function f : S x A — R. We define Fy, 5, 1, Fi n,2 as follows,

Fint =0 ({(s],a])}rpete—nxpm U {(sF, af) biepm) 3)
Fienz =0 ({(s]a]) }riyem—1x1m Y {(s, a5) Yiein U {sh 1)
where s%, 41 is defined as a null state for any & € [K]. We define the time index as follows,
t(k,h,m)=(k—1)-2H+ (h—1) -2+ m, (34)

which imples that {F . m } (k,h,m)e[K] x[H]x[2] i @ filtration with respect to t(k, h,m).
Now we are ready to prove Lemma H.1. First we note that for any initial state x € S, it holds that

k k

Vie(@) = V() = (Vine(x) = V@) + (V@) — Vi (2), (85)

:7‘—E 77Tk JTE 77Tk

® (i)
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where V¥ is the estimated state value function in the stage of policy evaluation of OGAPI (Lines 2-2 of Algorithm 2). We
calculate terms (i) and (ii) separately.

Term (i). By (4), we have

Vi e (8) = (@ e (5, ), TR (1 9)) = TnQh e (s), ViE(s) = (Q (s, ), mh (-] 9)) = TEQL(s), (86)

for any (k,h) € [K] x [H]. We then have

rk Uk " k Ak
Vh,wE =V = JthmE —Jh @5

rk Ak k\Ak (87)
= Jn(Qp e — Q) + (Jn — J3)Qr,
where J;, and J Z are defined in (82). By the property of state-value function and the definition of LZ, we have
k
hTrE —rh +Pth+1 7Es Qh = Th+77th+1 Lh, (88)
Define C,’i =J — J’ﬁ)@ﬁ and plug (88) into (87), we have
k -~ k ~
Ve = Vit = InPu(Vil g e — Vito) + Jnes + G (89)
for any (k, h) € [K] x [H]. Here .} is the prediction error defined in (43). For any k € [H], note that Vh+1 E ‘7113—&-1 =0,
we expand (89) across h € [H] to obtain that
H h—1 H h—1
Toe = VE =Y ([T 3Podnck + > ([T 3P0k (90)
h=1 i=1 h=1 i=1

The effect of composite operator P,J ), on function f is to calculate one-step expectation of f following policy 7} . Hence
we rewrite (90) as

H
V{I;E( Z (Exe Lh (s¥, ak)|s = 1))
h=1 o1)

3 B [(Oh (o B 50) — 7L 0)) |0 = o],

h=1
This characterize term (i).
Term (ii). By (85), we have
=T+ Ph‘?}fﬂ - @Z
= rf + PuViy = Qhee + (Qf e — QF) 92)
= Pu(Vis = Viris ae) + (@5 o — Q).
By (92), we obtain that

Tk k k(Ak k k k
Vi = Vi e = I(Qp — Q) e) + 05, — g,

. 93)
~ k -~ k
= (TH(Qk = Qhoee) = (@ = Qo)) + Pa(Vikis = Vi1 0m) — -
We define Dy, j,1 and Dy, , 2 as follows,
k
D = (B(QF — Qp o)) (s5) — (@ — Qo) (55, af) o)
k
Dy = (Ph(Vthl - Vh+1,wE))(3hva2) (Vh+1 - V}:+1,WE)(5]Z+1)~
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By plugging (94) into (93), we obtain that

~ Kk
Vi (sp) — h, wk(sh) Dina+ Din2+ (Vh+1 Vfl+1,wE)(3£+1) — sy, ap). 95)

By telescoping (95) with respect to h € [H], we have

H H
Vif(2) =V wk Z Dy w1+ Dipy2) Z (K ak)y. (96)
h=1 h=1

By the definition of F}, 1,1 and Fy 3 2 in (83), we have
Dini € Fihts Dih2 € Fin, E[Dgn 1| Frn—1,1] =0, E[Dgp2o|Fini] =0. o7

Following from (97), we define the martingale

M hm = g D;i,

(1,4,1)e[K]x [H]x[2] (98)
t(7,i,0)<t(k,h,m)
with respect to the time index t(k, h, m) defined in (84). It is obvious that
K H
Z(Dk,h,l + Dip2) = Mg oo (99)
k=1h=1
Combining (85), (94), and (96) we obtain that
K . . K H ~
(Vhe (@) = Vima(@)) = 303 Bo [(@hons ) 7B ([ 50) = 7h(- on) s = o]
k=1 k=1h=1 (100)
K H
+ Mg a2+ Z Z (EﬂE [LZ(SZ,aZﬂsl =z] - LZ(SZ,aZ)).
k=1h=1
By this, we conclude the proof of Lemma H.1. O
J.2. Proof of Lemma H.2

Proof. By the update rule of OGAPI in (14) (Lines 2-2 of Algorithm 2) and the property of the mirror descent, we have
Li1(m®)—a - D@ Y > £ 1(7®) —a - DB, 7Y + a7t DB, 7).
Recalling the definition of £y _1 (7) in (13) and rearranging the above inequality, we derive that

H
Z< R S 1>A <a ' .D@EE 1) —a7t. DB )

h=1 (101)

H
+ Y Qi — A~ a7t (xR,
h=1

where D(rk, 7F=1) = Zle Dy, (7F||wf ™). For the last two terms on the right-hand side of (101), we have
Z <Q T k 1>A - 0[71 . D(ﬂ'k,ﬂ'kil)

H
< D (IO e - llmh = m~Hlla = (20) ™ -l — w20
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where the first inequality follows from Holder’s inequality and Pinsker’s inequality, and the last inequality derives from
the fact that |r}(-,-)] < v/d forany h € [H] and y € S. Since 7° is a uniform distribution on A, it holds that
D(rE, 79 < Hlog(vol(.A)). Telescoping (J.2) with respect to k € [K], we have

K H
Z [(Ai_l,ﬂ;]?fwﬁ_l>,4] §aKH3\/(§/2+a71HD(7rE,7rO)
k=1h=1 (102)

< aKH*Vd/2 + o~ Hlog(|Al).

