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Abstract

The ability to align points across two related yet
incomparable point clouds (e.g. living in different
spaces) plays an important role in machine learn-
ing. The Gromov-Wasserstein (GW) framework
provides an increasingly popular answer to such
problems, by seeking a low-distortion, geometry-
preserving assignment between these points. As
a non-convex, quadratic generalization of optimal
transport (OT), GW is NP-hard. While practi-
tioners often resort to solving GW approximately
as a nested sequence of entropy-regularized OT
problems, the cubic complexity (in the number n
of samples) of that approach is a roadblock. We
show in this work how a recent variant of the OT
problem that restricts the set of admissible cou-
plings to those having a low-rank factorization is
remarkably well suited to the resolution of GW:
when applied to GW, we show that this approach
is not only able to compute a stationary point of
the GW problem in time O(n?), but also uniquely
positioned to benefit from the knowledge that the
initial cost matrices are low-rank, to yield a lin-
ear time O(n) GW approximation. Our approach
yields similar results, yet orders of magnitude
faster computation than the SoTA entropic GW
approaches, on both simulated and real data.

1. Introduction

Increasing interest for Gromov-Wasserstein... Several
problems in machine learning require comparing datasets
that live in heterogeneous spaces. This situation arises typi-
cally when realigning two distinct views (or features) from
points sampled from similar sources. Recent applications
to single-cell genomics (Demetci et al., 2020; Blumberg
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Figure 1: Top row: Two curves in 2D and 3D, with n =
5000 points. Bottom row: coupling and GW loss obtained
with the SOTA O(n?) entropic approach (Peyré et al., 2016)
(left) and with our linear O(n) method (right) when using
the squared Euclidean distances as the ground costs.

et al., 2020) provide a case in point: Thousands of cells
taken from the same tissue are split in two groups, each pro-
cessed with a different experimental protocol, resulting in
two distinct sets of heterogeneous feature vectors; Despite
this heterogeneity, one expects to find a mapping registering
points from the first to the second set, since they contain
similar overall information. That realignment is usually
carried out using the Gromov-Wasserstein (GW) machinery
proposed by Mémoli (2011) and Sturm (2012). GW seeks a
relaxed assignment matrix that is as close to an isometry as
possible, as quantified by a quadratic score. GW has prac-
tical appeal: It has been used in supervised learning (Xu
et al., 2019b), generative modeling (Bunne et al., 2019), do-
main adaptation (Chapel et al., 2020), structured prediction
(Vayer et al., 2018), quantum chemistry (Peyré et al., 2016)
and alignment layers (Ezuz et al., 2017).

...despite being hard to solve. Since GW is an NP-hard
problem, all applications above rely on heuristics, the most
popular being the sequential resolution of nested entropy-
regularized OT problems. That approximation remains
costly, requiring O(n?) operations when dealing with two
datasets of n samples. Our goal is to reduce that complexity,
by exploiting and/or enforcing low-rank properties of matri-
ces arising both in data and variables of the GW problem.

OT: from cubic to linear complexity. Compared to GW,
aligning two populations embedded in the same space is
far simpler, and corresponds to the usual optimal transport
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univariate measures @&mnoli, 2011; Sato et al., 2020), by
using a sliced mechanism when restricted to Euclidean set-
tings (Vayer et al., 2019) or by considering tree metrics for
supports of each probability measure (Le et al., 20¢Q}),
Reduce the size of the GW problem through quantization
of input measures (Chowdhury et al., 2021). or recursive
clustering approaches (Xu et al., 2019a; Blumberg et al.,
2020)). Interestingly, no work has, to our knowledge, tried
yet to accelerate Sinkhorn iterations withing GW.

Our contributions: a quadratic to linear GW approxi-
mation. Our method addresses the problem by taking the
GW as it is, overcoming limitations that may arise from
a changing cost matri€;. We show rst that a low-rank
{ﬁctorization (or approximation) of the two input cost matri-
ces that de ne GW, one for each measure, can be exploited
to lower the complexity of recomputin@; from cubic to
guadratic. We show next, independently, that using the low-
(OT) problem (Pey& and Cuturi, 2019).Givenm m cost  rank approach focouplingsadvocated by Scetbon et al.
matrix C and two marginals, the OT problem minimizes (2021) to solve OT can be inserted in the GW pipeline and
Lc(P) := MC;Pi w.rt. a coupling matrixP satisfying  result in aO(n?) strategy for GW, with no prior assump-
these marginal constraints. For computational and statisticalon on input cost matrices. We also brie y explain why
reasons, most practitioners rely on regularized approachefiethods that exploit the geometrical propertie€cor its
Lc(P) == hC;Pi + "regP). Whenregis the neg-entropy, kernelK = e ©) to obtain faster iterations are of little use
Sinkhorn's algorithm can be ef ciently employed (Cuturi, in a GW setup, because of the necessity to re-instantiate
2013; Altschuler etal., 2017, Lin et al., 2019). The Sinkhorna new costC; at each outer iteration. Finally, we show
iteration hasO(nm) complexity, but this can be sped-up that both low-rank assumptions (on costs and couplings)
using either a low-rank factorizations (or approximations)can be combined to shave yet another factor and reach GW
of thekernelmatrixK := e = (Solomon et al., 2015; approximation with linear complexity in time and memory.
Altschuler et al., 2018a;b; Scetbon and Cuturi, 2020), oiwe provide experiments, on simulated and real datasets,
alternatively and as proposed by Scetbon et al. (2021); Fohich show that our approach has comparable performance
row et al. (2019), by imposing a low-ramonstrainton the  to entropic-regularized GW and its practical ability to reach
couplingP . A goal in this paper is to show that this latter “good” local minima to GW, for a considerably cheaper
route is remarkably well suited to the GW problem. computational price, and with a conceptually different reg-
ularization path (see Fig. 1,2), yet can scale to millions of
points.

Figure 2: Top row: Two curves in 2D and 3D, witihh =
5000points.Bottom row:coupling and GW loss obtained
with the SoTAO(n?) entropic approach (Peyet al., 2016)
(left) and with our linea©©(n) method (right) when using
the squared Euclidean distance as the ground cost for bo
point clouds. See Appendix E.1 for more details.

