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Abstract

Social networks are often modeled using signed
graphs, where vertices correspond to users and
edges have a sign that indicates whether an in-
teraction between users was positive or nega-
tive. The arising signed graphs typically con-
tain a clear community structure in the sense that
the graph can be partitioned into a small num-
ber of polarized communities, each defining a
sparse cut and indivisible into smaller polarized
sub-communities. We provide a local clustering
oracle for signed graphs with such a clear com-
munity structure, that can answer membership
queries, i.e., “Given a vertex v, which community
does v belong to?”, in sublinear time by reading
only a small portion of the graph. Formally, when
the graph has bounded maximum degree and the
number of communities is at most O(log n), then
with O(y/npoly(1/€)) preprocessing time, our
oracle can answer each membership query in
O(y/npoly(1/e)) time, and it correctly classifies
a (1 — ¢)-fraction of vertices w.r.t. a set of hidden
planted ground-truth communities. Our oracle
is desirable in applications where the clustering
information is needed for only a small number
of vertices. Previously, such local clustering or-
acles were only known for unsigned graphs; our
generalization to signed graphs requires a number
of new ideas and gives a novel spectral analysis
of the behavior of random walks with signs. We
evaluate our algorithm for constructing such an
oracle and answering membership queries on both
synthetic and real-world datasets, validating its
performance in practice.
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1. Introduction

Finding clusters (or communities) in graphs is a well-studied
and fundamental problem in computer science. While clas-
sically this problem has been studied in unsigned graphs,
several recent works have focused on signed graphs, where
each edge has a sign indicating whether the interaction be-
tween two nodes was friendly or hostile. This setting has
been motivated by polarization in social networks, where
the users form groups that have mostly friendly interactions
within each group but there may exist hostile interactions be-
tween opposing groups (see, e.g., (Bonchi et al.l 2019; Xiao
et al.| 20205 |Ordozgoiti et al., [2020; |Atay & Liul [2020)).

More concretely, in a signed graph G = (V, E, o), each
edge e = (u,v) € FE is associated with a sign o(e) €
{+, —} indicating a positive (friendly) or negative (hostile)
relation between the two vertices u and v. To model po-
larization, [Harary| (1953)) proposed the notion of balanced
graphs: a graph is balanced if it can be partitioned into two
subsets V4 and V3 such that the induced subgraphs G[V]]
and G[V2] only contain positive edges, while all edges with
one endpoint in V; and the other endpoint in V» have a neg-
ative sign. For example, in a social network like Twitter
the groups V; and V5 could correspond to users of opposing
opinions (e.g., Democrats and Republicans) that have a con-
flict but that behave nicely within their respective groups.

To detect polarization in social networks, several recent
works have aimed at finding nearly-balanced communities
inside signed graphs, i.e., their goal was to find induced
subgraphs that after the removal of only few edges become
balanced and are sparsely connected to the outside (Bonchi
et al., 2019 Mercado et al., 2019; Xiao et al., [2020). Often
the resulting communities are minimal in the sense that they
are nearly-balanced and they cannot be further divided into
smaller nearly-balanced communities. We will also refer
to these communities as polarized. The main drawback of
many existing methods for finding polarized communities
is that they are inherently global, i.e., they need to process
the full graph and return a partitioning of all vertices. In
practice, however, the graphs are often so large that methods
which aim to cluster all vertices have prohibitively high
running times. Additionally, when mining social networks,
the full graph is often not available because social network
providers, such as Twitter, limit the amount of data that is
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available due to privacy constraints.

Fortunately, in many settings we only require the community
membership information for a small number of vertices, or
we just want to know if two given vertices belong to the
same cluster or not. This could be the case, for example,
when an analyst wishes to find out whether two users are
part of the same polarized discussion or not. Furthermore,
even in settings when the amount of data is limited (like in
the Twitter example above), it seems feasible to explore the
local neighborhood (e.g., by performing random walks) of
each user that shall be classified.

Our contributions. We provide a local clustering oracle
for signed graphs. The oracle preprocesses a small part of
the graph and after the preprocessing finished, for a queried
vertex v it can answer the following query:

* WHICHCLUSTER(v): Returns which cluster v belongs to.

Here, we assume that there is a set of (hidden) ground-
truth clusters and WHICHCLUSTER(v) returns the index
of the cluster v belongs to. Ideally, when two nodes wu, v
belong to the same ground-truth cluster, then the queries
WHICHCLUSTER(u) and WHICHCLUSTER(v) will return
the same result, and if u, v belong to different clusters, the
results will be different.

Both the preprocessing time as well as the query time of
our clustering oracle are sublinear in the size of the in-
put graph. This is particularly useful when the clustering
information is only required for a small number of ver-
tices. More concretely, our oracle has preprocessing timeE]
O(y/npoly(1/¢)), where n is the number of vertices in the
graph and € > 0 is an error parameter. The query procedure
has query time O(,/n poly(1/€)). Such clustering oracles
have been previously studied for unsigned graphs (Pengl
2020) from a theoretical point of view but none were known
for signed graphs and it was unclear how well they perform
in practice.

In a nutshell, the query procedure WHICHCLUSTER(v) per-
forms O(y/n poly(1/¢)) random walks of length O(log 1)
starting at v and then aggregates the information from
these random walks into a sparse vector m, with
O(y/npoly(1/e)) non-zero entries. We define a pseudo-
metric A on the space of these vectors and show that the
vectors of vertices from the same community have “small”
A-distance, while the vectors of vertices from different com-
munities have “large” A-distance. We describe the details

in Sec.[31]

Example 1. One possible application of our oracle is the
clustering of an online social networks such as Twitter. The
user interactions on Twitter can be interpreted as a signed
graph with some hidden communities. Now it is possible

"Here, O(f(n)) denotes running times O(f(n) - polylg(n)).

to label (e.g., by hand) a small number of users for several
nearly-balanced communities. These users can be used
as seed nodes for the oracle and then the oracle can be
used to efficiently classify users based on which community
they belong to. This addresses the issue that the Twitter
graph is too large to cluster it completely. Additionally, as
researchers we do not have access to the full Twitter graph
but it seems feasible to perform a small number of short
random walks from each user that shall be classified.

We provide a theoretical analysis of the oracle for bounded-
degree graphs with a constant (or logarithmic) number of
“well-behaved” nearly-balanced communities. We show
that when we apply WHICHCLUSTER(v) to all vertices,
then the oracle classifies a (1 — €)-fraction of the vertices
correctly. See Thm. [f] for the formal statement of our result.
To obtain this result, we relate the spectrum of the graph’s
normalized signed Laplacian to the random walks performed
by the query procedures. Therefore, we give a novel spectral
analysis of the behavior of random walks with signs, which
essentially keep track whether the random walk traversed
an even or an odd number of negative edges. Then we
relate the A-distance of signed random walk vectors to
the eigenvalues/eigenvectors of the signed Laplacian. See
Sec.[3.2)for a precise statement of our technical contribution
and App. [D|for an overview of our analysis.

Our theoretical contributions. Our theoretical results are
inspired by sublinear clustering oracles for unsigned graphs,
and some notions and lemmas look superficially similar to
the counterparts in unsigned graphs (e.g., (Czumaj et al.|
2015; |Pengl 2020)). However, to generalize these oracles
to signed graphs we need several new ideas. We will now
briefly discuss these new ideas.

First, the clustering oracle in unsigned graphs is based on
the following intuitive idea: a random walk starting from
a randomly chosen vertex of some cluster U will first be
trapped in U, and the corresponding distribution converges
to the uniform distribution on U (for simplicity, we assume
the graph is regular); later, the random walk moves out
of U and then the distribution converges to the uniform
distribution on the whole graph. In signed graphs, this
intuition is no longer true. In particular, the distribution of
a signed random walk does not necessarily converge to a
stationary distribution (if it exists). Interestingly, we show
that (informally) in a polarized cluster U with a bipartition
V1 and V5 corresponding to the two opposing groups, a
signed random walk converges to either a scaled version
of the uniform distribution on Vj, or a scaled version of
the uniform distribution on V5. To this end, we show that
(see Lem. [6]) if we map vertices to the spectral embedding
defined by the first £ eigenvectors of the signed normalized
Laplacian matrix of the graph, then the embedded points
are centered around two opposite centers. To contrast, in
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unsigned graphs, the spectral embedding of most vertices
in the same cluster are close to one single center. To show
the existence of two opposite centers, we develop a new
property relating the eigenvectors and the polarized clusters,
which may be useful for future work on clustering in signed
graphs.

Second, for unsigned oracles, it suffices to consider the 8%-
distance between two random walk distributions starting
from any two vertices u, v to decide if w, v are similar or
not (i.e., if they belong to the same cluster or not). For
signed oracles, since each polarized cluster has two opposite
centers, we need to introduce a pseudometric distance A
between the corresponding vectors to compare the similarity
of two vertices. That is, for any two vertices u,v with
random walk vectors m,,, m,,, we define

Au,'u = min{||mu - mvH%v [, + mv”%}

Intuitively, if u, v belong to the same polarized cluster with
a bipartition V3, V3, then either the distance || m,, — m, |3
is small (corresponding to the case that u, v belong to the
same part in the bipartition), or || m,, +m, |3 is small (corre-
sponding to the case that u, v belong to two different parts).
Furthermore, if u, v belong to two different clusters, then
neither of these two distances is small.

Third, to characterize the cluster structure of a signed
graph G, it is somehow natural to use the signed bipar-
titeness ratio (see Sec.[2)), a signed analogue of conductance
in unsigned graphs. However, we find that one cannot use
the signed bipartiteness ratio of a graph to characterize the
inside structure of a potential polarized cluster (see App.[B).
We resolve this by introducing a new notion called inner
signed bipartiteness ratio 3™ (G) of G that is a minimiza-
tion function by considering all vertex subsets of at most
half the total volume of the graph (see Eqn. (I)) and Def. [3).

Our practical contributions. We provide the first implemen-
tations of signed and unsigned oracles. While our signed
oracles with theoretical guarantees can only distinguish be-
tween different communities, we also provide a heuristic
extension which allows for queries of the type: “In which
opposing group of a community is vertex v?” In practice,
such a query could be used, e.g., to decide whether a user in
a social network is a Democrat or a Republican.

We evaluate our algorithms on synthetic and on real-world
datasets (Sec.[)) and show that our oracles are practical. Our
methods work well even when the graphs do not satisfy the
bounded degree assumption from our theoretical analysis.
Furthermore, our algorithms outperform existing methods
when the graphs contain large communities. We further pro-
vide novel real-world datasets which contain signed graphs
with a small number of large ground-truth communities; to
the best of our knowledge, these are the first public datasets
with this property and we make them freely available.

Related work. Finding communities in signed graphs has
received a lot of attention. One line of works models po-
larized communities as (nearly) balanced subgraphs in a
signed graph (Kunegis et al., |2010; |Chiang et al.l 2012}
Bonchi et al., 2019; |Cucuringu et al.,|2019; [2020; Mercado
et al.||2019;|Xi1ao0 et al.,|2020; (Chu et al., 2016;/Chiang et al.,
2014;2012). [Xiao et al.| (2020) provide a local algorithm for
finding nearly balanced subgraphs. The algorithm of (Xiao
et al.}2020) requires a set of seed nodes and returns a sub-
graph with small signed bipartiteness ratio; we compare our
algorithm against this work in the experiments. [Ordozgoiti
et al.| (2020) find large (exactly) balanced subgraphs. In an-
other line of work, polarized communities were modeled us-
ing k-way balanced graphs (Chiang et al.,|2012)) and signed
stochastic block models (Mercado et al.| 2016} 2019)) or us-
ing correlation clustering (Bansal et al., [2004; (Cesa-Bianchi
et al.,|2012); these results are not directly comparable to our
work since we consider £ disjoint (nearly) 2-way balanced
subgraphs while these works try to find a single partition-
ing of the graph that reveals £ communities. Interestingly,
many of these works are based on spectral graph theory
(e.g., (Kunegis et al., |2010; (Chiang et al., 2012} Xiao et al.,
2020; |Ordozgoiti et al.| [2020; [Mercado et al.,|2016;2019)).

Jung et al.| (2016} [2020) use signed random walks with
restarts to rank users in social networks but, unlike in our
work, they do not relate the signed random walks to the
spectrum of the signed graph.

Sublinear-time algorithms for clustering unsigned graphs
have been studied using the notion of conductance (rather
than the signed bipartiteness ratio). (Czumaj et al.| (2015)
gave a property testing algorithm which can decide whether
a graph is k-clusterable or is far from being k-clusterable
in sublinear time. Interestingly, the algorithm by |(Czumaj
et al.| (2015) can be adapted to a sublinear-time clustering
oracle. [Peng (2020) extended this to a robust clustering
oracle that reports the clustering information of graphs with
noisy partial information. |Chiplunkar et al.| (2018)) and
Gluch et al.[(2021)) provided further improvements.

