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Abstract

The Pairwise Conditional Gradients (PCG) algo-
rithm is a powerful extension of the Frank-Wolfe
algorithm leading to particularly sparse solutions,
which makes PCG very appealing for problems
such as sparse signal recovery, sparse regression,
and kernel herding. Unfortunately, PCG exhibits
so-called swap steps that might not provide suffi-
cient primal progress. The number of these bad
steps is bounded by a function in the dimension
and as such known guarantees do not generalize
to the infinite-dimensional case, which would be
needed for kernel herding. We propose a new
variant of PCG, the so-called Blended Pairwise
Conditional Gradients (BPCG). This new algo-
rithm does not exhibit any swap steps, is very easy
to implement, and does not require any internal
gradient alignment procedures. The convergence
rate of BPCG is basically that of PCG if no drop
steps would occur and as such is no worse than
PCG but improves and provides new rates in many
cases. Moreover, we observe in the numerical ex-
periments that BPCG’s solutions are much sparser
than those of PCG. We apply BPCG to the kernel
herding setting, where we derive nice quadrature
rules and provide numerical results demonstrating
the performance of our method.

1. Introduction

Conditional Gradients (Levitin and Polyak, 1966) (also:
Frank-Wolfe algorithms (Frank and Wolfe, 1956)) are an
important class of first-order methods for constrained con-
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vex minimization, i.e., solving

min f(x),
where P is a compact convex feasible region. These meth-
ods usually form their iterates as convex combinations of
feasible points and as such do not require (potentially ex-
pensive) projections onto the feasible region P. More-
over the access to the feasible region is solely realized by
means of a so-called Linear Minimization Oracle (LMO),
which upon presentation with a linear function c returns
arg min,e p cTz. Another significant advantage is that the
iterates are typically formed as sparse convex combinations
of extremal points of the feasible region (sometimes also
called atoms) which makes this class of optimization algo-
rithms particularly appealing for problems such as sparse
signal recovery, structured regression, SVM training, and
also kernel herding. Over the recent years there have been
significant advances in Frank-Wolfe algorithms providing
even faster convergence rates and higher sparsity (in terms
of the number of atoms participating in the convex combina-
tion) and in particular the Pairwise Conditional Gradients
(PCG) algorithm (Lacoste-Julien and Jaggi, 2015) provides
a very high convergence speed (both theoretically and in
computations) and sparsity. The PCG algorithm exhibits
so-called swap steps, which are steps in which weight is
shifting from one atom to another. These steps do not guar-
antee sufficient primal progress and hence usually conver-
gence analyses bound their number in order to argue that
there is a sufficient number of steps with good progress.
Unfortunately, these bounds depend exponentially on the
dimension of the feasible region (Lacoste-Julien and Jaggi,
2015) and require P to be a polytope for this bound to hold
at all. This precludes application of PCG to the infinite-
dimensional setting and even in the polyhedral setting the
worst-case bound might be unappealing. Recently, several
works (Rinaldi and Zeffiro, 2020; Combettes and Pokutta,
2020; Mortagy et al., 2020) suggested ‘enhancement proce-
dures’ to potentially overcome swap steps by improving the
descent directions, however at the cost of significantly more
complex algorithms and (still often dimension-dependent)
analysis. In contrast, we propose a much simpler modifica-
tion of the PCG algorithm by combining it with the blending
criterion from the Blended Conditional Gradients Algorithm
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(BCQG) of Braun et al. (2019a). This modified PCG algo-
rithm, which we refer to as Blended Pairwise Conditional
Gradients does not exhibit swap steps anymore and the
convergence rates that we obtain are that which the original
PCG algorithm would achieve if swap steps would not occur.
As such it improves the convergence rates of PCG and more-
over, by eschewing swap steps, this modification provides
natural convergence rates for the infinite-dimensional set-
ting, which is important for our application to kernel herding
(Welling, 2009; Chen et al., 2010; Bach et al., 2012). Kernel
herding is a particular method for constructing a quadrature
formula by running a Conditional Gradient algorithm on
the convex subset of a Reproducing Kernel Hillbert Space
(RKHS); the obtained solution and the associated convex
combination correspond to the respective approximation. It
can be considered within the framework of kernel quadra-
ture methods that have been studied in a long line of works,
such as e.g., (Huszar and Duvenaud, 2012; Oettershagen,
2017; Briol et al., 2019). Accurate quadrature rules with a
small number of nodes are often desired, and as such the
achievable sparsity of a given Conditional Gradient method
when used for kernel herding is crucial.

Related Work

There is a broad literature on conditional gradient algo-
rithms and recently this class of methods regained signif-
icant attention with many new results and algorithms for
specific setups. Most closely related to our work however
are the Pairwise Conditional Gradients algorithm introduced
in (Lacoste-Julien and Jaggi, 2015) as well as the Away-step
Frank-Wolfe algorithm (Wolfe, 1970; Guélat and Marcotte,
1986); the Pairwise Conditional Gradients algorithm arises
as a natural generalization of the Away-step Frank-Wolfe
algorithm. Moreover, we used the blending criterion from
(Braun et al., 2019a) to efficiently blend together local PCG
steps with global Frank-Wolfe steps.

On the other hand there is only a limited number of works at-
tempting to use and extend Conditional Gradients to kernel
herding. Lacoste-Julien et al. (2015) studied the practical
performance of several variants of kernel herding that cor-
respond to the variants of Conditional gradients, such as
the Away-step Frank-Wolfe algorithm and Pairwise Condi-
tional Gradients. More recently, Tsuji and Tanaka (2021)
proposed a new variant of kernel herding with the explicit
goal of obtaining sparse solutions.

Contribution

Our contribution can be roughly summarized as follows.

Pairwise Conditional Gradients without swap steps. We
present a new Pairwise Conditional Gradients algorithm,
the Blended Pairwise Conditional Gradients (BPCG) (Algo-
rithm 1), that does not exhibit swap steps and provide con-

vergence analyses of this method. In particular, the BPCG
algorithm provides improved rates compared to PCG; the
lack of swap steps makes the difference of the constant
factor. Here we focus on the general smooth convex case
and the strongly convex case over polytopes. The results
for the general smooth convex case is also applicable to
the infinite-dimensional general convex domains. We has-
ten to stress though that our convergence analyses can be
immediately extended to sharp functions (a generalization
of strongly convex functions) as well as uniformly convex
feasible regions by combining (Kerdreux et al., 2019) and
(Kerdreux et al., 2021), respectively, with our arguments
here; due to space limitations this is beyond the scope of this
paper. Additionally, numerical experiments suggest that the
BPCG algorithm outputs fairly sparse solutions practically.
BPCG offers superior sparsity of the iterates both due to the
pairwise steps as well as the BCG criterion that favors local
steps, which maintain the sparsity of the solution.

