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Abstract

We study the efficiency of Thompson sampling for
contextual bandits. Existing Thompson sampling-
based algorithms need to construct a Laplace ap-
proximation (i.e., a Gaussian distribution) of the
posterior distribution, which is inefficient to sam-
ple in high dimensional applications for general
covariance matrices. Moreover, the Gaussian ap-
proximation may not be a good surrogate for the
posterior distribution for general reward gener-
ating functions. We propose an efficient poste-
rior sampling algorithm, viz., Langevin Monte
Carlo Thompson Sampling (LMC-TS), that uses
Markov Chain Monte Carlo (MCMC) methods
to directly sample from the posterior distribution
in contextual bandits. Our method is computa-
tionally efficient since it only needs to perform
noisy gradient descent updates without construct-
ing the Laplace approximation of the posterior
distribution. We prove that the proposed algo-
rithm achieves the same sublinear regret bound
as the best Thompson sampling algorithms for
a special case of contextual bandits, viz., linear
contextual bandits. We conduct experiments on
both synthetic data and real-world datasets on
different contextual bandit models, which demon-
strates that directly sampling from the posterior is
both computationally efficient and competitive in
performance.

1. Introduction

A bandit problem is a sequential decision-making problem
wherein an agent, in each round, observes an action set,
chooses an action (or arm) from the set, and then observes a
reward from the environment. A bandit learning algorithm
aims to learn a policy for the agent to maximize its cumula-
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tive rewards based on its historical observations of actions
and rewards. In the vast majority of real-world applications,
each arm is usually associated with side information in the
form of a feature or context vector that describes the arm.
The mean reward for an arm is expressed as some unknown
function of the arm’s feature vector and an unknown weight
parameter that is shared across different arms. This setting—
known as the contextual bandit problem— has been exten-
sively studied in the literature (Langford & Zhang, 2007;
Chu et al., 2011; Abbasi-Yadkori et al., 2011; Agrawal &
Goyal, 2013; Filippi et al., 2010; Li et al., 2017; Lale et al.,
2019; Kveton et al., 2020).

The main challenge in contextual bandit problems is address-
ing the well known exploitation versus exploration trade-off,
which requires a careful balance between choosing the my-
opically better arm and choosing an under-sampled worse
arm. Existing algorithms for maximizing the cumulative
reward in bandit problems mainly follow either one of the
following two algorithmic frameworks. The first framework
follows the principle of optimism in the face of uncertainty
(OFU), and algorithms designed using such ideas have been
widely applied to both finite armed bandits, also known as
multi-armed bandits (MAB) (Auer et al., 2002; Ménard &
Garivier, 2017), and contextual bandits (Chu et al., 2011;
Abbasi-Yadkori et al., 2011; Li et al., 2017; Zhou et al.,
2020; Xu et al., 2022). The second dominant category of
bandit algorithm makes use of the idea of Thompson or
posterior sampling (Thompson, 1933). Such algorithms
have been widely used in practice due to their ease of imple-
mentation and impressive empirical performance, and have
only recently started to be well understood theoretically in
multi-armed bandits (Agrawal & Goyal, 2012; Kaufmann
et al., 2012; Russo & Van Roy, 2014; Jin et al., 2021) and
contextual bandits (Chapelle & Li, 2011; Agrawal & Goyal,
2013; Riquelme et al., 2018; Wang & Zhou, 2020; Zhang
etal., 2021).

One crucial area in which the two types of algorithms dif-
fer is in their ease of implementation. In contextual bandit
problems, algorithms based on the OFU principle usually
need to solve a bi-linear optimization problem, making them
computationally expensive to implement outside of simple
problems despite coming with stronger theoretical guaran-
tees. In contrast, Thompson sampling algorithms only need
to solve a linear optimization problem over the arm set since
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the uncertainty in the posterior distribution automaticallys We theoretically prove thatLMC-TS achieves a
accounts for the exploration in the parameter space. Further-@(d™ dT) regret for linear contextual bandits, whetés
more, Thompson sampling has been observed to be empiri-the dimension of the problem afdis the time horizon.
cally competitive to—or sometimes even better—than OFU This result matches the best regret bound for Thompson
based algorithms (Chapelle & Li, 2011). sampling algorithms in linear contextual bandits (Agrawal

Most existing Thompson sampling algorithms rst construct & Goyal, 2013).