Intriguingly, the algorithm by |Pons & Latapy|(2006) is also
based on clustering the vectors of short random walks and is
very popular in practice (e.g., it is implemented in the igraph
software package (Csardi & Nepusz, 2006)). The similarity
measure used in [Pons & Latapy| (2000) is quite similar
to the one which was independently proposed by |(Czumaj
et al.[(2015)), though the latter is focusing on using a small
number of random walks to estimate the measure (rather
than computing it directly) and thus achieving a sublinear-
time algorithm. Therefore, one can view the results of
Czumaj et al.|(2015)) and of this paper as a further theoretical
justification for the practical success of the work of |Pons &
Latapy| (2006).
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2. Preliminaries

Let G = (V,E, o) be an unweighted signed graph with
n vertices, m edges and edge signs o(e) € {+,—}. The
degree dg(u) of a vertex u is dg(u) = [{v: (u,v) € E};
note that the degree does not take into account the signs of
the edges. For any set S C V, let volg(S) = >, c g da(v).
The volume of G is vol(G) = >, oy da(u).

For V1,Va C V, we set E(V1,Va) = {(u,v) € E: u €
V1,v € Va}. Furthermore, we set BT (Vy, V) = {(u,v) €
E(V1,Vo) : o(w) = +} and E~(V1, V) = {(u,v) €
E(V1,Va) : o(uww) = —}. When V; = Vo, we set E(V) =
E(V1,V1). To maintain consistency with previous works,
we set |E(V1)] to twice the number of edges in G[V;] (but
we do not make this change for |[E(V,V1)]). We define
|ET(V1)| and |E~(V4)| analogously to |E (V).

Signed bipartiteness ratio. Following the work of [ Xiao
et al.[(2020), we use the signed bipartiteness ratio to capture
polarization between two opposing groups in a graph. A
pair (V1,V3) is a sub-bipartition of V if § # V3 UV, C
V and V1 NV, = (. For a sub-bipartition (7, V3) of V
we set volg(Vi,V2) = > cy. Ly, da(u). Now the signed
bipartiteness ratio of (V1,V3) is given by

ec(Vi, Va)

Pel )= oo v, vy

where

ec(Vi,Va) =2|EE(Vi,Vo)| + |Eq (V)| + |EG (V2)]
+]Ec(ViU Ve, Vi UVa)|.

Observe that when S¢(V1, V2) is small then the induced
subgraph G[V; U V3] is close to balanced (i.e., G[V4] and
G[V5] contain only few negative edges and there are mostly
negative edges between V; and V5), and the vertices in
V1 U V5 are sparsely connected to the rest of the graph (i.e.,
there are few edges from V3 U V5 to V' \ (V1 U Wa)).

For a set of vertices ) # U C V, we define the
signed bipartiteness ratio of U in G as fg(U) =
mingy, v,): v,uve=v Bc(V1, V2), where the minimum is
taken over all partitions (V7, V3) of U. For a graph G, we
define the (classic) signed bipartiteness ratio of G as

B(G) == Q);r;]igv Ba(U)

= min . ﬂg(vl,VQ).
(V1,V2):sub-bipartition of V'

Observe that a set of vertices U is balanced if and only
if U can be partitioned into subsets V7 and V5 such that
Baw)(Vi, V2) = 0 if and only if 3(G[U]) = 0. Thus, one
can interpret the signed bipartiteness ratio as a measure for
how close a certain subgraph is to being balanced. The sets
V1 and V5 that partition U are sometimes called biclusters.

Spectral signed graph theory. Next, we introduce defi-
nitions for the spectral analysis of signed graphs. We use
bold letters to denote vectors and matrices. Let D be the
n x n diagonal degree matrix of G, i.e., Dy, = dg(u) for
all w € V. Let A% be the n x n signed adjacency matrix,
ie, A7 = o(uw)if (u,v) € E, and A7, = 0, otherwise.
Let I be the n x n identity matrix.

We call L7 := D — AZ? the signed (unnormalized) Lapla-
cian matrix, and £° := I — D='/2A°D~1/2 the signed
normalized Laplacian matrix. It is well-known that all eigen-
values of L7 are in the interval [0, 2] and we list them in
non-decreasing orderas 0 < \; < --- <\, < 2.

For k € [n], the k-way signed bipartiteness ratio of G is

= min max Ba(Vai-1, Vai)-
{(Vaiz1,Vai) e, i=1,.0k

Here, the minima are taken over all possible choices of
k non-empty, disjoint sets U; C V and disjoint sub-
bipartitions (Va;_1, Va;), respectively. Intuitively, 8;(G)
is small iff G contains k disjoint communities that are close
to balanced iff G contains k polarized communities.

Atay & Liu|(2020) provided a Cheeger-type inequality that
relates the k-way signed bipartiteness ratio to the eigenval-
ues Ay of the signed normalized Laplacian £°.

Theorem 2 (Higher-order Signed Cheeger Inequality (Atay
& Liul [2020)). There exists a constant Cy such that for all
signed graphs G and k € [n], 2 < B,(G) < C1k3V/ .

Finally, W = % is the walk matrix that corresponds
to lazy random walks in a signed graph G. Additionally,
fort € Nand v € V, we set p!, = 1, W', where 1, is the
n-dimensional indicator vector that has a 1 in the v’th entry
and is 0 in all other entries.

3. Main Result and Algorithm

In this section, we formally present our main result and
give the details of our clustering oracle. To state our the-
orem, we first need to introduce two new definitions. For
a signed graph G = (V| E, o), we define the inner signed
bipartiteness ratio of G as

pimer(@) = min Ba(U). (1)
0AUCV : vol(U)< 3 vol(G)

Note that we only consider subsets U of volume at most
% vol(G); this is in contrast with the definition of 3(G), in
which the minimum is taken over all possible subsets U.
The definition (T) resembles the inner conductance that has
been used to study the clusterability of unsigned graphs (e.g.,
(Gharan & Trevisan| 2014; |(Czumaj et al, [2015))), though
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in contrast with (@), it is not directly associated with the
signed Cheeger inequality.

Next, we define the notion of clusterability under which we
will obtain our theoretical results.

Definition 3. Let k € N, 8;,, Bour € Rsg and let G =
(V, E, o) be an unweighted signed graph. We say that G is
(K, Bin, Bout)-Clusterable if there exists a partition of V into k
disjoint subsets (Un, . .., Uy) such that Bc(U;) < Bou and
Bimer(GU;]) > B for all i € [k]. Each subset U is called
a (Bin, Bouw)-cluster and the corresponding partitioning is
called a (k, Bin, Bou)-clustering. Furthermore, if each sub-
set U; satisfies that |U;| > (%), then we call the partition
(U1, ...,Us) abalanced (k, Bin, Bour)-clustering.

Let us briefly explain this definition; it is handy to think
of Bou as very small and S,y < [Sin- The first condition
that S¢(U;) < Bow for all ¢ = 1,...,k ensures that the
graph contains k£ communities which are nearly-balanced
and that can be viewed as polarized communities. The
second condition (8™ (G[U;]) > B, foralli = 1,...,k)
ensures that each of the nearly-balanced communities is
minimal in the sense that it cannot be further decomposed
into more balanced communities.

We remark that at first glance it might be surprising that
in Definition [3, we use ™' (G[U;]) instead of B(G[U;])
to measure the indivisibility of G[U;] into smaller nearly-
balanced communities. However, in App.[B]we show that
if B¢(U;) is small, then 8(G[U;]) is also small. This indi-
cates that S(G[U]) is not an appropriate measure for this
characterization.

Now we state our main result. We consider signed graphs
G of degree at most d, where d is a constant throughout
the paper. We assume that we have query access to the
adjacency list of G, i.e., for any vertex v and an index
i < d, we can query the ¢-th neighbor of v in constant
time if it exists (if no such neighbor exists we get a special
symbol ‘1’). Let PAQ denote the symmetric difference.
In the following, we let d > 10, k > 1, ¢ € (0,1) and

2
Bin € (0,1). Let n be an integer such that n > w,
where v € (0, 1] is a constant.

€

Theorem 4. Let G = (V,E,0) be a signed graph with
|V | = n vertices and maximum degree at most d. Suppose
that G has a balanced (k, Bin, Bour)-clustering Uy, - - - , Uy,
Bowr < WM’ where C' is some sufficiently large
constant, and |U;| > % foralli = 1,... k. There exists
an algorithm that has query access to the adjacency list of G
and constructs a clustering oracle in O(\/n- poly(kde'lﬁ#))
preprocessing time. Furthermore, with probability at least
0.9, the following hold:

1. Using the oracle, the algorithm can answer any WHICH-

CLUSTER query in O(y/n - poly(%ﬂ)) time.

2. Let P, := {u € V : WHICHCLUSTER(u) = i}, ¢ € [k],
be the clusters defined by WHICHCLUSTER. Then there

exists a permutation 7 : [k] — [k] such that for all

The theorem asserts that if the input graph G has bounded
degree and satisfies the assumptions from Def. [3| with
Bout < P, then our clustering oracle has preprocessing
and query time O(y/n poly(1/¢)). Furthermore, the second
item implies that if we pick e small enough, we can make
the number of misclassified vertices arbitrarily small. In
particular, for any § > 0 we can pick € such that the oracle
classifies at least a (1 — 0)-fraction of the vertices correctly.

3.1. The Algorithm

Now we present the implementation of our clustering oracle.
The main building block of our oracle are lazy signed ran-
dom walks which we will discuss first. Based on a sequence
of random walks starting at a vertex u, we will define a
sparse vector m,,. We will then use the vectors m,, and m,,
to estimate distances ¢,,, between vertices « and v with the
intuition that u and v are in the same cluster iff d,,,, is small.
We will also discuss the preprocessing of the oracle and the
query procedures.

Lazy signed random walks. We introduce lazy signed
random walks. Intuitively, a lazy signed random walk is a
lazy random walk on the unsigned version of the graph that
keeps track of the sign of the walk. Here, the sign of the
walk is the multiplication of the signs of all traversed edges.

More formally, a lazy signed random walk of length ¢ from
a vertex u proceeds as follows. Initially, at step T' = 0, we
start at vertex ug := u with sign sg := +. Suppose that at
step 0 < T < t we are at vertex up with sign s € {+, —}.
Then at the step 7" + 1, with probability % we stay at up
and keep the sign unchanged (i.e., ur4+1 = vy, ST4+1 = ST),
and with the remaining % probability, we choose a random
neighbor v of up with probability m, and move to v
and update upy1 = v, s7+1 = o(er+1)sT, where epyq =
{ur,v}. Thus, if a walk traverses the edges eq, . . . , e; then
the final sign of the walk is []'_, o (e;). Later, we will set

the number of steps to t = O(logn).

Vectors from sequences of random walks. Next, given a
start vertex u, we describe how to obtain a sparse vector
m, € R” based on a sequence of lazy signed random
walks. In Sec.[D] we will argue that m,, essentially serves
as a (sparse) approximation of the vector p!, D~1/2, where
p!, = 1, W' W is the walk matrix and D is the degree
matrix as defined in Sec.[2l

Suppose that we perform R lazy signed random walks of
length t from vertex u and let vy, ...,vg be the vertices
at which these random walks finish with respective signs
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$1,...,Sr. Now we define two vectors m;}, m;, € RZ,
as follows. We set m; (v) to the fraction of random
walks that ended in vertex v with sign +, i.e., m} (v) =
iz vi=v.si=+} for all v € V. Similarly, we set mj (v) =
WLRS:_H Finally, we set m,, = (m;}’ —m; )D~1/2,
Note that m,, can have positive and negative entries. Fur-
thermore, the R random walks can end in at most R different
vertices, and thus my, has at most R non-zero entries. Later,
we will set R = O(y/npoly(1/e)).

We now introduce our key subroutine ESTDOT-
PrROD(u,v,t,a) and the pseudocode of the routine is
presented in Alg. |1} Consider two vertices v and v, the ran-
dom walk length ¢ and a technical parameter « that we will
set in the proof of Thm. E} Then ESTDOTPROD (u,v,t,cx)
computes the two vectors m,, and m, and calculates their
dot product. This is repeated h = O(logn) times and then
the median of these dot products is returned. We will later
(Lem. show that the output of ESTDOTPROD(u,v,t,c)
gives an approximation of (p!D~'/2 p!D~1/2) with
small error.

Preprocessing. We present the preprocessing phase of the
oracle in Alg.[2] Here, we make use of the fact (see Sec. D]
for details) that when two vertices u and v are from the same
cluster, then

Ayy = min{HpZD_l/z - PtvD_l/le%a
Ipt,D~Y% + pt D22}

should be small, whereas if © and v are from different clus-
ters then A,,,, should be large. However, since our algorithm
has no access to the vectors p!, and p!, we will need to use
ESTDOTPROD to obtain an estimate d,,,, as approximation
of Ayy.

