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Abstract

In Multi-task learning (MTL), a joint model is
trained to simultaneously make predictions for
several tasks. Joint training reduces computation
costs and improves data efficiency; however, since
the gradients of these different tasks may conflict,
training a joint model for MTL often yields lower
performance than its corresponding single-task
counterparts. A common method for alleviating
this issue is to combine per-task gradients into a
joint update direction using a particular heuristic.
In this paper, we propose viewing the gradients
combination step as a bargaining game, where
tasks negotiate to reach an agreement on a joint
direction of parameter update. Under certain as-
sumptions, the bargaining problem has a unique
solution, known as the Nash Bargaining Solution,
which we propose to use as a principled approach
to multi-task learning. We describe a new MTL
optimization procedure, Nash-MTL, and derive
theoretical guarantees for its convergence. Empir-
ically, we show that Nash-MTL achieves state-of-
the-art results on multiple MTL benchmarks in
various domains.

1. Introduction

In many real-world applications, one needs to solve several
tasks simultaneously using limited computational or data
resources. For example, perception for autonomous vehicles
requires lane detection, object detection, and free-space esti-
mation, which must all run in parallel and in real-time. This
is normally solved via multi-task learning (MTL), where one
model is jointly trained on several learning tasks (Caruana,
1997; Ruder, 2017; Crawshaw, 2020). Multi-task learning
was also shown to improve generalization in theory (Baxter,
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2000) and in practice (e.g., auxiliary learning, Liu et al.,
2019a; Achituve et al., 2021; Navon et al., 2021a).

Unfortunately, MTL often causes performance degradation
compared to single-task models (Standley et al., 2020). A
main reason for such degradation is gradients conflict (Yu
et al., 2020a; Wang et al., 2020; Liu et al., 2021a). These
per-task gradients may have conflicting directions or a large
difference in magnitudes, with the largest gradient domi-
nating the update direction. The degraded performance of
MTL due to poor training, compared with its potential to
improve performance due to better generalization, has a
major impact on many real-world systems. Improving MTL
optimization algorithms is therefore an important task with
significant implications to many systems.

Currently, most MTL optimization algorithms (Sener &
Koltun, 2018; Yu et al., 2020a; Liu et al., 2021a) follow a
general scheme. First, compute the gradients for all tasks
g1, ---, i - Next, combine those gradients into a joint direc-
tion, A = A(g1, ..., gi ) using an aggregation algorithm A.
Finally, update model parameters using a single-task opti-
mization algorithm, replacing the gradients with A. Multi-
ple heuristics were proposed for the aggregation algorithm
A. However, to the best of our knowledge, a principled,
axiomatic, approach to gradient aggregation is still missing.

Here we address the gradient combination step by viewing
it as a cooperative bargaining game (Thomson, 1994). Each
task represents a player, whose utility is derived from its
gradient, and players negotiate to reach an agreed direction.
This formulation allows us to use results from game theory
literature that analyze this problem from an axiomatic per-
spective. In his seminal paper, Nash (1953) presented an
axiomatic approach to the bargaining problem and showed
that under certain axioms, the bargaining problem has a
unique solution known as the Nash Bargaining Solution.
This solution is known to be proportionally fair, where any
alternative will have a negative average relative change. This
proportionally fair update allows us to find a solution that
works for all tasks without being dominated by a single
large gradient.

Building on Nash’s results, we propose a novel MTL opti-
mization algorithm, named Nash-MTL, where the gradients
are combined at each step using the Nash bargaining so-
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Figure 1. lllustrative example: Optimization trajectories in loss space. Shown are 5 different initializations (black dots ), and their
trajectories are colored from orange to purple. Losses have a large difference in scale. See Appendix B for details. For linear scalarization
(LS), PCGrad, and CAGrad, the optimization process is controlled by the gradient of />, since it has a larger magnitude, resulting in
imbalanced solutions between tasks (mostly ending at the bottom right). These three methods also fail to converge to an optimal solution
for the rightmost initialization points. In contrast, MGDA is inclined towards the task with the smallest gradient magnitude (¢1). Our
method, Nash-MTL, is invariant to changes in loss scale and produces solutions that are well balanced across the Pareto front.

lution. We first characterize the Nash bargaining solution
for MTL and derive an efficient algorithm to approximate
its value. Then, we analyze our approach theoretically and
establish convergence guarantees in the convex and non-
convex cases. Finally, we show empirically that our Nash-
MTL approach achieves state-of-the-art results on four MTL
benchmarks on a variety of challenges ranging from com-
puter vision and quantum chemistry to reinforcement learn-
ing. To support future research and the reproducibility of
the results, we make our source code publicly available at:
https://github.com/AvivNavon/nash-mtl.

2. Background
2.1. Pareto Optimality

Optimization for MTL is a specific case of multiple-
objective optimization (MOO). Given objective functions
£y, ..., £k, the performance of solution a x is measured by
the vector of objective values (¢1(x), ..., £k (z)). One main
property of MOO is that since there is no natural linear
ordering on vectors it is not always possible to compare
solutions so there is no clear optimal value.

We say that a solution = dominates 2 if it is better on one
or more objectives and not worse on any other objectives.
A solution that is not dominated by any other is called
Pareto optimal, and the set of all such solutions is called
the Pareto front. It is important to note that there is no clear
way to select between different Pareto optimal solutions
without additional assumptions or prior about the user pref-
erences (Navon et al., 2021b). For non-convex problems, a
point is defined as local Pareto optimal if it is Pareto optimal
in some open set containing it. Further, a point is called
Pareto stationary if there exists a convex combination of the
gradients at this point that equals zero. Pareto stationarity is
a necessary condition for Pareto optimality.

2.2. Nash Bargaining Solution

We provide a brief background on cooperative bargain-
ing games and the Nash bargaining solution, see Thom-
son (1994) for more details. In a bargaining problem,
we have K players, each with their own utility function
u; : AU {D} — R, which they wish to maximize. A
is the set of possible agreements and D is the disagree-
ment point which the players default to if they fail to
reach an agreement. We define the set of possible pay-
offs as U = {(uy(x),...,ux(z)) : = € A} C RX and
d = (u1(D),....,ux(D)). We assume U is convex, com-
pact and that there exists a point in U that strictly dominates
d, namely there exists a u € U such that Vi : u; > d;.

