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Abstract

Incomplete multi-view clustering is a significant
but challenging task. Although jointly imput-
ing incomplete samples and conducting cluster-
ing has been shown to achieve promising perfor-
mance, learning from both complete and incom-
plete data may be worse than learning only from
complete data, particularly when imputed views
are semantic inconsistent with missing views. To
address this issue, we propose a novel framework
to reduce the clustering performance degradation
risk from semantic inconsistent imputed views.
Concretely, by the proposed bi-level optimization
framework, missing views are dynamically im-
puted from the learned semantic neighbors, and
imputed samples are automatically selected for
training. In theory, the empirical risk of the model
is no higher than learning only from complete
data, and the model is never worse than learn-
ing only from complete data in terms of expected
risk with high probability. Comprehensive ex-
periments demonstrate that the proposed method
achieves superior performance and efficient safe
incomplete multi-view clustering.

1. Introduction

Multi-view data, containing modalities from multiple do-
mains, exists widely in real-world application scenarios. For
example, multiple types of information is provided by sen-
sors attached to the autonomous vehicle, which are treated
as multiple views. Due to the expensive cost of collecting
a large amount of data with manual annotations, numerous
studies in multi-view clustering (Nie et al., 2016; Zhang
et al., 2017; Peng et al., 2019; Liu et al., 2021c; Xu et al.,
2021; Pan & Kang, 2021; Xu et al., 2022b) are developed
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and demonstrate that mining the complementary informa-
tion of multiple views yields promising performance.

The aforementioned studies are based on the assumption that
instances contain the same number of views, which may not
be satisfied in real-world applications. Taking autonomous
driving as an example, some types of information from sen-
sors is missing due to hardware faults or interference signals,
leading to the incompleteness of multi-view data. Recent
years have witnessed the development of incomplete multi-
view clustering (IMVC) approaches (Li et al., 2014; Shao
etal., 2015; Zhao et al., 2016; Hu & Chen, 2018; Guo & Ye,
2019; Wen et al., 2020; Lin et al., 2021; Xu et al., 2022a),
and most of them fall into imputation approaches that jointly
fill incomplete instances and conduct clustering. However,
learning from complete and filled samples is sometimes
worse than learning only from complete data. Intuitively,
the model attempts to recover the missing views without
ground-truth information, which may affect the quality of
imputed views. Cluster-oriented imputed samples that are
semantic consistent with the missing samples boost cluster-
ing performance, yet the semantic inconsistency between
imputed views and other views disturbs the intrinsic com-
mon semantics of multiple views, leading to the difficulty
of learning consistent cluster assignments and degenerated
clustering performance. Therefore, incomplete multi-view
clustering should focus on the following two challenges at
the same time, namely (i) how to achieve semantic consis-
tency between imputed views and missing views? and (ii)
how to reduce the risk of clustering performance degradation
caused by semantic inconsistency between imputed views
and missing views? Although existing studies have explored
to learn imputations with high semantic consistency, efforts
to simultaneously address these two challenges, particularly
reducing the cluster performance degradation risk caused
by semantic inconsistent imputed views, are still limited.

To this end, we propose a novel IMVC framework named
Deep Safe Incomplete Multi-View Clustering (DSIMVC)
to achieve safe incomplete multi-view clustering, namely,
learning from both complete and incomplete data is no
worse than learning only from complete data. Towards
this goal, a weighting function is introduced to automati-
cally assign weights to the incomplete samples. On the one
hand, the weighting function is optimized to minimize the
empirical clustering risk of the learner on complete data.
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On the other hand, the model is trained from complete datanissing problems. The differences between previous ap-
and weighted incomplete data, which reduces the negativieroaches and our work are as follows. First, the neighbors

effects from low-quality imputed views, especially with are mined from the learned representation features and up-
semantic inconsistency. These two learning processes adated dynamically, in contrast to (Wang et al., 2021b) where

cast as a uni ed bi-level optimization framework. Besides,the relationships are based on raw input and remain un-
DSIMVC dynamically mines th&-nearest neighbors based changed. Second, the proposed framework is theoretically
on learned semantic features, from which missing viewsgyuaranteed to achieve no degraded clustering performance.

are imputed. By this means, the learned representation fegéfeness studies in machine learningSafeness studies

tures guide neighbor search and missing views |mputat|or|1h machine learning aim to reduce the risk of performance

which further promotes the model to learn better represen; . : : .
egradation. For semi-supervised and weakly supervised

tation features. In theory, on complete data, the enmiri(;a?earnin safeness means that the performance of a learner
clustering risk of DSIMVC is no higher than learning only 9, P

: . fdoes not degrade by using unlabeled data. In (Li & Zhou,
from complete data. Also, the expected clustering risk 02014) multiple low-density separators are utilized to ap-
DSIMVC is no higher than learning only from complete ' P y sep P

s - . —_proximate the ground-truth decision boundary. The work (Li
data with high probability. Experimental results on public et al., 2017) proposes a geometric projection based frame-

datasets demonstrate the superiority and effectiveness of the - . . )
proposed learning schema. work to learn predlct!ons_from multiple sem!-superws_ed
regressors. Further, in (Li et al., 2019), a uni ed learning
schema is proposed where the ground-truth label assign-
2. Related Work ment is approximated by a convex linear combination of
base weakly supervised learners. In (Guo et al., 2020),
a deep learning based framework that tackles the perfor-
mance degradation caused by class mismatch via bi-level
optimization is presented. For unsupervised learning, the
Incomplete multi-view clustering. Existing incomplete work (Tao et al., 2018) establishes a min-max optimization
multi-view clustering methods can be divided into tradi-based framework to guarantee that multi-view methods are
tional methods (Liu et al., 2020; Zhang et al., 2021; Li et al.,no worse than a given single-view method. Recent work
2022) and deep learning based methods (Xu et al., 2019Tang & Liu, 2022) achieves multi-view safeness where the
Wang et al., 2021a; Zhang et al., 2022; Yang et al., 2022humber of views dynamically increases. The differences
In (Li et al., 2014), common latent subspace is mined vigbetween previous studies and our work are summarized as
non-negative matrix factorization technique. In (Wen et al.follows. First, the works (Li & Zhou, 2014; Li et al., 2017;
2019), latent features from multiple views are aligned, and2019) focus on semi-supervised or weakly supervised learn-
the common local structure is exploited via a consensugg where partial ground-truth labels are available, while our
graph. Collaboratively imputing incomplete kernel matri-work focus on clustering where all ground-truth labels are
ces and conducting clustering are rst introduced in (Liu not available. Second, different from the work (Tao et al.,
et al., 2020). By a well-designed self-paced learning base@018) that relies on sample completeness assumption, the
framework, the work (Wen et al., 2020) reduces the negproposed framework is feasible for data with missing views.
ative in uence of the marginal samples. Motivated from This work is inspired by (Ren et al., 2018; Shu et al., 2019;
the information theory, a uni ed framework is proposed in Guo et al., 2020). It should be pointed out that the goal of
(Lin et al., 2021) to jointly learn consistent representation(Guo et al., 2020) is eliminating performance degradation
and recover the missing view by maximizing the mutualcaused by class mismatch in semi-supervised learning, yet
information while minimizing the conditional entropy of our work aims to provide not degenerated performance for
multiple views. The work (Liu et al., 2021b) proposes to im-model learning from both complete and incomplete data
pute the incomplete base matrix from multiple views with ain IMVC. Another main difference lies in the theoretical
learned consensus matrix regularized by prior knowledge. Aesults,.e., we demonstrate that learning with complete and
one-stage late fusion method is introduced in (Zhang et alimputed samples is not worse than learning only with com-
2021) that incorporates the imputation of missing viewsplete data in terms of expected risk with high probability
and clustering. The work (Wang et al., 2021b) proposes tander the proposed framework.
generate the missing views via graph neural network based
on the i_nter-instance relationships that are.trar?sf_erred frorg_ Methodology
other views. Learnable latent representation is introduce
in (Zhang et al., 2022) to mine the common semantics fromn this section, we rst give the notations and de nitions
multiple views. The authors in (Yang et al., 2022) establishused in this paper. Then we detail the proposed deep safe
a uni ed framework to address view-aligned and sampleincomplete multi-view clustering framework. After that, we