a '-aP'a‘?e approximation (WhiCh is essentially a _Gaussiar; We further conduct thorough experiments on both syn-
distribution) (Chapelle & Li, 2011) of the underlying pos- qtic gatasets and real-world datasets (UCI machine

terior Qistriputign on the data a”q then sample from the learning datasets and a high dimensional image dataset CI-
Gaussian dlstrlbutlc_Jn to_ ex_plore in the param_eter Space'FARlO) to show that one algorithm is enough for learning
The Laplace approximation in Thompson sampling usually many different complex bandit models by comparing it

leads to a non-isotropic covariance matrix. Itis well known -\ i gitterent baseline algorithms in linear contextual ban-
that sampling from a Gaussian distribution with a general s ganeralized bandits, and neural contextual bandits
covariance matrix is usually computationally expensive in respectively

high dimensional applications. Moreover, when the reward

generating function is nonlinear with respect to the weight . .
parameter such as in generalized linear bandits (Kvetofotation, We uselk] to denote a seitl; :::7kg, k 2 N*.

et al., 2020) and neural contextual bandits (Riquelme et alkxkz = = x> x is the Euclidean norm of a vectar2 R
2018; Zhang et al., 2021), the true posterior distribution may~0r @ matrixv. 2 R™ 1, we denote bkV k, andkV k its

not be well approximated by a Gaussian distribution andPperator norm and Frobenius norm respectively. For a semi-

. . it H H d d d
thus the Laplace approximation could be a poor surrogat@0Ssitive de nite matrixV 2 R® © and a vectgk 2 R,
for the posterior distribution. we denote the Mahalanobis norm lasky = = x> Vx.

) ) For an evenE on a probability space, we dendi as
Our approach: In this paper, we propose an algorithm, jts complement event such tHa¢E) + P(E€) = 1. For a
viz., Langevin Monte Carlo Thompson samplingMC-TS),  fynctionf (T), we use the common big O notati@{(f (T))

which directly samples from the data posterior distributiontO hide constant factors with respecttand used(f (T))
instead of a Laplace approximation in contextual bandits. I, it the logarithmic dependence @n

particular, by incorporating Langevin Monte Carlo (Bakry

et al., 2014), our algorithm only needs to perform noisy L.

gradient descent updates, which can generate samples tiat Preliminary

provide a good approximation of the posterior with arbitrary ¢ o ytexijal Bandits Contextual bandits are a wide class
accuracy if it is run for suf ciently many steps. This iS¢ sequential decision problems, where the player makes the
contrast with Laplace approximation for ThHOmpson saMgyeision hased on an observation of an action set consisting

pling (Chapelle & Li, 2011), which has a xed approxima- ¢ oot re vectors as contexts for different actions. In partic-
tion error for the posterior distribution and thus the covari-

) full . i diff ular, at round, the player observes an action ¥gt RY,
ance matrix needs to be carefully redesigned in different,y o qoses an arm or action which is represented by a

contextual bandit pr(_)blems to achieve reasonab_le perfoféature vectok, 2 X;. Note that in this paper we do not as-
mance (Chapelle & Li, 2011; Kveton et al., 2020; Riquelme g, e the action set s nite nor is xed in each round. Then
et al., 2018; Zhang et al.,, 2021). Moreover, due to the, royarqr, is immediately revealed to the agent by the envi-
simplicity of noisy gradient descent updates, the proposegl,,ment |n contextual bandit problems, it is often assumed
algorithm is directly applicable to many bandit problemsthat the mean reward of an action with featore? R
where deep neural network function classes are used. is given by a reward generating functibfx; ) and the

. 0
Contributions of this paper are summarized as follows: ~ observed reward is(x) = f (x; )+ ,where 2 R¢
is an unknown weight parameter that is shared across all
arms, and is a random noise incurred in the observation.
* We propose a practical and ef cient bandit algorithm For instance, in linear contextual bandits (Chu et al., 2011;
LMC-TS, which only needs to perform noisy gradient Abbasi-Yadkori et al., 2011; Agrawal & Goyal, 2013), we
descent updates to approximately sample from the dathave 2 RYandf (x; )= x> ;ingeneralized linear
posterior distributionLMC-TS is easily implementable bandits (Filippi et al., 2010; Li et al., 2017; Kveton et al.,
and scalable to large-scale and high dimensional prol2020; Ding et al., 2021), we hafgx; ) = (x> )
lems including deep learning applications. It also worksfor some link function (); and for neural contextual ban-
simultaneously for a large class of contextual bandit modéits (Riquelme et al., 2018; Zhou et al., 2020; Zhang et al.,
els including linear contextual bandits, generalized linear2021; Xu et al., 2022¥, (x; ) is a neural network, where
bandits, and neural contextual bandits. is the concatenation of all weight parameters ard
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the input. 3. Langevin Monte Carlo Thompson
The objective of a bandit algorithm is to maximize the cu- Sampling
mulative rewards over a time horizdh which is equivalent

to minimizing the following pseudo regret (Lattimore & Algorithm 1 Langevin Monte Carlo Thompson Sampling