We also provide a lazified version (see (Braun et al., 2017;
2019b)) of BPCG (Algorithm 2) that significantly reduces
the number of LMO calls by reusing previously visited
atoms at the expense of a small constant factor loss in the
convergence rates. The lazified variant is in particular useful
when the LMO is expensive as the number of required calls
to the LMO can be reduced dramatically in actual computa-
tions; see e.g., (Braun et al., 2017; 2019b;a) for the benefits
of lazification.

Sparser Kernel Herding. We demonstrate the effectiveness
of applying our BPCG algorithm to kernel herding. From
a theoretical perspective, we can apply the convergence
guarantees for the general smooth convex case mentioned
before and obtain state-of-the-art guarantees. Moreover,
in numerical experiments we demonstrate that the practi-
cal performance of BPCG for kernel herding much exceed
the theoretical guarantees. BPCG and the lazified version
achieve very fast convergence in the number of nodes which
are competitive with optimal convergence rates. In addi-
tion, the lazification contributes to reducing computational
cost because the LMO in kernel herding is computationally
rather expensive.

Computational Results. We complement our theoretical
analyses as well as the numerical experiments for kernel
herding with general purpose computational experiments
demonstrating the excellent performance of BPCG across
several problems of interest.

2. Preliminaries

Let f: R? — R be a differentiable, convex, and L-smooth
function. Recall that f is L-smooth if

F) — (&)~ (VF @),y —2) < 21y — af
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for all z,y € R In addition, f is u-strongly convex if
1
F(y) = f(2) = (Vf(2), y =) = Sy — =

forall 2,y € R?. Let P C R? be a convex feasible region
and the subset V(P) C P satisfy P = conv(V(P)). The
notation conv(V (P)) means the convex hull of V(P). We
assume that P is bounded and its diameter D is given by
D := sup, ,cp ||* — yl|. Furthermore, let 6p > 0 be the
pyramidal width of P (Lacoste-Julien and Jaggi, 2015);
we drop the index if the feasible region is clear from the
context. For a convex combination z = Y .| ¢; v;, as
later maintained by the algorithm, let ¢[x](v;) = ¢;. In the
following let x* € P denote the (not necessarily unique)
minimizer of f over P.

3. Blended Pairwise Conditional Gradients
Algorithm

We will now present the algorithm and its convergence anal-
ysis.

3.1. Algorithm

We consider the Blended Pairwise Conditional Gradients
algorithm (BPCG) shown in Algorithm 1. The BPCG al-
gorithm is the same type of algorithm as the Blended Con-
ditional Gradients algorithm in (Braun et al., 2019a). In
Algorithm 1, if the local pairwise gap (V f(xt), a; — s¢) is
smaller than the Frank-Wolfe gap (V f(x;), 2y — wy), a FW
step (line 16-18) is taken. Otherwise, the weights of the ac-
tive atoms in S; are optimized by the Pairwise Conditional
Gradients (PCG) locally. If the step size \; is larger than
AY, the away vertex is removed from the active set .S; and
we call the step drop step (line 13). Otherwise we call the
step descent step (line 11). Descent step and drop step are
referred to as pairwise step all together.

By the structure of the BPCG algorithm, the sparsity of the
solutions is expected since the new atoms are not added to
S; until the local pairwise gap decreases sufficiently. More-
over, since the PCG is implemented locally, BPCG does not
exhibit swap steps in which weight is shifting from the away
atom to the Frank-Wolfe atom. In the PCG, swap steps do
not show much progress and the number of swap steps is
bounded by the dimension-dependent constant. Therefore,
the local implementation of the PCG is significant to extend
the pairwise type algorithms to infinite-dimensional cases.

Note that both Algorithm 1 and Algorithm 2 which is in-
troduced in subsection 3.3 use line search here to simplify
the presentation. However both can be run alternatively
with the short-step rule, which minimizes the quadratic in-
equality arising from smoothness (this is precisely the A} in
Lemma 3.4) but requires knowledge of L or with the adap-
tive step-size strategy of (Pedregosa et al., 2020), which

offers a performance similar to line search at the fraction of
the cost; our analysis applies to these two step-size strategies
as well.

Algorithm 1 Blended Pairwise Conditional Gradients
(BPCG)

Require: convex smooth function f, start vertex xg €
V(P).
Ensure: points x1, ..
1: SQ — {CC()}
2: fort=0toT — 1do
3: ay < argmax, g, (Vf(z),v)

.,xTinP.

{away vertex }

4: sy < argmin, g, (Vf(zs),v) {local FW}
5wy < argming,cy(py (Vf(zt),v) {global FW}
6: if <Vf($t), at — St> > <Vf($t),$t — ’LUt> then
7: dt = Q¢ — S¢
8: AF — clxg](ay)

9: A <= argminy o, ax) f(zr — Ady)

10: if \; < A} then

11: St41 < Sy {descent step}

12: else

13: St+1 <S¢\ {ar}  {drop step}

14: end if

15:  else

16: dt = Tt — Wt

17: >\t — argminAe[O’ 1] f(If — )\dt)

18: St+1 < St U {U)t} (Of St—‘,—l «— {U)t} if )\t = ].)

{FW step}

19:  endif

20: T4l < Ty — )\tdt

21: end for

3.2. Convergence analysis

The following theorems provide convergence properties of
the BPCG algorithm. We first state the general smooth case.

Theorem 3.1. Let P be a convex feasible domain of di-
ameter D. Assume that f is convex and L-smooth. Let
{z;}1, C P be the sequence given by the BPCG algo-
rithm (Algorithm 1). Then, it holds that

4LD?

flar) = fa) <

@3.1)

In the case of strongly convex functions f and polyhedral
feasible regions P we obtain the following improved con-
vergence rates. Note that in contrast to the analysis of the
Pairwise Conditional Gradients algorithm in (Lacoste-Julien
and Jaggi, 2015) we do not encounter swap steps.