The preprocessing starts by sampling a set S of O(klog k)
vertices. Essentially this ensures that from each of the & clus-
ters, S contains at least one vertex. Now for all pairs of
vertices u,v € S, we compute &, as approximation of
Ay, by rewriting the norms inside the definition A, as
dot products and then estimating each of these dot products
using ESTDOTPROD. More concretely, we observe that
Auv = mln{Yuu + Y'uv - 2Yuva Yuu + Y'uv + 2Yuv}7 (2)
where Y, = (p D ~'/2, p!D~1/2) for a,b € V. Next, we
let X, = ESTDOTPROD(a, b) and we define

6u'u = mln{qu + va - 2Xuv; qu + va + 2Xuv} (3)

We cluster the vertices in S as follows. We create an aux-
iliary graph H with vertex set S and without edges. Then
we add edges for each pair of vertices u and v such that d,,
is “small”, i.e., if 6., < 57— In our proof of Thm. 4] we

will show that if the conditions of the theorem hold, then
H consists of k cliques corresponding to the & clusters in
the (k, Bin, Bou)-clustering. Thus, the preprocessing will
correctly identify at least one vertex from each cluster.

Query procedure. For a query WHICHCLUSTER(v), we
proceed similarly to how we clustered the vertices in S in
the preprocessing. More concretely, given v as input to the
query, we compute §,, for all u € S. If §,, < ﬁ for
some u € S then we return that v belongs to the cluster of u.
For the full details, see Alg.

3.2. Main Technical Contribution

To prove Thm. ] our global proof strategy is as follows.
First, we show that two vertices « and v are from the same
cluster if and only if A, is small (see Lem.s 9 and [I0).
Second, we show that X,,,, does not introduce too much
error for estimating (p! D~/2 p! D~'/2) (see Lem. .
This then implies that with a large probability &, is close
to Ay, and, thus, d,,,, is small iff u and v are from the same
cluster. We give more intuition and details of our proof

strategy in App.

This strategy is similar to the one by |(Czumaj et al.|(2015)
for unsigned graphs. However, even though our global proof
strategy is similar, we still have to contribute a significant
amount of new ideas to extend the clustering oracle from the
unsigned to the signed setting. We will now discuss some
of these challenges in more detail.

One particular challenge was showing that A, is small if
w and v are from the same cluster (see Lem. [9). To prove
this, we need two technical lemmas that constitute our main
technical contribution. One of them (Lem. [6) provides a
connection between bicluster membership and the entries
of the eigenvectors of the signed normalized Laplacian. We
believe this result is of independent interest and will find
further applications in the analysis of signed graphs.

Let vy, -+, v, be the orthonormal row eigenvectors of £
s.t. \jv; = v;L£7. Thus vl-va =1ifi = j and vl-va =0
otherwise. Let v, = v;D~!/2. For a subset U C V, let
pu = volgu)(U) be the total volume of the induced graph

G[U], i.e., the sum of degrees of all vertices in G[U].

The first lemma says there is a gap between Ay and A1 if
a graph is (k, Bin, Bou)-clusterable, which allows us to use
the first k£ eigenvectors v1, ..., v to bound A,,,,. The proof
makes use of our new definition of inner signed bipartiteness
ratio of a graph. We defer the proof details to App. [E.1]

Lemma 5. If G is signed and (k, Bin, Bou )-clusterable, then
2
i < 2By foralli < kand \; > %foralli > k1,
1
where C1 is the constant from Thm. 2}

For our second lemma consider a cluster U with
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pme(GU]) > fin and Bg(U) < Pou. Then there ex-
ists a partition of U into biclusters V; and V5 such that
Ba(V1,Va) = Ba(U) < Bou, i.€., V4 and V5 correspond
to the two polarized groups inside cluster U. Intuitively,
our lemma asserts that for most vertices v € U, the sign
of the entry v;(u) (i = 1,...,k) reveals whether u € V;
or u € V5. In other words, we show that each vector v;
(¢ =1,...,k), approximately reveals a biclustering of U
into two polarized communities.

Slightly more precisely, we will show that if ¢ < k then for
each “typical” vertex pair u,v € U, it holds that v}(u) ~
vi(v) ifu,v € V3 or u,v € Vo, and vi(u) =~ —v}(v) oth-
erwise. To do so, we establish a novel connection between
the structure of each balanced cluster and the geometric
embedding from these k eigenvectors: we relate the signed
indicator vector 1y, v, to the first eigenvector wy of (the
normalized signed Laplacian of) the subgraph G[U], and
we use the variational characterization of the second eigen-
vector of G[U] to analyze the v/ restricted on U. Here,
1v, v, € RY is the vector with 1y, v, (u) = 1ifu € V4
and 1y, v, (u) = —1if u € V5. We present the proof of the

lemma in App.[E2]

Lemma 6. Let o« € (0,1). Suppose G = (V,E,0) is
signed and (k, Bin, Bou )-clusterable. Let U be a cluster of
G with B™er(G[U]) > Bin and Bc(U) < Bous. Then there
exists a partition V1, Vo of U, a subset [ U of U, and constants
ci, 1 <4 <k, such that |¢;| < 3d, |U| > (1 — «)|U]|, and
foreachi <k,

'ifue‘/lﬂ(j,then‘vg(u)—cf\/}ﬁ Smg%-,/(f%
. iquVzﬁff,then‘vg(u)-i-Ci' rlLU §764g?1_\/7a§$;]

where C is the constant from Thm.

4. Experiments

We experimentally evaluated our algorithms on a MacBook
Pro with 16 GB RAM and a 2 GHz Quad-Core Intel Core i5.
Our algorithms were implemented in C++11.We always per-
formed 8 WHICHCLUSTER-queries in parallel. See App.[H
for more implementation details. Our source code is avail-
able on githubE]

Quality measure. In our evaluation, we consider a set of
ground-truth clusters Uy, . . ., Uy, and the output of an algo-
rithm Uy, ..., Us. We assume w.l.o.g. that s > k. The accu-
racy of the clustering is min, - S ‘Ui N Uri)
m: [k] — [s] is an injective function and m = ), |U;] is
the number of elements in the ground-truth clusters. Thus,

the accuracy measures how many elements were classified
correctly; since 7 is injective, each U; must be mapped

, Where

2htt]os ://github.com/StefanResearch/
signed-oracle

to a different U. ;- When a cluster U ; contains an element
v & |, Us, we remove v from Uj (this can happen when we
do not have ground-truth information for all vertices).

Algorithms. First, we consider our signed oracles RW-
SEEDED and RW-UNSEEDED, resp., obtain ground-truth
seed nodes or randomly picked vertices in the preprocess-
ing (see App.[F). Second, we implemented two unsigned
oracles which operate on the underlying unsigned graph
(see App.[F); we denote them RW-U-SEEDED and RW-U-
UNSEEDED, depending on their initialization.

As baselines we use FOCG by |Chu et al.|(2016) and PO-
LARSEEDS by Xiao et al.|(2020). FOCG is a global algo-
rithm that requires access to the full graph and enumerates
nearly-balanced communities. POLARSEEDS is a local algo-
rithm that requires some seed nodes as input and explores
the graph locally to find a subgraph with small signed bipar-
titeness ratio. We used the implementations provided by the
authors and ran them with the default parameters.

Since our focus was on practically efficient oracle data struc-
tures, we did not compare against the oracle by |Gluch et al.
(2021), as it is of highly theoretical nature, and involves sev-
eral subroutines that hinder the implementation in practiceE]

We consider two types of experiments: (1) Clustering a
graph G into polarized communities Uy, ..., Uy (as per
Def. [3) and (2) biclustering G into opposing polarized
groups (V1,V2), (V5,V4), ..., (Vag—1, Vai). For the biclus-
tering setting, we consider a heuristic of our oracle which
does not take absolute values when computing m,, (see
App. [Ffor details). In both cases, we use the corresponding
versions of the algorithms; to avoid blowing up the nota-
tions, we use the same algorithm names for the clustering
and biclustering versions.

Evaluation on synthetic data. Due to lack of space, we
present our experiments on synthetic data in App. |G| Our
experiments show that our oracles outperform the baselines
when the clusters are large. The unsigned oracle works well
for clustering but only the signed oracle can recover the
biclusters (V2;_1, Va;). Also, the seeded oracles outperform
the unseeded oracles and our oracle scale linearly in the
number the number of steps and the walk lengths.

We also note that FOCG and POLARSEEDS do not perform
very well on the synthetic datasets. We believe the main
reason is that these algorithms were built to find “small”
clusters which do not necessarily partition the graph; in
contrast, our method is strongest in the presence of large
clusters that partition the graph. This large-vs-small cluster
intuition is also corroborated by our experiments on syn-

3For instance, Alg. 10 in the arxiv version of Gluch et al.|(2021)
samples a set of (k") vertices and then enumerates all possible
partitions of this set. This would be infeasible in practice.
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thetic data in Figure [3(b)|in the appendix: as the number k
of clusters increases, the clusters get smaller and the perfor-
mance of POLARSEEDS improves. If we increased & further,
the performance of POLARSEEDS would improve further
and eventually outperform our methods.

Evaluation on real-world data. Since we are not aware of
public signed graph datasets with a small number of large
ground-truth communities, we created our own real-world
data. We make them available on github

We obtained our graphs from English-language Wikipedia
by considering Wikipedia pages about politicians and the
articles linked on their pages. We selected five countries
(UK, Germany, Austria, Spain and US) and for each we
selected a number of politicians (UK: 2307, Germany: 1444,
Austria: 190, Spain: 546, US: 5053); this gives the ground-
truth clusters U;. The politicians from the clusters U; belong
to one of two opposing parties, which splits each U; into
opposing groups Va;_1 and V5;. In our graphs, the vertices
correspond to Wikipedia pages of politicians and articles
that are linked on the politicians’ pages. An edge (u,v)
indicates that page u has a link to page v. The sign for an
edge (u,v) is — if u and v are politicians from the same
country and they are in opposing parties (e.g., Democrats
and Republicans in the US); otherwise, we set the sign to +.

We created three dataset. WikiL contains all politicans and
all articles linked on their pages; we included all edges that
contain at least one politician. On WikilL, the signed bipar-
titeness ratios of the three large communities (UK, Germany,
US) is =~ 0.66 and for the smaller communities (Austria,
Spain) it is =~ 0.9. We also consider two smaller versions of
WikiL: WIKiS is the largest connected component of G[P],
where G is the graph given by WikiL and P is the set of
politician nodes in WikiL; WikiM is the largest connected
component of G[P U V'], where V' is a randomly sampled
set containing 10% of the non-politician nodes from WikiL.
Note that for WikiL and WikiM we only have a ground-truth
clustering for a subset of the vertices (namely, for the politi-
cian nodes). We present statistics of the datasets in Table [T}
In our experiments, we use the undirected versions of these
datasets, i.e., each directed edge is made undirected.

Experiments on WIkiS. Fig.|l|shows our results on WikiS.
Unless stated otherwise, our oracles used 1000 random
walks of length 20. For clustering (biclustering) experi-
ments, the seeded oracles obtained 10 (5) seeds for each
U; (V}); the unseeded oracles sampled 5k vertices, where
k = 5 for clustering and k£ = 10 for biclustering. For the
clustering experiments (Figs. and[I(b)), the seeded ora-
cles achieve almost perfect accuracy; the unseeded methods
are worse and benefit from longer random walks (Fig. [L(a)).
For the biclustering experiments (Figs. [I(c)|and [I(d)), Rw-
SEEDED is by far the best method and achieves excellent
accuracies. RW-U-SEEDED consistently achieves accuracies

above 50% but below 60%; this suggests that RW-U-SEEDED
successfully finds the clusters U; (as shown by the cluster-
ing results) but, as it ignores the edge signs, it places the
vertices into the biclusters V5;_; and V5; only slightly better
than random. For biclustering, the unseeded methods do
not perform well. FOCG and POLARSEEDS achieve low
accuracies, since they return too small clusters.

Experiments on WikiM and WikiL. Fig. 2| presents our re-
sults on the larger datasets. We did not run the unseeded
oracles, since in WikiM and WIkIL not all vertices are con-
tained in ground-truth communities. We used random walks
of length 24 for WikiM and of length 20 for WikiL; we ini-
tialized the seeds as for WikiS. Fig. shows that even on
WikiL, the seeded oracles find the clusters U; with almost
perfect accuracy. Furthermore, the algorithms scale linearly
in the number of random walks and on average queries
takes less than 1.4 seconds (Fig.[2(b)). However, compared
to WikiS, we obtain lower accuracies for the biclustering
experiments: while on WikiM, RW-SEEDED still achieves
accuracies over 83% with enough random walks (Fig. 2(c)),
for WIkiL even with 10 000 random walks, RW-SEEDED only
achieves an accuracy of 50% (Fig. 2(d)). We blame this on
the fact that in WikiL the ground-truth clusters are relatively
small (they contain only 3.7% of the vertices). Additionally,
in WIKIL the fraction of negative edges is only 8%, and thus
only few random walks will encounter a negative edge and
RW-SEEDED cannot benefit from the edge-sign information.
As before, FOCG and POLARSEEDS have low accuracies.