Recalling that o = \/ 2log(|.A])/(H2K+/d) and taking expectation on both side of (102), we have

K H
SN B (@t mh — i Nl s =] < aKHVd/2+ o7 Hlog(|A])

< \/2HVAK log(vol(A)).

Then we conclude the proof of Lemma H.2. O

J.3. Proof of Lemma H.3

Proof. Recalling that we define Dy, 5, 1 and Dy, 3, 2 in (94) and the fact that |rﬁ () < V/d for any p € S, we derive that
|Dy.n1| < 2HVd and | Dy, j, o| < 2H+/d for any (k, h) € [K] x [H]. Now by Azuma-Hoeffding inequality, we have

P(IMg 2| > t) < 2exp (16[;722]@)7 (103)
forany ¢t > 0. Setting t = /16 H3dK - log(8/€) with ¢ € (0, 1) in (103), we have
My 2 < V/16H3dK -log(8/€),
with probability at least 1 — £/4. O

J.4. Proof of Lemma H.4

Proof. For notational simplicity, we write Q% (s,a) = rF(s,a) + P ‘A/;f ", 1(8,a)+T% (s,a). Then, from the policy evaluation

stage in Lines 2-2 of Algorithm 3, we have

~

Q¥ (s,a) :min{max{@i’(s,a),O},(H—h—i—1)\/&}. (104)
We introduce the following lemma.

Lemma J.1. Let A = 1 in the construction of estimated kernels (17) and k = C/dlog(HdK /) in the construction of
bonus (18). Then it holds with probability at least 1 — £ /4 that

[PV (s,0) — PEVE, (s,a)] < Tk(s,a)
Sforany (s,a) € S x A.

Proof. See Appendix J.9 for a detailed proof. O

By Lemma J.1, we obtain that 7§ + PV, < QF. Moreover, by the fact that |rf(s,a)] < Vd and V}},,(s) =

(Q%(s,),mE(-|s)) 4 € [0,(H — h)Vd] for any (s,a) € S x A, we have rf + PuVifiy e € [0,(H — h + 1)Vd).
Thus, we have

Q% (s,a) = min { max {QF(s,a),0}, (H — h+ l)ﬁ}
> min { max {r,’i(s,a) + th/,fﬂ(s,a), 0},(H —h+ 1)\/3}

= rﬁ(s, a) + ’Ph‘A/;fH(s, a),
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which implies that LZ <0.

It remains to establish the lower bound of ¢§ (s, a). By Lemma J.1, we have

QZ(Sv )_rh( 5, )+Pth+1( ) )J’_FZ(&G)
> rh(s7a) + PthH(&a) >0,

(105)

where the last inequality follows from the fact that 17}{““ (s,a) > 0and rfb(s, a) > 0. By (104) and (105), we obtain that
Q% (s,a) < Q¥ (s,a), which implies that

Up(s,a) = (rh+Pth)( )—@i(&a)

> (Ph - Ph)Vh (8, a) - FZ(& a)
> —2I'%(s,a).
Here the last inequality follows from Lemma J.1. Thus, we conclude the proof of Lemma 1.2. O

J.5. Proof of Lemma H.5

Proof. By the construction of bonus Fﬁ in (18), we have

H K H K
. T _
Ti(sh,ab) = BV 30> min {1, w0 (s, af) T (AF) Vol (55 ah) |
h=1k=1 h:;[k:l . (106)
k(b T k=1 gk ky) 2
<H\/ﬁK-Z(K Z@h(sh,ah) (AR) ‘P}i(sﬁaa}i)) )
h=1 k=1

where the last inequality comes from Cauchy-Schwarz inequality. To upper bound the right-hand side of (106), we introduce
the following lemma.

Lemma J.2 (Elliptical Potential (Abbasi-Yadkori et al., 2011)). Let {¢:}$2, be an Re-valued sequence. Meanwhile, let
Ao € R4 be q positive-definite matrix and Ay = Ao + Z;;ll ?; d)]-T. It holds for any t € 7 that

. _ det (Agy1)
jz::lmm{l,zb;rAj 1¢>j} < 2log (M) .

Moreover, assuming that ||¢;||, < 1 for any j € Z and Ain (Ao) > 1, it holds for any t € Z. that

det (A¢41) a1, det (A¢11)
o (T ) = et <2 ()

Proof. See proof of Lemma 11 in (Abbasi-Yadkori et al., 2011) for a detailed proof. O

For any fixed h € [H], by Lemma J.2, we have

ZSDh Shyar,) T (AD) T el (s af) < 210 (%) ; (107)
where A,ll =\X-Iand AZ{H € Fk,u,2, which is defined in (83). By Assumption 2.1, we obtain that
ksl = | [ otsva. )Tk ()0
< HVd. H /Sgﬁ(s, a, s')ds/H2 (108)

< HVd-Vol(S) - sup ||¢(s, a,s")||2 < Hd*?R - Vol(S).
s'eS
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Here the first inequality comes from the fact that ‘7hk € [0, Hv/d] for any (k, h) € [K] x [H], and the last inequality comes
from the fact that ||¢(-, -, -)||2 < dR, which can be verified as follows,

d
sup  [¢(s,a,8)la=  sup > lg(s.a,8") Teil|3 < dR. (109)
(s,a,8")ESXAXS (s,a,8")ESXAXS \ ;1

Here {e;}(_, is a group of orthonormal basis of R% and the last inequality follows from Assumption 2.1. By the definition
of A} in (17), we can upper bound det(A 1) by (108) as follows,

K
det(Af ) = det (3 sk, al)p(sh,af) T +1)
k=1 (110)