Theorem 3.2. Let P be a polytope with pyramidal width ¢
and diameter D. Furthermore, let f be p-strongly convex
and L-smooth and consider the sequence {z;}, C P
obtained by the BPCG algorithm (Algorithm 1). Then, it
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holds that
flar) = f(2*) < (f(zo) — f(27)) exp (—crpT),
(3.2)
where ¢y p 1= %min{%, % .

We prove these theorems by using the following lemmas.

Lemma 3.3 (Geometric Strong Convexity, ((Lacoste-Julien
and Jaggi, 2015), Inequalities (23) and (28) )). Assume that
f is p-strongly convex and P is a polytope with pyrami-
dal width 6. Then, with the notation of Algorithm 1 the
following inequality holds:

(Vf(xt),ar — wt>2
202 '

Lemma 3.4. With the notation of Algorithm 1, suppose

that step ¢ is not a drop step (line 13). Let A} = W

flae) = f(27) <

(3.3)

(a) If step t is either a FW step (line 16-18) with A} < 1
or a descent step (line 11), we have

(Vf(x), dt>2.

f(xe) = f(ze41) > 2LD2 (3.4)
(b) If step ¢ is a FW step (line 16-18) with A} > 1, we
have
1
(@) = f(zi1) > 5(V (@), dy). (3.5)

[\

The proof of Lemma 3.4 is given in section B in the ap-
pendix.

Lemma 3.5. For each step ¢, an
2V f(xy), di) > (Vf(xt), ax — wy) holds.

The proof of Lemma 3.5 is written in section B in the
appendix.

inequality

We are now in a position to prove Theorems 3.2 and 3.1.
Let hy := f(x¢) — f(«*). Then, by the convexity of f and
the definition of w;, we have

h‘t S <Vf(1‘t), Tt — $*> S <vf($t)a Tt — wt>' (36)
We start with the slightly more involved proof of Theo-

rem 3.2.

Proof of Theorem 3.2. First, we focus on the case that step
t is not a drop step, which is considered in Lemma 3.4.
Suppose that step ¢ is case (a) of Lemma 3.4. By combining
inequality (3.4), Lemmas 3.5 and 3.3, we have

(Vf(xe), dt>2 (Vf(z),ae — wt>2
— > >
hi —hyp1 > L2 > 3LD2

p8°
> ———hy. .
> o h, (3.7)

Then, consider case (b) of Lemma 3.4, where d; = x; — wy.
By inequalities (3.5) and (3.6), we have

1
ht —hiy1 > = <Vf($t) di) > iht« (3.3)

Therefore by letting ¢ p = min{%, %} we can deduce
from (3.7) and (3.8) that

hiyr < (1 —¢fp)he

if step ¢ is not a drop step.

Next, we take the drop steps into account. If step ¢ is a drop
step, it is clear that hyy1 < hy. In addition, we bound the
number of the drop steps in the algorithm. Let Trw, Tqesc,
and Ty,op be the numbers of the FW steps, descent steps,
and drop steps, respectively. Note that T' = Trw + Tgesc +
Tarop- Since #S > 1, an inequality Tyyop < Trw holds.
Therefore we have

T =Trw + Tgesc + Tdrop < 2Tvw + Tgesc
S 2(TFVV + Tdesc)~

Finally, by combining the above arguments, we have

é TFW +Tdesc ho <

con ()

The proof of Theorem 3.1 can be done in the similar way
and the proof is written in section B in the appendix. Al-
though we showed Theorem 3.1 in the Euclidean case for
the simplicity of the argument, it is easy to see from the
proof of Theorem 3.1 that the convergence guarantee is
also applicable to the infinite-dimensional general convex
feasible regions.

(1 —¢5.p)""?hg

Q>"U

O

As shown in Theorem 3.1 and Theorem 3.2, the BPCG
algorithm achieves a convergence rate which is no worse
than that of the PCG. In addition, since BPCG does not
exhibit swap steps, the convergence rate of BPCG including
(possibly dimension-dependent) constant factors is consid-
ered to be better than that of the PCG especially when
the dimension of the feasible region is high: PCG’s con-
vergence rate (see (Lacoste-Julien and Jaggi, 2015)) is
of the form h; < hgexp(—pk(t)), where p > 0 and
k(t) > t/(3]A|'+1), where A is the set of vertices generat-
ing the polytope. Even for 0/1-polytopes in n-dimensional
space, this can be as bad as 2" and the factor (2™)! is even
worse. In fact, this dimension-dependence in the rate is
also the reason the convergence proof of PCG does not
generalize to infinite-dimensional cases. As such BPCG’s
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convergence rate is much more in line with that of the Away-
Step Frank-Wolfe algorithm (see (Lacoste-Julien and Jaggi,
2015)). Moreover, since the iterations of BPCG include
many local updates in which no new atoms are added, it is
expected that the BPCG algorithm outputs sparser solutions
than the PCG algorithm in terms of the support size of the
supporting convex combination.

Remark 3.1. We clarify the advantages of the BPCG algo-
rithm in comparison to other CG variants.

Compared to the vanilla CG: The BPCG algorithm en-
sures linear convergence for the strongly convex poly-
hedral case, whereas the vanilla CG (Frank and Wolfe,
1956; Levitin and Polyak, 1966) does not. Although
both algorithms guarantee a O(1/k) convergence for
infinite-dimensional cases, we expect the BPCG algo-
rithm to output much sparser solutions due to the ag-
gressive dropping of unnecessary vertices from the con-
vex combination and adding new vertices only when
they are needed for primal progress.

Compared to the Away CG algorithm: BPCG and Away
CG (Wolfe, 1970; Guélat and Marcotte, 1986) have the
same convergence guarantee for the general smooth
convex case and strongly convex polyhedral case how-
ever BPCG empirically produces significantly sparser
solutions. There are also many more CG variants but
typically they are not general purpose and apply special
cases only.

Compared to the BCG: The constant factor ﬁ of the
bound (3.4) in Lemma 3.4 does not depend on the
dimension of feasible domains, which is important to
guarantee O(%) convergence in infinite-dimensional
cases. The similar BCG algorithm in (Braun et al.,
2019a) employs Simplex Gradient Descent (SiGD) in-
stead of local PCG steps. However, the lower bound for
the progress of SiGD includes a dimension-dependent
term and we cannot guarantee O(%) convergence in

infinite-dimensional cases in general for BCG.

