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Abstract

It is currently known how to characterize functions that neural networks can learn with SGD for
two extremal parametrizations: neural networks in the linear regime, and neural networks with no
structural constraints. However, for the main parametrization of interest —non-linear but regular
networks— no tight characterization has yet been achieved, despite significant developments.

We take a step in this direction by considering depth-2 neural networks trained by SGD in the
mean-field regime. We consider functions on binary inputs that depend on a latent low-dimensional
subspace (i.e., small number of coordinates). This regime is of interest since it is poorly under-
stood how neural networks routinely tackle high-dimensional datasets and adapt to latent low-
dimensional structure without suffering from the curse of dimensionality. Accordingly, we study
SGD-learnability with O(d) sample complexity in a large ambient dimension d.

Our main results characterize a hierarchical property —the merged-staircase property— that is
both necessary and nearly sufficient for learning in this setting. We further show that non-linear
training is necessary: for this class of functions, linear methods on any feature map (e.g., the
NTK) are not capable of learning efficiently. The key tools are a new “dimension-free” dynamics
approximation result that applies to functions defined on a latent space of low-dimension, a proof
of global convergence based on polynomial identity testing, and an improvement of lower bounds
against linear methods for non-almost orthogonal functions.

Keywords: two-layer neural networks, feature learning, necessary and sufficient conditions, merged-
staircase functions, mean-field dynamics.

1. Introduction

Major research activity has recently been devoted to understanding what function classes can be
learned by SGD on neural networks. Two extremal cases are well understood. On one extreme,
neural networks can be parametrized to collapse under SGD to linear models, for which a clear
picture has been drawn (Jacot et al., 2018; Li and Liang, 2018; Du et al., 2018, 2019; Allen-Zhu
etal., 2019b,a; Arora et al., 2019; Zou et al., 2020; Oymak and Soltanolkotabi, 2020). On the other
extreme, neural networks with zero parametrization constraint (besides polynomial size) have been
shown to be able to emulate essentially any efficient learning algorithm (Abbe and Sandon, 2020;
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Abbe et al., 2021b) albeit with non-regular' architectures. So both of these extremes admit a fairly
complete characterization. However, none of these seem to capture the right behavior behind deep
learning, or more specifically, behind non-linear but regular networks. Such networks are known to
go beyond linear learning (Bach, 2017; Ghorbani et al., 2021b; Daniely and Malach, 2020; Refinetti
et al., 2021; Allen-Zhu and Li, 2019; Ghorbani et al., 2019; Yehudai and Shamir, 2019; Allen-Zhu
and Li, 2020; Li et al., 2020) (even though the NTK can be competitive on several instances (Geiger
et al., 2020)), and seem to exploit structural properties of the target functions in order to efficiently
build their features.

Can we thus characterize learning in the non-linear regime for regular networks? Various impor-
tant results have been developed in this direction, we focus here on the most relevant to us. Chizat
and Bach (2018); Mei et al. (2018); Rotskoff and Vanden-Eijnden (2018); Sirignano and Spiliopou-
los (2020) show that for a certain scaling at initialization, the SGD dynamics on large-width neural
networks concentrates on a fully non-linear dynamics, the mean-field dynamics, described by a
Wasserstein gradient flow, contrasting with the linear dynamics of the NTK regime (Jacot et al.,
2018). In Allen-Zhu and Li (2019, 2020), the power of deep networks is demonstrated by showing
how SGD and quadratic activations can efficiently learn a non-trivial teacher class hierarchically,
with the notion of backward feature correction (Allen-Zhu and Li, 2020).

However, no tight necessary and sufficient characterization of what functions are learnable
emerges from these works. The difficulty being that tight necessity results are difficult to obtain
in such a setting since SQ-like arguments (Blum et al., 1994; Feldman et al., 2017b; Kearns, 1998;
Blum et al., 2003; Feldman, 2016; Yang, 2005; Feldman et al., 2017a; Steinhardt et al., 2015; Abbe
and Sandon, 2020; Abbe et al., 2021b; Goel et al., 2020) are not expected to be tight (besides for
the extreme case of unconstrained networks (Abbe and Sandon, 2020; Abbe et al., 2021b)), and
sufficiency results are significantly more difficult to obtain due to the more complex (non-linear)
dynamics of SGD training.

Is there hope to characterize tight necessary and sufficient conditions for function classes to be
learnable by standard SGD on standard neural networks?

As a first attempt in that direction, we focus in this paper on a natural setting: learning sparse
functions on the d-dimensional hypercube, i.e., functions that depend on a small latent (unknown)
subset of coordinates of the input. We further restrict the optimization regime considered to two-
layer neural networks trained by one-pass batch-SGD in the mean-field regime. This allows us to
study a regime of optimization that goes beyond the linear regime while averaging out some of the
complexity of studying non-linear SGD.

The motivation for the setting of learning sparse function is three-fold: (1) Linear (fixed fea-
tures) methods do not adapt to latent sparsity, and suffer from the curse of dimensionality (Bach,
2017). (2) On the contrary, Bach (2017); Schmidt-Hieber (2020) shows that neural networks can
overcome this curse and learn sparse functions sample-efficiently. However, these works do not
provide tractable algorithms and the question of when SGD-trained neural networks can adapt to
sparsity remains largely open. (3) Some sparse functions, such as monomials, are known to be much
harder to learn than others from SQ-like lower bounds (Kearns, 1998; Blum et al., 1994; Abbe et al.,
2021b), and we expect SGD to inherit some of this complex behavior. Therefore, the problem of

1. Here we refer to ‘regular’ for architectures used in tangent kernel results or more generally architectures used in
neural network applications.
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learning sparse functions presents a clear-cut separation between fixed-feature and feature learning
methods, and can help understand the limits of SGD-training on neural networks.

To gain insights on the interaction between SGD and the function structure that allows adap-
tivity to sparsity, we will ask the following question: Can one characterize necessary and suffi-
cient conditions for a low-dimensional latent function to be learnable by standard SGD on stan-
dard neural networks in an arbitrarily large ambient dimension? More precisely, we will consider
a P-dimensional latent function h, : {+1,—1}" — R and consider learning sparse functions
fe o {+1,-1}¢ = R with f,(z) = h.(2) for arbitrary ambient dimension d and latent subset of
coordinates z := 7 = (z;,, ..., %;,). As motivating examples, consider the two functions:

hl(z) = 212923, hg(z) =21+ 2122 + 212223 .

Both of these functions depend on only 3 coordinates (i.e., they are 3-sparse), and because of the
presence of the degree-3 monomial both require £2(d*) samples to be learned by a linear method.
However, are these functions equivalent for SGD-trained neural networks? If not, can we obtain a
fine-grained analysis that separates them?

In this paper, we introduce the following notion: we say that a latent function h. is strongly
SGD-learnable in O(d)-scaling, if O(d) samples are enough to learn f.(x) = h.(z) for arbitrary
latent subspace z and dimension d, using batch-SGD on a two-layer neural network in the mean-
field regime. The main contribution of this paper is then to characterize with a necessary and nearly
sufficient condition the class of functions that are strongly SGD-learnable in O(d)-scaling. This is
achieved with the merged-staircase property (MSP), stating that the non-zero Fourier coefficients
of g can be ordered as subsets {51, ..., S} such that for any ¢ € [r],

S\ US| < 1.

For instance, ho(z) = 21 + 2122 + 212223 has Fourier coefficients (monomials) that can be ordered
as {{1},{1,2}, {1, 2,3}}, and each new set is incremented only by one element at each time. So hs
satisfies the MSP (or is an MSP function with a slight abuse of terminology) and so is the function
21 + z129 + 2223 + z12223. However, the function hi(z) = 212923 directly makes a leap to a
degree-3 Fourier coefficient and does not therefore satisfy the MSP. Our main results thus imply
that ho can be learned with O(d) samples in this regime, but not h;. The near sufficiency part
in our result stands for the fact that the sufficiency result is proved for “generic” merged-staircase
functions, i.e., excluding a measure zero subclass. This ‘genericity’ is in fact needed, as we provide
degenerate examples in Section 4 for which the strong SGD-learnability in O(d)-scaling is indeed
not achievable.

The terminology MSP comes from the fact that this condition generalizes the basic staircase
property introduced in Abbe et al. (2021a), which only encompasses nested chains of coefficients
with |S; \ S;—1| = 1, such as the vanilla staircase function (e.g., ho) and slight generalizations
with multiple chains. In Abbe et al. (2021a) it is shown that staircase functions are learnable by
neural nets that are deep but sparse, and with an unconventional gradient-based training algorithm
(see Section 1.2 for further discussion). Further Abbe et al. (2021a) does not provide necessary
conditions for learning, nor fine-grained complexity guarantees (beyond ‘polynomial’).

Finally, while strong SGD-learnability is defined for a fixed latent function and fixed P, the
number of samples required to fit MSP functions remains polynomial in d for P growing sufficiently
slowly in d. This is of interest because in this regime, we can show that the considered functions are
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not learnable by any linear methods with any sample complexity (or feature space dimension) that
is polynomial (using contribution (4) below). Thus the merged-staircase functions of such degree
are efficiently learnable by SGD on networks of depth two but not by linear methods.

1.1. Summary of main results

Recall that any function A, : {+1, —1}}3 — R can be decomposed in the Fourier-Walsh basis as
hi(2z) = > gcip ha(S)xs(2) ,where  hy(S) := (hy, X5) , X5(2) := [];eg 2, Where we denoted
the inner-product between two functions (f, g) := E,[f(2)g(z)] with z ~ Unif({—1,+1}%). This
corresponds to expressing the function h,(z) as a weighted sum of orthogonal monomials xg(z),
with weights . (S) called the Fourier coefficients of h.,.

We now formally define the Merged-Staircase Property. Let us call any S C 217 a ser structure.

Definition 1 We say that S = {S1,...,Sm} C 271 is a Merged-Staircase Property (MSP) set
structure if the sets can be ordered so that for each i € [m], |S; \ Uy<;Sy| < 1.

Definition 2 (Merged-Staircase Property) Let S C 2UP1 be the non-zero Fourier coefficients of
hy, i.e., hi(S) £ 0 iff S € S. We say that h, satisfies the merged-staircase property (MSP) if S is a
MSP set structure.

In words, h, satisfies the MSP if the monomials in its Fourier decomposition can be ordered
sequentially such that the supports of the monomials grow by at most one at a time. Examples of
MSP functions include vanilla staircases (i.e., z1 + 2129 + - - - + Hf: 1 %), 21+ 2122 + 2223 + 2324,
Or 21 + 29 + 23 + 24 + 21222324, but not z1 + 212923 + 21222324, 21 + 2122 + 2324, OF 212923. We
briefly summarize our results here:

(1) Dimension-free dynamics and equivalent characterization of strong SGD-learnability. We
introduce a dimension-free dynamics (independent of d), which correspond to the gradient
flow associated to learning h, with a certain two-layer neural network in the space of distribu-
tions on RP*2, We show h, is strongly O(d)-SGD learnable if and only if this dimension-free
dynamics can reach 0 risk when initialized with first-layer weights at 0.

(2) MSP necessity. We show that for non-MSP h., the associated dimension-free dynamics stays
bounded away from 0. From the previous equivalence, we deduce that MSP is necessary for
a function to be strongly O(d)-SGD-learnable.

(3) MSP near-sufficiency. We first show that vanilla staircases are strongly O(d)-SGD-learnable
for smooth activation functions as long as (") (0) # 0 forr = 0,..., P.

For general MSP functions, however, some symmetric MSP functions have degenerate dy-
namics and are not strongly O(d)-SGD-learnable (see Section 4). We show instead that
MSP h, are almost surely strongly O(d)-SGD-learnable. Le., the degenerate examples are a
measure-zero set. This is proved for generic degree-L polynomial activations, and we explain
how one can extend this result to generic smooth activations in the appendix.

(4) Superpolynomial separation with linear methods. One can take MSP functions (e.g., vanilla
staircases) with P slowly growing with d so that the overall sample complexity of the above
neural network results stay as d°(!), while we show that any linear method requires a sample
complexity of dwi(1),
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These main results are further achieved with several side results of independent interest: (i) The
approximation of the standard mean-field dynamics by the dimension-free dynamics, valid for P-
sparse target functions and d > P. We provide a new version of the non-asymptotic bounds from
Mei et al. (2018, 2019), which now compares SGD with this dimension-independent dynamics;
(i1) A new proof technique to study layer-wise SGD dynamics which reduces the proof of global
convergence to a polynomial identity testing problem, i.e., whether a certain polynomial is non-
identically zero; (iii) An improvement of prior dimension lower-bounds for linear (kernel) methods
(Hsu et al., 2021; Hsu; Kamath et al., 2020) that is tighter for function classes that are non-almost
orthogonal (such as staircase functions, allowing for contribution (4) above).

The rest of the paper is organized as follows. The next section overviews related work. Section 2
provides a formal definition of strong SGD-learnability in O(d)-scaling. In Section 3, we introduce
the dimension-free dynamics and the equivalence with strong O(d)-SGD-learnability. The MSP
necessary condition is then derived as a direct consequence of this equivalence. In Section 4, we
provide our sufficient conditions for strong O(d)-SGD-learnability. In Section 5, we discuss how
this implies a separation with linear methods.

1.2. Further related literature

Abbe et al. (2021a) introduces a class of staircase functions, which our merged-staircase function
class generalizes. They show that staircase functions are learnable by some neural nets with a
gradient-based training algorithm. However, the approach remains non-standard: (i) the network’s
layers are sparse in order to guide the construction of the features; (ii) a coordinate descent variant
of SGD is used that differs from the classical SGD algorithm. Further, the analysis is carried in
the ‘polynomial scaling lens’ rather than a finer sample complexity, and no necessity results are
derived. In contrast, we provide here both a necessary and nearly sufficient characterization for
SGD-learning on a two-layer neural networks in the fine-grained O(d)-scaling.

Multiple works have used mean-field (also called distributional) dynamics to approximate the
SGD trajectory. Relevant to us is Chizat and Bach (2020) which showed that neural networks trained
in the mean-field regime converge to a max-margin classifier that is independent of the dimension for
latent low-dimensional target functions. However, these works do not provide quantitative results
in terms of sample-complexity. A notable exception is Mei et al. (2018) which studies classifying
anisotropic gaussians: they show that the mean-field dynamics concentrates on a simplified low-
dimensional dynamics as d — co. However, this simplification is due to rotational invariance of the
problem and not the sparsity of the target function.

In approximation theory, it has been understood for a long time that sparse functions are nat-
urally well approximated by neural networks (Barron, 1993). Recent work (Bach, 2017; Schmidt-
Hieber, 2020; Ghorbani et al., 2021b; Celentano et al., 2021) have shown that neural networks can
learn sparse functions more sample-efficiently than linear methods. However, these works do not
provide tractable algorithms.

Finally, a string of works (Yehudai and Shamir, 2019; Allen-Zhu and Li, 2019; Allen-Zhu and
Li, 2020; Li et al., 2020; Daniely and Malach, 2020; Refinetti et al., 2021; Ghorbani et al., 2021a,b;
Malach et al., 2021; Karp et al., 2021; Suzuki and Akiyama, 2020) have shown separation results
between gradient-trained neural networks and fixed-features models. We refer to Appendix B of
Malach et al. (2021) for a detailed survey. In particular, Daniely and Malach (2020) considers the
learning of parity functions, with a modified input distribution that gives correlation to the response
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and allows for domain extraction; it also uses the population dynamics (infinite samples). In Malach
and Shalev-Shwartz (2020), the learning of Boolean circuits of logarithmic depth is considered
via neural networks with layer-wise gradient descent, but with an architecture that is required to
match the Boolean circuit being learned, i.e., not with a ‘regular’ or ‘blackbox’ architecture. Lastly,
Basri et al. (2019); Cao et al. (2021) show that during training, SGD on 2-layer ReLU networks
learns faster the lower frequency components of a target function, in similar spirit to low degree
monomials, but the approach relies on the linear regime rather than the non-linear regime of interest
here, and suffers from an exponential dependency on the degree.

2. Strong SGD-learnability in O(d)-scaling

Consider n iid data points (x;, y;);c[n] With covariates z; ~ Unif({+1, —1}9) and responses y; =
f«(x) + &; with bounded independent noise E[s;] = 0. We assume that f, : {+1,—1}¢ — Ris
a sparse function with latent P-dimensional function h,, i.e., there exists an (unknown) subset of
coordinates z = x7 = (x;,,...,;,) (the signal part of the input) such that f(x) = h.(z). We
consider fitting this data using a two-layer fully-connected neural network with N hidden units and
weights ® = (Gj)je[N] = (aj,wj)je[N] e RN(@+1),

fan(z; ©) :% > ajo((w), @) . (2-NN)

JE[N]

We train the parameters ® using batch-SGD with square loss and batch size b. We allow for time-
varying step sizes {(n}, ") }x>0, and layer-wise fo-regularization with parameters A%, \* > 0.
Given samples {(Z;, Yki)ic[p) k>0 and initialization (09) je[N] ~iid Po» the weights are updated at
each step:

1 )
0t =0 + 3 > {vki — fun(zei; ©F)} - HiVglafo(wh, @) — HeABS,  (bSGD)
1€[b]

where we introduced H ), = diag(n},n}’ - I) and A = diag(A*, A" - I5). We will be interested in

the prediction error (test error) R(f., f) = Eg [{ fs(z) — f(x) }2] .

We first consider a general definition for a class of sparse functions to be learnable. We take
{P(d)}4>1 a sequence of integers (here, we allow the sparsity parameter P to grow with d) and
consider a general class of functions defined as H = {H p(q) }a>1 With Hpg) C L2({+1,-1}P(),

Definition 3 (SGD-learnability in O(d“)-scaling) We say that a function class H is SGD-learnable
in O(d*)-scaling if the following hold for some C(-,H) : R~o — Rso. Forany h € Hpy), € > 0
there exist hyperparameters (N, b, o, X, A {n}, n}’ } re(o,xo]) and initialization po, such that: (1)
for a sample size’> n < C(g,H)d®; and (2) for any T C [d),|Z| = P(d), and target function
fx(x) = h(xz), ko steps of batch stochastic gradient descent (bSGD) achieves prediction error €
with prob. at least 9/10.

This definition covers many scenarios that occur in practice where the practitioner is allowed to
tune the hyperparameters of the dynamics. While this choice leaves the question of tractability open,

2. Note that n < bk with equality if we assume fresh samples at each iteration, as in the next definition.
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we note that the requirement that learnability must hold uniformly over all possible latent subspaces
excludes many irregular scenarios. Furthermore, the next definition will require strong regularity on
the hyperparameters, and our sufficiency results will hold for simple choices of hyperparameters.

In order to introduce strong SGD-learnability, we will restrict the previous definition in three
major ways: (1) we consider a fixed dimension P and a fixed function H = {h.}, which is still
nontrivial to learn since we do not know the set Z C [d] such that f.(x) = h.(x7); (2) we consider
the scaling’® of a = 1; (3) we restrain the hyperparameters to be in either of two regimes (i) small
batch size b = o(d) and step size n = o(1) trained for ©(1/n) steps (“continuous”); and (ii) large
batch size b = O(d) and step size n = O(1) trained for a total number of ©(1) steps (“discrete”).
For the sake of presentation, we will only present the continuous regime in the main text and defer
the presentation of the discrete regime to Appendix C. We will assume that the hyperparameters
obey the following for some constant /X (independent of d):

AO. (Activation) o : R — R is three times differentiable with ||c(*)||oc < K fork =0,...,3.

Al. (One-pass) We have fresh samples at each steps, meaning {(zx,, Yk, ) }x>0,ic[p are iid. Fur-
thermore, the response variable is bounded |y| < K.

A2. (Initialization) The initialization verifies (a?, Vd - wY) ~ g ® 124 where the distributions
a, i € P(R) are independent of d with |a| < K on the support of 1, and p,, is symmetric
and K2-sub-Gaussian. We will denote m¥ := Ey,,,, [W?]1/2.

A3. (Boundedness and lipschitzness of hyperparameters) There exists a constant 7 > 0 such that
ng,ny <nkK, nt . —npl < n?K and M1 —np | < n? K. Furthermore, A%, \"¥ < K.

Definition 4 (Strong SGD-learnability in O(d)-scaling) We say that a function h, : {—1,4+1}F —
R is strongly O(d)-SGD-learnable if the following hold for some C (-, hi),T (-, hs) : Rsg — Rso.
For any e > 0, d > C(e,hy), n > C(e, hy)d and ed > N > C(e, hy), there exists hy-
perparameters (o,b, N, X {n, 0} Yrelo,ko]) and initialization py satisfying A0-A3, b < d and
ko =n/b<T(e,hy)/ns.t forany T C [d],|Z| = P and target function f.(x) = h.(x1), ko steps
of batch stochastic gradient descent (bSGD) achieves test error ¢ with prob. at least 9/10.

Conditions A0-A3 guarantee that as long as d,n, N are taken sufficiently large, there exists
a continuous mean-field dynamics that well-approximates batch-SGD up to (continuous) time 7’
depending on €, h,. An analogous statement is true for strong-SGD-learnability in the “discrete
regime”, except convergence is to a family of limiting discrete-time dynamics (deferred to Ap-
pendix C). This allows us to get a necessary condition for strong-learnability by studying the limit-
ing dynamics (see next section).

Finally, we note that for any degree-k sparse function h., any linear method (e.g., arbitrary
kernel or random feature methods) will require Q(d*) samples to fit functions f,(x) = h.(2) uni-
formly well over all latent subspaces z = @7 (see Section 5 for a formal statement). As emphasized
in the introduction, this bound is not adaptive to the sparsity parameter P. In particular, any non-
linear h, that is strongly O(d)-SGD-learnable provides a separation result between SGD-trained
neural networks and linear methods.

3. Extending our results to o > 1, and establishing how this relates to the ‘leap’ in the staircase definition (i.e., how can
one jump monomial degrees) is a natural future direction to this work.
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3. Continuous dimension-free dynamics and necessary condition

For simplicity, the results in this section are stated in the ‘continuous regime’ of strong SGD-
learnability. Discrete versions can be found, with little modification, in Appendix C.

Mean-field approximation: A recent line of work (Chizat and Bach, 2018; Mei et al., 2018; Rot-
skoff and Vanden-Eijnden, 2018; Sirignano and Spiliopoulos, 2020; Mei et al., 2019) showed that
one-pass batch-SGD (bSGD) can be well approximated in some regime by a continuous dynamics
in the space of probability distributions on R%*1, which we will refer to as the mean-field dynamics.

Before describing this limiting dynamics, we first introduce a few definitions. To any distribu-
tion p € P(R4*1), we associate the infinite-width neural network

fan (s p) = /aa((w,m))p(da dw) . (1)

In particular, (2-NN) corresponds to taking the empirical distribution p(V )=N-1 > JE[N] de,- We
assume further that there exist functions {%,£" : R>og — R>( and a parameter > 0 (the time
discretization) such that 1! = n&®(kn) and 1’ = n£" (kn). We replace Assumption A3 by :

A3’ €2, &Y are bounded Lipschitz ||£%]| oo, [[£* [loos 1% Lips 1™ ILip < K and A%, A" < K.

Note that for any (n¢,n}")r>0 obeying A3, there exists functions £, " such that A3’ holds with
same constant /. Conversely, any 7 discretization of £%, £ obeys A3 with constants 7, K.

Consider the empirical distribution of the weights ﬁ,(cN) after k batch-SGD steps, i.e., ﬁ,(cN) =

)

N7Y JE[N] 59?. For large N and small step size 7, setting k = ¢/, [),(CN is well approximated by

a distribution p; € P(R%*1) that evolves according to the following PDE:

Oipt = Vo - (peH(t)Va(0; p1)),

) 1 - (MF-PDE)
0(0: p1) = aEa [{ fun(@: pr) — fo(@)}o((w,@))] + 567AD.

with initial distribution pg, and where we introduced H () = diag(£%(t),£"(¢)I4). This PDE
corresponds to a Wasserstein gradient flow on the square-loss test error R(p) = E[{f.(z) —

Fan (@ p)}Q} with regularization [ 8T A@p(d@) and learning schedule H (t).

Dimension-free dynamics: For a sparse function f,(x) := h.(z), the (MF-PDE) concentrates
to a dimension-free dynamics when d — oo. Decompose the input & = (z,r) and the weights
w; = (u;,v;) with u; € RF aligned with z and v; € RY~F with . By Assumption A2, w? has iid
symmetric coordinates, which implies that Fan (x; po) does not depend on 7. In fact, by symmetry
of (MF-PDE), the mean-field solution fNN (z; py) stays independent of 7 throughout the dynamics:

VE>0,  fun(zsp) = / a'o((@, w'))ps(d6") = / a'Ey [o((u!, 2) + (0", 7)) pe(d6") , (2)

and we denote with a slight abuse of notation, fyn(z; pr) := fan(; pr).
With 7 ~ Unif ({—1, +1}9=F), one can show that (v’, 7) can be well approximated by ||v*||oG
with G ~ N(0,1) whend > P and t = Og4(1). We introduce effective parameters 0' = (a',ut,st)
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with distribution p, € P(RF*2), and we replace the neural network (6) by an effective neural
network (with a slight abuse of notation)

fan(z:7,) = / a@Eo[o((@, 2) +5G)]p,(d0) . 3)

We see that fNN(~; p;) can be seen as a two layer neural network in dimension P, with adaptive
Gaussian smoothing. Taking d — oo with P fixed, (a, u?, ||v°||2) (with distribution py satisfying
A?2) converges in distribution to (a®,u®,3%) ~ py with @ ~ p,, u’ = 0 and 3° = m¥, and the
dynamics (MF-PDE) simplifies into the following dimension-free dynamics

Oipy = Vg - (ﬁtﬁ(t)va¢(§§ ﬁt)) ;

_ . _ (DF-PDE)
V(0;p,) = %]Ez,G [{fNN(z;ﬁt) — f«(2) }ao((w, z) + EG)} + 19TA0

where H (t) = diag(£%(t), % (t)Ipy1) and A = diag(A\*, \*Ip,1). Equivalently, (DF-PDE) can
be seen as a Wasserstein gradient flow over the test error R(p) = E, [{h.(z) — fNN(z;ﬁ)}2] in
the space z ~ Unif({+1, —1}") with initialization , and regularization | ETEﬁ(dg). We put
further intuition for this result in Appendix B.1.

The following theorem provides a non-asymptotic bound between the (bSGD) solution Fan (5 ﬁEN))
and the (DF-PDE) solution fyn(-;0;):

Theorem 5 Assume conditions A0-A2,A3’ hold, and let T > 1. There exist constants Ko and K

depending only on the constants in A0-A2,A3 (in particular, independent of d, P, T), such that for
anyb<d, N <el n< e*Konb/(d + log(N)), we have

7 P +log(d logN d+log N
[ Fun (@) — fun () < W R Vg

forall k € [T'/n] NN, with probability at least 1 — 1/N.

The proof of Thm. 5 can be found in App. B.2.1. We first extend the results in Mei et al. (2019)
to bound the difference between (bSGD) and (MF-PDE) dynamics, and then we use a propagation-
of-chaos argument to bound the distance between the (MF-PDE) and (DF-PDE) solutions.

Equivalence with SGD-learnability: From Theorem 5, (DF-PDE) is a good approximation of
(bSGD) as long as d, N, 1/n are taken sufficiently large while keeping 7' = nn /b bounded. This
leads to the equivalence described in the introduction (the proof can be found in Appendix B.2.1):

Theorem 6 A function h, : {+1,—1}F — R is strongly O(d)-SGD-learnable if and only if for
any € > 0, there exists \*, \* > 0 and Lipschitz £*,£" : R~o — Rsg, such that inf;>o R(p,) < €.

For generic activation, we have inf; R(p) = 0. Hence, Theorem 6 states that h, is strongly
O(d)-SGD-learnable if and only if the global minimizer is dynamically reachable by a gradient flow
initialized at py = ftq ® 0zo_g ® d50_.. See Appendix A for additional discussions and numerical
illustrations. In Figure 1, we plotted a comparison between (bSGD) and (DF-PDE) for h.(z) =
21 + 2129 + 212223 + 21202324 and shifted sigmoid activation o(z) = (1 + e~2+0-5)=1 We fix
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Figure 1: Comparison between (bSGD) and (DF-PDE) dynamics for h,(z) = 21+ 2122+ 212223+
z1292324. Left: Test error. Right: Fourier coefficients of fyn(z; ©%") and fyn(z;7;).
The dashed-dotted black lines correspond to (DF-PDE) and the continuous colored line to
(bSGD). The test errors and Fourier coefficients are evaluated with m = 300 test samples
and for (bSGD), we report the average and 95% confidence interval over 10 experiments.

d=N =100,b =150, \* = X* =0, = 0¥ = 1/2, po = Unif([+1, —1]) and g, = N(0, 1).
Let us emphasize a few prominent features of this plot: 1) The (DF-PDE) approximation tracks
well (bSGD) until convergence even for moderate d, N, b/n, despite a convergence with nontrivial
structure. 2) The monomials are picked up sequentially to a nonnegligible amount with increasing
degree, which agrees with the intuition that lower-degree monomials guide SGD to learn higher
degree monomials. 3) (DF-PDE) reaches a global minimum, which by Theorem 6 implies that h,
is strongly SGD-learnable in O(d)-scaling.

