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Abstract

The hierarchical variational autoencoder (HVAE)
is a popular generative model used for many rep-
resentation learning tasks. However, its applica-
tion to image synthesis often yields models with
poor sample quality. In this work, we treat image
synthesis itself as a hierarchical representation
learning problem and regularize an HVAE toward
representations that improve the model’s image
synthesis performance. We do so by leveraging
the progressive coding hypothesis, which claims
hierarchical latent variable models that are good
at progressive lossy compression will generate
high-quality samples. To test this hypothesis, we
first show empirically that conventionally-trained
HVAES are not good progressive coders. We then
propose a simple method that constrains the hier-
archical representations to prioritize the encoding
of information beneficial for lossy compression,
and show that this modification leads to improved
sample quality. Our work lends further support
to the progressive coding hypothesis and demon-
strates that this hypothesis should be exploited
when designing variational autoencoders.

1. Introduction

The task of generating of high-dimensional image data has
inspired the development of many successful deep gener-
ative models such as autoregressive models (Uria et al.,
2016; Oord et al., 2016b), flow-based models (Dinh et al.,
2014; 2016), generative adversarial networks (Goodfellow
et al., 2014), variational autoencoders (Kingma & Welling,
2013; Rezende et al., 2014), and diffusion models (Ho et al.,
2020; Song & Ermon, 2019). These models have since
been applied to many other modeling tasks such as speech
synthesis (Oord et al., 2016a; Donahue et al., 2018), rein-
forcement learning (Zhang et al., 2019; Levine et al., 2019),
and scene-understanding (Eslami et al., 2018). In this work,
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we focus on the application of hierarchical variational au-
toencoders (VAEs) to image synthesis. Despite the success
of VAEs in numerous fields (Akuzawa et al., 2018; Hsu et al.,
2017; Gomez-Bombarelli et al., 2018; Sultan et al., 2018;
Van Hoof et al., 2016), the application of VAEs to image syn-
thesis has been challenging (Theis et al., 2015), and many
existing works sought to improve VAEs’ image synthesis
capabilities by addressing the optimization challenges asso-
ciated with VAE training (Rezende & Viola, 2018; Child,
2020; Vahdat & Kautz, 2020; Sgnderby et al., 2016). Given
the success of VAEs as a representation learning algorithm,
we take the complementary position that VAEs should also
be regularized toward representations bespoke to the task of
interest (Levine et al., 2019). We apply this perspective to
HVAE image synthesis and seek representations that will
improve the model’s image synthesis performance.

In order to find representations suitable for image synthesis,
we critically examine diffusion models, a special class of hi-
erarchical latent variable models that has demonstrated supe-
rior image synthesis performance in recent years (Ho et al.,
2020; Song & Ermon, 2019). Ho et al. (2020) suggested that
the diffusion model’s strong performance on image synthe-
sis may be attributable to such models having a bit ordering
that is good for progressive lossy compression—which we
shall refer to as the Progressive Coding Hypothesis. Our
main contributions are thus as follows,

1. We formalize the principle of progressive coding and
show that the diffusion model objective can be derived
as a special application of this principle.

2. We show that conventionally-trained HVAEs are subop-
timal progressive coders. We then develop an alterna-
tive training procedure that prioritizes the information-
theoretic bits beneficial for progressive coding, and
show that the resulting model has improved sample
quality as measured by FID—thus lending support to
the progressive coding hypothesis.

3. Finally, we take initial steps toward understanding why
the progressive coding hypothesis works in practice.

Our work supports the use of progressive coding as an ef-
fective principle for designing hierarchical variational au-
toencoders and encourages further research into the theory
and practice of progressive coding.
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2. Background which can be seen as a summation of conditional mutual
) ) i information bounds (Alemi et al., 2018; Poole et al., 2019)
2.1. Hierarchical Latent Variable Models since
A hierarchical latent variable model (HLVM)(X; z1.1) oY 7
) , 1(Zi ;X jZg)
models an observed variabteas well asT levels of hi- £ E 5 o K : _
erarchical latent variablds; g'_; , where eaclz; is a mul- paae () Ea(za ) Die (A2 1 %24 ) kp(zi ] 2<i ));

tivariate random variable. The hierarchical latent variablesvhere the mutual information(Z; ;X j Z<; ) is with respect
are sampled in sequential order during generation, and the the distributiorpgasa (X)g(z2.7 j X). This relation moti-
full sampling process can be represented by the factorizatiopates the interpretation of the regularizer as an information-
v theoreticrate which we shall discuss and take advantage of
p(x:ze7) = p(Xjzit) Pz z<): in our examination of progressive coding in Section 3.