< (det ((Hd**R -Vol(S) +1) - I))d,

which implies that

det (AiKH) 2 132 2
t ] < . . .
10g< Gt ATy | S 20 ogUP R - oI(S)) (111)

Recalling that k = C'\/dlog(HdK/£), combining (106), (107), and (111), we have

ZZF sk al) < 4HVdk - H\/dK -log(H2d3R2K - Vol(S)?)
h=1k=1

< C'VH*®BK - log(HAK/€),

where C” is an absolute constant determined by C, R, and log(Vol(S)). By this, we conclude the proof of Lemma H.5. [

J.6. Proof of Lemma H.6

Proof. By the definition of cumulative reward in (5), we observe that

H
mop) =E, Z [Tg(shyah)]

[
Mm

Ex [ (sh, an)] (112)

>
Il
—

I
ANgE:

/ ph(s,a) - ri(s,a)dsda,
h SxA

where p7 (s,a) = P(s, = s, a, = a) is the density of state-action visition measure on S x .A. Recall that under Assumption
2.1, we have 7 (s, a) = (s, a) " yup,, hence we have

Vo J (78, 1) = / pzk (s,a) - 1¢(s,a)dsda. (113)
SxA
By (6), we obtain that

H
L( nu) Zﬂlh_:uh v#hL(ﬂ—knu'k)a
=1

where V,,, L(7", u*) = VMJ(W ) =V, T (7R ).

(114)

Cgmbining (113) and (114), we know that L(7, ) is a linear function in y for any 7. Recall that ui"‘l = Proj B{ui +
NV, L(7*, %)} in OGAPI (Lines 2-2 of Algorithm 2), by the definition of the projection operator Proj 5 (-), it holds that

= T
[ — gl — 0V, L%, 1)) (i — i+ > 0. (115)
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Rearranging terms in (115), we obtain that

N — )TV L(E, %) < (™ — )T (i — )
(116)
= (k= g = ™ — a3 ™ — s 13).
which also implies that
1 ~
5 (ks = snllg = ™ = w13 = sk ™ = i 13) = o = ™) 9, L, 10 = 0 (117)
By adding a term 1V, L(7*, u*) T (115, — 1) on both sides of (117) and combining (114), we obtain that
1
L(x*, 1) — Z % (et =tz = N = gl = Nl ™ = wiill3)
h=1
H
A [ = ph) TV, L, iR (118)

>
Il
—_

~

[t = 1) T (Vo L%, 1*) = V0, L(*, 1))

M=

+
h

Il
-

where we take the summation on % from 1 to H. By the fact that V,, L(x*, %) = V., J(x®,r*) — ¢(sk, ak) and the
definition of the GAIL objective function L(, 1) in (6), we rewrite the third term on the right-hand side of (118) as

H H
Z [(NZ - Mh)T(v#hL(ﬂ— ) VMLL Z ,uh vth ) - Vﬂh,‘](ﬂ—Eﬂ V”k))]
h=1 hel
. (119)
Z ’(/)(waa‘ﬁ) - VMhJ(ﬂk?/J’k))]'
By (113) and the definition of j(’/TE, r#) in (23), we derive from (118) and (119) that
4
L(r", p) — <> % (e = pnll3 = N = gl = k™ = will3)
h=1
H A~ ~
) [ = )TV LR )]+ [T (7B ) = J(aBe)]
h=1
H
+ > [(uh = ) T (W (shs ap) = Vi, J (7", 1))
h=1
Upon telescoping sum on the below inequality for the index k € [K], we complete the proof of Lemma H.6. O

J.7. Proof of Lemma H.7

Proof. For any fixed reward parameter 1 € S, we define J™ (2 r#) = Zthl 1/1(557, GE,T)TMh for any 7 € [N7]. Since
the expert demonstration D¥ = {(SE ks aE, 1)} (k,h)e[N x[#] involves Ny independent trajectories induced by the expert
policy 7F, we apply Monte Carlo method to estimate J (7", 7#) by N i.i.d. samples {J7 (7, r#)}N1 .

Let Z, = > "_, (J7(xB,r#)—J(x®,r#)) and we have | Z,, — Z,,_1| < 2HV/d, since (-, )| < v/d forall h € [H]. Note
that { Z,,} is a martingale with zero mean with respect to the filtration 7, = o ({s}, a}, }(1.i)e[r]x[n])» by Azuma-Hoffeding

inequality, we have
Po(|Za] > 1) < 2 2
n —_ € IO 7. i
L P\ 4m2an
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which implies that
ZN,

72m2N1
P <2 — .
(5] ) =2 (i)

Let § = 2exp{—m?2N;/(2H?d)}, it holds with probability at least 1 — & that

7,

< H\/2dlog(2/5)/N;. (120)
N

|j(7rE,r“) — J(?TE,T“)| = ’

We union bound |j (wB, vty — J(x®, r#)| for any p € S as follows. Since the reward parameter domain S defined in (10)

is not a finite set, we apply discretization on .S to derive a union bound on |j (B, rH) — J (7B rH) | If we define a normed
space (R || - ||.), where || - ||, is defined as

[elle = sup [lunll2, (121)
he[H]

then parameter domain .S belongs to this normed space. Before we continue, we first introduce the definitions of e-covering
and covering number as follows.

Definition J.3 (e-covering). Let (V|| - ||) be a normed space, and © C V. We say that {V7,..., Vx} is an e-covering of ©
if © C U, B (V;, €), or equivalently, V0 € ©, Ji such that ||§ — V;|| < e. Here B(V;, €) denotes a ball centering V; with
radius e.

We define the covering number as follows,

N(©, | -, €) :== min {n : Je -covering over O of size n,© € (V, |- ||)}.

With Definition J.3, we introduce the following lemma to upper bound the covering number.

