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Abstract

Escaping from saddle points and finding local minimum is a central problem in nonconvex op-
timization. Perturbed gradient methods are perhaps the simplest approach for this problem. How-
ever, to find (e, \/€)-approximate local minima, the existing best stochastic gradient complexity for
this type of algorithms is 6(673'5), which is not optimal. In this paper, we propose LENA (Last
stEp shriNkAge), a faster perturbed stochastic gradient framework for finding local minima. We
show that LENA with stochastic gradient estimators such as SARAH/SPIDER and STORM can find
(¢, €2r)-approximate local minima within O (e~ + €5,°) stochastic gradient evaluations (or O(e~%)
when ey = +/€). The core idea of our framework is a step-size shrinkage scheme to control the
average movement of the iterates, which leads to faster convergence to the local minima.
Keywords: Stochastic Gradient Descent; Local Minima; Nonconvex Optimization.

1. Introduction

In this paper, we focus on the following optimization problem

min F(x) := Ee[f(x;£)], (1.1)

x€R4

where f(x;€) : R? — R is a stochastic function indexed by some random vector &, and it is
differentiable and possibly nonconvex. We consider the case where only the stochastic gradients
V f(x; &) are accessible. (1.1) can unify a variety of stochastic optimization problems, such as finite-
sum optimization and online optimization. Since in general, finding global minima of a nonconvex
function could be an NP-hard problem (Hillar and Lim, 2013), one often seeks to finding an (¢, €7 )-
approximate local minimum x, i.e., || VF(x)|[2 < € and Amin (V2F(x)) > —ep, where VF(x) is
the gradient of F' and Amin (V2F(x)) is the smallest eigenvalue of the Hessian of F' at x. In many
machine learning applications such as matrix sensing and completion (Bhojanapalli et al., 2016; Ge
etal., 2017), it suffices to find local minima due to the fact that all local minima are global minima.

For the case where f is a deterministic function, it has been shown that vanilla gradient descent
fails to find local minima efficiently since the iterates will get stuck at saddle points for exponential
time (Du et al., 2017). To address this issue, the simplest idea is to add random noises as a pertur-
bation to the stuck iterates. When second-order smoothness is assumed, Jin et al. (2017) showed
that the simple perturbation step is enough for gradient descent to escape saddle points and find
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(¢, \/€)-approximate local minima within O(1/€2) gradient evaluations, which matches the number
of gradient evaluations for gradient descent to find e-stationary points. Faster convergence rate can
be attained by applying accelerated gradient descent (Carmon et al., 2018; Jin et al., 2018) or cubic
regularization with Hessian-vector product (Agarwal et al., 2017).

Such results suggest that perturbed gradient methods can find local minima efficiently, at least
for deterministic optimization. When it comes to stochastic optimization, a natural question arises:

Can perturbed stochastic gradient methods find local minima efficiently?

To answer this question, we first look into existing results of perturbed stochastic gradient meth-
ods for finding local minima. Ge et al. (2015) showed that perturbed stochastic gradient descent
can find (e, \/€)-approximate local minima within O(poly(e~!)) stochastic gradient evaluations.
Daneshmand et al. (2018) showed that under a specific CNC condition, stochastic gradient descent is
able to find (e, \/€)-approximate local minima within O(1/€5) stochastic gradient evaluations. Later
on, Li (2019) showed that simple stochastic recursive gradient descent (SSRGD) can find (e, 1/€)-
approximate local minima within 6(6_3'5 ) stochastic gradient evaluations, which is the state-of-
the-arts to date. However, none of these results by perturbed stochastic gradient methods matches
the optimal result O(e~3) for finding e-stationary points, achieved by stochastic recursive gradient
algorithm (SARAH) (Nguyen et al., 2017b; Pham et al., 2020), stochastic path-integrated differen-
tial estimator (SPIDER) (Fang et al., 2018), stochastic nested variance-reduced gradient (SNVRG)
(Zhou et al., 2018) and stochastic recursive momentum (STORM) (Cutkosky and Orabona, 2019)
(See also Arjevani et al. (2019) for the lower bound results). Therefore, whether perturbed stochas-
tic gradient methods can find local minima as efficiently as finding stationary points still remains
unknown.

In this work, we give an affirmative answer to the above question. We propose a general frame-
work named LENA, which works together with existing popular stochastic gradient estimators such
as SARAH/SPIDER and STORM to find approximate local minima efficiently. We summarize our
contributions as follows:

« We prove that LENA finds (e, e )-approximate local minima within O(e 3 + e[_{G) stochastic
gradient evaluations. Specifically, in the classic setting where e = V€, our LENA together
with the SARAH/SPIDER estimator enjoys an O(e~3) stochastic gradient complexity, which

outperforms previous best known complexity result O(e=3%) achieved by Li (2019). Our
result also matches the best possible complexity result 5(6_3) achieved by negative curvature
search based algorithms (Fang et al., 2018; Zhou et al., 2018), which suggests that simple
methods such as perturbed stochastic gradient methods can find local minima as efficiently as

the more complicated ones.

* In addition, we show that LENA with a recent proposed STORM estimator is also able to find
(¢, €7 )-approximate local minima within O (e~ + 61_16) stochastic gradient evaluations.

* At the core of our LENA is a novel Last step shrinkage scheme to control the average move-
ment of the iterates, which may be of independent interest to other related nonconvex opti-
mization algorithm design.

To compare with previous methods, we summarized related results of stochastic first-order methods
for finding local minima in Table 1.
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Table 1: Comparison of different optimization algorithm for find approximate local minima of non
convex online problems.

Algorithm Gradient complexity Classic Setting  Neon2
Neon2+Natasha2 (Allen-Zhu, 2018) O3B 4B +65°)  O(e39) needed
Neon2+SCSG (Allen-Zhu and Li, 2018) O(e 18 +e2¢;° + ;) O(e739) needed
SNVRG " +Neon2 (Zhou et al., 2018) O(e 3+ e 22 +¢°) O(e=39) needed
SPIDER-SFO™ (+Neon2)(Fang et al., 2018)  O(e™ + € 2¢,* + ¢5) O(e73) needed
Perturbed SGD (Ge et al., 2015) Poly(d,e ™!, e;7") O(Poly(e7'))  No
CNC-SGD (Daneshmand et al., 2018) O(e™* + ;) O(e?) No
SSRGD' (Li, 2019) Oe® +e 22 +e i) O(e3?) No
LENA (This paper) O(e™3 + ¢ O(e3) No

Notation We use lower case letters to denote scalars, lower and upper case bold letters to denote
vectors and matrices. We use || - || to indicate Euclidean norm. We use By () to denote a Euclidean
ball center at x with radius .We also use the standard O and 2 notations. We use Apin (M) to
denote the minimum eigenvalue of matrix M. We say a,, = O(b,) if and only if 3C > 0, N >
0,vn > N,a, < Cby; a, = Q(b,) if and only if 3C > 0, N > 0,¥Yn > N,a, > Cb,. The
notation O is used to hide logarithmic factors.

2. Related Work

In this section, we review some important related works.

Variance reduction methods for finding stationary points. Our algorithm takes stochastic gradi-
ent estimators as its subroutine. Specifically, Johnson and Zhang (2013); Xiao and Zhang (2014)
proposed stochastic variance reduced gradient (SVRG) for convex optimization in the finite-sum
setting. Reddi et al. (2016); Allen-Zhu and Hazan (2016) analyzed SVRG for nonconvex optimiza-
tion. Lei et al. (2017) proposed a new variance reduction algorithm, dubbed stochastically controlled
stochastic gradient (SCSG) algorithm, which finds a e-stationary point within 0(6_10/ 3) stochastic
gradient evaluations. Nguyen et al. (2017a) proposed SARAH which uses a recursive gradient es-
timator for convex optimization, and it was extended to nonconvex optimization in (Nguyen et al.,
2017b). Fang et al. (2018) proposed a SPIDER algorithm with a recursive gradient estimator and
proved an O(e~3) stochastic gradient evaluations to find a e-stationary point, which matches a cor-
responding lower bound. Concurrently, Zhou et al. (2018) proposed an SNVRG algorithm with a
nested gradient estimator and proved an O(e~3) stochastic gradient evaluations to find a e-stationary
point. Wang et al. (2019) proposed a Spiderboost algorithm with a constant step size, achieves the
same O(e3) gradient complexity. Pham et al. (2020) extended SARAH (Nguyen et al., 2017b)
to proximal optimization and proved O(e~3) gradient complexity for finding stationary points.
Recently, Cutkosky and Orabona (2019) proposed a recursive momentum-based algorithm called
STORM and proved an O(e~3) gradient complexity to find e-stationary points. Tran-Dinh et al.
(2019) proposed a SARAH-SGD algorithm which hybrids both SGD and SARAH algorithm with

1. The complexity result of SSRGD in Table 1 is achieved only when ez > €/
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an 6(6*3) gradient complexity when e is small. Li et al. (2020) proposed a PAGE algorithm with
probabilistic gradient estimator which also attains an O(¢~3) gradient complexity. In our work, we
employ SARAH/SPIDER and STORM as the gradient estimator in our LENA framework since they
are most representative and simple to use.