= 2.1.2.DENOISING DIFFUSION PROBABILISTIC MODELS
Given a data distributiopgata (X), the goal of distribution
modeling is to optimize the HLVM such that the marginal A denoising diffusion probabilistic model (DDPM), pro-
distributionp(x) is close to the data distribution. posed by Ho et al. (2020), is a special case of the HLVM

where eaclty; has the same dimensionality msandp is

2.1.1. HERARCHICAL VARIATIONAL AUTOENCODERS Markovian,

A hierarchical variational autoencoder (HVAE) is an appli-
cation of the variational autoencoding framework (Kingma
& Welling, 2013; Rezende et al., 2014) to the hierarchical
generatop. This framework introduces a variational infer- Similar to the HVAE, the DDPM also introduces an infer-

ence modeti(z..1 j X) and then optimizegp; g jointly via ~ €nce modet(zy.7 j x). Crucially, howeverg(zy.t j x) is

Y
pP(X;z1:1) = p(X ] ZT)_ P(zijz 1):

i=1

the Evidence Lower Bound (ELBO), xed to a prescribed diffusion process,
1
p(X; 21.7) PRI A
I’T’;%X Epdata (x) ECI(leT) In Azt | X) Epdata (x) a(zT jX) = d(zr j X) - a(zi j Zi+1);

Eq(zerjx) INP(X j Zi:1) + D (a(zet j X) kp(zi7)) ;  Where eaclz; is simply a Gaussian perturbation with pre-
scribed variance? of its conditioning parent variable. Be-

which admits a decomposition (shown RHS) where the rstcause of the special restrictions imposed by the DDPM, the
term minimizes reconstruction error and the second terng€neratop can be trained to maximize the likelihood
regularizesy toward the prior distributiop(z;.1). maxEp,.. o0Eqczerix) IN (X Z2:7);
An important design choice when building an HVAE is p_ _ ) ) )
the conditioning structure for the inference modelAl- ~ Which thus give the interpretation of reversing the diffu-
though earlier works on HVAESs (Burda et al., 2015) choseSIoN Process de ned bg. In practice, the DDPM introduces
to factorize thay in reverse generation order (also known as@ Series of denoising functioss : X ! X and parameter-
bottom-upinference), Sgnderby et al. (2016) proposed théZ€SP as

top-downinference process, Pz )=z iz 1x=d 1z 1) 8> 1

_ N _ pxjzr)= N(xjdr(zr); F.1):
Zp1 jX)= Zi | X Z< );
Az ] X) i=1 oz i) Recall that eacly(z; j ) is also a Gaussian distribution with

a prescribed . By substituting this parameterization into

which has become the predominant inference method e jikelihood objective and omitting all of the weighting
choice in the current literature (Vahdat & Kautz, 2020; Child,ierms introduced by -7+ , the likelihood objective thus

2020). In addition to its empirical ef cacy, the top-down equces to the DDPM objective,
factorization is also bene cial in that it decomposes the

regularization term into the following, X
min  Epy, (0Eqziokx (2K
T i=1
Epsaa 00Dk (A(zem J %) K p(ze:7)) = _ Epsaa () Despite its simplicity, the DDPM has strong image synthesis
=1 performance, inspiring many subsequent works (Song et al.,
Eq(z 0Dk (0(z ] %2« ) kp(zi j 2<i)) ; 2020; Kingma et al., 2021; Dockhorn et al., 2021; Jalal et al.,

2021).
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2.2. Lossy Compression 3.1. HLVM as Progressively Lossier Compressors

We consider lossy compressors consisting of a deabder Given a hierarchical latent variable model (HLVM)
Z ! X ,apriorp(z), and a stochastic encodafz j x).