Lemma J.4. If (V,| - ||) is a normed space, and (i) © C V = R, (ii) © is convex, (iii) € Buniy € O, where ¢ > 0 and By
is the unit ball in R®, then it holds that

N©, -1 6) < (3)d vol(0)

€/ vol(Bunit)
Proof. See Lemma 5.2 of (Vershynin, 2010) for proof. [

Note that S is convex as a subset of R7?, we apply Lemma J.4 with V = R4, © = S, || - || = || - ||+, and an appropriate
€ > 0 satisfing condition (iii) in Lemma J.4, which implies that

3 Hd
NS, - ey €) < () 412,
€

By the definition of covering number, there exists an e-covering V. = {u!, ..., MN(S*“'“**&)} C S. For each . € V, by
(120), it holds that

| T(x®,0#) = T (%, )| < Hy/2d10g (2N (S, [| - |1+, €)/€) /N1,
with probability at least 1 — £/N(S, || - ||, €). By the union bound, it yields that

sup |[J(7®, 1) — J(xB, 1) < H/2d10g(2N (S, || - [+, €)/€) /N1

eV (122)
< Hy/(Hd? log(d) + 2Hd? log(3/c) + 2d10g(2/€)) /N1,
with probability at least 1 — &. Note that for any p/, p”” € S satisfying ||/ — p”’||« < e, it holds that
‘ [T(7®, ) — T (@B, )] = [T(@B, ") — T (=B, r")] ‘ < 4He. (123)
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Combining (122) and (123) and applying triangle inequality, we derive that

sup ’J i) — J(7®, )

< H\/(Hd2 log(d) + 2Hd? log(3/€) + 2dlog(2/€)) /N1 + 4He, (124)
pnes

with probability at least 1 — £. By taking e = /6d/N7 in (124), which satisfies the conditions in Lemma J.4, it holds with
probability at least 1 — £ that

sup |J (7%, r#) — J(x®,0)| < H\/ Hd?log(d) + Hd? log( ) +2dlog(2/€)) /N1 + 4H,/
nes
< 4+/H3d?/N;log(6N1/§).
We conclude the proof of Lemma H.7. O
J.8. Proof of Lemma H.8

Proof. First, we arbitrarily fix u € S. We define for (k, h) € [K| x [H] that
ynoxp )

XI};: = (,U,ﬁ - ﬂh)—r(*l/f(sz,aﬁ) + Vﬂhj(ﬂ—ka ;u'k))a

k H
YE=3"%" X,
i=1 h=1
Sy :U((s,l“a,ll),(si,a%),...(s@aﬁ))), (125)
Ep = U((SE 1> aE 1)7 (S]};:,% a]}?ﬂ)’ T (SE,Nl ’ G'E,Nl))a
G} = a(Sy, En),

Gk = J(leGQa"'aGIIC—I)v

where o (-) denotes the generated o-algebra. It holds that {G*} ¢k is a filtration with respect to the time index k, since
Gk - G*2 for k1 < ko.

We first show that X¥ € G* holds for any (k, h) € [K] x [H]. By the definition of X in (125), it only suffices to prove
that 4§ € G* for any (k, h) € [K] x [H]. Here we show this by induction with index k. Since p17, = O for any h € [H], the
base case where k = 1 is trival. We assume that uﬁ’j € G* where k > 1 is a given integer, then we consider the case k + 1.
Recall that the update process of reward parameter in OGAPI (Lines 2-2 of Algorithm 2) takes the following form,

pi = Projp{uf; + 1V, L(7*, 1*)}
1 &
= Projp { +1- |5 2 w(sk.af,) —v(sh.ab)]
=1

First, according to the induction hypothesis, we have uﬁ € G* C G**2, which implies that (SZ, aﬁ) € G**1. Then it holds
that

Ny

1
:u’;cl + E Z¢(SE,T>GI;3J) Q/J(SZ,ah) GkJrl

T=1

k+1

for any h € [H]|. As Proj is a continous operator, we obtain that p; "~ € G**1. Thus we complete the induction.

Now we construct a martingale to upper bound Y . Note that conditioning on the filtration G*~', the term uﬁ — ppisa
constant. Recall that in (113) we show that

k
Vi (1%, ) = ¥(s,a) - pp, (s,a)dsda,
SxA

which implies that

Ee(XFIGFY) = (i — pn) "Er(¥(sy, ay) = Vy, J (7%, p1F)|GF 1) =0 (126)
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for any (k,h) € [K] x [H]. Here the expectation Ey, is taken with respect to af ~ 7%(-|s¥) and sF; ~ P;(-|sF,a¥),
corresponding to the expectation taken with respect to the state-action visitation measure p};k defined in (112). Also, we
have Y* € G*, since X} € G* for any (k,h) x [K] x [H]. Moreover, we obtain for any k € [K] that

k H
En(YHIGF ) =B ()Y X |GF)
i=1 h=1
H k—1 H
—E(YXE+ Y)Y X[ 6R)
h=1 i=1 h=1
k
=Ex(D>_XF|GF) 4V =yh

where the last equality follows from (126). Thus {Yk}fz1 is a martingale. Furthermore, by the definition of X ’}f in (125), it
holds that

H H
YE =R = | DX < k=l sk o) — Vi, TG ) < VAR,
h=1 h=1

where the last inequality follows from the facts that [|1(-,-)||2 < 1 and ||z} ||2 < V/d. Therefore, by Azuma-Hoeffding
inequality, we obtain that

—t2 —2
P(Y K| >1¢) < = 198K dH?
s Y i e e

for any ¢t > 0. Setting t = /128 H2dK log(2/€) with £ € (0,1) and by the definition of Y* in (125), it holds with
probability at least 1 — £ that

K H

[ D23tk = )T (—(shah) + Vi, T )| < 8V2HPAK Tog(2]8). (127)

k=1 h=1

Now we union bound (127). This is similar to the proof of Lemma H.7 in Appendix J.7. By applying Lemma J.4 in the
same normed space (R4 || - ||,), it holds with probability at least 1 — ¢ that