Utilizing negative curvature descent to escape from saddle points. To escape saddle points, a
widely used approach is to first compute the direction of the negative curvature of the saddle point
and move away along that direction. In deterministic optimization, Agarwal et al. (2017) proposed
a Hessian-vector product based cubic regularization method which finds (¢, 1/€)-approximate local
minima within 6(6_7/ 4) gradient and Hessian-vector product evaluations. Carmon et al. (2018) pro-
posed an accelerated gradient method with negative curvature finding that finds (€, \/€)-approximate
local minima with in O(e~7/4) gradient and Hessian-vector product evaluations. Both of these
complexities match the complexity 0(6*7/ 4) achieved by perturbed accelerated gradient descent,
proposed by Jin et al. (2018). In stochastic optimization, to find (e, €7 )-approximate local minima,
Allen-Zhu (2018) proposed a Natasha algorithm using Hessian-vector product to compute the nega-
tive curvature direction with the total computation cost of O (¢=3-25 4¢3 61_11 +¢;;°). Later, Xu et al.
(2017) proposed a Neon method which computes the negative curvature direction with perturbed
stochastic gradients, whose total computational cost is O (e ~1%/3 + 6_261__13 + 6;16). Allen-Zhu and Li
(2018) proposed a Neon2 negative curvature computation subroutine with 6(6*10/ 3 —i—e*QeI_{?’ —i—e;f)
stochastic gradient evaluations. Fang et al. (2018) then showed that SPIDER equipped with Neon2
can find (e, e7)-approximate local minima within O(e =3 + € 2¢;,” + €5,”) stochastic gradient eval-
uations, while independently Zhou et al. (2018) proved that SNVRG equipped with Neon?2 can find
(€, ezr)-approximate local minima within O(e3 + 6*261_{3 + 6;15) stochastic gradient evaluations.
In contrast to this line of works, our algorithm is simpler since it does not need to use the negative
curvature search routine.

3. Preliminaries

In this section, we present assumptions and definitions that will be used throughout our analysis.
We first introduce the standard smoothness and Hessian Lipschitz assumptions.

Assumption 3.1 For all &, f(-;&) is L-smooth and its Hessian is p-Lipschitz continuous w.r.t. X,
i.e., for any x1, X9, we have that

IV f(x1;€) — Vf(x2;8)l2 < Lllx1 — xoll2, [[V2f(x1;€) — V2 f(x2;€)|2 < pllx1 — %22

This assumption directly implies that the expected objective function F'(x) is also L-smooth and
its Hessian is p-Lipschitz continuous. This assumption is standard for finding approximate local
minima in all the results presented in Table 1.

Assumption 3.2 The squared difference between the stochastic gradient and full gradient is bounded
by 02 < 00, ie., for any x,& € R%, ||V f(x;€) — VF(x)|]3 < o2

Assumption 3.2 is standard in online/stochastic optimization, including for finding second-order
stationary points (Fang et al., 2018; Li, 2019), and immediately implies that the variance of the
stochastic gradient is bounded by o2. It can be relaxed to be |V f(x; &) — VF(x)||2 has a o-Sub-
Gaussian tail.
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Let xg € R? be the starting point of the algorithm. We assume the gap between the initial
function value and the optimal value is bounded.

Assumption 3.3 We have A = F(xg) — infyx F(x) < +o00.

Next, we give the formal definition of approximate local minima (a.k.a., second-order stationary
points).

Definition 3.4 We call x € RY an (e, e )-approximate local minimum, if
HVF(X)”2 <, )\min(VZF(X)) > —€H.

The definition of (e, e7)-approximate local minima is a generalization of the classical (e, +/€)-
approximate local minima studied by Nesterov and Polyak (2006); Jin et al. (2017).

4. The LENA Framework

In this section, we present our main algorithm LENA. We begin with reviewing the mechanism of
perturbed gradient descent in deterministic optimization, and then we discuss the main difficulty of
extending it to the stochastic optimization case. Finally, we show how we overcome such a difficulty
by presenting our LENA framework.

How does perturbed gradient descent escape from saddle points? We review the perturbed gra-
dient descent (Jin et al., 2017) (PGD for short) with its proof roadmap, which shows how PGD finds
(e, v/€)-approximate local minima efficiently. In general, the whole process of perturbed gradient
descent can be decomposed into several epochs, and each epoch consists of two non-overlapping
phases: the gradient descent phase (GD phase for short) and the Escape from saddle point phase
(Escape phase for short). In each epoch, PGD starts with the GD phase by default. In the GD phase,
PGD performs vanilla gradient descent to update its iterate, until at some iterate X, the norm of the
gradient ||V F(X)]|2 is less than the target accuracy O(e). Then PGD switches to the Escape phase.
In the Escape phase, PGD first adds a uniform random noise (or Gaussian noise) to the current it-
erate X, then it runs fpres = O(e_l/ 2) steps of vanilla gradient descent. PGD then compares the
function value gap between the current iterate and the beginning iterate of Escape phase x. If the
gap is less than a threshold 7 = O(e!%), then PGD outputs X as the targeted local minimum.
Otherwise, PGD starts a new epoch and performs gradient descent again.

To see why PGD can find (¢, /€)-approximate local minima within O(e~2) gradient evalua-
tions, we do the following calculation. First, when PGD is in the GD phase, the function value
decreases O(€?) per step (following the standard gradient descent analysis). When PGD is in the
Escape phase, the function value decreases F/{ihres = 5(62) per step on average. Therefore, the
total number of steps will be bounded by O(e~2), which is of the same order as GD for finding
e-stationary points.

Limitation of existing methods. However, extending the two-phase PGD algorithm from deter-
ministic optimization to stochastic optimization with a competitive gradient complexity is very
challenging. We take the SSRGD algorithm proposed by Li (2019) as an example, which uses
SARAH/SPIDER (Fang et al., 2018) as its gradient estimator. Unlike deterministic optimization
where we can access the exact function value F'(x) and gradient VF'(x) defined in (1.1), in the
stochastic optimization case we can only access the stochastic function f(x; &) and the stochastic
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gradient V f(x;&). Therefore, in order to estimate the gradient norm ||V F(x)||2 (which is re-
quired at the beginning of Escape phase), a naive approach (adapted by Li (2019)) is to sample a
big batch of stochastic gradients V f(x;&1),..., Vf(x;&p) and uses their mean to approximate
V F(x). Standard concentration analys1s suggests that in order to achieve an e- accuracy, the batch
size B should be in the order ¢ O(e~2). Thus, each Escape phase leads to a F = O(e'%) function
value decrease with at least O(e~2) number of stochastic gradient evaluations, which contributes
O(1/€'? . ¢72) = O(e~3P) gradient complexity in the end. This is already worse than the O(e~3)
gradient complexity of SPIDER for finding e-stationary points.

Our approach. Here we propose our LENA framework in Algorithm 1, which overcomes the
aforementioned limitation. In detail, LENA inherits the two-phase structure of PGD and SSRGD,
and it takes either SARAH/SPIDER or STORM (Cutkosky and Orabona, 2019) as its gradient
estimator. The two gradient estimators are summarized as subroutines GradEst—-SPIDER and
GradEst—-STORM in Algorithms 2 and 3 respectively, and we use d; to denote their estimated gra-
dient at iterate x;. The key improvement of LENA is that it directly takes the output of the gradient
estimator GradEst to estimate the true gradient V F'(x), which avoids sampling a big batch of
stochastic gradients as in Li (2019) and thus saves the total gradient complexity. A similar strat-
egy has also been adapted in Fang et al. (2018), but for the negative curvature search subroutine.
However, such a strategy leads to a new problem to be solved.