Such a model can perform lossy compression of a data point v

x by lossily mapping to a pointz in latent space via the p(x:z11)= p(Xjzet)  P(Zijz<i)
encoder, performing compression/decompressianiothe i=1

latent space using the prigrand then decoding back into

the space oK using the decoder. equipped with inference model

The model incurs a communication cost (i.e., rate) of

R = Bruw 00 Dra (a2 ) kp2) Aear 0= oz jza i)

to lossily reconstruct the sampte= d(z) forz q(z] x). i=1
The reconstructed samptés delity to the original sample
x can then be measured via a distortion functionOn  we make the observation that an HLVM de nes, not just

average, the model will incur a distortion of one, but a sequence dflossy compressors. Using the rst
D=E £ f i d(2): k latent variables in the hierarchy, we can de ne a lossy
= Bpsaa 0 Eqizinf (6 d(2)): compressor by considering the prigiz..«), the encoder

) ) _ ~q(z1:x j X), and then learning a decoder via the optimization
We adopt a rate-distortion trade-off perspective to descr'b‘fnroblem

the optimal rate for a given distortion and vice versa (Alemi

et al., 2018; Blau et al., 2018). We say that a lossy com- .

pressor is -optimal if the compressor has rdge ~ and min Epsea () Eqzuiin f (X d(Z1:x)):
achieves the optimal distortidh =  underf , where

is the optimal value to the optimization problem The tuple(d: p:  thus de nes a compressor that employs

=min Ep... x)Eqeixf (X;d(2)) the rstk latent variables of the HLVM and has an associ-
d:pig _ (1) ated rate and distortion ¢Ry; D). By decreasingd from
St Epp )Pk (A(zjx) kp(z)) T to 1, we can build a series of progressively lossier com-

pressors that trades off rate against distortion according to
the pointsf (Rx; Dk)gj-, - Note thatRy.1 Rk because
of the data processing inequality. We shall refer to this se-

Conversely, the lossy compressor imptimal if the com-
pressor has distortioD and achieves the optimal rate

R= ,where s ) _ .
ries of progressively lossier compressors collectively as a
=min Ep... 0Dk(a(z]jx) k p(2)) progressive coder.
dip;a )
ST Bpga (0 Bqziof (6 d(2)) 3.2. HLVMs are Not Always Good Progressive Coders

Both(; )and(; ) optimallytrade off rate foragiven A yey opservation of the progressive coding hypothesis is
d|s§ortlon (_and vice versa) and are thus considered paret@;.: the pointd (Rx; Dk)gg=, are not necessarily pareto-
optimal points. optimal. It is worth noting that fok = T, the point
(Rt ;D7) will be pareto-optimal if the HLVM was trained
3. The Progressive Coding Hypothesis via an ELBO objective that employfs as the reconstruc-
i i . ) . tion term. Even then, however, there is no guarantee that
In this section, we formalize the progressive coding hy(Rk; Dy) is pareto-optimal fok < T , since strict subsets of

pothesis presented in Ho et al. (2020). We shall begin byhe 1) v/\'s latent variables were never directly optimized
showing how any HLVM paired with a top-down inference 1, |ower distortion.

model can be naturally converted into a progressive coder.
Next, we discuss why conventional ELBO-based training3
of HLVMs may not necessarily lead fgood progressive

coders. We then demonstrate how the special restriction$ our goal were to encourage the HLVM to be a good pro-

.3. DDPMs are Good Progressive Coders

based on the empirical observation that DDPMs are botland simultaneously optimize all constrained optimization
good progressive coders and strong image synthesizers. objectives described by Equation fL)sing scalarization,

1Continuousz's must be discretized for source coding. 2\We treat the rate target sequence as a hyperparameter.
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this reduces to the followingrogressive coding objective  3.4. Progressive Coding and Sampling Quality