Szepeséri, 2020): (LMC-TS)
" < # 1: Input: step size$ ; > Og; ., inverse temperature
R(T)= E (r(x;) r(xt)) ; (2.1) parameter$ ;g 1, loss functionL( ), and reward
t=1 model functiorf (x; ). 1.0= 0,Ko =0.
. . . 2: fort=1;2;:::d

wherex; 2 X, is the arm chosen by the bandit algorithm 3 or _ °

_ . . . 50— t LK¢ 1
atroundt, andx, = argmax,,y, E[r(x)] is the arm with 4 fork=1: K. do
the maximum expected reward at roundNote that this 5: samplé 'é ;s’tandard normal vect% N (0:1)

de nition of regret is based on the best oracle armwhich

is more general than the de nition based on the best policy 6: tk = tk 1 tf LeC e )+ 24 bk

achievable within a prede ned policy class in adversarial 7:  end for

bandits (Bubeck & Cesa-Bianchi, 2012). 8:  Playarmx; = argmax,,x , f (X; tk ) and observe
rewardr

Laplace Approximation Thompson Sampling Among 9: end for
the most popular bandit algorithms, Thompson sam-
pling (Thompson, 1933; Chapelle & Li, 2011; Russo et al.

'In this paper, we propose the Langevin Monte Carlo Thomp-
son Samplingl(MC-TS) algorithm, which is presented in
?Algorithm 1. Unlike existing work that use Laplace Ap-
roximation (Chapelle & Li, 2011; Agrawal & Goyal, 2013;
veton et al., 2020; Zhang et al., 2021), which is essentially
a Gaussian distribution, to approximate the unknown poste-
rior distribution, we use Langevin Monte Carlo (Roberts &

posterior distribution of the data. Aftdar 1 rounds
of the bandit problem, assume we have collected dat

tities based on historical data.

X1 N X1 Tweedie, 1996; Bakry et al., 2014) to learn the exact poste-
Vi= I+ XsXg; br= reXs; (2.2)  rior distribution of parameter up to a high precision. One
s=1 s=1 closely related work to ours is Mazumdar et al. (2020) which

proposed to combine LMC and SGLD with Thompson sam-
v, 1h,. Atroundt, the agent receives an action Xet pling algorithms in mte—armgd bandllt problgms without
RY which consists of feature vectors of candidate actions af >, contextual features. Their analysis heavily depends on

roundt. Then linear Thompson sampling (LinTS) (Agrawal their assumption on prlor.d|str|but|c_)ns apd IS hard to extend
& Goyal, 2013) samples a paramefrfrom distribution to contextual bandits (with potentially in nite arms) even

b yal, 1 for the simplest linear contextual bandits, which we will
N (%;wvV, 7) and then chooses the arm as folloxys=

) discuss in further details in the next section.
argmax, ,x , X~ &. After that, it observes the reward for ) )
roundt. Based on newly collected action featureand !N Speci ¢, Algorithm 1 works as follows. At the-th round
rewardr;, the quantities ir2.2) can be updated and the Of the algorithm, we run the following subroutine fiir

where > 0is a regularization parameter. Dendle=

learning process proceeds to the next round. steps. Foreack = 1;:::;K¢, we have

Approximating the posterior distribution using a Gaus- q 1

sian distribution is also called Laplace Thompson sam- tk = tk 1 I Li(tx )+ 2¢ ¢ w; (1)

pling (Chapelle & Li, 2011). Note that sampling from

N (bt;Vth ') is usually implemented a§& = B +  where ¢k IS an isotropic Gaussian random vectoRf,
ViV, 2 in practice, where is sampled fronN (0; 1) > 0 is a step size parameter; is the inverse tem-

andv; > 0is a scaling parameter. The computation comperature parameter, aid( ) is loss function between
plexity of calculatingy 12 is at leasD(d®) with Cholesky  the observed rewards;gi=; ..+ 1 and estimated rewards
decomposition, which is prohibitively high, especially for ff (x; )g that is speci ed by the usei3.1) s called the
high-dimensional machine learning problems. On the othetangevin Monte Carlo (LMC) method in the approximate
hand, the Gaussian distribution used in Thompson samplingampling literature (Roberts & Tweedie, 1996; Bakry et al.,
might not be a good approximation of the posterior distri-2014; Dalalyan, 2017b;a), which could be viewed as the
bution for general bandit models with more complicatedEuler-Maruyama discretization of the following stochastic