K H
sup |M(u)| = (k= pn) T (= (sF, ap) + Vy, J (7%, 1F))
pev, ’;,; neo meRe | (128)

< 8/ (H3d2 log(d) + 2Hd? log(3/e) + 2d10g(2/€)) K,

where V is the e-covering for S in Definition J.3 and || - ||, is defined in (121). Here for notational convenience, we denote

K H e .
by M(p) = S0, S ik — ) T (— (s} af) + ¥, J (b, b)), For any ', u" € S satistying |/ — "l < . it
holds that

M (') — M(i")| < AHKe. (129)

Combining (128) and (129) and applying triangle inequality, we have that

sup [ M (1)| < 8/ (H3d?log(d) + 2Hd? log(3/e) + 2d1og(2/€)) K + 4HKe, (130)
pnes

with probability at least 1 — &. By taking e = 1/d/K in (130), which satisfies that e Bynit C S, we derive that

sup [ M (1)| < 8/ (H?d? log(d) + 2Hd? log(9K /d) + 2d1og(2/€)) K + 4HV/dE,
nes

< 39V 1og(9K /€).

with probability at least 1 — &. Hence we conclude the proof of Lemma H.8. O
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J.9. Proof of Lemma J.1
Proof. Under Assumption 2.1 and by the definition of A’ﬁL in (17), we have

k-1
(PuViE) (@) = ¢hi(s,a) T(AR) T (D @n(sq, af)eh(sh,ar) " 0n + A - 61)
T=1
(131)
= ¢t (s,a) ZS% Shap) PthH)(Shaah) +X-0n).

Note that P, V¥ (s, a) = (s, a)T 0% by the closed form of 8 in (138), we obtain that
‘plfz (S’ a)Te;j - (PthkJrl)(Sv a)

=h(s,0)T ) (D wlshoan) - (Vi (5han) = (PuViya) (s 7))
T=1

(132)
)
- A SOQ(S’ a)T(Aﬁ)_lehv
(i)
for any (s,a) € S x A. To upper bound the norm of term (i) in (132), we introduce the following lemma.
Lemma J.5. Let A = 1 in the construction of estimated kernels (17). It holds with probability at least 1 — 6 /4 that
k—1 R R
|3 h st (Vas(ohon) = (PuFie) Ghooh)) |, o < OV Tog( AR
=1 h
forany (k,h) € [K] x [H], where C > 0 is an absolute constant and § € (0, 1).
Proof. See Appendix J.10 for a detailed proof. O
By applying Cauchy-Schwarz inequality and Lemma J.5 on term (i) in (132), we have
@) < llets,)llag)-1 - | Z Ah (ko) - (Wa6Tn) = (PUVEr) GRoaD)) | o 1)
< HVd-Cy/dlog(HAK[€) - (s, a) | ax) -1
with probability at least 1 — £/4.
For term (ii) in (132), by setting A = 1, we obtain that
1G] < lle(s, a)ll ary-1 - [10nll(axy—
( h) h (134)

< \/& H‘p(& a)H(A’;)*%

where the last inequality follows from the fact that || (A¥)~"||s < 1 and |02 < V/d for any h € [H]. Combining (131),
(132), (133), and (134), it holds with probability at least 1 — £ /4 that

PuViEs 1 (s,0) = PRVIE (s,0)| < CV/dlog(HAK/€) - [|io(s, ) | oy
< HVds - ||(s,0)[|(ax)-1 < Tf(s, )

for any h € [H] and (s,a) € S x A. Here k = C\/dlog(HdK/¢§) is the scaling parameter in (18) with an absolute
constant C' > 0. Then we conclude the proof of Lemma J.1. O
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J.10. Proof of Lemma J.5
Proof. The proof of Lemma J.5 is adapted from that of Lemma D.1 in (Cai et al., 2020).

Lemma J.6 (Concentration of Self-Normalized Process). Let {]T't};i , be a filtration and {n;},~ | be an R -valued stochastic
process such that n is Fy -measurable for any t > 0. Moreover, we assume that, for any t > 0, conditioning on Fy,n; is a
zero-mean and o-sub-Gaussian random variable with the variance proxy o> > 0, that is,

E[exp(/\nt) |.7-"t] < eNot/2

forany X\ € R. Let {X,},, be an R? -valued stochastic process such that X, is ]T't -measurable for any t > 0. Also, let
Y € R%9 be a deterministic and positive-definite matrix. For any t > 0, we define

t t
Vi=Y+) XX, S=> n-X.
s=1

s=1

For any § > 0, it holds with probability at least 1 — § that

det (¥;)"/* det(Y)1/2>
0

1S3+ < 20 - log <
foranyt > 0.
Proof. See Theorem 1 of (Abbasi-Yadkori et al., 2011) for a detailed proof. O]

By the definition of filtration {Fy, j, m } (k. hm) (K] x (] x[2) 11 (83) and Markov property, we have

E[Vi (5ha0) | Frna] = (PuVile) (s af). (135)

Conditioning on F; p, 1, the only randomness comes from s;_ ,, while V;7 | is a deterministic function determined
by @, and 7, which are further determined by the historical data in F; 1. For simiplicity of notations, we
define n-, = Vi1 (sh41) — (PuViiy1) (sh,ap) . By (135), conditioning on F; j, 1,7+, is a zero-mean random variable.