< In the previous section, we observed that the DDPM ob-
min Epune 00 Eaziof 06 di (z2:)) A3) Jec_tlve is a spgmgl case of the progressive coding objective.
duTipid, This observation is signi cant because Ho et al. (2020) sug-

gested that DDPM's superior image synthesis capabilities
may be attributable to it being a good progressive coder
with respect to mean-squared error (MSE) distortion. The
progressive coding hypothesis, thusly stated, is that training
Suppose, for the moment, that we restrict our HLVM to the@n HLVM to be a good progressive coder with respect to
Gaussian variational family where each latent cadeas mean-squared error will improve its sampling quatifyor

the same dimensionality as(i.e., q s a diffusion process). notational simplicity, all subsequent mentions of progressive
The optimalg to the objective Equation (3) will then simply €oding will be with respect to mean-squared error distortion
be a Gaussian Markov chain adhering to a speoise  unless otherwise speci ed.

schedulewhere eaclz; is simply a linear transformation - For the remainder of this paper, we shall test this hypothesis
of x followed by the addition of some amount of noiSe.j the context of another class of HLVMs—namely, the
Conversely, this also means that xirgto a prescribed  pjerarchical variational autoencoder (HVAE). Since we can

St Epyaa () Dk (A(Zek J X) Kk p(z1:x)) K

noise schedule and then optimizing analyze and train HVAES via the more generalized concept
_ of progressive coding presented in Equations (1) to (3), we
dy = arg min Epgan () Eq(zojx) f (X dk(Za:x)) (4)  shall examine the extent to which conventionally-trained

k

. ) HVAESs are good at progressive coding, and test whether
p =arg Fr)mn Epea 0 PrL(A(Zet jX) kp(zi1)) () training HVAES explicitly via a progressive coding objective
will improve its sampling quality.

will result in a compressdd, ; p ; q) thatis -optimal for
some choice of rate target implied byq's prescribed noise 4. HVAES are Not Good Progressive Coders

schedule. In particular, the implicit rate target will be . ) . .
Our paper will consider the simplest case of progressive

coding, where we partition an HVAE's hierarchical latent
variablesz;.t into two groups(z1: ; Zk +1: T), Where the

From here, we can further simplify the objectives in Equa_ch0|ce ofK is prescribed. Our decision to tackle the most

tions (4) and (5) as follows. First, sin@e, is indepen- basic case qf progressive coding stems from the sn_nphuty
. . of the experimental design as well as the observation that
dent ofx when conditioned ogy due to the Markov chain .~ !
. ; diffusion-based models appear to work well even with very
structure ofg, it suf ces to letzx be the only input to the few diffusion steps (Anonymous, 2022; Xiao et al., 2021)
decoderdi (i.e.,® = dx(z)). Next, sinceqis a Markov P y ' ' N '

chain, it su&;es forp to also be a Markov chain where .Of partlc_ular Interest to us is the pareto-qptlmahty .Of the
T information encoded by; .« , since conventionally-trained

perameter-sharing betweprandd, by mplictly e n | HVAE G0 1ot directy subjct the stic subst 10 diec

ing the prior as Qechmg and distortion m|n!m|zqt|on. Our goal in thls sec-
tion is to analyze the rate-distortigRy ; Dk ) associated

with the representatiom,.x learned by a conventionally-

trained HVAE and assess its pareto-optimality.

k = Epga 0)DkL(A(Z1:k | X) K P (21:)):

Pz jzx 1)= oz jx = de 1(zc 1)): (6)

Thgsg S|mpI|'cat|ons .thus reduce the progressive codlnghl Method
objective to simply being
Our experimental procedure begins by training an HVAE
X conventionally via ELBO maximization. We then measure
rJ]_iTn Epgaa (x) Eqcziin) (X dk(2k)) (1) therate,
k=1
for a xed choice of diffusion procesg. When the distor-
tion function is taken to be mean-squared efrer k k2, Rk = Epga (x) Dke(a(zik J X) kp(z1:k ));
Equation (7) recovers the DDPM objective. This shows that—; _
It may come as a surprise to see mean-squared error as the

the DDPM objective is a special case of the progressing C0qj"|stortion function of choice for improving image sample quality.

ing objective, and explains why DDPMs have an inductivewe shall examine the connection between pixel-space MSE and
bias to be good progressive coders (Ho et al., 2020). the perceptual similarity metric LPIPS in Section 6.
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associated with the rsK latent variables learned by the
HVAE for Isome C:mcedOK - To decﬁde directly fr(;)r:.LK ' trained HVAE against our estimate of theoptimal distortion
we X our learnedq and measure the associated distortion achieved by rate-targeted training where Rk . We report