GW: from NP-hard to cubic approximations. The GW
problem replaces the linear objective in OT byan-convex
quadratic objectiveQa.g (P) := cst 2hAPB;Pi pa-
rameterized bywo square cost matrices andB. Much 2. Background on Gromov-Wasserstein

like OT is a relaxation of the optimal assignment prob- ) ,

lem, GW is a relaxation of the quadratic assignment probCMParing measured metric spacesLgt (X;dx) and
lem (QAP). Both GW and QAP are NP-hard (Burkard(Y;dﬁ ,?e wo metrlc_spaces, and:_:_ i=1 @& x, and
etal., 1998). In practice, linearizing iterativelaz  works = i=j 3 y; two discrete probability measures, where
well (Gold and Rangarajan, 1996; Solomon et al., 2016 ™M L & bare probability vectors in the simplicies
recompute a synthetic coSt := AP; 3B, use Sinkhorn to ns e ) .
getPy := argmin » hCy; Pi + "reg(P), repeat. This is akin ar(? fqmllles inX ade. Givenq 1,the follpwlng square
to a mirror-descent scheme (Peat al., 2016), interpreted pairwisecostmatrices encode the geometwjthin - and
as a bi-linear relaxation in certain cases (Konno, 1976).

Challenges to speed up GW. Several obstacles stand
in the way of speeding up GW. The re-computation of
C: = AP; 1B at each outer iteration is an issue, since it
requiresO(n3) operations (Peyret al., 2016, Prop. 1). We
only know of two broad approaches that achieve tractabl&@he GW discrepancy between these two discrete metric
running times{i) Solve related, yet signi cantly different, measure spacdsd x) and( ;dy) is the solution of the
proxies of the GW energy, either by embedding poags following non-convex quadratic problem, written for sim-

A =[d} (Xi;%i0)]1 ko n; B = [dY(X:X0)]1 ko m
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plicity as a function ofa; A) and(b; B): Step-by-step guide to reaching linearity.We show next
in 83 that these iterations can be sped up when the distance
GW((a; A); (b;B)) = Pnzﬂn Qas (P); (1)  matrices are low-rank (or have low-rank approximations),
o in which case the cubic updates @ and evaluation of
where ap = fP 2 R} MjP1ly, = aP'1, = bg; Qag in Lines 3, 6 become quadratic. Independently, we

] ] ] ] show ing&4 that, withno assumptiomn these cost matrices,
and the energ@ag is a quadratic function dP designed  enjacing the Sinkhorn call in Line 5 with a low-rank ap-

to measure the distortion of the assignment: proach (Scetbon et al., 2021) can lower the cost of Lines 3, 6
to quadratic (while also making Line 5 linear). Remarkably,

Qag (P) = (Aiio Bjj 0)®Pj Piojo:  (2) e show in5 that these two approaches can be combined in
gt 00 Lines 3, 6, to yield, to the best of our knowledge, the rst lin-

ear time/memory algorithm able to match the performance
Mémoli (2011) proves tha:BWz de nes a distance on the of the Entropic-GW approach.
space of metric measure spaces quotiented by measure-
pregerving i;ometries(Z) can bg evaluated i@(n’m + 3. Low-rank (Approximated) Costs
nm?2) operations, rather than usingm? terms:
. , Exact factorization for distance matrices.consider
Que (P)= PA “ajai + 1B “bili  2MAPBIPI; (3) Assumption 1. A andB admit a low-rank factorlzatlon
where is the Hadamard (elementwise) product or power,N€re existA1; Az 2 RT dandB;;B; 2 R™ “stA=
‘A1A] andB = B;BJ,whered n;d® m.
Entropic Gromov-Wasserstein. The original GW prob-
lem (1) can be regularized using entropy (Gold and RanA case in point is when botA andB are squaredEu-
garajan, 1996; Solomon et al., 2016), leading to problem: clidean distance matrices, with a sample size that is much
larger than ambient dimension. This case is highly rele-
GW-((a;A); (b;B)) = min  Qag (P) "H(P); (4)  vantin practice, since it covers most applications of OT to
" ML. Indeed, thed n assumption usually holds, since
whereH (P) := P i Pij (log(Pij ) 1)isP'sentropy. Cases wherel n fall in the “curse of dimensional-
PeyE et al. (2016) propose to solve that problem using mirity” regime where OT is less useful (Dudley et al., 1966;
ror descent (MD), w.r.t. th&L divergence. Their algorithm Weed and Bach, 2019). Writing = [X1;:::;Xn] 2

boils down to solving a sequence of regularized OT probR® ", if A = kxi x;Kk§ ;, , then one has, writing
lems, as in Algo. 1: Each KL projection in Line 5is solved z = (X ?)T14 2 R" thatA = zll + 1,21 2XTX:
ef ciently with the Sinkhorn algorithm (Cuturi, 2013). Therefore by derﬁ)tlng\l =[z;1,; 2XT]2 R" (@2
andA, = [1,;z; 2XT] 2 R" (4*2 we obtain the fac-
Algorithm 1: Entropic-GW torization above. Under Assumption 1, the complexity of
Input:a2 ,;A2R" "b2 ;B2 Algo. 1 is reduced t@(n?): Line 3 reduces to:
R™ m"> 0
1P=abl nm C= 4AAJPB:B];
2 fort=0;::: do
3 | C 4APB  nm(n+m) innm(d + d% + ddq{n + m) algebraic operations, while
4 | Ko exp( C=") nm Line 6, using the reformulation d®ag (P) in (3) be-
5 | P argmin KL(P;K-) O(nm comes quadratic as well. Indeed, writigg := AJPB;
P2 (ab) andG; := AIPB;y, both inRY ¢ one hasAPB; P| =
6 GW = Qag (P) nm(n+m) 11(G1 G2)1g. ComputlngGl,Gz givenP requires only
Result: GW 2(nmd + mdd?9, and computing their dot product addd®

Computational complexity. Given a cost matrixC, the algebraic operations. The overall complexity to compute

KL projection of K- onto the polytope( a;b), where Qaz (P) isO(nmd + mdd").