Conclusion. Our oracles are successful for finding polarized
communities U;, even when the graphs do not have bounded
degrees (as in our theoretical analysis). RW-SEEDED is
successful in finding the biclusters (Va;_1, V2;), as long as
they are large enough and there are enough negative edges.

5. Conclusion

We presented a local clustering oracle for signed graphs.
Given a vertex u, the oracle can return the cluster member-
ship of u in sublinear time. Such a data structure is desirable
when the input graphs are large and the cluster membership
is only required for a small number of vertices. We proved
that if the graph satisfies a clusterability assumption, then
the oracle returns correct cluster memberships for a (1 — €)-
fraction of the vertices w.r.t. a hidden set of ground-truth
clusters. We also evaluated the oracle practically, showing
that it achieves good results for large clusters.

In the future it will be interesting to provide a theoretical
analysis for our biclustering heuristic; here, ideas from [Tre-
visan| (2012) might be helpful. From a practical point of
view it would be interesting to obtain improvements for our
biclustering heuristic, which allow to find small biclusters
(Vai—1, Va;) when there are few negative edges. Two direc-
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Table 1: Statistics for real-world datasets. Here,

E~| denotes the number of negative edges, deg and deg, . denote the

average degree and maximum degree, and |V, .. denotes the number of vertices with ground-truth labels.

Dataset 4 [E| |E7|/|E]  deg degay  |Vlperea
WikiS 9211 395038 0.39 140.3 1503 9211
WikiM 34404 904 768 0.28 52.6 3407 9453
WikiL 258259 3187096 0.08 24.7 6017 9540
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Figure 1: Accuracies of the algorithms on WikiS. We consider clustering (Figs. and and biclustering (Figs.
and [([d)) experiments, with varying number of steps (Figs. [(a)] and and varying number of random walks (Figs. [(b)]
and @) Since FOCG and POLARSEEDS do not use the number of steps and random walks as input, we only ran them once.
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Figure 2: Results on WikiM and WikiL for varying numbers of random walks. We present accuracies for clustering on WikiL
(Fig. [@), and for biclustering in WikiM (Fig. and in WikiL (Fig.[(d)). The running time per vertex for clustering in
WIKIL is given in Fig. Since FOCG and POLARSEEDS do not use random walks as input, we only ran them once.

tions for this might be as follows: (1) For a node u, first
identify the cluster U; of u using the unsigned oracle and
then use auxiliary information to decide whether u belongs
to Va;_1 or to V5;. (2) When the underlying graph contains
few negative edges, bias the random walks of RW-SEEDED
such that it takes disproportionately many negative edges.
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A. Overview of the Appendix
The appendix is organized as follows:

* Appendix [B} We provide further motivation for our choice of the inner signed bipartiteness ratio.

* Appendix [C} We present the pseudocode for our algorithms.

* Appendix [D} We give an overview of our proof strategy.

* Appendix [E} We present the full proofs for all claims in the main text.

* Appendix [F} We give details on the implementations of our algorithms, including parameter tuning.
* Appendix [G} We evaluate our algorithm on synthetically generated data.

B. Further Motivation of the Inner Signed Bipartiteness Ratio

We provide further motivation for the inner signed bipartiteness ratio. Recall that we set

pimer(@) = min Bea(U).
0AUCV : vol(U)< 3 vol(G)

First, let us justify our intuition that if 3""(G) is large, then 3™ () cannot be decomposed into two nearly-balanced
communities. To make this more formal, recall the definition of 82(G) = miny, v, max;—1,2 Sc(U;), where the minimum
is taken over all partitions Uy, Uy of V with Uy, Uy # (). Now note that if we could split G into two nearly-balanced
communities, then we would have that 35 (G) is small. Thus, we show that if 5"(G) is large then (35(G) is at least as
large. This justifies our informal intuition above.

Lemma 7. It holds that $2(G) > ™" (G). In particular, if Bi, € R>o and 3™ (G) > By then B2(G) > Bin.

Proof. We prove the first claim by contradiction, i.e., suppose that 3" (G) = S, and f2(G) < Bin = ™ (G). Then
there exists a partition Uy, Us of V such that 8¢(Uy) < Bi, and 8¢ (Us) < Bin. Next, since Uy and Us form a partition of
V', we must have that vol(U;) < 1 vol(G) or vol(Us) < 1 vol(G). This implies that there exists a set U € {Uy, Uz} such

that vol(U) < 1 vol(G) and B(U) < Bi. Thus, B (G) < Bi. But this contradicts our assumption that 5™ (G) = Bi.

The second claim of the lemma immediately follows from applying the first claim. O

Why do we not assume that 5(G[U;]) is large? Next, we discuss why we cannot replace the inner signed bipartiteness ratio
Bimmer () with the (classic) signed bipartiteness ratio 3(G[U;]) in Def. 3 To see this, consider Def. with g (GU;]) > Bin
replaced by S(G[U;]) > B foralli = 1,..., k. Again, we consider the the setting with 3, > SBou. Intuitively, this would
mean that subgraph G[U;] is “far from balanced” on its inside (since S(G[U;]) is large) while outside it is close to balanced
(since B¢ (U;) is small).

Unfortunately, we show that if 3i, > Sou then no graph can satisfy this new definition. Before we give a more general
proof, consider the following example. Consider a graph G which consists of two positive cliques among vertices V; and V5
and in between V; and V5 there is biclique consisting only of negative edges. Then 5(G) = 0 and 5(V3, Vo) = 0 but also
B(G[V1]) = 0 and 5(G[V2]) = 0 (since graphs with only positive edges are balanced).

Now we give a more general result showing that for any U C V, we have that S(G[U]) < B¢(U). Therefore, the previously
proposed definition that avoids the inner signed bipartiteness ratio cannot work: it implies that i, < B8(G[U;]) < Ba(U;) <
Bout but this contradicts our assumption that Sy > Bouyt-

Lemma 8. For any two disjoint subsets V1,Vo C V, it holds that B(G[V} U Va]) < Ba(Vi, Va). Furthermore, for any
U CV, it holds that B(G[U]) < Ba(U).

Proof. We have that

B(GIVI U V;])

< Bawiuvy (Vi, Vz2)

_2|BG (M, Va)| + [ Eg (V)| + | EG (Vo)
- volgiv,uva) (Vi, V2)
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_ 2[BE Vo)| + [Eg (Vi)| + | B (V)| + [Ea(Vi U Ve, Vi U Va)|
B volgp,uve) (Vi, V2) + |[Eq(Vi U Vo, Vi U V3|
= BG(Vla‘/Q)v

where we have used that for a,b,c > 0 and a < b, it holds that § < Zig

Now for any subset U, let V1, V5 be a partition of U such that 5¢(U) = B¢ (V1, V). Then by the above calculation, we
have that

B(GIU]) < Baun(Vi, Va) < Ba(Vi, V) = Ba(U). O

Is the underlying unsigned graph clusterable? Next, we argue that our condition from Def. [3|is not implied by previous
definitions that were based on the conductance of unsigned graphs (e.g., in (Czumaj et al., 2015)). In other words, it is
possible that our methods finds the planted clusters in the signed graph while this would not be possible by only looking at
the underlying unsigned graph.

First, recall that for an unsigned graph G*"* = (V| E) and a set of vertices S C V, the conductance of S is given
by ¢gu(S) = % Furthermore, we let ¢(G"") denote the conductance of G"™ which is given by ¢(G"™) =
min{¢gu(S): vol(S) < vol(G™)/2}.

Now consider the unsigned graph G"" that is obtained by removing all the signs on the edges from GG. We argue that a
(k, Bin, Bout)-clustering of G does not imply a (k, Sin, Sou)-clustering of G™, i.e., G'" contains a k-partition C, ..., Cy
such that the inner conductance of C;, denoted ¢(G"™[C}]), is at least 3, and the outer conductance of C;, denoted ¢ (C;),
is at most By for each i. Therefore, one could not apply the previous clustering oracle for conductance-based clustering of
G"" and recover the underlying clusters in our problem. We give a brief explanation next.

Suppose that Uy, . .., Uy is a (k, Bin, Bou)-Clustering of G. Then, indeed, it is true that each U; has small outer conductance
in G*, since we have that ¢gu (U;) < B¢(U;) < Bow. However, the inner conductance of U; in G*™ can be arbitrarily small:
Even though the inner signed bipartiteness ratio of U; is large, it can happen that there is a very small subset S; C U; (say,
of size O(logn)) such that there are almost no edges leaving S; but all edges in S; have sign — and S; is far from being
balanced. Thus, there exists a subset .S; in U; whose (outer) conductance is almost 0 in G*" but the inner signed bipartiteness
ratio of S; and Uj is large.

Note that the previous example with the set S; also shows that it is possible that G contains a sparse cut and, therefore, p?,
does not converge to the uniform distribution of V.

C. Pseudocode for Our Algorithms

Algorithm 1 Estimating the dot product (p,D~1/2 p! D~1/2)

procedure ESTDOTPROD(u, v, t, o)
R« 40000d%k*-°/n

1:
2 oT5
3 foralli=1,--- ;h = O(logn) do

4 for z € {u,v} do

5: Perform R lazy signed random walks of length ¢ starting at vertex = with sign +.
6: for eachw € V do

7 m; (w) <+ the fraction of walks that end at w with sign +.

8 m; (w) < the fraction of walks that end at w with sign —.

9 m, < (m} —m;)D1/2,

10 Xi ¢ (m,,m,).

11: Let X, be the median value of x1, -, Xa-

12: return X,
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Algorithm 2 Preprocessing: Constructing a clustering oracle

1: procedure BUILDORACLE(G, k, d, Bin, €, )
2 5 %Og(k),om— 50a- b %;zlog"forconstantC”
3 Sample a set S of s vertices independlg:ntly and uniformly at random from V.
4 forve Sdo > test if [|pfD~"/2[[3 = O(A etk
5: Xy < ESTDOTPROD(V, v, t, @)
6 if X, > 4000k2 log(k) then
€n
7 abort and return Fail
8 let H be an empty graph with vertex set .S
9: for each pair u,v € S do > test if Ay, < ﬁ
10: X,y < ESTDOTPROD(v, v, t, @)
11: Xuu < ESTDOTPROD(u, u, t, @)
12: Xuv < ESTDOTPROD(u, v, t, o)
13: Sup — min{ Xy, + Xuw — 2X 00y Xow + Xuw + 2X 00}
14: if 0,, < 57 then
15: add edge (u,v) to H
16: if H is the union of k& connected components (CCs) then
17: label the components by “1,2, ..., k’
18: label each vertex v € Vi with the same index as its component, denoted ¢(u)
19: return H and its vertex labeling ¢
20: else
21: return Fail

Algorithm 3 Answering the community membership of a vertex v

1: procedure WHICHCLUSTER(G, v, H, ()
2 for u € Vg do

3 Xy < ESTDOTPROD(v, v, t, @)
4: Xuyu < ESTDOTPROD(u, u, t, @)
5: Xy < ESTDOTPROD(u, v, t, o)
6: Ouw min{XUU + X — 2Xp, Xow + Xuu + 2Xu'u}
7 if 0,, < 52— then

8 abort and return the label ¢(u)

9

return a random number from {1,2,... &k}

D. Analysis Overview

In this section, we give an overview of the analysis and provide the main technical lemmas of our analysis. All missing
proofs can be found in App. [E]

Intuition. We begin by providing some intuition for our algorithm and our analysis.

We start by establishing some properties of lazy signed random walks. First, suppose that we perform the lazy random
walks without the signs on the underlying unsigned graph G"" with the corresponding transition probability matrix

—1 A un . . . g
W = %, where A" is the adjacency matrix of G'". Then the probability that a random walk started at vertex u
ends in vertex v is Pr (v; = v) = q',(v), where qf, = 1,,(W"")!. Second, when we add the sign, then we are interested in
the quantity

p(v) =Pr(v; =v,8; = +) — Pr (v = v,5, = —),

i.e., p!,(v) is the probability of reaching v with a positive sign minus the probability of reaching v with a negative sign.

Observe that p!, (v) can be described by the walk matrix W = %, ie., pi,(v) = [1,W!](v) for all v. Note that
while q!, (for unsigned random walks) gives a distribution, this is not the case for pf,. In fact, p!, can potentially even
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contain negative entries and p, does not necessarily converge to the uniform distribution of V" as it can happen that V'
contains a sparse cut (we discuss this in App. . In the following, we call such a vector p’, the discrepancy vector of a lazy
signed random walk of length ¢ starting from w.

Next, consider a signed graph G and a (k, 5in, Sout)-clustering Uy, ..., Uy, of G as per Def.[3| Let U € {Uy,...,Ux} be one
of the clusters. Since by assumption we have that S5(U) < Bou, there exists a partition of U into subsets V; and V5 with
Ba(Vh, Va) < Bow. Then, intuitively, for a typical vertex «w € U, a short random walk starting from w of has the following
properties:

(i) Since the walk is short (this is crucial), the walk will be “trapped” in U, as there are only few edges leaving U. Thus,
for the discrepancy vector it should hold that 3, ., [P}, (v)| > 3, con ¢ [PL(v)].