Moreover, as V}7 ; € [0, H \/&] conditioning on F- j, 1, 15, is an (H \/ﬁ/ 2)-sub-Gaussian random variable defined in
Lemma J.6. Meanwhile, 7, j, is Fj » 2 -measurable, since Fr 1 C Fp pn2 for any 7 € [k — 1]. Hence, for any fixed
h € [H], by Lemma J.6, it holds with probability at least 1 — §/(4H ) that

k—1 N N 9
DIEACEAR GBI CATICAL )] .
T=1 h

2

(136)
<

d, 1 1
(5 log(det(AF)) — 5 log(det(I) + log(4H/4)).
Recall that in (110) we derive that
d
det(AK+) < (det ((Hd*2R - Vol(S) + 1) -I)) . (137)
By plugging (137) into (136) and a union bound argument, we obtain with probability at least 1 — §/2 that
k—1 R R
| ensian) - (Vi (shen) = (PuVi) sk )
=1

< HTQd(d log((Hd**R - Vol(S) + 1) + log(4H/5)),

H?A;j)l

which implies that

k—1
~ ~ 2
| ok Ghoad) - (a6t = PV GRoaD)) | o < O VI Tog (HIRTD),
T=1 h
for any (k, h) € [K] x [H| with probability at least 1 — § /4. Here C” > 0 is an absolute constant. By this, we conclude the
proof of Lemma J.5. O
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K. Proofs of Supporting Lemmas: PGAP
K.1. Proof of Lemma E.1

Proof. We show that {I';, }2Z | constructed in Lemma E.1 are the ¢-uncertainty qualifiers for the initially estimated transition
kernels {Ph},?zl constructed in (35). By the definition of Ay in (35), we have

Ph(sl | s,a) = QS(S,G, Sl)Tah

NT 1 o / / / (138)
=¢(s,a,8") A, (Z/ o(sh,ap, s )Pr(s"| sy, ar,)ds + X-6).
=179
By (138), we have
Pu(s'|s,a) — Pu(s'| s, a)
= Pu(s' | s,a) — (s, a,s") b,
N>
TA—1 T T T T T T T
= ¢(S7 a, 3/) Ah (Z:l (/S ¢(Sha Qp,s S/)Ph(sl ‘ Shs ah)dsl - (b(sha Qp,, 8h+1))) (139)
®
+ X o(s,a,8") A0y
(i)
We introduce the following lemma to upper bound term (i) on the RHS of (139).
Lemma K.1. Let A = 1 in the construction of ﬁh and 'y, in (35) and (36). By Assumption 2.1, the event that
No
|32 ([ ot ooV Puts’ | st aidds' = sk b shn))|, < VerRe - (diog(HaN/5)
T=1 h
holds for all (s,a,h) € S x A x [H] with probability at least 1 — 6. Here ¢y is an absolute constant.
Proof. See proof in Appendix K.5. O
For term (i) on the RHS of (139), by Cauchy-Schwartz inequality, it holds with probability at least 1 — £/2 that
N>
1= Iotosos o[ [ sk a7 VP sh s = sk sh ) 50)
S CIR "V leg(dHNg/f) ' ||¢(87 a, SI)HA;17
where the last inequality follows from Lemma K.1.
For term (ii) in (139), setting A = 1, we have
|(H)‘ é ||¢(Sa a, S/)”A;l ' th”/\;l S \/& : ||¢(87 a, SI)HA’Tlﬂ (141)

where the last inequality follows from the facts that ||A; !||2 < 1 and ||64]|2 < V/d for all h € [H]. Plugging (140) and
(141) into (139), it holds with probability at least 1 — £/2 that

[Pr(s' | s,a) — Pu(s' | 5,a)| < cRy/dlog(HdN2/€) - ||¢(s, a, $)a
§ K ‘|¢(S,Q,S/)||A;1

forany h € [H] and (s,a,s’) € S x A x S. Here k = cR+\/dlog(dN2) is the scaling parameter with an absolute constant
¢ > 0. We conclude the proof of Lemma E.1. O
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K.2. Proof of Lemma 1.2

Proof. We establish the lower and upper bounds for Lﬁ’rﬂ as follows, respectively.

Lower Bound. First we prove by backward induction that \7k ™ € [0,(H — h + 1)V/d| for any h € [H]. The base
case h = H holds, since Vfll‘{ = 0 and ' € [0,4/d]. We assume that V" J:l € [0,H — h]. For the case for h,
recall that {Ph( |'s,a’)}HL, is a set of probability measures on the state space S for (s’,a’) € S x A, which implies
that Pthkfl € [0,(H — h)v/d]. Note that T';, > 0, hence we have that @ﬁ’ru (s,a) € [0,(H — h + 1)V/d]. Then it
holds that Vf ™ ¢ [0,H — h], since IA/,f"T“(s) = (@Z’M(s, ), 7 (-] s)) 4 for any s € S. By induction, it holds that
VE™ €10, (H — h+ 1)V/d] for any h € [H].

For notational simplicity, we write Qi’rﬂ (s,a) =71} (s,a) + 73“7,54’3“ (s,a) —'n(s, a). From the policy evaluation stage in
Algorithm 3, we have

OF™ (s,a) = max {QF" (s,a),0}. (142)
Meanwhile, by the definition of the £-uncertainty qualifiers in Definition 3.1, we have r}’ + thf,ﬁrl > QZ’T“. Moreover, by
the fact that v}’ € [0, v/d] and ‘A/}fj:l“ € [0, (H — h)V/d], we have r}/ + Pthk+rl 1 €[0,(H — h+1)V/d]. Thus, we derive
that

Qk(s,a) = max{Q}"" (s,a),0}
< max{r} (s,a) + thhk_;_qb (s,a),0}
=ri(s,a)+ Ph‘//\'hk_;_qb (s,a),
which implies that L,}i’rﬂ > 0.