structures than linear contextual bandits. differential equation from physics called Langevin dynam-
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R
ics (Langevin, 1908): Z = exp( +tL¢( ))d isthe normalization term. In
q the inner loop of Algorithm 1, we apply the LMC update
d(s)=r L; (s)ds+ 2 ,'dB(s); (3.2) denedin(3.1)whichis a discretization of3.2) and thus

wheres > 0is a continuous time index,> Ois the inverse  of non-asymptotic analyses show that the Markov chain
temperature parameter aBdt) 2 RY is a Brownian mo- f tk Ok=0;1;:: generated by LMC converges tq up to
tion. It has been showed that under certain conditions on than arbitrary accuracy for (strongly)-convex (Dalalyan,
drift term r  L( (t)), Langevin dynamics will converge 2017b) and nonconvek; (Vempala & Wibisono, 2019)
to a unique stationary distribution(dx) / e - ®dx. respectively, as long as the epoch lenigthof Algorithm 1
Therefore, one can ug) to approximately sample from an is large enough.

arbitrary distribution ¢ / exp(  (L¢( )). In what follows, we show that, is the Gaussian distribution

Note that Algorithm 1 is applicable to various different we need in linear contextual bandits. By the de nition in
contextual bandit settings if we choose the correspondin3-3), we have

reward modef (x; ) and log-density functiot;( ). An- X 1

other advantage of our algorithm is that only noisy gradientLt( )= x> r 24 Kk K2

descent update is performed in order to do proper explo- =1

ration in different bandit problems. Thus duMC-TS is K 1

both exible in design and is easy to implement in practice. = >xix>  ho2rixii+r? o+ kK2

In the next few subsections, we show that how we can instan- i=1

tiate our algorithm for linear contextual bandits, generalized K1 K1 X1

linear bandits, and neural contextual bandits respectively. = > |+ XiX; 2 liXa + ri2
i=1 i=1 i=1

3.1. Implication to Linear Contextual Bandits X1

> > 2.
. . s Vt 2 bt + r
In linear contextual bandits, it is assumed that the reward i1

generating function i (x) = x> forallx 2 X . De ne

the following loss function where the last equality is due t®.2). We denote
b = argmin L¢( ) which is the solution of ridge regres-
X1 ) sion (Hoerl & Kennard, 1970). It is easy to verify that
Le( )= X7 on T+ kK (3.3)  the solution of the ridge regression problem has the form
i=1 b = v, 'b;. Then, we have
where > 0is a regularization parameter. Then we have AV h = >v, 2 >vb + bt> Vb

the gradient oL ;( ) asr L¢( ) = 2(V; b¢), where

V. andb; are de ned in the same way as in (2.2). aw 2 b+ v b;

Based on the linear bandit model and the loss function chQghich immediately implies that

sen in(3.3), we can show that the inner loop of Algorithm 1

generates samples approximately from the Gaussian poste- () exp( tLi( )

rior distribution. | ex b > b
p t t Vi t

Proposition 3.1. If the epoch lengt#K ; in Algorithm 1 is
suf ciently large, the distribution oK ; converges to Gaus- Therefore, we can conclude that the distribution gf ,
sian distributionN (V, *b¢; , 'V, ) up to an arbitrary ~ converges to Gaussian distributibin(®; v, ). O
accuracy.
Although the update in Algorithm 1 is presented as a full
Note that LMC does not converge exactly to the posterioigradient descent step plus an isotropic noise, one can also re-
distribution but instead converges to it with an arbitrarily pjace the full gradient L ( ¢k 1) With a stochastic gradi-
pre-chosen prevision parameter for large enokigh In ent or a variance reduced stochastic gradient of the loss func-
the next section, we will show this will be suf cient for the tjon Li( ¢k 1) calculated from a mini-batch of data, which
proposed bandit algorithm to achieve a sublinear regret. |eads to Stochastic Gradient Langevin Dynamics (SGLD)
algorithm (Welling & Teh, 2011) and Stochastic Variance
Proof. According to Roberts & Tweedie (1996); Bakry et al. Reduced Gradient Langevin Dynamics (SVRG-LD) (Dubey
(2014), we know the Markov chain generated by Langeviret al., 2016; Xu et al., 2018). And similar results to Proposi-
dynamics(3.2) converges to a stationary distributiopn,  tion 3.1 can be obtained by following the proofs in Dalalyan
whichisdenedas (( ) = Z Yexp( (L{( )),where & Karagulyan (2019); Xu et al. (2018); Zou et al. (2021).
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Now we have shown that our Algorithm 1 is similar to the negative log-likelihood function