Since we use d; to directly estimate VF'(x;), in order to make such an estimation valid, we
need to guarantee that the error between d; and V F'(x;) is small enough, e.g., up to O(e) accuracy.
Notice that the recursive structure of SARAH/SPIDER and STORM suggests the following error
bound:

v, [ld, - VE(x)|3 = O (anzﬂ xzng) @1

=St

where s; is some reference index only related to ¢. Therefore, in order to make the error ||d; —
VF(x¢)||2 small, it suffices to make the movement of the iterates ||x;4+1 — X;||2 small either indi-
vidually or on average. In the GD phase, when the norm of the estimated gradient ||d,||2 is large,
we use normalized gradient descent, which forces the movement ||x;+1 — X;||2 = n¢||d¢|l2 = 7 to
be small. Such an approach is also adapted by Fang et al. (2018) as a normalized gradient descent
for finding either first-order stationary points or local minima. In the Escape phase, which starts
at the mg-th step. We achieve this goal by our proposed “last step shrinkage” scheme. In detail,
we record the accumulative squared movement starting from x,,,,+1 (after the perturbation step) as
D := Zzzmsﬂ lxis1 —xi|13 = Z';f:msﬂ n?|/d;||3. When the average movement D/ (t —m + 1)
is large, we pull the last step size n; back to a smaller value, which forces the average movement
D/(t —ms+ 1) to be small. Fortunately, such a simple step-size calibration scheme allows us to
carefully control the error between d; and V F'(x;), and to reduce the gradient complexity.

Here we would like to emphasize some features of our algorithm. First, our LENA is a generic
framework that can use any stochastic gradient estimator satisfying (4.1). Second, following previ-
ous works (Johnson and Zhang, 2013; Fang et al., 2018; Cutkosky and Orabona, 2019), our LENA
requires the access to a stochastic gradient oracle that simultaneously queries the stochastic gradi-
ents at two distinct points with the same randomness £€. That is stronger than the standard stochastic
gradient oracle adapted by SGD and HVP-RVR (Arjevani et al., 2020), which only queries the
stochastic gradient at a single point.
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Algorithm 1 LENA
Input: Initial point x;, step size n and 7y, perturbation radius 7, threshold parameter /i, average
movement D.
I: dj - GradEst(0,0,0,x1), s < 0, ¢ < 1, FIND<false
2: while FIND = false do
3: s+ s+ 1,ts « t, FIND<true

4:  while ||d¢||2 > e do

5: ne < n/lldel2,

6: X1 & Xt — ntdt’ dt+1 — GradEst(t, dt, X¢, Xt-i-l)’ t—t+1
7. end while

8:

ms < t, & ~ Uniform By(r), x¢+1 < x¢ +&, dy4+1 < GradEst(t,ds, x¢, X¢41), t < t+1

9: fork=0,...,0He —1do

10: e 0. D i, n?dil3

11: if D > (t — ms + 1)D then

12: Set 7; such that Zfzms n?||d;||3 = (t — ms + 1) D {“Last Step Shrinkage”}

13: X1 — Xp — ’I’]tdt, dt+1 “— GradEst(t, dt, Xt, Xt+1), t < t+1, FIND < false, break
14: end if

15: X1 < Xp — ntdt’ dt+1 — GradEst(t, d;, x4, Xt+1), t—t+1

16:  end for

17: end while
Output: x,,,

Algorithm 2 GradEst-SPIDER(t, dy, X4, X¢+1, 0, ¢, B)
Input: Big batch size B, mini-batch size b, loop length ¢
1: if t mod ¢ = 0 then
2:  Generate £t1+1, ... ,SEH. Setdyyq1 « Efil Vf(xt11:€4,1)/B
3: else
4:  Generate £tl+1, ... ,£f+1. Setdyy1 <+ d; + Zle [Vf(xm;ggﬂ) — Vf(xy; €§+1)]/b
5: end if
Output: d;y;

5. Main Results

In this section, we present the main theoretical results. We first present the convergence guarantee
of LENA-SPIDER, which uses GradEst—-SPIDER to estimate the gradient d; in Algorithm 1.

Theorem 5.1 Under Assumptions 3.1, 3.2 and 3.3, we choose batch size B = O (026*2—#02,026;14),
b = q = VB, set GD phase step size 1 = o /(2v/BL), Escape phase step size n = 6(L_1), per-
turbation radius r < min {o/(2v/BL),log(4/8)nyo?/(2Be), \/21og(4/8)nyo?/(BL)}, thresh-
old Uyyes = O(1/(nuen)) and D = o2/(ABL%). Then with high probability, LENA-SPIDER
can find (e, ey )-approximate local minima within 5(O'LA€_3 + ap?’LAeI}G) stochastic gradient
evaluations.
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Algorithm 3 GradEst -STORM(¢, d¢, X¢, X¢+1,a, b, B)
Input: Initial batch size B, mini batch size b and weight parameter a.

1: if t = 0 then

2:  Generate StIH, o ,SEH. Setdyyq + Zf;l V(X415 5%+1)/B

3: else

4:  Generate £t1+1, . ffﬂ

50 Setdyr  (1—a)[dy — 320y VF(xe:&041) /0] + S0y VF(xe41;€41)/b
6: end if

Output: d;;;

Remark 5.2 In the classical setting € = \/eq, our result gives 5(6*3) gradient complexity, which
outperforms the best existing result 9) (€735) for perturbed stochastic gradient methods achieved by
SSRGD (Li, 2019). For sufficiently small €, Arjevani et al. (2020) proved the lower bound of gradient
complexity Q(e3 + 6;15) for any first-order stochastic methods to find (e, €7 )-approximate local
minima. Our results matches the lower bound 6(6_3) when ey > €%/°. For the general case, there
is still a gap in the dependency of € between our result and the lower bound, and we leave to close
it as future work.

Next, we present the convergence guarantee of LENA—-STORM, which uses the gradient estima-
tor GradEst—-STORM to estimate the gradient d; in Algorithm 1.

Theorem 5.3 Under Assumptions 3.1, 3.2 and 3.3, choose the mini batch size b = 6(0’6_1 +
J,oe[_f), and initial batch size B = V%, set GD phase step size n = o /(2bL), Escape phase
step size n = O(L™Y), weight a = 5621og(4/8) /b, threshold lyyes = O(1/(nmew)), pertur-
bation radius r < min {o/(2bL),log(4/8)*nmo?/(eb?), /21log(4/0)*nro?/(b*L)}, and D =
02 /(4b2L?). Then with high probability, LENA—-STORM can find (e, g7 )-approximate local minima
within 6(O’LA€_3 + angAeI_{G) stochastic gradient evaluations.

Remark 5.4 Different from LENA-SPIDER, the estimation error ||d; — VF(x)|2 of gradient
estimator LENA—STORM is controlled by the weight parameter a. This allows us to come up with a
simpler single-loop algorithm instead of a double-loop algorithm.

Experiments We conduct some experiments to validate the practical performance of LENA. Due
to the space limit, the details of the experiment setup are deferred to Appendix A. Our experiment
results suggest that although LENA does not enjoy a strictly better complexity result than existing
algorithms such as NEON2-based algorithms (Xu et al., 2017; Allen-Zhu and Li, 2018), our LENA
outperforms them empirically due to its simpler algorithm structure.

6. Proof Outline of the Main Results

We outline the proof of Theorem 5.1 and leave the proof of Theorem 5.3 to the appendix.

Let €; denote the difference between true gradient V F'(x;) and the estimated gradient d;, which
is € := d¢y — VF(x;). The following lemma suggests that the estimation error ||| can be
bounded.
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Lemma 6.1 Under Assumptions 3.1 and 3.2, setb = q = /B, n < 0/(2V/BL), r < ¢/(2vBL)
and D < 0% /(4BL?), then with probability at least 1 — 6, for all t we have

el < v/Blog(4/8)0/VB.
Specifically, by the choice of B in Theorem 5.1 we have that ||€;||2 < €/2.

Proof [Proof of Lemma 6.1] By GradEst-SPIDER presented in Algorithm 2 we have

B

1 i
€1 = 3 ; [Vf(xt+1; €ii1) — VF(XH_l)], t mod g = 0,

€+1 =€ + % Z [Vf(Xt+1;£g+1) - Vf(xt;Eiﬂ) — VF(x¢41) + VF(xt)], t mod ¢ # 0.