In this section, we brie y introduce the recent development
of the topics related to our work, including IMVC and safe-
ness studies in machine learning.
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Figure 1.0verview of the DSIMVC framework. Each row represents a sample and different shapes indicate multiple views. Edges of
available and missing views are indicated by solid and dashed lines, respectively.

present the theoretical analysis of our framework, includingThus, our goal is to build a new incomplete multi-view
convergence analysis and its mechanism to achieve safdustering framework with theoretical guarantee to achieve
incomplete multi-view clustering. the de ned safe incomplete multi-view clustering.

3.1. Notation and De nition 3.2. Deep Safe Incomplete Multi-view Clustering

The incomplete multi-view dataset withinstances sampled Letf : X 7! RP RK denotes the function that maps
i.i.d. frominput spac& is denoted a® = fx;gl,; ,where input samples into semantic features and cluster assignment
each instance contaims views and thep-th view of sample  probability. In this workf is implemented by a deep neural

x is denoted agP. The existence of views are described network with parametens. Then, for a given sampbe’,

by an indicator matribM 2 f 0;1g" ™,i.e, M =1 de- its semantic features and cluster assignment probability are
notes thep-th view of thei-th sample is available, otherwise denoted a7 (xP;w) 2 RP andfq (xP;w) 2 RX, respec-

M =0. r21 denotes the combination number. The num-ively. Due to the superior ability of deep neural networks
ber of complete and incomplete samples are denoted as in learning representation, the geometric relationships of
andne, respectively. LeK be the number of categories feature vectors re ect the semantic relationships of samples
that is known in advance. To reduce the risk of clusteringto some extent (Van Gansbeke et al., 2020). That is, samples
performance degradation from incomplete data, the clustemay belong to the same category if their feature vectors are
ing performance of the model learning from both completeclose to each other in feature space, which motivates us to
and incomplete data should be no worse than learning onlgecover the missing views from neighbors inferred by fea-
from complete data. However, due to all ground-truth latures. Note that with the increase of iterations, features with
bels are not available, it is hard to measure the clusteringnore semantic information are learned and more reliable
performance of the model. According to the empirical riskneighbors can be mined. Thus, neighbors are dynamically
minimization, the model should minimize the empirical clus-updated to better describe the intrinsic relationships of sam-
tering risk on complete data that contains complete commoples. Inspired by (Zhong et al., 2021), the semantic features
semantic information. With this observation in mind, we of the available viewc? (i.e, M i, = 1) in thet-th iteration

present the following de nition. is updated in a moving-average manner:

De nition 3.1 (Safe Incomplete Multi-view Clustering) ot 1 o

For a given multi-view dataset, if the empirical clustering pt _ (1 )z T+ fz(xiw)
risk on the complete data of the model learning from both ' k@ )2 T+ f 2 (xXPhw)ke

complete and incomplete data is no higher than learning only

from complete data, this model is said to achieve empiricalvhere is the trade-off coef cient. According to the fact
safe incomplete multi-view clustering. Further, a modelthat multiple views of a sample share common semantic
is de ned to achieve expected safe incomplete multi-viewinformation, the neighbors of other views serve as comple-
clustering if its expected clustering risk is no higher thanmentary information to nd the neighbors of the current
learning only from complete data with high probability. ~ view. Thus, semantic neighbors of the samyein thet-th
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iteration are de ned as regularization term is jointly optimized to prevent the trivial
solution, which is formulated as
Pt .— [m : P 2 Q§t0- 1
Ni - g=1:96p Xj ! i ’ ( ) C X X( p p
’ Lr(f (D% w)) = Qj logQy’;
with p=t =t
PO K (ot 0 whereQP = 1 P QP . The clustering loss on complete
= g 2N @) M = Mg = M =1 e I
where ' denotes the neighbors' indicesxdt that inferred L(f (D% w) = Le (f(D;w))+ Lc(f(D:w))
from x{ in thet-th iteration, andN ¥ (z9) represents thie- + Lr(f(D;w)):

nearest neighbors of the semantic feata®s By this way, . . )
the semantic information learned from features among alf he clustering loss (f (D; w) on lled incomplete data
views is utilized to nd more reliable neighbors, from which IS de ned accordingly by substituting for x. However,

the missing are imputed. In this work, we simply impute thethe model may still face the risk of performance degrada-
missing views with the average of semantic neighbices, tion when inferred neighbors are semantic inconsistent with

missing views. Therefore, DSIMVC dynamically selects

{Pt = 1. X P @ incomplete sa'mples for training via a weighting fu.n'ction
' ' oan Pt g: X 7! Ry with parameters. To achieve the empirical
A safe incomplete multi-view clustering in De nition 3.1, we

After that, imputed views and other views are constructed®’0P0se the following optimization problem:

as a subseD® = fxjg , where thep th view ofx' is minL(f (D%w)) st w2S()
denoted axP'. For each incomplete sample, missing views w 3)
are imputed while other views are retained, xP* = &P* S( ) =argmin L(f (D% w))+ L(f (D% w);g(D*; ));
if M, = 0 otherwisex = xP. It is worth noticing "
thatD® is updated in each iteration to improve the semanwhere
tic consistency between imputed views and missing views. . .
Since imputed views are inferred from learned neighbors, ~ L(f (D7 w):g(D™; )
the semantic consistency between imputed views and miss- _ X¢ . 2 D, \> a.
ing views depends on the reliability of learned neighbors. glxi;w) Ne fz (s w)” fz (s w)
We resort to the following objective based on spectral con- ' 1 X Ptz ,
trastive loss (HaoChen et al., 2021) to achieve the alignment  + 5~ fz (xP;w)™ fz (x5 w)
among views and mine high-quality features: 2 jsi #
XX 2 Xe + Lc(f (D% w) + Ler(f(D%w) :
Le (f(D%w)) = e fz (xP;w)” fz (x; w)
=1 q=p+1 i=1
" qlp Xe X ¢ := fx;g', isthe subset ob with complete samples,
t o f2(xP;w) fz(x%w) > : andL : RP  RK 7! R represents the clustering loss.
2 0=l jei Eq. (3) is a bi-level optimization problem that contains two

levels of optimization tasks (Sinha et al., 201i7¢,, the

Besides, since multiple views contain common semantiC§y ey |evel and the upper-level optimization problems. Con-
the cluster assignment probabilities among views should bg ooy, the lower-level problem is a traditional multi-view

ck?nsstsl_’]t.. Thu?, the foIIIQV\{|ng.objgct|ve is utilized t0 align ¢,;stering problem that aims to nd the best multi-view
the predictions from multiple views: modelf learning from both complete data and incomplete
data with weights given byg. In the upper-level optimiza-

QP” Q} : A o e
Le(F (DS w)) = 1 xnox X log e - tion problem, the weighting functiog is optimized such
X P s p L. .
K oot gepsa a1 " Q) @t that the model returned by the lower-level optimization
0P oo task achieves the lowest empirical risk on complete data,
exl ]

by which cluster-bene cial lled incomplete instances are
selected. Solving Eq. (3) is challenging since the global
optima is arduous to obtain (Liu et al., 2021a; Bao et al.,
whereQP = [fo(xP;w)”; fo(xhiw)”]1 2 R K 2021). To this end, we assume that the lower-level singleton
andep is thej -th column ofQP. Following (Huang et al., condition holds (Franceschi et al., 2018; Ren et al., 2018),
2020; Van Gansbeke et al., 2020; Zhong et al., 2021), avhich implies that the optimal solution of the upper-level

g Q" @l
J
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optimization task is unique and reduces the dif culty in solv-Algorithm 1 Deep Safe Incomplete Multi-view Clustering

ing the bi-level optimization problem. With this assumption, Input: |ncomp|ete multi-view datdxp; T ngg‘:l ,
Eq. (3) is reformulated as number of clusteK , learning rate ,, and , max it-
erationsT .

n;gvinl'(f(D w () Output: Cluster assignments.