KL(P;Q) = hP;log(P=Q) 1i, is carried out in Line General distance matricesWhen the original cost matri-

5 of the inner loop of Algo. 1 using the Sinkhorn algorithm, cesA; B are not low-rank but describe distances, we build
through matrix-vector products. This quadratic complexityupon recent works that output their low-rank approximation
(in red) is dominated by the cost of updating mat@xat in linear time (Bakshi and Woodruff, 2018; Indyk et al.,
each iteration in Line 3, which requiré(n°m + nm?) 2019). These algorithms produce, for any distance matrix
algebraic operations (cubic, iriolet). As noted above, A2 R" ™ and > 0, matricesA; 2 R" 9 A, 2 R™ d
evaluating the objectiv®a.g (P) in Line 6 is also cubic. in O((m+ n)poly(2)) operations such that, with probability
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Algorithm 2: Quadratic Entropic-GW whereQ(a; b;r) := G(a;b;r) \ C2(r), with
1 Inputs: Aj:A, 2 R" 9:B;:B,:2 R™ Pa:b:" n
sy b e Gabin= (QRg2RI " RI " (R,

= 0
sfort=0;::: do st.Ql, = aRl, =b ;
4 G, AJPB; nmd + mdd n
s | C 4A1G,B]  nmd' + ndd' Gr)= (QR;g2RT " R " R!
6 K« exp( C=") nm . . o]
7 | P argmin KL(P;K-) O(nm) stQ 1, =R 1n=9:

P2 ( ab)
8 end .
. aT (A,AT) 2a+ b7 (B,B]) 2b Mirror Descent Scheme.We propose to use a MD scheme
lr12d'+m2d'l 2 1=2 with respect to the generalizéd. divergence to solvé).

If one choosegQo; Ro;g0) 2 C(a;b;r) an initial point

T ,
0 Gz A;PBy nmd + mdd such tha, > 0andRg > 0, this results in,

1 Gy  A]JPB; nmd + mdd'
12 ¢ 211 (G1  Gp)lgpe dd' (Qk+1 3 Rk+1 3 Gk+1) :=argmin KL( ;K ) ;  (6)
13Qas (P) G+ 2C (abir )

14 Return: Qag (P)

where the three matricé§y = (K ﬁl) ; KIEZ) ; Kf)) are

K,El) = exp(4 AP (BRy diag(1=g) + log( Qk))

atleas0:99, K® :=exp(4 BP | AQy diag(1=g.) + log( R¢))

3) ._ —
KA AIATKZ kA Agk? + KAKZ K& = exp( 41 =g +log(g))

whereAy denotes the best rartkapproximation toA in > 0Ois a step size. Solvins) can be done ef ciently
the Frobenius sense. The rashkhould be selected to trade thanks to Dykstra's Algorithm as proposed in (Scetbon et al.,
off approximation ofA and speed-ups for the method, e.g.2021). See Algo. 3 and Appendix D.

such that= m + n. We fall back on this approach to . . . .
obtain a low-rank factorization of a distance matrix in IinearAVOldlng vanishing components. As in k-means opti-

time whenever needed, aware that this incurs an additiongp'z_at'on' t_he algorlthm above mlght run into cases In
approximation (see Appendix C) which entries of the histograrg vanish to0. Follow-

ing (Scetbon et al., 2021) we can avoid this by setting
. . a lower bound on the weight vectog, such thag
4. Low-rank Constraints for Couplings coordinate-wise. Practically, we introduce truncated fea-

In this section, we shift our attention to a different oppor-s'ble_ s.erC(.a; bi ) _:: Cl(a_; b;.r; ) \ Cao(r) where
tunity for speed-upsyithout Assumption 1: we consider Glabin )= Gabin\f (R;9)jg g

the GW problem on couplings that al@wv-rank in the Initialization. To initialize our algorithm, we adapt thest
sense that they are factorized using two low-rank couplingsower boundof (Mémoli, 2011) to the low-rank setting and
linked by a common margingin ., theinteriorof prove the following Proposition (see appendix A for proof).
(all entries positive). Writing the set of couplings with a . _ 2 n -
nonnegative rank smaller thar{Scetbon et al., 20283.1): grofszltan ;hdl'gt:u?jgi—?meﬁ ;sz'?i;j 2 én Rm_’ 'nyh;n

n forallr 1we have,

p(r):= P2R} M™:9g2 1.P = Qdiag(1=g)R";
an (") + 599 rSto Qdiag(1=gR GW-LR ((a;A); (b;B))  LOT!)(C;a;b); where
Q 2 a;g; andR 2 b;g ; (r) . __ . . . _ T: .

LOTY(C;a;b) := (Q;R;gr)r;gl(a;b;r; )hC,leag(l-g)R i

we can dene the low-rank GW problem, written | oT(")(C;a;b) can be solved with (Scetbon et al., 2021).

GW-LR")((a; A); (b; B)) as the solution of The cosfC is the squared Euclidean distance between two
familiesfx1;:::;x,gandfw;:::;ymgin 1-D, which ad-
min Qasg (Qdiag(1=gR"); (5)  mits atrivial rank 2 factorization. We can therefore apply

(QRig )2C (a;bir ) the linear-time version of their algorithm to compute the
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lower bound. Algo. 3 summarizes this, wh&é¢ ) denotes observe that we have

the operator extracting the diagonal of a square matrix. In 1

practice we observe that such initialization outperforms triv- ~ (; )= —(hrh(G (; )) r h( );G (; ) i
ial or random initializations (see Section 6).

1 . 2
Computational Cost. Our initialization requires andy, ﬁkG ) Kk
obtained inO(n? + m?) operations. Running (Scetbon 1 )
et al., 2021, Algo.3) with a squared Euclidean distances = SkPcq@pr (5 )k

between two families in 1-D has cad{(n + m)r). Solv- ) )

ing the barycenter problem as de ned(#) can be done Where h denotes the minus entropy function and the
ef ciently thanks to Dykstra's Algorithm. Indeed, each !ast inequality comes from the strong convexity of
iteration of (Scetbon et al., 2021, Algo. 2), assuming? on (abir; ). Therefore  (; ) dominates
(Kﬁl)?K;EZ)iKE’)) is given, requires onD((n + m)r) KPca:br: y(; )ki and characterizes a stronger conver-
algebraic operations. However, computing kernel matrice§€NCe:

(Klﬁl) ; Kf) ; KE’)) at each iteration of Algorithm 3 requires For any 1=r > 0, Proposition 2 shows the non-
a quadratic complexity with respect to the number of samasymptotic stationary convergence of the MD scheme for
ples. Overall the proposed algorithm, while faster than thé’roblem (5). See Appendix A for the proof.

cubic implementation proposed in (Péyst al., 2016), still Proposition 2. Let 1 > ON 1 and

. . . r 1
needsO((n” + m?)r) operations per iteration. L = 27(kAk.kBk,= 4). Consider a constant step-
Dykstra Iterations. In our complexity analysis, we do not Siz€ = z— in the MD scheme (6). Writin@o :=

take into account the number of iterations required to terQas (Qo diag(1l=g)R}) GW-LR( ((a; A); (b; B)) the
minate Dykstra's Algorithm. We show experimentally (see gap between initial value and optimum, one has