Nash (1953) showed that for such payoff set U, the two-
player bargaining problem has a unique solutionthat satisfies
the following properties or axioms: Pareto optimality, sym-
metry, independence of irrelevant alternatives, and invariant
to affine transformations. This was later extended to multi-
ple players (Szép & Forg6, 1985).

Axiom 2.1. Pareto optimality: The agreed solution must
not be dominated by another option, i.e. there cannot be any
other agreement that is better for at least one player and not
worse for any of the players.

As it is a cooperative game, it makes little sense that the
players will curtail another player without any personal
gains, so it is natural to assume the agreed solution will not
be dominated by another.

Axiom 2.2. Symmetry: The solution should be invariant
to permuting the order of the players.

Axiom 2.3. Independence of irrelevant alternatives (ITA):
If we enlarge the of possible payoffs to U ) U, and the
solution is in the original set U, v &€ U, then the agreed
point when the set of possible payoffs is U will stay u .

Axiom 2.4. Invariance to affine transformation: If we
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transform each utility function u;(z) to @;(x) = ¢; - u;(x) +
b; with ¢; > 0 then if the original agreement had utilities
(y1, ..., yr) the agreement after the transformation has utili-
ties (Clyl + b1, ..., CrYk + bk)

We argue that in the MTL setting, it is natural to require
axioms 2.1-2.3. Axiom 2.4, in our mind, is the only non-
natural assumption used by the Nash bargaining solution
in the context of MTL. We argue that indeed it is a desired
property that is helpful for MTL. Axiom 2.4 means that the
solution does not take into account the gradients’ norms but
rather treats all of them the same, as if they were normalized.
Without enforcing this assumption, the solution can easily
be dominated by a single direction (see Figure 1). We further
validate the importance of this assumption by investigating
a scale-invariant baseline in Section 6.

The unique point satisfying all these axioms is called the
Nash bargaining solution and is given as

X
u =arg 151235( i log(ui - di) (D
s.t. Vi u; >d;

3. Method

We now describe our Nash-MTL method in detail. We
first formalize the gradient combination step as a bargain-
ing game and analyze the Nash bargaining solution for this
game. We then describe our algorithm to approximate the
solution efficiently. We note that the computational cost of
that approximation is critical because this approximation
is executed for each gradient update. To simplify the nota-
tion, we do not distinguish between shared and task-specific
parameters. We note, however, that task-specific parame-
ters have no contribution to the Nash bargaining solution
calculation.

3.1. Nash Bargaining Multi-Task Learning

Given an MTL optimization problem and parameters 6,
we search for an update vector Af in the ball of radius €
centered around zero, B.. We frame this as a bargaining
problem with the agreement set B, and the disagreement
point at 0, i.e., staying at the current parameters 6. We define
the utility function for each player as u;(Af) = g7 Af
where g; is the gradient of the loss of task ¢ at . We note
that since the agreement set is compact and convex and the
utilities are linear then the set of possible payoffs is also
compact and convex.

Our main assumption, besides the ones used by Nash, is that
if  is not Pareto stationary then the gradients are linearly
independent (see further discussion on this assumption in
Section 5). Under this assumption, we also have that the
disagreement point, A = 0 is dominated by another in B..

We now show that if 6 is not on the Pareto front, the unique
Nash bargaining solution has the following form:

Claim 3.1. Let G be the d x K matrix whose
columns are f-_lge gradients g;. The soluf_ign to
argmaxag2p  ; log(A07g;) is (up to scaling)  , a;g;
where oo € RE is the solution to GZGa = 1/ where 1/«
is the element-wise reciprocal.

Proof. The derivative of this objective is f( 1 M> ~Ji-
For all vectors Af such that Vi : A#Tg; > 0 the utlhtles
are monotonically increasing with the norm of Af. Thus,
from the Pareto optimality assumption by Nash, the opti-
mal solution has to be on the boundary of .. From this
we see that the gradient at the optimal I]_Jjomt zK 1 Ao=o 9>g. Gi

K
1= 1A0> g’L || Ae

ince the gradients are indepen-

must be in the radial direction, i.e.,

P
or ZKl A9> ~gi = AAD.

dent we must have Af — a;g; and Vi ﬁ = \;
or Vi : A#7g; = x5-. As the inner product must be
positive for a descent direction we can conclude A > 0;
we set A = 1 to ascertain the direction of A# (the norm
might be larger then €). Now finding the bargaining solu-

t10n is reducedlg ﬁndmg a € RK with o; > 0 such that

AT g = ;g5 9i = - This is equivalent to re-
quiring that G= Ga =1/a Where 1/« is the element-wise
reciprocal. O

We now provide some intuition for this solution. Flrﬁt, if all
gi are orthogonal we get a; = 1/|[g;[| and Af = = o
which is the obvious scale invariant solution. When they are

not orthogonal, we get

aillgl?+  ajg7gi=1/a )
J61

P >
6 O‘J'gj>9i = j&i X935
interaction between task ¢ and the other tasks; If it is positive
there is a positive interaction and the other gradients aid the
1’th task, and if it is negative they hamper it. When there is
a negative interaction, the LHS of Eq. 2 decreases and as a
result, «; increases to compensate for it. Conversely, where
there is a positive interaction «y; will decrease.

We can consider g; as the

3.2. Solving G"Ga = 1/«

Here we describe how to efficiently approximate the optimal
solution for GZGa = 1/« through a sequence of convex
optimization problems. We define a 8;(«) = g7 Ga, and
wish to find « such that «; = 1/3; for all 4, or equivalently
log(a;) + log(Bi(a))= 0. Denote ¢;(a) = log(ei) +
log(f;) and p(a) =, ¢;(a). With that, our goal is to
find a non-negative « such that ¢;(«) = 0 for all i. We can
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Figure 2.Visualization of the update directioiiVe show the update direction (blue) obtained by various methods on three gradigfts in
We rescaled the returned vectors for better visibility, showing only the direction. We further show the size of the projection (red) of the
update to each gradient direction (black). Nash-MTL produce an update direction with the most balanced projections.