Initialize the parameters of, g, semantic features
fzP%g; , and semantic neighbofls POgr; .

w ()= argmin L(f (D%;w)+ L(f (D%;w);g(D%; )):

Eg. (4) can be solved by gradient based optimization ap- fort=0toT ) 1do )
proach (Shu et al., 2019; Guo et al., 2020). Speci cally,in  Mpute the incomplete views by Eq. (2).

each training iteration, the optimal solution of the lower- ~ S@mple a random mini-batch complete data fidf
level optimization problemif., w ( )) is approximated and incomplete data fro@°.
by the one-step iterative valui®) ( ) towards the gradient Compute the lower-level objective by Eq. (4).
descent direction, namely, Update by Eq. (5).
Updatew by Eq. (6).
WO )y=w®  r W L(F (D% WD) Update semantic neighbors according to Eq. (1).
end for

L(f (D% w"); g(D%; ): . . :
wl wb (F(DZwW):0(D7 ) ComputetpeoverallcIusteraSS|gnmentprobab|l|tymatr|x

After that, the approximate solution of the lower-level op- by Q = 0 ?:1 QP.

timization problem is transmitted into the upper-level op- Compute cluster assignments fy= argmax; Qj; .
timization problem to guide the update of the weighting
network parametersge.,

(1) o PR Proofs of theorems in this paper are provided in the ap-
= roLE@EWEC ) (®)  pendix due to space limit. Theorem 3.2 demonstrates that

In this step. the weiahting network automatically change the optimization algorithm theoretically converges to the
P, ghiing y 9 local) optima. Next, to see that the proposed framework

the weights of incomplete samples to minimize the empirica ; o L -
9 P P P can achieve empirical safe multi-view clustering, we ana-

C:/Sl? Or:tthde ilr?arr:r(]aflotn cor:]npklate sarr:plne]s.t Brasefdtkc]) n Ithgrrr:eivlyze the empirical clustering risk of DSIMVC and obtain
eighted incomplete samples, parameters of the learner following theorem.

are updated by
Theorem 3.3. Let IB(f (D;w)) be the empirical cluster-
wtD =w® e L (DS wY)) ( ing risk on complete datdD¢. The parameters of the
r WL (f (D% w®);g(D% ™ )): multi-view model learning only from complete data and

the optimal solution of Eq. (4) are denoted as =
By this mechanism, those high-quality imputed samplesargmin,, IP(f (D®;w)) and " respectively. We can prove
(i.e., semantic consistent samples) are selected and thosgat P(f (D¢;w (7))  IP(f (D%;w )).
low-quality imputed sampled.€., semantic inconsistent
samples) are discarded, which reduces the clustering perfarheorem 3.3 reveals that the multi-view learner is theo-
mance degradation risk caused by semantic inconsistencggtically guaranteed to achieve empirical safe incomplete
The overall learning process is summarized in Algorithm 1multi-view clustering in De nition 3.1 under the proposed
bi-level optimization framework,e., the empirical cluster-
3.3. Theoretical Analysis ing risk of DSIMVC is no higher than that of the model

learning only from complete data. We further analyze the

We rstanalyze the convergence of the proposed frameworky i, of DSIMVC to achieve safe incomplete multi-view
To simplify the notations, the objective of the upper-level clustering on unseen data I.IB@f (D% w (")) be the em-

optlmlz'atlon problem in Eq.. (4) is d.e”."te‘?' agw( ). pirical clustering risk of DSIMVC andP(f (D;w )) be the
According to the a_forementloned optimization procecjureempirical clustering risk of the model learning only from
we have the following theorem. complete data. The expectation B¢f (D¢;w (")) and
Theorem 3.2. Suppose thag(; ) and loss function |p(f (D;w )) are denoted as(f (w (’\))) andL (f (w )),

L(; ;w) are twice differential with bound gradients and yespectively. The family of is de ned asF . Recent works
Hessians. Suppose that the learning ratg satis es  (Ljy, 2021; Li & Liu, 2021) establish pioneering theoreti-

w = minf1; {gfor somek > 0 such thatf < 1land  cal analysis for sharper generalization bound of clustering

= min f %; p%g for someC > 0, such thatTT L. approaches. Inspired by these studies, we obtain the follow-

Then the proposed bi-level optimization problem can achievéng theorem by analyzing the generalization bound of the
ming ¢ 1 E[krL (W ( M))k3] in O(1= 2) steps. proposed DSIMVC method.
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Theorem 3.4. Suppose thakf 7 (xP)k; E hold for  ated by three metrics, including clustering accuracy (ACC),
all fxPgil, 2 X, whereE > 0Qis a constant. For any normalized mutual information (NMI), and purity. For all
0< < 1, with at least probabilityl foranyf 2 F, these metrics, a higher value means better performance. The

the following inequality holds experiment on each dataset is repeated 10 times indepen-
r oo = dently and the average values and the standard deviations
LEMw (M)+ " L (fF(w)+ p‘% +o Q91< . are reported.
[ Cc

Implementation details. For each dataset, we generate

incomplete samples by randomly removing views under the
condition that at least one view remained in the sample. The
According to Theorem 3.2, we hate 0. Theorem 3.4 ratio of incomplete sample sizes to overall sample sizes

shows that the proposed framework can achieve expected denoted ap, which ranges from 0.1 to 0.7 with 0.2 as
safe incomplete multi-view clustering in De nition 3.1. interval. The implementation is based on PyTorch (Paszke

That is, with high probabilityl , the expected clus- et aI.,_2019) plat.form. Please refer to thg appendb.( for the
tering risk on the complete part of DSIMVC is no higher experiment details and results of the purity comparison.
than learning only from complete data. To summarize, the

proposed framework is theoretically guaranteed to achievé-2. Experimental Results

safe incomplete multi-view clustering in terms of both em'CIustering performance comparison. The ACC and NMI
pirical and generalization clustering risk, which may becomparison is presented in Table 1. From this table, we

the best guarantee for safe incomplete clustering where afain the following observations: (i) Overall, the other

wherec; andc, are constants dependent onE;K;m . "
is formulated a$ := B(f (D;w )) B (D;w (7).

ground-truth labels are not available. IMVC methods perform better than BSV, which indicates
that the imputed views inferred by other IMVC methods
4. Experiments contain more semantic information than the average vectors

and thus alleviate the clustering risk degradation risk caused
by semantic inconsistency. (ii) The proposed DSIMVC sig-