=1

b
1=

By the L-smoothness in Assumption 3.1 we have

|V f(xeg1:€041) = VI (xe3€l41) — VF(xe1) + VF(xt) ||, < 2L[xe41 — X¢fo-

Then by Assumption 3.2 and Azuma—Hoeffding inequality (See Lemma E.1 for details), with prob-
ability at least 1 — 4, we have

) o2 AL? )
vt >0, Jlera |3 < 4log(4/0) &5 + - | L%:J llxiv1 — xill3 ). (6.1)
=t/q]q9

Notice that GradEst-SPIDER is parallel with LENA. Thus we need to further bound (6.1) by
considering iterates in three different cases: (1) for step ¢ in the GD phase, by normalized gradient
descent we have ||x;11 — x;||3 < 7% (2) for i = my for some s in the Escape phase, we have
lIxi+1—x%;||3 < r?; and (3) for the other steps in Escape phase, we have on average,
D due to the “Last Step Shrinkage” scheme. Therefore we have

Xit1—%i||3 <

o2 4I2

— log(4 2
lersll2 < 41og(4/3) ( LA max{n2,r2,D}) < Blog(4/0)o”,

B b B

Lemma 6.1 guarantees that with high probability |V F (x¢)||2 < ||d¢||2 + €, which ensures
IV F(xm,)|l2 < 2¢ when the algorithm terminates. Next lemma bounds the function value decrease
in the GD phase, which is also valid for LENA-STORM.

Lemma 6.2 Suppose the event in Lemma 6.1 holds, n < €¢/(2L), then for any s, we have

(ms — ts)ne

Flxi,) = Flx,) =

The choice of 1 in Theorem 5.1 further implies that the loss decreases by at least oe/ (16+/BL) per
step on average.
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Proof [Proof of Lemma 6.2] For any t; < t < mg, we can show the following property (See
Lemma E.2),

L
i) < Flxe) = 2 lld + 5 lleel3 + 5 lcees — i3 62)
Plugging the update rule x;+1 = x; — n:d; into (6.2) gives,

1 L €12
Plxier) = Fxe) ~ [xess = il (5~ 5 ) + 2122

2771‘, 2 2
1 L 2
<Fx)—n’(5-—5 )+ 5
277t 2 8
€
< F(x) g
where the first inequality holds due to the fact that 7, = n/||d¢||2 and ||e;||2 < €/2, and the second
inequality is by n; = n/||d¢||2 < n/e < 1/(2L). [

The following lemma shows that if x,,, is a saddle point, then with high probability, the algo-
rithm will break during the Escape phase and set FIND to be false. Thus, whenever x,,, is not a
local minima, the algorithm cannot terminate.

Lemma 6.3 Under Assumptions 3.1 and 3.2, set perturbation radius v < Lnger /(Cp),step
size ng < min{1/(16Llog(ngegVdLC p~1671r™1)),1/(8CL10og lipres)} = 6(L*1), Lipres =
2log(ngepVdLC p= 167 1) /(npen) = 6(77;{16;11), and D < C*L*n% €%,/ (p*02,,,), where
C = O(log(dlyes/8) = O(1). We also setb = q = VB > 161og(4/0)/(n%€%). Then for
any s, when Apin(V2F (X)) < —ep, with probability at least 1 — 26 algorithm breaks in the

Escape phase.

Proof [Proof of Lemma 6.3] Let {x¢}, {x}} be two coupled sequences by running LENA-SPIDER
from X, 11,X], 1 With X, 11 — X],, | = 70e1, where X, 11,X;, |1 € By, (7). Here rg =
6r/+/d and e; denotes the smallest eigenvector direction of Hessian V2F'(x,,, ).

When Apin(V2F(X,,,)) < —eg, under the parameter choice in Lemma 6.3, we can show that
at least one of two sequence will escape the saddle point (See Lemma E.3). To be specific, with
probability at least 1 — &,

Lngen
Cp

(6.3)

e {3l [ = X, 2} >
(6.3) suggests that for any two points X, +1, X;ns 1 satisfying X, 41 — x;ns 41 = roer, at least
one of them will generate a sequence of iterates which finally move more than Lnger /(Cp). Thus,
let S C B,,,(r) be the set of X,,,+1 which will not generate a sequence of iterates moving more
than L"CL;H, then in the direction e, the "thickness” of S is smaller than ry. Simple integration
shows that the ratio between the volume of S and B, () is bounded by d. Therefore, since X, +1
is generated from x,,, by adding a uniform random noise in ball B,,,(r), we conclude that the
probability for x,,,1 locating in S is less than §. Applying union bound, we get with probability
at least 1 — 26,

Lnnen

Ims <t <mg+ gthres; th - Xms+1H2 > C,O . 6.4)

10
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Denote £ as the event that the algorithm does not break in the Escape phase. Then under &, for any
mg <t < mg + lnres, We have

t—1 t—1
%t = X4l < Y i1 = Xilla < (| (E—ms) > [lxipn —xll3 < (£ ms)V'D,
i=ms+1 i=mg

where the first inequality is due to the triangle inequality and the second inequality is due to Cauchy-
Schwarz inequality. Thus, by the choice of £ and D, we have

— — L
1%t — Xmgt1ll2 < (t —mg) VD < lpes VD < C - m;GH-

Then by (6.4), we know that P(£) < 24. Therefore when Ayin (V2 F (X, )) < —ep, with probabil-
ity at least 1 — 29, LENA breaks in the Escape phase. |

Next lemma bounds the decreasing value of the function during the Escape phase if the algo-
rithm breaks in the Escape phase(i.e. FIND is false).

Lemma 6.4 (localization) Suppose the result of Lemma 6.1 holds, setny < 1/(L+/1281og(4/9)),
r < min { log(4/8)nio?/(2Be), \/21og(4/8)nro?/(BL)}, and D = o*/(ABL?). Suppose the
algorithm breaks in the Escape phase starting at Xy, ,, then we have

log(4/d)n o
5 :

F(xm,) — F(th+1) > (ts+1 — ms)

Proof [Proof of Lemma 6.4] For any ms; < ¢ < ts4+1, we can show the following property (See
Lemma E.2),

Fxi1) < F(xi) = il + 2 lleall3 + 5 i — il (6.5)

Plugging the update rule x;41 = x; — 1;d; into (6.5) gives,

; 1 L
Foxunn) < ) + el — (5= 5 ) s =il
ng Slog(4/9)0? 1
< F(xi) + =~ 3 e i1 — i3 (6.6)

where the the second inequality holds due to Lemma 6.1 and 7; < ng < 1/(2L) for any ms < i <
ts+1. Telescoping (6.6) from ¢ = ms + 1to 541 — 1, we have

2 tsy1—1
o 1
F(xt,,,) < F(Xm, 1) + 40 1og(4/6) (ter —me — 1) — — > |lxi1 — x5,
B Ang .
1=ms+1
Finally, we have
T i — %3 o’
X
F(%m,41) = F(Xi) > Y % — 4log(4/0)(tsr1 — ms — 1)nm
i=mat1 "H

11
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 (fasr — g — 1)< D B 410g(4/5)77H02>

Ing B
o? 4log(4/0)npo?
— ts - s_l -
(topr —m )<1617HBL2 B >
4log(4/d)nmo”

> (tyr1 —my — 1) 6.7)

B )

where the last inequality is by the choice of g < 1/(L+/1281og(4/6)). For i = m, we have (See
Lemma E.2)

F(xm,1) < FXm,) + ([dm, 2 + l€m, l2 + Lr/2)r. (6.8)
Plugging ||dy. |2 < € and ||y, |2 < €/2 into (6.8) gives,

2log(4/0)nuo”

F(xm.11) < F(Xm,) + (46 + Lr/2)r < F(xm,) + 5 ,

(6.9)

where the last inequality is by the choice 7 < min { log(4/8)nro?/(2Be), \/2log(4/6)ngo?/(BL)}.
Combining (6.7) and (6.9) and applying 541 — ms > 2 gives,

log(4/d)ns o
B

log(4/8)nmo’

F(xpm,) — F(xt,y,) > [4(tst1 —ms — 1) — 2] B

= (ts+1 - ms)
|

Now, we can provide the proof of Theorem 5.1 .
Proof [Proof of Theorem 5.1] The analysis can be divided into two phases, i.e., GD phase and
Escape phase. The function value will decrease at different rates in different phases.
GD phase: In this phase, ||d¢||2 > € and ||€||2 < €/2 due to Lemma 6.1. Thus the gradients of the
function are large ||V F(x)||2 > €/2. Lemma 6.2 further shows that the loss decreases by at least
oe/(16v/BL) on average.
Escape phase: In this phase, the starting point x,,,, satisfies [|[VF(x;,,)|l2 < [[dim.|l2+ ] €]l2 < 2e.
If X, is a saddle point with Apin(V2F(X,,,)) < —epy, then by Lemma 6.3, with high probability
LENA-SPIDER will break Escape phase, set FIND<—False and begin a new GD phase. Further by
Lemma 6.4, the loss will decrease by at least log(4/8)nyo? /B per step on average.
Sample Complexity: Note that the total amount for function value can decrease is at most A =
F(xp) — infx F'(x) < +oc0. So the algorithm must end and find an (e, €f)-approximate local
minimum within O(v/BLAc~'¢~! 4+ BLAc™?) iterations. Notice that on average we sample
max{b, B/q} = /B examples per iteration, so  the total sample complexity is O(BLAc e ! +
B32LAc~?). Plugging in the choice of B = O(c%¢~2 + o?p?e};") in Theorem 5.1, we have the
total gradient complexity

6(0[;)A N Up24LA N Up36LA>
€

6<O'LA N U,o?’LA>7
€€y %

3 6
€ €

where the equation is due to the Young’s inequality.