MSP is necessary: We can show that the (DF-PDE) dynamics with A, without MSP cannot reach
arbitrarily small test error when initialized with py. By Theorem 6, this implies that MSP is neces-
sary for strong SGD-learnability in O(d)-scaling.

Theorem 7 Let h, : {+1,—1}" — R be a function without MSP. Then there exists ¢ > 0 such
that for any £%,£" : R — R and regularizations \*, \* > 0, we have inf;>¢ R(p;) > c.

This result is based on the following simple observation: for h, without MSP and with u’ = 0
initialization, some coordinates stay equal to 0 throughout the dynamic, i.e., u! = 0. In that case,
any Fourier coefficient that contains i € S is not learned: E.[fnn(2;7;)xs(2)] = 0. We report
the proof to Appendix B.2.3 and simply detail one example h.(z) = z; + 212223. Consider the
first-layer weight evolution ﬁz = a@'E[(z1 + 212023)0’ ((u?, 2))z;] (for the sake of intuition, we take
fNN(z; p;) = 0 and s = 0). Notice that the evolution equations are symmetric under exchange
ub «» uf with ud = u = 0 and therefore uh = u} =: ub;. Denoting 293 = 22 + 23 and integrating
out 293,

¢ _t —t t _t ¢ —t ¢
Ugs = @ E, [212230'/(21U1 + z23u23)] =a uyk,, [zla”(zlul + r(u23))] ,
for some r(ubs) € [—2uby, 2ubs] using the mean value theorem. Recalling that u9; = 0, we deduce

that uby = uh = ufy = 0.

10
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4. Sufficient conditions for strong SGD-learnability

In the previous section, we saw that having MSP is necessary for strong O(d)-SGD-learnability. Is
the converse true? Is any MSP function strongly SGD-learnable in the O(d)-scaling?

Degenerate cases: It turns out that one first has to exclude some special cases. Some MSP
functions present degenerate dynamics due to their symmetries and are not strongly O(d)-SGD-
learnable. For example, take h.(z) = 21 + 22 + 2123 + 2224, Which is invariant by permutation
(1,2,3,4) < (2,1,4,3) of its input coordinates. During the (DF-PDE) dynamics, u} = u} and
!, = w4, which implies that a solution with E.[fn(z; 5,)2123] = E=[fnn(2; 5;) 2223] is found and
therefore the risk of the (DF-PDE) dynamics is always bounded away from zero. See Section A for
numerical simulations and further discussion on degenerate MSPs.

Generic MSP functions are learnable: To bypass this difficulty, we prove a learnability result
that holds for “generic” MSP functions — i.e., that holds almost surely over a random choice of non-
zero Fourier coefficients. Formally, for any set structure S = {S1,...,S,} C olP ], let us define a
measure over functions that have those Fourier coefficients.

Definition 8 For any set structure S C 2] define the measure jis over functions h,, : {+1,-1}F —
R induced by taking h.(z) = ZSQ[P] asxs(x), where the Fourier coefficients satisfy ag = 0 if

S &S, and (ag)ses have Lebesgue measure on RISI,

Our main sufficiency result shows that the degenerate cases are a measure-zero set. In this sense,
there are very few bad examples, and so MSP structure is “nearly” sufficient for strong O(d)-SGD-
learnability.

Theorem 9 For any MSP set structure S C 2P} h, is strongly O(d)-SGD-learnable almost surely
with respect to s, using activation function o(x) = (1 + x)* where L = 287 4

The converse to this result is implied by the necessity result of the previous section, which states
that for any h.. with non-zero Fourier coefficients (set structure) S that is not MSP, h. is not strongly
O(d)-SGD-learnable. While we prove Theorem 9 for a particular activation, we note that the proof
implies that the same is true for any degree-L polynomial activation almost surely over its (L + 1)-
coefficients (see Theorem 38 in Appendix E). In Appendix F we show how this result extends to
generic smooth (non-polynomial) activations as long as a certain polynomial is not identically O for
a given set structure (which we show with a small technical caveat).

Vanilla staircase, learnable without genericity: In the special case of functions with “vanilla
staircase” structure we do not need a genericity assumption, and we require weaker assumptions on
the activation function.

Theorem 10 Let h, be of the form h.(z) = a1z1+qoz120+. ..+ apz12g - - - zp where a; # 0 for
i € [P]. Then h, is strongly O(d)-SGD-learnable using any activation function o € C2P71+1(R)
with nonzero derivatives o(")(0) # 0 forr = 0,..., P.

4. Technically speaking, for the strong SGD-learnability definition we cannot take () = (14x)” as it is not bounded.
However, we take an activation function that equals (1 4 )™ on the interval (—1, 1) and is bounded elsewhere.

11
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Proof ideas The proofs for Theorems 9 and 10 follow a similar approach. From the equivalence
stated in Theorem 6, it is sufficient to display, for each € > 0, hyperparameters such that the
(DF-PDE) dynamics reaches e-risk. We choose A* = A\ = 0 (no regularization) and initialization
g = Unif([—1,+1]) and p,, = o (this choice simplifies the analysis as 5t =30 =0). We split
the learning in two phases: in Phase 1, we train the first layer weights u’ for time ¢ € [0, T1] while
keeping @’ = @’ fixed, and in Phase 2, we train the second layer weights @’ for time ¢ € [T}, T%]
while keeping u! = w’" fixed.

At the end of Phase 1, denote (@, w’!(@’)) the weights obtained from the evolution (DF-PDE)
from initialization (a®,u’ = 0) (note that " (a") is a deterministic function of @°). Phase 2 corre-
sponds to a linear training phase with kernel K7 (z, 2') = Ego.,,, [0 (@ (@°), 2))o (@™ (a%), 2'))].
In particular, the risk decreases as exp(—Amin(K71)t) during this phase, where we denote by
KT = (KT(z,2) z,2/e{+1,—1}F the kernel matrix. Showing global convergence reduces to
showing that )\min(KTl) > 0 for some 77 and taking T = T7 + log(l/s)/)\min(I(T1 ).

The goal of the analysis in Phase 1 is therefore to prove this lower bound on the eigenvalues
of the kernel matrix. Phase 1 corresponds to a nonlinear dynamics, and is a priori unclear how to
analyze. In the case of vanilla staircases, we show that it is enough to track the leading order in
t for each coordinates (%!);c(p and take T} small enough. For example, when learning h.(z) =
21 + 2122 + 212023, for small time ¢ < T} we can roughly show that @ (a) o< at, that ) (a) oc at?,
and that i} (a) oc at®. In other words, the weight corresponding to 21 increases in magnitude the
fastest, followed by the weight corresponding to 22, and then weight corresponding to z3. We can
then use this explicit calculation to lower bound the eigenvalues of K, crucially using that the
second-layer weights a® ~ fi, are chosen at random, which ensures that the neurons are diverse
enough. See Appendix D for the detailed proof.

For general MSP set structure, it is not enough to only track the weights @!(a’) to leading order

in ¢. We show instead that it suffices to lower bound a kernel matrix K n obtained from a simplified
dynamics @' (@"). The weights @(a@’) can be written in terms of polynomials in the second-layer
weights a’, the Fourier coefficients (a5)ses and the derivatives of the activation (") (0)),=o.. 1.,
with coefficients defined explicitly by a recurrence relation and only depending on the set structure
S. Using algebraic facts about the linear independence of large powers of polynomials we show that

o T
det(K 1) is a nonzero polynomial in the second-layer weights and Fourier coefficients. Therefore,
plugging in random second-layer weights a® ~ Unif([—1,1]), and random Fourier coefficients

we show that det(K Tl) # 0 almost surely, by anti-concentration of polynomials. This implies in
particular that ) ¢ g cvg is almost surely strongly O(d)-SGD-learnable. See Appendix E.

5. Separation with linear methods

It is known that linear methods with poly(d) many features or samples cannot learn the class of
degree- P monomials if P grows with the input dimension d (Hsu et al., 2021; Hsu; Kamath et al.,
2020). One way of proving this is by using SQ lower bounds (Blum et al., 1994), which imply lower
bounds on linear methods (Kamath et al., 2020). However, this proof strategy fails for staircase
functions of growing degree, since the hierarchical structure makes these efficiently SQ learnable
by sequentially querying the monomials of increasing degree’. We thus need a lower-bound on
linear methods that goes beyond SQ lower-bounds, which we obtain by using subspace projections.

5. Making at most d queries per degree for vanilla staircases, e.g., at most d log d queries when P = log d.

12



THE MERGED-STAIRCASE PROPERTY

Consider a general linear method which is defined by a Hilbert space (#, (-, -)#), a feature map
¢ : {+1,-1}% — H, an empirical loss function L : R?® — R U oo and a regularization parameter
A > 0. Given data points (y;, :ci)ie[n}, the linear method construct a prediction model f (x) =
(a, 9 (x))y where a € H is obtained by minimizing the regularized empirical risk functional

a = argmin { L (s, (@,v(®3))icw) + Alal } o
acH

We will further denote ¢ = dim(#). Popular examples include random feature models (g is equal

to the number of random features) and kernel methods (¢ = oo typically). While the optimization

problem (4) is over a (potentially) infinite dimensional space H, it is an easy exercise to verify that

a € span{vy(x;) : i € [n]} which has dimension bounded by min(n, g).

We consider learning a class of functions Fpy = {f1,..., fu} € L*(X) from n evaluations
at points (;);c[n)- For any linear method which, for j € [M], outputs the model f; obtained
by (4) on (fj(x;) + €ij,%;i);en). We define the average prediction error on F as R, (Fy) =
=3 e Bx[(fj(x)— fj (x))?]. Several lower bounds on the sample complexity have appeared in
the literature such as Hsu et al. (2021); Hsu; Kamath et al. (2020), here we present an improvement
on Hsu et al. (2021); Hsu that is tighter for target functions that are not almost orthogonal, and an
improvement of Kamath et al. (2020) that is tighter for functions like vanilla staircases of growing
degree (which have polynomial SQ-dimension).

Proposition 11 Let Q C L%(X) a linear subspace. Let Fpr = {f1,..., fu} C L*(X) such that
IPofill2: = 1—kand |Pg fjl|22 = k forall f; € Far. Forany linear method, if Ry (Far) < 1—n,
then we must have

n—k
maX;e[M] ﬁ Zje[M] [(fi» Pafj) 2|

min(n, q) > 5

Define €, to be the subspace spanned by all degree-k monomials L?({4-1, —1}%). Consider
a function hpoyy.r € L?({+1,—1}7) such that ”PQthOIy_k”%Q = ||Pékhpoly_k”%2 = 1/2 and
P, hpoly-k is supported over m monomials. Second, consider hsy-p(z) = p-1/ 2z + 2120 +
...+ 21+ zp) the degree-P staircase. We consider two sets of functions obtained by hpoly-x and
hse-p with all the permutations of their input signal: F;, = { f=hyor 7€ H(d)} o€
{Poly-k, Str-P} , where II(d) corresponds to the group of all permutation on [d]. Applying Propo-
sition 11, we get the following sample-complexity lower bounds:

Proposition 12 For any linear method, if Ry, (Fpory-r) < 1/2-(1—n) then we must have min(n, q) >
= (Z) Similarly, if Ry (Fsi.p) < 1 — 1 then we must have min(n, q) > g(L%J)'
Note that kernel and random features methods achieve the lower bound for Fpoy.; (Ghorbani

et al., 2021a; Mei et al., 2021). Comparing Proposition 11 with the result of Section 4, we get the
following separation results between SGD-trained neural networks and linear methods:

(1) SGD on two-layer neural networks outperforms linear methods almost surely on non-linear
MSP functions (n = O(d) versus n = Q4(d¥) for degree-k MSP).

(2) We obtain from Proposition 12 that for any P = wg(1), linear methods must have min(n, q) =
dwi() to learn the vanilla staircase of degree P, while Theorem 10 can still guarantee a sam-
ple complexity of d°(V) for P growing slowly enough with d.

13
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6. Conclusion and future directions

In this paper, we considered learning sparse functions in arbitrarily large ambient dimension, using
two-layer neural networks trained by batch-SGD in the mean-field regime. We proved that the
merged-staircase property is a necessary and nearly-sufficient condition for such functions to be
learnable on such models in O(d) sample-complexity. The near sufficiency part, which excludes
a measure-zero subset, is unavoidable as there exist symmetric MSP functions with degenerate
dynamics that are not strongly SGD-learnable in O(d)-scaling. This provides a regime where one
can achieve a tight characterization of functions that are learnable by regular SGD on regular neural
networks, while going beyond the linear regime.

One venue for future work is to characterize more precisely the set of degenerate MSP functions:
current examples correspond to MSP functions with some group invariance (see Appendix A) which
arise naturally in applications. More importantly, the current MSP condition hinges on the particular
setting considered in this paper: P fixed (or sufficiently slowly growing), O(d) sample-complexity
and two-layer neural networks. In particular, this definition ignores composition-order, i.e., how
many monomials are composed to create a new one, and how many fresh variables are involved in
such a composition. We anticipate more complex categories to appear as we move away from this
setting. For example, we conjecture that [-leap MSP (i.e., |.S; \ Ué;ll S;j| < 1) are SGD-learnable in
O(pi(d))-scaling with 5 (d) = dlog(d) and ¢;(d) = O(d"/?) for | > 2 (this paper considers [ = 1
and showed 1 (d) = d is tight in the mean-field regime). Furthermore, the compositionality-order,
i.e., the number k£ of monomials that can be composed in order to produce new monomials, should
also be factored in for a finer complexity analysis once P (and k) are no longer constant. The depth
of the architecture is also expected to play a role when P is diverging: for instance, it is shown in
Abbe et al. (2021a) that vanilla staircases (i.e., nested chains with £k = [ = 1) are learnable with
P-layer neural networks (but unconventional gradient-based training) in poly(d, P, 1/¢) samples,
while our proof techniques (Theorem 9 and Theorem 10, see Appendix G for the statement of
the explicit bounds) yield O(eeP d/ EC) sample-complexity® with two-layer neural networks. More
generally, the sparsity parameter P will not be necessarily the right complexity measure for deeper
networks: for example, some functions with small leap [ and large P will be easier to learn than
some functions with smaller P but larger .

Finally, it is natural to seek counterparts of the results in this work and counterparts of the
staircase notions for other Hilbert spaces, such as L? functions with respect to the Gaussian measure.
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Appendix A. Additional numerical simulations

In this Appendix, we provide further background and numerical illustrations on the strong O(d)-
SGD learning setting, merged-staircase functions and the dimension-free dynamics.

Global convergence of the dimension-free dynamics. As stated in Theorem 6, a function A, :
{+1,-1}Y — R is strongly O(d)-SGD-learnable if and only if a Wasserstein gradient flow on
R(p) = E.[(h.(z) — fun(2;))?] (the (DF-PDE) dynamics) can converge to the global optimizer
when initialized with @° ~ pi,, u = 0 and 3° = mY¥ (in this paragraph, we consider the continuous
regime, as this is the regime that has attracted the most attention). Showing global convergence
results for such dynamics is generically challenging: R(p) presents many bad stationary points (e.g.,
measures p that are distributed on an insufficient number of atoms to represent h,). While some
progress has been made to show such results in the context of mean-field neural networks (Chizat
and Bach, 2018; Nguyen and Pham, 2020; Wojtowytsch, 2020), existing global convergence results
assume typically that (1) the dynamics converges to a limiting distribution as ¢ — o0; and (2) we are
given a good “spread-out” initialization. Condition (2) usually holds for initialization with bounded
density on an open set around 0. Condition (1) is more challenging and presents counter-examples
that are difficult to rule out. In Section 4, we avoid these difficulties by considering layer-wise
training: global convergence reduces to showing that the final linear-training phase converges to
0-risk, which is implied by a certain kernel matrix being full rank.

While global convergence proofs are challenging, the (DF-PDE) dynamics is a low dimensional
problem and can be efficiently solved numerically. In the rest of this section, we provide a few
numerical simulations to illustrate phenomena alluded to in the main text. We will fix the activation
to be a shifted sigmoid o(x) = (1 + e~**1)~1 and choose learning schedules £%(t) = £¥(t) = 1,
zero regularization parameters \* = \* = 0, and initialization y, = Unif([+1, —1]) and3° = 1. In
Figure 2, we consider four MSP functions and plot the evolution of their Fourier coefficients during
the (DF-PDE) dynamics. In particular, the two top row examples, hi(2z) = z1+21290+ 23+ 21222324
and ho(z) = 21+ 2122 + 2223 + 2324 + 21222324, converge to the global minimum and are therefore
strongly O(d)-SGD-learnable. The bottom row examples, h3(z) = z1 + 2122 + 23 + 2324 and
ha(z) = z1 + 22 + 23 + 212223, do not converge and have risks bounded away from 0. Functions
hs3 and hy are two examples of G-invariant MSP functions.

G-invariant MSP functions. We call h, a G-invariant MSP function if h, is invariant under a
group of transformations, i.e., there exists 7 : {+1, =1} — {+1, —1}¥ (invertible and 7 # id)
such that h.(7(2)) = h«(z). For these functions, the u! weight distribution remains invariant
by this same group of transformations during the (DF-PDE) dynamics, regardless of the choice of
parameters. For example, hg is invariant by permutation (1,2, 3,4) <> (3,4,1,2) of its input, and
ul = uk, ul, = ul forall t > 0. hy is invariant by any permutation, and u} = u} = u for all ¢ > 0.
For G-invariant MSP functions, the weights %' remain constrained in a linear subspace of dimension
< P. We can then prove that a function is not strongly O(d)-SGD-learnable if no global minimizers
lie on this subspace. For example, this is the case of hs: as argued in Section 4 of the main text,
Ez[fNN(z;ﬁt)zlzg] = Ez[fNN(z;ﬁt)zlzg], and fNN(-;ﬁt) can never coincide with hs. For hy,
however, there exists p with @ = (1, 1, 1) that achieves O risk (indeed, define X = z; + 23 + 23,
then h, (X) = (X2 —1)/2+4 (—1)X+3)/2 and can be fitted with a cubic polynomial). It is difficult
to check whether for such functions, the (DF-PDE) dynamics will converge to O-risk for some
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Figure 2: Evolution of the Fourier coefficients during the (DF-PDE) dynamics for 4 MSP functions.

initialization and activation function. (Let us just mention that some G-invariant MSP functions are
indeed strongly O(d)-SGD-learnable, such as h.(z) = 21 + 22.)

Such G-invariant functions appear naturally in applications and we believe that understanding
their dynamics is an important future direction. However, in this paper we consider instead to
perturb the Fourier coefficients, which breaks the symmetries, and we show that any MSP function is
strongly O(d)-SGD-learnable almost surely over this perturbation. In Figure 3, we plot the evolution
of the Fourier coefficients of the original hs(z) = z1 + 22 + 23 + 212223 and its perturbation
ha(z) = 21 4 0.9925 4+ 1.0123 + 2 2923. We see that hy is no longer G-invariant and hy is strongly
O(d)-SGD-learnable.

Remark 13 In this paper, we only prove that the set of MSP functions that are not strongly O(d)-
SGD-learnable is of Lebesgue measure 0. We do not characterize this set beyond this and do not
prove that G-invariant MSP functions coincides with this set (in particular, we do not show that
G-invariant MSP functions are the only functions that might not be strongly O(d)-SGD-learnable).

We conclude this section with a final comment about the necessity condition of MSP, which
holds only when considering arbitrarily large d.

Escaping the saddle-space. The proof that non-MSP functions are not strongly O(d)-SGD-learnable
relies on the fact that, when d goes to infinity, the initialization u? — 0 for i € [P]. However, for d
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Figure 3: Evolution of Fourier coefficients during the (DF-PDE) dynamics for the degenerate MSP
ha(z) = 21+ 22+ 23+ 21 2023 (left) and perturbed MSP function hy(z) = 21 +0.9929 +
1.0123 + 212923 (right).

21—z 1.04 — 2
42 1.0 1 212223 212273274
:8 0.81 —— 21257324 0.8
= 0.6
§ 0.6

44

0.4 0
=
(3) 0.2 0.2
[N

0.0 0.0 e e s s St e L L L s —

161 1(')2 103 161 1(')2 163
t=n x iteration t=n x iteration

Figure 4: Fourier coefficients of one-pass (bSGD) and (DF-PDE) solutions throughout the dynam-
ics for h.(z) = 21 + 212223 + 21222324 (left) and h.(2) = 21 + 21222324 (right).

fixed, u? ~1/ v/d and waiting sufficiently long, one-pass (bSGD) escapes the neighborhood of the
subspace u? = 0. In this case, the time to escape the subspace has to grow with d, and we are not in
the O(d)-scaling anymore (indeed n = T'b/n ~ T'd for one pass (bSGD)). In Figure 4, we consider
the same experimental setting as Figure 1 but with h, missing one (left) or two (right) stairs. We see
that (DF-PDE) remains trapped in the saddle-space, while one-pass (bSGD) escapes around n ~ d?
and n =~ d*7 respectively. This agrees with the intuition that staircases with larger leaps are harder
to learn with SGD.
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Appendix B. Proofs for continuous mean-field and dimension-free dynamics

In this appendix, we provide proofs and discussions for the results presented in Section 3, which
corresponds to the ‘continuous-time regime’ of strong O(d)-SGD-learnability. A discrete version
of these results and proofs are presented in Appendix C and require little modifications.

Throughout this section, we will denote by K a constant that depends only on the constants in
Assumptions A0-A2,A3’ (in particular, K is independent of d, P, T). The value of this constant is
allowed to change from line to line.

B.1. Justification for the dimension-free dynamics equations

Here, we provide more details and intuition on how to derive the equations of the dimension-free
dynamics (DF-PDE). We report to Section B.2.1 a rigorous proof of Theorem 5, which shows a
non-asymptotic bound between (bSGD) and (DF-PDE) dynamics.

First, by Assumption A2, the coordinates of w? are iid and symmetric and therefore

Fun(ai ) = [ (. 2) + (0°,r))po(d6°)
_ /aOE,. [o((u®, 2) + (8°,7))] pe(d8°) =: Faun(2: po)

By symmetry of (MF-PDE), the following lemma shows that the neural network stays independent
of the uninformative part r of the input during the whole trajectory.

Lemma 14 The solution (p:):>0 of (MF-PDE) with initialization pg satisfying A2, obeys:
VE>0,  fan(xip) = /@tEr [o((u', z) + (o', 7))] pe(d6°) =: frn(z; 1) (6)

Proof [Proof of Lemma 14] It is sufficient to show that for any r € {—1,+1}9"F, the weights

(a’, u', v'®r) have the same distribution as (a’, u’, v') ~ p; where v'Or = (viry,..., v} pro_p).

Consider pff " = pt o @, where p.(0) = (a,u,v ® 7). First, notice that by assumption on pg, we
have p# " = po. Second, it is easy to check that for any bounded function & : R — R, we have

< [0 = 5 [ 1er@)pta0)
_ / (Voh(r(6)), H(£)Vets(8; pr)) pe(d6)
__ /((1,7«) © Voh(8), H(t)(1,1) ® Veus(8; pf™)) o™ (d6)

— — [ (Vah(6). H()Vou6: o1 ))oi" (06).
where we used in the third line that ¥ (¢, (0); pr) = ¥(0; pfﬁ ™). Hence pfﬁ " is the solution of the
(MF-PDE) dynamics with initialization p# " = pg. Hence by uniqueness of the solution, we deduce

that pfér = p forany ¢ > 0. |
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As mentioned in the main text, one can show that conditional on v’, the noise part of the signal
(v',7) for r ~ Unif({—1,+1}9=F) is well approximated by ||v*||2G with G ~ N(0, 1), as long
as max; [v!|/||vt|2 remains small. This is the case at ¢ = 0 by Assumption A2 that the v are
iid and sub-Gaussian, and we show in Section B.4 that it remains true up to times 7" = Og4(1).
This motivates the introduction of effective parameters @ = (@', w!,5") with effective distribution
Py € P(RF*2). The new parameter 3! plays the role of ||v¢||o and we replace the neural network

(6) by an effective neural network
fun(zip) = [ B o((@,2) + 5G] (8"). )

The evolution equations of (a’, u!, ||vt||2) associated to the (MF-PDE) dynamics are given by

%a —Ea zr[{f* fNN(Z;pt)}U(<Ut,Z> + <vt7'r>):| _ga(t)Aaat’
G =€ OB [{£.) — Pz} (h2) + (o )] - oAt

et = € (00" n [ {72(2) — fan(z: 0} (st ) + (0, 7)) 002, 7)]
— (X o>,

1
[[v*]]2

For P fixed and d — 0o, we see that the distribution of (a®, u?, ||v°||2) converges in distribution
to (a°,0,my) which we denote 7, and we recall that m¥ = E, [W?]'/2. As argued above,
the mean-field neural network fyn(2;p¢) converges to fyn(z;p;) for any ¢ > 0. The evolution
equations of p, can be obtained by taking d — oo in Eq. (8), and replacing (v’, r) by 5'G:

t d

where we used that % vt = (v*, $v') to write the last equation.

St = (B[ {12) — fnzp)}o (@ ) +56)] e xa,
St = e (0B [ {1u(2) ~ fan(z:7)}0 (@ 2) +30)z] —eaE, O
C?t = € ()T Ear | {1-(2) = frn(z:5)}o' (@, 2) +5'G)G) — €" (A"

Denoting H (t) = diag(£%(t), £ (t)Ip41) and regularization parameters A = diag(\%, \VIp41),
the equations (9) are the parameter evolution equations associated to the following PDE in the space
of probability distributions on RF+2:

8ip, = Vg (p,H(t)Vg(6;7,)) ,

— S 10
087 = Eec[{ (im0 ~ L2 fao((@z) +56) + LoTRE,

1
2

Equivalently, this PDE corresponds to the gradient flow in the Wasserstein space (with H ()
rescaling) over the regularized risk functional:

B.[{h(=) ~ fun(i7)}] + 5 [ 07RGp(0).
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B.2. Proof of the results in Section 3

In this section, we gather the proofs for the results on the dimension free dynamics and the necessity
condition. The longer and more technical arguments are deferred to Sections B.3 and B.4.

B.2.1. PROOF OF THEOREM 5

We use the mean-field dynamics (MF-PDE) as an intermediary dynamics for the bound. Theorem
5 is a direct consequence of the following two bounds:

Proposition 15  Assume conditions A0-A2,A3’, and let T > 1. There exists constants K and K,
depending only on the constants in A0-A2,A3’ (in particular, independent of d, P, T'), such that for

any n < e KoT? [{b/(d +1og(N))} A 1], we have
i

This proposition follows from a straightforward extension of Mei et al. (2019) to batch-SGD
and anisotropic step sizes, and can be found in Section B.3. In particular, Proposition 15 implies
that, if we consider 7', K = Oy4(1), then N = Qg4(1) and 1/n = Q4(d/b) are sufficient for the
mean-field PDE to be an accurate approximation of batch-SGD up to time 7" (recall that 7" = nn /b
by one-pass assumption and therefore n = O4(d)).

log N
N

sup || fun (5 ©F) = fan (s )| 12 < KT’ {
ke[T/n]NN

with probability at least 1 — 1/N.

Theorem 16 Assume conditions A0-A2,A3’, and let T > 1. There exists a constant K depending
only on the constants in A0-A2,A3’ (in particular, independent of d, P, T), such that

fn (3 P P +log(d
sup HfNN $pt) — fNN(';pt)HB < KefT’ dg()
t€[0,77]

The proof of Theorem 16 can be found in Section B.4.

B.2.2. PROOF OF THEOREM 6

Fix e > 0. Consider Lipschitz £*, " : Rsg — R>gand A%, \* > 0 such that lim;_,~, R(p;) < £/6.
Take 7" such that R(py) = €/6. Let K be sufficiently large such that Ay — Ao are satisfied, and
Al is satisfied on [0, T']. By Theorem 5, there exists constants K, K that only depend on K such
that the bound holds with probability at least 1 — 1/N for n < e 50T°[{b/(d + log(N))} A 1].
Consider ¢; such that ¢1/log(c;) = 81K?e 2K1T% /e and take C(hy,e) = 2(T V 1)(cy V f0T?)
and T'(e, hy) = T. Then for any d > C(g,h«), n > C(g, hy)d and e? > N > C(e, hy), taking
b = d+log(N), we have /1) < ee~K1T° /(9 K1), and with probability 1—1/N, taking ko = | T'/n],
NG

I fn (5 ©%) = Fun(: Pygio )l 22 < 3
Hence
R(hs, fan(©%)) <3R(h, fan(:57)) + 3l iun (5 ©%) — fun (s Byio )12

+ 3 fn ( )_fNN(‘Eﬁnko)H%?
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Conversely, assume that h is strongly SGD-learnable in O(d)-scaling. Let (b, A%, A, {ng, m }refo,ko))
be the hyperparameters that satisfy strong learnability for e /4: in particular, kg = n/band R(®*) <
/4 with probability at least 9/10. Take T' = nn/b < T'(hs,e/4) and let n*, n" be piecewise lin-
ear functions such that n*(nk) = nf/n and n*(nk) = n’/n. Consider (p;)¢>0 the solution of
(DF-PDE) with n® n*, A% A*. From Theorem 5, there exists constants K and K that only de-
pend on %, n*, A% A" through the constants in assumption A3, such that

d+log N
\/b\/1] ﬁ}

with probability at least 1 — 1/N. We can therefore take d, IV, n sufficiently big such that the right-
hand side is less than y//2. On the intersection of this event and the event R(®%°) < £/4 (which
happens with positive probability), we have

I fun (- ©F0) — fNN(‘;ﬁnko)Hm

< koo { [P N

7 r r _ 13
R(Dyi,) < 2R(OF) +2[| fun(-:0%) — fun(i )72 < = + = =€,

<
-2 2
which finishes the proof.