Datasets.The experiments are conducted on several widelyi cantly outperforms the other methods on all datasets,
used benchmark multi-view dataseBDGP (Cai et al., especially with high dimensional input features and more
2012) is a drosophila embryos image dataset with 2,50éncomplete views. For example, on CCV with a missing
Samp'es of 5 ObjectS, where each Samp|e is described 5‘?“0 of 07, DSIMVC exceeds the second best one by about
1750-D visual feature and 79-D textual featurdNIST- ~ 7-5% and 9.26 in terms of ACC and NMI, respectively.
USPS(Peng et al., 2019) contains 5,000 Samp|es of 1d—h|S result demonstrates the Superiority of JOlntly mining
categories, where the rst view and the second view aresemantic imputed views and reducing the clustering perfor-
sampled from the popular MNIST (LeCun et al., 1998) andmance risk. (iii) When the missing ratio increased from 0.5
USPS handwritten digit datasets, respectivélglumbia 10 0.7 on BDGP, compared with the second best one whose
Consumer Video (CCV)(Jiang et al., 2011) is composed of ACC decrease by 10%2in terms of ACC, the ACC of our
6,773 samples from 20 categories. 5,000-D STIP feature§}€thod decrease by only 3&2which demonstrates the ef-
5,000-D SIFT, and 4,000-D MFCC features extracted fromfectiveness of the proposed learning schema to achieve safe
YouTube videos are treated as three viesiti-Fashion is ~ incomplete multi-view clustering by automatically weight-

a two-view dataset constructing from Fashion-MNIST (Xiao INg imputed samples. These observations demonstrate the
et al., 2017) that consists of 5,000 samples. Following th&uperiority of DSIMVC against other methods, which is
same manner to construct MNIST-USPS, the original imagélue to the proposed bi-level optimization based learning
and the randomly sampled image from the same catego§chema reducing negative effects of semantic inconsistent
are regarded as two views. lled views.

Baseline methodsWe compare the proposed framework Convergence analysis and visualizationin Figure 2, we

with the fo”owing baselines: best Sing'e view C|ustering plot the Objective value and the values of evaluation metrics
(BSV), PVC (Li et al., 2014), UEAF (Wen et al., 2019), With iterations to verify its convergence. One can observe
CDIMC-net (Wen et al., 2020), MKKM-IK (Liu et al., 2020) that the objective value decreases rapidly and then continu-
COMPLETER (Lin et al., 2021), EE-R-IMVC (Liu et al., ously decrease until convergence. Also, the values of ACC,
2021b), and OS-IF-IMVC (Zhang et al., 2021). Following NMI, and purity rstly increase with iterations and then
(Zhao et al., 2016), missing views are rstimputed by the keep uctuation in a narrow range. These results demon-
average value of available views and then the best resulggrate the convergence of DSIMVC, which is consistent with

obtained b)k_means among all views are reported in BSV. the theoretical analySiS in Theorem 3.2. Afterward, to Verify

) ) i . the effectiveness of DSIMVC in mining semantic neighbors,
Evaluation metrics. The clustering performance is evalu-

4.1. Experimental Setup
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Table 1.Clustering accuracy (ACC) and normalized mutual information (NMI) comparison (m&tdh of different methods on all
benchmark datasets with different missing ratios. Best results are shown in bold.

ACC NMI
Dataset  Methodp 0.1 0.3 0.5 0.7 0.1 0.3 0.5 0.7
BSV 59.64 1.43 54.67 1.34 4449 059 35.96 0.32 47.21 1.54 4253 1.40 32.24 0.63 22.97 0.37
PVC 55.64 2.48 54.99 0.13 68.33 7.49 59.87 0.26 29.37 243 3153 0.12 46.69 6.97 42.25 0.51
UEAF 90.66 0.57 89.32 0.00 87.08 0.00 76.88 0.00 74.87 1.33  71.99 0.00 67.15 0.00 53.75 0.00
o CDIMC-net 80.47 0.82 74.67 053 67.71 1.05 56.11 480 70.08 0.36 67.64 0.78 5451 1.12  39.70 4.85
8 MKKM-IK 65.01 0.03 59.80 0.00 52.56 0.00 43.84 0.00 49.62 0.51 3522 0.00 24.55 0.00 14.58 0.00
o EE-R-IMVC 65.28 0.00 57.36 0.00 42.48 0.00 34.85248 43.82 0.00 31.79 0.00 21.39 0.00 11.87 1.99
COMPLETER  40.917.04 41.80 412 4154 7.64 39.63 278 33.19 433 31.15543 32.62 558 27.47 3.37
OS-LF-IMVC 82.78 2.18 74.34 1.16 59.71 3.22 45.34 1.39 60.25 4.69 48.27 2.33 30.56 3.97 18.54 1.31
DSIMVC 98.40 0.26 96.93 0.45 9529 0.37 92.14 0.84 94.67 091 90.34 1.13  86.11 0.92  79.37 1.56
BSV 49.15 1.76 42.57 1.70 35.62 1.67 26.67 1.04 45.15 0.69 39.17 0.78 31.73 0.94 23.62 0.41
» PVC 64.57 2.73 63.04 3.69 52.56 1.14 50.24 2.84 58.74 1.66 55.63 1.03 46.35 0.47 44.34 1.33
ol UEAF 71.27 097 66.08 1.26 6194 0.00 54.18 0.00 66.75 1.81 58.04 2.14 57.84 0.00 49.77 0.00
% CDIMC-net 52.23 452 49.72 1.10 4797 1.13 31.78 1.68 61.45 2.74 64.40 242 56.62 0.87  34.79 0.83
(I/l) MKKM-IK 72.25 0.61 64.44 0.00 49.74 1.04 35.70 0.00 61.64 0.18 52.01 0.00 37.67 0.59 24.68 0.00
> EE-R-IMVC 75.07 050 58.86 0.00 45.58 0.00 28.02 0.00 64.27 0.17 49.47 0.00 34.15 0.00 16.97 0.00
S COMPLETER  96.87 1.04 96.56 0.82 93.66 5.63 83.80 6.05 93.94 1.29 92.31 1.18 90.51 2.71  81.18 2.94
OS-LF-IMVC 62.29 1.80 46.58 2.93 32.83 1.45 23.70 0.86 49.14 2.42 33.98 2.11 22.22 0.82 13.96 0.66
DSIMVC 98.88 0.09 97.89 0.14 96.78 0.25 93.34 0.64 96.91 0.21 9450 0.36 91.98 0.55 85.64 0.93
BSV 18.91 0.37 17.55 0.41 15.74 0.26 14.46 0.27 17.22 0.15 15.61 0.20 13.44 0.15 11.46 0.10
PVC 16.48 0.40 1554 0.27 1475 0.33 14.01 0.24 13.86 0.36  10.12 0.28 9.67 0.27 8.66 0.18
UEAF 26.38 0.00 24.82 0.00 22.63 0.00 14.92 3.20 23.64 0.00 23.10 0.00 21.34 0.00 10.42 3.66
> CDIMC-net 18.53 1.10 18.20 1.24 17.41 0.56 14.53 0.98 15.88 0.68 14.89 0.72 13.45 1.06 9.28 1.12
8 MKKM-IK 19.71 0.38 18.29 0.00 15.46 0.00 14.13 0.00 14.78 0.06 12.61 0.00  10.30 0.00 8.00 0.00
EE-R-IMVC 25.29 0.04 23.03 0.00 17.87 0.00 14.78 0.00 21.43 0.10 17.53 0.00 12.35 0.00 7.48 0.00
COMPLETER 21.72 1.30 20.62 0.48 18.38 0.73 17.35 0.69 22.57 0.96 19.59 0.66 17.33 0.80 13.73 0.79
OS-LF-IMVC 20.47 0.74 17.15 0.63 14.21 0.50 12.37 0.46 15.34 0.56  12.23 0.36 9.50 0.37 7.05 0.46
DSIMVC 30.90 1.22 29.33 1.24 27.07 0.81 24.87 0.49 29.76 0.71 28.18 0.65 25.72 0.61  22.96 0.56
BSV 49.81 2.60 4297 2.01 34.83 1.32 26,59 0.83 48.32 0.99 40.85 0.60 32.46 0.64 23.73 0.41
- PVC 45.69 0.44 40.77 1.50 42.01 2.61 40.55 0.79 4498 0.33  39.32 1.07 39.78 1.12 39.2 0.71
._g UEAF 57.07 0.67 50.88 2.88 48.96 0.88 30.34 0.00 57.15 1.72 48.79 4.78 44.04 4.03 24.13 0.00
a CDIMC-net 51.00 4.89 44.73 223 4210 3.00 37.61 3.68 6252 1.94 54.67 1.94 4485 4.19 46.05 1.29
w MKKM-IK 70.08 0.12 59.96 0.00 46.38 0.00 29.84 0.00 61.29 0.13 50.52 0.00 38.25 0.00 20.64 0.00
= EE-R-IMVC 72.83 097 63.32 0.00 51.16 0.00 20.24 0.00 65.78 0.36 57.28 0.00  43.50 0.00 14.61 0.00
b COMPLETER  78.630.33 7168 3.70 70.76 5.62 69.33 451 82.23 1.18 77.12 057 7476 1.35 70.23 2.73