Dy via the following optimization problem our estimate as an upper bound on We also report the realized
rateRY that is actually achieved by the rate-targeted model. Al
values are per-dimension (i.e., normalized by the data dimension-

Table 1.Comparison ofDk associated with a conventionally-

DK = m(ljn Epdata (X)Eq(zl:K ]X)kx d(Z]_;K )k2

To determine the pareto-optimality @Ry ; Dk ), we set ality).

the target rate to = Rk and determine the-optimal S — —

distortion via onventional Training  -Optimal Training
Dataset Rk Dk RY

— mi 2

=N Epe 00 Bagzue kX d(zux )k SVHN 0:0168 Q0200 Q0162 0:0063
St Epy 0 Pke(d(zek jX) kKp(zik)) Rk (L:gljl?lA 8813 ggéﬁ 8813? 88%23

We optimize this objective using a Lagrange multiplier

(Zhao et al. (2018); Appendix A.5). Our solution to the

optimization problem gives us an (upper bound) estimate of
. This then allows us to compal® against to assess

the pareto-optimality ofRk ; Dk ).

Here, we note that training HVAEs with a rate-constraint
bears similarity to the Generalized ELBO with Constrained
Optimization (GECO) described by Rezende & Viola
(2018). However, GECO gradually anneals the constraint
as a tool for improving optimization stability; in contrast,
we adopt a xed constraint and apply rate-constrained opti-
mization simply as a means of investigating the progressive
coding hypothesis.

We conduct the experiment on SVHN, CelebA, and LSUN-
Bedrooms by rst training a VDVAE (Child, 2020). Since
VDVAE has a convolutional architecture with spatial latent
variables, we sdf to be such thati 's spatial resolution

is eight times smaller than the original height and width
dimensions of the image dataset. In particular, for SVHN,
we choseK so thatzy.k is the set of all latent variables with
spatial resolutiod 4 or smaller; for CelebA84and LSUN-
Bedroomsé4, we chos&K so thatz;.k has resolutio® 8

or smaller.

4.2. Results

Table 1 compares the rate-distortion trade-off in the rst
K latent variables achieved by conventional training ver-

sus -optimal trammgj Slncg ,We set thg rate-tgrget tc’Figure 1.For each dataset (in order: SVHN, CelebA, LSUN), we

= Ry, both conventional training andoptimal training 5 hare the original image (top row), the reconstructions from
achieve roughing similar rates. Howeverpptimal training  ¢onyentional training (middle row), and the reconstructions from
achieves signi cantly better mean-squared error—roughly _optimal training (bottom row). Using-optimal training results
halving the mean-squared erk achieved by conven- in sharper and higher- delity reconstructions.

tional training across all three datasets. This indicates that
the point(Rk ; Dk ) achieved by conventional training is

not pareto-optimal. error has a perceptually-noticeable impact on the reconstruc-

We compare the reconstructed images achieved by convetiens. Overall, we conclude that the representatnns
tional versus -optimal training in Figure 1. We see that  learned by conventional training are not good for lossy com-
optimal training results in sharper and higher- delity recon-pression, and thus that conventionally-trained HVAEs are
structions, demonstrating that the improved mean-squareaot good progressive coders.
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5. Progressive Coding Improves Sample so, we simply freeze our learned choices ;. ) and
Quality in HVAEs a(z1:x j x) and optimize the remaining subcomponents of

the HVAE via the ELBO objective
Previously, we partitioned the hierarchical latent vari-

ables of a conventionally-trained HVAE into two groups

(z1:k ;2 +1:7) and showed that the associated rate- o Epa (0 Batzur) INPX ] 227)
distortion point(Rk ; Dk ) is not pareto-optimal, indicating .
that conventionally-trained HVAEs are not good progres- + D (d(ze:r § x) kp(ze:T))

sive coders. In this section, we shall encourage the HVAE

to be better at progressive coding by proposing an altermngherep® andq denote optimization over the speci ¢ sub-