Fig. 3) that, as usually observed for Sinkhorn (Cuturi, 2013, A D

Fig. 5), this number does not depend on problem sjza, min ((Qx;Rk;); ) 0
but rather on the geometric characteristics\pB and . Lk N N

Convergence of MD.Although objective (5) is not con-
vex in (Q; R; g), we obtain the non-asymptotic stationary
convergence of our proposed method. In (Scetbon et a
2021), the authors study the convergence of the MD schem
when applied to the low-rank formulation of OT. In the GW This Proposition claims that within at mast iterations the
setting, such strategy makes even more sense as the GMinimum of the(  ((Q:;R:t;&); ))1 ¢ ~ is of order
problem is a NP-hard non-convex problem and obtainingdD(1=N). Note that this is a standard way to obtain the
global guarantees is out of reach in a general frameworkstationary convergence (see e.g. (Ghadimi et al., 2013). In
Therefore we follow the strategy proposed in (Scetbon et alpractice, this is suf cient to de ne a stopping criteria, as
2021) and consider the following convergence criterion, one could simply compute at each iteration the criterion and
keep only in memory the smallest value at each iteration.

Since for small enoughGW-LR(")((a; A); (b; B)) =
IGW—LR(')((a; A); (b; B)), Proposition 2 shows that our al-
gforithm reaches a stationary point of (5).

(; )= LKL G (0 N+ KLG (5 ): )
5. Double Low-rank GW

whereG (; ) = argmin ,c(apy, (fhrQ as (); T+ Aimost all operations in Algorithm 3 only require linear
1KL(; )g: This convergence criterion is in fact stronger memory storage and time, except for the computations of
than the one using the (generalized) projected gradient prg-= A 2aandy = B 2bin Line 2, and the four updates
sented in (Ghadimi et al., 2013) to obtain non-asymptotidnvolving C; andC; in Lines 7,8,16,17 which all require
stationary convergence of the MD scheme. Indeed the critex quadratic number of algebraic operations. When adding
rion used there is de ned as the square norm of the fO||OWingAssumption 1 from&3 to the rank constrained approach
vector: from 84, we show that the strengths of both approaches
1 can work hand in hand, both in easier initial evaluations of
Peabr, (5 )= =( G (; ); %, ¥, but, most importantly, at each new recomputation of a
factorizedlinearization of the quadratic objective:

which can be seen as a generalized projected gradient afnear-time Norms in Line 2 BecauseA admits a low-
Qap at . By denotingX := RY and by replacing the rank factorization, one can obtain a low-rank factorization
Bregman Divergenc&L( ; ) by 3k k3 in the MD  for A 2 pending the condition?  n. Indeed, remark
scheme, we would haveyx (; ) = rQ as (). Now thatforu;v 2 RY hu;vi?2 = huuT;w'i. Therefore, if
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Algorithm 3: Low-Rank GW

1 Inputs: A;B;a;b;r; ;

2% A2ay B 2% nt+n?

371 % 2,2, 2 mtn 0

4 Cr [ziln;  24,C [Am:zz; 2AT

n+ m
5 (Q;R;g) LOT")(CiCpa;h) O((n+ myr)
6 fort=1;:::do
7| Cp AQ diag(1=g) O(n?r)
8 | C, RTB O(nfr)

9 K(l) Q e4C 1C2R diag(1 =g) O((m+ ﬂ)l’z)
10 | K@ R C:zC{Qdagl=0) O((m+ n)r?)
1 | ! D (QTCiCyR) O(nr?)

12 | KO® g e 4= 0(r)

13 Q:R;g argmin KL( ; K) O((m+ n)r)

2C(abir; )
14 end
15¢ hxai+hsb n+m
16 C1 AQ diag(1=g) O(nr)

here is that the cost matr2 in GW changes throughout
iterations, and is synthetic—the output of a matrix product
AP B involving the very last transpoR. This stands in
stark contrast with the requirements in (Altschuler et al.,
2018b;a; Scetbon and Cuturi, 2020) that ileenelmatrix
corresponding t&K - = e ©=" admits favorable properties,
such as being p.s.d or admitting an explicit (random or not)
nite dimensional feature approximation.

Linear time GW. We have shown that (red) quadratic op-
erations appearing in Algg3) can be replaced by linear
alternatives. The iterations that have not been modi ed had
an overall complexity oO(mr (r + d9 + nr(r + d)). The
initialization and linearization steps can now be performed
in linear time and complexity, respectively@(n(r + d?)+
m((d9? + r)) andO((nr (r + d)+ mr (r + d9).

6. Experiments

Our goal in this section is to provide practical guidance

on how to use our method (to set stepsizéower bound

on entries ofg and rankr) and compare its practical
performance with other baselines, both in terms of run-
ning times and relevance, on 5 simulated datasets and 2
real world applications. We consider our quadratic ap-

17C, RTB O(nfr)

8G C,R,G CiG O((m+ n)r?
19 C 2Q; G diag(1=g)i O (nr)
20Q ¢+t

21 Return: Q proachLR (Algo. 3) and its linear time counterparin
LR (85). We compare them witBnt, the cubic implemen-
tation of (Peye et al., 2016), and its improved quadratic
one described; := [ug;:::;un] andAz = [va;:i5;val  versionQuad Ent introduced in this paper (Algo. 2). We

row-wise, and one uses the attened out-product operatogiso useMREC as implemented in (Blumberg et al., 2020).
(u) := vequuT) 2 R* where ve¢) attens a matrix, Because all these approaches admit different hyperparam-
eters, we evaluate them by stressing GW loss as a func-
tion of computational effort, as well as performance in
downstream metrics. Because the couplings obtained by
T MREC do not satisfy marginal constraints, computing its
Line 2 in Algo 3 can bereplaced by A31A; aand GW loss is irrelevant, but its matching can be used in the
v B‘le b. Pending the conditiod? n:d® m, single cell genomics experiments we consider. Experiments
this results imd?2 + m(d%?2 operations. Note that Algo. 2 Were run on a MacBook Pro 2019 laptop, and data from
(line 9) can also bene t from this factorization, however as dithub.com/rsinghlab/SCOT . The code is avail-
its complexity is already quadratic, the linearization of thisable at https://github.com/meyerscetbon/LinearGromov.

operation has no effect on the global computational cost. |itialization. For a fair comparison with the entropic ap-

Linearization of Lines 7,8,16,17. The critical step in Proach, we adapt thest lower bound of (Mémoli, 2011,
Algo. 1 that requires updating at each outer iteration Def. 6.1) to the entropic case to initialize it. In all ex-
is cubic. As described earlier in Algo. 3 and Algo. 2, a low-Periments displaying time-accuracy tradeoffs, we report
rank constraint on the coupling or a low-rank assumptiorcomputation budget as number of operations. Accuracy is
on costsA andB reduce this cost to quadratic. Remarkably, measured by evaluating the ground-truth en&gys (even

both can be combined to yield linear time by replacing inin scenarios when the method uses a low rank approximation
Algo. 3, Lines 7, 8, 16, 17 by for A; B at optimization time). We repeat all experiments 10

T times on random resampling of the measures in all synthetic
Cy A1A; Qdiag(l=g) and C; problems, to obtain error bars.