OS-LF-IMVC 62.54 1.01 50.10 2.68 37.47 1.38 27.67 1.25 52.36 1.11 38.74 205 30.04 1.48 19.98 1.70
DSIMVC 89.60 0.89 87.47 1.23 83.79 140 7571169 8447070 8176 1.07 7782073 7153 1.45

Figure 2.The objective value and clustering performance of DSIMVC with the increase of iterations on BDGP, MNIST-USPS, and CCV.

we further calculated the proportion of semantic consistenhigher scores and semantic inconsistent imputations with
samples to available samples in each view of MNIST-USPSpwer scores, the quality of learned representation is im-
where the semantic consistent sample means its categorygsoved and thus leads to an increasing number of semantic
the same as the average of inferred neighbors' categoriesonsistent samples. Besides, the learned features with in-
Figure 4(a) illustrates that, due to the proposed frameworkreasing iterations are visualized b$NE (Van der Maaten
dynamically assigning semantic consistent imputations with& Hinton, 2008). As shown in Figure 3, the cluster struc-
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(a) Iteration 50 (b) Iteration 100 (c) Iteration 150 (d) Iteration 200

Figure 3.t-SNE visualization of the learned features on MNIST-USPS with increasing training iterations.

@ (b) (©)

Figure 4.Model analysis. (a) Semantic consistency ratio of the learned neighbors with the increase of iterations; (b) Clustering performance
in terms of NMI of DSIMVC and its variant with different missing ratios; (c) Parameters sensitivity analysis.

ture becomes more compact and separated with increasiragpproximations adopted in solving the bi-level problem and
iterations, which corresponds to a higher semantic consigferior local optima. These observations demonstrate that
tency ratio. The aforementioned observations verify thathe proposed bi-level optimization based framework reduces
the proposed framework alleviates the clustering degrad#he clustering performance degradation risk effectively.

tion risk from semantic inconsistent imputed views and thus

improves the clustering quality. 5. Conclusion

Parameter analysis and ablation study.In this part, we . . . .
. In this paper, we propose a uni ed framework with theoreti-
rst conduct experiments to evaluate the effect of the hyper- : . . :
) al guarantee to simultaneously mine semantic consistent
parameters on clustering performance, and then evaluate . X
X . mputations and reduce the clustering performance degra-
the effectiveness of the proposed framework to achieve safe ;.= . - . : .
. L . ation risk from semantic inconsistent imputations. By the
incomplete multi-view clustering. The hyper-parameters roposed bi-level optimization framework, missing views
of DSIMVC include the number of neighboksand the brop b ' 9

rade-off coefcient . Figure 4(c) presents the N of 2 BRRe b B0 o e for earning
DSIMVC by varyingk from 3to 7 and from 0.3 to 0.7. P P Y 9:

As observed, the clustering performance of DSIMVC isIn theory, t_he emplrl_cal clustering ”S.k on complete data of
. iy ! X . .~ the model is never higher than learning only from complete
insensitive with bottk and in a wide range, which indi-

. . o ata. Also, with high probability, the model is no worse than
cates that our framework is insensitive to the variation o . . o
g learning only from complete data in terms of generalization
the hyper-parameters. Thus,andk are empirically set

) . .riFk. Experimental results on public datasets demonstrate
t0 0.5 and 3, respectively. Besides, we evaluate a SPECIH e effectiveness of the proposed framework in achievin
variant of DSIMVC that learns only from complete data prop 9

(denoted as DSIMVC (complete)) on BDGP with different safe mcqmplete T““.'“ view clusterlng.. We hope our work
. ) . could bring new insights to recover high-quality imputed
missing ratios, and the clustering performance on complete. g o
- views and improve the robustness of multi-view learners

samples are presented in Figure 4(b). One can nd that the

clustering performance of DSIMVC is no worse than its on incomplete data. Our future work includes developing

; T . . .new approaches to solve the bi-level optimization problem
variant on complete data, which is consistent with theoreti- : i
. o and extending the proposed framework to more challenging
cal results. Observations on other datasets are similar apar . L i
; scenarios where all samples contain missing views.
from some cases where the performance is affected by the
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A. Proofs.

In this appendix, we provide the detailed proofs of the theoretical results.

A.1. Proof of Theorem 3.2

The proof is motivated by (Shu et al., 2019). For concise, the multi-view sample is denate@/asrst show that the
upper-level objective as a function ofis Lipschitz smooth. The update wfis formulated as

» X . XX
wt) =w® % rw P@w+r@@zw —2— rw (zi;z;w)
Ne iy Ne(ne 1) i=1 j6i
0 1
xe t NG (2 w X t X :
= 9@ V) rwP@w ey PEiw) —— gz N@ . (ziiziwA;
c i_ Nne(ne 1) _ o
i=1 i=1 j6i
where )
1 x X h > > !
rw®@iw = 2 Fwfz (XP;w)” fz2 (xEw)+ rowfz (x5 w)” 2 (xP;w)
p=1 q= p+l
xoox
rw (zi;z;w):=2 fz (xP;w)” fz (x;w)
pPet 4= el i
rwfz (xXPiw)™ 2 (xfiw) + rowfz (X w)™ f2 (xP;w)
NE) 1 e X | (xP | (yd | (yd | (xP
rw < (ziyw):=— fo (X, wW)r wiq(xisw)+ fo (X' w)r wfg(x;w)
p=1 g=p+l I=1
1 X QF7QF ¢l oy K (P K (P L (P
P omar & ¢ fowrwio (xiw) + o (xiw)r wiq (X7 w)
s6j €7! k61 "
1 X | q. krod. K Q. | q.
+ P o@od fo(Xswir wig (Xiiw) + fo (X sw)r wfg (X' w)
s6) €71 7% kel
XX |
+ logQf +1 r wfgo(xP) ;
p=1 I=1
and .
1 xo o h . § [
rw®@w:= 2 Fwfz W) f2 (e w) + 1 wfz (x5 w)” 2 (s w)
p=1 g=p+1
1w (257 w) =2 fz (¢ w)” fz (% w)
pP=t A= P i
rwfz (P5w)” f2 el sw) + 1wz O w)” 2 (P w)
2 1 X X X | | | |
rw @ (@z;w) == 2 F50PwW)r wfo O w) + £40ehw)r wf (2 w)
p=1 g=p+l I=1
1 X QP7 Q@ £l (yP. K (4P K (P I rop.
+PW el <k fo (e ,wWIr wig (e, w)+ fo (7, wW)r wig (', w)
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1 X Q7 QF £l (ya K (yd K (yd | (yd
tp e grgr & ¢ foliwIrwio(ehiw)+ fo Oghw)r wio (i w)
s6j er) k6 |
X X h i |
+ logQP +1 1 wfq(xf)
p=1 I=1
Sincel (z; 2% ;w ) is second order differentiable, the gradient.@; z% ;w ) w.r.t. exists, which is formulated as
. X . XeX
roL@we) = oo GsrodE ) nene D) Gisk I (23 ) s