In short, BPCG fixes the swap step issue of PCG, mak-
ing pairwise steps the de-facto choice for CG algorithms
with best-known convergence rates across the board save
for the Fully-Corrective Frank-Wolfe algorithm (FCFW)
(e.g., (Holloway, 1974; Jaggi, 2013)) that usually has exces-
sive cost per iteration and is therefore rarely implemented.
In fact BPCG (as well as BCG) are in some sense inexact
versions of the FCFW. BPCG also applies to the infinite-
dimensional setting and its (empirical) sparsity is very high
making it a prime candidate for problems such as sparse sig-
nal recovery, matrix completion, and numerical integration.
Moreover, BPCG inherits the right rates for sharp functions
over uniformly convex sets.

3.3. Lazified version of the BPCG

We can consider the lazified version (see (Braun et al., 2017,
2019b)) of the BPCG as shown by Algorithm 2 in the ap-
pendix. It employs the estimated Frank-Wolfe gap ®; in-
stead of computing the Frank-Wolfe gap in each iteration.
The lazification technique helps reduce the number of access
to LMOs, which improves the computational efficiency of
Algorithm 2 since we only need to access the active set S;
when the pairwise gap (V f(x¢), a; — s¢) is larger than ®;.

The theoretical analysis of the lazified BPCG can be done
in the almost same way as the proof of Theorem 3.1 in
(Braun et al., 2019a) for the strongly convex case; the gen-
eral smooth case follows similarly. For the descent step,
the analysis differs, but we can use Lemma 3.4. For the
only L-smooth case, we can show in a similar as the proof
of the strongly convex case. As a result, we can show the
following theorem. The proof is provided in section B in
the appendix.

Theorem 3.6. Let P be a convex feasible domain with
diameter D. Furthermore, let f be a L-smooth convex
function and consider the sequence {x;}_, C P obtained
from the lazified BPCG algorithm (Algorithm 2).

Case (A) If f is u-strongly convex and P is a polytope
with pyramidal width 6 > 0, we have

flzr) = f(@%) = O (exp (=cT))

for a constant ¢ > 0 independent of 7.

(T — o0)

Case (B) If f is only convex and L-smooth, we have

flar) = 1) =0 (3 ) (o)

As well as Theorem 3.1, it is easy to see from the proof
in section B that the convergence guarantee of Case (B) in
Theorem 3.6 can be also applicable to infinite-dimensional
general convex feasible domains.

4. Application to kernel quadrature

Kernel herding is a well-known method for kernel quadra-
ture and can be regarded as a Frank-Wolfe method on a re-
producing kernel Hilbert space (RKHS). In the following we
will use the BPCG algorithm for kernel herding with aim to
exploit its sparsity. To describe this application, we consider
the following notation for kernel quadrature on an RHKS.
Let Q C R? be a compact region and let a continuous func-
tion K : 2x ) — R be a symmetric positive-definite kernel.
Then, the RKHS H  (£2) for K on 2 is uniquely determined.
We denote the inner product in H g (€2) by (-, -) 5. We con-
sider integration of a function f € H (£2) with respect to
a probability measure on 2. By letting .# (1) be a set of
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probability measures on €2, we consider I = [, f(z)dpu(x)
for o € .#*(1). To approximate I, we consider a quadra-
ture formula Iy w = ) . w, f(x) by taking finite sets
X CcQand W = {wy}eex C [0,1] with Yy w, = 1.
The formula Iy can be regarded as an integral of f by the
discrete probability measure £ = Yy w, 0, € AT (1),
where d,, is the Dirac measure for x € X. According to
the reproducing property of the RKHS, the Dirac measure
d, corresponds to the function K(z,-) € Hx(2). The
accuracy of the formula Ix y is estimated by the maxi-
mum mean discrepancy (MMD) v (€, p1) = &g (€ —p)'/2,

where
m) :/Q/QK(wvy)dn(x)dn(y)

is the K -energy of a signed measure 7.

To construct a good discrete measure £, we consider min-
imization of the squared MMD Fg ,(v) := vk (v, )2

a function of v € A Jr(1). Now, kernel herding is essen-
tially running a Frank-Wolfe method to minimize Fy ,, over
(1), in which we start with a Dirac measure £ = dy,
and sequentially add new Dirac measures d;,, 0,,, ... and
form iterates as convex combinations. As such, we can
naturally apply BPCG to the kernel herding. Here we note
that the function Fx , is a 2-smooth and convex function
on . " (1). In particular, we have

Freu(0 + a(n = Q)

= Fgu(0) + a (VFg ,(0), n — ) i + &* Ex(n — ()

4.1

forany « € Rand 6,7, € .#™" (1) such that 6 + a(n —
¢) € .7 (1). In addition, if K(z,2) = 1 and K(z,y) > 0
for any z,y € ), we have & (n — () < 2 forany n,( €
AT (1). Therefore the term &x (1 — ¢) is bounded in (4.1).
This fact means that the diameter of . (1) with respect to
&k 1s bounded.

We note that in this problem setting, the function
Jo K (x) which is the embedding of 11 to H sat-
isfies fQ ) du(x) € conv({K(z,-) | z € Q}), where
the closure is taken with respect to the norm of H (see
(Tsuji and Tanaka, 2021)).

In Algorithm 3 we describe the BPCG algorithm applied to
kernel herding. In addition, we present its lazified version
Algorithm 4 in the appendix. In these algorithms, we can
regard the Dirac measures J, (i.e., K(z,-)) as vertices or
atoms in the RKHS H  (2). We assume the existence of
the solution in line 5 in Algorithm 3.

Recall that the function F'k ,, is 2-smooth and convex as indi-
cated in (4.1). Then, under the assumption that K (z,z) = 1
and K (z,y) > 0 for any =,y € 2, we obtain the following
theorem in a similar manner to Theorems 3.1 and 3.6.

Algorithm 3 BPCG algorithm for kernel herding

Require: the function F ,, start measure {y € .4 (1)
with supp §o = {zo}
Ensure: discrete measures &1, . . .
1: Xg < supp&o
2: fort:0toT— 1do
3: Jct —argmax,cx, (VFx (&), 0z)

7§T S %+(1)

& argmin,cy, (VFic, () )
50 @)V argmingeq (VFr (&), 00) g
6 if <v1fm(5t Bpp — Oy >K >
<VFK,/L(£t)7 gt - 5I¥V>K then
Ny <— 5 A= 5 5
g argmlnae[o e ({or) P& — ame)
: if a; < &({z2}) then
10: Xt+1 «— Xt
11: else
12: Xt+1 — Xt \ {SE?}
13: end if
14:  else
15: Nt < gt — 5zw
16: oy < argming,epg 1) Fre,pu(§e — ane)
17: XtJrl +~— XU {.TXV}
18:  end if
190 Sey1 = & —aume
20: end for

Theorem 4.1. Suppose that K (z,z) =1 and K (x,y) > 0
for any x,y € Q. Let {&}1. ) € .#*(1) be the discrete
probability measure on €2 given by Algorithms 3 or Algo-

rithm 4. Then, we have
@) ! (T — o0)
— ).
T

5. Numerical experiments

Vi (&rs 1)?