Algorithm 1 Nash-MTL Adding' ( ) to the objective may further reduce it, moving
Input:  © — initial parameter vectof,"; g, — differentiable it closer to zero; however, it reno_lers the pro_blem to be_ non-
loss functions, — learning rate convex. Despite that, our solution can be improved itera-
fort=1;::;T do tively by replacing the concave tern{ ) withits rst-order

Compute task gradient” = r 1 i approximationi~ ( )= " ( (N+r ' ( ())>( (.
SetG(") the matrix with columng") Where, () is the solution at iteration. Note that we re-
Solve for : (GM)> G =1= toobtain place’ with '~ only in the objective and keep( ) as s in
Update the parameter§) = (0 g ® © the constraint: i.emin ~ , ( )+~ ( )st ()
end for Oand ; > Ofor all i. This sequential optimization ap-
Return: (T

proach is a variation of the concave-convex procedure (CCP)

(Yuille & Rangarajan, 2003; Lipp & Boyd, 2016). There-

write this as the following optimization problem fore the. sequence g converges o a critical point of .
the original non-convex problem in Eq. 5 based on previ-

min X, () 3) ous theory of CCP by Sriperumbudur & Lanckriet (2009).

i Moreover, since we do not modify the constraint,) al-
St8i () 0 ways satis es the constraint of the original problem for any
T : . Finally, the following proposition shows that original
objective monotonically decreases with

The constraints in this problem are convex and linear an&roposition 3.2. Denote the opjective for the optimiza-

i>0

the objective is concave. We rst try to solve the following ton P[%J'em in E%I-)5 by( )= i( )+ "' (). Then,
convex surrogate objective for all 1
. We provide proof and further discussion in Appendix A. In
min () ) P P pp

practice, we limit the sequence of CCP to 20 in all experi-
ments, with the exception of Section 6.3 for which we use

s.t8i; L) 0 a single step. We found the improved solution to have a
i>0 : limited effect on the MTL performance (see Appendix D.2).
P
Here, we minimize ; ; under the constraint; =

g G 1= ;. While this objective is not equivalent to the 3.3. Practical Speedup

original problem, we found it very useful. In many cases, itOne shortcoming of many leading MTL methods is that all
produces exact solutions with ) =0 as required. task gradients are required for obtaining the joint update

To further improve our approximation, we considered thed'reCt'on' When the number of tasksbecomes large, this

: may be too computationally expensive as it requires one to
following problem, X performK backward passes through the shared backbone
min ()+ () (5) to compute th&k gradients. Prior work suggested using
i a subset of tasks (Liu et al., 2021a) or replacing the task
S.t8i: " () 0 gradients with the feature level gradient (Sener & Koltun,

2018; Liu et al., 2021b; Javaloy & Valera, 2021) as potential

i>0 practical speedups. We emphasize that this issue is not
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Table 1.QM9. Test performance averaged over 3 random seeds.

MR # m % #
LS 6.8 1776 3:4
Sl 4.0 778 9:2
RLW 8.2 2038 3:4
DWA 6.4 1753 6:3
uw 5.3 1080 225

MGDA 5.9 1205 2.0
PCGrad 50 1257 103
CAGrad 57 1128 40
IMTL-G 4.7 772 93

Nash-MTL 2:5 62:0 14

Figure 3.QM9. Test , throughout the training process averaged
over 3 random seeds.

unique to our method, but rather is shared to all methods

that compute all gradients for all tasks. with various approaches, such as the uncertainty of the tasks

In practice, we found that using feature-level gradients agKkendall et al., 2018), the norm of the gradients (Chen
a surrogate to the gradient of the shared parameters drat-al., 2018), random weights (Lin et al., 2021), and similar-
matically degrades the performance of our method. Segy of the gradients (Du et al., 2018; Suteu & Guo, 2019).
Appendix C for empirical results and further discussion. AsThese methods are mostly heuristic and can have unstable
an alternative, we suggest updating the gradient weigfits  performance (Liu et al., 2021a). Recently, several studies
once every few iterations instead of every iteration. Thisproposed MTL approaches based on the multiple-gradient
simple yet effective solution greatly reduces the runtime (updescent algorithm (MGDA) for multi-objective optimization

to 10for QM9 and 5 for MT10) while maintaining  (Désiceri, 2012). This is an appealing approach since, under
high performance. In Section 6.4 we provide experimentamild conditions, convergence to a Pareto stationary point is
results while varying the frequency of task weights updateguaranteed. Sener & Koltun (2018) cast the multi-objective
on the QM9 dataset and the MT10 benchmark. Our resultproblem to multi-task problem and suggest task weighting
show that Nash-MTL runtime can be reduced to about théased on the Frank-Wolfe algorithm (Jaggi, 2013). Liu et al.
same as linear scalarization (or STL) while maintaining(2021a) searches for an update direction in a neighborhood
competitive results compared to other baselines; Howeveaf the average gradient that maximizes the worst improve-
in some cases, we do see a noticeable drop in performaneeent of any task. Unlike these studies, we propose an MTL

compared with our standard approach. approach based on a Bargaining game that can nd solutions
that are Pareto optimal and proportionally fair.
4. Related Work The closest work to our approach, to the best of our knowl-

. . . edge, is Liu et al. (2021b). There, the authors propose to
In multitask learning (MTL), one simultaneously solves sev- . ; T . o
look for a fair gradient direction where all the cosine simi-

eral learning problems while sharing information among,_ . . . g )

) larities are equal. We note that this update direction satis es
tasks (Caruana, 1997; Ruder, 2017), commonly through 2Il of the Nash axioms except for Pareto optimally. Thus
joint hidden representation (Zhang et al., 2014; Dai et al. P P Y- '

2016; Pinto & Gupta, 2017; Zhao et al., 2018; Liu et al_,unhke our proportionally fair approach, it can settle for a

2019b). Studies in the literature proposed several explan-sslyb'omlmaI solution for the sake of fairness.

tions for the dif culty in the optimization process of MTL, Finally, we note that the Nash bargaining solution was effec-
such as con icting gradients (Wang et al., 2020; Yu et al. tively applied to problems in various elds such as commu-
2020a), or plateaus in the loss landscape (Schaul et ahication (Zhang et al., 2008; Leshem & Zehavi, 2011; Shi
2019). Other studies aimed at improving multitask learnet al., 2018), economics (Dagan & Volij, 1993), and com-
ing by proposing novel architectures (Misra et al., 2016 puting (Grosu et al., 2002), and to several learning setups,
Hashimoto et al., 2017; Liu et al., 2019b; Chen et al., 2020)such as reinforcement learning (Qiao et al., 2006), Bayesian
We focus on weighting the gradients of the tasks via aroptimization (Binois et al., 2020), clustering (Rezaee et al.,
axiomatic approach that is agnostic to the architecture use@021), federated learning (Kim, 2021), and multi-armed
Studies in a similar vein proposed to weigh the task lossebandits (Baek & Farias, 2021).
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Table 2.NYUv2 Test performance for three tasks: semantic segmentation, depth estimation, and surface normal. Values are averages over
3 random seeds.