A 2= MA whereAy =[ (uy;:::; (up)l;
Ao =1 (va);iiry (va)l:

RTB,B] :

Note that this speed-up would not be achieved using otheon the iterations of Dykstra's Algorithm. In this exper-
approaches that output a low rank approximation of th@ment, we show that the number of iterations involved in

transport plan (Altschuler et al., 2018b;a; Scetbon and Cuthe Dykstra's Algorithm does not dependsmithe number
turi, 2020). The crucial obstacle to using these methods
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rank. We observe that the loss decreases as the rank in-
creases until the rankreaches 20 (the largest number of
clusters in our mixtures). Therefore, our method is able to
capture the clustered structure of data (See Appendix E.3).
In practicer should be selected such that it corresponds to
the number of clusters in the data.

Synthetic low-rank problem. We consider two
anisotropic Gaussian blobs with the same number of
blobs in respectively 10-D and 15-D. We constrain the
Figure 3: We consider samples of a mixture of 10distance between the centroids of the clusters to be larger
anisotropic Gaussians in resp. 10 and 15-D endowed witkhan the dimension (see Appendix E.4 for illustrations).
the squared Eucl. metric. The number of iterations of Dykin Figures 5 and 6, when the underlying cost is thet(
stra's algorithm required to reach a precisionof 1e 3 squared) Euclidean distance, our methods manage to
along the iterations of the Algo. 3 is not impacted signi - consistently obtain similar GW loss that those obtained by
cantly by varyingn, the sample size. entropic methods, using very low rank= n=100, while
being orders of magnitude faster. Fig. 7 explores the more
favorable case where the underlying cost is skhjeared

of samples when applying Algo. 3. In Fig. 3, we considergyclidean distance, reaching similar conclusions.
samples of mixtures of (10 and 15) anisotropic Gaussians

in resp. 10 and 15-D and report the number of iterationg 5rge scale experiment. In this experiment, we show
of the Dykstra's Algorithm required to reach a precision it oyr method is able to compute an approximation of the
=1le 3along the iterations of Algo. 3. We observe gy cost in the large sample setting. In Fig. 8, we samples
that the number of iterations in Dykstra does not depend, = 1, = 1e5 samples from the unit square in 2-D and we
onn the number of samples considered. Note that for a'kompare the time/loss tradeoff when varying the rante

the sample sizes considered, we need far fewer iterationg, o that our method is the only one able to approach the
(usually  25) for the outer loop to converge: the plots show s\ cost in such regimes.

a largerx-axis than what is observed in practice.

Experiments on Single Cell Genomics Data. We re-
Sensitityto and . We study how optimization param- produce the single-cell alignment experiments introduced
eters and impact results. We consider= m = 1000  jn (Demetci et al., 2020). The datasets consist in single-cell
samples drawn from two mixtures of (2 and 3) anisotropicmuyiti-omics data generated by co-assays, provided with a
Gaussians in respectively 5-D and 10-D (details in Apyround truth one—to-one correspondence, which can be used
pendix E.2). Fig. 9, reports the time vs. GW loss tradeto penchmark GW strategies. The SNAREseq dataset (Chen
off of our method when varying, both forr = n=1000r et 31, 2019), witm = m = 1047 points inR°, describes
n=10 illustrating its robustness to that choice. Fig. 12 in 5 real-world experiment; the Splatter dataset (Zappia et al.,
Appendix E.2 shows similar conclusions with respect to 2017) withn = m = 5000 points iNR5% is synthetic. We
Recall that was only used to lower bound the weights of ;ge the pre-processing from (Demetci et al., 2020) to prepare
barycenten, to ensure no collapse. In all other experimentsntra-domain distance matricésandB using a k-NN graph
we always set = 100 and =10 *° for our methods, pased on correlations, to compute shortest path distances.

and only focus on rank. Note that in that case, one cannot obtain directly in linear
time a low-rank factorization oA andB using (Bakshi and
Effect of the rank. Woodruff, 2018; Indyk et al., 2019), since the shortest path
We study the impact of distances need to be computed rst. Therefore, we only
rankr on our method. use our quadratic approatfR and the cubic implemen-
We consider samples tation of the entropic methoént, along withMREC. In
from two Gaussian Fig. 4 we compare both the time/GW loss tradeoffs and the
mixtures, with respec- alignment performances through the “fraction of samples
tively 10 and 20 cen- closer than the true match” (FOSCTTM) error introduced
ters in 10-D and 15-D in (Liu et al., 2019). Note that we cannot compare the
andn = m = 5000. time-accuracy tradeoff dIREC with our method as the
We compute the GW coupling obtained does not satisfy the marginal constraints.
cost obtained byLin LR reaches similar loss, while being orders of magnitude

LR in the squared Euclidean setting as a function tife ~ faster tharEnt, even for a very small rank= n=100.
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Figure 4: We consider both the SNAREseq datasét, (niddle-righ) which consists in two point clouds of= m = 1047
samples in respectively 10-D and 19-D and the Splatter datasétle-left, righ) composed of two point clouds of

n = m = 5000 samples in respectively 50-D and 500-D. The cost considered is the shortest-path distakcefi\a
graph. We compare both the time-accuracy tradeoffs of our method with the Entropide@Wn{ddle-lef} and the
FOSCTTMs ranked in the increasing orderldt, Ent andMREC when varying their hyperparameterifidie-right,
right). Because the coupling returned W\REC does not satisfy marginal constraints, we do not include it in left plots.
Our method reaches similar accuracy while being order of magnitude fasteEmhaven for a small rank = n=100. We
notice that the alignments obtained by our method are robust to the chaiceithh similar performance for all methods.