To demonstrate the practical effectiveness of the BPCG algo-
rithm, we compare the performance of BPCG to other state-
of-the-art algorithms. To this end we present first numerical
experiments in finite-dimensional spaces and compare the
performance to (vanilla) Conditional Gradients, Away-Step
Conditional Gradients, and Pairwise Conditional Gradients.
We then consider the kernel herding setting and compare
BPCG to other kernel quadrature methods. In Appendix C
we present a minor modification of BPCG’s step selection
criterion that further improves sparsity, while changing the
convergence rate only by a constant factor. The BPCG algo-
rithm has been also integrated into the FrankWolfe.jl Julia
package (Besancon et al., 2022) and is now the de facto
default choice for active set based FW variants.
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5.1. Finite dimensional optimization problems

We report both general primal-dual convergence behavior
in iterations and time as well as consider the sparsity of the
iterates. In the all experiments, the same initial point x(
is used for the five methods in each experiment. For the
lazified BPCG, we use the accuracy parameter J = 2.

PROBAILITY SIMPLEX

Let A(n) be a probability simplex, i.e.,

A(n) =<z eR" Zmizl,miZO(i:I,...,n)

i=1
We consider the following optimization problem:

: _ 2
min ||z — zoll2

s.t.x € A(n),

where o € A(n). Figure 1 shows the result for the case
n = 200. The z-axes in Figure 1 exhibit the number of
iterations and computational time and the y-axes exhibit the
primal and dual gaps. In terms of convergence in iterations,
BPCG has almost the same performance as the Pairwise
variant, however in terms of computational time BPCG has
the best performance. In this case the LMO is so cheap that
using the lazified BPCG algorithm is not advantageous. In

L L L L L L L L L L L
0 250 500 750 1000 00 25 50 75 10.0 125

Dual Gap

L L L L L L L L L
0 250 500 750 1000 00 25 50 7.5 10.0 125
Iterations Time

Figure 1. Probability simplex n = 200

addition, to assess the sparsity of generated solution of each
algorithm, we also considered larger setups with n = 500.
The result are shown in Figure 2. The z-axes exhibit the
number of atoms that form x; and the y-axes exhibit the
primal and dual gaps. It can be observed that both BPCG
methods perform slightly (but not much) better than the
others with respect to the sparsity, which is expected in this
case due to known lower bounds for this type of instance
(see (Jaggi, 2013)).

Dual
-
o

BPCG
—BPCG_lazified ] 1074 F

0 100 200 300 400 500 0 100 200 300 400 500
size of active set size of active set

Figure 2. Sparsity: Probability simplex n = 500

BIRKHOFF POLYTOPE

Let B(n) be the Birkhoff polytope in R™*™, which is the
set of n X n real values matrices whose entries are all non-
negative and whose rows and columns each add up to 1. We
consider the following optimization problem

min || X — XOHg
XER’I?.XTL

s.t. X € B(n),

where Xy € R™"*™ and || - |2 is the Frobenius norm. The
result is Figure 3: For the primal value, the five methods

Primal

oF

BPCG
——BPCG_lazified

Dual Gap

L L L L L L
500 750 1000 0 100 200 300
Iterations Time

L
0 250

Figure 3. Birkhoff polytope n = 200

have almost same performance. For the dual gap, we see
that the Pairwise variant and BPCG are superior to other
methods for the number of iterations and for computational
time. Here the pairwise variant performed best.

In addition, we compare solution sparsity in Figure 4. The
two BPCG algorithms perform much better than other meth-
ods in terms of the sparsity.

MATRIX COMPLETION

We also considered matrix completion instances over the
spectrahedron S = {X = 0| Tr(X) = 1} C R™*"™. The
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BPCG
——BPCG_lazified

Dual

I i L L L L L
0 250 500 750 1000 0 250 500 750 1000
size of active set size of active set

Figure 4. Sparsity: Birkhoff polytope n = 200

problem is written as

: T )2
min Y (Xij = Ti )%
(et

where D = {T;, | (i,j) € L} is an observed data
set. We used the data set MovieLens Latest Datasets
http://files.grouplens.org/datasets/

movielens/ml-latest—small.zip. The result is
given in Figure 5. We can observe the effectiveness of

BPCG
—BPCG_lazified

Dual

L L n L L
0 100 200 300 400 0 100 200 300 400
size of active set size of active set

Figure 5. Sparsity: Matrix completion

BPCG methods in obtaining very sparse solutions.

5.2. Kernel herding

Next, we show the results of the application of BPCG to the
kernel herding. We compare the BPCG algorithm and the
lazified version with the ordinary kernel herding methods
“linesearch” and “equal-weight” which correspond to the
vanilla Frank Wolfe algorithm whose step size o is defined
by line search and oy = t%l In addition, we compare
BPCG with the Away and Pairwise variants of “linesearch”;
recall that for the latter a theoretical convergence in the
infinite-dimensional case is not known. To evaluate the ap-
plication of BPCG to kernel herding as a quadrature method,
we compare it with the popular kernel quadrature method
Sequential Bayesian Quadrature (SBQ) (Huszér and Du-
venaud, 2012) as well as the Monte Carlo method. In the
kernel herding experiments, we use the accuracy parameter
J =1 for the lazified BPCG.