Segmentation Depth Surface Normal

- - ” o

mioU" Pix Acc”  Abs Err# Rel Err# Angle Distance? Within t MR# m %#
Mean Median 11.25 225 30

STL 38:30 6376 06754 Q2780 2501 1921 3014 5720 6915

LS 39:29 6533 05493 (02263 2815 2396 2209 4750 6108 811 559
SI 38:45 6427 05354 Q2201 2760 2337 2253 4857 6232 711 439
RLW 3717 6377 05759 Q2410 2827 2418 2226 4705 6062 1011 778
DWA 39:11 6531 05510 Q2285 2761 2318 2417 5018 6239 688 357
Uw 36:87 6317 05446 02260 2704 2261 2354 4905 6365 644 405
MGDA  30:47 5990 06070 Q2555 24:88 19:45 29:18 56:88 69:36 544 1:38
PCGrad 38.06 6464 05550 Q02325 2741 2280 2386 4983 6314 688 397
GradDrop 39:39 6512 05455 Q2279 2748 2296 2338 4944 6287 644 358
CAGrad 3979 6549 05486 (02250 2631 2158 2561 5236 6558 377 0:20
IMTL-G 3935 6560 05426 Q2256 2602 2119 262 5313 6624 311 0:76

Nash-MTL 40:13 65:93 0:5261 0:2171 25:26 2008 284 5547 6815 1:55 4:04

5. Analysis bounded. The input domain is open and convex.

We now analyze the convergence of our method in the corfssumption 5.3. We assume that all the loss functions are

vex and non-convex cases. As even single-task non-convex Smooth,

optimization might only converge to a stationary point, we _— N . .

will prove convergence to a Pareto stationary point, i.e., a riGg e o Lixe i ©)

point where some convex combination of the_gradlent§ ISTheorem 5.4. Let (gL, be the sequence generated

zero. As stated, we also assume that the gradients are md@ the quate rule 4D T = (D) O where

pendentwhlle nqt at a_Pareto stationary pomt.. Independence’ () _ iK::L i(t)gi(t) is the Nash bargaining solution

of the gradients is a slightly stronger assumption than Paret@m)> c M =1= O set ® = min 1 Then

stationarity but is needed to exclude degenerate edge cases ' 2k LK (7 '

such as two identical tasks. the sequenck (Vgl, has a subsequence that converges to
q Oi=1 q g

We note that by substituting local Pareto optimality foraPareto stationary point . Moreover all the loss functions

Pareto stationarity in Assumption 5.1 we can show cork 1( ©);:57 () converge ta*a( )55k ()
vergence to a local Pareto optimal point. However, this
assumption has strong implications, as it implies we avoid” (
local maxima and saddle points of any speci c task. Sincgj ®jj 1 1 . We also show thajl= (jj is bounded.
our update rule is a descent direction for all tasks, we caps (G)> G() () = 1= (U this means that the small-
reasonably assume that our algorithm avoids local maximast singluar value ofG(")> G() must converge to zero.
points. Furthermore, it was shown that rst-order methodsFrom compactneds (t)g%:l has a converging subsequence
avoid saddle points (Panageas et al., 2019), giving credengghose limit we denote as . From continuity we get that

to this stronger assumption. Nevertheless, we take a cothe gradients Gram matri®> G computed at must have
servative approach and state our results with the weakef zero singular value and therefore the gradients are lin-
assumption. early dependent. From our assumption this means that

is Pareto stationary. As the losses are monotonically de-

cearsing and bounded below they must converge and to the
Assumption 5.1. We assume that for a sequericgl.;  subsequence limitdf1( )::: k (). O

generated by our algorithm, the set of the gradient vectors

ggt); G g,(<t) at any point on the sequence and at any partialf we also assume convexity, we can strengthen our claim
limit are linearly independent unless that point is a Paretol’heorem 55. Letf ®

stationary point.

roof sketch.We can show that® = min; -; ! 0so

We formally make the following assumptions:

gi-, be the sequence generated
by the update rule D) = O ® (O where
® = K Mg s the Nash bargaining solution

= ”
QG“))> c ' - 1‘: MO, set O = min —L. If
i2[K] LK

Assumption 5.2. We assume that all loss functions are
differentiable, bounded below and that all sub-level sets ar
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Table 3.CityScapesTest performance for two tasks: semantic segmentation and depth estimation. Value are averages over 3 random
seeds.

Segmentation Depth
mloU" Pix Acc" Abs Err# Rel Ergt MR # m % #
STL 74.01 93.16 0.0125 27.77

LS 75.18 93.49 0.0155 46.77 6:12 22.60

Sl 70.95 91.73 0.0161 33.83 8:00 14.11
RLW 74.57 93.41 0.0158 47.79 9:25 24.38
DWA 75.24 93.52 0.0160 44.37 6:00 21.45
uw 72.02 92.85 0.0140 30.13 5:25 5.89
MGDA 68.84 91.54 0.0309 33.50 8.75 44.14
PCGrad 75.13 93.48 0.0154 42.07 6:37 18.29
GradDrop 75.27 93.53 0.0157 4754 550 23.73
CAGrad 75.16 93.48 0.0141 37.60 5:37 11.64
IMTL-G 75.33 93.49 0.0135 38.41 3:62 11.10

Nash-MTL 75.41 93.66 0.0129 35.02 1:75 6.82

we assume that all the loss functions are convex, then thairection with equal projections on task gradients. IMTL-G
sequencé (Vgl, converges to a Pareto optimal point.  is applied to the feature-level gradients, as was suggested
by the authors. We also tried applying IMTL-G to the
shared-parameters gradient for a fair comparison, but its

See the full proofs in the appendix Sec. A.
performance was even worse.