12
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7. Conclusions and Future Work

In this paper, we propose a perturbed stochastic gradient framework named LENA for finding local
minima. LENA can find (e, € 7 )-approximate local minima within O(¢ 3 + €;) stochastic gradient
evaluations, which matches the best possible complexity results in the classical ey = /€ setting.
Our results show that simple perturbed gradient methods can be as efficient as more sophisticated
algorithms for finding local minima in the classical setting. Recall that there still exists a mismatch
between our upper bound (e =3 + ¢ ;%) and the lower bound (¢~ + €3”) in the general case of ey,
and we leave it as a future work to close this gap.
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Appendix A. Experiments

In this section, we conduct some experiments to validate our theory. We consider the symmetric
matrix sensing problem. We need to recover a low-rank matrix M* = U*(U*)", where U* ¢
R*". We have n sensing matrix {A.}ic[n with observation b; = (A;, M*). The optimization
problem can be written as

. 1 ¢ T 2

hin f(U) =5, ;((AZ,UU ) —bi)”.
For the data generation, we consider d = 50,7 = 3 and d = 100, = 3. Then we generate the
unknown low-rank matrix M* = U*(U*)T, where every element in U* € R%*" is independently
drawn from the Gaussian distribution N'(0,1/d). We then generate n = 20d random sensing
matrices {A;};c(, following standard normal distribution, and thus b; = (A;, M*). The global
optimal value of the above optimization problem is 0, because there is no noise in the model. Next

we randomly initialize a vector ug € R? from the Gaussian distribution. Then we set ug = oty

15
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where « is a small constant to guarantee that |[uglla < Amax(IM*) and set the initial input Uy =
[ug, 0, 0]. We have fixed initialization U for every optimization algorithm.

We choose our algorithm as LENA-SPIDER and take SGD, perturbed SGD (Ge et al., 2015),
SPIDER (Fang et al., 2018), SPIDER-SFO " (+Neon2) (Fang et al., 2018) and SSRGD (Li, 2019) as
the baseline algorithms to compare. We evaluate the performance by objective function |[UUT —
M*||%./||M*||% and then report the objective function value versus the number of stochastic gradient
evaluations in Figure 1. We can see that without adding noise or using second-order information,
SGD and SPIDER are not able to escape from saddle points (i.e., the objective function value of the
converged point is far above zero). Our algorithm (LENA-SPIDER), SSRGD, Perturbed SGD and
SPIDER-SFO™(+Neon2) can escape from saddle points. Compared with SSRGD and perturbed
SGD, our algorithm converges to the unknown matrix faster.

—SGD
—PSGD

1k SPIDER
™ N —SFO

—sGD
——PSGD
fj— SPIDER 1

——S8SRGD

‘ —SFO
08| K \ LENA-SPIDER -

Objective Function Value
s
Objective Function Value

4 6 8 10 2‘ 4 6 8 10
Number of Oracle Calls x10* Number of Oracle Calls x10*

(a) Matrix Sensing (d = 50) (b) Matrix Sensing (d = 100)

L
2

Figure 1: Convergence of different algorithms for matrix sensing: objective function value versus
the number of oracle calls

Our algorithm empirically outperforms the NEON2-based algorithm SPIDER-SFO™, which can
be seen through the experiment results. The reason is that the accuracy of the negative curvature
estimation is very crucial to the success of NEON2-based algorithms. However, we found that the
accuracy heavily depends on the number of iterations in the NEON?2 algorithm, which requires care-
ful parameter tuning to balance the computational cost and the accuracy. In contrast, our algorithm
only relies on gradient descent-type updates besides an added noise, which is easier to tune.

Appendix B. Proof of Theorem 5.3

In this section we present the main proof to Theorem 5.3. We define ¢, = d; — VF(x;) for
simplicity.

To prove the main theorem, we need two groups of lemmas to charctrize the behavior of the
Algorithm LENA-STORM.

Next lemma provides the upper bound of ;.

LemmaB.1 Setn < o/(2bL), r < 0/(2bL) and D < o%/(4b*L?), a = 562log(4/5)/b, B =
b%,a < 1/40ys , with probability at least 1 — 26, for all t we have
21970g(4/8)0

ez < =%
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Furthermore, by the choice of b in Theorem 5.1 we have that ||€;||2 < €/2.
Proof See Appendix C.1. |

Lemma B.2 Suppose the event in Lemma B.1 holds and n < €/(2L), then for any s, we have

(ms — ts)ne

Flx,) = Flx,) =

Proof The proof is the same as that of Lemma 6.2, with the fact ||€;||2 < €/2 from Lemma B.1. B

The choice of 7 in Theorem 5.3 further implies that the loss decrease by o¢/(16bL) on average.

Next lemma shows that if x,,, is a saddle point, then with high probability, the algorithm will
break during the Escape phase and set FIND<false. Thus, whenever x,,, is not a local minimum,
the algorithm cannot terminate.

Lemma B.3 Under Assumptions 3.1 and 3.2, set perturbation radius r < Lngep/p, a < ngeq,
b > max{161log(4/0)n L™ 2e,?, 562 1og(4/8)a™ Y bipes = 2log(8exrv/dp~ 6~ r™Y) /(nmen),
nu < min{1/(10Llog(8eg Lp~'ry")), 1/(10L1og(mes))} and D < L2n%e% /(pf2,..). Then

for any s, when Apin (V2 F (X.,)) < —epy, with probability at least 1 — 26 algorithm breaks in the
Escape phase.

Proof See Appendix C.2.

Next lemma shows that LENA—STORM decreases when it breaks.

Lemma B.4 (localization) Suppose the event in Lemma B.1 holds, set perturbation radius r <
min { log(4/8)*nio?/(4b%), /21log(4/0)*no?/(b>L)}, nu < 1/(2'%Llog(4/4)), and D =
02 /(4b2L?). Then for any s, when LENA—STORM breaks, then X, satisfies
log(4/0)*n o
b2 '
Proof See Appendix C.3. |

F(xm,) — F(x¢,,,) > (tsg1 —ms) (B.1)

With all above lemmas, we prove Theorem 5.3.