5.2.1. MATERN KERNEL CASE

‘We consider the case that the kernel is the Matérn kernel,
which has the form

K(z,y) = 2'- (@Hx - y||2>VBV <@||x - y||2) ,
I'(v) p p

where B, is the modified Bessel function of the second kind
and p and v are positive parameters. The Matérn kernel is
closely related to Sobolev space and the RKHS H x gen-
erated by the kernel with smoothness v is norm equivalent
to the Sobolev space with smoothness s = v + % (seee.g.,
(Kanagawa et al., 2018; Wendland, 2004)). In addition, the
optimal convergence rate of the MMD in Sobolev space is
known as n~ 4@ (Novak, 2006). In this section, we use the
parameter (p,v) = (v/3,2),(v/5, 5) since the kernel has
explicit forms with these parameters.

v

The domain Q is [—1, 1]¢ and the probability distribution
is a uniform distribution. First, we see the case v = % and

5

d = 2. In this case, the optimal rate is n~ 4. The result
is Figure 6. Figure 6 shows the convergence of MMD be-
tween apprroximate measures and the target measure for the
number of iterations, computational time and the number
of nodes that form the approximate measure &;. For spar-
sity, BPCG methods have significant performance and they
achieve the convergence speed comparable to the optimal
rate. For computational time, the lazified BPCG have good
performance. This is because in the lazified algorithm, we
only access the active set and this reduces the computational
cost considerably. Although, BPCG methods are not supe-
rior to other methods for the number of the iterations, we
can see the effectiveness of BPCG methods.

Moreover, the same good performance for sparsity can be
seen in the case v = g and d = 2, which is shown in
Figure 7. BPCG algorithms also achieves the convergence
rate which is competitive with the optimal rate n~ I.

5.2.2. GAUSSIAN KERNEL

Next, we treat the gaussian kernel K (z,y) = exp(—||z —
y||2). The domain is = [—1, 1]¢ and the density function
of the distribution on Q is Sexp (—||z|*), where C' =
Joexp (—[|z]|?) dz. In this case, we see the case d =
2 and the result is Figure 7. We note that exp(—n?) is
the exponential factor of the upper bound of convergence
rate which appears in several works on gaussian kernel, for
example, (Wendland, 2004; Karvonen et al., 2021). We
see that BPCG methods are competitive with SBQ and the
exp(fn%) rate and outperform significantly other methods.

6. Conclusion

The proposed Blended Pairwise Conditional Gradient
(BPCQG) algorithms yield very sparse solutions fast with very
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Figure 6. Matérn kernel (v = 3/2)

high speed both in convergence in iterations as well as time.
It does not exhibit any swap steps, which provides state-of-
the-art convergence guarantees for the strongly convex case
as well as applies application to the infinite-dimensional
case. We have analyzed its convergence property and exem-
plified its real performance via the numerical experiments.
The BPCG works well for application to kernel herding, the
infinite-dimensional case, in that it provides small MMD
with a small number of nodes. A main avenue for future
work will be tighter estimates for the convergence rate of
the BPCG in various cases, in particular with regards to
sparsity.
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A. Algorithms

Algorithm 2 shown below is a lazified version of the BPCG algorithm.

Algorithm 2 Lazified BPCG

Require: convex smooth function f, start vertex 2o € V(P), accuracy J > 1.
Ensure: points z,...,zp in P

1: ®¢ + maxy,ep(V f(zo), To —v)/2

2: S() — {xo}

3: fort =0to7T — 1do

4 ap + argmax,cg, (Vf(r:),v) {away vertex}

5: sy < argmin,cg (Vf(2¢),v) {local FW}

6: if <Vf(xt), ay — St> > q)t then

7: dt = a¢ — S¢

8 A}« clxg](ay)

9 A < argminy o, o+ f (2 — Ady)

10: Tpp1 < T — )\tdt

11: (I)t+1 «— P,

12: if \; < A} then

13: St41 ¢ Sy {descent step}

14: else

15: St+1 < S\ {ar}  {drop step}
16: end if

17:  else

18: wy < argmin, ey py (Vf(21),v) {global FW}
19: if (Vf(zt), s —we) > Py/J then
20: dt = Tt — Wt

21: At <= argminy g 1) f(@e — Adi)
22: Tyl < T — )\tdt

23: (I)t+1 — q)t

24 St+1 — St U {wt} {FW step}
25: else

26: Tyl < Tt

27: (I)t+1 — @t/Q

28: Si41 Sy {gap step}

29: end if

30:  end if

31: end for
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The fundamental idea of lazification is reducing the number of accesses to the LMO (the oracle providing the global FW
vertex in Line 18). By introducing ®; in place of the FW gap (V f(x:), z; — w;), we only need to access the active set as
long as the inequality in Line 6 is satisfied. In this case, we do not need to access the LMO. If the inequality is not satisfied
and the FW gap is larger than ®;/.J where J is the quantity of accuracy, we take an FW step. Otherwise, ®; is updated. The
lazification is effective especially in the case that the LMO is heavy.

Algorithm 4 shown below is a lazified BPCG algorithm applied to kernel herding.

Algorithm 4 Lazified BPCG algorithm for kernel herding

Require: the function Fi ,, start measure &y € .# (1) with supp & = {x¢}, accuracy J > 1
Ensure: discrete measures &1,...,¢&r € 47 (1)

I: @+ maxgeq (VFr u(60), o — 02) /2

2: Xo + suppéo

3: fort =0toT —1do

4 xf‘ < argmax,cx, (VEK 1(&)s 0u) i

500 af argmingc v, (VFxk (&), 0z2) g

6 if <VFK,H(gt), Bur — 5m?>K > @, then

7 Nt < (5ytA — 5x§

8 - argmiaep, ¢ ((opy) Froul(& — @)

9: Ety1 < & —apmy
10: q)t+1 — (bt
11: if oy < &({z}) then
12: Xt+1 — X
13: else
14: Xt+1 — Xt \ {ZL’?}
15: end if
16:  else
17: oV argming,c, (VFg (&), 0a)
18 if <VFK7H(§t), £ — 5myv>K > @,/ then
19: Nt < gt — 5IYV
20: o < argmingepo 1) Fre,pu (&6 — ane)
21: Etv1 < & — gy
22: (I)t+1 +— O,
23: X1+ X U{zV}
24: else
25: Sir1 — &
26: q)t+l — q)t/Q
27: Xt+1 — Xt
28: end if
29:  end if

30: end for
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B. Proofs

Proof of Lemma 3.4

Proof. For A > 0, it follows from the L-smoothness that
)\2
flze — M) < fze) — MV (), di) + 7L||dt||2. (B.1)

(a) We begin with a FW step with A} < 1. By letting A = A} in the RHS of (B.1), we have inequality (3.4) as follows.

<Vf($t)a dt>2

f(@e1) < flae) — 2L||dy|2
2
< flz) - W. (B.2)

Next, consider a descent step with A\f < Aj. By Ay = argminycp a1 f(zy — Ady) and Af < A}, we have
f(zey1) < fay — Aidy). By letting A = A} in the RHS of (B.1), we derive the desired inequality.