B.2.3. PROOF OF THEOREM 7

Consider h, : {+1, -1} — R that is not MSP, and denote by {h(S)}ses- its non-zero Fourier
coefficients h.(z) = > gcs, h(S)xs(z). Denote by S, C S, the biggest subset of S, such that
S.={S1,...,5,} can be ordered with |S; \ U/_{S;| < 1forany i € [r]. By assumption S, \ S
is not empty, and for any S € S, \3*, there exists at least two coordinates i1,i2 € S such that
i1,i2 & Uges, S- Denote Q = [P]\ (Uges. S). We show that u! = 0 during the whole dynamics

for every ¢ € Q. In particular, this implies that for any S € S, \ S, E.[xs(z)fun(2:5,)] = 0, and

R(ha; f(52) > > (S

SES\Sx«

This lower bound does not depend on the details of the dynamics (parameters £%, €%, A%, A, activa-
tion and initialization j1,,m¥). Let z; 4 and 2z, _ denote the vector z € {+1, —1}¥, with z; = +1
and z; = —1 respectively, and note that by Lemma 19, |a?| < K (1 +t). Using Assumption A0, we
have by integrating out z;:

‘Ezi [fNN(z;ﬁﬁU/«zyﬂt»Zi” < %‘fNN(zi,+§ﬁt){al(<zi,+7ﬂt>> - U (zi—,u H

1,, 4 _ A _ _
+ 5‘{fNN(zi,+5 pe) — Inn(zi—ip) Yo' ((zi— "))
<KL+ t)lollsollo”llool@] + K (1 + 1) ]|0” || ool o]
< K14 t)|a.

Similarly, for i € Q and S € S, (in particular, since i & .S)
|Ez[xs(2)o’ ((z,a"))z]| < llo”loolw]
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while if S € S, \ S., then there exists j € 2N .S with j # i, hence
[Ex[xs(z)o’((z,a"))z]] < [lo”||oolw] -

Denoting mf, = max;cq [ut| (recall mY, = 0), we conclude that for any i € :

= [a'|[Ex [(h«(2) = fan(z5p))0’ (@', 2))zi] | < K(1+1)°mg,

d_
&
and therefore m{, = 0 during the whole dynamics.

B.3. Proof of Proposition 15

The proof is an application of an extension of Theorem 1.(B) in Mei et al. (2019) to batch-SGD
and anisotropic step sizes. This extension is straightforward and we simply list below the two main
differences with the proof in Appendix C of Mei et al. (2019):
* Recall that we defined the regularized risk E(p) := 3 R(p) + 5 [ 67 A0p(d). We have
d

&E(Pt /\VW >pt)||H Pt(det)

where 4(0%; p;) is defined in Eq. (MF-PDE) and we denoted |[v||a = [AY?v[s. We
conclude that F(p;) is nonincreasing. The rest of the proof only uses that H(t) verifies
HHHom ||H||Lip < K.

* The concentration between the batch-SGD and gradient descent (Appendix C.5 in Mei et al.
(2019)) uses that there is an extra 1/b factor in the sub-Gaussian constant.

The proof of Proposition 15 simply amounts to checking that our setting (with Assumptions
A0-A2, A3’) falls under the general framework of Theorem 1.(B) in Mei et al. (2019).
Proof [Proof of Proposition 15] First, from conditions A0 and A1, we have ||o||cc < K and |y| <
K. Furthermore, note that x is a sub-Gaussian vector and ¢’ is bounded (||0”||oc < K by condition
AO0). Then, for any w € R, the gradient V,0({x, w)) = xo’({x, w)) is K-sub-Gaussian. Hence,
assumption Ao of Mei et al. (2019) is verified.
Denote v(w) = Ey[f«(x)o((x, w))] and u(wi, w2) = Ez[o((x, w1))o((x, w2))]. Consider
n € R? with ||n||2 = 1. Then, we have
(Vu(w),n) = Eg[fu(@)o' ((z,w))(n, 2)] < KE[(n,2)’]'/* = K,
(Vo w(w1,ws),n) = By o' ((z, w1))(n, x)o((z,ws))] < K°E[(n,z)’]'/* = K2,
[(V20(w), n®?)| = Ez[| fiu(x)o" (2, w))|(n,2)?] < KE[(n,z)°] = PK .
Finally, consider 11, ny € R? with ||n1||2 + ||n2]|3. Then,
(Vo ey (w1, w2), (11, 12) )| < Ea[|o” (2, w1))o (@, wa)) (1, 2)?]
+ 2Bz [0’ ((z, w1)) o’ ({2, w2)) (N1, @) (N2, @) ]
+ Ex|o((z, w1))o" ({2, w2))|(n2, )]
<4K*.
We conclude that ||[Vo(w)||2, [|Vu(wi, ws)l|2, [V20(w)]op, | V2u(wi, ws)|op < K, and as-
sumption A3 in Mei et al. (2019) is verified. |
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B.4. Proof of Theorem 16: bound between (MF-PDE) and (DF-PDE) dynamics

We will assume throughout this section that the assumptions and the setting of Theorem 16 hold.
In particular, we will use Assumptions A0-A2, A3’ without mention when clear from context. For
clarity, we will write the proof in the case £%(t) = £ (t) = 1 and A*> = A* = 0. The general case
follows easily, using |[£% oo, | |locs A%, A < K by Assumption A3’

We bound the distance between the mean-field and the dimension-free solutions by coupling
the two dynamics through their initialization. Denote ' = (a, u!, v?) and 0 = (at,ut,st) the
parameters obtained by the evolution equations (8) and (9) from initial parameters 00 = (ao, uo, 'vo)
and 8° = (60 u’,30) respectively Recall that we initialize independently a° ~ p, and V/d -
(u®,v0) ~ p®d and a’ ~ ,ua, = 0and 3" = m¥ = By, W2 We couple the two
dynamics by takmg a® = @ (because of (u!, v!) this coupling is not deterministic), and denote ~;
the obtained joint distribution on (87, ét).

The goal is to bound

2

HfNN(';pt) - fNN(';ﬁt)’ Lo
—E.[( [ {a'Bololu )+ (0 1))~ aBalo((@ 2) +5'6)] u(ae'deh) ]

QY

where we used Lemma 14 to remove the dependency in . It will be useful to introduce the residuals
of the dynamics: §(z;p;) = hs(2) — fan(2; pe) and §(2:7,) = he(2) — fun(2;7;). Recall that

we denote by R(pr) = E[(f.(2) — fun(z: p0))2] = Exli(z: p0)?) and R(p,) = E=[g(z; 7,)?] the
prediction risks at time .

The value of the integrand in Eq. (11) only depends on {(a’, u!, (v', 7)) }+>0 and {(a’, u", 5'G) }+>0
with r ~ Unif({—1,+1}9"") and G ~ N(0, 1) independent of {(ot,ét)}tzo. Conditioning on
(G §t), we consider the 1-Wasserstein distance

Wi((v',r),5'G) < Varlllv'llz — 5[ + Wi ((0',7), [0']26) (12)
where we recall that 17 is defined by
Wi(X,Y)= inf Exy)[|X Y]]

7EM(XY)

= sup [E[f(X)] - E[f(Y)]].
SRR Fp<1

Lemma 20 in Section B.5 shows that

o3
Wi ({(v',r vl <3 <3 max |v; (13)
(< > ” ”2 ) ” t”Q Zé[d P]| |

The following lemma bounds the right hand-side through the value of v! at initialization:

Lemma 17 Consider the same setting and assumptions as Theorem 16. There exists a constant K
independent of d, P and depending only on the Assumptions A0-A2, A3’ such that for any T > 0,

sup max |vl] < KefT* max 0] .
te[o,T) i€ld—P] i€[d—P]
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Proof [Proof of Lemma 17] We have

‘ath,r [Q(ZQ Pt)gl(<ut’ z) + <vt’ r>)”]
ol Be 3tz 0o (0, 2) + 0 ) + )]

1/2
< la'] - [o}] - B [3(2; p)2] 210" oo < K (1 +T)|ot],

1=

where we expanded the expectation on 7; in the second line and used the mean value theorem, and
used Eq. (40) in Lemma 19 in the last line. We deduce that

f < KT

v 07

which concludes the proof. |
Using Lemma 17 in the bound (13) yields (conditional on 00):

sup Wi ((v', ), |[v']2G) < KeKT* ‘max_|v)]. (14)
te[0,7) icld—P]

By Lemma 21 in Section B.5, the following holds for any fixed ¢ € N, ¢ < K,
q 2
/ { sup Wi ({v',7), HUtH2G)} pe(d0) < Ke"TE 1 o ow-r) [ max_|v]|*

te[0,T] €[d—P]
< KeKT? <log d>q/2
—_ d .

15)

Using Eq. (15) and the coupling described above, we will bound (11). Introduce the random
quantity

5(0) = [af ~ | v s~ ], v [3* - o 0
and the square root of its second moment
e N1/2
am = / 5t n(a6" dg)) . (17)

We will show the following technical bounds:

Lemma 18 Consider the same setting and assumptions as Theorem 16. There exists a constant K
independent of d, P and depending only on the Assumptions A0-A2, A3’ such that for any T > 0,

Fanipn) — B0 = = [{a(zs 00 — (=i} ]

(18)
< K(1+T)A(t) + KeKT” % ,
where
d 6 KTQ logd
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From this lemma, we can now complete the proof of Theorem 16:
Proof [Proof of Theorem 16] From Gronwall’s lemma applied to Eq. (52) in Lemma 18, we have

A(t) < [A(O) + KK @}eK(HT)Gt,

d
where
A(0)? = /{|a0_a0\v}|u0_u0u2v\st_HUOH [} 00 ag”)
<E zu0oor [10013] + E g er (0012 — m3)?]
P K KP P

<K—+—+—<K-—.

- d + d * d — d
Injecting this bound in Eq. (18) concludes the proof. |

B.4.1. PROOF OF LEMMA 18

Throughout the proof, we will use the following decomposition for any differentiable ¢ : R — R:

Ercle((u',2) + (v',7)) — o((@, 2) +5'G))

< [Brle((ut,2) + (0!, 7) = (@, 2) + (0, 7))
+[Erclie(@, 2) + (0, m)) - o((@, 2) + [0 16| 20
+ [Erclo(@ 2) + [0126) - o((@, 2) + 5G]

< [1¢'lloo | (" =", 2)] + [[¢ s W1 (0", 7). [[0"[12G) + (|| oo 10" l2 — 5 [E[IG1]

The proof consists in carefully bounding the evolution of the distance between the parameters in the
two dynamics.

Step 1. Bound on || fun (-5 p¢) — fun (57 | 22
We can bound the dlfference between the two functions with

| fun (23 i) — fNN(z Pl
_ ‘/aIE =)+ (v t,r>)}pt(d9t)—/atEG[a(<ut,z>+st)]pt(det)‘

where

= ‘ /(at —ad)E[o((u',z) + <Ut,7°>)}d%) ;

) =| [ @B {o(',z) + (o', ) ~ (@t 2) +5G) .

The first term can simply be bounded by
0 < ol [ la ~ald < KA®), an
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while we use Eq. (20) for the second term

() < ol [ {] = 2] 4 o'l = 5]+ Wi (o, ), [0 G) e

(22)
logd
<K(1+T) / |(u! =@, 2)|dy; + K(1+ T)A(t) + KeX7° Og ,
where we used Eq. (40) in Lemma 19 and Eq. (15) with ¢ = 1.
Combining bounds (21) and (22) and by Jensen’s inequality,
| Fan (s 00) — Fan(520)]]
1/2 logd
< K(1 +T)</IE It~ 22do0) 4 (U T)A) + Kk
KT2 logd
<K(1+T)A(t)+ Ke T
which proves Eq. (18).
Step 2. Bound on (a! — @')2.
Let us bound the derivative
St~ )| = [~ @B a otz po e 2) + )~ (o )+ 56|
<0+ 1D,
where
(1) = [Eera {3z 00) = 3z po (', 2) + 0!, m))] |
(D) = |Ez [g<z;m>{a<<u2 2)+ (', 7)) — o((@, 2) +5'G) }] |
Noting that §(z; p;) — (z 71) = fan(z:5;) — fun(2; pe), the first term can be bounded as in step
1by

1) < oo ({32300 ~ 3(z:70} | < KO+ T)AW) + KT 8L 03)

For the second term, we use Eq. (41) in Lemma 19 and the decomposition (20):
(1) < 130 Pl ocBarc o ((u!, 2) + (01, 7)) = (@, 2) + 5G|
< K(1+D{Ex [ =@ 2)[] + [0’ = ] + Wi (@', r), o' 2G) - @

< K(1+T)5(t) + K(1+ )Wy ((v',7), [[v']2G) .
Combining Eqs. (23) and (24) and applying Cauchy-Schwarz inequality yield

1d _
) dt/(at —at)2d%‘

s
(25)

1 _
< K(U+TP2A0? + KT8 4 k(14 1y / Wi ({0, ), [[v 2G) 3 (d0" d8")

r2logd

< K1 +T)%A(t)? + Kef l
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where we used the bound (13) on W; and Eq. (15) in Lemma 21 in the last line. We deduce that for
te[0,T7,

log d T
/ (o —a"dn, < KK 8L K1y Ty / A()2dt, 26)
0
where we used that a® = @V at initialization.

Step 3. Bound on |u’ — u!||3.
Again we first bound the derivative:

ot — w3 = |t St )| < 0+ an) 4 (),
where
(1) = [(a* 7B [3(2: p0)o’ (0, 2) + (o, ) 2wt Y],
(D) = |@Bzr [{9(2: 1) = 3(255) o' (0!, 2) + (0, 1)) (2,0 — )] |
() = 0B . 357 {0 (. 2) + (o', )) — o' (1, 2) + ')} (=, — )]

These terms are bounded respectively by

(D) < la" =@ [1§( po)lloollo” o Bl (2, uf — )]/
<K(1+T)s(t)?,

27

and
(1) < [[@']loollg(; Pe) oo [lu" — @2
< Ex [(Br g0 (', 2) + (0, 7)) — o' (@, 2) +5'6)])’] 2 g
< K(1+T)%5(t)% + K(1+T)*W, ((v!,7), |0']2G)>.
Combining inequalities (27) and (28) yields

1id
2dt

logd
d K

/ |u! —at||3 d%‘ < K(1+T)2A()?% + KeKT° (29)

where we again used the bound (15). We deduce that for ¢ € [0, T,

logd P r
/||ut — @t 2dy < KeKTQ% + K-+ K(1+ T)2/ A(t)2dt, (30)
0

where we used that @’ = 0 and v/d - u® ~ p®F at initialization, and E er [||u]3] < KP/d.
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Step 4. Bound on |5’ — H'thgf.
First, notice that we have the following simple upper bounds on the evolution of ||v¢||5 and 5t

d . 1/2 1/2
vatHzl < [la'locllo oo B= [3(=: p0)?] *Ex [(0", )2/ 01 3] * < K(1+T),

N _ 1/2 1/2
| S5 < ool B [6(2:71)) B [67] < KO+ T)
which yields

sup [[vt]|z < [0z + K (1 +T)2, sup 38 < K(1+T)2. (31)
te[0,T] te[0,T]

Furthermore, we have by Gaussian integration by part

d . _
dtSt =5'a'E.c[9(zp)0" (W', 2) +5'G)] . (32)
Similarly, we have by expanding the expectation over the r;’s and using the mean-value theorem:

%Hthz = a'Ezp [§(z1 p1)0" (u', 2) + (0", 7)) (v"/||0" ]2, 7))

t

:H;W Y Ear[i(zip)o’ ((u',2) + (0, r))vlri]
i€[d—P] )
B ﬁ Z (v )QEZT[ (25 pt)0 (<Ut,z>+ <Uzi7r—i>+§i)]
2 ield—p]

= a'|v'|2Ezr [9(25 po)o” (0!, 2) + (0, 7)) ] + My,

i€[d—P) (34)
2) + (ol ) + &) — ol 2) + (v )}

We can now bound the evolution in time of (||v!||2 —3*). Using the expressions in Egs. (32) and
(33), we decompose

\dt{uvtuz -}

= | 0" 2Bar [3(25 pe)o" (', 2) + (01, 7))] + My = @'5' B [z 7)o" (@, 2) +5'G)]|
< (1) + (I1) + (IIT) + (IV) + | My,

X Ez,r [g<z§ pt) {J”(<ut

where
(1) = [(l0 s = 3)aBar 325 p0)o" (', 2) + (o', 7))] |
)= |(a = @) Ba [0z )0 (0, 2) + (0, 7))
(1) = [s'a'E. [{g<z;pt>—g<z;m}a"<<u2z>+<vf,r>>} ,
) = [a5'Ea (220 {0 (!, 2) + (v, 7)) = o(!, 2) + 5G|

= |@'s
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These four quantities can be bounded as previously:

@ < |[llv'll2 =5 lla"llscllo” e llg (5 )l 2 < K (L +T)o(2),
(ID) < [a* =@'| - 5] - [|o"]|ocllg (s pe) I 2 < K (1 +T)8(2),
(1) < Jf@floo - 18] - 10" [locllg (s pe) — G(5 ) 2
logd
< K(1+ T)?’A(t) + KeKT? % , (35)
(IV) < [[@lloc - [3°] - lo"[loc g Pe) | 2

X Eepc[{o"((ul,2) + (0!, 7) = 0" (@, 2) +5G) )]
<K +T)%(t) + K(1+T)*Wi((v*,7), [[v']2G) .

1/2

For the last term, we use Eq. (34) and that |¢;]| < |0}]:

| M|
lla*lloo 2
t (Uz)
Wl 2,
X |Ez » [g(z, pt){a/’((ut, z) + (’Ut_i, r_i)+&)— U”(<Uta z) + (v ,r})}} ‘ (36)

'l .
LTl I L N S
e R

< Kla'|sclv'll2 max [vj| < K(1+T)[|v°ll2 + K(1+T)] max |v].
i€[d—P] 1€[d—P]

Combining Egs. (35) and (36) and applying Cauchy-Schwarz inequality yield

11d d 2
algi [l = an] < A2 + [ | G010 -

(37)
log d
< K(1+T)°A(#)? + KeKT? Og :
where we used that
1/2 1/2 2logd
1001 mase 1ot < ([ 10%ao) ([ s felifapn) < KeRTEEE,
We deduce that for ¢ € [0, T,
logd P T
/ [ 0|2 — 5 Pdy < KeKTQ% R K+ T)6/ A(t)2dt (38)
0

where we used that v/d - v0 ~ p5'* ") and 3° = E,,, [W?)"/2 at initialization, and

J 110l = a0 < Euo 10018 — 712

211/2  |_ P
< By [{10°1 — Euoll0131}] " + 50 — BusI1001)] < K
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Step 5. Concluding the proof.
We can now combine inequalities (26), (30) and (30) to get

A = [ {lat = a| v u! @ v ][0 - ']}

T
< KeKT2% + K% +K(1+ T)G/ A(t)dt,
0

which concludes the proof.

B.5. Auxiliary lemmas

Lemma 19 Denote the residuals of the dynamics §(z; pt) = h«(z) — Ian(z; pp) and §(z;p,) =
h«(2) — fan(2; P,). By the properties of gradient flows, the risks

19Cpllz < M19Cipo)lliz < K5 NGl < 195 po)llr2 < K- (39)
In particular, this implies

sup]\latHoovuatHoo <KQ1+T), (40)

)

sup [[G(+5 p6)lloo V 19(5 P )0 < K(1+T). (41)
tel0,7

Proof [Proof of Lemma 19] By definition (p;);>0 and (p;)+>0 are the solutions of a gradient flow:

d

SR = [ 106: plipa) <

and therefore
R(p) = (5 p0)ll72 < 13C5 po)l172 < 201 fellZ + 2l |2 o3 < K,

and similarly for ||g(+; 5,)]| z.2-
Furthermore, by Jensen inequality,

al-

We deduce that

Exr[3(z; pr)o((u', 2) + <’vtﬂ°>)]‘ < llolloollg(s pe)l[ 2 < K.

t
d
<1+ [ |50

A similar result holds for @’. Finally,

(1+T).

153G ) lloo < lla'llssllollo + 1 £illoo < K(1+T),

which concludes the proof. |
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Lemma 20 (Berry-Esseen bound in Wasserstein metric) Ler (X;);>1 be independent random

variables with mean zero. Denote vy, = 3 ;e E[X 2l and S = vy, e > icfn) Xi- Then
Wi ( < B/QZE\X| (42)
Un' e [n]

where we denoted G ~ N(0, 1).

Proof [Proof of Lemma 20] This is a simple application of Stein’s method. Consider f twice

differentiable such that ||fllcc < 1, ||/ lloc < v2/7 and ||f”||cc < 2. Introduce S; = S —

o l/? 12 N B

X; =wvn "7 ;4 Xj. By expanding, we get

E[Sf(S)] =v,"* > E[Xif(S)]

i€[n]
=0, "2 E[Xi(S - Si)f(S)] + M (43)
1€[n]
— oyt Y EIXAELF ()] + M
i€[n]
where, by Taylor’s theorem,
M| = [0 /2 3T BXAS(S) - £(5) — (5 = 8/ (S)Y]|
1€[n]
1 _
< 5vn 2 ) E[X(S = SIS Nl (44)
i€[n]
<v, Y E[|1X)
1€[n]
Finally, note that
o2t ST EIXFELS (5] - ELF(S)]| < 0 lf" oo D EIXZE]S — S
i€[n] i€[n]
<20,%% Y " E[XJIE[Xi] (45)
1€[n]
< 20,2 3 B[ X[)
1€[n]

where we used Jensen’s inequality in the last line. Combining bounds Egs. (44) and (45) in the
identity (43) yields

E[Sf(S)] - Ef(S)]| < 30,% > B[ XP]

i€[n]

The result follows by Stein’s lemma. |
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Lemma 21 Let d > 2 be an integer. Consider {X;}e(q iid (72 /d)-sub-Gaussian random vari-
ables with 0 mean. Then for any q € N, there exists a universal constant Cy > 0 such that

,logd\ >
; :

E[%%)](’Xﬂq] <y <T

Proof [Proof of Lemma 21] By sub-Gaussianity, there exists a universal constant ¢ > 0 such that
d
P(m% | X[ > t) =1-{1-P(|X;| >tV <1- {1 - 2e—cdt2/q/f"’}
1€

<1A <2de‘““2/q/72) .

q/2
Consider t. = (7-2%) with kg = 22(q—2)/q2v0, such that 2de—“l“qtz/q/T2 = 1. Then, we

have the following upper bound:

E[gﬁd)ﬂq] = /OOOP(IiIéE[iZl}](:|Xi|q > t)dt

o0 dt2/a /72
gtc+/ 2de e/ q¢
t

c

q/2 2 q/2
< tc + 2de—cdl€qt3/q/72 /00 e—cdnqt2/q/7'2 dt = 7_2 10g(2d) + Cq T ’
- 0 Kqcd Kqcd

which concludes the proof. |
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Appendix C. Strong SGD-learnability in the discrete-time regime

In this appendix, we define strong SGD-learnability in the discrete-time regime, i.e., for large batch
size b and large 7. We keep the same assumptions A0-A2, and replace Assumption A3 by

D3. (Boundedness of hyperparameters) We have 7}, ;" < K and A%, \* < K.

While the continuous-time regime requires step size 7 to be small enough compared to n /b, the
discrete-time regime requires the batch size b to be big enough compared to cn for ¢ < 1 (recall
b < n by one-pass assumption) in the discrete regime.

Definition 22 (Strong SGD-learnability in O(d)-scaling (discrete time)) We say that a function
hy : {—1,+1}F — Ris strongly O(d)-SGD-learnable if the following hold for some C(-, hy), T (-, hy) :
Reo = Rsg. Foranye > 0,d > C(e, hy), n > C(e, hy)d and ed > N > C(g, hy), there ex-
ists hyperparameters (o, b, \*, X, {ng, i Yrefo,ko)) and initialization pg satisfying A0-A2, D3 and
ko = n/b < T(e, hy) such that for any T C [d],|Z| = P and target function f.(x) = h.(xz),
ko steps of batch stochastic gradient descent (bSGD) achieves test error ¢ with probability at least
9/10.

Again, conditions A0-A2, D3 guarantee that as long as d, n, N are taken sufficiently large, there
exist a discrete mean-field dynamics that well-approximates batch-SGD up to a constant number of
steps that depends on ¢, h,.

C.1. Discrete time mean-field and dimension-free dynamics

We first give the discrete time mean-field dynamics to which batch-SGD converges. Recall that
when N — oo and n — 0, the dynamics converge to the continuous (MF-PDE). Here instead,
we fix the step sizes and consider N,b — oo, and get the following discrete mean-field dynamics
(pr)k>0 (with pi € P(RIH1)) described by the initialization (a°,w®) ~ po and the recurrence
relation: (a*+1, w**1) ~ p,,; the distribution of the updated weights

aktl = (1-— ng)\“)ak + npEe [{f*(a:) — fNN(SB; Pk)}a(<937 ’wkm )

) (d-MF-PDE)
Wt = (1= g A)wh + By [{ £.(@) — fan (3 1) }o' (0, 0"))a]

where (a*, w*) ~ py.

Similarly to the continuous regime, the discrete dynamics simplify when d — oo with P fixed,
to the following discrete dimension-free dynamics (p;)x>0 (With p,, € P(RF*2)) defined by the
initialization (@°,@%,3°) ~ By (With @ ~ j14, w’ = 0 and 3 = m¥) and the recurrence relation

@t = (1 =A@ + B c [{ha(2) — fun(zipp) Jo ((2,3%) +57G)]

@'t = (1 - AT+ a B e [{h(2) — fun(zim) o' ((2,a") + 57 G)at]

S = (1= A)5" + @ B 6 [{ha(2) — fun(zipp) o' ((2,0%) +5°G)G] .
(d-DF-PDE)

We have the new non-asymptotic bound between the (bSGD) and (d-DF-PDE) dynamics, anal-
ogous to Theorem 5, but with a worse dependency on the number of iterations.
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Theorem 23 Assume conditions A0-A2,D3 hold, and let kg > 0. There exists a constant K
depending only on the constants in A0-A2,D3 (in particular, independent of d, P, kq), such that

kSUP | Frun (- — fun (5 Bp )| 2

K3 P+ log log N d+log N (46)
< Ke b ;

with probability at least 1 — 1/N.

From there, it is straightforward, following the same arguments as for Theorems 6 and 7, to get
the equivalence of strong O(d)-SGD-learnability in the discrete-time regime and global convergence
of the discrete (d-DF-PDE) dynamics, and the MSP necessary condition:

Theorem 24 A function h, : {+1, -1} — R is strongly O(d)-SGD-learnable in the discrete-
time regime if and only if for any € > 0, there exists \*, \* > 0 and bounded step-sizes {1, n’ } x>0
such that infren R(py,) < €, where py, is the solution of the discrete (d-DF-PDE) dynamics.

Theorem 25 Let h, : {+1, -1} — R be a function without MSP. Then there exists ¢ > 0 such
that for any regularizations \*, \’ > 0 and step-sizes {0, n}’ } k>0, we have infrcn R(py,) > c.
C.2. Proof of Theorem 23

The proof relies on first comparing the (bSGD) dynamics to the discrete mean-field dynamics
(d-MF-PDE), using an extension of the results in Mei et al. (2019) to the discrete (d-DF-PDE)
dynamics (see Appendix I.1).

Proposition 26 Assume conditions A0-A2,D3, and let ko € N. There exists a constant K depend-
ing only on the constants in A0-A2,D3 (in particular, independent of d, P, T), such that

A i logN  [d+logN
ksuP HfNN(';Gk)_fNN('§Pk)HL2SKe {\/Og + o8 },

=0,....ko b
with probability at least 1 — 1/N.

The proof of this proposition follows from applying Proposition 92, with the assumptions al-
ready verified in Appendix B.3.