(i1) If w € V; then most walks ending at vertices v € V) should have a positive sign and most walks ending at vertices
V' € V5 should have negative sign. Thus, for the discrepancy vector p¢ it should hold that pf,(v) > 0if v € V4 and
pl(v) < 0if v € Va. Similarly, if u € V5 then the same holds with flipped signs.

(iii) Letw € U. If two vertices z, y are from the same sub-communities (i.e., z,y € V; orz,y € V5), then p!,(z) ~ p’,(y),
i.e., the discrepancy on z is close to the discrepancy on y.

Now let us discuss how we can use the discrepancy vectors p?, and p!, to decide whether u and v are in the same cluster or
not. Our goal is to find a distance function A, = A, (p, p’,) such that A, is small iff u and v are from the same cluster

U.

First, consider vertices v € U; and v € Uy, © # j, from different clusters. Then Propertysuggests that p!, and p, have
most of their mass in different entries and thus ||p!, — p!||3 should be large.

Second, consider vertices u, v € U from the same cluster. Let U = V; U V5 as above. If u,v € V; or u,v € V5 then the
properties above suggest p!, ~ p!, and thus ||p!, — p! || ~ 0 is small. However, if u € V; and v € V4, then p, ~ —p! by
Property |(ii)|and [(iii)| and thus ||p!, — p}||3 ~ ||2p%, ||3 will still be large. However, this issue can be mitigated if we use
r!, = |p! | and r! = |p! | instead of p!, and p’,. Here, the absolute values are applied component-wise, i.e., r’,(v) = |p’, (v)]
for all v.

Therefore, in our analysis we would like to use ||r!, —r! ||2 as a distance measure. However, due to some technical difficulties
in the analysis of this quantity, we cannot use the vectors r!, and instead we consider min{||p!, — p! ||3, |p, + p}||3}
which behaves similar to taking the absolute values and also fixes the issue with Property After adding some degree
corrections, we arrive at our final distance measure A, = min{||p,D~/? — p;D~1/2|]2, |p, D~/ 4 p! D~1/2||2}.
Note that A is a pseudometric distance, i.e., one may have that A,,,, = 0 for distinct vectors pz and pi.

D.1. Main Technical Lemmas

We give a technical overview of our analysis. Note that while our high-level proof strategy is relatively similar to the one
used in (Czumaj et al., |2015) for unsigned graphs, the concrete proofs are often quite different. It required a substantial
amount of work and new ideas to obtain our results for signed graphs.

Random walks from the same cluster. First, we show that if U is a polarized community with large inner signed
bipartiteness ratio and small (outer) bipartiteness ratio, then for most of the vertices u, v € U their distance A, is small.

Lemma 9. Let o,y € (0,1). Let G = (V, E, 0) be a signed, d-bounded degree, (k, Bin, Bous)-clusterable graph. Let U be
. 2/1. 6
a subset of V' such that |U| > yn, ™" (G[U]) > B and Bg(U) < Bour. Then for all t > W, Bow < 132,

in

where a;; = there exists a subset U C U with ‘ﬁ‘ > (1—«) |U| and for all u,v € U, it holds that Ay < ﬁ.

___ay
800000CZkd3’
Proving Lem. [9| was one of the main obstacles for obtaining our results. We will give an overview of its proof and our main
technical contribution in Sec.

Random walks from two different clusters. We further show that if we have two disjoint communities U; and Us, then
for most vertices u € U; and v € Us their distance A,,, must be large. Note that while Lem. E] assumes a lower bound
on the walk length ¢, Lem. [I0] assumes an upper bound on ¢. Thus, it is crucial that the random walks have the correct
length ©(logn).

Lemma 10. Let Uy and Us be two disjoint subsets with B (U1), Ba(Usz) < Bow Let 0 < a < 1. Forany 0 <t < 8;‘ -,

there exist subsets Uy C Uy, U C U, such that |a\ > (1— )|ty |/UE| > (1 — «)|Us|, and for any u € Ui and v € Us,
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it holds that A, > -4
¢3-norm of the vector pf,D_l/ 2. Based on the previous two lemmas, our goal will be to test whether A, < ﬁ or
Ayy > %. To this end, we wish to use ESTDOTPROD to approximate A,,,, via Eqn.s (2) and (3). To prove this, we first

give a useful bound on the £3-norm of the vectors p{ D~1/2,

Lemma 11. Let o € (0, 1). Suppose G = (V, E, o) is a signed and (k, i, Pour)-clusterable graph. Then there exists a set
2 6

V' CV ofsize |V'| > (1 — «) |V| such that for all w € V' and all t > Crlkt1)loen oo have that [pD~1/?|3 < 2&

in an

Estimating the dot product. Now we prove that ESTDOTPROD(u,v,t,cr) estimates (prD’l/ 2, pZD*I/ 2) with small error.

Lemma 12. Let o € (0,1) be a number such that 28 < n. Suppose G = (V, E, o) is a signed and (k, Bin, Bow)-clusterable

C?(k+1)%logn ’ . [P .
graph. Lett > —L———=—. Let V' C V be the set of vertices satisfying the property given by Lem. |l1| Then

in

ESTDOTPROD(u, v, t, o) outputs X, such that with probability 1 — 1/n3, it holds that

_ _ 1
Xy — (piD 1/2,pZD 1/2>‘ < 20nd

2,1.5 )
for all u,v € V'. Furthermore, ESTDOTPROD(u, v, t, ) runs in time O(% -/m).

To prove Thm.[4] we first show that an overwhelming fraction of the vertices are “well-behaved” in the senses of Lem.s[OHTT]
Then, if we only consider these “well-behaved” vertices, we can apply Lem.[I2]and this will classify all of these vertices
correctly with high probability.

E. Deferred Proofs
E.1. Proof of Lemma[3]

Now we prove Lem. [5] which is restated in the following for the sake of readability.

Lemma 5. If G is signed and (k, Bin, Bour)-clusterable, then \; < 28, for all i < k and \; > %’L)Gfor alli > k+1,
1
where C is the constant from Thm.

Proof of Lemmal3] Since G is (k, Bin, Sout)-clusterable, there exists a partition of V' into clusters (C1, ..., Cy) such that
B (G[Cy]) > Bin and B (C;) < Bou for all i € [k]. Therefore, By (G) < max; Ba(C;) < Bow. Now Thm.implies that
A < 26k(G) < 2Bou- Thus, Ap < -+ < A < 2B0u

2
% Consider any k + 1 disjoint subsets Vi, ..., Vii1.

The next part shows that A\ >
Now observe that there must exist a subset V;, € {V1,. .., Vi41} with following property: for all ¢ € [k], vol(V;, N C;) <
% vol(C;). To see that this is the case, suppose that the statement is false, i.e., no such subset exists. Then by pigeonhole
principle there must exist indices j;, jo with j; # j2 and index jz such that V;, N C}, and V}, N C;, have volume more

than § vol(C}, ). This is a contradiction since the sets V;, and V;, are mutually disjoint.

For the rest of the proof, consider the subset V;, with the above property. Consider an arbitrary partition L, R of V;,, such
that LUR =V;,and LN R = 0. Let L; = C; N L and R; = C; N R. Observe that V;, = J,(L; U R;) since V =, C;.
Since B (G[C;]) > Bin and vol(L; U R;) < %vol(Ci) for all i < k, we get that B¢ (c,1(Li U R;) > fBiy forall i € [k]. In

particular, this implies that Bg(c, (Li, Ri) = “SCd0F) > g for all i € [k]. Thus,

vol(L;UR;)
- eg(L,R)
Ba(L,R) = WI(LUR)
_ 2|ES(L,R)| + |Bg(L)| + |Eg(R)| + |[EG(LUR,V \ (LUR))|
vol(L U R)
> m > {2 |E&(Liy Ri)| + |Eg (Li)| + | Eg (Ri)| + |Ea(Li U R;, C; \ (Li U Ry))|

1€ k]
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Diciw el (L Ri)
> iepn vol(Li U R;)
Zie[k] Bin vol(L; U Ry)
T Yie vol(Li URy)
= Sin-
Since L, R is an arbitrary partition of V;,, it holds that 8;(V;,) > Bin. Thus, Bx11(G) > Bin. Now Thm. [2]implies that

B‘Z
Akt1 2> T O

E.2. Proof of Lemmal6

Now we prove Lem. [} which is restated in the following for the sake of readability.

Lemma 6. Let o € (0,1). Suppose G = (V,E,o0) is signed and (k, Bin, Bou)-clusterable. Let U be a cluster of G
with 8" (GU]) > Bin and Ba(U) < Bow. Then there exists a partition Vi, Vs of U, a subset U of U, and constants
¢i, 1 <i <k, such that |¢;| < 3d, \(7| > (1 — a)|U|, and for each i < k,

e ifuev; N U, then vi(u) —c¢; - tU < 7645}101 ) /(fﬂ;j
e ifueVs N U, then vi(u) + ¢ - iU < 7645?1 ) /of:f;]

where C1 is the constant from Thm.

Proof. The proof is based on the following intuition. Recall the definitions of vectors v}, 1y, v,, w1 from the above
discussion. Since both v/ and a scalar multiplications of 1y, v, have small total ‘discrepancy’ over the set of all edges (i.e.,
Ineq. (@) and (7)), and the ratio between the total ‘discrepancy’ over all the edges and the total ‘discrepancy’ over all vertices
(w.r.t. some centers defined by wy) is large (i.e., Ineq. ), one can guarantee both that v, and a scaled multiplication of
1y, v, are close to (another scalar multiplication of) w1. We now give the details.

Since G is (k, Bin, Bout)-clusterable, we can apply Lem. to obtain gy > 05(5711)6 and \; < 2foy for all i € [K].
Since for any i < k, v;L? = A;v;, we have v;D~/?(D — A%)D~!/2 = \;v;, and thus
A = viD_l/Q(D _ AU)D—I/QV;F
=vi(D - A7)V}’
= > (iw —o(w)vi(v))”.
(uw)EE
Thus, for any ¢ < k,

Y Vi) = o(uw)vi(v)” < 2Bau. )

(u,v)EE
Now consider the subgraph H = G[U] induced by the subset U. Denote the set of vertices of H as Vi = U and the set of
edges of H as F. By assumption on U, ™" (H) > (;, and Bg(V[H]) < Bou.

Let A1 (H), A2(H) be the first and second eigenvalues of the normalized Laplacian matrix £, of H. Next, let D be the
degree matrix of /1 and let A, denote the signed adjacency matrix of H.

Now we consider a partition (V, V3) of U such that S¢(U) = Ba(V1, Va) < Bou. Then it holds that 3(H) < Br(V1, Va) <
Ba(Vh, Va) < Bow. Therefore, by Thm. 2]
AI(H) S 2/Bout~

Let 1y, v, € RV# such that 1y, v, (u) = 1if u € V; and —1 otherwise. Set b := 1"17:]/2 Then it holds that

2 1V17V2 AT 1V17V2T
(u%:eE(b(U) —o(uv)b(v))” = Wi (Du AH)*\/N—U
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LS (tnn @) — o)1y, v ()

Cw

(u,v)EE(H)
_ 20 (1, Ve)| + B (V)| + |E~ (V) )
bu
= Bu(V1,V2) (6)
S /BOHI' (7)

Let w; € RV# be an eigenvector corresponding to A (H) such that wyw{ = 1, then it holds that wiLy = M (H)wy.

Now since %1 (H) = F%5(G[U]) > fi, we know (see App.[B) that fa(I) = >(G[U]) > #™(G[U]) > fi. Thus.
by Thm.[2]

2 2
> BQ(H) > in

Ao (H .
2(H) 2 "5u07 2 ace

Now by the variational characterization of the eigenvalues (see, e.g., Eqn. (1.7) in (Chung, [1997)), we have

Z(u,v)GEH (f(u) - U(U‘/U)f(/u))2

Ao(H) = iy WA S ) — ¢ wi () (u) ®
Now for any ¢ < k, if we let f = vg‘ gy 1.€., the function vg that is restricted on H, in Inequality (]E), and let
cri = arg_win S 7(F(w) — ¢ wi(0)Pdin(u),
then we have that
1y 1(2))2
iy 2 0D 2 iy ®
If we let f = b in Inequality (8), and let
Co 1= arg Cerﬂr{}:igéo (b(u) — ¢ wi(u))’dy(u)
Thus,
_ 2
s ) 2 2 sy @
Therefore, by Inequalities (@), (7), (@) and (10), it holds that
S )~ exwa ) ) < 20 ang
u " 11
3 (bu) — 2 - wa )i (1) < 25 o o
u in
Equivalently,
||ng1/2 — cl,iwlDl/QHg < 12822125(“" < i, and
[cow; D2 —bDY?|2 < 128;}2% < i,



Sublinear-Time Clustering Oracle for Signed Graphs

where we make use the fact that 512C% Boy < (2.