Proof [Proof of Theorem 5.3] Under the choice of parameter in Theorem 5.3, we have Lemma B.1
to B.4 hold. Now for GD phase, we know that the function value F' decreases by oe/(16b0L) on
average. For Escape phase, we know that the F' decreases by log(4/d)?ngo?/b® on average. So
LENA-STORM can find (¢, €7)-approximate local minima within O(bLAc e '+ b2 LA 2) iter-
ations (we use the fact that ng = O(L_1 )). Then the total number of stochastic gradient evaluations
is bounded by O(B + b2 LAc— e + b3 LAc~2). Plugging in the choice of b = O(oe ! + opey’)
in Theorem 5.3, we have the total sample complexity

6

~(cLA 2LA 3SLA
O(U3 + 22 2P >
€ EEH EH

The proof finishes by using Young’s inequality. |
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Appendix C. Proof of Lemmas in Section B

In this section we prove lemmas in Section B. Let filtration F; ;, denote the all history before sample
&pattimet € {0,---, T}, thenitis obvious that Fo1 € Fpp C--- C F11 C--- C Fr1 C--- C
fT,b-

We also need the following fact:

Proposition C.1 For any t, we have the following equation:

€tt1 €& 1 ,
I—a)f  (1—a) (1—a) > et

1<b

where
a .
€ri = g[vf(XtJrl; &ir1) — VF(x¢41)]

1—a [VF(xt) — Vf(xy SiH) — VF(x¢41) + V f(xt41; 5§+1)]-

L

Proof Following the update rule in LENA-STORM, we could have the update rule of € described as

€41 = 1 ; a Z [dt - Vf(XﬁfiH)] + %Z [Vf(xtﬂ;giﬂ) — VF(XtH)]
i<b i<b
= % %[Vf(xt+l;€z+1) - VF(Xt_H)] + (1 — a)(dt _ VF(Xt))
+ 1 ; a Z [VE(x;) = Vf(xe:€141) — VE(xe41) + V(X415 €41)]
i<b
- % ;Wf(xtﬂ? &) — VF(x1)] + (1 —a)e
+ l—a Z [VE(x) = Vf(xe:€141) — VE(xes1) + VF(xer1:€141)]

1<b

where the last equation is by definition €; := d; — VF'(x;). Thus we have

€i+1 o €t
(1 — a)t+1 (1 _ a)t
1 .
= gy (§ Ve €hi) ~ VF (o)
i<b
+ 1 ; a Z [VF(Xt) — V(x4 E;fi+1) — VF(x¢41) + Vf(Xt+1;€éH)]>,
i<b
1
= m Z etﬂ'.
i<b
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C.1. Proof of Lemma B.1

2

Proposition C.2 For two positive sequences {a; }{_, and {b;}}"_,. Suppose C' = max; jc(n{|ai/a;
b=>"1",bi/n. Then we have,

n n

a;b; <maxa;-n-b<C a;b.
Z; ibi < maxa; < 2 i
1= 1=

Proof [Proof of Lemma B.1] By Proposition C.1 we have

€t+1 €¢ . 1 .
(1—a)tl (1 —a) B (1 —a)tt? ; €Ly
Z_

It is easy to verify that {€; ;} forms a martingale difference sequence and

2
a .
esill5 < QHb[Vf(XtH;GH) — VF(x¢41)]

2

1 2

%a [VF(Xt) — Vf(xe 5§+1) — VF(x41) + Vf(Xt+1;€§+1)]

< 2a20% + 8(1 — a)?L?|x;11 — xi||3
— b2 )
where the first inequality holds due to triangle inequality, the second inequality holds due to As-

sumptions 3.1 and 3.2. Therefore, by Azuma-Hoeffding inequality (See Lemma E.1 for detail),
with probability at least 1 — §, we have that for any ¢ > 0,

.

2

2 -1 2 2 272 2
€t €0 2a°0° + 8(1 — a)*L*||xi41 — x4|5
— <4log(4/5) » b- :
e
-1 2 2 272 2
a0 +4(1 — a)*L*||x;4+1 — x|
= 8log(4/6) Z (1 —a)2i+2p - :

=0
Therefore, we have
2

lecl3 < 2(1 —a)* +2(1 - a)*[|eoll3
2

€t
——— — €
1-af
6412 =2

Y (1= a)* P xir = xill3 +
1=0

1 2
N2 alalt )

< log(4/9) [

By Azuma-Hoeffding Inequality, we have with probability 1 — 4,

2 4log(4/6)0?

1 .
e = |5 X [Vooaseh) - v | < 1B
1<i<B 2
Therefore, with probability 1 — 29, we have
6412 . 16a0?  32(1 — )02
2 2202, . o [|2
e < ou(4/) | >0 =P e il 4 S g
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t—1

64L21og(4/6) i 16ac? log(4/4)
T Z 2t 2% QHXH-l — XiHQ +T (CZ)
=0
I
32(1 — a)?'log(4/5)0?
3 (C.3)

We now bound /. Denote S1 = {i € [t — 1]|3j,t; < i < m;}, So = {i € [t —1]|Fj,7 = m;},
Sz = {i € [t —1]|3j,m; <1i < tj+1}, We can divide [ into three part,

L= 30 (= ) i =il Y0 (1 - @) i — il
€51 1€S2
11 12
- Z a)* 2 x40 — x5 (C4)
i1€S3
I3

Because ||x;+1 — X;||2 = m¢||d;||2 = 1, we can bound I; as follows,

2
11—7]22 2t 2i— 2<77221*a 77' (C.5)
i€S1 =0 a
Because the perturbation radius is 7, we can bound I as follows,
2
I, — 222 e |2 < 2 _ g2 T '
2 Z(l a) [xiv1 —xillz <7 Z(l a) = (C.6)
1€ES2 i€S2
To bound I3, we have
t—1
Is=) (1—a)® % ?|xi11 — x3
1€S3
S min{t—1,ts41—1}
= Z > (1—a)* > |Ixi1 — xlf3
i=mgs+1
S min{t—l,ts+1—1}
S Z(l _ a)_Qethres Z (1 _ a)2t—2i—QD
s=1 i=ms+1
t—1
= (]_ — a)_zzlhres Z(l _ a)2t—22—2§
i€ES3
D 1 _ _2£thres
< DUz (C.7)

a
where S satisfies mg < t — 1 < tgy1. The first inequality holds due to Proposition C.2 with
the fact that the average of ||x;41 — x;||% is bounded by D, according to the LENA scheme, and
ts+1 — Mg < linres, the last one holds trivially. Substituting (C.5), (C.6), (C.7) into (C.4), we have

772 + 742 _|_ (1 — a)2€lhreSD
a .

I<
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Therefore (C.3) can further bounded by

6412 log(4/6) n* + r? 4+ (1 — a)?wesD n 16a0?log(4/6) n 32(1 — a)?*'log(4/6)o?

2
<
e} < === . ; -

(C.8)

By the selection of n < o/(2bL), r < ¢/(2bL) and D < 0%/(4b*L?), a = 562 log(4/5) /b,
B = b?,a < 1/40yyes, it’s easy to verify that

[\

64L%log(4/8) > + 12 +2D o

< — C9
b a ~ b €9
1
(1 - a)%mres > 1 — 2alipres > 5 (C.10)
2 2 2 2
16ac Ilc))g(4/5) < 224%0 202g(4/5) C.11)
321og(4/8)0? _ 32log(4/8)o?
< . .
5 < 2 (C.12)
Plugging (C.9) to (C.12) into (C.8) gives,
21010g(4/8)c
Jedl < 20807
[ |

C.2. Proof of Lemma B.3

Lemma C.3 (Small stuck region) Suppose —y = Amin(V2F(xpn,)) < —ey. Set threshold
¢ = 2log(Septry )/ (1), ny < min{1/(10Llog(8enLp-iry 1)), 1/(10Llog(6)}, @ <
nuy, v < Lngep/p. Let {xi},{x}} be two coupled sequences by running LENA—STORM from
Xy 15 Xy 1 With Wi 1 = Xpp 41 — X, | = To€1, where Xp 41,X), 1 € By, (1), 70 =
6r//d and e, denotes the smallest eigenvector direction of Hessian V*F (X,,). Moreover; let
batch size b > max{161log(4/8)n;>L~2y~2,56% log(4/8)a'}, then with probability 1 — 25 we
have

e L
3T < €, max{||xr — Xo|2, %) — xh|2} > pt

Proof See Appendix D.1. |

Proof [Proof of Lemma B.3] We assume Ayin(V?F (X,.)) < —eg and prove our statement by
contradiction. Lemma C.3 shows that, in the random perturbation ball at least one of two points
in the e; direction will escape the saddle point if their distance is larger than ry = %. Thus, the
probability of the starting point X,,, 11 ~ By, _(r) located in the stuck region uniformly is less than
0. Then with probability at least 1 — 24,

Lnge
T < t < mis + Libwes, [ Xt — Xy ||o > L (C.13)
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Suppose LENA-STORM does not break, then for any mg < t < mg + lihres»

t—1 t—1
e = Xm,ll2 < > lxirn = xill2 < 4| (E=ms) D lIxirs — xll3 < (¢ —ms) VD,
1=Ms 1=Ms

where the first inequality is due to the triangle inequality and the second inequality is due to Cauchy-
Schwarz inequality. Thus, by the selection of D, we have

— — Lnrre
%t — %, |2 < (t — 15) VD < lies VD < ’”/j H

which contradicts (C.13). Therefore, we know that with probability at least 1—26, Amin (V2F (X)) >
—€g. |