The proof of Theorem 23 then follows by combining the above result with the following bound
between the discrete mean-field dynamics (d-MF-PDE) and the discrete dimension-free dynamics
(d-DF-PDE):

Theorem 27 Assume conditions A0-A2,D3, and let kg > 0. There exists a constant K depending
only on the constants in A0-A2,D3 (in particular, independent of d, P, T'), such that

f (D P +log(d
sup | w5 k) = Fan (520 2 < Ke? dg<>
k=0,....ko
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Proof [Proof of Theorem 27] The proof follows similarly to the proof in the continuous case (see
Section B.4) and we will simply highlight the differences. First, by the same argument as in the
proof of Proposition 92, we replace the bounds from Lemma 19 by

sup HakHoo Y, HEkHOO < Kefko 47

=0,...,ko

b 19C5 o) lloo V 119(5 P10 < KXo (48)

=0,....ko

and from Lemma 17 by

sup  max |vF] < Ket™™ ‘max_[v)].

k=0,...,kg 1€[d—P] i€[d—P]
We define
3K) = o~ v [l — ], v [ ot “9)
and the square root of its second moment
_k\1/2
A(k) = ( / 5 (k)2 (d6F dOk)) . (50)

The proof follows by using discrete Gronwall lemma in Lemma 28 stated in the next section, which
is the analogous of Lemma 18 in discrete time. |

C.3. Auxiliary lemma

Lemma 28 Consider the same setting and assumptions as Theorem 27. There exists a constant K
independent of d, P and depending only on the Assumptions A0-A2, D3 such that for any ko € N,

| AN s o) = (5 0)]| 2 = E= H (25 1) — ﬁ(z;ﬁk)}z]m .
< KeKMA (k) + Ko™ 1°§d, oY

where -
Ak) < Ke™ ,/w KefR S A() (52)

7=0

Proof [Proof of Lemma 28] The proof proceeds similarly to the proof of Lemma 18 in Section
B.4.1, where we use discrete Gronwall instead. Step 1 to Step 3 are very similar, using that

lutt a3
<k~ [t (k) (@ k)
For Step 4, notice that, denoting P* = a*E, ,.[g(z; pr)o’ (6, 2) + (v*,7))7],

k k k k
[0 I3 = (lv" 13 + 20k (or, PE) + 2|3

42



THE MERGED-STAIRCASE PROPERTY

Note that integrating out r; and with mean-value theorem, we get PF = vFE, .. [§(z; p)o” ((uF, z)+
(¥, r_;) + &)]. Denote my = a"E,r[G(2; pr)0” ((u¥, z) + <vk,r>)] and TF = (TF) =

7
P — myvF with

TF = VB 32 p) (0 (U, 2) + (08, 7) + &) — o ((uk, 2) + (oF, 7))
Then, we can decompose
[P 13 = (0" (131 + mame)® + 2 (1 + ) (0", TF) + 02| T3

Denote Ty, = a@'E, [§(2;p;)0” (¥, z) + 3*G)] and note that 3571 = 3*(1 + n7my) (using
Gaussian integration by parts).
We decompose:
o5z — 35+ < (1) + (1D),

where

(D) = H’vkllz‘\/(l +emi)? + 201+ mpm) (0F /0¥ (13, T) + 2|73/ loxll3 — 11+ memal |
(11) = [l + memi] = 1+ 7.
The first term is bounded by
(D) < 2] (vg/|[0"|l2, T + me| T2 -
Note that (v, /||v*||2, T¥) = Mj, as defined in Eq. (34) and we can use the bound in Eq. (36):

[(on/[[v* |2, T")| < Ke™™[[[0°]|2 + 1] max [of].
i€[d—P]

Similarly, we have

1T = (a*)? Y ()

i€[d—P]
2
X Eap [3(z: o) {0 (0¥, 2) + (055, 70) + &) = 0" (F, 2) + (0%, 7))}
< 20|a* (319 )72 ll0™ 1% D ToF[?
i€[d—P]
< Klla" %[0 15 max fuif* < K[l + 1] max \v’“!2
1€[d—P) i€ld—P

We deduce

(D) < KeMf|v°ll2 +1] 2%, [of] - (33)

We can further bound (II) using the same decomposition as in Eq. (35):

(11) < Ke"® [5(k) + Ak) + Wi((@', 7). [o:0)] + K™ 102 d (54)
Combining Egs. (53) and (54), we obtain
Alk+1)% < KeFMA(k)? + Ket ™ 105 4 geeto g .
This concludes the proof. |
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Appendix D. Vanilla staircase functions are strongly O(d)-SGD-learnable: Proof of
Theorem 10

We start by providing the proof that vanilla staircases are strongly O(d)-SGD-learnabile, as de-
scribed in Theorem 10. This proof will outline the main ideas behind our global convergence results,
without the technical complexity of dealing with general MSP set structure.

Assumption on activation function We will assume the following hold for the activation o

AQ’. Let o : R — R be an activation function that satisfies Assumption AQ. Furthermore, assume
that for some L € N and n > 0 such that o is L + 1 differentiable on (—n, n) with

sup o (z)] < K.

We will denote m,. = (") (0) and m = (my, ..., mp) € REFL,

In particular, this assumption implies that we have the following polynomial approximations of
o and ¢’ around 0: for any = € (—n,7),

L
o(@) = > Hrar| < Kot
r=0 "~
L1 (55)
o' (z) — Z ;lﬂ 7| < Klz|F.
r=0 '

The Assumption A0’ is simply to connect with the definition of strong O(d)-SGD-learnability.
However, in the proof below, we will choose hyperparameters such that |(u!, z)| < 7 (the input of
the activation) during the whole dynamics, so that A0 can be lifted. In particular, any activation that
is CEHL(R) will satisfy A0’

Now recall that vanilla staircases h, : {+1, —1}* — R are those functions of the form

hi(z) = Qry 21+ o0y 2122 + 031212223 + .. Faqy  pyFize 2P (56)

for some Fourier coefficients ayyy, ..., py € R\ {0}. We will prove that any such function
h. is strongly SGD-learnable in the O(d)-scaling.

Choice of hyperparameters Recall from the equivalence with (DF-PDE) (Theorem 6) that it is
sufficient to show for any & > 0, there exist hyperparameters satisfying A0-A2, A3’ such that
(DF-PDE) dynamics reaches e-risk. We consider the following hyperparameters:

* We do not regularize, i.e., A\* = A\¥ = 0.

* We initialize the first layer to deterministically 0 weights, and the second layer to uniform ran-
dom weights. Le., we take 1, = Unif([+1, —1]) and uy = do. Although initializing the first
layer to O may at first glance seem restrictive, there turns out to be enough randomness in the
initialization of the second layer to ensure that the neural network learns. For the dimension-
free dynamics, this corresponds to taking (@’,m",3%) ~ py with @® ~ Unif([+1, —1]),
u’ = 0 and 5% = 0. In particular, 3% = 0 during the whole dynamics, which allows for
a simpler analysis.
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* Qur learning rate schedule has two phases:

Phase 1: We train the first layer weights 2! while keeping the second layer weights fixed
a' =a’. We set £%(t) = 0 and £¥(t) = 1 for t € [0,T1].

Phase 2: We train the second layer weights @’ while keeping the first layer weights fixed at
ul =u’t. Weset £%(t) = 1 and £%(t) = 0 for t € [T}, T3]

Remark 29 As written above, the learning rate schedules £, " are not Lipschitz at T1. Note
that we can always do the following change of time variable on [0, Ty]: t' = 2tT} — t* such that
€Vt = 2(y/T1 — ')+ is Lipschitz on R>q (and we have now T| = T}). Similarly, we can do a
change of time variable on [T}, T] such that &,(t) = 2min((t — /T1)+, 1). We will proceed with
the simpler learning schedule £*(t) = 1;>7, and £V (t) = Li<1, with the understanding that we
can do the above change of variables to obtain Lipschitz learning schedules and therefore fall under
the assumptions of strong SGD learnability.

We restate the sufficient condition in the case of the vanilla staircase.

Theorem 30 (Theorem 10 restated) Suppose that h, : {+1,—1} — R has the vanilla staircase
structure (56). Suppose also that the activation function o has nonzero derivatives m, # 0 for
r=0,..., P and satisfies AO’ for some L > 21, Then, for any ¢ > 0, there are Ty, Ty > 0 such
that training the dimension-free PDE with the above hyperparameters will learn h, to accuracy €.
Therefore, h, is strongly O(d)-SGD-learnable.

D.1. Outline of the proof

Consider (p;)+>0 the solution of (DF-PDE) with the hyperparameters described above. Denote
u!(@") the solution of the evolution equations (9) obtained from initialization (@’, 0,0). For clarity,
we will suppress some notations in the proof: we will denote w instead of @, and a instead of @’.
We will further forget about 3° = 0 and simply consider p, € P(RF*+1) the distribution of (a,u).
This last simplification can be done since we initialize the first-layer weights to 0, so in particular
5% = 0, and by the evolution equation of (9) we have 3 = 0 throughout training. Furthermore, we
will denote K a generic constant that only depends on P and the constants in the assumptions. The
value of K can change from line to line.
The proof analyzes Phase 1 and Phase 2 of training separately.

Phase 1 (nonlinear dynamics): In this phase, we train the first layer, which has nonlinear dynam-
ics, and so it is a priori unclear how to analyze. Nevertheless, since h, is specially structured, the
structure in the weights during training is particularly simple and it is enough to track the smallest
order terms in the weights.

Specifically, in Proposition 33 (see next section), we prove that there exist constants ¢, C' > 0
such that for all ¢ < c and k € [P], we have |u} (a) — 4} (a)| < Ct2'+1 where

’ H (mia{l,...7i}>

i€[k]

ok—1 gmax((k—1—1),0)

il (a) =272 (at) (57)

gmax((k—1—1),0)

Denote v, (t) = 21727142 [Licp (miaq,..iy) such that ul(a) = v(t)(a® " +

O(t))-
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Phase 2 (linear dynamics): In this phase, we train the second layer, and the training has linear
dynamics. Denote ¢;(z) := h.«(z) — fan(2; p;) the residual function at time ¢. During this phase,
we have the following evolution on the risk:

d
dt

where the kernel is given by

K" (2,2) = Eanp, [0((u" (a), 2))o ((u" (), 2'))] - (59)

—R(p;) = ~Ez 2 [1(2) K" (2, 2)g:(2)] (58)

(This is indeed the kernel, since at the end of Phase 1, the distribution p, of the parameters is given
by (a,u(a)) with a ~ j,, and the first-layer weights are kept constant during Phase 2.)

Let us decompose these quantities in the Fourier basis: denote ¢:(S) = E.[g:(z)xs(z)] and
KT1(S,5) = E.[K"(2,2")xs(z)xs (Z)], and the vector g, = (g¢(5))sc(p) and matrix
KT = (K™ (8, 5"))s,s:cip)- Noting that R(p;) = ||g,/3. we have

d T 1T T

glloels = g/ K" gy < —min (K1)l - (60)
This implies that for t > Ty, we have ||g,||3 < e~ Awmin (KT (1=T1) || g _[13. By assumption we have
lgr, |3 < K for a constant K.” We deduce that, if we prove that )\mm( K1) > ¢ for some constant
c > 0, then it is sufficient to consider T, = T + log(K/¢)/c, to guarantee that R(pp,) < e. This
would conclude the proof of strong O(d)-SGD-learnability.

Lower bound on ), (K7'): It only remains to lower-bound A, (K7). For this we use the
structure on u”! that we prove holds in Phase 1. For all S C [P], denote

HVk T1 andﬁ ZQk !
kesS kes

From Lemma 32 (see next section), there exists a constant C' > 0 depending only on P (and
independent of 77) such that for any S C [P],

E: [xs(2)((u" (a), 2))] = migvs(T1)a’S)| < Cmygs(Ty)T:
Denote Dg = mgvs(T1) and D = diag((Ds)sc(p))- We have

|KT(8, ") = DgDgrEq[a® ST < CDy Do Ty .
Introduce M = (Eqny, [a?S ) o s'c[p)> then we have
K" =D(M + A)D

where ||A|op < CT)P.

Note that 3(S) takes value {0,...,2"” — 1}, and M is the Gram matrix of the monomi-
als [1,X,..., X% "1 in L2([+1,—1], Unif), which are linearly independent. We deduce that
Amin (M) is bounded away from 0 (independent of 7). We can therefore take 77 < Apin (M) /(2P),
50 that Ain (M + A) > Agin(M) /2, and Ain (K™) > {ming D% }Apin(M)/2 > 0.

7. This is since ||h]|oe < K and || fan(+;7,)|leo < E[jal]|o]le] < K, because we choose initialization with |a| < 1.
Sollgr, ll2 < V2P(lgr, |l < V2P (2K).
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D.2. Approximating the v} with polynomials

First, we have the following simple bound on ||u?||;:
Claim 31 There exists a constant C depending on K, P such that ||ut||; < Ct.

Proof [Proof of Claim 31] By Assumptions A0 and A1, we have [0’[|oc, [[hx[loc < K and also
| ANNG5 ) loo < [ lal|lo]|sedita < K. Combining these bounds, we get for t < T7:

d
k| = [aBL[gi(=)" (', 2)) ]| < K
and therefore %Hutﬂl < PK. Recalling, u° = 0, we conclude ||ul||; < KPt. [

The following lemma give the leading order in ¢ approximation of the Fourier coefficients of

o({ul, 2)):

Lemma 32 There exists a constant ¢ > 0 that depend on 1, K, P such that for any t < ¢, S C [P)]
and i € {0,1},

E,[xs(2)o® ((a, m‘s,ﬂ( I1 uk> (1+0(t) + O(th) . 61)
keS

Proof [Proof of Lemma 32] From Claim 31, we can choose c sufficiently small such that ||u!||; < 7,
and |(z, u')| < 7. We can therefore use the polynomial approximation Eq. (55) of o(?):

L-1
E:[xs(x)o((u',2)] = Y “TE:lxs(z)(w!, )] + O(th). (62)

r=0

Note that E [xs(z)(u', z)"] = 0 for r < [S|, Ez[xs(2)(u’, 2)"] = 7! [[cqul for r = |S], and
for |S| =1 < r (such that r — [ = 2s)

|Ez[xs(2)(u’, 2)"]]

o (114) 53

keS i1y is€[P]
= (Huk) Ml = (TT ) - o
keS
Injecting these bounds in Eq. (62) yields the result. |

We can now prove the main structural result on the u’, on which the rest of the proof relies.

2P—1

Proposition 33 Assume L > and denote

~ _9k— - (k—1—3)Vv
i) =272 @) { [T ap,.qm)® 7"} (©3)

1€[k]

There exists constants ¢,C > 0 depending on n, K, P, such that for all t < c and k € [P],
Juf (a) — @ (a)| < O
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Proof [Proof of Proposition 33] Denote @' = (4t re[p]- Notice that

—dy(a) = aayy . gyme H i(a) .

i<k

Denote A}, = supe[o 4 SUPge[—1,11] |14 (@) =G} (a)|. By Gronwall’s lemma, it is sufficient to show

that $AL < K2 4 AL) for some constant K > 0. We will consider c sufficiently small to
apply Lemma 32.

We recall the evolution equations:

Sl = 0B (2)0' (u, 2))] — aBxfaw(2:7) 260 (' 2))].

Let us first show that |E,[fyn(2)zx0”((u?, 2))]| < AL 4 O(t"). Denote the Fourier coefficients
INNnGS; ) = Ezxs(2) fnn(z;0,)]. If k € S, then

fun(S: )] < /|aEz[Xs(Z)0(<ut(a)7z>)]|ua(da)

(64)
< [ |ms [Tvt@- @+ 00)
€8

pa(da) + O(tF) < KAL + O(th)

where we used Lemma 32. Furthermore, note that | fan(S;7,)| < K forany S C [P]. By expanding
fnn in the Fourier basis, we get

B [fan(2)zk0 (', 2)]1 < D | (S: Bz [xsan(2)0” (!, 2))]]
SC(P]

SKAL+ O+ Y K[Ezlxsur(2)d’ ((u!, 2))]]
SC[P],k¢S

< KAL+0(th),

where we used Eq. (64) in the second line and Lemma 32 in the third line. We see therefore that

d . N
|k — )| < |aBalh(2) 200" (! 2))]) - aaqr, g T (@) + KAL + OG5)
i<k

We can separate the first term into three contributions:

E:[hi(2)z0' ((u', 2))] — aqi_gymi [ | ﬂﬁ'(a)‘ < (I) + (IT) + (IIT) ,

i<k
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where
) =3 |o B [xp, o (2)0' (', 2))] | < KAL+O(t7),
i<k
(1) = Jagr,.. s X, 61 (200 (!, 2D)] = aqy,.ggmi [ i (0)
i<k
SK‘mk I1 «-a+om)- I a§(+0(tL)
i€lk—1] i€[k—1]
<K Y ACJI  @l+lak) +o@h),
1€[k—1] jElk—1],j#%
(am) = 3 Jap,oB: [, ()" (@l 2))]|
>k
<K [] @b+lai) > il+oh) <kt J] (A6 +1a]) +oth),
jEk—1] i>k+1 i€[k—1]

where we used in the last line that ||u!||; < Ct from Claim 31. In particular, notice that for any
i <k, LAt < Al We can therefore prove recursively that |AL| < O(t2"~'+1) by noting that 1)
Al < Kt%2) |ab| = O(?* ") and [k l25] < Kt 'L and 3) tL = O(t2" ") forany k € [P),
and do not contribute to the leading terms. |
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Appendix E. Generic MSP functions are strongly O(d)-SGD-learnable: Proof of
Theorem 9 (discrete-time regime)

In this appendix, we prove Theorem 9, which states that generic functions with MSP structure are
strongly SGD-learnable in the O(d)-scaling. While the proof for vanilla staircases in Appendix D
is done in the continuous-time regime, we use here the discrete-time regime as defined in Appendix
C, with O(1)-steps of size n = ©(1). Furthermore, we will consider the activation function to be a
degree-L polynomial, with L sufficiently large. In Appendix F, we provide a more general proof of
this result for smooth (non-polynomial) activations (see Theorem 56) and using the continuous-time
regime, with one technical caveat: the activation function needs to be perturbed at some point during
training (the result holds almost surely over this perturbation, see Appendix F.2 for a discussion on
this technical caveat).
Recall the definition of an MSP set structure.

Definition 34 We say that S = {S1,...,Sn} is a Merged-Staircase Property (MSP) set structure
on the variables z1,...,zp if the sets are (without loss of generality) ordered so that for each
1€ [m], SZ \ UZ‘/<7;S7;/| <1

Given an MSP set structure S C 2/7] and a function h, : {+1, —1}” — R, we say that h, has MSP
structure S if h, can be written as

he(z) =) asxs(z),

Ses

where ag € R\ {0} forall S € S. In other words, h, has MSP structure S if its nonzero Fourier
coefficients are S.

Ideally, we would like prove that for any MSP set structure S, then any function h, with nonzero
Fourier coefficients S is strongly O(d)-SGD-learnable. However, there are degenerate examples of
functions such as h.(z) = z1 + 22 + 2123 + 2224 which satisfy MSP structure but are not strongly
O(d)-SGD-learnable (see Section A). Therefore, it is not possible to prove a result that holds for
every MSP function. The existence of degenerate functions satisfying MSP also adds difficulty to
the problem of showing that specific functions satisfying MSP are learnable.

Nevertheless, in this section we are able to show that for any MSP set structure S there are very
few degenerate functions h,. In fact, almost all functions with MSP structure S are non-degenerate
and are strongly O(d)-SGD-learnable.

More precisely, for any set structure S C 2]

, define the following measure over functions:
Definition 35 (Definition 8 restated) For any set structure S C 21 define the measure ps over
functions hy : {+1, -1} — R induced by taking h.(z) = 2scip) @sxs(x), where the Fourier
coefficients satisfy ag = 0if S € S, and (ag)ses have Lebesgue measure on RIS,

For any MSP structure S, we prove that h, is almost surely strongly O(d)-SGD-learnable with
respect to ys:

Theorem 36 (Theorem 9 restated) For any MSP set structure S C 271 h, is strongly O(d)-
SGD-learnable almost surely with respect to s, using activation function o(x) = (1 4 x)* where
L =28
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Remark 37 We note that although o (z) = (1+x)* does not satisfy Assumption A0, we can instead
use an activation function such that o(z) = (1 + x)% in the interval (—1,1), and o (z) is smoothly
thresholded outside this interval. In the proof, we control the growth of the first-layer weights and
the input of the activation remains |z| < 1, so such a thresholding does not impact training.

We also prove the following variation on the theorem, which shows that we can take activation
function that is a polynomial of degree L > 287 with random coefficients. This proves that almost
surely any polynomial activation will work, so it does not hold just for activation (1 + z)%:

Theorem 38 For any MSP structure S C 271 and any L > o8P ifwe draw m ~ Unif[—1, 1}®L+1,
then h. is strongly O(d)-SGD-learnable almost surely with respect to s, using activation function

o(x) = S igmir.

E.1. Outline of the proof

Choice of hyperparameters We train in the discrete-time regime with ©(1) steps of size O(1)
and ©(d) batch size. Recall from (d-DF-PDE) (Theorem 24) that it is sufficient to show for any
e > 0, there exist hyperparameters satisfying A0-A2, D3 such that (d-DF-PDE) reaches e-risk. We
consider the following hyperparameters.

* We do not regularize. L.e., A\’ = 0, and A* = A" = 0, same as Section D.

* We initialize the first layer to deterministically O weights, and the second layer to uniform
random weights. Le., we take 11, = Unif([+1, —1]) and pw = dp. This is the same as in
the vanilla staircase proof of Section D. For the dimension-free dynamics, this corresponds
to taking (@, u?,3°%) ~ py with @® ~ Unif([+1,—1]), u’ = 0 and 3° = 0. In particular,
5" = 0 during the whole dynamics, which lets us ignore it and allows for a simpler analysis.

* QOur learning rate schedule has two phases, with learning rate given by parameter n > 0:

Phase 1: For k; steps we train the first layer weights w* while keeping the second layer
weights fixed @* = @". We set ¢ = 0 and n’ = n fork € {0,...,k — 1}.

Phase 2: For ky steps we train the second layer weights @* while keeping the first layer
weights fixed at @* = uw*. We set n¢ = nand n¥ = 0 for k € {ky,..., ko — 1}.

We also take > 0 to be a small enough constant, and b = Q(d) for a large enough constant
depending on P, ¢, n). For the first phase, we will train for £; = P time steps, since this turns out to
be sufficient to prove learnability. For the second phase, we train for ko = ©(1) time steps, where
ko is a constant depending on 7, €, and P, to be determined later. We prove that (d-DF-PDE) with
such hyperparameters will reach e-risk, which, by the equivalence stated Theorem 24, implies the
strong SGD-learnability in O(d)-scaling.

Assumption on the activation We will assume that on the interval (—1, 1) our activation is given
by a polynomial of degree at most L. Le., forall z € (—1,1), we have o(z) = ZiL:O Dig’ for
m = [mo, ..., mg) = [0(0),0(0),...,a"(0)].
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E.1.1. PHASE 2 (LINEAR TRAINING)

Let us first present the analysis of Phase 2. We train the second layer and keep the first layer weights
fixed. This is kernel gradient descent with kernel K*1 : {+1, —1} x {41, —1}¥ — R given by

K" (2,2') = Eanp, [0 (W (), 2))o ((u (a), 2'))].
So the residual gi,(z) = h.(z) — fan(2; pi), evolves, for any k € {ki, ... ky — 1}, as:
ge+1(2) = gi(2) — B [K* (2, 2")gu(2)].

The evolution of the risk is given by:

R(pg+1) = %E[gk—i-l (Z)z]

= R(pr) — B 2 [gx(2) K™ (2, 2')gi(2))]
2
B s K9 (2, 2K 2,2 )u (2 ()]

k1
< R(pw) - (1 - PN g gy (2) K5 (2 ) ()

where K*' = (K% (z,2')), s is the 27" x 27 kernel matrix. Note that Apax(K™) < || K" ||p <
2P|o||2, < 2P K2. So if we take any learning rate n < 1/K?2, we have

R(pri1) < R(pr) = 3Bz o0lgn(2) KM (2,2 ) gu ()]

77)\min(Kk1)
(1 - 2P

IN

)R(p).

Finally, note that R(py,) < 3(||lollc + [|hslloo)?® < 2K? so if we take any ko > ki +
log(e/2K?)/1og(1 — nAmin(K*)/2F), we ensure that R(jy,) < e. It remains only to show
that )\min(K’“) > ¢, for a constant ¢ > 0 depending only on 1, h,, P, k1, and m.

E.1.2. PHASE 1 (NONLINEAR TRAINING)

Now let us show how to analyze Phase 1, and in particular how to prove that A\, (K kl) is bounded
away from O.

Writing the weight evolution with a polynomial First, we show that if we train for a constant
number k; of steps, then we can write the weights obtained by the dimension-free dynamics as a
constant-degree polynomial in the second-layer weights. This is because the activation is a poly-
nomial in the interval (—1, 1), and the weights of the first layer do not grow enough to leave this
interval.

Lemma 39 (Training dynamics are given by a polynomial) Let & = ({s5k)sc[po<k<ii—1 €
Rzpkl, (eR, andp € RL+L pe variables.
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For each i € [P) define po (¢, &, p) = 0. Foreach 0 < k < ki — 1, define pi11:(¢, &, p) with
the recurrence relation:

Pret1,i(C, € p) = i i(C, €, p) + (1€ i

L—-1 r
Pr
+¢ z; TT Z S{iyafine. {ir}k ll_[pk,z'l (¢, & p)
r= =1

' (ilr"'viT)e[P]r

There is a constant ¢ > 0 depending only on k1, P, K, such that for any 0 < n < ¢,

faf(a) = pk,i(na) /87 m)

where 3 = (Bs1)sc(p],0<k<k,—1 has values given by, for all S C [P,

Bsx = E[(— fun(2; o) + ha(2)) x5 (2)]-

Because of the term fNN (+; pr), which evolves nonlinearly, this is nontrivial to directly analyze.
However, if the step size 7 is taken small enough, then the interaction term fNN (+; px) is small, of
order O(nk), and we show that it can be ignored. Formally, we define the simplified dynamics @t* (a)
for each 0 < k < Ky by letting @ (a) = 0 and inductively setting for each k& € {0,...,k; — 1},

W (a) = 4" (a) — najEe[~h.(2)0' ((d"(a), 2))2].

This differs from the definition of the dynamics for @* in that we have dropped the fNN (z; pi) term
in the update equation. By a similar argument, we may show:

Lemma 40 (Simplified training dynamics are given by a polynomial) There is a constant ¢ > 0
depending only on k1, P, K, such that forany 0 < n < ¢, any i € [P]and any 0 < k < ki, we have

’&f(a) = pk,i(m% «, m)a
where we abuse notation (since a = (as)sc(p) otherwise) and let o = (aus 1) sc[p],o<k<k,—1 be
given by
asy = as = Elh«(z)xs(z)]

k

We now show that the simplified dynamics %" is a good enough approximation to @”, and it

suffices to analyze @~

Reducing to analyzing simplified dynamics We lower-bound A\, (K*!) in terms of the deter-
minant of a certain random matrix. Let ¢ = [(1,...,(yr] be a vector of 2F variables. Define
M = M((, €, p) € R27%2" 0 be the matrix indexed by z € {+1, —1}" and j € [2”] with entries

L T
=0

=1

This matrix is motivated by the following fact:
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Lemma 41 There is a constant ¢ > 0 depending only on k1, P, K, such that for any 0 < n < ¢,
and any a = [a1,. .., aq9p] € [—1,1]2", we have

M j(na, B,m) = o((a*(a)), 2))
M, j(nav «, m) = U(<ﬁ‘k1 (aj)7 z>)

)

Using this we can show:

Lemma 42 There is a constant ¢ > 0 depending on K, P such that for any 0 < n < c,

Amin(K™) > B oor [det(M (na, 8,m))?).

On the other hand, we can prove a lower-bound on E[det(M (na, 3, m))?] simply by lower-
bounding the sum of magnitudes of coefficients of det(M (¢, o, m)) when viewed as a polynomial
in ¢. This is because of (a) the fact that det(M (¢, &, m)) and det(M (¢, 3, m)) have coefficients
in ¢ that are O(n)-close for 1 small, and (b) the fact that polynomials anti-concentrate over random
inputs:

Lemma 43 There is D > 0 depending only on P, k1, L, and there are C, ¢ > 0 depending only on
P, kq, K, L such that if we write

det(M(¢,,m)) = Y Byl
~efo,...,Dy2F
then
EGN;L@ZP [det(M (na, 3,m))?] > c Z n? It max (0, |y | — Cn)2.
~e{0,...,D}27

Combining the above lemmas, it holds that if det(M (¢, o, m)) is a nonzero polynomial in ¢,
then h. is strongly-O(d) learnable:

Lemma 44 Suppose that det(M (¢, o, m)) Z 0 as a polynomial in {. Then the function h,(z) =
> SCIP] asxs(z) is strongly O(d)-SGD-learnable with any activation function o that is equal to
o(x) = ZZ‘L:O iz’ on the interval z € (—1,1).