Upper Bound. Since we condition on the event £ defined in Definition 3.1, we have

_Z’T“(&a) (s, )+thhk+r1( s,a) = I(s,a))

Th
rh (s, )+thhk+r1( ,a) < H—h+1,

<

where the last 1nequahty follows from the facts that Vh T (s a) < (H — h)V/dand r}/(s,a) < v/d. By (142) we have that
Zr (s,a) > QP " (s, a). Thus, we obtain that

g (s,a) = (7 + PRVE) (s,0) — QF (s,)

<ri(s,a)+ (Pn — ﬁh)‘/;}fc’ru(s, a) + Tp(s,a)
S 2Fh(87 Cl),

where the last inequality follows from the definition of £. Then we complete the proof of Lemma I.2. O

K.3. Proof of Lemma 1.3

Proof. Recall that L(m, 1) = J(n%, 1) — J(*, ). By Assumption 2.1, we know that the function J(7E, ;) =
N DORERD By Y(sy - ap )" is a linear combination of {up,}4, and concave. Therefore, to prove that L(r, 1)

is concave, it suffices to prove that J (7%, r#) is convex for any py, with y = {un}t, € S.

Recall that .J (ki) = Y//\'lk’ru (x), where z is the fixed initial state and ‘A/lk’ru defined in (57) is solved by

Véli()zo
57 »r) = ma { fo+r1 =Tn)(-), 0} (143)
Ve =(QF ~),7rh(-|-)>A, forhe[ ].

Our proof relies on the following three basic properties of convex functions:
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(i) If f(u) and g(u) are both convex function for u, then f(u) + g(u) is also convex.

(i) If f(u) and g(u) are both convex function for u, then max (f(u), g(v)) = (|f(u) + g(w)| + |f(u) — g(uw)]) /2 is also
convex.

(iii) If f(u,s) is a convex function for w, then E.., f (u, s) is also convex function for u, where p is a distribution.

Now we are ready to prove that J (7%, i) is convex for {un}_,. For the base case where h = 1, observing that
J(r* 1) = (@Y™ (s1,-), ¥ (-] 51)) ,. by property (ii) and (iii) and (143), it suffices to prove that rf/ + P V;"" — Ty
is convex for yi;. Note that {u, } /2 | are separate reward parameters and 7. (-, -) is only determined by sy, it shows that
7/51 ‘7;”“ —1I'y is a constant regardless of 1, which implies that 7/51 ‘7216”“ —1I'y is convex for 111 Meanwhile, since R is linear
to ¢ as shown in (9), we know that 7} = ¢ T p1y, is also convex for 115, By property (i), we know that j(?'('k, w) = ‘71’”“ (s1)
is convex for 1.

For the case when h = H’, where 2 < H' < H, similar to the analysis in the case when h = 1, we can prove d that XA/;},T“ (s h)
is convex for u . Note that {I'; }7_, defined in (3.1) is independent of {,uh}h 1, We know that 74}, | + Py VET
'y is convex for ppr. By property (ii) and (iii) and (143), we know that VH/_1 is also convex for p /. By repeating the

analysis, we know that J (7%, 1) is convex for piz/. Therefore, we conclude the proof of Lemma 1.3. O

K.4. Proof of Lemma 1.4

Proof. Since Lemma 1.3 shows that E(w’ﬂ 1) is concave for py, for any h € [H], by the property of concave function, we
have

H
Lix* )~ X[ 1T (an — 1) (144)

Recall that we apply projected gradient ascent method to update { ;L’,?L}thl in PGAP (Line 3 of Algorithm 3) as

pp ™ = Projg [pf + 1V, L(x*, 1)), (145)

we obtain that

[ =

Rearranging terms in (146), we have

1 =1V L, 1)) (i — ) > 0. (146)

~ 1
Vo L 1) T (= ) < == (™ = 1) (o — )

1277 (147)
= gy Ul = pall3 = D™ = ganll3 = ™ = wil13)-
By adding the term V#hf(wk“, )T (s — 1% on both sides of (147), we obtain that
~ 1
Vo, L% i) T (= i) = — (| = pan L, A k2
un L ) ( n 277(\\ h— w3 =l 15— 1 nll2) (148)

+ Vo L(E )T (i — pf).

Note that 7 is positive and by applying Cauchy-Schwartz inequality on the second term of the right-hand side of (148), we
derive that

Vi L i) T ™ = ) < AV L i) 2l = g2 (149)
From the reward update process in (145), we observe that

i — gl ll2 < 1V L%, 1) - (150)
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By plugging (148), (149), and (150) into (144), we have
K K H 1
[L(n*, p) = L(x*, p¥)] <Y [QTIHMZH — pnl3 + %HMZH — pnll3

k=1 k=1h=1

1 ~
- %Iluﬁ“ = i3 + 0V, L(r*, 1)13]
which concludes the proof of Lemma [.4. [

K.5. Proof of Lemma K.1

Proof. Before we prove Lemma K. 1, we introduce the following lemma to generalize the concentration of self-normalized
vector-valued process in (Abbasi-Yadkori et al., 2011) to function-valued process.

Lemma K.2. Let 2 be a probability space and {n: }$2, be a function-valued stochastic process with a filtration { M},
ie ;S x Q — R. We assume that 0, | Gi—1 is zero-mean and o-sub-Gaussian, that is,

Bfn(s) | Gii) = 0. log (Elexn ( | g(em(sds) [Gir]) < Gl o,

forany s € S and function g : S — R. Let {X;}72 be an vector-function-valued stochastic process where X; : S x ) —
RY X, € My_1. We also assume that |\ X¢||oo.s < R+ ||AT X¢||2.s a.s. for all A\ € R Let V€ R¥ be a positive
definite matrix and V; = 3" _| [ X,(s)X,(s)T ds. We also define

Sy = z:l/SXT(s)nT(s)ds.

Then for any § > 0 and t > 0, it holds with probability at least 1 — 6 that

det(V;)/?
2 2
HStH\_/t*l S Q(OR) log ((5det(V)1/2 .