s=1 s=1 kés
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with
Gis = 1w ® ;W +
w(t)
N I
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w(t)
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SincelL (z;z% ;w ) is second order differentiable with bounded gradient, there exists a congtantl such that

ki w @ (zzw)k o, kr & @ (z; W)k
with bounded gradient, there exists constants 1
iGis j:jGiskj 2 § andjGisk |
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SincelL (z;z% ;w ) is second order differentiable with bounded Hessian, there exists a congtantl such that

kr 2,°W (z;; W)k 2, kr 2,°@ (z; W)k > andkr 2,7 (zi;z; W)k » hold. Sinceg(z; ) is second or-

der differentiable with bounded Hessian, there exists constants 1 such thatkr 2,g(z; )k 3 hold. Thus,

we havekFk 3 o 1. This implies thatkr Gik 12, 35 1 2, kr Giskkikr Gjsk 64, 351 2 and
kr Gjsk kK 3w 3 1 2 holds. Then we have

kr 22Li(W( ) ok

k

23382+ 3);
kr 22Li (W( ) (o z ?

6
32332+ 3):

Thus, the upper-level objective(z; z% ;w ) as a function of isG =6 2 3(3 2 ,+ 3)-Lipschitz smooth. Next, the
update rule of is formulated as

(t+1) — (1) (rL (W(t)( (t)))+ )

where = rL (WO ®))jg rL (WO ) andB is a mini-batch data sampled i.i.d. frobf. This indicates that
E[ ] =0 holds. First, we have

L(W(H-l)( (t+1) )) L (W(t)( (t))) I
— L(w(t‘fl)) ( (t+1) ) L (W(t)( (t+1) )+ L(W(t)( (t+1) ) L (W(t)( (t)))
hil (W D 3y gD ¢ )y a0 0 () 3 4 2pa(t+D) ¢ (1+1) ) a(t)  (1+1) )2
e (W DR ( ) ( )i > ( ) ( )L¢;
fhrl (WO( ©y): D @ %k ©) e,
According to the de nition of#, one can verify that
hrL (W(t)( (t+1) ));W(Hl) ( (t+1)) \A‘l(t)( (t+1) )i + 7ka(t’fl) ( (t+1)) W(t)( (t+1) )k§ 18 (2)+18 ) 5\/ SZ
Besides, we have

hrL (\f\‘l(t)( (t))); (t+1) O 4 %k (t+1) (t)kg
G 2
=hrl (WO O L O+ G kil (WO D)+ K
G i 2 G i 2 2
(ki IO+ ke (G Hhl (WO ) i
Therefore,

2
(oKL (K

G 2
L (w9 Oy L @™ (D y+18 , 5+18 2 5 5+ —-kk (G Hhi RO HE

Taking summation on both sides, we have
X
G ¢ =5kl WO OyK3
t=1

L (W(l)( 1) ) L (W(T)( (T)))+18 2T 1+ G? X 2 X 2 M) My, ;-
w ol ( w2)t — k k3 (¢ G oOhrl (&7( 27); i
t=1 t=1

Further, taking the expectation with respect ton both sides, one can nd that

X G ?
( —5)E kiL (WO Wy)K?
t=1
1 1 T T 2 G 2)@' 2
L) L @wOCM)+18 w 5TA+ w )+ — kK
t=1

GZTZ

L (W(l)( (1))) L (W(T)( (T)))+18 w ST(1+ w 2)+ 5
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Thus we have

P+ L2
m — ® ¢ ty)K2
- O ©y)2 =1 ( —)E @ krL (W' ( (V))k3
lin EkrL (W' ( ")k 5

T L2
p=1 ( )

WO (@) 2 W T)+36 w FT(AL+ w 2)+ G *T 2
T2 L2
LW (DY) 2 W T M) +36 o 3TA+ w 2)+ G 2T 2

T
:2L(W(1)( (1))) 2L(W(T)( (T))) . 36 g(1+ w 2) LG 2
T T
2L (WO ( DY) P 2L (W Myyj P . k P »
%mafo; Tg+ fmaxfu ?g+36m|nfl; ?gmafo; ?g ol w 2+1)

+ G ?minf %; F%g
=0(pZ):
A.2. Proof of Theorem 3.3
Proof. According to the de nition in the main paper, the objective of bi-level optimization is formulated as
min L (f (D% w (1))
w ()= argmin L(F (D%w) + L(f (D%w)ig(D%; ):
According to the de nition ofg, there exists ®such thagg(D®; 9 =0 holds. Thus we hav€(w ) = C'(w ( 9). Since”
is the optimal solution, for any 2 , the following equality holds
Cew () Cw ()
Replacing with © we have(w (")) L(w ). This nishes the proof.

A.3. Proof of Theorem Theorem 3.4

To prove Theorem 3.4, we rst introduce the following three lemmas.
Lemma A.1. Assume thakf 7 (xP)k; E holds for allf xPgiL,; 2 X . We de ne the empirical risk and its expectation as

XX o . X J
bt ) = = 2 Fw) f (xhw) fz (xP;w)> fz (x%w) * ;
o n._ nin 1)
p=1 g=p+1 i=1 ij =1:i6j
and "
oo J
L(f)= Exeixa  2fz(xPw)™ fz (x%w)+ fz (xP;w)™fz (x%w) © :
p=1 g=p+1

With probability at leastL. ~ , for anyf 2 F , we have

L(f) IB(f)+

4D2E* 1 1 1
pmﬁ(m )+4D2E4m(m 1) %Iog—:

Proof. This proof is inspired by (Li & Liu, 2021). We rst discuss the case where= 2. Letz := (xP;x) be the
multi-view tuple, then the sample set can be denote8l &s f z; g, . For simplicity, The rst and the second part of the loss
are denoted ak; (z;) := fz (xP;w)” fz (x{';w) andfz (zi;z) == [(f (xP;w)” f (xT;w))2 + (f (xP;w)> f (x{; w))?]=2,
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respectively. One can verify thig (z; 20 is symmetric functioni.e., f7 (z; 29 = f (z%z). Then the empirical risk and its
expectation can be formulated as

2 X 1 X
o) = 0 f,(z)+ e lfz(zi;zj);
i=1 i =1;i6]

and
L(f)= 2E,[fz(2)]+ Ezzolfz(z;29]:

Let S be the sample set that different frddrby only one tuplez, := (xP; x{). The empirical risk or$ is denoted aé”ﬂ .
We have

supjL  IB(f)j supjL(f) 1B%f)j
f 2F f 2F

supjlo(f)  1B%f)j
f 2F

2 1 X
sup = fz(z) fz(z) +sup ——— fz(z;z2) fz(z z) + fz(z,z) fz(zz)
f 2F n t2e n(n 1)
8DZE*
—

Then we analyze the upper bound of the expectation teemE sup; ¢ jIP(f ) L (f)j. Firstwe have