6. Experiments Evaluation. For each experiment, we report the common
evaluation metrics for each task. Since naturally MTL
We evaluate Nash-MTL on diverse multi-task learning probdoes not carry a single objective and since the scale of
lems. The experiments show the superiority of Nash-MTLper-task metrics often varies signi cantly, we report two
over previous MTL methods. To support future research angnetrics that capture the overall performan¢g) m %,
the reproducibility of the results, we will make our sourcethe average per-task performance drop of metimorkl-
code publicly available. Additional experimental results andati),_tg to the STL baseline denotéd Formally, % =
details are provided in Appendix B. 2 E:l ( 1) “Mmk  Mpx)=Mpx, whereMp, is the
Compared methods: We compare the following ap- V&lue of metridVy obtained by the baseline aink by
proaches(1) Our proposed Nash-MTL algorithm described the compared method. = 1 if a higher value is better
in Section 3;(2) Single task learning (STL), training an for a metricM ¢ and 0 otherwise (Maninis et al., 2019; Liu

independent model for each ga¢B) Linear scalarization etal., 2021a)(2) Mean Rank (MR): The average rank of
(LS) baseline which minimize§, < (4) Scale-invariant each method across the different tasks (lower is better). A

(Sl) baseline which minimizes § Iog‘k- This baseline method receives the best valldR = 1, if it ranks rstin

is invariant to rescaling each loss with a positive number2! 1asks.

(5) Dynamic Weight Average (DWA) (Liu et al., 2019b) ) )
adjusts task weights based on the rates of loss changes o Multi-Task Regression for QM9

time; (6) Uncertainty weighting (UW) (Kendall et al., 2018) \ye evaluate Nash-MTL on predicting 11 properties of
uses task uncertainty quanti cation to adjust task weights;,qjecules from the QM9 dataset (Ramakrishnan et al.,
(7) MGDA (Sener & Koltun, 2018) nds a convex com- 5414 4 widely used benchmark for graph neural networks.
bination of gradients with a minimal nornf8) Random  5\g consists of 130K molecules represented as graphs
loss Welghtmg_(RLW) with normal distribution, sc_ales the_ annotated with both node and edge features. We used
losses according to randomly sampled task welghts.(quhe QM9 example in PyTorch Geometric (Fey & Lenssen,
etal., 2021){9) PCGrad (Yu et al., 2020a) removes con ict- 2019), and use 110K molecules for training, 10K for vali-
ing components of each gradient w.r.t the other gradlent%ation, and 10K as a test set. As each task target range is
(10) GradDrop (Chen et al., 2020) randomly drops COMPOyxt 3 different scale, this could be an issue for other meth-
nents of the task gradients based on how much they con icty s that are not scale-invariant like ours. For faimess, we
(11) CAGrad (Liu et al., 2021a) optimizes for the averageormalized each task target to have zero mean and unit

loss while explicitly controlling the minimum decrease rate gtandard deviation. We use the popular GNN model from
across taskg12) IMTL-G (Liu et al., 2021b) uses an update
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Gilmer et al. (2017), a network comprised of several con-
catenated message passing layers, which update the node
features based on both node and edge features, followed by Success SEM
the pooling operator from Vinyals et al. (2015). Speci cally,
we used the implementation from Fey & Lenssen (2019).

Table 4.MT10 Average success over 10 random seeds.

STL SAC 0:90 0:032

We train each method f@B00 epochs and search for the MTL SAC 0:49  0:073
best learning-rate (Ir) given by the,, performance on the MT:\-/IEASC;E TE 8521 85832
validation set. We use a learning-rate scheduler to reduce SM 073 0:043
the Ir once the validation , metric has stopped improving. CARE 0:84 0:051
The validation set is also used for early stopping. PCGrad 0:72 0:.022

CAGrad 0:83 0:045

Predicting molecular properties in QM9 poses a signi cant
challenge for MTL methods because the number of tasks
is large and because the loss scales vary signi cantly. The
scale issue is only partially resolved by normalization be- ) )
cause some tasks are easier to learn than others. Prior woPk 1€ 4. The learning-rate is halved & 5 after 100
found that single-task learning signi cantly improves per_epgghs. Asin (Llu'et al., 2021a) The STL baseline refers to
formance on all targets compared to MTL methods (Maronfraining task-speci c SegNet models.

etal., 2019; Klicpera et al., 2020). The results are presented in Table 2 and Table 3. Our
Results are shown in Figure 3 and Table 1. Nash-MmTLMethod, Nash-MTL, achieves the best MR in both datasets,

achieves the best performance in terms of both MR apd ~ the best m in NYUv2 and the seconds to best, in the
Interestingly, most MTL methods fall short compared to CityScapes experiment. Nash-MTL performance is well
the simple scale-invariant baseline, which ignores gradierf@lanced across tasks. MGDA is primarily focused on the
interaction, except for IMTL-G whose performance is on task of predicting surface normals an_d achleves_ poor perfor-
par with this baseline. This result shows that the scale@nce on the other two tasks. The inherent biasedness of
invariant property of our approach can be bene cial. sedVIGDA towards the task with the smallest gradient magni-

Appendix D.1 for the per-task evaluation results. tude was previously discussed in Liu et al. (2021b). We note
that the optimal solution under Nash-MTL for the two tasks

case is equivalent to independently normalizing each gradi-
ent and summing with equal weights. While this is a fairly
We follow the protocol of (Liu et al., 2019b) and evaluate simple approach for MTL, we show that it outperforms
Nash-MTL on the NYUv2 and Cityscapes datasets (Silberalmost all the compared MTL methods on the two-tasks
man et al., 2012; Cordts et al., 2016). NYUv2 is an indoorCityScapes benchmark.

scene dataset that consists of 1449 RGBD images and dense

per-pixel labeling with 13 classes. We use this dataset as@3. Multi-Task Reinforcement Learning

multitask learning benchmark for semantic segmentation, ) )
depth estimation, and surface normal prediction. We consider a multi-task RL problem and evaluate Nash-

MTL on the MT10 environment from the Meta-World
The CityScapes dataset (Cordts et al., 2016) contains 50Q8nchmark (Yu et al., 2020b). This benchmark involves
high-resolution street-view images with dense per-pixel ang simulated robot trained to perform actions like pressing
notations. We use this dataset as a multitask |eaming benca'button and Opening a WindOW, each action treated as a
mark for semantic segmentation and depth estimation. Tessk, for a total of 10 tasks. The goal is to learn a policy
speed up the training phase, all images were resized @at can succeed across all the diverse sets of manipulation
128 256 The original dataset contains 19 categories foliggks. Following previous works on MTL-RL (Yu et al.,
pixel-wise semantic segmentation, together with ground2020a; Liu et al., 2021a; Sodhani et al., 2021), we use Soft
truth depth maps. For segmentation, we used a coars@ctor-Critic (SAC) (Haarnoja et al., 2018) as the base RL
version of the labels with 7 classes. algorithm. Along with the MTL methods (1) CAGrad (Liu