C.3. Proof of Lemma B.4

Proof [Proof of Lemma B.4]
Suppose ms < i < tsy+1. Then with probability at least 1 — §, then by Lemma E.2 we have

; 1 L
Flxinn) < ) + Sl - (5 = 5 ) ons = xil2
ng 229 log(4/6)%0? 1
< F(i) + 5 7 ~ I %1 — xi||3 (C.14)

where the the second inequality holds due to Lemma B.1 and the fact that for any ms < ¢ < t511,
n; < ng < 1/(2L). Taking summation of (C.14) from i = ms + 1 to ¢t — 1, we have

0_2 1 t—1
F(x1) < F(Xm,41) + 20 log(4/0)*(t = ms = 1) 75 = o > xivr —xll3. (C.15)
i=mgs+1

Finally, we have

ts41—1 2

o) Pl = 3 P 2 hu(a/070 e 1y
i=ms+1
= (tos1 —ms — 1) (411; o1 log(4b/25)2nH02>
= (tsy1 —ms — 1) (1677;22L2 B 919 1og(4b/25)277H02>
2 (o1 —ms = 1)4log(4/bg)2nH027 (C.16)

where the last inequality is by the selection of ny < 1/(2'2Llog(4/6)). For i = m,, by Lemma
E.2 we have

F(xmg 1) < F(xe) + (2]l dell2 + 2|2 + Lr/2)r
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< F(Xpm,) + (4e+ Lr/2)r
2log(4/6)110”
b? ’

< F(Xpm,) + (C.17)

where the last inequality is by » < min { log(4/6)?nmo?/(4b%), \/21og(4/8)?nuo?/(b2L) }.
Combining (C.16) and (C.17) we have that

F(Xms) - F(th+1) = F(Xms) - F(Xm5+1) + F(Xm5+1) - F(th+l)
4log(4/0)?nuo®  2log(4/8)*nyo?
b2 B b2
log(4/0)*nmo*

b2 ’

> (terl — Mg — 1)

> (ts-i—l - ms)

where we use the fact that t5,1 — ms > 2. |

Appendix D. Proof of Lemmas in Section C

D.1. Proof of Lemma C.3

Define w; := x; — X as the distance between the two coupled sequences. By the construction, we
have that wg = rgey, where e is the smallest eigenvector direction of Hessian H := V2F(x,,, ).

wy=wi1 —n(di—1 —dj_,)
=wi1 —n(VF(x¢-1) = VF(x; 1) +di-1 — F(x4-1) —d;_ + VF(x;_;))

1
= W1 — n[(xt—l - let—l)/ VQF(X;:—l +0(xt-1 — X:t—l))de
0

ooy = Fxio) iy + PO
=1 =nH)wi—1 — n(A—1Wi—1 + yi-1),

where

1
Bevi= [ (VPG + 0t = X)) — H) o,
0
Yi—1 = dt—l - VF(Xt_l) — d:f—l + VF(X;_l) — €t—1 — 62_1.
Recursively applying the above equation, we get

t—1
Wi = (1 - n%)t_m‘g_lwms+1 -7 Z (1 - UH)t_l_T(ATWT + YT)' (D.1)

T=ms+1

We want to show that the first term of (D.1) dominates the second term. Next Lemma is essential
for the proof of Lemma C.3, which bounds the norm of yy.

23



FASTER PERTURBED STOCHASTIC GRADIENT METHODS FOR FINDING LOCAL MINIMA

Lemma D.1 Under Assumption 3.1, we have following inequality holds,

Iyelle < 2/log(4/8)b™"/2a™"/? <2L max |[wrir —wr2
ms<T

+ max (2aL +4pD;)- max HWTH2> + 4+/log(4/8)b~ 2 Ly, (D.2)

ms<T<t me<1<t
where D; = max{||x; — Xm.||2, [|x} — Xm,||2}

Proof [Proof of Lemma D.1] By Proposition C.1, we have that

/ /
Yi+1 i o €41 € €41 €

(I—a)*t  (1-a)t (I—a)*t (1—-a)t (1-—a)tt! + (1—a)t
1 /
= m Z[Gt,i - et,i]7

1<b

where €, ; is the same as that in Proposition C.1:
a .
€t = E[Vf(xtﬂ;ﬂﬂ) — VF(x441)]

. ; - [VF(xi) = Vf(x56011) — VF(xe41) + V(%115 €111)]

= VI (1) — VG + 3 [VFGo) = ViGesély)l, (D)

+

where we rewrite €; ; as (D.3) because now we want bound the €; — €, by the distance between two
sequence. €, ; is defined similarly as follows

1—a

b

€= %[vf(xt—i-h & 1) — VF(xe1)] + [VE(x) = Vf(xt;€0,0)].

It is easy to verify that {€;; — €, ;} forms a martingale difference sequence. We now bound ||€; ; —
€t/ [|3- Denote Hyy1; = V2 f(Xm,; €, 1), then we introduce two terms

1
Ay, = /0 (V2f Xy + O(kes1 — Xp11);€041) — Hegr)dO

1
Ay, = / (VQf(X; +0(x — X2)§ §iv1) — HHLZ')CM7
0

By Assumption 3.1, we have [|Apt1]2 < pmaxpe(o ) Xty + 01 — Xppq) — Xmg4all2 <
pDy 1, similarly we have [[Ayy14]l2 < pDyand Aygq < pDyys.
Now we bound €; ; — ‘f;,i’

beri — €)= (IVF(xer1:€141) = VF(xean)] + (1= @) [VF(xi) = Vi (xes€i1)] )
— (IVf(Kt41:€i1) = VE(xp)] = (1= 0)[VF(x) = V(x5 €L)] )

= (He41,iWe1 + Dpi1,i Wi — Hwipr — Appiwigr + (1 — a)Hwy
+ (1 —-a)Awy — (1 —a)Hir1,we — (1 — G)At+1,iwt)
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= (Herri = H) (W1 — (1 = a)wy) 4+ (A1 — Ary1) Wi
+(1—a) (A — Appr)we. (D.4)

This implies the LHS of (D.4) has the following bound.
1b(€ri — €;5)ll2 < 2L{Iwisr — (1 = a)wella + 2pDFy 1 [[Wepall2 + 20DF [[will2

< 2L|wir — Wella + 20D Wi ll2 + (2aL + 2p D7) [ we|2
<2L max ||WT+1 w.|2 + max (2aL+4pD;)- max |w.|2
ms<T<t ms<t<t

ms<T

M

where the first inequality is by the gradient Lipschitz Assumption and Hessian Lipschitz Assump-
tion 3.1, the second inequality is by triangle inequality. Therefore we have

M2
llet,i — 62,1”% < 55

Furthermore, by Azuma Hoeffding inequality(See Lemma E.1 for detail), with probability at least
1 — 6, we have that for any ¢ > 0,

—

t— 2

Yt Ymetl
(I—a)t (1—a)mstl

o ()|,

T; <1_ar+126”_ )

2

Ig

i<b
< 4log(4/9) ( Z b- = 27+2b2>
i=ms+1
Multiply (1 — @)?' on both side, we get
t—1
lye = (1= @) =™ ym, qall3 < 467 og(4/8) > (1—a)* 22 M?
T=ms+1

< 4log(4/8)b"ta" M2,

where the last inequality is by S /-0 (1 — a)%~2=2 < ¢~!. Furthermore, by triangle inequality we

have

lyell2 < 24/1og(4/8)b™2a™2M + (1 = )" "™~ |y 11]l2- (D.5)
Next, we have va(xms‘i‘l;gfns—ﬁ—l) VE(X}, 1) =V (X 415 5%15+1)+VF<X;n5+1)H2 < 2Lrg
due to Assumption 3.1. Then by Azuma Inequality (See Lemma E.1), we have with probability at

least 1 — 4,

1ymsll3 = lldm.+1 = V(1) = dip 1+ VE(xp, 10)3
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1 2

-[3 SV 1)~ VF ) = 1€ 00) T )]
< 4log_(4 /:)4L2r8' D6
Plugging (D.6) into (D.5) gives
Iyl < 2¢/log(4/)p~/2a™1/2 (2L max [[wrsr = wo
+ max (2al+4pDy) - max IIWTII2) +4/1og(4/0)b™ "/ Ly,
|

Now we can give a proof of Lemma C.3.
Proof [Proof of Lemma C.3] We proof it by induction that

L3+ nuy) "o < willa < 51+ na7)' =™ ro.