tive training procedure—one which forc€Bx ;Dk ) 10 componentp(x; zk +1: T j Zi:k ) andg(zk +1: T | X; Z1:k )-
be pareto-optimal. We shall then test whether doing so ] )
improves the HVAE's sampling quality. Stated as such, our method for encouraging progressive cod-

ing is simply a two-stage training procedure that rst learns
Here, we note that the exact choice of pareto-optimal poin{he representatiors.x in the rst stage which directly ex-
may be critical; choosing the pareto-optimal point wherepgses them to distortion minimization, followed by learning
Rk =0 will in fact harm the model's performance since it the remaining representations... 1 in the second stage
will prevent the HVAE from making statistical use of its sty accordance to the ELBO objective. This procedure can
K latent variables. This would be analogous to injecting aneasily be extended to a multi-stage training when enforc-

arbitrarily large amount of noise in the middie of a DDPM's jng progressive coding over more than two groups of latent
diffusion process. Similar to how the choice of noise schedygriaples.

ule is important for diffusion models with a discrete number ) ) _ _
of diffusion steps (Kingma et al., 2021), we treat the selecln Practice, however, the typical architectural choices for

parameter-sharing within and acrgsandq that make sub-

Our procedure for enforcin@ ; D ) to be pareto-optimal - component freezing a challenge. We break the parameter-
is simple; Equations (1) and (2) offer two such methods forsharing by instead training two fully- edged VDVAEs and
selecting a pareto-optimal point: either x a rate target considering the composition of the two VDVAES to be our
and directly optimizezy.x to minimize distortion, or X fy|| HVAE. In the rst stage, we train an unconditional

a distortion target and directly optimizezy.x to mini-  yDVAE to minimize rate while targeting a particular mean-
mize rate. These procedures, respectively, will require us tQquared error distortichIn the second stage, we then train
prescribe a choice of rate target or distortion target as a hy; conditional VDVAE that learns to conditionally generate
perparameter. We choose to work with distortion-targetingpe original image based on the reconstructed image from
because we nd the Euclidean distance more intuitive thanpe rst-stage VDVAE® The sampling procedure for the
an information-theoretic quantity; in particular, it is useful || HVAE thus involves rst unconditional sampling from
that a mean-squared error of zero corresponds to perfect rgge rst-stage VDVAE, followed by conditional sampling
construction, whereas it is unclear how large the rate Shou'@econd-stage VDVAE conditioned on the rst-stage sample.
be to achieve near-perfect reconstructions. We shall thuggy tair comparison against a conventionally-trained HVAE,
proceed by describing the our distortion-targeting procedurgye made sure that the conventionally-trained HVAE has
and how we trained the remainiag ... v latent variables  the exact same functional parameterization and number of

in the full HVAE. trainable parameters as our full model—differing only in
the choiceof parameter values due to different training pro-
5.1. Method cedures. Similar to Section 4, we conduct our experiments

on SVHN, CelebA, and LSUN-Bedrooms. To test whether
progressive coding improves sampling quality, we compare
the FID scores (Heusel et al., 2017) for the conventionally-

To enforce pareto-optimality R ; Dk ), we optimized
the following objective function,

(rjnin Epoa ) DkL(A(Zeik | X) K p(Z1:x ) trained HVAE versus our progressively-coded HVAE.
pid
Sit: Epye () Eq(zex jx)f (x;d(z1x)) : _ “To _do s0, we replaced the discretized mixture of logistics head
with a linear head.
for various choices of distortion target Optimizing this >We condition on the reconstructed image rather than directly

objective allows us to learn the subcomponep(iz; .« ) on the rst-stage VDVAE's representations in part because of archi-
andq(zix j x) of the HVAE, and ensures that the la- tectural convenience, and in part because the reconstructed image

tent iabl trained so thdRw "D ) i t can be seen as a summarization of the rst-stage representations.
ent variableg;.x are trained so thdR ; D ) is pareto- This gives our second-stage VDVAE the interpretation as a proba-

optimal. To complete the full HVAE, we must still learn pilistic deblurringautoencoder, since it conditions on the blurry
P(X;Zk +1: 7 | Z1k) andq(zk +1: T | X;Z1:xk). To do  images constructed by the rst-stage VDVAE.