For all MTL methods, we train a Multi-Task Attention €tal, 2021a)and (2) PCGrad (Yu et al., 2020a) applied to
Network (MTAN) (Liu et al., 2019b) which adds an at- & shared model SAC, we evaluate the following mgthods:
tention mechanism on top of the SegNet architecture (Badr(3) STL, one SAC model per task; (4) MTL SAC with a
narayanan et al., 2017). We follow the training procedureshared model; (5) Multi-task SAC with task encoder (MTL
from Liu et al. (2019b); Yu et al. (2020a); Liu et al. (2021a). SAC + TE, Yu etal. (2020b)); (6) Multi-headed SAC (MH
Each method is trained f@00epochs with the Adam op- SAC) with task-speci ¢ heads (Yu et al., 2020b); (7) Soft

timizer (Kingma & Ba, 2015) and an initial learning-rate Modularization (SM, Yang et al. (2020)) which estimates
per-task routes for different tasks in a shared model, and;

Nash-MTL 0:91 0:031

6.2. Scene Understanding
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Table 5.Training runtime per episode and average success for the
MT10 benchmark, computed ove&d random seeds while varying
the frequency of task weights updates in Nash-MTL.

Success SEM Runtime[Sec.]

MTL-SAC 0:49 0073 7.3
PCGrad 0:72 0.022 9.7
CAGrad 0:83 0:045 20.9

Nash-MTL 0:91 0:031 40.7

Nash-MTL-50 0:85 0:022 8.6
Nash-MTL-100 0:87 0:033 7.9

Figure 4.Test , for the QM9 dataset, averaged over 3 random
seeds, for different intervals of task weights update.

(8) CARE (Sodhani et al., 2021) which utilizes language

metadata and employs a mixture of encoders. We follow ) ) .

the same experiment setup from Sodhani et al. (2021); Li§ach step. On the MT10 environment, updating the weights
et al. (2021a) to train all methods over 2 million steps ancfVery 100 steps resultin 10 speedup (only 11
report the mean success od€rrandom seeds with xed slower than the _fastest baseline) while outperforming all
evaluation frequency. The results are presented in Table 2ther MTL baseline method (Table 5).

Nash-MTL achieves the best performance by a large margi
In addition, Nash-MTL is the only MTL method to reach

the same performance as the per-task SAC STL baseline.| this work, we present Nash-MTL, a novel and principled

_ approach for multitask learning. We frame the gradient com-
6.4. Scaling-up Nash-MTL bination step in MTL as a bargaining game and use the Nash

One of the major drawbacks of the SOTA MTL rne,[hodsbargaining solution to nd the optimal update direction. We

is that they require access to all task gradients to comput}é\igh!ight the im.portance .Of the scale invariapce approach for
the optimal update direction (Sener & Koltun, 2018; Yu multitask learning, speci cally for setups with varying loss

etal., 2020a; Liu et al., 2021b;a). This requires one to perLf,cales and gradient magnitudes. We provide a theoretical

form K backward passes at each optimization step, thu§Cnvergence analysis for Nash-MTL, showing that it con-

scales poorly with the number of tasks. Previous works sug e'9€S to a Pareto optimal and Pareto stationary points in the

gested using a subset of tasks (Liu et al., 2021a) or replacirgonve.x and non-convex settings, respectlvely. Finally, our
the task gradients with the feature-level gradient (Sener xperiments show that Nash-MTL ach|eve§ state—of-t_h e-art
Koltun, 2018; Liu et al., 2021b; Javaloy & Valera, 2021) as results on various benchmarks across multiple domains.
potential speedups. In our experiments, we found that using

the feature-level gradients can greatly reduce Nash-MTI8. Acknowledgements
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A. Proofs
Lemma A.1. If L is differential and L-smooth (assumption 5.3) then® L ()+rL ()7 (% )+ 5k° K2

Proof. Fix ; °2 dom(L) RY. Sincedom(L) is a convex and open set, there exists Osuch that + t( © )2
dom(L) forallt 2 [ ;1+ ]. Set > 0to be such a number. Thus, we can de ne a function[ ;1+ ]! R
byL(t)=L( +t(° )). Withthis,L(1) = L( 9, L©O)= L(),andr L(t)=1rL ( +t(°® )>(° )for
t2[0;1] ( ;1+ ).FromAssumption5.%rL (9 rL ( )k Lk ? Kk, therefore
ke L(tY r L@k=KrL ( +t%°% » L (+t(° )7(° )k

k O kkrL ( +t%° )N L (+t(° )k

Lk ©  kk(t® t(° )k

Lk ©  K%kt® tk:
Henceyr L : [0;1]! Ris Lipschitz continuous, and therefore continuous. By using the fundamental theorem of calculus
with the continuous function L : [0;1]! R,

Zl
L(Y=L()+ L (+t(°% )N7(° )t
0 Zl
=LY+l ()7(°% )+ (L (At ) (N7 (° )t
ZO
L()+rL () (° )+ 1er(+t(° ) L ()kk ©  kdt
ZO
L()+rL () (% )+ lthO k2dt
0
SLO* L (P (0 )+ ok K ™
O

'IF;heorem (5.4). Letf Vgl be the sequence generated by the update fifé = O O where O =
K () 4(t)

1, 1"g" is the Nash bargaining solutigfGV)> G () =1= () gGet () = rgErK]] o L . The sequence Vg,
| i
has a subsequence that converges to a Pareto stationary poiMoreover all the loss function$1( (); "k ( ))
converge taq"1( );un Tk ().

Proof. We rst note that if for some step we reach a Pareto stationary solution the algorithm halts and sequence stays xed
at that point and therefore converges; Next, we assume that we never get to an exact Pareto stationary solution at any nite
step.