Proof. See Appendix K.5.1 for a detailed proof. O

We consider the filtration {4+ } he[ ), r€[n,) defined in §2.2. For any function f : S — R, by Holder inequality, it holds
that

[P 5~ 8, ()| <20 (1s1)
S
By the property of Dirac function, we have

E[&S;H ()| Frr] = Pr(s|sp,ap,). (152)

Combining (151) and (152), we verify the condition of Lemma K.2 as follows,

g ([ exo ([ 76 (Pu(S 157 ah) = 0, ()

Fr] ) < 2011

Note that ¢(s},, a},, s") is Fp, r-measurable and ds7 4118 Fpy1,,-measurable, we apply Lemma K.2 with X, = o(sh.a},+)
and 1, = Pp(-| s}, af) — 53’:“, which implies that

2

Ayt (153)

Nz
|50 [ oot s Puls 157 o)’ = o(s7af 7|
T=1
< 8R?-log (H/ - det(Ap)"/? det(AT)~1/2),

with probability at least 1 — §/H.
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We now upper bound the term det(Ay,). By the definition of Ay, in (35), it holds for any y € R? that

N3
Ay = AlylE+ Y /s T o(sT, a, &)Pds’ < (A + dND) yll2,
=1

where the last inequality follows from Assumption 2.1. Hence we derive that ||Ap||2 < A + d N2, which implies that
det(An) < [[Anlld < (A + dN2)“. (154)
Setting A = 1, combining (153) and (154), it holds with probability at least 1 — p/H that

2

No
st al, s ) Pn(s'|st,al)ds’ — ¢(sT,ar, st ‘
|5 [, othan 1Pt aipas' = o6t ah i) ass)

<8R*-(1/2-dlog(1+ dN>) +log(H/p)) < e1R* - (dlog(HdN>/p)).

Here ¢; > 0 is an absolute constant. By the union bound for h € [H]|, we know that (155) holds for all h € [H]| with
probability at least 1 — p. Thus, we complete the proof of Lemma K.1. O
K.5.1. PROOF OF LEMMA K.2

Proof. The proof is a generalization of that in (Abbasi-Yadkori et al., 2011). For notational simplicity, we denote by
(f,9)=/ s J(5)g(s)ds the inner product of any functions f and g. We use the same definitions and notations as Lemma
K.1. First, we introduce the following lemmas.

Lemma K.3. Let 3 € R? be a vector and

MY = exp { Z (<5ng ) </3TXT,25TXT>> }

T=1

Let T be a stopping time with respect to the filtration {M;}2,. Then Méz is almost surely well-defined and E[Mg} <1

Proof. We first show that {M/’}5°,, is a supermartingale. Let

<BTX7"77T> - |ﬁTXT||%,S)-

ﬂ:

By the conditional sub-Gaussian property of 7, and the fact that |37 X;||co.s < R ||8T X¢||2.5, we have

TXT 2 TX-,— 2
01621 < o (s W)

2R 2R

Thus, we have E[M[ | M;_1] = M | - E[G?| M,_1] < M}, which implies that {}M}}2°, is a supermartingale and
E[Mf ] < 1. We then show that Mﬁ is well-defined, where 7' is a stopping time. By the convergence theorem of nonnegative
supermartingales, it holds that M fo = limy_y oo Mtﬁ . Thus, MTQ is well-defined whether T < oo or not. Finally, to show that
]E[Mg] < 1, we apply Fatou’s lemma and obtain that

_ : B s B
E[M{] = E[lim M, ] < lminf E[Mf, ] < 1.
Thus, we conclude the proof of Lemma K.3. O
Lemma K.4. Let T be a stopping time with respect to {M}$2, then it holds with probability at least 1 — 0 that

det(Vp)1/? ) '

2 0 >92 2. —
571, > 2o g (S
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Proof. Without loss of generality, we assume that o - R = 1. We define

v, = Z / X (5)X-(5) "

Then, we have
M} = exp(B7 S, — 118113, /2).

By Lemma K.3, we have that E[Mf ] < 1. Let A be an R%-valued Gaussian random variable with covariance matrix V' ~1.

Moreover, we assume that A is independent of {M;}£2,. Let M; = E[M} | M], where M,

= (U223 M. ). Notice

that E[M7] = E[E[M2 | A]] < 1. We denote by p the density of A and by v(A) = [exp(—z ' Az)dz = /(27)?/ det(A)

for positive definite matrix A € R?*<, Then we obtain that
M= [ explaTS:  81%, /2p(5)45
= /eXp(*llﬁ = Vi ST 2+ 118, - p(8)d

=o(V)~ - exp(|[Sllf, - /2) - /exp(—l\ﬁ = Vi 'SR, /2 = 1IBIR /2)dB.

Note that Lot ) L Lot )
18 =V Sy, +IBI5-/2 = 18 = Vi Selly, + IV Sellv, — 1Se]ly,

= 18 =V SulE, + 1Sel3 - — 1Sel
Plugging (157) into (156), we have that

My = o(V) " exp(ISil,/2) - [ exp(=116 - VS, /245

_ Z%; exp(ISi2 1 /2)

= \/det(V)/ det (V) - exp([1Si]12, -1 /2).

det(VT)l/Q
5 det(V)1/2

Thus, we have
}P’{|ST||%/1 > 2log (
T

which completes the proof of Lemma K.4.

)} = P(6My > 1) < E[§My] < 6,

We now prove Lemma K.2 as follows. Define

: det(V;)1/2
T:mf{tzo: 2log (MQE(%W) < ”Stﬁ/tl}

for a fixed § > 0. Then it holds that

det(V;)'/?
IP’{EIt >0, ||StH%t_1 > 2log <5dei(€/))1/2>} =P(T < )

- P{||ST||2VT_1 > 2log (

de
< {Isr%, > 2108

which completes the proof of Lemma K.2.

5 det(V)1/2

(156)
157)
O
),T < oo}
)=
O