Thompson sampling algorithm derived from Laplace ap- X1

proximation of the posterior distrib_ution ir_1 linear contextual ()= (M ) rixs )+ kK (3.5)
bandits. Nevertheless, our Algorithm 1 is more preferable ' '

than Thompson sampling in practice since at each iteration . .

of LMC-TS we only need the computation of rst order Where > 0is atuning parameter. Under some standard
information, which is much more computationally ef cient conditions on the link function in GLB, it could be shown

than computing the Cholesky decomposition for samplingat the posterior density / exp( L( )) is strongly
from a general multivariate normal distribution in Thomp-09-concave and log-smooth. Similarto the proof of Proposi-
on 3.1, by recalling results in the study of Langevin Monte

son sampling when the feature dimension is high as wd S
discussed in Section 2. Cgrlo (Dalalyan, 20179), we can show that the distribution
of iterates ¢ , in Algorithm 1 converges to the true poste-
rior distribution  if the epoch lengthk of the inner loop
is suf ciently large. In addition, due to the simplicity of
In generalized linear bandits (GLB), the true rewaifdr  our algorithm, we only need to perform gradient descent
armx 2 X at roundt is assumed to be from a gener- based updates, which is computationally more ef cient than
alized linear model (GLM) (McCullagh & Nelder, 2019). Laplace approximation based Thompson sampling for gen-
Speci cally, conditional on feature vectar, r follows an  eralized linear bandits (Kveton et al., 2020).
exponential family distribution with mean(x> ), where

is an unknown weight parameter that is shared across afi.3. Implication to Neural Contextual Bandits

arms, and () is called the link function. It is worth noting . ) )
that generalized linear bandits cover a class of common bafur @lgorithm is also applicable to more general contex-

dit models used in practice. For instance, whém) = z U@l bandit problems, where the reward functicx; )

is the identity function, it reduces to linear contextual baniS @ neural network with as its input and - as the collec-
dits; when (z) = 1=(1 + e ?) is the sigmoid function, it tion of all weight matrices. This type of bandit model is
reduces to the logistic bandits (Dong et al., 2019). usually referred to as the neural contextual bandits in the

literature (Riguelme et al., 2018; Zhou et al., 2020; Zhang

i=1

3.2. Implication to Generalized Linear Bandits

Based on sample$xi;rq;iiiiXe 151t 19, the nega- et al., 2021; Xu et al., 2022). One possible choice of the

five log-likelihood function is dened asCi( ) =  functionL( ) used in Algorithm 1 is the squared loss:
it:f(m(x; ) riXaz ), wherem(z) is twice differen- 1

tiable andnb(z): (2) is the link function de ned in the L( )= X fxii ) T 24 Kk K2 (3.6)

previous paragraph. Existing Thompson sampling based al-
gorithms on generalized linear bandits (Filippi et al., 2010;

Kveton et al., 2020; Ding et al., 2021) usually rst solve the Where > 0. Due to the exibility in the choice of loss
following MLE estimator functions in our method, one can always choose another loss

functionL( ) based on the belief in the prior and posterior
distributions in speci ¢ applications to boost the empirical
K1 performance. This makes our method directly applicable to
N > > . . . .
¢ =argmax (X, m(xz )); (3.4) complicated deep learning applications.

i=1

4. Theoretical Analysis of LMC-TS for Linear

and then construct a Laplace approximation of the underly- Contextual Bandits
ing posterior distribution, which is given by Gaussian dis-
tribution N (©; a2(r 2 (D)) 1), wherea > 0is a scal-

ing parameter. Similar to Thompson sampling for linear

contextual bandits discussed in Section 2, sampling fron@\,e rst state the assumption on the details of the model.

N (b a?(r 2cy(R)) 1) is computationally inef cient in . )
L . - . Assumption 4.1. There is an unknown parameter 2 Rd
high dimensional applications. Moreover, due to the exis that for any arm 2 X RY, the reward is (x) =

tence of the link function, the posterior itself is not necessar)il:Ch +  where isassumed to beR-subGaussian ran-
a Gaussian distribution, and thus the Laplace approximatiora S

) . . om variable for some constaRt> 0.
might cause a xed approximation error.

In contrast, out MC-TS algorithm can be easily applied to The following theorem states the regret bound BIC-TS.
GLB by choosing the reward modelféx; )= (x> )  Theorem 4.2.Under Assumption 4.1, we choose a linear re-
and the loss functiofi;( ) as the following regularized ward modef (x; )= x> in Algorithm 1. Let 2 (0;1).