_ P P
We note that the norm of ® is " K asj Mj2=" X, ¢ ®=" X, i 1= ;= K.Foreachloss we have
using LemmaA.1

. . . > L. -
() () Oy Wy W S 0 W22 ®)
. 1 (MK
() m_ - 4> J ="
() Oggr i ©
I
(OING 1 0]
=~ ( () i o) <
I( ) (t) + 2 rnjln (t) I( ) 2 (t) < I( ) (10)
[ J

This show§ tlbat our update decreases all the loss functions. We can average over inequality 9 over all losses and get for
L()=g o ()
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. 1){( 1 (t) 2LK
L(wny |y ot 1 () L (V) LK( @24

LK ()2
K ® 2 '
|

(2K _
2 =LCT) 2

(11)

P
From this we can conclude that' _; M L (1) L (®D). AsL( ®)is bounded below we must have that

P11k me ON
3 o

the in nite series ;_, < 1 ,andalso ® ! 0. Itfollows thatmin;, 1= Oand thereforgg (Mjj11

We will now show thajji= (Vjj is bounded fot ! 1 . As the sequende( () is decreasing we have that the sequence
(M is in the sublevel sdt : L( ) L ( ¢)gwhichis closed and bounded and therefore compact. prfollows that there
gistsM < 1 suchthafigjj M foralltandi 2 [<]. We have forall andt,j1= (j = jg)" ©j " Kijig"j
KM < 1 ,andsdjl= jj is bounded. Combining these two results we hate Ojj k (GM)y> GM)yjj M
where ¢ ((GV)> GM) is the smallest singular value (6(")> G(), Since the norm of () goes to in nity and the norm
1= ® is bounded, it follows thatk ((G(V)> G(M) 1 0.

Now, sincef : L() L ogis compact there exists a subsequenée that converges to some point. As

k (G)TGM)Y 1 0we have from continuity thatx (G> G ) = 0 whereG is the matrix of gradients at . This
means that the gradients a#re linearly dependent and thereforeis Pareto stationary by assumption 5.1. As foii dlie
sequencé’;( (V)gl, is monotonically decreasing and bounded below they all converges. ${ncgis the limit of a

subsequence we get that M) 1" ().
O

We now show that if we add a convexity assumption then we can prove convergence to the Pareto front.

Eheorem (5.5). Letf Vgl be the sequence generated by the update fifé = © O O where O =
K

K, g is the Nash bargaining solutiofG(V)> G () =1= () get () = n;{r'g] ﬁ If we also assume that
1 i

all the loss functions are convex then the sequénéegl_, converges to a Pareto optimal point.

Proof. We note that this proof uses intermediate results from the proof of theorem 5.4. Given theorem 5.4 it suf ces to
prove that the sequente(' g, converges, that would mean it converges to the partial limthat is Pareto stationary,

and from convexity it would be Pareto optimal (as the optimizer of the convex combination of losses). For a convex and
differential loss function, we have

(Y O+’ ) (12)
We can bound
ji jiZ=j o © o i? (13)
=j ® 2+ M W2 2 O Wy ® ) (14)
= O e M2k 20 Oy w (15)
T i2 (1)y2 <t)XI (t) A Q)
Ji i+ ( V)K+2 G ) e (16)
TG ii2 (1)y2 (t)XI ()~ ¢ (t+1) M
i i+ Y)K+2 ¢ ) i) (17)
i
X )
” (t) jj2+( (t))ZK 2 (1) i(t) © (18)
i 2 i
=j ® jiZ (19)

In Eq. 15 we use the de nition of (V) and the fact that its norm equeﬁsl?. In Eq. 16 we use convexity and Eq. 12. Eq.
17 uses the fact that we show the losses are monotonically decreasing and converging tén Eq. 18 we use Eq. 10.
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We have that the sequenjje® jj is monotonically decreasing and bounded below by zero. Also, it has a subsequence
that converges to zero, and so it must hold that the sequeldGe  jj also converge to zero, or equivalenthy) !

O

Proposition (3.1). Denote the objective for the optimization problem in Eq. 5by) = ; i( )+ ' ( ). Then,
(

+1) () forall 1

Proof. In our concave-convex procedure, we use the following linearization at-thateration:

~ ()= O+ (O ( O

Then,
~(O)y="( O (20)
Moreover, since is concave and differentiable, we have that
G T (R T S GRS I G G (== ( C*D): (21)

Furthermore, since we minimize the convex objective i( )+ ~( ) at each iteration of our concave-convex procedure
(in the convex feasible set),

(Oyes (O (e (O, (22)

i [
Using Eq. 20—-Eqg. 22, we have that

X X X
()= (O)+r ()= i O)y+= (O ()= (0

(O ()= (0

This proves the statement.

B. Experimental Details

We provide here full experimental details for all experiments described in the main text.

Implementation Details. We apply all gradient manipulation methods to the gradients of the shared weights, with the
exception of IMTL-G, which was applied to the feature-level gradients, as was originally proposed by the authors. We
also tried applying IMTL-G to the shared-parameters gradient for a fair comparison, but it did not perform as well. We set
the CAGrad'sc hyperparameter to 0.4, which was reported to yield the best performance for NYUv2 and Cityscapes (Liu
et al., 2021a). For DWA (Liu et al., 2019b) we set the temperature hyperparam@tetioh was found empirically to be
optimum across all architectures. For RLW (Lin et al., 2021) we sample the weights from a normal distribution.

QM9. We adapt the QM9 example in PyTorch Geometric (Fey & Lenssen, 2019), and train the popular GNN model

from Gilmer et al. (2017). We use the publicly availdbiimplementation, the implementation is provided by Fey & Lenssen

(2019). We use 110K molecules for training, 10K for validation, and 10K as a test set. Each task’s targets are normalized to

have zero mean and unit standard deviation. We train each meth8@@epochs with batch-size a20and search for

learning-rate (Ir) ifle  3;5e 4;1e 4g. We use a ReduceOnPlateau scheduler to decrease the Ir when the validation
m Mmetric stops improving. Additionally, we use the validatior, for early stopping.

Scene UnderstandingWe follow the training and evaluation procedure used in previous work on MTL (Liu et al., 2019b;
Yu et al., 2020a; Liu et al., 2021a). However, unlike (Liu et al., 2019b), we add data augmentations (DA) during training for

https://github.com/pyg-team/pytorch_geometric/blob/master/examples/qm9_nn_conv.py
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Figure 5. Illustrative example. Visualization of the loss surfaces in our illustrative example of Figure 1

all the compared methods, similar to (Liu et al., 2021a;b). We train each method for 200 epochs with an initial learning-rate
of 1e — 4. The learning-rate is reduced to 5e — 5 after 100 epochs. For MTL methods, we train a Multi-Task Attention
Network (MTAN) (Liu et al., 2019b) built upon SegNet (Badrinarayanan et al., 2017). Similar to previous works (Liu et al.,
2021a), the STL baseline refers to training task-specific SegNet models. We use a batch size of 2 and 8 for NYUv2 and
CityScapes respectively. To align with previous work on MTL Liu et al. (2019b); Yu et al. (2020a); Liu et al. (2021a) we
report the test performance averaged over the last 10 epochs.