Finally, consider a descent step with A} > A}. Since step ¢ is not a drop step, A; > \; holds. Here ), is a global
minimizer of the convex function f(z; — Ad;). Therefore we have f(x¢11) < f(x+ — Afd:) and this RHS is bounded
by that of (B.2) owing to (B.1).

(b) The condition \; = % > 1implies (V f(z¢), d¢) > L||d;||?. By letting A\ = 1 in the RHS of (B.1), we have

inequality (3.5) as follows.

Proof of Lemma 3.5

Proof. First, suppose that step ¢ is the pairwise step. By the definition of the algorithm, we have (V f(x;), a; — s¢) >
(Vf(xt), z¢ — wy). In addition, by the definitions of z; and s;, we have

(Vf(@e),ze) > (Vf(2e),8¢) - (B.3)
Hence we have (V f(x¢),a: — s¢) > (Vf(xt), s+ — wy) and by adding the LHS of this inequality to both sides we have

2(Vf(@e),ar —st) >V f(we), a0 — wy) .

Next, suppose that step ¢ is the Frank-Wolfe step. By the definition of the algorithm, we have (V f(x;), xy — wy) >
(Vf(x),ar — s¢). It follows from this inequality and (B.3) that (V f(z;), x¢ — wy) > (Vf(24), ar — x¢). By adding the
LHS of this inequality to both sides we have

2(Vf(xe),xs —wy > (Vf(xs),ar —wy) .

Proof of Theorem 3.1

Proof. First, suppose that step ¢ is a descent step. By the algorithm of BPCG, it holds

(Vf(ze),de) > (Vf(20), 21 —wi) .
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Combining this with Lemma 3.4 (a) and 0 < hy < (V f(x¢), x¢ — wy) ((3.6)), we have

1 2
hi — hiy1 > 3LD? (Vf(ze),de)

1 2
231D (Vf(ze), ms —wy)

1

>
— 2LD?

I (B.4)
Next consider the case where step ¢ is a FW step. First, by the L-smoothness of f and (3.6), we have
L
Flae =My —we)) < flae) = AV f (@), w0 —wi) + EAQH@, —wy)?
22
< f(@) = AV (1), 2 — wy) + ELD2
22
< flt) = My + 5 LD?

for A > 0. Subtracting f(z*) from both sides, we get

flae — My —wy)) — f(2*) < hy — Mhy + )\;LDQ. (B.5)
Consider the following two cases:
(i) hy < LD?
By the definition of A,
hivr = fae = Mz —we)) = f(@") < flze = AMze — wy)) — f(27) (B.6)

for A € [0, 1]. Using (B.5) and (B.6) for A\ = L’BQ < 1, we have

hiv1 < f (:vt - %(mt - wt)) — f(z*) < h — % (B.7)
(ii) hy > LD?
Combining (B.5) with (B.6) for A = 1, we have
hiv1 < fze—1-(xp —wy)) — f(2¥) < L§2. (B.8)
By (B.7) and (B.8), we have ,

For a iteration T', we define Trw, Tqesc and Tg,op in the same way as the proof of Theorem 3.2. Using (B.4) and (B.9), we

can show
2LD?

hp < ———.
= Tdesc+TFW

This can be shown just in the same way as the proof of Corollary 4.2 in (Braun et al., 2019a); the value 4L in the proof is
replaced by 2L.D? in this case.

(B.10)

Finally, as shown in the proof of Theorem 3.2, T’ < 2(Tyesc + Trw) holds. By substituting this to (B.10), we have

4LD?
hr < T




Pairwise Conditional Gradients without Swap Steps and Sparser Kernel Herding

Proof of Theorem 3.6
Proof. The proof tracks that of (Braun et al., 2019a), especially for Case(A).

We first consider Case (B). In the same way as (Braun et al., 2019a), we divide the iteration into sequences of epochs that
are demarcated by the gap steps in which the value &, is halved. We bound the number of iterations in each epoch.

By the convexity of f and the definition of w;, we have

o) = f(a™) S (Vf(ze), 2 —2™) <(V (@), 2 —wy) -

If iteration ¢ — 1 is a gap step, it holds

2,
J
We note that (B.11) also holds at ¢ = 0 by the definition of ®y. By (B.11), if 2&; < e holds for € > 0, the primal gap

f(z¢) — f(z*) is upper bounded by e. Therefore, the total number of epochs Ng to achieve f(z;) — f(z*) < € is bounded
in the following way:

f@e) = f(a*) <(V (@), 2 —we) < < 2, (B.11)

29
Ng < {mg ﬂ . (B.12)
€
Next, we consider the epoch that starts from iteration ¢ and use the notation w to index the iterations within the epoch. We
note that &; = ®,, within the epoch.

We divide each iteration into three cases according to types of steps. First, consider the case w iteration is a FW step that
means d,, = x,, — w,,. Using Lemma 3.4 and the condition (V f(z,), T, — wy) > @, /J = @/ J, we have

— Wy, 2
f(zy) — f(Tyy1) > min { <vf(xu2)l’j;2 ) ; % (VI(xu), zu — wu>}

D Dy
> 2t 1t B.1
=27 mm{ " LD2J } ®-13)

Next, consider the case u iteration is a descent step that means d,, = a,, — s, and A\, < A}. Using Lemma 3.4 (a) and the
inequality (V f(z,), ay — $u) > ®, = ®;, we have

F@a) = f(2ug1) > (Vf(@a) du)*

2LD?
> 25)1%)2 . (B.14)
Finally, consider the case  iteration is a drop step that means d,, = a,, — s, and A\,, = A} In this case, it holds
f(xu) = f(@ug1) > 0. (B.15)

We bound the total number of iterations T to achieve f(xr) — f(z*) < €. Let Nrw, Ndesc, NVdrop; Ngap be the number of
FW steps, descent steps, drop steps and gap steps respectively. In addition, we denote the number of FW steps, descent steps
in epoch ¢ by Nfy, Nl respectively. Using Na,op < Npw and (B.12), we have

2 20
T < New + Naese + Narop + Ngap < {log eﬂ + 2Npw + Naese < [bg eﬂ + ) (2Nfy + Niese)- (B.16)
t:epoch

Here, we bound 2N}, + N{_.. in epoch ¢.