Figure 5: We sampl@ = m = 5000 points from two Figure 6: Same setting as Fig. 5, using a low-rank approxi-
anisotropic Gaussian blobs, respectively in 10 and 15-Dnation of the Euclidean distance (8 to introduce our
with either 10 or 30 clusters, endowed with the Euclidearinear method.in LR and compare it wittQuad Ent. The
distance. We compare our quadratic meth&dwith the ~ rank of their factorizations is set @ = d° = 100. We
cubic Entropic GWENt, which requires instantiating matri- vary" and rankr to reach similar conclusions to those out-
cesA andB. We vary bottr (our method) and (entropic).  lined in Fig. 5. Note also that bottin LR andQuad Ent
Our method obtains similar GW IOSS, while being Ordersreach similar GW loss as those obtained by their full-rank
of magnitude faster. Note the gap in performance betweefounterparts, while being orders of magnitude faster.

r =10 andr = 50 when the input measures have 30 clus-

ters: the GW loss decreases as the naimcreases until it

reaches the number of clusters in the data.

Experiment on BRAIN. We reproduce the experiment

proposed in (Blumberg et al., 2020). We consider the dataset

introduced in (Lake et al., 2018) of single cells sampled

from the human brain with eight different cell labels. The

dataset contains two groups with different representation%:igure 7: Setting as in Fig. 5, with = m = 10000 sam-
one contains = 34079 cells represented by their genes o4 from anisotropic Gaussian blobs of 5 or 20 clusters,
expressions, while the second contams= 27906 cells g qqyed with the squared Eucl. distance. We compare
represented by their DNA region accessibilities. We reus R andQuad Ent using exact factorizations @ andB .

the preprocessing in (Blumberg et al., 2020), by applying

the method proposed in (Zheng et al., 2017) and available in

Scanpy (Wolf et al., 2018) to the rst group and a TF-IDF tential of our linear approadhin LR to handle larger scale
representation to the second one. A PCA is then performegroblems. To comparein LR with MREC, we measure

on each group to reduce dimensions to 50, endowed witthe accuracy of their matchings, as proposed in (Blumberg
the squared Euclidean distance. These datasets are too lamgeal., 2020), by computing the fraction of points in the rst
to be handled with entropic approaches, and show the pgroup whose associated points under the matching given
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Figure 8: We sampla = 1€5 points from the unit square rjq,re 10: Using the BRAIN dataset (two point clouds of
in 2-D. The underllylng .cost con_S|dered is the squared EUYs = 34079 andm = 27906 samples in 50-D, endowed
clidean cost. In this regime, onlyin GW-LR can be com- ish squared Euclidean distance) we compare the GW loss
puted. We plot the time/loss tradeoff when varying against the rank (or the number of clusters) for bioith
LR andMREC for multiple choices of' in MREC. We
show that our method is robust to the choice of the rank and
obtains consistently better accuracy tiMREC.

useful in real-world tasks. Our approach has, however, a few
limitations compared to the entropic one: settingvhile
not problematic in most of our experiments, could require

Figure 9: We consider two = m = 1000 samples of mix- a bit of tuning in order to obtain faster runs in challenging

tures of (2 and 3) Gaussians in resp. 5 and 10-D endoVve%jtuations. Our assumptions to reach linearity, as discussed
with the squared Euclidean metric, compared MLR _ in 84 and 5 mostly rests on two important assumptions: the

The time/loss tradeoff illustrated in these plots show tha{ar?k of distance matrices (thoe intrisic Qimensionality of data
our method is only mildly impacted by step sizéor both points) must be such thdt d"are dominated by, m and
ranksr = n=100andn=10. that a small enough rankbe able to capture the con g-

uration of the input measures. Pending these constraints,
which are valid in most relevant experimental setups we

by the method share the same label in the second groug?oW of, we have demonstrated that our approach is versa-
In Figure 10, we plot the accuracy against the rank (or thdile, remains faithful to the original GW formulation, and
number of clusters in MREC) for bottin LR andMREC . scales to sizes that are out of reach for the SoTA entropic
We also consider multiple versions MIREC by varying ~ Solver.

its entropic regularization parametéyinvolved in the in-

ner matching of the recursive method. Our method obtaing\cknowledgments

consistently better accuracy than that obtainetiREC. ) .
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is the only one, to our knowledge, that achieves linear
time/memory complexity for the Gromov-Wasserstein prob-
lem. The GW problem is NP-hard, its optimal solution out
of reach and approximate solutions can only be reached
using an inductive bias. Here we propose to compgiite
ciently a coupling whose GW cost is low. By adding
low-rank constraints, our goal is no longer to approach
the optimal coupling, but rather to promote low-rank solu-
tions among many that have a low GW cost. Our low-rank
constraint obtains similar performance as the entropic regu-
larization, the current default approach, while being much
faster to compute. We show in experiments that low-rank
couplings can reach low GW costs, and that they are directly
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Supplementary material

A. Proofs
A.1. Proof of Proposition 1
Proof. Let (Q;R;g) 2 C(a;b;r; ),P := Qdiag(1=g)R". Remarks that for aitj ,

S AL S AVA S AV
JAiio  Bjj oj?Piojo JAi;i 0j2Pioj 0 iBjj 0j2Piojo
|0;J 0 |0‘J 0 |0'J 0
p— p_—
] X Yil
Therefore we have
S AV4 S AV4 X
JAijo  Bjj of?PiojoPyj = JAiio  Bjj oj2Pioj 0Py
i Oj © ij Q%0
S AV4
P — P —
o wiRR

Finally we obtain that

X 5 . X p— p_, .
Ao Bjj of*PiojoPi  "H (Q;R; g) jox ¥i°Pij  "H(QiR;9)
i O © iij
and by taking the in mum over allQ; R; g) 2 C(a; b;r; ), the results follows. O

A.2. Proof of Proposition 2

To show the result, we rst need to recall some notions linked to the relative smoothness.al@bsed convex subset
in a Euclidean spadg?. Given a convex functiofl : X ! R continuously differentiable, one can de ne tBeegman
divergenceassociated t&l as

Du(x;z): = H(X) H(z) hr H(2);x zi:

Let us now introduce the de nition of the relative smoothness with respedi the

De nition 1 (Relative smoothness.) etL > 0andf continuously differentiable oK . f is said to bel -smooth relatively
toH if

f(y) f(xX)+ hrf(x);y xi+ LDy(y;x)

In (Scetbon et al., 2021), the authors show the following general result on the non-asymptotic stationary convergence of the
mirror-descent scheme de ned by the following recursion:

. o1
Xk+1 =argminhr f (xg);xi + —Dn(X;Xk)
x2X k

where( k) a sequence of positive step-size.
Proposition 3 ((Scetbon et al., 2021)LetN 1, f continuously differentiable oX which isL-smooth relatively tdd .
By considering foralk =1;:::;N, ¢ =1=2L, and by denoting = f (xg) minksx f(X), we have

N 41D ¢
N 1 N

1
K= —Z(DH (Xk;Xk+1 )+ Dp (Xk+1 5 Xk)):
k
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Let us now show that our objective function is relatively smooth with respect thi¢lthdivergence (Lu et al., 2017; Zhang
et al., 2020). The result of Propostion 2 will then follow from Proposition 3. Bere C(a;b;r; ), H is the negative
entropy de ned as

X X X
H(QR;9) = Qi (log(Qi;) D+ Ry (log(Rij) 1+  glog(g) 1)
isj i5j j
and let us de ne for al(Q; R; g) 2 C(a; b;r; )
F-(Q:R;g):= 2MQdiag(1=gR" B;Q diag(1=g)R"i + "H (Q;R; ) :
Let us now show the following proposition.