In this section, we provide the regret analysis of our pro-
posedLMC-TS algorithm when we apply it to a specic
contextual bandit problem, viz., the linear contextual bandit.
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Foranyj =1;2;:::, letthe step s[j)zej =1=(4 max(Vt)), case. This is due to that the optimization loss function

the epoch lengtiK; = ; log(3R ,2dT log(T3=)), and L:( ) is the sum ot squared loss functions and we do not
the inverse temperaturg 1= 4R dlog(T3=)), where @assume each loss function is strongly convex. Moreover,
i = max(Vj)= min (V) is the condition number of ; . under certain assumption on the diversity of the arm set as
Then with probabilityl ~ , it holds that is studied in Hamidi & Bayati (2020); Wu et al. (2020), the
q condition number will becom®(1). On the other hand, if
R(T) CRdlog(l=) dT Iog3(1 +T=(d)): we apply Newton's method to minimize the loss function

L¢( ) in each round, we could get rid of the condition
whereC > 0is an absolute constant that is independent offumber ; in the dependence of the epoch length of the
the problem. inner loopK; . Lastly, we observe from our empirical study

thatLMC-TS often requires a small number of iterations to
Note that tftpﬁgret upper bound in Theorem 4.2 is in thechieve a good performance.
order of@(d dT) which matches the best result for Thomp-
son sampling based algorithm in linear contextual bandits; Empirical Evaluation of LMC-TS
with in nite arms (Agrawal & Goyal, 2013). Moreover, if
the arm sefX;j N is nite in each round for some integer In this section, we conduct experiments on both synthetic
N, following a similar proof as in Agrawalp&  Goyal (2013), datasets and real-world datasets to show that the proposed
this regret bound can be improved®{d T), where a algorithm achieves the best performance in terms of regret
logarithmic depender&cg on the number of aNnseplaces  minimization and also is scalable to large-scale and high-
the additional tern®(' d) and is omitted in thé@( ) nota- dimensional problems. All experiments are conducted on
tion. This shows thatMC-TS is theoretically comparable Amazon EC2 P3 instances with NVIDIA V100 GPUs and
to Laplace approximation based Thompson sampling in linBroadwell E5-2686 v4 processors. Our implementation can
ear contextual bandits. Nevertheless, due to the fact that wiee found atittps://github.com/devzhk/LMCTS
add multiple noises in Algorithm 1 at different time steps

i . - 'Benchmarks and baseline algorithmsAs we discussed in
the coupling of these noises makes the regret analysis

- o : .Section 3, oulLMC-TS algorithm is applicable to many
existing Laplace approximation Thompsqn sampling not dI'different contextual bandit problems. Hence we compare
Lecgﬁggﬂltcglbl(ezgjlggjr,[ﬁ:,[sfﬁem;p?g;icrhgt?;? :fr?)rr] szg;ver} with baseline algorithms in different bandit settings in-

y N . PP . luding linear contextual bandits, logistic bandits, quadratic
by the posterior sampling step for Thompson sampling @ andits, and neural bandits (also known as deep bandits)
yield a linear regret in general and thus we have to develo .

o . . . respectively. For linea
nontrivial proof techniques to achieve a sublinear regret for P Y r bandit problems, we compare our
LMC-TS.

algorithm with baseline linear bandit algorithms such as

o ) LinUCB (Chu et al., 2011), LinTS (Agrawal & Goyal,
Remarl4.3. The only eX|§t|ng work that ;tudy the sublinear 2013), and the -greedy algorithm. For logistic bandit
regret of TS with approximate sampling is given by Mazum-,plems, we compare our algorithm with existing state-
dar etal. (2020). Compared with their work which combines ¢ ihe_art algorithms for generalized linear bandits includ-
Langevin algorithms with Thompson sampling for multi- ing UCB-GLM (Li et al., 2017), GLM-TSL (Kveton et al.,
armed bandits, our analysis applies to a more general cla%ZO) SGD-TS (Ding et al., 2021), anegreedy. For
of bandit problems which covers MAB as a special caseyagratic bandits and neural bandits, we compare our al-
Moreover, we do not assume that the reward distribution Oborithm additionally with NeuralUCB (Zhou et al., 2020)
a single data point is strongly log-concave, which is hard to\eyralTS (zhang et al., 2021), Neural-LinUCB (Xu et al.,
be justi ed in contextual bandits. Speci cally, they assume 2022), and Neural-greedy (Riquelme et al., 2018) which

that the reward conditional on contex; has a distribu- - 5ppjies -greedy exploration to a neural network reward
tionp(rjx; ) whichis strongly log-concave w.r.t. both  ,0del trained by SGD.