MT10. Following previous works (Yu et al., 2020a; Liu et al., 2021a; Sodhani et al., 2021), we use multitask Soft Actor-
Critic (SAC) (Haarnoja et al., 2018) as the base RL algorithm for PCGrad, CAGrad, and Nash-MTL. We follow the same
experiment setup from and evaluation protocol as in Sodhani et al. (2021); Liu et al. (2021a). Each method is trained over 2
million steps with a batch size of 1280. The agent is evaluated once every 10K environment steps to obtain the average
success over tasks. The reported success rate for the agent is the best average performance over all evaluation steps. We
repeat this procedure over 10 random seeds, and the performance of each method is obtained by averaging the mean success
over all random seeds. For all Nash-MTL experiments, we use a single CCP step in order to speed up computation.

IMlustrative Example. We provide here the details for the illustrative example of Figure 1. We use a slightly modified
version of the illustrative example in (Liu et al., 2021a). We first present the learning problem from (Liu et al., 2021a): Let
0 = (61,62) € R?, and consider the following objectives:

01(0) = c1(0) f1(0) + c2(0)g1(0) and  £2(0) = c1(6) f2(60) + c2(0)g2(0), where
f1(0) = log(max(]0.5(—60; — 7) — tanh(—6s)|, 5¢ — 6)) + 6,
f2(0) = log(max(]0.5(—601 + 3) — tanh(—63) + 2|,5¢ — 6)) + 6,
91(0) = ((—01 +7)* + 0.1 (—6, — 8)%)/10 — 20,
92(0) = (=61 — 7)* + 0.1 - (=62 — 8)%)/10 — 20,
¢1(6) = max(tanh(0.563),0) and c(6) = max(tanh(—0.563),0)
We now set /1 = 0.1 - l71 and /5 = ZQ as our objectives, see Figure 5. We use five different initialization points

{(-8.5,7.5),(0.0,0.0), (9.0,9.0), (7.5, —0.5), (9, —1.0) }. We use the Adam optimizer and train each method for 35K
iteration with learning rate of le — 3.

C. Computing Task Gradient at the Features-Level

One common approach for speeding and scaling up MTL methods is using feature-level gradients (from the representation
layer) as a surrogate for the task-level gradients computed over the entire shared backbone (Sener & Koltun, 2018; Liu et al.,
2021b; Javaloy & Valera, 2021). In this section we evaluate Nash-MTL while using the feature-level gradients for computing
the Nash bargaining solution. On the QM9 dataset, we found this approach to accelerate training by ~ x6. However, this
acceleration method greatly hurts the performance of Nash-MTL, yielding a test A, of 179.2 (compared to 62.0 when
using full gradients). This result is not surprising, since we are mainly interested in the inner products of gradients. Consider



Multi-Task Learning as a Bargaining Game

60 CCP Steps
—_—1
50 20
— 40

40
£30
<

20

0 25 50 5] 100 125 150 175 200
Epoch

Figure 6. NYUv2. The mean and standard divination of test ,, throughout the training process, for Nash-MTL with 1, 20, and 40 CCP
steps.

gZ-> g; = (VgzV 0;)7 Vg2V L ;» where z is the feature representation and ¢ the shared parameters vector. We see that for
V.47V ¢ to accurately approximate g;”g; we need Vgz~ Vyz ~ I which is a strong and restricting requirement.

D. Additional Experiments
D.1. Full Results for Multi-task Regression

We provide here the full results for the QM9 experiment of Section 6.1. The results for all methods over all 11 tasks are
presented in Table 6. Nash-MTL achieves the best A,,, and MR performance. Despite being a simple approach, SI performs
well compared to more sophisticated baselines. It achieves the third/second best A,, and MR respectively. The other
scale-invariant method, IMTL-G, also performs well in this learning setup.

Table 6. QM9. Test performance averaged over 3 random seeds.

U a enomo  €Lumo  hR?i ZPVE Uy U H G Co
MAE # MR#  m%#
STL 0.067 0.181 60.57 5391 0502 453 588 642 638 662 0.072
LS 0.106 0.325 73.57 89.67 519 14.06 1434 1442 1446 1403 0.128 6.8 177.6
SI 0309 0345 1498 1357 1.00 450 553 5575 5582 5527 0.112 4.0 77.8

RLW 0.113 0340 7695 9276 586 1546 1563 1571 157.6 153.0 0.137 8.2 203.8
DWA 0.107 0325 7406 90.61 5.09 1399 1423 143.0 1434 1393 0.125 6.4 175.3
uw 0386 0425 1662 1558 1.06 499 664 6678 66.80 6624 0.122 53 108.0
MGDA 0217 0368 126.8 104.6 322 569 8837 894 8932 88.01 0.120 59 120.5
PCGrad 0.106 0293 7585 8833 394 915 11636 1168 1172 1145 0.110 5.0 125.7
CAGrad 0.118 0321 8351 9481 321 693 11399 1143 1145 1123 0.116 5.7 112.8
IMTL-G  0.136 0287 9831 9396 1.75 5.69 101.4 1024 102.0 100.1  0.096 4.7 712

Nash-MTL 0.102 0.248 8295 81.89 242 538 74.5 75.02 75.10 7416 0.093 2.5 62.0

D.2. Effect of the Number of CCP steps

In this section, we investigate the effect of varying the number of CCP steps in our efficient approximation to G~ Ga = 1/«
(presented in Section 3.2). We use the NYUv2 dataset and train Nash-MTL with CCP sequences of 1, 20, and 40 steps at
each (parameters) optimization step.

We found that increasing the CCP sequence improves the approximation to the optimal «. Using a single CCP iteration
results with G Ga = 1/a in 91.5% of the optimization steps, whereas increasing the number of iterations to 20 increases
the proportion of optimal solutions to 93.5%. However, we found the improved solution to have no significant improvement