Proposition 4. Let " 0, % > 0 and let us denotd.~. := 27(kAk:kBky= % + "). Then for all
(Q1;R1;31);(Q2;R2; 02) 2 C(a;b; r; ), we have

kr F+(Q1;R1;1) 1 F(Q2;R2;02)ke L+ kH(Q1;R1;01) H(Q2:R2; )k

Proof. Let(Q;R;g) 2 C(a;b;r; ) and let us denote = Qdiag(1=g)R". We rst have that
rF(QR9)=(r oF(Q:R;9)ir rRF(Q:R;9);1 F(Q;R;9))

where

r oF-(Q;R;9) ;= 4APBR diag(l=g) + "logQ

r rRF-(Q;R;g) = 4BPTAQdiag(l=g) + "logR

r ¢F(Q;R;g) = 4D(QTAPBR)=¢ + "logg
First remarks that

kr oF(Q1;R1;01) r oF(Q2;R2;02)ka  4kAP;BRjdiag(l=a1) AP,BR;diag(1=g)k-
+ "klogQ: logQ2kz :
Moreover we have
AP;BR;diag(l=q) AP,;BR,diag(1=g)= A((P1 P2)BR;diag(1l=q)+ P:B(R;diag(1l=a1) R2diag(1=g))
where
Pi P2=(Qi Q)diag(l=g))R] + Qz(diag(l=g)R] diag(1=g)R;)
and
Ridiag(l=g1) Rzdiag(l=g)=(R: R2)diag(l=ag)+ Ro(diag(l=¢1) diag(l=g)) :

Moreover we have
kAP;BR,diag(l=g) AP;BR,diag(l=gp)k k AkkBkkP; P,k= + kAkkBkkR;diag(l=g1) R diag(l=g)k

then remark that
kP; Pk k Q1 Qzk= + kRpdiag(l=a1) Rzdiag(l=g)k

and
kR;diag(l=q1) Rydiag(l=gp)k k R; Ryk= + kl=¢g 1=gk

from which follows that
kAkkBk kQi sz+ kR1 Rk

kAP;BR;diag(l1=01) AP,;BR;diag(1=g)k + kl=q¢ 1=k

kR1

+ kAkkBk KR: Rk + kl=q 1=gk
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AsQ! H(Q) is 1-strongly convex w.r.t to the-normon , , we have

kQi QK3 hlogQ: 10gQ2;Q: Qi
k logQi logQ2k2kQ:  Qzke

from which follows that

kQ:1 Qzko k |09 Q1 |OgQ2k2:

Moreover we have

kl=gqg 1=gpk>

kgt ok klogg: loggoks
2 3

Then we obtain that

4kAKKkB k
kr F(Q1;R1;01) 1 oF(Q2;R2;G)k2 ———+" klogQ:1 logQzk>
+(1+1= )MklogRl log R2kz
4kAKkB k

(1+1=)———klogg:. logg.kz

Similarly we obtain that Then we obtain that

4kAKKB k
—

kr rF+(Q1;R1;01) r rF(Q2;R2; G2)kz klogR:  logR2ks

+(1+1= )Mklong log Qz2ko

4KAKKB k
(1+1=)———klogg: loggk,

Moreover we have

ki gF(Q1;R1;01) 1 oF(Q2;R2; Gk 4kD(Q{AP1BR1)=¢f D (QJ AP,BR;)=ggk
+"klogg: loggk

and
D(Q]AP1BR1)=¢ D (QJAP:BR2)=¢ =(1=¢¢ 1=¢)D(Q] AP1BR1)
+ g%(D(QIAPlsRl) D (QAP2BRy));
2

Note also that

2kAKkkB k

and

QIAP1BR1 QjAP;BR,=(Qf Q})AP;BR;+ QJA(PiBR; P;BR))
=(Q] QJ)AP1BR;+ QJA((P1 Py)BR:+ P,B(R: Ry))

from which follows that

kgiz(D(QIAplsRl) D (QIAP,BR,))k kAktBk(klong logQzk + klogR:  logRok + kP;
2

P2k)
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and we obtain that

4kAkkBk 1
kr gF(Q1;R1;01) 1 ¢F(Q2;R2;02)kz ———+t — klogQ; logQzk
4kAkkBk 1

5 + — klogR; logR2k

4kAkkBk  8kAkkBk |
7 + 3 +" klogg:s loggzk

Finally we have

" #
ke F-(QuRLG) I F(QuRzug)ke 3 RAKBK, . 2+(1+1 = )216kAkszk2 . JKAKBK 1 ’
klogQ: logQok? + klogR;  logR2k? 4
+3 2(1+1s )216|<Ak|:25k2 . 4kAkl<Bk . 8kAk3kBk Y 2
klogg: logg.k?®
from which we obtain that
kr F+(QuiR1;01) 1 F(QaiRaig)ks  LZ  klogQ logQqk® + klogR;  logRok® + kloggs  loggok?
and the result follows. O

B. Double Regularization Scheme

Another way to stabilize the method is by considering a double regularization scheme as proposed in (Scetbon et al., 2021)
where in addition of constraining the nonnegative rank of the coupling, we regularize the objective by adding an entropic
term in(Q; R; g), which is to be understood as that of the values of the three respective entropies evaluated for each term.