Proof Let k1 be a constant depending on P, and let C, ¢ > 0 be constants depending on k1, P, K, L
such that Lemmas 42 and 43 hold. Then taking any learning rate

0 <7 < min (c, max ]h—y\/(QC)),
~e{o,...,D}2"

we have
Amin (K*) > 2n? P|hy 2 /4 > 0, (66)

which is a nonnegative constant that does not depend on d. So by the analysis of Phase 2 in Sec-
tion E.1.1, we can set ko to be a large enough constant that R(px,) < . By Theorem 24 (which
gives the equivalence between (d-DF-PDE) and strong O(d)-SGD-learnability in the discrete-time
setting), this implies strong O(d)-SGD-learnability. [ |
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Analyzing simplified dynamics By the above arguments, the problem has been reduced to prov-
ing that det(M (¢, o, m)) # 0 as a polynomial in . In other words, by Lemma 41, this means that
it suffices to analyze the simplified dynamics at.

We wish to prove that det(M (¢, ,m)) # 0 almost surely over the choice of a. Since we
take h.(2) = > gcg ausxs(2) to be a generic function satisfying MSP, we could hope that it would
be sufficient to prove that det(M (¢, &, m)) # 0 as a polynomial over ¢ and £&. However, there is
an important technical subtlety. Although o = (axg)ses can be chosen to be generic, the vector
(as,k)ggp]7k€{o7,,.7kl,1} has the constraints that agj, = ag for all S, k, and that ag = 0 for all
S ¢ S. To take this into account, let ¢ = (¢pg)ses be a vector of variables and define the following
matrix N (¢, ¢, p) € R27*2” indexed by z € {+1, -1} and j € [27):

N, ;(C, ¢,p) = M. (¢, &, p) ‘gsykzo for all s¢s, and ¢5 ,=¢s for all ses - (67)

The matrix IV differs from M only in that we have changed the variables from (g 1) 5 to variables
(6s)ses, effectively incorporating the constraints on c. This is helpful, because suppose that we
can prove that

det(N (¢, ¢, m)) # 0 as a polynomial in ¢ and ¢. (68)

Then almost surely over the Lebesgue measure on («g)ses, we have that det(IN (¢, o, m)) # 0 as
a polynomial over ¢. And indeed, det(IN (¢, a,m)) = det(M({, a,m)) % 0, which is what we
wanted to show. So it suffices to prove (68).

We prove (68) by analyzing the recurrence relations for py, ; to show that to first-order the poly-
nomials py, ; are distinct for all ¢ € [P], and then leveraging the algebraic result of Newman and
Slater (1979) that large powers of distinct polynomials are linearly independent. We show:
Lemma 45 Suppose that L > 2%° and let m; = 1! (f) for all 0 < ¢ < L, corresponding to
activation function o(x) = (1 + ). Also let k; = P. Then det(N (¢, ¢, m)) # 0 (i.e., (68)
holds).

This also yields the immediate corollary:

Corollary 46 Suppose that L > 287, and let m ~ Unif[—1, 1]+, corresponding to a random
polynomial activation function. Then det(N (¢, p, m)) # 0 (i.e., (68) holds) almost surely over
m.

Proof Lemma 45 implies that det(IN (¢, ¢, p)) is a nonzero polynomial in ¢, ¢, p. Since we choose
m ~ Unif[—1, 1]®LF1, this means that det(IN (¢, ¢, m)) # 0 almost surely over the choice of m.
|

This allows us to prove Theorems 9 and 38.
Proof [Proof of Theorem 9] Taking m; = i!(%) corresponds to activation function o(z) = (1 +
r)F. By Lemma 45, we have det(N (¢, a,m)) # 0 almost surely over o with respect to the
Lebesgue measure. So by Lemma 44, h,(z) = ) g5 asXxs(z) is strongly O(d)-SGD-learnable
with activation o(x) = (1 + x)¥, almost surely over A, with respect to yis. [

Proof [Proof of Theorem 38] The argument is the same, except using Corollary 46. |

55



ABBE BOIX-ADSERA MISIAKIEWICZ

E.2. Proof of Lemmas 39, 40, and 41

We show that if the learning rate 7 is small then for 0 < k < k; the weights of @* and @ remain

small enough that the activation o only ever has inputs in the range (—1, 1), meaning that we can
treat the activation o as exactly given by the polynomial ZiL:o et

Claim 47 For any time step 0 < k < ky any j € [N], and any learning rate n < 1/(4K?Pk), and
any a € [—1,1] we have

[a* (@), [|a" ()|l <2nK*Pk < 1/2.
0

Proof The proof is by induction on k. The base case is clear since w” = 4" = 0. For the inductive
step, fun(2; pk) < Eaop [lallo((@”, 2))|] < ||o]loc < K, since a ~ Unif[—1, 1]. Therefore

[+ (@)l < [[a¥(a) |11 + nlE2[(fun(2; Br) + hae())ao’ (@, 2)) 2]l
< |[a*(a)|l +2nK*P < 29K* Pk,

The bound for ||@t*(a)]|1 is similar. [ |

This allows us to prove Lemmas 39 and 40.
Proof [Proof of Lemmas 39 and 40] Let ¢ € R, & = ({5x)sc[P]kef0,....k1—1}> and p € RE+1 be
variables. Define s, ..., sk, 1 : {+1, =1} — Rtobe s(2) = >_scip| €s,kxs(z). Consider the
recurrence relation v* € R, where we initialize ¥ = 0 and, for 0 < k < k1 —1,

L-1
VAL — vk (R, [sk(z) Z pjl <uk,z>Tz]. (69)
r=0 )

Substituting in ¢ = na and p = m, this recurrence relation is satisfied by u*(a) with s;(2) =
—fun(2; BE) +ha(2) = g Bsxxs(z) and by @ (a) with sy, (2) = hu(z) = g asxs(z). This s
because |(@¥, z)|, |(&*, z)| < 1/2 < 1 by Claim 47 and in the interval (—1,1) o(z) = ZTL,ZO ol
It remains to show that
vl = pri(C, & p)-

The proof is by induction on k. For k = 0, it is true that po ;(¢,£) =0 = I/ZQ . For the inductive step,
notice that for any > 1 and i € [d], we can write

E.[si(2)(vF,2)" 2] = E, [sk(z)zi Z ﬁ u{jzil}

(i1,-rir)E[P]7 I=1

— Z E, [sk(z)xi(z) HXiz(Z)} Hpk,z‘l (¢, & p)
=1 =1

(il,...,ir)e[P}T
= Z S{iym{i @i}k Hpk,il (¢, &, p),
(i1.enrin)E[P]" =1

and B, [s(2)(VF, 2)02;] = E.[s1(2)z] = &iy,k- The inductive step follows by linearity of expec-
tation. |
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Finally, we prove Lemma 41:
Proof [Proof of Lemma 41] This is immediate from Lemmas 39 and 40, using the fact from Claim 47
that ||@*t (@) |1, || @ (a)||; < 1/2, so (@1 (a), 2), (4" (a), z) € (=1/2,1/2), and in this interval
o(z) = 0, Mial. |

E.3. Proof of Lemma 42

Proof [Proof of Lemma 42] For short-hand write B(a) = M (na, 3, m). By Lemma4l, B, j(a) =
o((@" (), 2)). 50

K1, = Eoup,o((@" (a), 2)o((@" (a), 2'))]

z,z

2P+1

forc=1/(2FK)> "2 >0. [ |

E.4. Proof of Lemma 43
Let us first show that 85 x = E[(— fun(2; ok ) +hs(2))xs(2)] isclose to agj, = as = E[h.(2)xs(2)].

Claim 48 There are constants C,c > 0 depending on k1, P, K such that for any 0 < n < ¢, any
S CI[Pl,andanyk € {0,... k3 — 1},

|Bsk —ask| < Cn

Proof It suffices to show that | fnn G Pk)]loe < Cn. This is true since Claim 47 implies ||&” (@), <
Cn. 50 |fun(2; o1)| < Eampg [0 (0) + [al 0[] (@ (a), 2)]] < K[ @*(a)]1 < KCp < Cp. W

We now show the lemma.
Proof [Proof of Lemma 43]

Write det(M ({, a,m)) = ZWG{OMD}QP fL.YC'Y. Let us prove that there is a constant C' de-
pending on k1, P, K, L such that |hy — h~| < Cn for all 7. To see this, notice that det(M (¢, &, p))
is a polynomial in ¢, &, p, whose degree and coefficients depend only on ki, P, L (this is because
each entry of M ((, &, p) is a polynomial in ¢, &, p with coefficients depending on k1, P, L, and it is
a 2P x 2P matrix). Since ||m||oo < K and ||c||oo, ||Blco < 2K, and [|a— Bl < Cn by Claim 48,
we conclude that there is a constant C' depending on k1, P, K, L such that |hy — B7| < Ch for all
5.
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By anti-concentration of polynomials (i.e., Lemma 104), we have that there exists a constant
¢ > 0 depending on ki, L, P such that

B, eorldet(MOa,am)?zc 3 b,

~e{o,...,D}¥2"
Se Y P max(0, | - O
76{05'“7D}2P
concluding the lemma. |

E.5. Proof of Lemma 45

For this section, fix m € RF*! to be m; = z'(f) forall ¢ € {0,...,L}. This corresponds to the
activation function o'(z) = (1 + z)".

E.5.1. REDUCING TO MINIMAL MSP SET STRUCTURES

To show that det(IN (¢, ¢, m)) # 0, we first show that it suffices to consider “minimal” MSP set
structures.

Claim 49 Let S’ C S be such that S’ is an MSP set structure. Then if

det(N (¢, p,m)) |¢S:0for all 368\8/7_é 0,

we have

det(IN (¢, p,m)) #Z 0.

Proof Substituting O for ¢g forall S € S\ §'. [ |

Therefore it suffices to prove the lemma for minimal MSP structures. Without loss of generality
(up to permutation of the variables), we assume that we can write

S ={Si,...,Sp},

where, for all i € [P],
1€ Sz and SZ C [’L]

Otherwise, we could remove a set from S and still have a MSP set structure.

E.5.2. COMPUTING THE WEIGHTS TO LEADING ORDER

Let us define the polynomials gj ; in variables ¢, ¢, p. Forall k € {0,..., k1 — 1} and i € [P],

ak,i (¢, &, p) = pri(C, €, p) |557k:0 for all s¢s and ¢s ,=¢5 for all ses -

Therefore N (¢, ¢, p) has entries N, ;({, ¢, p) = Zf:o o (Zil ar.,i(GGy &, p))r. Let us explic-

itly compute the nonzero term of gy, ; that is of lowest-degree in (. First, we show that many terms
are zero.
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Claim 50 Recursively define 0; = 1+ 3 e, iy 0w for all i € [P).8 Then q (¢, ¢, m) has no
nonzero terms of degree less than o; in (.

Proof The proof is by induction on k. In the base case of k = 0 it is true since gp; = 0. In the
inductive step, we assume it is true for all £’ € {0, ..., k} and we prove the claim for k + 1. By the
recurrence dynamics,

Qr+1,i(C, P, M)
= qr,i(¢, ¢, m) + (mi1g1({i} € S)

L-1 -
”Zlm;# > dwete. (U@ )@ firk € 8) [T (G 9)

(i1,e0yir ) E[P]”

The first term, gy ;(¢, ¢, m), is handled by the inductive hypothesis. The second term is nonzero
only in the case that {i} € S, in which case S; = {i} ¢ S’ and o; = 1, so we do not have
a contradiction. The last terms can be handled by the inductive hypothesis: for any (i1, ...,%,),
each g ;, has no terms of degree less than o;, in . So (][], gk, (¢, &) has no terms of degree
less than 1 + >, 0;, in (. We break into cases. Case a. If {i} & {i1} & ...{i;} = S;, then
Si\{i} c {i1,...,ir},s01+ Zizl 0i, > 0;, and so no new terms of degree less than o; are added.
Case b. If {i} ® {i1} @ ...{i,} = Sy for some ¢’ # i, then either i € {i1,...,i,}, in which case
1+ %7, 0, > o;. Otherwise, we must have ¢/ > i. But in this case oy > o; since i € Sy, so
we also have >, 0;, > 0; and again no new terms of degree less than o; are added. In fact, only
terms of degree strictly more than o; are added. |

Finally, we give a recurrence for the degree-o; term in ¢ of g ;(¢, ¢, m). Because of the pre-
vious claim, when this term is nonzero, it is the smallest-degree nonzero term. Denote this term by

(jk,i(¢7 m) = [COi]Qk,i(Ca ¢7 m)

Claim 51 Ifk, > P, then Gy, i(¢, m) is a nonzero monomial in the variables ¢. Furthermore, for
any i # i € [P), the monomials Gy, ;(¢, m) and Gy, i» (¢, m) are not constant multiples of each
other.

Proof Following the analysis of the previous claim used to prove that [¢ l]q;m-(c ,¢,m) = 0 for all
l < o0;, only certain terms contribute in the recurrence. So we can simplify it to:

Qrv1,i(P, M) = G i(P, m) +myg, b5, H Gr,ir (P, m).

€S\ {i}

Define s; = 1 for all 4 such that |S;| = 1. And recursively define s; = 1 + max{s; : i’ € S; \ {i}}
for all other i € [P]. Inductively on k, for all & < s; we have gj,; = 0. This is clear from the base
case ¢o; = 0 and the recurrence.

Next, for all k > s; we prove that

Gri(®m) = Wits, [[ dspw(dm) £0 (70)

Zlesl\{l}

8. The sum over an empty set is 0 by convention.
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for some nonzero constant v, ; > 0 that depends on m. This is proved inductively on k. For
k = s; > 1, we have

Qr,i(P,m) = myg, Ps; H Gk—1, (@, m) = Mg, ¢s, H Vi—1,i"Gs, it (B, M),

i'€S;\{i} i'eSi\{i}

so it is true since m g, > 0. For the inductive step, if k > s;,

Gr,i(p,m) = (’Yk:—l,i +myg; H ’Yk—l,i’) bs; H s, it
Z’ESZ\{Z} Z’ESZ\{Z}
SO Vi = Vk—14 + Mys;) Hi/esi\{i} Yi—1,i7 > 0 since myg, > 0 by nonnegativity. This concludes
the induction for (70).
Using this recurrence relation (70) for g ;, by induction on k we conclude that for any £ > P >
s; we have that g, ;(¢, m) is a nonzero monomial. Also, Gy (¢, m) and Gy (¢, m) are distinct
for all ¢ # ¢/, since if s; > sy then ¢g, divides gy, ;, but it does not divide gy ;. |

Recall that the interpretation of gj ; with respect to the simplified dynamics: for any second-
layer weight a € [—1, 1], the first-layer weights after training the simplified dynamics are '&fl (a) =
qki(na, o, m). What we have shown in the previous two claims is that for any ¢ # ¢’ to leading
order iL,’fl (a) and '&f,l have different dependence on the Fourier coefficients c of the target function
h... Now we use this to essentially show that (%*! (a), z) and (4" (a), 2’) are distinct for all z # 2’.
Claim 52 Define

Tz ((7 ¢a m) = Z Zile,i(Ca ¢, m)
2

Then, for each distinct pair z,z' € {4+1, -1}, we have r,(C,p,m) — r./(C,p,m) # 0 as a
polynomial in ¢ and ¢.

Proof Recall the definition of o; from Claim 50. Let i € [P] be such that z; # 2] and o; is

minimized. By Claim 50,

KOi](TZ(Ca ¢7 m) - Tz’(ga ¢7 m)) = Z (Zi/ - Z’Z’)[COi]le,i(<7 ¢? m)

) — ,
i S.t. 041 =042y 72

- Z (zir — 2i1)Gry 7 (P, M),

i’ S.t. 0,1 =04,2;1 #Z’E,

but g, ;+ are distinct nonzero monomials in ¢ by Claim 51. So 7 (¢, ¢, m) —r>(¢,¢p,m) Z 0. R

E.5.3. APPLYING LINEAR INDEPENDENCE OF POWERS OF POLYNOMIALS

We conclude the proof of the lemma by using the following result of Newman and Slater (1979)
showing that large powers of distinct polynomials are linearly independent.

Proposition 53 (Remark 5.2 in Newman and Slater (1979)) Ler Ry,...,R,, € CI[(] be non-
constant polynomials such that for all i # i’ € [m] we have R;(() is not a constant multiple of
Rir(C). Then for L > 8m? we have that (R1)*, ..., (R,,)* € C[(] are C-linearly independent.

60



THE MERGED-STAIRCASE PROPERTY

We are ready to prove that det(IN (¢, ¢, m)) Z 0.
Proof [Proof of Lemma 45]

Let us fix & = (ag)ses such that for all z # 2’ we have 7, ({,a,m) — r,/({,a,m) Z 0 as
polynomials in ¢. This can be ensured by drawing cvg ~ Unif[—1,+1] for all S € S, since for all
z # z' we have ,((, ¢, m) — r,:((, p,m) # 0 as polynomials in ¢, ¢» by Claim 52. Let us write
72(¢) = r2((, @, m) to emphasize that we have fixed the variables ¢ = a and p = m, and that
we are looking at a polynomial over (.

Since we have chosen m; = i!(%) foralli € {0, ..., L}, we have

Nz,j(Cvaam) = (1 + fZ(C))L

From the recurrence relations ¢ divides gy, ;((, ¢, m) for each i € [P], so ¢ divides 7,({) =
S | 2k, i(C, @, m). Therefore, no two polynomials (14 74(C)), (14 7,/(¢)) are constant multi-
ples of each other for each distinct z, z’. Otherwise, if (1 + 7,(¢)) = ¢(1 + 7./({)), then we would
have 1 = (147,(0)) = ¢(1+7,(0)) = ¢, which would imply ¢ = 1, but (14+7,(¢)) #Z (14+7./(())
since 7, (() and 7,/(() are distinct.

Construct the Wronskian matrix over the Lth power polynomials {(1 + 7,(¢))¥} ¢ (+1,-1}P-
This is a 2 x 2” matrix H (¢) whose entries are indexed by z and j € [27] and defined by:

j—1
o I

H,;(() = W(l +72(0))".

By Proposition 53, the polynomials {(1 + 7(¢))*},c {+1,-1} are linearly-independent, so the
Wronskian determinant is nonzero as a polynomial in (:

det(H (C)) # 0.

. . . 2P 1
Finally notice that we can write det(H (¢)) = 8%28%3 . 88<2p det(N (¢, a,m)) [c=¢ = =¢,p-
Therefore det(IN (¢, o, m)) # 0 as a polynomial in {. So det(IN (¢, ¢, m)) # 0 as a polyno-

mial in ¢ and ¢. |
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Appendix F. Generic MSP functions are strongly O(d)-SGD-learnable with
continuous-time dynamics and activation perturbation

In this appendix, we provide a more general approach to proving strong O(d)-SGD-learnability for
generic MSP functions that goes beyond polynomial activation functions. The reason to include this
second approach is two-fold:

1. We consider the continuous-time regime (as opposed to the discrete-time regime as in Ap-
pendix E), which is closer to practice, with small batch and step sizes. (Note that the extension
to non-polynomial activations would also hold in discrete time.)

2. For continuous time and non-polynomial activations, the first layer weights @' are not polyno-
mials in @” anymore. However, we show that they can still be approximated by polynomials
and that global convergence reduces to showing that certain (universal) polynomials are not
identically 0.

Using this approach, we show in Theorem 56 that generic MSP functions are strongly O(d)-
SGD-learnable for smooth activation functions (as long as ¢(")(0) # 0 for » = 0,..., P), with
one technical caveat: we need to introduce a random perturbation to the activation function at one
point during the training dynamics. While unnatural, this modification allows us to prove that the
polynomials are non-zero for general MSP structure, using a “Vandermonde trick”. See Section F.2
for a discussion on this technicality.

F.1. Statement of the result

Recall the definition of the measure over functions with MSP set structure S:

Definition 54 (Definition 8 restated) For any set structure S C 2IF) define the measure s over
functions hy : {+1, -1} — R induced by taking h.(z) = 2_scip) @sxs(x), where the Fourier
coefficients satisfy ag = 0if S € S, and (ag)ses have Lebesgue measure on RISI,

Choice of hyperparameters: Recall from the equivalence with (DF-PDE) (Theorem 6) that it is
sufficient to show for any € > 0, there exists hyperparameters satisfying A3’ such that (DF-PDE)

reaches e-risk. We consider the following hyperparameters, which are the same as in the proof for
the vanilla staircase in Section D:

* We do not regularize, i.e., \* = A\ = 0, same as Section D.

+ We initialize the first layer to deterministically u’ = 0, and the second layer to uniform
random weights on [—1, —1], i.e., y, = Unif([+1, —1]) and py = do.

* QOur learning rate schedule is the same as in Section D,

Phase 1: We train the first layer weights 1! while keeping the second layer weights fixed
a' =a’. Weset £4(t) = 0 and £%(t) = 1 fort € [0, Ty].

Phase 2: We train the second layer weights @’ while keeping the first layer weights fixed at
ul =u’t. Weset £%(t) = 1and £%(t) = 0 for t € [T}, Ts].

Remark 55 As in Section D, the learning rate schedules can be made Lipschitz at T with a change
of variables, falling under the assumptions of strong SGD learnability.
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Perturbing the activation: We consider an activation function o that verifies A(’, i.e., that is
sufficiently smooth in a neighborhood of 0. However, unlike the proof for the vanilla staircase,
we add the following technical caveat. At time 77, we randomly perturb the activation o to get an
activation oper¢. We use activation o in the training of Phase 1 when training (DF-PDE) during
time [0, 77| but we use the perturbed activation function o+ when training (DF-PDE) during time
[T1,T5] in Phase 2. By perturbing the activation, we mean the following: let 0 < 7,¢¢ < 1 be
a parameter that controls the amount of perturbation. Draw p; ~ Unif([—Tpert, Tpert]) for each

i € {0,...,28F}. The perturbed activation is defined as opert () = o (x) + Zr 1; Lrar.

The dynamlcs of (DF-PDE) in time [0, 77| with activation o stitched together with the dynam-
ics in time 7', 7| with activation o,; corresponds to an algorithm that falls under the definition
of strong O(d)-SGD-learnability, when extended to allow such a perturbation (in particular, the
equivalent characterization and necessary condition in Theorems 6 and 7 would still hold). See
Section F.2 for more discussion.

We restate the sufficient condition, proving that for any MSP set structure S, generic functions
h. with that set structure S are strongly O(d)-SGD-learnable:

Theorem 56 Consider S C 2Pl g MSP set structure, and 0 < Tpert < 1l a perturbation parameter.
Assume that the activation function o satisfies A0’ and has nonzero derivatives o' ( ) # 0 for
r =0,..., P. Then, almost surely for h, with respect to to us and almost surely for perturbation
p ~ Unif ([prert,TpertPSP), the following hold: for any € > 0, there exist T1,T> > 0 such that
training with the above hyperparameters and activation perturbation will learn h. to accuracy e.

This implies that almost surely over us, h, is strongly O(d)-SGD-learnable (under the ex-
panded definition of O(d)-SGD-learnability where the SGD algorithm is allowed to perturb the
activation function once).

F.2. Discussion on the perturbation of the activation

The perturbation is convenient to show that a polynomial is not identically zero for arbitrary MSP set
structure. Note that given a set structure S, these polynomials are fully explicit (given by recurrence
relations) and one can verify by hand that they have a non zero coefficient. It is an interesting
direction to show this result directly without relying on perturbing the activation function. In the
setting of discrete-time regime and polynomial activations (cf. Theorem 9), such a perturbation is
not needed: the weights %’" are exact polynomials of @ and one can use algebraic tricks involving
linear independence of powers of polynomials (see Proposition 53).

Note that we can extend the definition of strong SGD-learnability in O(d)-scaling to allow such
a perturbation. In that case, the dimension-free dynamics (DF-PDE) corresponds to gluing two
dynamics with activations o between [0, 7’| and oy, between [T7, T5]. The equivalent characteri-
zation (Theorem 6) and necessary condition (Theorem 7) still hold using this extended definition.

F.3. Outline of the proof

Similarly to the proof for the vanilla staircase in Section D, the proof of Theorem 56 follows by
analyzing the solution ! (@®) to the evolution equations (9) obtained from initialization (a°, 0 O)

Again, for clarity, we will suppress some notations: we denote w instead of &, and a instead of @’.
We also forget about 5 = 0 and simply consider 5, € P(RF*+1) the distribution of (a,u). This last
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simplification can be done since we initialize the first-layer weights to 0, so in particular 3° = 0, and
by the evolution equation of (9) we have ¢ = 0 throughout training. Furthermore, we will denote
K a generic constant that only depends on P and the constants in the assumptions. The value of K
can change from line to line.

For MSP functions beyond the vanilla staircase, the approach used to prove theorem 10 no
longer works, and a finer-grained analysis is needed.” The argument is more involved because we
need to track higher-order corrections to u’. We present here the finer-grained analysis.

The proof analyzes Phase 1 and Phase 2 of training separately.

Phase 1 (nonlinear dynamics) We break our analysis of the nonlinear training in Phase 1 into
several parts. The goal is to understand the evolution under the dimension-free PDE of each neuron’s
weights (a,u!(a)). Because we initialize the first layer to 0, it suffices to study the dynamics of u?,
ignoring the dynamics of 3 since it stays at 5 = 3° = 0 throughout. The dynamics of u! are given

by

%ut = aEz[gt(z)U/“ut?z))zL (71

where g;(z) = h.(z) — fun(z; pt) is the residual at time ¢.

Reducing to analyzing with polynomial approximation. Our first step is to analyze a polynomial
approximation of u! instead of analyzing u’ directly. Let L > 0 be an integer governing the degree
of approximation. We will choose L to be a large enough constant depending on P. We first prove
in Section F.4 that for small times ¢ we can approximate the dynamics of u'(a) by an approximate
dynamics ' defined as

ﬂt(a) = Qt[a7 a27a37 ety aL]T7

where [a,a?,a®, ..., a"] denotes the vector with the powers of a, and Q' € RP*L is a time-
dependent matrix with Q° = 0 and which is updated according to a certain non-linear dynamics
defined as follows (this corresponds essentially to truncating the dynamics of u! by only keeping
the order-L approximation). Let g;(z) = h.(z) — fnn(z; ) denote the residual at time ¢. For

=1,

d

aQﬁl =E,[zigi(z)mu], (72)

andfor2 <[ <L,

% L =E. |zi(z) Z m;'Jrl Z Z Hzir,Qgr,,r, , (73)

I<r<L—=1 " i1,ip€[P] 1, lr€[L] 7/=1
r lo=l-1

r/=1"r

We prove in Claim 59 that we have ||u’(a)—a'(a)|| < O(tF) for small enough times ¢, so it suffices
to study @' instead of u’. Of course, the dynamics of @’ still present a challenge to analyze.

9. Indeed, for MSP functions that are not vanilla staircases, M = (Eq[a®(9)+5(5 /)]) s,57c1p) (introduced in Section
D.1) can have some sets S # S’ such that 3(S) = 5(S”), and M is not a positive matrix anymore.
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Reducing to analyzing the simplified dynamics. One significant challenge is that the residual
g: 1s time-dependent, as it depends on fNN(-; p¢). This interaction term complicates the picture
significantly. However, if we train for small time ¢, then | fun (2; 7¢)| < O(#), and we can expect the
contribution of this term to be negligible. To make this intuition precise, in Section F.5 we introduce

~

. oAt . e e e 1. 0 .
a time-dependent matrix Q € RP*’ which is initialized at Q = 0 and which has the same

evolution equations (72) and (73) as Q°, except with g; replaced by h,. We obtain a “simplified

dynamics” by letting @' (a) = Qt [a,a%,a3, ..., a"]

interaction term.

However, unlike the comparison of ! to its polynomial approximation @, where we could
prove that ||uf — @!|| < O(t*), it is not the case that the simplified dynamics 4 give such a good
accuracy approximation to w in Lo norm. Indeed, we may unfortunately have ||u’ — @'|| > Q(t?),
which is a bound that would be far too loose for our analysis of higher-order terms in the dynamics.
To overcome this issue, we prove that |Q, — Q%| < O(#'+1) for each i € [P],1 € [L]. We then use
the fact that @ and @' are both polynomials in a with coefficients @Q and Q, respectively, to reduce
to analyzing the @' dynamics (see Section F.7 for details).

T This is easier to analyze since it neglects the

Analyzing the simplified dynamics with a recurrence relation. We analyze the @' dynamics by
deriving recurrence relations for the coefficients Qﬁl In particular, we may express each coefficient
Qﬁl as a polynomial in a, ¢, and the nonzero Fourier coefficients {cg}ses of h. (see Section F.6).
This allows us to prove that almost surely over the choice of h, each coordinate 4’ has distinct
dynamics: namely, @} — @y # 0 for all i # i’ € [P]. This is where we must use the fact that
the MSP function h, is “generic”, i.e., the coefficients {a g} secs are chosen randomly. (In fact, we
prove and use the stronger result that for any z # 2’ € {+1, —1}*, we have (@', z — 2’) # 0, and
this difference has nonzero low-degree terms.)