Recall that v/ = v;D~'/2 and b = \‘7}%’2 Therefore,

VD23 = 3" vi¥(u)dp (u)

ueVy

Il
[\v]
£
=
=
L
.

T

<y vilw
=1

and
[bD2[2 = 3" b2(w)dy(u) = 1
ueVy
By the above inequalities, we have
_ vz <L gpuey, = 3
levil - [[WiD = ]l2 < 5+ [viD 2 = 5,

and
1 1 1
5 = IBD'22 = = < feal - WD < - + [bDY2]; =

By the fact that d > d,, > 1 for any vertex u € H and that |[wD/2||2 = > w?(u)d,, we have

d= Zdw1 >||W1D1/2||2>ZW1 =1

Furthermore, we have that
|Cl z| S

I\D\OJ

and
<lec

2| <

pO| o

1
2d

2
Let By = {u: [vi(u) —c1 - wi(u)]® > 25&652 P}, and By = {u: [b(u) — s wi(u)]® > ZLPu) By Inequal-

ity (TI), the fact that dg(u) > 1 for any u € Vp and an averaging argument, we have |B;| < #, and | B3| < #
Therefore, by letting U = U \ (B1 U Bs), we have |U| > (1 — «)|U|, and it holds that

256023
Vi(u) = c1i - wi(u)| ==
Vi) = er i) <
and
256C"
[b(u) — co - wi(u)* < 1'6(“".
afipu

for any u € U. Thus,

/ 16Cfl Bout
[vi(u) —c1i - wi(u)] <
ﬂln .
|Cl z‘ 1601 Bout
‘C2| 5m apy

and

C1,i
C2

b(u) —c1,; - wi(u)| <
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3/2 1601 | Bow
T 1/@2d) B\ amw

< 48dCl /Bout
o ﬁin aly .
3/2

Now for each i < k we let ¢; := 2—21 Then |¢;| < T/d) = 3d, and for any vertex u € U , it holds that

&b(u) —c1-wi(u)

Vi(u) = ci - b(u)] < |vi(u) = c1i - wi(u)| + -

< 64dCl 5out
= B oy

Finally, by the definition of b = 1%2 , we know that for each 7 < k,

»ifu€ VinU, then |vj(u) — ¢+ | < ¥4 . /fﬁ,

s ifue VanU, then |Vi(u) +¢; - h=| < SG . [l O
E.3. Proof of Lemma/[9]

Now we prove Lem. 9] which is restated in the following for the sake of readability.
Lemma9. Let o,y € (0,1). Let G = (V, E, 0) be a signed, d-bounded degree, (k, Bin, Bout)-clusterable graph. Let U be
Y 8 8 grap
. 2 6
a subset of V' such that |U| > yn, ™" (G[U]) > B and Bg(U) < Bow. Then for all t > W, Bow < 132,

in

where a;; = m, there exists a subset U C U with ’ﬁ‘ > (1—a) |U| and for all u,v € U, it holds that Ay < ﬁ.

Proof. Since

I+D 1A%\’
p,=1,W'=1, (2 )
<D—1/2(I 4 D—1/2A“D‘1/2)D1/2)t
u 2
—1,D" /2 (I + D1/2A”D1/2>t DL/2
2

t
=1,D1/2 (I - EQG) D!/2

= ]_uD_l/2 Z(l - )\i/2)tVZTVZ'D1/2.

i
Recall that v} = v;D~1/2. We have that,

p;D /2 =1,D /2 Z(l —\i/2)v] v

da (u)
= 2(1 —X\i/2)V (u)vs.

=Y a- )\i/2)tMvi

Therefore we get that

IptD~"/2 —pyD~ 12|13
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= > (vi(w) = Vi) = Ai/2) vill3

= (Vilw) = vi(v)*(1 = A;/2)*

. .
<) S (iu) = Vi) + ) (Vi) = vi()® (1= Xi/2)*

=1 i=k+1

k n

V(w) — v (0))2 _ 2t vi(u)? | vi(v)?

< 3 V0D + (1= A2 i§r12<dc(u) i dG(y))

k 2 2t
< (i) = Vi) +4 <1 - 2012(k+1)6)

. 2
< Z(vg(u) = vi(v))* + dexp (C’%(klil)6> 7

where in the fourth step we used that (v/(u) — vi(v))? < 2(vi(u)? + v/(v)?) by the Cauchy—Schwarz inequality and the

definition of v}. In the fifth step we used that 37" , | v;(u)> < 7" | vi(u)? = 1 and that A4 > %
1
as well as dg(u) > 1, for any u € V. Similarly,

2

k
ty—1/2 t1y—1/212 2 in
P 3 v 0+ e ().

s by Lem.

We apply Lem. |§|0n the set U and let U C U, V1, Vs be the partition of U with the property specified in Lem. @ Now we

consider two vertices u, v € U. We now distinguish four cases:

* Case 1: If u,v € V1, then for all i € [k],

1 1
vi(u) = vi()| < |Vi(u) — ¢ - ——| + |Vi(v) =i ——
Vi (u) (v)] (u) N (v) N/
. 1284C1 | fowt
ﬁin QU
Thus,
k 2t
ty—1/2 t1y—1/212 2 in
Ip{D~/? —pt D~V ||2s;<vé<u>fvi<v>> +dexp <C(k+1))
20000kd2C? 2t
< ZOTREI e (— o s
B2 oy Ci(k+1)8
20000kd2C2 Bou 2t
< S 1 Fout 4 _ . "m7
S TR A +dexp C2(k+1)6
20000kd2C? 2t
< ZOTRE e (— s
Bin saymn Ol (k + 1)6
1
< - 1
— 4nd

where in the second to last inequality, we use the assumption that By, < 3 51211 such that oy = a3 (k, ,7,d) =

2 6
m and that ¢ > M.
* Case 2: If u, v € V4, then for all ¢ € [k],
/ A ! ]‘ ! ]‘
[vi(u) = vi(v)] < |vi(u) + ¢ - 7\/@ +|vi(v) + ¢ - 7\/@
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< 128d01 Boul
- ﬂin apy ’

Thus, similarly as above,

D2 = pp 2 < 2O ey ()
1
< Tnd
» Case 3: If u € Vi,v € Vs, then for all ¢ € [k],
/ / / 1 1
[Vi(u) + vi(v)] < Vi(U)*Ci'ﬁ + Vz(v)JrCz'ﬁ

< 128dC Bout
B apy

k 2
t—1/2 t1y—1/2112 / / 2 in
|lp,D~'/? + p,D~V/ ||2§Z§:1<vi<u>+vi<v>> +dexp (‘012(“1)6

Thus, similarly as above,

9 212 2
< 000(2)k:d C7 Bout +dexp (_ i ot 6)
in * AHU Cl (k + 1)
1
< —.
~ 4nd
* Case4: If u € Vo,v € Vi thenforall i € [k],
1 1
vi(u) +vi(v)| < |vi(u) + ¢; - —| + [Vi(v) —¢; - —
[vi(u) + vi(v)] (u) N (v) N
_1284Cy | Bou
= b oy
Thus, similarly as above
20000kd%C3 3 2
thl/Z thl/Z 2 < 1 /~out 4 - in
1
< —.
~ 4nd

Therefore, for any two vertices u, v € ﬁ , we have that

, ~ ~ B ~ 1
Ayy = minf||p, D2 — pi D23, |[p, DTV + py D5} < .

E.4. Proof of Lemma 0]

Now we prove Lem. [T0} which is restated in the following for the sake of readability.
Lemma 10. Let Uy and Us be two disjoint subsets with B¢(U1), Ba(Usa) < Bou- Let 0 < a < 1. Forany 0 <t < #,

there exist subsets Uy C Uy, Us C U, such that |/U\1\ > (1 - a)|Uy], |ﬁ;| > (1 — @)|U2|, and for any u € Ui and v € Uy,
it holds that A, > %.
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Proof. Let 0 < « < 1. Consider a subset C = (V1, V3) with 85 (V1, Va) < Bow. We first show that for any ¢ > 0, there
exists a subset C' C C such that vol(C') > (1 — a)vol(C) and forany v € C, .~ |1, WH(w)| > 1 — % To do so,
we first introduce some notations. For any vertex subset C' = (V3,V2) C V, we define vectors yy, v, and 1y, v, as

ooy ifu eV,

Y, v (u) = _V(j(“C) ifu € Vs,
0 otherwise,

1 ifu e V7,

1y, v,(u) =< -1 ifu e Vs,

0 otherwise.

We first show the following result.
Claim 13. Forallt > 0, yVhVQtha’V2 > 1 — tBour.

Proof. We prove for any ¢ > 0,
yv1>V2Wt1$1,V2 - yV1,V2W +11T1 Va < /Bout~

Note that once the above inequality is proven, the claim follows from the fact that YV1,V2W011T/1,V2 =Yv, W, 1;1,‘,2 =1.

Let x be the vector such that x| = tha%. Note that for any vertex w € V/, it holds that |x(w)| < 1. Therefore,

yvlyv2wt1$17V2 - yvlyv2wt+11$1,V2
=Y, Ve (I - W)Wt]‘—‘;hvz

= YVLVQD_lD_TMW"'l‘T/hVQ
= #I(C’)lvl’vz (D - A%)W'ly, v,
B ﬁl(()) (MZ)GE (Lvy, v, (1) = o(u,0) 1y v, (v)) - (x(u) = o (u, v)x(v))

< gooiey 2 2 ) o)1y, 0)

(u,w)EE

1 p— _ J—
= Vl(0) QCIEE(V1, Va)| + 2| Eg (V)| + 2|Eg (Va)| + | Ea(C, O)))
< 25G(Vla V2) < 260u1- 0

By the above claim, we have

Z g 2 LW

d,
> § 1,Wi1/ ., — § — _1,W'1/,
~ & vo 1(0) e L vol(0) T T
v 1 v

=yvi v, WL, 1 > 1 — 2tBou.
Thus,

d'u t _ d“ t
> g~ S W@ =1- ¥ e 3 1w)

velC wel wel
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S 2t/3011[ .

Let Qc = {v: > cc [1eWHw)] <1 — %} Then,

dv t dv t
Z VOI(C)(1 B Z |1UW (w)|) = Ugc vol(C)(1 B Z ’1”W (w)|)

vel wel welC
VOI(QC’) 2dt50ut
vol(C) «

|QC| thﬁout
dIC] «

Y

Y

Thus, |Q¢| < a|C|. Therefore, if we set C = C'\ Q¢ then |C| > (1 — «)|C], and for any v € C,

> LW w)]| > 1 - 2dtBou.
[0

wel

Now for any two disjoint sets Cy = (V4,V3) and Cy = (V{, V), we define C’1 and C’g for Cy and Cs, respectlvely Thus,
|Cl\ > (1—«a)|Cy] and |Cg| > (1 — «)|Cs]. Furthermore, for any ¢ > 1 and 0 < o < 1, for any u € Cyandv € Cy:

2dt Bou
S LW )] > 1 22

(%
weCq

and

2
S W )] > 1 - 2
«

weCs

Since C; and Cs are disjoint, we have

Z |1th(w)| <1- Z |1th(w)| < 2dtﬂout7

weCy weCsy «
and 2d1A
S WiHw) <1- > [1,W(w)| < a"“t.

weCy weCq

Let g, be the vector such that q¢ (w) = |1, W*(w)|. Therefore, for any ¢ > 0,

(i, *qi)D’WH%

, 1
t t o 1 1
= (%muw) —q,(w)) dG(w)> : (;da(w» : vol(G))
> (ZweV |q3c()iu()é) HC) |)2 (by Cauchy Schwarz inequality)
> (C ey LW w)] = [1, W' (w)]])?

vol(@G)

2 Vo1l(a) [Z (11 W' (w)| = [1L, Wi (w))) + D (|1th(w)|—|1th(w)|)]

weCy weCs
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1

= Yol o L Wiw) = Y LW )+ Y [LWHw)| = Y [1, W (w)]
weCy weCy weCy weCy
> (2 . (1 _ 2dtaﬂoul _ thaﬁnul))z
- vol(G)
B (2 . (1 _ 4dtaﬁoul))2
vol(G)

In particular, if ¢ < g% then [|(a, — a})D~"/?|3 > gy >

The lemma then follows from the fact that

1
nd*

Ayy = min{||p,D™/2 — p,D2|3, ||p, D™/ + p,D/2||3}
> ||lgt, D2 — ¢! D2 3.

E.5. Proof of Lemma

Now we prove Lem. [TT] which is restated in the following for the sake of readability.

Lemma 11. Ler o € (0, 1). Suppose G = (V, E, o) is a signed and (k, Bin, Bous)-clusterable graph. Then there exists a set
2 6
V' CV of size |V'| > (1 — ) |V| such that for all uw € V' and all t > M we have that |p,D~1/2(3 < 2k

in

Proof. Recall that v; is the i-th eigenvector of £, and v}, = v;D~'/2, Forall u € V, we set d(u) = Zle vi(u)?. Since

we have that ||v;[|3 = 1 and dg(u) > 1,

o= DN a m Y e <+

ueV ueV i=1 i=1ueV

[ V)

Thus, the average value of d(u) over all u is % This implies that there exists a subset of vertices V/ C V of size

[V/| > (1 — a) [V| such that 6(u) < £ forallu € V.