Let ¢’ be the index of iteration where epoch ¢ starts. We consider the following two cases:
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@M &, > LD?*J
By (B.11),(B.13), (B.14) and the condition ®; > LD?J, we have

20, > f(ay) — f(a™)
D 7
2J desc o1 D2

P, d,
> 2N} Nt -
FW ’ 4J + desc 2LD2

> New -

-LD*J
1 J

=9, (QNIE‘W : E Jr]\Uiesc ! 2) .

Thus,
4
2Nfw + N < max{8J, j}' (B.17)

an &, < LD?J
Using (B.11),(B.13) and (B.14), we have

. 2 2 1 1
20,2 f(e0) ~16°) 2 N 5777 + N 378 = 3 (Vb g + Nl 575

Thus, we have

1
2Nfw + N < 5 max{8LD?J? 4LD?}. (B.18)

Since ®, dose not increase and (B.17) holds, the number of iterations in which &, > L D?J holds is bounded. We define ¢,
as the first epoch where ®; < LD? /] is satisfied and 7} as the total number of the iterations by epoch ¢;. Then, by (B.16)
and (B.18), we have

2P 2 C
T < T1 + [log 60—‘ + Z(ZNEW +N(§esc) < Tl + ’}Ogeo—‘ + Z 51’

t>t1 t:epoch t

where O = max{8LD?J? 4LD?}. In addition, it holds that

01 N & 8C4
27; 2 »+1 1 210g 042 — .
>3 < <3, 2 Z )< 3, -
t:epoch
Therefore , we have
2P 8C
T<T + [bgﬂ + =

Therefore we drive € = O(7:).

Next, consider Case (A). The argument by (B.16) can be done exactly the same as Case (B). In the same way as Case (B),
we consider the two cases (I) ®; > LD?J and (I) ®, < LD?J. For the case (I), we can derive just the same result (B.17).
For the case (II), we analyze in a different way from Case (B) in the following way:

(II-A) ®; < LD?*J
If iteration ¢ — 1 is a gap step, using the same argument as (Braun et al., 2019a), we have

flxe) = fa) < —F. (B.19)
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Using (B.19), we drive the following bound for Case (A);

S Nt o7 ¢ P7
= New - 57 pags + Niese 373

1 1
2 ¢ ¢
> <2NFW "ALD2J2 + Niese * 2LD2) .
Therefore, we have
2Nfw + Niooe < 8 max{4LD?J? 2L D?}. (B.20)
7
By (B.16), (B.17) and (B.20), it holds

T<C, [mg wﬂ , (B.21)
€

where Cy = 1 + max{max{8J, 3}, & max{4LD?J? 2LD?}}. Thus, we derived the desired result for Case (A). O
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C. Finer sparsity control in BPCG

In this section we explain how the sparsity of the BPCG algorithm can be further controlled while changing the convergence
rate only by a small constant factor. To this end we modify the step selection condition in Line 6 in Algorithm 1 to
incorporate a scaling factor K. > 1.0:

Koo - (Vf(xe),ar — s¢) > (Vfxg), 2 — wy). (relaxCond)

With this modification Lemma 3.5 changes as follows

Lemma C.1 (Modified version of Lemma 3.5). For each step ¢ in Algorithm 1, an inequality
(Kse + 1) - (Vf(@e),de) > (V[(x1), a0 — wy)

holds.

Proof. 1f we take a pairwise step we have
Ko - (Vf(x),ar — s¢) > (Vf(we), ¢ — wy).

Moreover, it holds as before
(Vf(xe),xe) > (Vf(xe),5¢), (convexComb)

so that we obtain
Kse - (Vf(@e),ar — s¢) > (Vf(x1), 80 — wr).

Now we add (V f (), ar — s¢) to both sides of this inequality and obtain:
(s +1) AV f(x1), a0 — s) = (Vf(xe), ar —wy),

which is the claim in this case as d; = a; — s;.

In case we took a normal FW step it holds:
Koo - (Vf(z),ar — s¢) < (Vf(zy),xs —wy),
and together with (convexComb)
Koo - (Vf(xe),ar — xe) < (Vf(21), 26 — wy).
Now adding K. - (V f(x:),xs — w;) to both sides we obtain
Koo - (Vf(@1), a0 — wi) < (Kse +1) - (Vf(xe), 20 — wy),
and hence
(Kse +1)
Ky

as required as dy = x; — wy. O

(Vf(xe),ar —wy) < AV (@), v —wy) < (Kse +1) - (Vf(21), 20 — wy),

Plugging this modified lemma back into the rest of the proof of Theorem 3.2 leads to a small constant factor loss of
(Ks. + 1)? /4 in the convergence rate, which stems from the simple fact that progress from smoothness is proportional to the
squared dual gap estimate, which weakened by a factor of (K. + 1)/2.

Remark C.1 (Sparsity BPCG vs. lazy BPCG). Observe that the non-lazy BPCG is sparser than the lazy BPCG. While
counter-intuitive, the optimization for the local active set maximizes sparsity already and the non-lazy variant uses tighter
bounds as they are updated in each iteration promoting prolonged optimization over active set before adding new vertices.
Although it can happen that the lazy BPCG algorithm obtains sparser solutions than the non-lazy BPCG algorithms, this
observation may help to understand the behavior of the algorithms.
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D. Additional numerical experiments

¢, NORM BALL

We define the ¢, norm for p € R and = = (1,

1
cyxn) € R™as ||z]|, = (X1, |z:/P)* and consider the following
optimization problem

. _ 2
min [z — 2oz

st Jlzll, < 1,

where ||zo]|, < 1. We performed the numerical experiments with p = 5 and n = 1000. The result is given in Figure 8.
The sparsest solution was obtained via BPCG methods. Note that in this experiment the vanilla Conditional Gradient and

—CG

— ACG

—PCG 10°
BPCG

—BPCG_lazified

Primal

Dual

10710

0 200 400 600

0 200 400 600

size of active set size of active set

Figure 8. Sparsity: £5 norm case

Away-step Conditional Gradient behave in exactly the same way and the blue line and orange line in the figure overlap each
other.

KERNEL QUADRATURE FOR A MIXTURE GAUSSIANS

We performed the experiments for a mixture Gaussians on [—1, 1]2. As shown in Figure 9, we have almost the same result
as that of the ordinary Gaussian distribution. We note that in the left figure in Figure 9, the distribution function takes large

values as the color gets closer to yellow and takes small values as the color gets closer to blue.
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Figure 9. Contour of the mixture gausssian distribution (left) and MMD for the number of nodes(right).