2. |lyella < 20y L(L + ny)t =" Lo,

Firstfort = mg+1, we have || W, 1|2 = 70, [|Ums+1]l2 < /1601 1og(4/5) L2 < 2npyLro(See
(D.6)), where b > 2n,,>v~2,/log(4/5). Assume they hold for all ms < 7 < ¢, we now prove they
hold for t. We bound wy; first, we only need to show that second term of (D.1) is bounded by

%(1 + 77H’7)t7‘0.

t—1
HnH Z (1 - nHH)tiliT(ATWT + yT)

T=ms+1

2
t—1
<o S (L) (A allwella + llyll2)

T=ms+1
t—1

. 3
<Y (U nm) " 2o (1A + 2087 1)

T=ms+1
t—1

<ng Y. (L+ngy)"" ProBnaen L + 2nmyL)

T=ms+1
= nul(1 +nuy) ro - SnayL
<10 log(SEHp_lro_l)nHL(l 4 nH,Y)t—ms—QrO

t—mgs—2

where the first inequality is by the eigenvalue assumption over H, the second inequality is by the
Induction hypothesis, the third inequality is by [|A;|l2 < pD,; = pmax{|x; — xpm,||2, [|x. —
Xmell2} < nuepL 4+ rp < 2ngep L, the fourth inequality is by the choice of t — ms — 1 < £ <
2log(8emp~try )/ (nmry), the last inequality is by the choice of 7 < 1/(101log(8emp~trg')L).
Now we bound ||y ||2 by (D.2). We first get the bound for L||w;;1 — w;||2 as follows,

Llwir1 — will2
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t—2

= LH —naHI —npH) ™" 2w — g Z naHI — ngH) 2T (A w4 y7)
T=ms+1
+ e (AW +yi—1)
2
(i) o =2 .
< Lnuy(L+ngy)™™ Pro+ Lou | > naMHI —naH) > T (Arwr +y7)
T=ms+1 2

+ LWH‘ AW +yi—1

2

)t—m3—2,r_

(i)
< Lngy(1+nuy 0

t—2
+ Lnu [ Z eI —naM) 7| + 1} max HATWT +y-
T=ms+1 2 O=7=t-1 2
(22) L 1 t—ms—2 L — 1 1 A
< Loay( )™ ro + L T;H e L g

(iv)
< Lngy(1+ )™ ro + Lyulog(t — ms — 1) + 1] - [SpgyL(1 + ngy)' =™ *ro]

)
< 6Lngy(1 4+ ny) ™™ o + 5log(t — ms — D)yni L* (1 + nuvy)' ™™ r, (D.7)

where (i) is by triangle inequality, (ii) is by the definition of max, (iii) is by ||[ngH (I—naH)!=277||2 <
1 )isdueto [|Ar|l2 < pDy < p(ngyL/p+r) < 29 L, ||wrll2 < 3(14ngy)™ " o /2
and |ly-|l2 < 2nayL(1 + ngy)™ ™" ro, (v) is due to ngy < 1/L.

We next get the bound of max,, «,<¢(2aL + 4pD;) - maxy,, <-<¢ ||[W-||2 as follows

3(1_1_77H,y)t—m5—1
2aL + 4pD;) - < (2aL L
i (20l 49D0) -z, o < (2ol + Sy L) S

< 15y L(1 + ngy)' =" . (D.8)

where the first inequality is by pD; < p(yngL/p+ 1) < 291 L and the induction hypothesis, last
inequality is by a < yny.
Plugging (D.7) and (D.8) into (D.2) gives,

Iyille < 2/1og(4/3)6 %™/ (2L max [[wrs1 = wollo

ms<T<t

+ max (2al +4pD.) - m<ax<t||wTH2)+4 log(4/8)b~1/2 Ly
ms<TS

ms<T<t
< 2\/log(4/6)b™ /a2 <1Olog(€)mﬁ{L2(1 + )™ g
+ 209mp L1+ 7)™ o ) + 4y/log(478)6™ /2L
< 56+/log(4/8)b™1 2™ 2y Ly(1 + npy) =™ "rg

I
+ 44/log(4/6)b™ (1 4 nay) ™™ g

1P
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where the last inequality is by ngy < 1/(10L log ¢). Now we bound I; and I5 respectively.

Iy = 561/log(4/8)b™"2a™" Py Ly(1 + ) =" g

= nuyL(1 +ngy) ™" o,

where the inequality is applying b > 562log(4/6)a~!. Now we bound I> by applying b >
161log(4/8)n; 2 L™2y72,

I < npyL(1 4 ngy)™ .

Then we obtain that

)t—ms—l,r

lyelle < 2nayL(1 + nay 0,

which finishes the induction. So we have ||w[l2 > (1 + ng7y)"~™"1ro. However, the triangle
inequality give the bound

IWellz < [t = Xm o ll2 4 1Xmeps = Xmll2 + 1% = X5 all2 + 13,1 = X0, |12

L
< op 4 oHNH

egnuL
p )

where the last inequality is due to » < egngL/p. So we obtain that

<4

1

log(8eumniLp~'ry") _ 2log(8enp'ry ")
log(1 + nuy) nHY '

Appendix E. Auxiliary Lemmas

We start by providing the Azuma—Hoeffding inequality under the vector settings.

Lemma E.1 (Theorem 3.5, Pinelis 1994) Let 1., € RY be a vector-valued martingale difference
sequence with respect to Fy, i.e., for each k € [K)], E[eg|Fi| = 0 and ||ex||2 < By, then we have
given d € (0,1), wp. 1 — 9,

K 2

e
2

i=1

K
< 4log(4/6)> By

=1

This lemma provides a dimension-free bound due to the fact that the Euclidean norm version of R¢
is (2, 1) smooth, see also Kallenberg and Sztencel (1991); Fang et al. (2018).

Lemma E.2 For any t # ms, we have
M Ul L
F(x¢41) < F(xt) — glldtllg + 5!\&”% + 5 llxes1 = 3.

Fort = mg, we have F(xy11) < F(x¢) + (||d¢||2 + ||€tl|2 + Lr/2)r.
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Proof [Proof of Lemma E.2] By Assumption 3.1, we have

L
F(xe+1) < F(xe) + (VF(xe), Xe41 = Xe) + 5 l|Xe41 = x4[3- (E.1)

For the case t # my, the update rule is x;+1 = x; — nydy, therefore

L
F(x¢y1) < F(xt) = ne(VF(x¢),dy) + 5\\Xt+1 — x5
F(x¢) — nl|VF(x)[13/2 — melldel|3/2 + mell€cl|3/2 + L xe1 — x4]3/2
F Xt

IN

L
(x¢) — melldell3/2 + melec|3/2 + EHXtH — x5,

where the first inequality on the first line is due to Assumption 3.1 and the second inequality holds
trivially. For the case t = my, since |V F (x¢)|l2 < ||d¢]|2 + ||€t]|2 we have

L
(x¢) + (VF(x¢), X1 — X¢) + §||Xt+1 — x5
(x¢) + (lldell2 + [|€t]]2 + Lr/2)r.

We present the following lemma from Li (2019), which characterizes the moving distance for
a SPIDER-type stochastic gradient estimator during the Escape phase. Note that this lemma can
be directly applied to our Algorithm 1 without modification since our algorithm and the SSRGD
algorithm in Li (2019) share the same Escape phase (See lines 8-14 in Algorithm 1 and lines 9-17
in SSRGD, Algorithm 2, Li 2019).

Lemma E.3 (Lemma 6, Li 2019) Suppose —y = Anin(V2F(X,,,)) < —ep. Set perturbation ra-
diusr < Lngep /(Cp), threshold lyyes = 21og(ngepVdLC ™ o~ 67 1r= 1) /(npey) = 6(77;116;11),
step size ng < min{1/(16Llog(nmegvVdLC 1 p=161r~1)),1/(8CLIog lypes)} = O(L™Y),
b=q = VB > 16log(4/0)/(n%e%). Let {x;},{x,} be two coupled sequences by running
LENA-SPIDER fromXm,i1,X), 1 With Wi, 11 = X, 11—X;, |1 = ro€1, where Xp;, 41,X), 1 €
Bx,,. (1), 7o = 67/V/d and e, denotes the smallest eigenvector direction of Hessian V*F (X, ).
Then with probability at least 1 — 9,

Lnge
max  {[|x = X, |2, [[X0 — X, |2} > L1 (E.2)

9
mMs<t<ms+Lpres Cp

where C = O(log(dlyes/8) = O(1).
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