Furthermore, we have that 1, = 37| v;(u)v; and p{ D~1/2 = 3" v/(u) (1 — %)t v;. We now get that

. - A\
D1 = I vitw (1= 5 ) wilg
i=1

= Yo (1- 2)

i=1
k 2t n 2t
= Z:v’(u)2 (1 — 2) + Z vi(u)? <1 - /\2Z>
i=1 i=k+1
k A 2t n
=S oviwe+ (1-251) 5 viw?
i=1 i=k-+1
2t
< 5(u) + (1 - A’;“)
k 2 2t
< _ _ n
- an+ ( 2012(k—|—1)6>

IN
+
o]
M
o
7N
Q
Lol V)
—~
™
+
—
N~—
[=2]
'
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2k
an’

C?(k+1)%logn
1( 2) g . D

in

2
where we used that A\ 1 > % by Lem.|5|and in the last step we used that ¢ >

E.6. Proof of Lemma[12]

Now we prove Lem. [T2] which is restated in the following for the sake of readability.

Lemma 12. Let « € (0,1) be a number such that %k < n. Suppose G = (V, E, 0) is a signed and (k, Bi, Bour)-clusterable
graph. Lett > C?(L;ﬁogn. Let V! C V be the set of vertices satisfying the property given by Lem. H Then
EsTDOTPROD(u, v, t, a)moutputs Xouw such that with probability 1 — 1/n3, it holds that

_ _ 1
Xy — (LD, p! D7V2)| < 20nd

27,1.5
forall u,v € V'. Furthermore, ESTDOTPROD(u, v, t, @) runs in time O(M -\/n).

al®

Proof. This proof is based on |Chiplunkar et al.| (2018, Lem. 19). However, since the vectors we are analyzing may contain
negative entries, we need to give a more refined analysis on the variance of the corresponding estimator.

Let u,v € V'. Recall that p!, = 1, W' and p!, = 1, W'. By Lem. lwe have that |p!,D 1/2H2, [ptD~1/2||; <
Let 7 € (0, 1) be a parameter that will be specified later. Let R be an integer such that R? > nQ = k and R > 72]‘21 . ( 2k )

an

om'

For z € {u, v}, we perform R lazy signed random walks from z of length ¢. Let X3, be a random variable that is \/dém

if the 7°th walk that starts at vertex = ends at vertex w with sign s € {+, —}. Set X] , = X§:$ — X} - Observe that

r _ py(w)
E [vaw} = Vicw forallw € V.

Let m? (w) be the fraction of walks that start at z and end at w with sign s, for z € {u,v}. Let m;, = m} D
-p-1/2
m, D .

-1/2 _

Now for any pair of vertices u, v € V', observe that

3 (£ ()

weV \r,=1 ry=1

This implies that

E[(m,, m,)] =E

1 R R
(5 (2
Z Pi(w)
wEV Vv dG Vv dG(w)

w _ —
Z ( ) <puD 1/2’pzqu 1/2>.

weV V dG Vv dG

Next, we wish to compute Var [(m,,, m,)] = E [(m,, m,)?] — E [(m,, m,)]?. We start by computing E [(m,, m,)?]:

B[(m.m.)’) =B 5 3 30 33

weV w eV ry=1r ’u:
1 R R R
S P3P 35303)

=lr,=1r

R

Z X“L uw’X“ X v

T

1=

Ty

’
v

’ ’
Tu Tu Ty Tv
|:Xu,wXu7w’Xv,va7w’:| :

HM?U

o e . . T T T Ty .
We perform a case distinction in order to bound E [Xu?wXu,w/Xv,’va,w'} :
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If w # w’, then

p.(w)  py(w) | puw)  py(w) if / ,
B[ X0, X[ X2, X5, ] = § Ve Vietw) Vie@) Viewy "™ 7 and o # 1o,
7 otherwise.
e Ifw=uw,r, =rl andr, =, then
pu(w)| Py (w)| 1 1
E [ X[, X0, XT0 X1 X :
[ T v U] \/dG ’LU \/dg(w) \/dc(w) \/dg(w)
o fw=w,r, =r! andr, # 7, then
- t 1 t
E [XZf@XZ'j‘wXJ;“wX : } pL(w)|  |ph(w)| AOIN
Vi) /de(w) dgw) +/da(w)
o Ifw=uw,r, #r,andr, =r] then
¢ ¢ t 1
B [xgn xih gz, | < AL @) gt
Vidaw) dgw) de(w) da(w)
o fw=uw,r, #r, andr, # r, then
[Py (w)]

’ t t
B [ g ] < PO L ot

Vida(w) Vde(w) +da(w)

Thus, we obtain that

E [(m,,m,)?]
R R

ﬁz SDIDIDIDIN I S e

weV w' eV ry=1r!=1r,=1r/=1

v

Via(w)

]

P, (w)

pi(w)  phw)  phw)
Z > Vdew) Vdew) da(w)

weV w’ #w
1 u v w U v
+mz|lﬁ’(d)2|(|p() zho i Ip) w)[”
weV G weV
weV weV
P, ( )-pv( ) pi,(w') - pl(w')
_w;ev dG( ) (’LU/)
_(2R-1 pi,(w) - pl(w) - pl,(w’) - pl (w')
( R2 )wesz;w dg(’w)dg(w/)
1 [PLw)] - phw)] | 1 g~ [PL(w)] - [ph(w)|”
RIRw  TRX  Bw)
1« [pL(w)* - [pL(w)|
YRL T Ew)

This implies that

Vg (w')
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p,,(w) - pi(w) - pi,(w') - p(w')
< 2 dG(w)dG(w’)

w,w' eV

_(2R-1 pL(w ) pL(w') - ph(w)
( )z > e

weV w'#w

|p, (w |pv |p, (w |pv< )
Z d2 Z

weV wGV

Ipt (w Ipv (w)  pi(w)
% (g )

1w )] i)l 1 Iphw) [ e\
ST 2 Viotw) Viotw] T B 2 i) <\/dc(w)>

weV weV

pL(w) \ Iph(w)]
'R %(WG ) Ve (w)
2 D4 (w)] - [p4 (w)] - [pL(w")] - |p',(w')]
S do(w)de ()

w,w' eV

< ﬁHPZDfl/Q

_ 1 _ _
2 1P} D22 + =[Py D22 - [Py D

Y213

2
1 _ P (w)] - [Py (w)] Ipv( )
+§|IpZD V213 Ipt D72y + — (Z

weV
1 _ _ _ _
< L IpiD 2 D2+ LD 2, D
1 ~ - 2 B B
+ PP LD + Slpu DV - oy DA,

Now recall that ||p, D~1/2|s, |[p,D~/2||5 < 1/ 2% Recall that 22 < 1 and thus 2&

1 26 2 [2k\'° 2
V Uy v S S T - - -
ar [(my, m,)] R? an - R (om) * R (

L2k 4 (26N
RZ an R \an

IN
|

Now Chebyshev’s Inequality implies that:

Pr (om0 1)
= Pr(|(my, m,) — E [(m,, m,)]| > 7)
< Var[(m,, m,)]

= 2

_ 1 L2 4 (2% e
—n? \R? an R \an
1

<

w

“It is known that for p, ¢ € (0, co0) with p < ¢, it holds that ||x||, < ||x]|, for all vectors x.

where in the last step we have used the Cauchy-Schwarz inequality and the monotonicity of the Ep—normsﬂ which gives
[|x]|4 < ||x]|2, for any vector x.

< 1. This implies that

%2
an
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) i 15
In the last inequality we have used that R > & - 2k and R > 21 . (2k)™",
n an n an

40000d2k1 5n " . . .
Now we let n= 20 50ng and R = ———_ 75— so that the above conditions on R are satisfied. Thus, with probability at least
1 — % = 2, the estimate (m,, m,) satlsﬁes that

1
L.m, D-1/2 ptp—1/2 ’
[(ma,m,) — (pLD2, D) < o
Now note that the algorithm ESTDOTPROD(u, v, t, «) repeatedly invokes the above subroutine for h = O(logn) times and
outputs the median of the corresponding estimates (m,,, m,,), we are guaranteed that with probability at least 1 — 1/n?, the
output X, satisfies that
1

X,, — (p!D~V/2 piD-1/2 ’

’ . Po | = Sona
To obtain the runtime result, observe that for each run of the subroutine, the algorithm only performs R random walks of
length ¢ from both u and v, which can be done in O(Rt) time. Thus, each of the vectors m,, and m, has at most R non-zero

entries and the dot product (m,,, m,) can be computed in time O(R). Finally, since we run the subroutine for O(log n)
O(dzkl "tflogn)

alo

times, the total running time is thus O(Rtlogn) =

This finishes the proof of the lemma. O

E.7. Proof of Thm. [

Now we prove Thm. ] which is restated in the following for the sake of readability.

Theorem 4. Let G = (V, E, 0) be a signed graph with |V'| = n vertices and maximum degree at most d. Suppose that G
2

has a balanced (k, Bin, Bour)-clustering Uy, - - -, Uy, Bowr < W, where C' is some sufficiently large constant,

and |U;| > v% foralli = 1, ..., k. There exists an algorithm that has query access to the adjacency list of G and constructs

a clustering oracle in O(\/n - poly( kd- logn ))

hold:

preprocessing time. Furthermore, with probability at least 0.9, the following

1. Using the oracle, the algorithm can answer any WHICHCLUSTER guery in O(y/n - poly (== kd: log ) time.
2. Let P, := {u € V : WHICHCLUSTER(u) = i}, i € [k], be the clusters defined by WHICHCLUSTER. Then there exists a
permutation  : [k] — [k] such that for all i € [k], | Priy AU;| < O(e/ log k)|Us.

Proof. Given the above lemmas, we can prove our main theorem as follows. Recall that C” > 0 is some large constant.
C"k5d% log n
Bz ’

in

Note that we have selected the random walk length ¢ =

Let s = %"’ log(k), o = 5. m Note that t < gg— by changing appropriately large C"'.
1800k2 log(k) <n

ye

Recall that Sou < &
Note that % =

Correctness. Let Uy, ..., Uy be a (k, Bin, Bou)-clustering of G such that each cluster has size at least 1™, for some universal
constant v > 0. For any u € V, let U,, be the cluster that contains u. We call a vertex u bad, if either:

e u € V\ V', where V" is the set as defined in Lem. With o=

€
90s°
» u € U, \ Uy, where U, is as defined in Lem. ith a= ﬁ, or

cuclU,\ (/];, where (/J; is as defined in Lem. <

with o = 90s°

Let B denote the set of all bad vertices. Note that

BI< (g + 5=+ 50 ) n = 5o
90s  90s  90s 30s
We call a vertex u good, if it is not bad.

Note that since each cluster U has size at least , it holds that

ye-n €
<——< .
1Bl = 600k log(k) — © <log(k)) vl
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Thus, with probability at least 1 — 5- - s > 1 —
is the case.

30, all the vertices in S are good. In the following, we will assume that this

Note further that since each cluster U satisfies that U] > 2 for some v = €(1), it holds that with probability at least
I-(1-3)>1- 301« there exists at least one vertex in S that is from cluster U. Thus, for all the k clusters U, with

probability at least 1 — 30, there exists at least one vertex in S that is from cluster U.

By Lem. l we know that for any v € S, ||prD_1/2||§ < 2k 90s - %. Let u, v be two different vertices in S.
By Lem. |12} with probability at least 1 —

2
most 55—, for any {z,y} € {u,v}. This also implies that with probability at least 1 — % > 1 — -, for all vertex pairs
x,y € S, we have an estimate X, such that

;. we can estimate each term (p,D~!/2, p! D~!/2) within an additive error at

1
= 20nd’

In the following, we will assume the above inequality holds for any z,y € S.

Xzy - <ptxD 1/2>p D~ 1/2>

Since v is good for each v € .S, we know that X, < 8600k log(k) + < 40004 log(k) . Thus, Llneof Alg.will not

happen. yen 20nd — Yen
Note that
Ayy = min{[[p,D~"? — p, D23, [p,D~/? + p,D~/?|3},
where
Ip, D12 — piD72(3 = (p,D~V/2, pl,D7/?) —2(p,D~/? pD~/?) 4 (p, D12, p! D1/2),
and

Ipi, D~/ + pi D723 = (p,D~'/2, p! D~/?) + 2(p, D~'/? piD~'/%) + (piD~'/2, pI D~1/?).

Since our estimates X, X,, Xy approximate (p,D~1/2 p! D~1/2), (p{D~1/2 p!D~1/2) (p!D~'/2, pv[l) 1/2y

within an additive error 1 , respectively, we can approximate Am, within an add1t1ve error at most 4 - 201n iy

the estimate 0, (at Llneof Alg satlsﬁes that |0,y — Ayy| < 5n =

Now recall that each cluster U satisfies that |[U| > #n for some v = (1) and that o, < Wm Note that the

precondition of Lem. [9]is satisfied. Now let Sy = SN U, and let u, v € S. Then:

* If u, v belong to the same cluster, by Lem. @ we know that A, < 1.7- Then it holds that Ouv < Ay + 57, o < 2n S0d-
Thus, an edge (u, v) will be added to H (at line[15]of Alg.[2).