Phase 2 (linear dynamics) The linear dynamics are analyzed by showing a lower-bound on
Amin (K Tl), as was the case for the proof of the vanilla staircase in Section D. We show in Sec-
tion F.7 (and similarly to the discrete case) that it is sufficient to show that a polynomial depending
on the simplified dynamics is non-zero. In Sections F.8 and F.9, we show how this can be achieved
using the perturbation on the activation function: one of the coefficient of the polynomial can be

rewritten as the determinant of a Vandermonde matrix with entries {(@', 2)} . {+1,—137- Using that

t

(u',z — 2') £ 0 for z # 2/, this determinant is non zero and we conclude the proof.

F.4. Approximating the u! with polynomials

As outlined above, we study the dynamics of the dimension-free PDE. Let us first analyze Phase
1, when we train for time 77 using activation function o, and keep the second layer fixed. In
particular, we analyze the dynamics of u!(a) given by eq. (71) and the initialization u’ = 0. In the
proof below, we sometimes omit the dependence on a and time ¢, e.g., writing u instead of u!(a),
when the dependence on ¢ and a is clear.

The first step of the proof is to approximate u!(a) with a polynomial in a. Let L > 0 be an
integer which corresponds to the degree of approximation. We prove in this section that we have
the approximation u! ~ @', where we define u' as:

@' = Q'a,a? d,. .. ,(IL]T.
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Here, recall that Q° € R”*! is given by initializing Q° = 0 and tralmng with eq. (72) and eq. (73).
We first prove for each [ € [L],i € [L], that each coefficient @Y, of a' scales as O(t}).

Claim 57 There is a constant C depending on K, L, P such that for any i € [P], | € [L], and
0<t<Ty|QY <Ot

Proof We prove this by induction on [. For the base case of [ = 1, we know that

0Qi,

= [Ez[zigi(2)mu]| < K,

since ||g¢/lc < K throughout the dynamics, and |m;| < K. So |Q%;| < Kt < Cit for a constant
(1. For the inductive step, let 2 < [ < L and suppose ]Q"fl,\ < Oyt forall 1 <1’ < I. Then

aQ!
! SAEDIED YD H Q]
1<r<L—14q,..., ZTE[P] ly,.. ,ZTE[L} =
ZT/ 1lT/ - 1
,
<KlgleE| > 3 > e,
1<r<L—-141,..,ir€[P] l1,..,lr€[L] r'=1
Z”/ 1l,,.l l 1
< KL(2P)F max(|Cy], ..., |Cri )=t < o=,
So |Q}| < Cit!, defining C) appropriately. [ |

Let us prove that ! and @' have norm O(t).

Claim 58 There is a constant C depending only on K, P and a constant C' depending only on
K, L, P such that for any 0 < t < Ty, ||ul|| < Ct, ||a}|| < C't.

Proof Note u’ = 0 and || 2% || < la|llg:(2) | llo’ ||zl < (2K)KVP < C. So |Jut|| < Ct.
Similarly, |l@f| < 2ie[P) Zle[L QY| < PLCt < C't by Claim 57. [ |

Let us prove that u! = @' throughout the dynamics.

Claim 59 There are constants c¢,C' > 0 depending on K, L, P such that if Ty < c then for any
0<t<Ty |ul —at| < Cth.

Proof The proof will use Gronwall’s inequality. First, by triangle inequality

e
Notice that
ou' autH
ot ot
L m 4 oul
1
= ||E[zg:(z)m] —i—ZaZEZ [zgt(z) Z ;‘Jr Z Z H zir'Qi-/lw} — EH
=1 1<r<L-1 T dg,eir€[P] Ly,ole€[L] r'=1
Ty Ly=l—1
Myt 4 ou'
< |[Elzge(z)mi) +Ex [zai(z) Y TEEAG ()] - S

1<r<L-1
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where forany 1 <r < L — 1,

L

h%,r(’z) = Zal Z Z H Zi /Qz ol

=1 iy, ir€[P] li,.le€[L] 7=
Sy L=l 1

which can be thought of as a degree-(L — 1) approximation to (@', z)", in the sense that

=@z - ) > HzZ,Ql 0,0

il,...,iTG[P] l1,.. 7lr€[L]
0<>_ Ly<L— L

il,...,iTE[P} ll,...,lTE[L] r’'=1 l1,...,lr€[L} r’'=1

0>, _ L <L—1
- Z Z H Zi /Ql ol /

i1y0sir€[P] 11,0yl €[L)
Ly, 1, /<7“L

r
SR S | G
r'=1

’L‘l,...,Z‘»,»E[P} l17"'7l7”€[L}
LY ly<rL

< PTQT‘LCT’a‘LtL
< plol? gLk
<ctt,

IN

for a constant C' depending on K, L, P, where used Claim 57 to bound Qf y

t < 1 in the final bound.
We conclude that

|20 < ez 3 T () — a2
1<r<L-1 ’

<2K’PL max |t (2) — (u!, 2)"|
1<r<L-lz€{+1,-1}F 7

<2K°PL max I, (2) — (@', 2)"| + [

1<r<L—1,ze{+1,—1}F
< 2K?PL(Ct" +rP|a' — u'|)
<Cth +C|at — |,

T T
t l t l
I > { X Ha@d - > I}

and that |a| < 1 and

@t 2) — (ul,2)'|

where for the second-to-last line we have used ||@!||,||ut|| < Ct < 1/(rv/P) if we take small
enough time 77 < c for a constant ¢ > 0 depending on L, P, K. The claim follows by Gronwall’s

0

inequality, since # = u® = 0 and we train for time 71 < ¢ < 1.
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F.5. Simplified dynamics without interaction term

We have introduced the dynamics @' and proved that they give a O(t")-approximation of the true
dynamics u!. We now reduce further, to analyzing the dynamics of %', where we have dropped the
fnn term, replacing ¢;(z) with h,(z) in the definition of the dynamics (72) and (73):

where forl = 1,

0Qh
ot

= E.[zih«(z)my],

andfor2 <[ <L,

8@’? m ! A
l r+1 t
82: =E, [zih*(z) E o E E | | R QiT/lT/} :
1<r<L-1 " iy,.ir€[P] L1, le€[L] =1
Ty by=l—1

To show that the new dynamics is close to the old dynamics, we first show that || fun (2; pt)]oe =
O(t), is small when ¢ is small:
Claim 60 There is a constant C depending on K, L, P such that forall 0 <t < T, fNN (25 pt) |loo <
Ct.

Proof For any z. | fun (2 pi) = fan(2; po)| < Eallao((u!(a), 2))—ao((u’(a), )] < Eq[K|{u'(a)-
u%(a), 2)|] < K||u'(a)—0]||; < KPCt < Ctby Claim 58 and K -Lipschitzness. And fyn(2; p0) =
Ey[ac(0)] = 0, since Ey[a] = 0 and u’(a) = 0. [ |

We also prove the analogue of Claim 57 for Q:

Claim 61 There is a constant C' depending on K, L, P such that for all i € [P], | € [L], and
0<t<T,|QY <Cth. Also, ||4'|| < Ct.

Proof The bound on |Q;| is the same as Claim 57, but using the bound ||h.||sc < K instead of the
bound [|g¢||oc < 2K. The bound on ||| is the same as Claim 58, using the bound on QL. |

We show that [Q, — QY| < O(t'*1) for each I € [L):

Lemma 62 There is a constant C depending on K, L, P such that for any i € [P], | € [L],
Q) — @il < CtFL.

Proof We prove this by induction on /. For [ =1,

0QY,  0QY

S 20 < hu(2) - #) el £ Kl fn(zi 00l < CKE < Cat,
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by Claim 60, for some large enough constant C1. Therefore ]Q L | < C1t2. For the inductive
step, let 2 < [ < L, and assume that |Q§l, — 11/‘ < Oyt"*lforall1 <!’ <1—1. Then

oQy _ 0Q%

ot ot
' '
myiq A
IO DI D DEED DR (RON | ENCRICN | K|
1<r<L—1 " i1,..,ir€[P)] I, Sr€[L] =1 r'=1
, 1lT/ -1
< KLP" Z max H Q! e H Qi 1,
I, lr€[L] r'=1
sy Ly=l—1
<C Z <maxh Z,l,+\gt Z/l/ HQz/l/>
I, lr€[L)
S La=l—1
< > (C’t(]rtl '+ (2K) . H Qi )
Il €[L]

l.o=l-1

/ =1 “r

<cit+c > > HQM, H Qi i, — HQz/l/HQf‘r'lw

l1,..,lr€[L] r'=1 rl=r!"1 =gt
r lo=l-1

r/=1

T
< Ctl +C Z Z Ai.//lr// - Qz rrrln

I, le€[L] =1
S Ly=l-1

T
<ct+cC Z Z (Czr,,tlT”J“l) or—1y—1=ln
Ii,..le€[L] r"=1
Z:lzl lT‘/:lil

cr 1tl 1—1,.n

< Cltl )

where the second-to-last-line was by the inductive hypothesis. Since QO = Qzl = 0, we conclude
|Qf — Q4 < Cit'+. u

The above lemma will be used in Section F.7 to show that it suffices to analyze the dynamics of
Qt instead of the dynamics of Q?, and in turn instead of the dynamics of u'.

F.6. Recurrence relation of the coefficients in the simplified dynamics

We prove that each entry of the matrix Qlis a polynomial in ¢ and the Fourier coefficients of A,
. . . P
and we give a recurrence relation for the coefficients. Define a = {as}sc(p) € R?" where ag =

E.[xs(2)h«(2)], and m = (my,...,mz) € REFT! where m; = ¢ (0) forall i € {0,...,L}..

Lemma 63 For each i € [P), | € [L], we have Q!; = t'py(ce, m), where p is a polynomial in
the Fourier coefficients o of h, and in the first L derivatives m of o. Furthermore, {pll}le[p“e[L]
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satisfies the recurrence relations p;1 = apymi and

pil(av m)
T
h Z 3 3 Y w{eSe{n} e i} =0 ;j,“as 11 pi.i. (c,m).
[P]1<r<L—1iy,...ir€[P] l1,..,lr€[L] ' r'=1
S La=l-1
Proof The proof is by induction on /. In the base case, for any i € [P],
Q%

% = Ez[zih«(2)m1] = agyma,

SO Qfl = tag;ymy. For the inductive step, suppose that the lemma is true for all i € [P] and
I"e{l,...,1—1}. Then

0Qs
ot
T
My ,
—Efof s} 3 Y Y L dem)
SC[P] 1<r<L—1 " dy,.,ip€[P] lyele€[L] =1
Ty =11
T m T
-1 , A r+1 ,
=1 Z Z Z Z {Ez |:Z’LXS(Z) H Z’lr/:|} ol ag H Pitl., (a,m)
Pl1<r<L—141,..ir€[P] l1,..,lr-€[L] r'=1 r'=1
Ty ly=l—1
.
-1 . . . o My41 )
=t Z Z Z Z 1({1}@‘5@{@1}@{@7‘} _(Z)) rl ag ler/lT/(a7m)-
Pl 1<r<L—141,...ir€[P] l17 LSr€[L] r'=1
Ty L=l—1
The recurrence relation follows by integrating with respect to ¢. |

We will subsequently prove that it suffices to study u, for which the recurrence relation in
Lemma 63 becomes useful.

F.7. Reduction to analyzing the simplified dynamics

Let us study the training in Phase 2, where we train the second layer from time 77 to time 75,
while keeping the first layer fixed. Furthermore, we train with the perturbed activation function
Opert- In order to prove that the training of the second layer converges, it is sufficient to prove
that the kernel obtained as the linearization of the second layer weights, after the training in Phase
1 has condition number bounded by a constant C depending only on K, L, P. Define the kernel
KT {41, -1} x {+1, -1} — R for times ¢ > T} as

K" (Za Z,) = IE(a,uTl )~PTy [O-pert(<uT1> z>)apert(<uT1 ) Z,>)] :
In order to bound the learning in Phase 2, it is sufficient to bound the minimum eigenvalue of
K™, To this aim, define the kernel K" : {+1, —1}” x {+1, ~1}” — R corresponding to the @’

dynamics as:

K" (2,2) = Bomp e (87 (a), 2))Gpers (@7 (a), 2'))],
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where
L
N . My + Pr
Gpert(s) = E o s
r=0 ’

is the degree-L approximation of the perturbed activation function op.,¢. Recall that the perturba-
tion p is chosen so that p, ~ Unif[—7pept, Tpere] forall v € {0, .. ., 2871 and 0 otherwise.

We bound the minimum eigenvalue of K'! by the minimum eigenvalue of K n by showing
that the kernel K is O(t*) close in spectral norm to the kernel K7

Claim 64 There are constants ¢, C' > 0 depending on K, L, P such that, for all T1 < ¢,

T

Amin(KTl) > )\min(f{ ) - C(Tl)L

Proof This follows by proving that Kt and K i are close in spectral norm: i.e., || K h_K i

C(Ty)*. For any z, 2/,

| <

KT (2,2)) ~ K" (2,2

< Bampg [[0pert (w1 (a), 2))0pert (u" (a), 2')) = Gpert (@' (@), 2))Gpert (@7 (a),

sEa%[lapm(<uﬂ(a)7z>)apeme(< T (a), 2')) — opm<< H(a), 2))opert (@ (a), 2'))]
+ |opert (@ (a), z>>apm<< Ha), 2')) = Gpert (@' (@), 2))Gpert (@ (a), 2'))]]

< Bonpo 2K°VP|u' (a) — @' (a)|| + Cl|a" (a) | *F]

<co(m)*,

)

where we use that ||o||eo, [|07]|cc < || € VP, and also the Taylor series error bound
and the fact that || @!|| < Ct (by Claim 58), and ||u — @ < Ct* by Claim 59 for 0 < ¢ < T1. So

IKT - K| < |[KT — K™ |p < 2PC(T)E < C(Ty)E, =

So if we can prove that )\min(f( Tl) > Q((T1)") for any [ < L, then for sufficiently small T}
this implies that Ay, (K1) > ¢(T1)! for some constant ¢ > 0 depending on K, L, P. This would
prove that the condition number of K ! is bounded by a constant independent of d.

We now show a strategy to prove that Apiy (K Tl) > Q((T1)"), by analyzing the @' dynamics
instead of the @' dynamics. We must use a much more delicate argument than the bound used
to compare K 7' and K™, The reason is that we used |u?t — @™t < O((T1)F), but it is not
necessarily true that @t and @’ are O((T})")-close in Ly norm. In fact, we typically have ||a”! —
wlt|| > Q((T1)?). So we instead use the fact that @”* and @' are polynomials in @, and their
coefficients are close as polynomials in a (previously proved in Lemma 62).

Let us first prove a lower-bound on )\min(f{ Tl) in terms of the determinant of a certain “feature
matrix” M : {+1, -1} x [2F] — R indexed by z € {+1, -1} and j € [27] as

M (z,]) = 6pere((a' (), ),

where @ = [a1,...,ay,r] € R2 is a vector of indeterminate variables. We bound A, (K71) in
terms of the expected magnitude of the determinant of M, for random a ~ ,u?QP = Unif([-1, 1]®2P )
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Claim 65 There is a constant ¢ > 0 depending on K, L, P such that, for all T\ < c,

~ T

Amin(K1) > ¢E [det (M)?).

a~Unif([-1,1]2)

Proof Since

(MM ](2,2) = 3 Gpens(@7(5), 2))per (@7 (a5)2')),
Jj€f2r]

. ~. T . . .
we can write K in terms of this matrix product

~ Ty 1 S
K :fEaNUnif[—1,1}®2P [MM ].
. g
So, since M M is p.s.d,,
~ T 1 -~ T
Amin (K ') > 37 B unigee? Amin(MM )], (74)

For any a; € [—1,1] and assuming 7y < c is small enough, we have |(@'(a),2)| < c for

some small enough constant ¢ > 0 so that |Gper¢((@'(a;), 2))| < C for some large enough con-
stant C' depending on K, L, P. This means Ayax (M M T) < 22PC? < C almost surely. So
Amin(MM ') > Ounax MM )27 (MM > det(M)?/C27=1 > cdet(M)2.

This proves the claim when combined with the lower bound (74). |

It remains to lower-bound the magnitude of the determinant of M, for a ~ Unif ([—1, 1]®2P).
First, we note that the determinant is a polynomial in a.

Claim 66 For each~ € {0,... ,L2}2P, there is a coefficient B7 depending only on t, h,, m, and
p such that

det(M)= > hya".
~e{o0,...,L2}2F

In other words, the determinant is a polynomial in a of individual degree at most L>.

Proof For each i € [P], and j € [2F], recall that @!(a;) = Zle[L}(aj)lQﬁ Here @, de-
pends only on 7,1, t, &, m and does not depend on a. So for each z € {+1, -1}, M(z,j) =
5 - L mtpr o L mutp, "

Gpert((@'(ay), 2)) = 22,0 %(ut(%)vzy =2 =0 m:p (Zie[P] < Zze[L} (aj)ngl) . So

since each entry of Misa polynomial in a, the determinant is also a polynomial in a. |

We can prove that in expectation over a ~ Unif([—1,1]%%") this determinant is nonzero if it
has nonzero coefficients of low degree:

Claim 67 There is a constant ¢ > 0 depending on L and P such that for all 0 <t < T,

E[det(M)*] >¢ > |hyf
~e{0,...,L2}2"
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Proof The proof is by writing det(M ) in the Legendre basis, lower-bounding its coefficients in
this basis, and using the orthogonality of the Legendre polynomials. This is Lemma 103. |

This leaves the question of how to prove that det(M ) is a nonzero polynomial with some
nonzero term of degree t' where | < 2L. Here we show that this problem can be reduced to
analyzing the @ dynamics, which are simpler to analyze since they do not have the dependence on
fNN and admit the recurrence relations of Lemma 63. Similarly to the definition of M, we can
define M : {+1,—1}F x [2F] - R by

M (z,j) = 6((a" (ay), 2)).
Similarly to M, we can prove that each entry of Misa polynomial in a.

Claim 68 For each~v € {0,..., L2}2P, there is a coefficient iL7 depending only on t, h,, m and p
such that

det(M) = Z ﬁ.ya’y.

~ve{0,...,L2}2F
In other words, the determinant is a polynomial in a of individual degree at most L>.

Proof Same as the proof of Claim 66. |

This is useful, since we can show that the coefficients of det(M) are close to those of det ().

Claim 69 There is a constant C > 0 depending on K, L, P, such that for any v € {0, ..., L2}2P,
oy — oyl < O,

Proof We write det(M) as a sum over permutations T,

2P L
det(M) = 3 sen() [T | 30 ) 3 (e

T€S,p j=1r=0 ’ 1€[P) le[L]
Therefore,
hy= > sen(r) )
TES,P 715575 p €{0,..., L}

2P
My, + Pr;
H%X[dﬁ@"’_(l_(sm,o){ Z Z HT Z/ Z’l’}j|7
le J° Z1, ,zrje[P} lly 7lT‘ [L}
Z,,le l'r’ ’Yj

b, QY < Ct' by Claim 57 and
61 and Q§ i < Ct'*! by Lemma 62, we conclude by a triangle inequality and telescoping that
|h~y — hey| < C(Ty)"! for a constant C' depending only on K, L, P. [ |

and the same expressmn holds for h.y, with Q replacing Q. Since Q?

Furthermore, in fact det(M ) has the special structure that each coefficient fz7 is of size propor-
tional to (77)17II" if it is nonzero:
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Claim 70 Forany ~ € {0, ... ,L2}2P, there is a polynomial g (o, m, p) such that

hy = (T) gy (o, m, p).

Proof By direct calculation,

hoy= D sen(r) )
TGSZP Tl,...,TQPE{O,..‘,L}
P

) G ERRRTEE AT SED D | G |

Jj=1 il,...,irje[P] l17...,lTj€[L] r’'=1
s
X b=

Since Qir, I, = (Ty)4 i 1, (o, m) by Lemma 63, we have

ﬁ., Z sgn(T) Z

T€S2p T1yeeny ’!’2136{0,...7[/}

2P

H mrjri—-'_lprj(Tl)w [57"1,0 + (1 - 67"j,0){ Z Z ﬁ T(j)ir’pir/l“ (ex, m)H '
5! =1

]:1 ZlavlT‘Je[P} 117717“76[1/}

S b=
‘We deduce that
il”‘/ = (Tl)H’YHIQ'Y(a7 m, p)7

where ¢ (c, m, p) is the polynomial defined by

Q"/(a7 m7 p)
= D sen(n) )
T€S2p 7’1,...,7”2}36{0 ..... L}

H W [57’3',0 +(1— 57“]',0){ Z Z ﬁ T(j)iT’pi’“’l’“’ (e, m)H ’

il,...,irj E[P] ll,...,lrj E[L] r'=1
s
Xy b=

which concludes the proof of the claim. |

Combining the above claims we obtain a bound on the determinant of M in terms of the
dynamics.

Claim 71 Suppose that for some v € {0, ... ,LQ}QP, we have q(o, m, p) # 0. Then there is a
small enough constant ¢ > 0 depending on K, L, P, oc, m, 7y, such that for all T1 < c,

E[det(M)?] > ¢(Ty) I,
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Proof By combining Claims 67, 69, and 70, we know that there is a large enough constant C' > 0
and small enough constant ¢ > 0 such that

Eldet(M)*] >c > |min(0,(T1)"gy (e, m, p) — C(17) NI+,

~e{0,...,L2}2F

Choosing ¢ > 0 smaller than |gy(c, m, p)|/(2C') concludes the claim. [ |

We conclude by combining all of the above claims to get the result of this subsection:

Lemma 72 Suppose that for some v € {0, ..., L?>}*F suchthat ||v||1 < L/2we have ¢ (a, m, p) #
0. Then there is a small enough constant ¢ > 0 depending on K, L, P, o, m,~y, p such that for all
Ti < ¢ we have

/\min(KTl) > C(TI)QH'YHl.

Proof This is immediate by combining Claims 64, 65 and 71. |

F.8. Proving learnability of generic MSP functions, Theorem 56

Here we give the final technical step to proving that generic MSP functions are learnable. The
proof idea is to use Lemma 72 to lower-bound the minimum eigenvalue of the kernel matrix K1,
By Lemma 72, it suffices to prove that for any minimal MSP structure S C 2], if we plug in
ags = O forall § ¢ S the determinant det(M ) almost surely is a non-zero polynomial in ¢ with
nonzero low-order terms. In other words, the main technical lemma that remains to be proved is the
following.

Lemma 73 Let S C 271 pe any MSP set structure on P variables. Then there are constants ls
and Lg depending only S such that if we take the truncation to the dynamics to be L > Lg then
det(M) [(ag)sgs=o0 is a polynomial in t,a, {c} ses, m, p that has a nonzero term with degree ls
int.

Before we show this lemma, let us see how it implies the main theorem.

Proof [Proof of Theorem 56] Let Ls and [s be as in Lemma 73. Choose the approximation param-
eter L = max(Lg,2ls + 1) for defining the dynamics @&. We know that det (M) |(as)sgs=0 1S @
polynomial in ¢, @, {a} ses, m, and p that has a nonzero term with degree /s in t. Therefore, almost
surely over plugging in the activation perturbation p = [po, ..., posr| ~ Unif[—Tpe, Tpert]@)zsp,
the generic Fourier coefficients on the MSP set structure (avg)ses ~ Unif[—1,1]2IS!, and the zero
Fourier coefficients outside the MSP set structure (a.g)sgs = 0, we must have that det(M) is a
polynomial in ¢ with a nonzero term of degree [s.

Since S C 2P}, L and I are upper-bounded by a constant C' that depends only on P. So by
Lemma 72, we conclude that almost surely over p and « there is a constant ¢ > 0 depending only
on K, P, p, a such that we have Apin (K Tl) > ¢(T1)%s as long as Ty < c. In particular, choosing
T) = c, then A\ (K1) > 2.

Fort > T, let gy = (9t(2))ze{41,—1)» denote the residual vector where g:(2) = hi(z) —

A

AﬁeNTt(z; pt). Here fﬁi’,ﬂt is fyn but with the activation o replaced by the perturbed activation Opert
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that is used in Phase 2. Recall that during Phase 2 the dynamics are linear since we are training
the second layer, and are governed by kernel K. We have following bound on the norm of the

residuals for t > T7:

Amin (KT1)(¢=T ||2

g3 <e” Ngr,

Choose Ty = ¢, and T = Ty + log(||gr, [|?/€)/c? to achieve error ¢ > 0. Since ||gp,[|* <
2P (|| he? + || Aﬁﬁt(-; pry)|I?) < K, we have that Ty and T are constants depending on K, P, cx, p.
This proves strong O(d)-SGD learnability (with the variation that the activation function is per-
turbed at time 77 ) almost surely over the Fourier coefficients « and the perturbation p. |

F.9. Proof of Lemma 73

It only remains to show Lemma 73. To show this lemma, we will use the fact from Claim 70 that
det(M) is a polynomial in all relevant parameters: ¢, a, &, m, p.

Claim 74 There is a large enough integer D depending on L, P such that det(M) is a polynomial
of degree at most D in a, m, o, p, and t.

Proof This is by writing det(M) = >y thvlra¥q, (o, m, p) where each g+ is a polynomial, as
proved in Claim 70. |

To study this polynomial, we first reduce to studying “minimal” MSP set structures, defined as
follows.

Definition 75 We say that S = {S1,...,Sp} is a minimal MSP set structure if the sets can be
ordered such that for each i € [P] we have S; C [i] and i € S;.

The following claim shows that it is sufficient to restrict our attention to minimal MSP set
structures.

Claim 76 Suppose that for every P there are constants lp, L pg depending only on P such that for
any L > Lp, and every minimal MSP set structure S C 2[P) the polynomial det(M )
has a nonzero term with degree at most lp in t.

Then, for any L > Lpg and MSP set structure S C 2Pl the polynomial det(M ) l(as)
has a nonzero term with degree at most lp in t.

’(as)sgs=0

sgs'=0

Proof For any MSP set structure S’ C 2I7), up to a permutation of the variables there is a minimal
MSP set structure S C 27 such that S C S'. Since det(M) |(as)sgs=0 has a nonzero term with

degree at most [ p, so does det(M ) l¢ because the former polynomial can be constructed

as)sgs =0
from the latter by additionally setting («s)gesns = 0, which could only zero out monomials.

Because of the above claim, for the remainder of this section, we fix a minimal MSP set structure
S = {S1,...,Sp}. Let us analyze the behavior of the dynamics of & on a function h.(z) =
ZSQP] asxs(z) with this structure, i.e., with ag = 0 for all S ¢ S. Let us explicitly compute
the leading order terms of the weights ﬁf using the recurrence relations for the simplified dynamics.
Recall that @t} (a) = S5 | altlpy (e, m).
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We have p;;(c, m) \( 0 for alll < o;, and for | = o; we have

as)sgs=0~=

ag,m S;
Dio; (Oé, m) ’(as)sggzo RLILGLE H Pitoy s
% ues, \{i}

with the convention that a product over an empty set is 1 and a sum over an empty set is 0.

Proof We prove this by induction on [ using the recurrence relations for p;; derived in Lemma 63.
For simplicity, we write p; = p;i((as)ses, m) = pi(a, m) |(aS)S€S:0. First consider the base
case of | = 1. For any 7 such that o; = 1, we have S; = {i}. Therefore, from the base case
of the recurrence relations, we have p;,, = p;1 = tagyma. On the other hand, if o; > 1, then
S; # {i}. By the minimality of the MSP structure we have {i} ¢ S so ay;; = 0. Therefore
pi1 = tagymy = 0.

For the inductive step, suppose [ > 2 and that the result is true for I’ € {0,...,l — 1}. Now
considerany S € S,any 1 <r < Landany (i1,...,i,) € [P]" suchthat {i}®S®{i1}---®{i,} =
(). Consider also any [y, ...,l, € [L —1]" such that ) , l,» = [ — 1. Each of these corresponds to a
possible contribution to p;; in the recurrence relation of Lemma 63. Suppose that [ < o;.

Case I: Suppose there is i’ € {iy,...,4,} such that oy > o;. Without loss of generality take
i' = i1. Butsince ly,...,l, <1 —1 < 0; < oy, we have p;;;;, = piro, = 0 by the inductive
hypothesis, so the terms in case 1 do not contribute.

Case 2: Suppose for all r’ € [r] we have 0; , < 0;. Then i € S since otherwise i € {i} © S @
{i1} & --- & {i,} and of course 0; > 0;. If S = S for some i’ > i, then we have i’ € S. And, as a
consequence i’ € {i1,...,1%,}, because otherwise i’ € {i} DS®{i1}®---D{i,} However, oy > o;
since ¢ € Sy, so this is a contradiction. We conclude that S = S;, and so S; \ {i} = {i1,..., i, }.
Since Y yeg iy = 0 — Land -4 = 1 — 1 < o0;, we conclude that either Case a: there is
some 7’ such that l,, < o; ,, or Case b: I,» = o; , for all v € [r]. In Case a, we have p; ,; , = 0
by the inductive hypothesis, so the term does not contribute to p;;. Case b occurs if and only if
[ =o;and iy,...,i, are a permutation of S; \ {i}. There are exactly (|S;| — 1)! such terms, so the
recurrence relation for p;; holds. |

For any z € {+1, —1}", define the multivariable polynomial
L P
gz(a, T, 0,m) = (@ (a), 2) = Y > (aT1) pulee, m).
=1 i=1

Claim 78 There is a constant Lo depending on P such that for large enough truncation L > Ly,
forany z # 2’ € {+1,-1}F, %(qz — @) has a nonzero term of degree at most 2" in Ty.