E sup jiP(f) L s(f)]
fz 2F
X

2 X 1
=E sup - fz(z) E:[fz(2)] + E sup m fz(zi;zj) Ezzo fz(Z;ZO)
fz 2F i=1 fz 2F 6]
2)@ 1 by(:2c
E sup o fz(z) E:[fz(2)] + E sup bn=2c f2(zi;Zivbn=2c) Ezzo0 fz(Z;ZO) ;
fz 2F i-1 fz 2F = i-1

term can be bound by

E su EX] [fz(z) fz(z)] +E su ib%ch (zi;z ) ib%ch (zi; z; )
S;SfZZE - Z \4i zZ \4i S; S; fZZIE) bn=2c - Z \4i,4i+bn=2c bn=2c - Z \4i4i+bn=2c
2)@ 1 byCZC
=Ess; sup — ilfz(z) fz(z)] + Egs, sup bn= ilfz(ziiZivbn=2c) Fz(Zi;2Z+pn=2c)]
f,2F N i1 fz 2F =2c i=1
1 bX:ZC
=4Es;, sup — ifz(zi) +2Es; sup — itz (Zi;Zi+bn=2¢)
g2 N 2 bn=2c
[ (1
1)@ 7 1 b%ZC , 7
4Es; sup =~ [fz(z)]® +2Es sup - [fz (Zi; Zi+ bn=2c)]
fz2F N, t;2¢  bn=2c i=1
8D2E*.
ﬂgfr

where the last inequality is obtain by the Khintchine-Kahane inequality (Lata a & Oleszkiewicz, 1994). Thus, according to
the McDiarmid inequality (Mohri et al., 2018), with probability at ledst for anyf 2 F , we have
S

24 log i
L(f)  Ib(F)+ %ﬁimDZE“ %:

The case wherm > 2, i.e, That is, with probability at least  for anyf 2 F , we have

r
4D’E*m(m 1)
"R

L(f) 1B(f)+ +4D2%E*m(m 1) %Iog}:
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Lemma A.2. We de ne the empirical risk and its expectation as

1 XX X eRf” Qf
b)y= —— log p————5—
nK QP” Q8
p=1 g=p+1 I=1 s61 € | "
1@ X X x o X |
= log ~ exp  fo(xP)fS(xP) fo(xP)f (xf)
n p=1 g=p+1l I=1 s6 | i=1 i=1
and " | #
1 X X X X | < ' | |
L(f): i |Og eXp Exp;xq fQ(Xp)fQ(Xp) ExP;xq fQ(Xp)fQ(Xq)
p=1 g=p+1 I=1 s6 |

With probability at leasft. | the following inequality holds

r—
m(m %)gK +2) N m(m 1)(K +1) ilog}:
2'n 2 2n

L(f) IB(f)+

Proof. We rst discuss the case when = 2. Letz := (xP; x{) be the multi-view tuple, then the sample set can be denoted
asS = fz g\, . For simplicity, the rst and the second part of the loss are denoté@se(szi) = f('g(xip;w)> fg(xip;w)
andf(z) == o (xP)f o (x7), respectively. Let:gS andF, be the family off ('55 (zi) andf 5 (z), respectively. Then the

empirical risk and its expectation can be formulated as
!

1 X X X 1 X
bf)y=_—= log  exp @) - fo (@)= B (f)+ PO (f);
1=1 s6 | i=1 I1=1 i=1
and o )
1 X X h i 1 h i
L(f)=  log exp E. f§(2) < E fo(z) = LW (F)+ LO(f):

=1 s6 | 1=1

We introduce the following empirical risk(f ) and its expectatioh (f ) to change the log-sum-exp term into a more concise
form,

X X
C(f) = Wll) fo (z);
I=1 s61 i=1
1 XX h Iis i
L(f)= KK D E. 18 (2) :
1=1 s61
One can verify that
ty B0y D e,
Ly Lo 2Dk e,
holds. Then we have
LO@) b0j= (O 09K 1) po 109K 1),
n n

maxfj (K DL(f)  C(E)iL) (K 1LE)ijg:

Without loss of generality, we assume thaaxfj (K~ 1)L(f) C(f)j;jL(f) (K  DEE)jg= j(K L) LC(F)j.
Let S be the sample set that different frd®rby only one tuplez, := (xP; x%). The empirical risk or8 is denoted af®,
We have

supj(K  L(F) C(F)i supj(K 1)L(F) LC%F)j
f 2F f 2F
supjC(f) C%f)j
f 2F

1 X X
or K (K 1)
1,
ﬁ.

fo(z) & ()
I1=1 s61



Deep Safe Incomplete Multi-view Clustering: Theorem and Algorithm

Esupj(K 1)L(f) LC(f)j
f 2F

1 X X 1 XX

ES;SfSZUFp nK (K 1) =1 s61 i=1 fés @) fgs (2) +(K & fslej:p nK (K 1) =1 s61 i=1 fgs ®)
Ess sup 1 Xxx i f3(z) f8(z) +(K 2)Es sup 1 XX 8 (z1)
Tore KK D) in © © Crar PK(K D) ia @
1 X X s
“KEs PR D, L, @

X
K maxEs; sup ifo (z1) = KRa(F&):
s f2r N

According to the Khintchine-Kahane inequality (Lata a & Oleszkiewicz, 1994), this term is bound by

[

2

I;s 1 X I;s 1 X I;s 2. 1 .
Rn(Fg')=Es; sup — ifg (z) Es; sup — [fg (z)] p=:
ool Mgy toorl My n

Thus, according to the McDiarmid inequality (Mohri et al., 2018), with probability at [ast=2 for anyf 2 F , we have
S
. . K log 2
supj(K ~ DL(f) C(f)j p=+ :
f 2F n 2n

By the same technique, with probability at least =2 for anyf 2 F , we have
S

supiL(f) (K D)) Pe+K
f2F n

log 2

2n

Note that we have showh @ (f)  B¥ |  maxfj(K  1LF) B.(H)j;jLE) (K 1)P.(f)j holds. Thus, with
probability atleast =2 for anyf 2 F , we have
S

log 2

2n

LOFY oD (f)+ ‘%* K

According to the derivation of the generalization bound based on Rademacher complexity (Mohri et al., 2018), with
probabilityl =2foranyf 2 F, we have

S

log 2

2n

L@(F) 1@ (F)+ p%+

Therefore, with probabilityl foranyf 2 F, we have
s

log 2
2n -’

L(F) 1y + Ep%i+(K +1)

The case wherm > 2is similar,i.e., with probability at least for anyf 2 F, we have

m(m 1)K +2) N m(m 1)(K +1)r 1 2

b R PO
L(f) DB(f)+ P 5 2nIog :
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Lemma A.3. We de ne the empirical risk and its expectation as
| |
XX X ’ X '
() = 2700 tog = 1400
p=1 1=1 i=1 Nia
and
XX
L(f)= Exfo(xP) log Exfo(xP)
p=1 I=1
With probability at leastL.  , the following inequality holds
S
m(m._ 1)C N m(m 1)C log
“n 2 2n '

b)Y L (F)+ .

whereC is a bounded constant.