* If u, v belong to two different clusters, by Lem. [10] we know A, > -L. Then it holds that 6, > Ay, — 22 > 51
Thus, an edge (u, v) will not be added to H.

Therefore, with probability at least 1 — % — n% - % > 0.9, the similarity graph H has the following properties:

all vertices in V' (H) (i.e., S) are good,

all vertices in S that belong to the same cluster U form a clique, denoted by Hy,

there is no edge between any two cliques Hy, and Hy, that correspond to two different clusters U;, U;,
there are exactly k cliques in H, each corresponding to some cluster.

bl NS

Now let us consider a membership query, i.e., the subroutine WHICHCLUSTER(G, v, H, ¢) for some vertex v € V. We will
show that any good vertex v will be correctly classified. In the following, we will assume that v is good.

Since all the vertices in S are good, we know that for any vertex u € U, N S, by Lem. Q Aww < 5 d, and by the same
argument as above, with probability at least 1 — 1/n?, the estimate §,,,, (at Llne@of Alg. Ii satisfies that d,, < 5. Thus,
the label for v outputted by WHICHCLUSTER will be the same as the ¢(u), the label of w.

On the other hand, for any other vertex u € S\ Uy, by Lem. . Ayy > -5, and by the same argument as above, with
probability at least 1 — 1/n2, the estimate 4, (at Llne@of Alg. Ii satlsﬁes that Ouv > 5.7 This further implies that the
label of v will be different from the label of wu.
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Thus, all good vertices are correctly classified with probability at least 1 — 32—0 — -z > 0.9. Assuming this holds, then the set

of misclassified vertices is a subset of all bad vertices, which implies that there exists a permutation 7 : [k] — [k] such that

€
P AU < 1Bl <O —S—) U
Py AU <181 20 (5 ) 1o

Running time. We first note that by Lem. the subroutine ESTDOTPROD(u, v, t, ) (i.e., Alg. [I) runs in time
2,1.5 R
O(FELHER - /) = O(Vmpoly(MgEn)).

For the algorithm BUILDORACLE, it invokes the subroutine ESTDOTPROD for O(s?) times and uses the outputted estimates
21.1.5
to construct the similarity graph H, which in total takes O(s? - &5 _tlogn . /py — O(\/n poly (221051)) time.

a T B
For the algorithm WHICHCLUSTER, it invokes the subroutine ESTDOTPROD for O(s) times and uses uses the outputted
27,1.5
estimates to answer, which in total takes O(s - dkal% -v/n) =0(/n poly(kd:’%)) time. O

F. Implementation Details

We describe the practical implementations of our oracle data structures. We also discuss an unsigned oracle and a heuristic
algorithm for biclustering. Furthermore, we discuss how to practically determine the parameters for our algorithms.

Practical changes to our signed oracle. We start by giving some details on the implementation of our algorithm and the
changes that we have made compared to the theoretical version.

First, we do not set d,,, as described in Eqn. (3)). Instead, we follow the intuition from Sec. @] and use the vectors r!, rather
than p!, in the definition of d,,. Recall that r!, = |p!,|, where the absolute values are taken component-wise. Therefore,
we change Line |§I in Alg.|l{to m, <+ |(mjcr — m;)Dfl/ 2|. Preliminary experiments (not reported here) showed that
this provides slightly better results than when using the original choice of §,,. Furthermore, we only run the subroutine
ESTDOTPROD once (rather than h = O(log n) times).

Next, for a WHICHCLUSTER(v) query, the theoretical algorithm returns that v belongs to the cluster of vertex u € S if
Oy < ﬁ. However, in practice the the upper bound ﬁ is not a suitable choice. Thus, we assign v to the cluster of
U = arg minwES 51111)-

Seeded and unseeded initialization. We consider two different initialization strategies: (1) when ground-truth seed nodes
are available and (2) when use a randomized initialization.

In Case (1), when a small set of ground-truth seed nodes is available for each ground-truth cluster, we skip the preprocessing
from Alg.[2]and take the vertex labels provided from the ground-truth seed nodes; we do not perform any other preprocessing.

In Case (2), we randomly sample a set S of vertices as in Alg.[2] However, we build the auxiliary graph H differently.
Recall that in Alg. we inserted all edges (u,v) € S x S into H with &, < ﬁ. Preliminary experiments indicated that
this upper bound is not a good choice in practice. Instead, we insert edges into H until it has k£ connected components (note
that, initially, H has |S| connected components). More concretely, we compute the pairwise distances d,,, for all u,v € S.
Then we iterate over these distances in non-decreasing order and insert the corresponding edges into H until H has exactly
k connected components. To obtain more robust distance estimates for ¢,,, we compute 5 samples of d,,,, u,v € S, and
take the median; we only do this during the preprocessing phase for this algorithm (and not for queries as per Alg.[3).

Heuristic biclustering oracle. So far, we considered oracles for finding polarized communities Uy, . . ., Uy (see Def. .
However, we did not consider partitioning each U; into biclusters (Va;_1, Va;), that reveal the polarized groups in U;. We
now present a heuristic biclustering oracle for this purpose.

The heuristic biclustering oracle works exactly as the clustering oracle, with the following two changes. First, we do not take
absolute values when computing m,, i.e., in Line@]in Alg. we set m, < (m} —m; )D~!/2. Second, when computing
Oy, WE NOW Set 0y — Xyo + Xyw — 2X 4. These changes correspond to our intuition from Sec. @]that m,, approximates
p.,D~'/2 and that 6,,, = ||p!, — p!||3 is small iff u and v are from the same bicluster V;. This intuition is also supported by
our analysis via Lem.s[I0]and[6] However, this is only a heuristic because it appears challenging to prove that our estimate
Ouy 1s large if u € V4 and v € Va; the main challenge is that we are only allowed a query time of O(\/ﬁ)

Unsigned oracle. To evaluate our oracles, it will be interesting to compare against an unsigned oracle, i.e., an oracle which
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ignores the edge signs and only considers the underlying unsigned graph. To this end, we consider unsigned versions of our
clustering oracle and our heuristic biclustering oracle. Algorithmically, the only change is that we assume that all edges
have sign +. The resulting unsigned oracle is almost identical to the oracle in (Czumaj et al.,2015).

Parameter tuning. To run our algorithms, one has to determine two crucial parameters: the length and the number of
random walks. For both of them, our analysis requires the parameters « and (3i,, which are not available in practice and it
seems infeasible to estimate them. Therefore, we briefly describe how parameter tuning can be performed to obtain good
choices for the length and the number of random walks.

Given a graph G, suppose that for a small set of vertices Viypeleq We know their ground-truth communities. Now we build
the oracle for several different parameters for the length and number of random walks. For each parameter setting, we run
WHICHCLUSTER(v) for all v € Vianeleq and check if v was classified correctly. At the end, we pick the parameter setting
with the most correct answers.

Observe that the above procedure does not require a full clustering of G and can be used even when Vjgpeleq is small. Further
observe that we could also split Viupeleq into a training set (used for the seed nodes), a validation set (used for determining
the best parameters) and a test set (for estimating the overall accuracy).

G. Experiments on Synthetic Data

We evaluate our algorithms on synthetic datasets. We generated random graphs by starting with an empty graph and
partitioning n vertices into equally-sized clusters Uy, . . ., U, with U; = (Va;-1, Va;) for all ¢ € [k]. We inserted edges (u, v)
with the following probabilities: Py, if u,v € Vi, Peross if w € Vo1 and v € Vo, q if u € Uy, v & U;. For all inserted
edges, we set their sign to + (—) with probability pgg, if u,v € V; (u € Vo;_1,v € Va;) and to sign — (+) with probability
1 — psign otherwise. If u € U;,v ¢ U; then we set the sign to -+ with probability gsign and to — with probability 1 — gsign.
When not stated otherwise, we set n = 2000, k = 6, pinwra = 0.8, Peross = 0.4, ¢ = 0.05, pign = 0.8 and ¢yig, = 0.9. For
each experiment we have created 5 random graphs and we report average accuracies and their standard deviations.

Clustering experiments. We present our results for finding clusters Uy, . . ., Uy, in Fig.[3] We ran the oracles with ¢ = 2 random
walk steps and R = 400 random walks, unless stated otherwise. The seeded oracles and POLARSEEDS obtained 6 seed
vertices from each U;; the unseeded oracles randomly sampled 3% seeds.

In Fig. [3(a)| we vary the number of vertices n while keeping k = 6 fixed. RW-SEEDED and RW-U-SEEDED deliver almost
perfect accuracy, i.e., they classify almost all vertices correctly; we note that in the plot, the lines of RW-SEEDED and RW-U-
SEEDED are essentially identical and thus the line for RW-SEEDED is hard to see. RW-UNSEEDED and RW-U-UNSEEDED
also deliver good results. Furthermore, POLARSEEDS works well when the clusters are small (for n = 500 there are 83
vertices in each cluster) but its performance decays as the clusters get larger. FOCG generally returns clusterings of low
quality because it returns many clusters of very small sizes.

In Fig.[3(b)| we fix n and vary k = 4, 8,12, 16. Again, we observe a similar behavior as before: our oracles outperform the
competitors, and the competitors improve for smaller clusters (k larger).

We also varied the parameters for the oracles. In Fig. we set the number of random walk steps to 1,2, 3,4, 5. We see
that even with very short random walks, the algorithms deliver very good results. However, as the number of steps increases,
the solution quality slightly decreases (see, e.g., RW-SEEDED or RW-U-UNSEEDED). This confirms the theoretical analysis
of Lem.s[@land

In Fig. 3(d)] we set the random walks lengths to 50,100,200, 4000. RW-SEEDED and RW-U-SEEDED return excellent
clusterings when at least 200 = 4.5 - \/n random walks are performed.

In Figs. we report the running times of the algorithms. Our oracles scale linearly in the number of steps (Fig. 3(g)).
and the number of random walks (Fig.[3(h)). Furthermore, since our number of seed nodes depends on the number of
communities k, the oracles scale linearly in & (Fig.[3(f). In Fig. 3(e)]we report the running time, normalized by the number
of vertices in the graph; for our oracle data structures this corresponds to the time they spend on each query. We observe
that the query times of the oracles increases only very moderately as the number of vertices n increases; we blame this
slight increase on the internal data structures (such as hash maps) that we use to store our graphs. This is in contrast to
POLARSEEDS, for which the running time per vertex is increasing (Fig. [3(e)). For FOCG we observe that it scales linearly
in the number of vertices (since in Fig.[3(e)| the average time per vertex is nearly constant for n > 1000) and its running
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Figure 3: Clustering results on synthetic data. We consider varying number of vertices n (Figs. and , varying number
of communities k (Figs. [(b)]and [()), varying random walk length (Figs. [(c)]and[(g)), and varying number of random walks
(Figs. [(d)]and [(h)). Figs. [(@H(d)] report the clustering accuracies, Fig. [(€)] reports the running time per vertex in seconds, and
Figs. [(DH(h) report total running times in seconds. Markers are mean values and error bars are one standard deviation over 5
datasets.
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Figure 4: Biclustering results on synthetic data. We vary the number of vertices n (Fig.|(a)), the number of communities k
(Fig.[(®)), the random walk length (Fig.[(c)) and the number of random walks (Fig.[(d)). We report the achieved accuracies;
markers are mean values over 5 different datasets, and error bars are one standard deviation over the 5 datasets.

time slightly decreases as it finds better communities (Figs. [3(b)]and 3(F))

Biclustering experiments. In Fig. Ewe present our results for finding biclusters (V1, V), (Vs, V4), ..., (Vak—1, Vai). Thus,
we run the biclustering versions of the algorithms. The oracles used ¢ = 2 random walk steps and R = 600 random walks,
unless stated otherwise. The seeded oracles and POLARSEEDS obtained 3 seed vertices from each V;; the unseeded oracles
randomly sampled 6k seed vertices in the preprocessing.

Again, our oracles obtain better results than the baseline algorithms, which typically return too small clusters. Furthermore,
the signed oracles RW-SEEDED and RW-UNSEEDED outperform the unsigned oracles RW-U-SEEDED and RW-U-UNSEEDED,
resp. This shows that the edge signs are necessary to split the clusters U; into biclusters V;_; and Va;. Compared to the
clustering setting from before, the biclustering algorithms are more sensitive to the number steps (Fig. f(c)), and they also
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require more random walks (Fig. [4(d)).

Conclusion. Our experiments suggest that our oracles outperform the baselines when the clusters are large. Also, to recover

the biclusters (Va;_1, Va;), it is necessary to use the edge signs. Furthermore, the seeded methods outperform the unseeded
methods.
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