Proof Let us take a constant Ly = 2. Then the low-order solutions to the recursion from Claim 77
are valid. There must be an index ¢ € [P] such that z; # z;. Choose ¢ € {i’ : 2y # z[,} such that o;
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is minimized, breaking ties in favor larger . Consider the terms of % (¢z — q»r) which are of degree
o; in T7. The degree o; part is equal to

P P

0 ,, ‘,
TV (qz — qz) = (20 — 2i)0;a% 1pixoi(a,m) = (zir — 2i)0;a% 1pi/0i(a,m).
Oa
=1 i =1
2 £2,

Notice that if z; # 2/, then have oy > o; by the choice of i. And if oy > o; then py,, = 0 by
Claim 77. So
P

0i7 0 '
1715, (2= = D (ar = 2)oia® 'pyo, (a,m).
i'=1

O—O

By the recurrence relations for p;/,, in Claim 77, one can see that p;,, is a monomial with degree 1
in ag,. On the other hand, for all ¢ < 4, the polynomial Ditoy does not depend on «g,. Therefore
ey i]a%(qz — () is a nonzero polynomial. So %(qz — () has a nonzero degree o; term in 7.
One can prove using the recurrence relation of Claim 77 inductively on i that o; < 2°71. |

Now consider the following matrix N € R2"*2" indexed by z € {+1,—1}" and j € [27],
and depending on some indeterminate scaling factor v € R,

i1
N.;= Ey exp(vqy)

We prove that det(INV') has a low-order non-zero term in the analytic expansion of 7} at 0. This
is an auxiliary result that will allow us to prove the corresponding result for det(M).

Claim 79 There is a constant Ly depending on S C 2IX) such that for large enough L > Ly, there

exists | < 23 where
l

(0Ty)!

equals a nonzero polynomial in v, a, o, m.

7 det(IN) |70

Proof By the chain rule we may write N, ; = exp(vq;)R. ;, for a function R, j(a, T}, ,m)
defined inductively on j as R ;(a,T1, o, m) = 1, and

0 0
Rz,jJrl ,]8 vz + Ja R z,]"

So det(IN) = (HZ€{+1771}P exp(l/qz)) det(R), where R is the matrix with entries R ;. Since

each R, ; is a polynomial of degree j — 1 in v, det(R) is a polynomial of degree at most 232'; J—

1=02F-nEh/)2 = (2;) in v. Let us consider the part of det(R) that has degree (2;) inv.
This must come from the degree j — 1 part of each R ;, which can inductively be shown to be

P A A
W R, = (%qz)jfl. So [1/(22 )] det(R) = det(R), where R is the matrix with entries
. 9 N\i-1
Rz,j = <%Qz> .
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This matrix is Vandermonde, so its determinant is (up to a factor of +1 or —1):

. 0
det(R) = H (%(QZ - QZ’)>'
z#z'€{+1,—-1}F
From Claim 78, we know that for each distinct z, 2/, we have that ( 88@ (g2 — q~)) has a nonzero term

of degree at most 21 in T7. Therefore det(R) has a nonzero term of degree at most ( )2P 1<
23" in T. In particular, we have proved that det(R) is a polynomial in v, a, T, o, m that has a
nonzero term of degree at most 237 in T}. Let 0 < [ < 23F be the smallest [ such that [T}] det(R) #
0. Then we have

[ 8l

(8T1) det( ) I =0 (3T1)l

[
((6211) det )> HGXp(VqZ) ‘T1=0

((a(;ll) det(R )) |70,

since g |1, —0= 1, since T} divides the polynomial ¢, by its definition.

det(R) H exp(vqz) |1,=0

Now consider the following matrix N e R2"<2" We will eventually compare the determinant
of N to that of IN. Each entry of N is a polynomial in a, &, m, p

. It
Nej = 5 5=10vert(dz)-

Let us prove that det(IN') has a low-order nonzero term in T} by comparing it to det(IN).

Claim 80 For any S there is large enough truncation parameter Lo, such that for L > Lq there

exists | < 2°F with (6‘; 3 det(IN) |7,=0% 0.

Proof Suppose that we were to make the substitution p, = —m, + 1" for each r € {0,..., 237},
A, 8P r

Then we would get N, j = 32 “r(qz(a, T, a,m))" + ZfZQspH " (qz(a,T1, cc,m))". Then

since T divides g, and 272«8:}; %s’" is the first few order expansion of exp(vs), for any [ < 237, we

have

il o S,
oy - det(N) |7~ - @ry > sgn(T)HlNT(j),j
i

T=0
TES2P
28P
8T lH Z qT(J)(a Ty, m)) | |1=0
1 7j=1 \r= O
g =
= oy L (ar) (@ T m)) o
j=1
al
(8T1) det( ) ITy=0
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Recall that by Claim 79, there is a I < 23F such that (88Tll)l det(IN') |1,—0 is a nonzero polynomial.
Since we have derived the above by substituting p, = —m, + v, we must have that without
substituting we have % det(IN) |7,=0 is a nonzero polynomial in a, &, m, p. |

Furthermore, det(IV) is related to det(M).

. - 2 2P 1 A
Claim 81 det(N) = 52 (823)2 (3213)213—1 det(M) a,=az=...a,p=a-

2P

o & 921 - o 0 9> 1
a3 Paz)® " (@agryzr—1 20UM) = TEZS:P ) Gy (0a3)?  [Dagr jnl Frert(2r(7)(24))
) =
5 s [T
= SgD(T) ﬁ&pert(%'(j) (aj))
TES,P Jj=1 (an)J
= det(N).

|
Combining the above two claims allows us to conclude that there is a nonzero term in det(M )
that has low degree in 77. This concludes the proof of the lemma, which implies the theorem.
Proof [Proof of Lemma 73] By the above two claims, there is [ < 23P such that

o o 82 92 -1 R
(OT1)! Daz (Daz)? "~ (Dayr)2”—1 det(M) |a=az=..a,p=011=0% 0.

This implies that det(M ) has a nonzero term of degree I < 237 in 7. [ |
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Appendix G. Explicit sample-complexity bounds in all parameters

In this paper, we focused on the dependence of the sample complexity on the ambient dimension
d. In particular, our main result shows that MSP is a necessary and nearly sufficient condition for
a sparse function h, to be learnable in n = C/(g, §, hy)d samples in the mean-field scaling (i.e., to
achieve test error € with probability 1 — §). While this was not our goal, we note for the interested
reader that our proof techniques provide explicit dependencies of the sample size in all parameters
€,0, hy. In this appendix, we gather these fully explicit sample-complexity bounds and leave for
future work the task of improving them.

G.1. Vanilla staircase functions

As afirst bound, let us naively use the propagation-of-chaos bound comparison between the dimension-
free dynamics and batch-SGD (bSGD) presented in Theorem 5.

Proposition 82 Consider learning a vanilla staircase:
hi(2) = apyz1 + apoyz12ze + apagyz12223 + ...t aqy L pyRize 2P,

such that Zje[P} loagr,... ;3| < 1 and denote o, := minjep) |y, j3|. Then there exist a constant

K > 0 that only depends on the activation o and a numerical constant C' > 0, such that the
) . . . . e cp .

dynamics described in Section D reaches € > 0 test error with probability at least 1 — 272", with

2CP

n = Celos(/a°(/a)* ™ g N o lo(1/e) (K aw)

Proof [Proof of Proposition 82] The limiting mean-field dynamics verify at 75:

I fe — NG pmy) |22 < /4.

With w® = 0 initialization, the mean-field and dimension free dynamics are the same and we
can use the comparison bound between batch-SGD and the mean-field dynamics in Proposition 15,
which yields that there exists a numerical constant C' > 0 such that if

N=CKekTZJe,  n/b=e"B¢/(CK), (75)

= log(K/es)/)\min(I{T1 ),and T = Apin(M)/2. By Lemma 84, we have Ay (M) > 927"
Furthermore, in Section D.1, we showed that

then || fun(; ©%2) — fun (- p1,)||32 < /4 with probability at least 1 — 1/N. Note that we choose

Amin (K1) > {msgn D2} Amin(M) /2,

where cp
mmD5> (1/K) - H ve(T1) > (o /K)?
SE[P]
Injecting this lower bound on Apin (K Tl) in Eq. (75) yields the bounds in the proposition. |

This first bound uses a worst case bound that depends exponentially on the training time, which

€P . o . .
scales as el/Amin(K™) < e® Dbecause of Phase 2 of linear training. A more careful analysis of
Phase 2 yields an error that scales as 1/Amin(K”™') < e¢" (see Section ). This results in the
following improved bound:
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Proposition 83 Follow the same setup as in Proposition 82. Then there exist a constant K > 0
that only depends on the activation o and a numerical constant C > 0, such that h is strongly
O(d)-learnable with the following dependency on n and N :

n= (i)QCPb%ii/dlog(1/5)d, N = (ii)wl%(;@z_

Proof [Proof of Proposition 83] This follows from applying Lemma 101 presented in Section 1.3,
using Lemma 100 and the lower bound on the kernel matrix provided in the proof of Proposition
83. |

G.1.1. TECHNICAL LEMMA
Lemma 84 Consider M = (Ea[ai+j_2])i’j€[2P] € R2"*2" with a ~ Unif([+1, —1)), i.e., M;; =
H]%léi +j=o0[2]- Then there exists C > 0 independent of P such that

2CP

/\min(M) > 27 .

Proof [Proof of Lemma 84] We follow a similar argument as in the proof of Lemma 103. First, note
that
Amin(M) = inf uw'Mu = inf E,[h(a;u)?,

[[eefl2=1 f[ull2=1

where h(a;u) = Z?ig ! u;a’. Consider P, the degree-l Legendre polynomial on [—1,1] and
denote

I
P(z) = sz,jzj-
=0

The polynomial i (a; w) can be decomposed in this basis as

2D 1
h(a;u) = Z aPi(z).
=0

In particular, we have u; = 3, gipi ;. Therefore,
D-1

L= [ulf= ) (Zglp“f

J=0 1)

2P 1
P CP
<20 {jz—(l)na}zipqplz’j}. 2, 9 <2 Eafh(aiw)’],
sV Uyeeny ],l:()

where we used that [p; ;_ox| = 21 (,i) (QZ_le) < 2¢ for some C' > 0 and |p1i—2k—1| = 0 otherwise.
This concludes the proof. |
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G.2. Merged-staircase functions in the smoothed complexity model

Similarly, the tighter analysis of second-layer training in Lemmas 100 and 101 can be used to
provide a complexity bound for learning MSP functions under a smoothed model of complexity.
This corresponds to making the dependencies of Theorem 9 on parameters other than d tighter.

Proposition 85 Let h, : {+1, —1}F — R be any function normalized so that max, |h.(z)| <
1/Pand S = {S : h.(S) # 0} is an MSP set structure. Then for any 0 < p < 1, there is a function
h:{+1, -1} — R such that

h(z) = he(z)+ ) esxs(z)
for some cg such that |cs| < p, and such that f.(x) = h(z) can be learned by SGD to € er-

o(P) o(P)
rorinn = d-poly(22 ,(1/p)?’
20(P) 20(P)
poly(2* , (1/u)?

,1/€) samples with a neural network of width N =

, 1/€) neurons.

Proof The proof is the same as the proof of Theorem 9. The main difference is that we lower-bound
Amin (K kl) explicitly and apply Lemmas 100 and 101 as in Proposition 83. Let o = (avs) georr
where g = E.[h(2)xs(z)]. Also consider activation function o(u) = Zfzo Dyl for L = 287,
By Lemmas 42 and 43 we know that we can bound the minimum eigenvalue of the expected kernel
Amin (K1) in terms of the coefficients of det(M (¢, a, m)), viewed as a polynomial in ¢. Here,
M (¢, €, p)is the 2P x 2F matrix given by the recurrence relations in Lemma 39 and the definition

in (65). Notice that by construction, for any z € {+1, —1}" and j € [2F] we have that

(L) M 5(C. €. p)

is a polynomial in ¢, €, p with integral coefficients and has degree at most (L!)O(L+D = 2290

Therefore the polynomial N (¢, ¢, p) constructed in (67) is such that
(LY det(N (€, ¢, p))

has integral coefficients in ¢, ¢, p and degree at most (L!)O(L+D2") — 2297 et o — min(p, 1/L2),
and choose m ~ Unif[—k, k]®F and cg ~ Unif[—x, k] for each S € S. By the polynomial anti-
concentration of Lemma 104 and a Markov bound, with probability at least 9/10 we must have that

o(P)
det(M (¢, o, m))? has some monomial of ¢ with coefficient at least k2° . This implies by (66)

that
20(P)  50(P)
2 K2 .

o(P)
Amin(Kkl) > (1/22 )n
Taking learning rate 7 = 2~©(") which is small enough, we obtain the result that

20(P) 20(P)

)\min(Kkl) > min(u2 ,1/22 ).

The result when we combine with Lemmas 100 and 101. [ ]
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G.3. Merged-staircase functions when including all degree-1 monomials

We conjecture that the optimal dependence on P for learning vanilla staircase functions with un-
regularized SGD by two-layer neural networks should be on the order of exp(O(P)), but the re-
sults of Propositions 83 and 85 have P dependence on the order of at least exp(exp(£2(P)) and
exp(exp exp(Q(P))), respectively. Therefore, we focus here on improving our understanding of
the P dependence. We prove in Proposition 86 that SGD can succeed with exp(O(P)) sample
complexity dependence, but our result has two qualifications:

* Stronger non-degeneracy assumption. We assume that all of the degree-1 terms of h, —
ie., he({1}),..., he({P}) — are nonzero and are sufficiently distinct. This is in contrast to
Propositions 83 and 85, which did not make this assumption.

¢ Ad hoc activation function. We use an ad hoc activation function. This is in contrast with
Propositions 83 and 85, which apply to “most” activation functions.

Because of the stronger non-degeneracy assumption, the neural network can learn even when we
only train the first layer for k&; = 1 step and then train the second layer for a sufficiently large
number of steps, ks.

G.3.1. THE BUMP AND GRADIENT BUMP FUNCTIONS

We define the oyump and ogradbump functions that are used to construct our ad hoc activation func-
tion. For any o < fand v < (8 — «)/2, define the “bump” function:

1, u€la+vy,8—7]
0, u ¢
(6(u —)?/v* = 15(u — ) /v +10)(u — a)® /7%, u €
(6(8 —u)*/v* =15(8 — u)/y +10)(8 — u)?/*, we

This function is twice-differentiable since opump(@) = 0, (@) = 0p(@) = opump(B) =
Thump (B) = Thump(B) = 0 and it also satisfies

Ubump(u; «, ﬁa 7) =

2 6
lobumplloo <1, [loglloc < o> and loglloo < bl

If we take ~ small relative to 8 — «, then this function is effectively an indicator on the set [« ].
See Figure 5 for an example.
Also define the “gradient bump” function:

u, u € [—1,1]
—9ud — 68u* — 198u3 — 276u? — 184u — 48, w € [-2,—1]
Taradoump (U 5) = g 5 1 60t 19808 1 27602 — 184u + 48, u € [1,2]
0, ué -
This function is twice-differentiable since the pieces agree up to second derivative. Furthermore, it
satisfies

2,2.

Jgradbump(o) =0, J{gradbump(o) =1,
and it and its first and second derivatives are bounded by O(1). We will use this function to ensure
that our activation function has nonzero gradient at zero. See Figure 6.
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Figure 5: The bump function oump(u; o, 5,7) witha = 2,8 =8,y = 1.

[N}

=£ - Z 3

N

Figure 6: The gradient bump function ogradbump (U)-

85



ABBE BOIX-ADSERA MISIAKIEWICZ

G.3.2. STATEMENT OF PROPOSITION 86 AND COROLLARY 87

Proposition 86 Let h. : {+1, —}}P — R, normalized for convenience so that max, |h.(z)| <
1/P. Define ¢ = [h({1}),...,h({P})] be the vector of Fourier coefficients of degree 1, and
suppose that c satisfies the following conditions for some 0 < p < 1.

s Bounded away from zero: for all z € {+1, -1},
(e, z)| = . (76)
* Diverse: forany z # z' € {+1, —l}P,

(¢, 2)
(e,2)

Z(1—p, 14 p). (77)

Then f.(x) = h.(2) is SGD-learnable to any error 0 < £ < 1 with probability at least 1 — ¢
in d - poly(2F 1og(1/8) /(e)) samples on a network with N = poly(2F log(1/68)/(ue)) neurons.
Furthermore, this SGD learnability is with initialization py = Unif[—1,1] ® do and activation
function

U(t) = Ugradbump(u) + 720bump(u; «, 6)’7))
where v = /287, o = /247, B = o+ /247,

The following result shows that the condition of Proposition 86 is true under a smoothed com-
plexity model, where we perturb any function h, slightly on its degree-1 Fourier coefficients.

Corollary 87 For any h : {+1, —1}F — R with the normalization max |h.(z)| < 1/(2P) and
any 0 <y < 1, there is a h : {+1, —1}P — R satisfying the conditions of Proposition 86 with
p=p'/290) and h(z) = h(z) + (8, z) and ||8]|oc < 4.

G.3.3. PROOF OF PROPOSITION 86 AND COROLLARY 87

Proof [Proof of Proposition 86] Initialize with py = Unif[—1, 1] ®dg. Let the regularization param-
eter on the second layer be A = ¢ - poly(y/2") for some large enough polynomial. Train the first
layer with one step of (bSGD), i.e., take k1 = 1 with learning rate 7 = 1. Train the second layer for
ko > poly (27 log(1/8)/(eu)) steps for a large enough polynomial. Let the number of neurons be
N > poly(2F 1log(1/6)/(ex)) and let the batch size be any b > poly(2F log(1/68)/(eu)) log(N)d
for large enough polynomials.

Computing 1 step of dynamics Let us analyze the (d-DF-PDE) dynamics for k; = 1 step. Since
u’(a) = 0, and ¢(0) = 0, ¢/(0) = 1, there is a simple formula for @' (a):

a'(a) = a°(a) — aB:[(fun(2: po) — he(2))0'((@°(a), 2))z]
= aE.[h.(2)0’(0)2]
= aE,[h«(2)z]

= ac,

where ¢ = [h,({1}), ..., h.({P})]. By the choice of activation, and since |a| < 1 and |(¢, 2)| < 1,
we have

o((a'(a),2)) = ale, z) + ’yzobump(a<c, z);a,B,7), (78)
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Definition of events F, ; and [; Write uf = u(a;)) to denote the first-layer weight correspond-

ing to neuron j. For any z € {+1,—1}¥ and j € [N], define the event
B = {dl{c.2) € [a+7,8— ]}
Notice that if event E ; holds, then by (77), for any 2z’ # z we have
e, ) ¢ [B(1 — ). a(L+ )] > [, B].
So by (78) and the definition of op,,mp, under event F, ;, we have
o((uj,z)) = a)(c,z) +7* and o((a],z") = af(c,2') forall z # 2’. (79)
Also, for each j € [IN] define the event F;, which is

Fj ={dj >1/2}

Since min |(c, z)| > 2« for all ¢, under event F;; we have ag(c, z) ¢ [, B]. So by (78), under
event [

o((ul, z)) = a%(c, z) for all z. (80)

77 J

Lower-bounding the event probabilities Recall that a? ~ Unif[—1, 1]. By (76), we know that
min; |(c, z)| > p >  —~, so for any z, j

P[F. ;)= D020 5 ot 81)

And clearly since a? ~ Unif[-1, 1],
P[Fj] = 1/4. (82)
Let Ego0q be the event that

min, [{j : E. ; holds}|
N

> /242 A {J: F}]‘Vhdds}’

Egood = { > 1/5}
By a Hoeffding bound and a union bound
P[Egood] 2 1-— 57

as long as
N > 2%P) 10g(1/6).
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Lower-bounding the empirical kernel eigenvalues Note that o satisfies ||0||oo, [|0[|0os [|07 || 0o <
O(1). Therefore, by Lemma 101, the final loss is bounded in terms of Ayin (MM ), where M is
the feature matrix matrix at iteration k1 = 1 with entries

1 k
Mz’j:720. ;!
VN =

Under event E,,4, let us prove that the minimum eigenvalue of the empirical kernel M M Tis
lower-bounded by Apin(MM ") > p527109P  Consider any test function ¢ : {+1, -1} — R.
Suppose by contradiction that

E.z[p(2){MM"}, . ¢(2)] < pP27 1K, [¢(2)?]. (83)

Under event Ey,,q, we have

EZ,Z’[ (2 ){MM }zz¢ Z Ezz’ << ,2))o (<u]1,z>)q§(z’)]
] F holds
LS B e e o)
]FhOldS
> LBLI6(2) e )"

In order to avoid contradiction with (83) it follows that

E.[p(z)(c, 2)]* < 20p° - 271OPE, [¢(2)?] (84)

Similarly, for any 2" € {+1, —1}7

B MM o) > 3 Eeolb(z)o((@l, o), #)0(=)]

j:E,n ;holds
> % ST Eap[é(2)(ae, 2) +921(2 = 2"))(aXe, ) +71(2' = 27)¢(2)]
j:E,n ;holds
> Y ) - 2[R [6(=) (e )0 — Exlp(2)e, 7))
j:E,n ;holds

> 1272 (A g(2) (") — 292 [EL[6(2) (e 2)6(=")]| — Ex[p(2) (e, )]?)
> 2 P2y (=) — 292|p(2")] /20 - p5210PE, [(2)?] — 20 - u727OOP B, [6(2)?),

where in the last line we use (84). So in order to avoid contradiction with (83) we conclude that

—40P
5 2

—E:[6(2)7].

11\2
P(z")" < p o

However, since 1527407 /(uy*) = 2787 < 1, we get a contradiction by taking 2" = arg max, ¢(2)2.
Therefore, we conclude that Ayin({MM '}, /) > 1227 100F Plugging this into the guarantees

for the linear regression of the last layer (Lemma 101) concludes the proof.
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Proof [Proof of Corollary 87] We prove that such a & exists by the probabilistic method Let
c = E.[h(z)z] and let & = E,[h(2)z] = ¢ + 8. If we take random & ~ Unif([0, z/])®* then for
any distinct pair z, z’ such that without loss of generality z; = 1 # —1 = 2{, we have

Ps[l(€,z — 2)| < W'27°F] = Psll(c, z — 2') + (8,2 — 2/)| < w277
P8 — 2}) € (e, — 2) + (8,2 — 2) + [~p/27, 2P
=Ps [251 €lc, 2 —2)+ (61,21 —z_1) + [-p/273F /2730

IN
ha

Similarly, for any z,

Ps[l(e, z)| < p/2737] < 273741,
. . oP OIP—1 15 e . /
Therefore, taking a union bound over the ( o ) <2 distinct pairs 2z, 2’, we have

Ps[|(&,2)| > (/2737 and |(&,2—2')| > /2730 forall z # 2] > 1—(22P~142P) (273 > 0,

so by the probabilistic method a deterministic choice of § satisfying | (¢, z)| > /273" and |(¢, z) —
(€,2)| > p/273F for all z # 2’ exists. These conditions are sufficient to satisfy the conditions of

Proposition 86 with p = p//20(P). [ |
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Appendix H. Lower bounds on learning with linear methods

We recall the general definition for linear methods from Section 5 in the main text. Given a Hilbert
space (H, (-, -)3), a feature map 1 : {+1, —1}¢ — H, an empirical loss function L : R?" — RUococ
and a regularization parameter A > 0, a linear method construct from data points (y;, ;)ic|n] @
prediction model f(x) := (a,(x)) where & € H is obtained by minimizing a regularized
empirical risk functional

& = argmin [L((y:, (@, 0(20)))icpn)) + Mal] (85)
acH

Recall that we denote ¢ = dim(#H).

Example 1 Popular examples of linear methods include

(a) Random Feature models: take (wi)ie[N} ~iid T, w; €V, and an activation ¢ : X xV — R,
then the Hilbert space and the feature map are defined by H = span{¢(-;w;) : i € [N]}
and Y(x) = (¢p(x;w1),...,d(x;wy)). For generic examples, we have ¢ = dim(H) = N
almost surely.

(b) Kernel methods: take H a reproducing kernel Hilbert space (RKHS) with reproducing kernel
K : X x X — R. There exists a Hilbert space (F, (-, -) r) (the feature space) and a feature
map 1 : X — F such that K (x1,x2) = (Y(x1),9(x2))Fr and H = {{a,¥(:))r : a € F}.
We have typically g = dim(H) = oc.
Ridge regression corresponds to taking the functional: L((yi, fi)ie[n}) =1 ZZ €l (yl — ﬁ)Q

n

We will be interested in providing lower bounds on the number of samples necessary to learn
some classes of functions for any linear methods. We first present the following general dimension-
based (see discussion bellow) approximation lower bound that is a slight variation of Hsu et al.
(2021); Hsu; Kamath et al. (2020); it improves on Hsu et al. (2021); Hsu for target functions that
are not (almost) orthogonal, and it uses the operator norm of the gram matrix rather than its min-
eigenvalue as in Kamath et al. (2020).

Proposition 88 (Dimension lower bound) Let R be a Hilbert space with inner product denoted
by (-, )r. Fix F = {f1,...,fm} C R a set of target functions with ||f;|% = (fi, fi)r = 1
for all i € [M]. Let T be a (potentially random) finite-dimensional subspace of R, with r =
E7[dim(7)] < oc.

Define the average'® approximation error of the target functions F by the subspace T

ci= o S Er[int g - £l
iepyp

and G = ((fi, fj)R)ije[m) the Gram matrix associated to the f;’s. Then

M
> (1 —¢€). 86
AR TETRC (86

10. This is a lower-bound on the worst-case approximation error considered in Kamath et al. (2020).
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Note that the results in Hsu et al. (2021); Hsu are simply obtained by using

1Gllop < [Hlop + |G = Tllop < 1+ |G =T|r =1+ > {fi fi)k-
i#i

Proof [Proof of Proposition 88] In the proofs in Hsu et al. (2021); Hsu, we simply replace the
Boas-Bellman inequality by (for any g € R)

> gtk = (g > o, fi>Rfi>R

1€[M) 1€[M]

<lole( X o fdmlo fibrlfinfim) )

ije[M]

1/2
— [lgll= (67GB)"* < |lgllr | G2 I1B]2 .

where we denoted b = ({(g, f1)®, - -, (9, fm)®r). Noticing that ||b||3 is equal to the left-hand side
of Eq. (87), we get
Y (9. fdk < 1Glopllgll% -

1E€[M]

which together with ||g||r < 37 M I1fillr < 1 yields the improved bound (86). [

Let us explain how to derive lower-bounds on the performance of linear methods using Proposi-
tion 88. Consider R = L?(X’) and T the space of functions f = {(a,(-)) 7 with a € span{w(x;) :
i € [n]}. We can consider 7 random or fixed conditional on % (e.g., random feature map) and the
x;’s. We always have < min(p, n). Consider learning a set of M functions F = {f1,..., fa}
with the linear estimator obtained by (85). From the above discussion, we must have that the estima-
tor f € T and the generalization error is lower bounded by the approximation error || f; — f 12, >
infger || fi — gl|2.. Therefore & lower bound the average generalization error over learning F.
Therefore, Proposition 88 implies the following: if the average generalization error over F is less
than e, then we must have o

min(n, q) > HGHop(l £). (88)
This bound is a dimension lower bound in the sense that it does not assume anything about the
statistical model (e.g., the x; can be arbitrary and do not have to be independent), only that the
estimator lies in a min(n, ¢)-dimensional subspace 7T this subspace can be a good approximation
of M orthogonal functions only if min(n, q) > Q(M).

To get Proposition 11 in the main text, we make the following two modifications of the bound
in Proposition 88. In Eq. (88), we upper bound ||Glop < [|G|[1,00 = maxie(ns] 3- jepag [(fis [5)RI-
Second, some linear subspaces 2 C R are harder to fit for linear methods (see for example Ghorbani
et al. (2021a); Mei et al. (2021)). For instance, vanilla staircase functions of large degree contain
monomials of large degree that have a large dimension lower-bound, but the overall staircase func-
tions do not have a large dimension lower-bound per se. We next present a corollary that applies to
any decomposition R = Q@ Q, and distinguishes the error incurred on each of the two orthogonal
subspaces. Denote P and P,. = I — P, the orthogonal projections onto €2 and Q- respectively.
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Corollary 89 Let R be a Hilbert space with inner product denoted by (-,-)r and S a linear
subspace of R. Fix F = {f1,..., fm} C R a set of target functions with |Pqo f||% = 1 for all
f € F. Define Ex the expectation over f ~ Unif(F). Let T be a (potentially random) finite-
dimensional subspace of R, with r = Er[dim (7T N Q)] < oo.