GW-LR ((a;A); (b; B)) = orgTi0 . Eas (Qdiag1=gRT) "H (QiR:Q)) : (7

Mirror Descent Scheme.We propose to use a MD scheme with respect tddhelivergence to approximatéW—LR.(.;r)
de ned in (7). More precisely, forany 0, the MD scheme leads for &l 0 to the following updates which require
solving a convex barycenter problem per step:

(Qx+1; Ri+1 5 Gk+1) == argmin KL( ;K k) (8)
2C(abir; )
where(Qo; Ro; d) 2 C(a;b;r) is an initial point such thaQ, > 0andRy > 0, Py = Qy diag(1=g)R], Ky =
(KO KD KP), KD = exp(4 AP (BRy diag(1=g) (" 1)1og(Qk)).K? := exp(4 BP [ DQ\ diag(1=g)
(" DlogRe)), K :=exp( 4! v= (" 1)log(g)) with [! ]i := [QF APk BRy];i foralli 2 1;:::;rgand
is a positive step size. Solvir{§) can be done ef ciently thanks to the Dykstra's Algorithm as showed in (Scetbon et al.,
2021). See Appendix D for more details.

Convergence of the mirror descent.Even if the objective (7) is not convex {iQ; R; g), we obtain the non-asymptotic
stationary convergence of the MD algorithm in this setting. For that purpose we consider the same convergence criterion as
the one proposed in (Scetbon et al., 2021) to obtain non-asymptotic stationary convergence of the MD scheme de ned as

1
()= Z(KLG G (5 D+ KL(G; (50);)
whereG, (; ):i=argmin ,capr (frE A ()5 1+ LKL(; )g: Foranyl=r > 0, we show in the following

proposition the non-asymptotic stationary convergence of the MD scheme applied to the problem (7). See Appendix A for
the proof.
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Proposition 5. Let" 0, rl > 0 andN 1. By denoting.~. := 27(kAk,kBk,= #+ ") and by considering a
constant stepsize in the MD scheme (6) 2L , We obtain that
; ‘B oA 4L+ Do,
lnl](InN " ((Qk’Rklgk)l ) T

whereDg := Eap (Qo diag(1=pR{) GW-LR(") ((a; A); (b; B)) is the distance of the initial value to the optimal one.

C. Low-rank Approximation of Distance Matrices

Here we recall the algorithm used to perform a low-rank approximation of a distance matrix (Bak-
shi and Woodruff, 2018; Indyk et al., 2019). We use the implementation of (Scetbon et al.,, 2021).

Algorithm 4: LR-Distanc€X;Y;r; ) (Bakshi and Woodruff, 2018; Indyk et al., 2019)

1 Inputs: X;Y;r;

2 Chooseé 2f1;:::;ng,andj f1;:::;mg umforml;i:,at random.

s Fori=1;::0,n,p d(xi;y;)2+ d(xl,yJ)2+% iy dix; sy

4 Independently choogéb ;:::;i(® accordmg(p ClPn).

s X0 oouxol PO Phesin dol S dX®;y)=p©
6 DenoteS = [SM;:::;S(M)],

7 Forj =1;::0;m, gk SUWk3=kSk2

8 Independently choogéV ;:::;j® accordlnqql """ i 0m)-

©

S(t) [SJ ..., SJ (t)] Q(t) [p tq, o m’ W S(t):Q(t)

10 U;;D1; Vg SVD(W) (decreasing order of singular values).

1 N [Ur(L);:::: Uif)], N STN=kWT N ke

12 Choosg @ ;:::;j ® uniformly at random i p1 Sio mg.

1BYO  [ye;iinyjol DO dXY ®)="t

14 Up;Do;Vo = SVD(NTN); Uy Up=Dy; N [(NT)(I(l)).:...(NT)(J(t))] B UzTN(t)=pf; A
(BBT) .

152 AB(MDM)T;M zTUJ

16 Result: M; N

D. Nonnegative Low-rank Factorization of the Couplings

In this section, we recall the algorithm presented in (Scetbon et al., 2021) to solve p{éblehere we denotp; := a and
p2 = b

Algorithm 5: LR-Dykstra((K ()1 i 3;p1;p2; ; ) (Scetbon et al., 2021)

Inputs: K @K@ :g:= K@ piippi ;0 1 = g = 1181 21 1,29, v = 1,:90 = 1,
repeat o
u®  p=KOwb 8i 2 1;2g;

1
2
3
sl g max(;eg o) d (8 oY)=gig o
5
6

g (g (3))1 =3 i2:1 (V(i) q(i) (K(l))T u(l))l=3;

v gKMTul) 8 21 1;2g;

7| g () g)=vD 8i 2 1;2g; 05') (¢ qgg))=9;
s | W viDgi2f1;20; ¢

9 until i2:1 ku KO gk <

Q diag(u®)K @ diag(v®)

R diag(u®)K @ diag(v®)

12 Result: Q;R; g

=
= O
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E. Additional Experiements
E.1. lllustration

In Fig. 11, we show the time-accuracy tradeoffs of the two methods presented in Figure 2 on the same example. We see that
our methodLin GW-LR , manages to obtain similar accuracy as the one obtain€gliagl Entropic-GW even when the
rankr = n=1000while being much faster with order of magnitude.

Figure 11: Heren = m = 10000, and the ground cost considered is the squared Euclidean distance. Note that for in
that case we have an exact low-rank factorization of the cost. Therefore we compa@uadl¥ntropic-GW andLin

GW-LR . We plot the time-accuracy tradeoff when varyinépr multiple ranks . " = 1= for Quad Entropic-GW and

" =0 for Lin GW-LR .

E.2. Effect of and

In Fig. 9 and 12, we consider two Gaussian mixture densities in respectively 5-D and 10-D where we generate randomly the
mean and covariance matrice of each Gaussian density using the wishart distribution.

Figure 12: We consider = m = 5000 samples of mixtures of (2 and 3) Gaussians in resp. 5 and 10-D, endowed with the
squared Euclidean metric, compared with LR . The time/loss tradeoff illustrated in these plots show that our method is
not impacted by step sizefor both rankg = n=100andn=10.

E.3. Effect of the Rank

In this experiment we compare two isotropic Gaussian blobs with respectively 10 and 20 centers in 10-D and 15-D and
n = m = 5000 samples. In Fig. 13, we show the two rst coordinates of the dataset considered.

E.4. Low-rank Problem

In Fig. 5, 6 and 7, we consider two distributions in respectively 10-D and 15-D where the support is a concatenation of
clusters of points. In Fig. 14, we show an illustration of the distributions considered in smaller dimensions.

E.5. Ground Truth Experiment

In this experiment we aim at comparing the different methods when the optimal coupling solving the GW problem has a full
rank. For that purpose we consider a certain shape in 2-D which corresponds to the support of the source distribution and we