and . However, this assumption is not satis ed even for
Gaussian rewards. For instance, i6 a Gaussian reward
with meanx®  and unit variance, then logp(rjx; )is
not strongly convex with respect02 RY when the dimen-
siond is larger tharl.. In contrast, we only assume that the We rst compare our algorithm with baseline methods on
reward is subGaussian, which is among the most commosimulated bandit problems presented in Section 2 including
assumptions in linear contextual bandits (Abbasi-Yadkoriinear bandits, logistic bandits, and quadratic bandits, where
etal., 2011; Agrawal & Goyal, 2013). the true reward moddl(x; ) is known but the weight

Remark4.4. We note that the epoch length of the inner Parameter 2 R%is unknown. Throughout this subsection,
|00p of A|gor|thm 1 depends on the condition numb?r: the context feature dimensionds= 20, the size of the arm

max (V)= min (V;) which could beO(j) in the worst ~ Set at round is jXj = 50, and the time horizon of all

5.1. Simulation Study on Linear, Logistic, and
Quadratic Contextual Bandits
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learning algorithms i§ = 10000. de ned in (3.5), and the step size and temperature parame-

. . . ters are tuned in the same way as in linear bandits.
Linear contextual bandits: We rst generate a linear con-

textual dataset following the problem setup in Section 2. ToFor quadratic bandits, a 4-layer fully-connected neural
simulate the bandit environment, we rst generate2 RY network with width 20 is used in NeuralUCB, NeuralTS,
with each coordinate randomly sampled froht0; 1) and  Neural-LinUCB, Neural -greedy, and-MC-TS. We try
then scale to unit norm. We consider the following two both ReLU and LeakyRelLU and pick the best activation
settings: (1) we have a xed arm ¥t RY that remains  function for each algorithm. Neural networks are all updated
the same during the whole learning process; (2) we receivby 100gradient descent steps every round. Following the
anew arm seX; RY at each round. For the feature original implementation of NeuralTS and NeuralUCB, the
vectors, we generate 2 RY with each coordinate ran- matrix inverse is approximated by the inverse of diagonal.
domly sampled fromN (0; 1) and then scale each vector to We perform grid search for the regularization parameter
unit norm. The true reward for an anmis then generated and variance parameterin their work.

byr(x) = > x+ , where the noise is sampled from

N(0; 2)with 2=05. To make a fair comparison, we rst perform grid searches

for the parameters of all algorithms. We then x the best
Logistic bandits: In the logistic bandit experiment, we hyperparameters, and shuf e the order of the dataset and
follow the setting in Kveton et al. (2020) and consider therepeat experiments fdi0 times with different random seeds.
xed arm setting wher&X  RY with the context dimension
d = 20 and the size of arm sgXj = 50. Each contextual
vector is randomly generated frol(0; 1) and scaled to
unit norm. The reward for arm 2 X is generated by a
Bernoulli distribution, viz.y (x) Ber ( > x) , where

2 RYis sampled fronN (0; 1) and scaled to unit norm,
and (v) =1=(1+exp( Vv)) isthe logistic function.

Results: We report the mean and the standard error of the
accumulative regret of different algorithms ovd¥runs on

all simulated bandit problems in Figure 1. The results on
linear contextual bandits are shown in Figure 1(a) with a
xed arm set and in Figure 1(b) with time-changing arm
sets. Our methodMC-TS achieves the best performance
in both settings, and the performance gain in the changing
Quadratic bandits: Following the setting in Zhou et al. arm setting is slightly lower since it is a more challenging
(2020), we generate a quadratic contextual bandit problenproblem. The results for logistic bandits are shown in Fig-
We generate a changing arm ¥gt RY ateach round. The ure 1(c), and.MC-TS again outperforms baseline methods.
context dimensiom = 20. The size of arm sgK;j = 50 The results for quadratic bandits are shown in Figure 1(d).
at each round. Each contextual vecta2 X is randomly In this setting, LiInUCB and LinTS works poorly due to their
generated fronN (0; 1) and scaled to unit norm. At round dependence on the linear bandit structure. All the other al-
t, the reward function for the chosen arm2 X is given  gorithms use a neural network to model the reward, and our
byr, =10 > x; 24 ,where 2 RYis sampled from method achieves signi cant lower regret. Neural-LinUCB
N (0; 1) and scaled to unit norm, and the noiseN (0;1).  performs much worse than other baseline methods, possibly