Define the average approximation error on § of the target functions F by the subspace T

1 : _ a2
eim o 'e% Er| inf [Palo — f)l%]

Then
1—¢
max;cim] ﬁ Zje[M} |<fz> Pij>73|

This is a direct consequence of Proposition 88 whith R and 7 replaced by (2 and 7 N (2, and the
target functions by 7' = {Pqf1,...,Pqfa}. Proposition 11 in the main text is simply Corollary
89 rewritten in the context of linear methods.

Consider a set of target functions F such that [|Po f||3, = 1 — s and ||(I — Pg)f||7. = & for
any f € F. If the averaged generalization error is less than 1 — u, we can take ¢ = (1 —u)/(1 — k)
and get

u—K

max;cim] ﬁ Eje[M} ‘<fia Pij>R| '

min(n, q) > (90)

Let us apply this bound to the examples described in the main text. We take X = {+1, -1},
First consider €2 the span of all degree k monomials and a target function f, such that |[Pq f. |2, =
IPgs full2, = 3, and Pg f. is supported on m monomials {S1, ..., Sy}, with S; C [d], || = k:

Pofi(z) = ) asxs ().
1€[m]

We consider the class of functions
F. = {f*(f(a;)) 7€ n(d)} :

F is the smallest class of functions containing f, that is invariant under a permutation of the input
coordinates. The generalization error E r, [ |f — f ||%2] corresponds to the test error with uniform
prior distribution over all permutation of the input space. Note that any method that is equivariant
with respect to permutations (e.g., kernel methods with inner-product kernel) will have the same
generalization error E7[[|f o 7 — fH%z] for any 7 € II(d).

Applying Eq. (90), we obtain the following lower bound:

Proposition 90 For any linear method, in order to get an average generalization error over JF,
that is smaller than 1/2 - (1 — 1), we must have

min(n, q) > % (Z) .
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Proof [Proof of Proposition 90] Fix 71 € II(d). We have

Ery [[(fx 0 71, Pafio o) re|] = Z ag o5, B, [(Xs, © 71, X, © T2) 12]

ij€[m]

d—k
Y agas, HA)

d!

ij€[m]

ENd — k)! 9 mkl(d—k)!
M ek =y g
1€[m)|
We can then apply Eq. (90) withw :=1/2- (1 +n) and k = 1/2. |

Proposition 90 shows that for k fixed, n = Q4(d*/m) samples are necessary to learn F.
As a second example, consider the vanilla staircase function of degree P:

and the function class of all staircase functions of degree P:

3\

Fp = {fp(T(as)) .y H(d)}.

Proposition 91 Let P < d/2 and n € (0,1). For any linear method, in order to get an average
generalization error over Fp that is smaller than 1 — 1), we must have

min(n, ¢) 2 Z(L%J) |

Proof [Proof of Proposition 91] Denote now S; = {1,2,...,i} and P, the projection on every
(I—Po)fpll7. = S

Fix 7 € II(d). We have
L P
Er, [|(fpoi,Pefpor)re|] = B ZEQ [(xs, © 71, x8; © T2) 2]
P . .
1 il(d —1)! 1
P Z o S @'

The proposition follows by taking ¢ = L%J and applying Eq. (90) with Py, u = nand k = %1 |

In our case, we are interested in P = wg(1). Letting 1 decay at moderate rate, such as n =
1/ V/P in Proposition 91, we get the following superpolynomial lower bound on the number of
samples n > dwi(1),
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Appendix I. Technical results

In this appendix, we gather a few technical results needed to prove the main results in this paper.

I.1. Bound between batch-SGD and discrete mean-field dynamics

While the results in Mei et al. (2019) are written for continuous-time dynamics, we note that their
proof can be easily adapted to the discrete-time regime, as described in Appendix C. More precisely,
following the notations in Mei et al. (2019), we compare the solution (G)k )ken of batch-SGD:

1 .
0";“ =0h+ b Z{ykz’ — fan(zri; ©F)} - Hi Voo (x5 0) — Hy A0 9D
i€[b]
to the solution (pg)ren of the discrete mean-field dynamics:
08 = 0% + By 0y [{y — fun(zs pi) L H Vo (2;0)] — H AG" . 92)

We consider the same assumptions as (Mei et al., 2019, Theorem 1), with the difference that A1
is replaced by A1’ : ||A|lop, || Hkllop < K.

Proposition 92 (Discrete propagation-of-chaos) Assume that conditions A1’, A2-A4 in Mei et al.
(2019) hold and let kg € N. There exists a constant K depending only on the constants in the
assumptions (in particular independent of d, ko) such that:

(A) Fixed second-layer:

Viog N + z N \/d—HogN—i-z}
VN Vb ’

Sup HfNN('s@k) - fNN(';Pk)HLg < Kelfko {
k=0,....ko

with probability at least 1 — e,

(B) Training both layers:

P P ViegN +2z /d+logN + =z
su ~;®k - - < Kee™ "™ { + } ,
k:(),}.)?ko HfNN( ) fNN( pk‘)HLQ — \/N \/B

with probability at least 1 — e~

Proof [Proof of Proposition 92] The proof of this proposition follows by adapting the proof of
(Mei et al., 2019, Theorem 1) to the discrete setting described above (see also Appendix B.3). In
particular, part (A) (fixed second layer coefficients) follows from the Appendix B in Mei et al.
(2019): the comparison between discrete and continuous gradient is not needed anymore, and the
only difference is in the first part of Proposition 16 in Mei et al. (2019), which can simply be
rewritten by noting that

sl k+1
16; ||2
! _ g — gt _gtl gt g —ht1 =
<@ -g" 9-—9>\+\( —o @ - - @ -8
s k+1 gt _ gttt gt _ gt —ktl =k
<16; ll2 H9 —9 lo+[(0;  —6; .0, —6;)—(8; —8,)l,
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and the rest of the proof follows similarly.
For part (B), the main difference comes from bounding a*: we have

|a" ] < |a*] + Ex [|gk() o (2;w")[] < |a*] + K + K||a"]

where we denoted |a”||cc = SUPgesupp(py) (@] and gx(x) = fu(x) — fnn(z; pr) and used that

by assumption || f«||co, [|[0]lcc < K and HfNN oo < [lalllollopr(d@) < K. We can then use
the discrete Gronwall inequality to get ||a’||oc < Ke*0. This explains the worse dependency
(double exponential) in kg in the bound, than for continuous time, where one can use properties of
continuous gradient flows to get a bound on a’ linear in time. With this modification, the rest of the
proof follow by adapting Appendix C in Mei et al. (2019), where we can assume that the activation
function o, (x; @) is bounded by Keo, [ |

I.2. Discrete-time analysis of SGD on second layer

In this section, we provide a tighter analysis for the training of the second-layer weights by SGD
using the bias-variance decomposition, instead of a propagation-of-chaos argument. This technical
tool is used in Section G to provide tighter sample-complexity bounds. Indeed, the second-layer
weights are trained during a time 7' = log(1/¢)/ Amin, Where Ay is the minimum eigenvalue of the
kernel matrix associated to the neural network after training the first layer weights (see for example
Section D.1). If we naively use the propagation-of-chaos comparison between the dimension-free
dynamics and batch-SGD (bSGD) in Theorem 5, we need

€K1T7{\/P+log \/logN d—i—lbogN\/ﬁ} .

and therefore we need the sample size to scale as n = de'°s(1/ €)"/Xuin. In this section, we con-
sider instead a direct analysis of (bSGD) on the second layer weights and we obtain the tighter
requirement 7 = d/(eAmin)© for some constant C' > 0.

Training setup: We assume that the weights of the first layer are fixed at some W € RV*4, We
train the weights a of the second layer and obtain a discrete-time dynamics a* on these weights.
Namely, given initial weights W° € RV*? and a® € RV, we train a* with the batch-SGD dynam-
ics (bSGD), with the step size n > 0 and regularization parameter A = A > 0 on a.

k1 _ 0
w] = Wj,

1 .
ajtt = df + 77[5 > ki — fun(@ri; ©F) Yo (wh, wkz))mki] —nAdf,

1€[b]

where at each time step & we take fresh i.i.d. data samples {(yx;, T:) }ic[p- In the analysis, it is
convenient to define the feature map which depends on W as

o(@) = —lol(wh.@))...((wh.a) € B,
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With this notation, the neural network function while only the second layer is being trained can be
written as:

fNN(w; a, WO) = 7<a’7 ¢(w)>7

This is simply a linear function in a with a fixed feature map ¢ depending on W, Therefore, the
training of a can be studied with classical ideas for analyzing linear methods. Namely, define the
regularized loss'!:

1 1
la) = =Eg|(h(2) — —=
The main result of this subsection is that if there exists a low-norm “certificate” a““"* that
achieves small loss, then batch-SGD will achieve a loss that is approximately upper-bounded by
the loss at a““"?, after a short number of iterations. This is a key ingredient in our more quantitative
bounds on the sample complexity in Section G.

(a,6())] + xclal”

Lemma 93 (Suffices to prove existence of certificate) Let By, Bo > 0 be such that |y| < /B
and ||¢(x)||> < Bs almost surely. For any step size 0 < n < 1/(By + \), any § > 0, and any
a" € RN, and any time step k, with probability at least 1 — §

U(a®) < fa*r) +2(By + ) (1 - n/\)2k(‘|a]3H2 . 2£(a;ert)>

9B1 B> 18(32 + )\)26(0166”)
(A%N + 5 1og(1/5)).

Remark 94 (Relation of Lemma 93 to prior work) The proof of this lemma relies on the well-
known bias-variance decomposition idea in for analyzing least-squares regression with SGD (e.g.,
Bach and Moulines (2013); Jain et al. (2017)). However, we wish to prove a statement about
the final iterate of SGD, and most works analyze averaged iterates rather than the final iterate.
Standard bounds for last-iterate SGD (e.g., Shamir and Zhang (2013); Jain et al. (2019)) do not
apply because they assume Lipschitzness of the loss function, which cannot be assumed because
we use the squared loss. Furthermore, the bound of Jain et al. (2018) for last-iterate batch-SGD
holds in expectation, rather than with high probability. Nevertheless, our proof is a straightforward
modification of Jain et al. (2018), making stronger assumptions and obtaining a suboptimal rate in
order to get a simpler proof.

We first prove the following lemma, where a* is the minimizer of ¢, guaranteed to be unique by
strong convexity:

Lemma 95 Under the same conditions as Lemma 93, for any time step k > 0, with probability at
least 1 — 6 the following bound holds:

3(VB1By + (B2 + A)|la*||)y/log(1/9)
Mo

11. The 1/N scaling in the regularization is needed because each neuron is scaled as 1/N in the expression for fNN.

la® —a*|| < (1 = nA)*[la® —a*| +
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Proof

Define H = +E[¢(z) ® ¢(x)] + 41 and v = T%E[gﬁ(w)y] The loss at a can be rewritten as:

((a) = %E[yQ] ~(v,a) + %(a % a, H).

Define the gap to optimality w* = a* — a*. We track the evolution of w”. Let P* = I —
(S d(xr) © ¢(xk;) + AI). Note that 0 < PF < (1 — nAI), since ||¢(z1;)||> < B, and
n < 1/(B2+ A). We have

b
whtl = Pral 4 % Z; Ykid(Thi) — a”
=

b

> @) @ ¢laki) + Aa*

b
1

= Prw" - % > ykid(zwi) + (3
=1 =1

= Prw" +0(",

where for any £ > 0, we have the noise vector

1 4 ; *
¢r = 351“ and £ = yrid(ri) — (P(@hi) ® G(ars) + A)a
Recursively expanding this, we have the well-known “bias-variance” decomposition

J

wh = (I:liPl)wo—knkzzl (HPZ)CJ.

§=0 " I=1

The first term tracks how close a! would be to a’ if there were no noise, and the second term
controls how much error the noise in the batch-SGD contributes if we had started at the optimal
solution a*.

By the spectral norm bound on P' and the triangle inequality, we have

k—1
[ < (1= nA)¥[lw®][ +7 > (1 =) )¢ (93)
—_———— <
7=0

(Term 1)

(Term 2)

The first term is already essentially in the form that we want. Let us bound the second term:
Claim 96 For any time step j, and i € [b], ||€7"|| < Bs := v/B1Ba + (Ba + \)||a*|| almost surely.

Proof By triangle inequality and the almost-sure bounds on y;; and ¢(x;;). |

Claim 97 For any time-step j, E[||¢?||] < Bs/Vb.
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Proof By the first-order optimality conditions on a*, we have Ha* = v, so E[¢/] = v—Ha* = 0.
Furthermore, £&7% and &7%' are independent for all ¢ # ¢’ € [b]. By Cauchy-Schwarz, and the bound
from Claim 96,

b

Bl < VEIG 2 = | [E[; 3 7] = \/7BIE" 7 < Bo/vb.

ii'=1

Claim 98 The second term in eq. (93) is bounded with probability 1 — §:

P[(Term 2) > SBavloell/o) V;\O/gg(l/é)} <5

Proof Group the samples {(yji, wji)}je{o,...,kfl},ie[b] into groups where i is the same, letting
Zi = ((yo,p CBO,z‘), (yl,iv ) R (’yk—ua Ckal,i))

denote the collection of ith samples at all time-steps, for all i € [b]. We can write the term that we
want to bound as a function of these samples as

E
—_

(Term 2) = h(Z1,..., Zy) = » (1 —nN)"177|1¢7).

i
o

By the previous claim, the expectation is bounded by

Bs
Elh(Zy,...,2p)] < —=.
(21 DI 7
We bound deviation from the expectation using McDiarmid’s inequality. Note that if we replace Z;
with a new independent draw Z1 = ((§¢ 4, Z0,i); (Y1,i> 1,i)s - - - » (U—1,i» Tk—1,;) ), then by triangle

inequality almost surely

o
—_

- 41 . ~j,1 2B
(21 2, Z) = (21, Do Z) < 0y (L= 60— € < 55

bA

<.
Il
o

By symmetry, the same is true of replacing any Z; with an independent draw Z;. Furthermore,
Z1, ..., Zy are independent, so by McDiarmid’s inequality

P[h(zl, o 7)) > Elh(Z1,..., %)) + W} <4

Combining the above bounds yields the claim. |

The above claim combined with eq. (93) proves the lemma. |
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Lemma 99 Under the same conditions as Lemma 95, for any 6 > 0, with probability 1 — § we
have

a (BQ + )\)
- 2N

3(VBiBs + (B + A)Ha*n)\/log(l/é))Q
Mh

((1 —n\)*a® —a*| +
Proof The excess loss at a equals

l(a)—L(a*) = 1<CL®(JL,H> — %(a*®a*,H> — (v,a —a")

2
= %((a—a*) ®(a-a*),H)+ {(a—a*)®a*,H)— (v,a —a")
= %((a—a*) ®(a—a*),H)+ (Ha* —v,a—a")
= (e~ a")® (a-a"), H),
where the last step is by the first-order optimality condition Ha* = v. We conclude by using the
bound on ||a* — a*|| from Lemma 95, and the fact that || H|| < (Bz + \)/N. [

We may now prove the main result of this subsection: i.e., that it suffices to prove that there is a
certificate a“®"t achieving low loss.
Proof [Proof of Lemma 93] Because of the quadratic regularization term and the optimality of a*,

A *112 * cert
- < <

SO oN
||a*H2 < Tg(acert).
Plugging this into the bound from Lemma 99, with probability 1 — 4,
o, (B2t ) N
f(a") < f(a") + 222 (21— ) (a2 + [la” )
n 18(B1 B2 + (Ba + A)?|a*||?) log(l/d))
A2b
012 2€(acert)
< cert _ 2k ||a' ||
< 0(@) + 2(By + ) (1 — ) * (- + =52
9B1By  18(Bs + \)24(a")
log(1 .
(A?bN * 30 og( /5)>

L.3. Bounding the loss reduces to lower bounding the eigenvalues of the kernel matrix

We give a lemma that bounds the final loss of batch-SGD on the second layer weights, after an
initial phase of training the first layer weights. In Phase 1, we train W for k; iterations while
keeping a fixed. In Phase 2, we train a for ko — k; iterations, while keeping W fixed. We reduce
the problem of bounding the final loss R(a*?, Wkl) to the problem of lower bounding the kernel
matrix associated with the neural network constructed by the dimension-free dynamics during phase
1. We will use this result to provide explicit sample-complexity bounds in Section G.
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Training setup Let @F = (8%, ...,0%) denote the parameters on step k of batch-SGD training.
For j € [N] we independently draw

0o_ (.0 0 :

We train ® with (bSGD) with regularization A’ = 0 and A* = A > 0 which is a parameter to be
set. Let n1,n2 > 0 be the step sizes during phase 1 and phase 2 respectively.

* In Phase 1, for time step k € {0, ..., k; — 1}, we update according to

wht! = wh 4 nial [ S (ki — Fan(@ii ©F) o' (wh, ) )
i€[b]

k+1 _ k _ 0
CLj —CLJ—CLJ.

* In Phase 2, for time step k € {k1,..., ko — 1}, we update according to

w;;-i-l _ w;?l
1 ~
it =k + [5 > Aywi — fan(@ri; ©F) Yo ((wh, 961%))50/%] —nAay .
1€[b]

Reduction to analyzing the limiting mean-field dynamics For k € {0, ..., k; }, consider either
Pk OF Py, the limiting dynamics in the discrete-time or in the continuous time setting, and let e" =
@%,...,8%)or® = (6!,...,0") be the parameters if we had trained with the limiting discrete
or continuous-time mean-field dynamics, initialized at 0" = @°. If we denote 111 (uf, v j k) and
wh = (ﬂz, 'TJ;), recall that the discrete mean-field dynamics is given by (note that with w’ = 0

J
initialization, the mean-field PDE and dimension free dynamics are the same)

ﬁ?H _ —k; + mc‘zQEm[{fNN(Z; Pk) — h*(z)}a/(<a§, z))x]
,l—)k+1 —k — O

while for the continuous time mean-field dynamics

dt

v.=0.

af = aJEo[{ fun(z: pr) — ha(2)}o' (0, 2))2]
t
J
For convenience, denote 77 = k; or 17 = nky, and ﬁ? the weights at the end of phase 1. Denote

err = max;c(n) | G- 'le |l2. The propagation-of-chaos argument in Propositions 15 and 92

yields the following bound w1th probability 1 — 1/N (when training only the first layer-weights):

| N log N
err<KeKT1{\/Og d + log } 94)

b

We define K7 € R2"*2" the kernel at the end of phase 1, with entries
KT(=.) = [ al(@,2))o((a.#)pn (da).
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We further define the following matrix M associated with the features computed by the mean-field
dynamics from initialization ®g. M € R2"*¥ is indexed by z € {+1,-1}" and j € [N], and
has entries

<—La all 2
Mz,]—\/ﬁ ((u;', z)).

We call this the mean-field feature matrix (MF feature matrix, for short). Because a? € RY are
iid with pg, the ajTl are iid distributed with respect to p7, and M M is a random approximation of
K™t Indeed, we have the following bound:

Lemma 100 There exists C > 0 such that if N > 2T log(1/6)? / Amin (K 11)2, then with proba-
bility at least 1 — §, we have

Amin (MM ) > Ain (K™) /2.

Proof [Proof of Lemma 100] Note that M = [my,..., my]| has iid columns with covariance
N E[meJT] = K''. Furthermore ||m;||3 < K2F. The result follows by applying (Vershynin,
2010, Theorem 4.44). |

We prove a bound on the risk ©*2 found using batch-SGD in terms of the minimum singular
value of M.

Lemma 101 [Sufficient to prove M is well-conditioned] There is a universal constant C' > 0 such
that forany 0 < § < 1,0 < € < 1, any ky, if we pick hyperparameters

min(1, )\min(MMT)Q)
22P+2 [(6

A=ce for c1=
n < 1/(2K7)
N > cy/e3,  for ey = (CK?)*10g(1/6)% /3
b> c3log(N)d/et,  fores = (4K? + ¢1)2(CK*)* 1 log(1/68)/c}
ko > k1 4 cqlog(1/e)/(ne),  forcqy = log(100(4K?% + ¢1))/c1,
then, with probability at least 1 — 9, the final loss is bounded by
R(a* , Wh) < e.

Let us first prove that if M M7 is well-conditioned then a low-error certificate exists. As in
Section 1.2, let

A
— k1 A 2
t(a) = R(a, W*) + Xcllal

Lemma 102 There is a universal constant C > 0 such that for any § > 0 and mini-batch size
b > max(d, Clog(1/6)), with probability at least 1 — 6, there is a**"* € RN such that

0(a) < (err + N 22P KO /A pin (M M7T)?,

where err = err(kq,b, N, §) is the error bound for convergence to the limiting discrete or continuous-
time mean-field dynamics.
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Proof Let 3 € R be the vector of values of h, indexed by z € {+1, —1}7:

We construct a certificate for the least-squares training in Phase 2. Let
a“"t =VNM"(MM")'s.
We bound the norm of a“®"? in terms of the minimum singular value of M:

la“"" | < VN{IM|| B/ Amin (M MT)
< 2PK2V/N /Amin(M M), (95)

for a constant K since | M|| < V2P||o||o max; ]a§?1| < V2PK, and ||B] < V2P||hs|e < K.

We bound the risk given by using a“®"? as a certificate. By the triangle inequality,

N

R(a®", Wh) = %Em[(f*(w)— o aso(ful

M 2)))?) <11+ o, (96)

where

1 Y cert —k 2
Ty = Eg[(fi(z) — Nzaj o((w}*, x)))7]

j=1
L
To=Eal( D o (o((w]!, x)) — o (W, 2))))?]:
j=1
We first bound Y1, using the fact that that f,(x) = h.(z) and ﬁa((fv?,x)) = ﬁa(@?l,z)) =

Mz,j:
N
Ty = By oy [(ha(2) — —= 3 a7 M, ;)] = QLPHﬁ L mMaertz =0, 97)
VN 2 VN

For Y, use (a) Jensen’s inequality, (b) K -Lipschitzness of ¢, and (c) linearity of expectation:

(a)
€ 5 D Bl o (k) — ol(@l, )

—
INS

N

1

~ Z Kz\a;?”t\?Em[(wfl — @M , x>2]
j=1

© N

o 1 K r k — k

N E 2‘056 t‘Zijl —wj1\|22
j=1

Finally, by the propagation of chaos bound in Eq. (94), at time 7} with probability at least 1 — 6,

ma ) — " |[* < erri= err(ky, b, N, 6) = 71 (v/1og(N/6) /N + /d10g(N/3)/b)
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where C' > 0 is some universal constant. So
Ty < K?||a||?(err)/N. (98)
Combining egs. (95) to (98), with probability at least 1 — ¢,

g(acert) — R(acert’ Wkl) )\||acert||2

2N
< K?[lac|? (ern)/N + 5 : AHacmH2

< (err+ )\)22PK6/)\min(MMT)

|

Now we may prove the main result of this subsection.
Proof [Proof of Lemma 101] By the choice of hyperparameters N and b, we have the following
error bound between the batch-SGD dynamics on the first layer and the infinite-width, population
limit,

err(Ty, N, b,6/2) = %11 (\/log(N/6) /N + \/dlog(N/5)/b) (99)
< /(22" KO\ pin (M M™)?) (100)
By Lemma 102, with probability 1—§/2 over the choice of the initialization ®° and the samples
{(@ki, Yi) Yreqo,... k1 —1},ic[y) there exists a certificate a““"* with loss:
£(at) < (err + N\)22P KO /A pin (M MT)? < /2.

Let us conclude by applying Lemma 93, which shows that with probability 1 — ¢/2 the final
error satisfies the following bound in terms of £(a“"):

0(12 2 cert
f(akQ) < g(acert) +2(By + )\)<(1 _ n)\)Q(k2_k1)("C;\r“ n e(cz\ ))

9B1By  18(Ba + \)2%{(a%")
(A%N + < log(2/5)>.

Here we take By = 4K?2 > |y;;|? almost surely, and By = K2, since

2_ < 2
max [[¢(x)||* = max 1 Z\a K

almost surely. Also, ||a®||?> < N. Finally, (1 — n)\)2(¢2=%) < ¢/(100(4K? + ¢1€)). So with
probability 1 — §/2,
U(ah?) < (@) + 2(4K2 + c1e)((1 — )2 k2R (1 4 2/¢p)
36K+  18(4K? + cie)%e
- log(2/d
C%SQbN C‘l%€3b ) Og( /0))

<{l(a“")+e/2< e

+

We conclude by noting R(a*?, W*1) < ¢(a*?). [ |
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I.4. Anti-concentration of polynomials

We prove the technical lemma that polynomials anti-concentrate when evaluated at random inputs.
Concretely, we lower-bound the variance of the polynomial evaluated at a random input based on
the sum of the magnitudes of its coefficients. Our bound is crude, but suffices for our purposes.
We remark that anti-concentration bounds for polynomials in terms of their variance (and other
moments) are a well-studied subject. For instance, the seminal paper Carbery and Wright (2001)
bounds the probability that a polynomial of random variables lies in an interval in terms of the
variance (or other moments) of the polynomial. In contrast, we bound the variance based on the
sum of magnitudes of the polynomial’s coefficients.

Lemma 103 (Polynomial anticoncentration) For any integers D, m > 0, there exists a constant
¢ > 0 such that the following hold. For any polynomial h : R™ — R of the form:

h(Z) = Z hcx H Zlal )
ac{0,...,D}™ le[m)

we have

2
Bt ((—1,1j2m) [A(w)?] > ¢ (Z |ha|> :

a

Proof Define M = Y |ha| and let w ~ Unif([—1,1]¥™). Let us lower bound E,,[h(w)?]. For
this purpose, we decompose h(z) in the multivariate Legendre polynomial basis, which is defined as
follows. Let P, : R — R denote the degree-! Legendre polynomial in one-dimension. In particular,
they satisfy the orthogonality relations: for any k,l € Z>,

By mtmit([—1,17) [Pr (w) Pr(w)] = -

For any o € Z), the multivariate Legendre polynomial is then given by
Po(z) = [] Po(20).
le[m)

These polynomials inherit the orthogonality relations over the multivariate uniform distribution, i.e.,
forany «, B € 2,
Eu[Po(u) Pg(u)] = dap.

The polynomials { Po }aeqo,..,pym therefore form an orthonormal basis over the multivariate
polynomials whose degree in each variable is bounded by D. Writing h(z) in this basis, we get

h(z) = Z JaPu(2),

ac{0,...,D}™

for some coefficients g, € R. For each multivariate Legendre polynomial we also write its expan-

sion
Pa(Z): Z pa7ﬂ H Zlﬁla

Be{0,....Dym le[m]

104



THE MERGED-STAIRCASE PROPERTY

for some coefficients p, g € R. Therefore, for any 3, we have

hg= > GaPas;
ae{0,...,D}™
and so
M = Z |hﬂ| < Z |gapa,,3|
B B,a€{0,...,.D}™ (101)

<(D+1)™ max ol - <C 7
( ) o B pym Pov,p] za:!gal za:|ga\

for some constant 0 < C' < oo depending on m, D.

Therefore,
Eoy[h(u)?] = > Fou[gagar Pa(w) Poy ()] (linearity of expectation)
a,a’e{0,...,D}™
= Z (9 )? (orthogonality relations)
aef{0,...,D}™
2
1
> m Z ‘ga| (CHUChy-SChWElI'Z)
ac{0,...,.D}™
1
> (M/C)? by eq. (101
> By (M/0) (by eq. (101)

We will also use the following corollary:

Lemma 104 (Polynomial anticoncentration for shifted input distribution) Forany integers m, D >
0 and constant C' > 0, there exists a constant ¢ > 0 such that the following hold. Forany (0 < p < 1,
any w € R™ with |w| < C, and any polynomial h : R™ — R of the form

h(z) = Z hcx H Zlal ’
ac{0,...,.D}™ le[m)

we have, writing ||oe||lv = ;)

2
Byt (- pplem [(w + 1)) > ¢ (Z Iha!p'a“) .

«
Proof Fix 0 < p < 1 and w € R™ such that ||w]||s < C. Write
g(z) =h(w+pz)= > ga [] (=)™
ac{0,...,.D}™ le[m]

Then
hz)=g((z—w)/p) =Y gatap ] (27,
a pB

le[m]
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where we denoted

got2) = TL (G )/ = Y T ("
B le[m]

le[m]

We have the following easy bound

lda8l < ((C +1)/p)l It

so that we have the upper bound

S halll = 3713 gataslol®l
« Jé] e

< > lgallaasle! < (C+1)"P(D+1)" ) |gal-
B « a

We deduce that
> lgal =Y lhalpl (€ +1)7P(D + 1)
« [0

The lemma follows by noting that h(w + u), where u ~ Unif([—p, p]), is equal in distribution to
g(v), where v ~ Unif([—1, 1]), and applying Lemma 103. [
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