Proof. We rst discuss the case where = 1. Letfé(xp) : X 7! R denote the function such th@g (xP) is thej -th

dimension off g (xP), andF{? be the family off ('?. De ne g(x) = xlogx, according to the Lagrange Mean Theorem, there
exists constant such thajg(x) g(y)j j log +1jjx vyj. According to the deviation of generalization bound based on
Rademacher complexity (Mohri et al., 2018), with probability forallf 2 F , we have

S

b)Y L (F)+ E%Jrc

logt

n

whereC is a bounded constant. The case where 2is similar. That is, with probabilityl forallf 2 F,we have

S
m(m 1)C m(m 1)C logl
b)) L (f)+ p——" + :
(f) L () P= 5 on
Now we give the proof of Theorem 3.4.
Proof. We de ne the empirical risk and its expectation as
" #
. XX 2><1 S 1 > 2
B(f (D% w( ) = =7 (o) fz (w) ¢ = f2 (xP;w)” 2 (x%; w)
p=1 gq=p+l n i=1 " n(n ) i =1 "iéj #
1 X X X X T I
+ K log exp fo (XP)fa(xi) fo (X7 fao(xi)
p=1 g=p+1l I=1 | s6 1 i=1 | i=1
X gx R
+ = fo(xi) log o fo(x7)
p=1 I=1 i=1 j=1
and " 4
X )
L(f(w( )= Expixa  2fz2(xP;w)" fz (x%w)+ 2 (xP;w)” fz (x%;w)
p=1 q=p+1 " | 4
L X X X X L oves sup Lol
+ — log exp Expixafg(x7)fg(x") Expixafgq(x")fo (x™)
p=1 g=p+l I=1 s6 |

xoX | |
+ Exfo(x?) log Exfo(xP)
p=1 I=1
According to Lemma A.1, Lemma A.2 and Lemma A.3, with probability at l&ast for anyf 2 F , we have
r

Law)  BEO5wO)+ Fa+e o log”:
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Table 2.Purity comparison (mearstd) of different methods on all benchmark datasets with different missing ratios. Best results are
shown in bold.

Purity
Dataset  Methodp 0.1 0.3 0.5 0.7
BSV 59.64 143 54.67 1.34 4449 059 35.96 0.32
PVC 57.87 2.68 59.01 0.04 69.10 5.04 65.83 1.68
UEAF 90.66 0.57 89.32 0.00 87.08 0.00 76.88 0.00
o CDIMC-net 80.37 0.79  75.27 043 67.71 1.05 57.76 5.27
8 MKKM-IK 65.01 0.03 59.80 0.00 52.56 0.00 43.84 0.00
@ EE-R-IMVC 65.44 0.00 57.52 0.00 42.72 0.00 3552 2.63
COMPLETER  43.90 440 43.59 0.04 45.10 5.95 40.90 2.36
OS-LF-IMVC 82.78 218 7434 116 59.71 3.22  45.34 1.39
DSIMVC 98.40 0.26 96.93 0.45 95.29 0.37 92.14 0.84
BSV 52.77 0.11 47.66 0.14 3891 0.11 27.82 0.11
o PVC 67.95 1.54 67.83 1.36 55.56 0.57 55.87 1.63
a UEAF 72.74 2.08 67.20 1.26 66.7 0.00 58.88 0.00
% CDIMC-net 52.25 452 51.00 0.23 48.63 0.51 32.44 1.78
5‘ MKKM-IK 73.14 058 64.64 0.00 49.99 1.11  36.18 0.00
> EE-R-IMVC 75.12 0.48 60.38 0.00 45.64 0.00 28.02 0.00
= COMPLETER  96.87 1.04 96.59 0.82 94.40 4.14  85.49 4.86
OS-LF-IMVC 63.61 1.18 48.62 1.98 3495 150 25.52 0.12
DSIMVC 98.88 0.09 97.89 0.14 96.78 0.25 93.34 0.64
BSV 21.76 0.25 20.06 0.28 1852 0.19 16.79 0.16
PVC 20.32 0.71 1898 0.89 17.77 0.75 19.63 1.10
UEAF 29.47 0.00 28.08 0.00 26.24 0.00 18.32 3.22
> CDIMC-net 19.10 0.79 19.96 1.11  18.05 0.66  15.79 0.95
8 MKKM-IK 2281 031 21.07 0.00 18.31 0.00 17.10 0.00
EE-R-IMVC 28.43 0.19 25.28 0.00 20.12 0.00 16.36 0.00
COMPLETER  24.021.10 22.46 0.61 20.82 0.87 18.67 0.75
OS-LF-IMVC 22,99 0.79 20.18 0.48 17.61 0.47 15.55 0.36
DSIMVC 34.66 1.05 33.18 0.98 30.74 0.78  28.59 0.91
BSV 54.37 1.21 46.74 0.85 37.05 1.65 28.24 0.68
c PVvC 4754 3.02 5252 1.90 48.87 0.88 51.99 0.46
.g UEAF 60.71 0.86 54.33 3.17 50.48 1.26  31.12 0.00
g CDIMC-net 52.87 3.97 4538 245 44.85 4.19 40.44 2.67
i MKKM-IK 70.13 0.03 59.96 0.00 47.18 0.00 30.64 0.00
= EE-R-IMVC 72.89 0.99 63.52 0.00 51.40 0.00 20.34 0.00
= COMPLETER  81.04 1.32 74.67 201 75.20 4.66 71.24 3.44

OS-LF-IMVC 65.78 1.13 52.39 2.32  39.27 1.07 29.51 1.23
DSIMVC 88.76 0.90 85.02 1.73 83.55 235 76.55 1.85

wheree; ;= m(m  1)(8D2E*+ K +2C+2)=2ande, := (8D2E4+ K + C+1)m(m 1)=2. Note that?(f (D%;w ))
can be rewritten a@(f (D%w)) = D(f (DS w( 9)), as shown in the proof of Theorem 3.2. Letf (w (")) and
L(f(w ( 9)) be the expectation c@(f (D% w () andlp(f (D% w (9)), respectively. With probability at least 5

we have respeciivel
L(Ew () B @%5w (M + PE + e mg%;
and S
P (D%w ( 9) L (Fw ( )+ g’%+€2 Iong2=:

According to Theorem 3.2, there exists a constant0 such thalp(f (D%w (M) + " = Ip(f (D%w (%)) hold. Thus,
with probability at leasi  , for anyf 2 F , we have
r

Lo M+ L (fw (O Brve P05,

where" := Ip(f (D%w (Y Ip(f (D w (A))). C1 = 2€; andc; = 2¢; are constants dependentBnE; K; m . This
nishes the proof.
B. Experiments

In this part, we present implementation details of the proposed method. For MNIST-USPS and Multi-Fashion datasets, the
raw datai.e., images) are reshaped as vectors. The hidden features are extracted by the fully connected network with the
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MNIST-USPS ccv Multi-Fashion
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Figure 5. Clustering performance comparison in terms of NMI of DSIMVC and its variant on MNIST-USPS, CCV and Multi-Fashion.

same architecture DP 500 500 2000 512, where DP is the dimensionality of the p-th view samples. Then the hidden
features are fed into a two layers MLP with architecture 512 512 256 to obtain the semantic features fz (X). Also, the
cluster assignment probability To(X) is obtained from the hidden features by another two-layers MLP with architecture
512 512 K, where K denotes the number of categories. Following (Shu et al., 2019; Guo et al., 2020), the weighting
function is a one-layer MLP where the number of hidden layer’s neurons is 100 and the activation function of the output
layer is Sigmoid. The activation function of all hidden layers is ReL.U. To accelerate the training process, mini-batch
gradient descent with Adam optimizer is adopted, and the batch size is set to 256 for all datasets. As mentioned in the main
paper, the trade-off parameter and the number of neighbors K are empirically set to 0.5 and 3, respectively. We adopt the
Faiss library (Johnson et al., 2019) to search for the nearest neighbors based on learned features. The learning rate y and

are set as 0.0003 and 0.0004. The parameters of the neural network are initialized by pretraining on complete data, and
the neighbors are initialized by the model after pretraining. We report the results of baseline methods obtained by running
the open-source code with default settings .