. . . _ _ due to its insuf cient exploration in this setting.
Implementation details: For linear bandits, a linear reward

modelf (x; ) = x> is used in all algorithms_ For Lin-
UCB, we set the UCB bonus parameter ass ¢ dlogt
following Li et al. (2010) and nd the best parameteby  In this subsection, we consider UCI machine learning
performing a grig search. For LinTS, we set the variance padatasets (Dua & Graff, 2019) includirghuttle MagicTe-
rameter as = ¢ dlogT following the theory in Agrawal lescopeMushroom andCovertypeand a high dimension

& Goyal (2013), and pick the best hyperparameter constarimage datasefIFAR10(Krizhevsky et al., 2009). The speci-
cfrom a grid search. Forgreedy, the exploration rateii»%f cations of these datasets are summarized in Table 1. To use
at timet, wherec is selected by a gird search. AdvIC-TS,  theseN -class classi cation datasets for contextual bandit
we set the step size =  as suggested in our theory and problems, we follow Riquelme et al. (2018); Kveton et al.
do a grid search for the constant and the temperature (2020) to construct context vectors for different arms in
parameter 1. We x the epoch length for the inner loop the following way: given a data feature2 RY, we trans-

of our algorithm a¥; = 100 for all t. formitinto N contextual vectors® = (x;0;::::0),:::,

5.2. Real-World Datasets

(
For logistic bandits, a generalized linear reward modet_(l_I
f(x; )= (x> )isused, where(v) =1=(1+exp( V)).
The MLE estimator in(3.4) is solved via SGD for UCB-
GLM, GLM-TSL, and -greedy. For UCB-GLM, and GLM- Implementation details: For all methods using neural net-
TSL, we follow the same parameter setting proposed in Kveworks, we choose the best architecture between a two-layer
ton et al. (2020). FoLMC-TS, we use the loss function neural network with width 100 and a four-layer neural net-

atches the correct class of this data has reward 1 and all
other arms have reward 0.
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(a) Linear bandit ( xed arm set) (b) Linear bandit (c) Logistic bandit (d) Quadratic bandit

Figure 1.Regret comparison on simulated bandit problems. The mean and standard error are reported over 10 runs.

Table 1.Speci cations of real-world datasets used in this paper.
Shuttle MagicTelescope Mushroom Covertype CIFAR10

NUMBER OF ATTRIBUTES 9 10 22 54 3 32 32
NUMBER OF ARMS 7 2 2 7 10
DIMENSION OF CONTEXT FEATURE 63 20 48 378 30720
NUMBER OF INSTANCES 58,000 19,020 8124 581,012 10,000
(a) Shuttle (b) MagicTelescope (c) Mushroom (d) Covertype

Figure 2.Regret comparison on UCI datasets. The mean and standard error are reported over 10 runs.

bandit based approaches are the worst on all datasets. The
results on CIFAR1O0 is displayed in Figure 3. Note that
the dimension of this dataset is much higher than those
of UCI datasets that are used in existing neural contextual
bandit papers (Riquelme et al., 2018; Zhou et al., 2020;
Zhang et al., 2021; Xu et al., 2022). We plot the cumulative
regret in Figure 3(a) and the average regret in Figure 3(b),
(a) Cumulative regret (b) Averaged regret which shows that MC-TS achieves a sublinear cumulative
regret and signi cantly outperforms all baseline methods
Figure 3.Regret comparison on CIFAR10. The mean and Standal’@xcept Neural-LinUCB which converges almost as fast as
error are reported over 5 runs. LMC-TS. This is due to the shallow exploration of Neural-
LinUCB which only perform UCB exploration on the last
layer parameter of the neural network. However, it also
work with width 50. Activation function is also selected by |eads to a higher asymptotic regret than LMC-TS accoding
grid search over ReLU and LeakyReLU. All baseline algo+q Figure 3(b), which explores over the whole parameter
rithms update the neural network by 100 gradient descendpace. This shows the potential of our algorithm in high
steps every round. The parameters of all methods are tungfimensional bandit problems that use deep neural networks.

in the same way as in Section 5.1 for quadratic bandits. _ _ .
We also compare the runtime of our algorithm with Neu-

Results: We plot the average regret with std oddirepeats  raITS, which is a Laplace approximation based Thompson
for all algorithms on UCI datasets in Figure 2. It can besampling algorithm, to demonstrate the computational ef -
seen that our algorithiiMC-TS consistently outperforms  ¢jency ofLMC-TS. The runtime for running.000rounds
other neural network based algorithms. The results for linear



