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Abstract

We consider the query complexity of finding a local minimum of a function defined on a graph,
where at most k rounds of interaction (aka adaptivity) with the oracle are allowed. Adaptivity
is a fundamental concept studied due to the need to parallelize computation and understand the
speedups attainable. The query complexity of local search is tightly related to the complexity of
computing stationary points of a function, thus bounds for local search can give insights into the
performance of algorithms such as gradient descent.

We focus on the d-dimensional grid {1, 2, . . . , n}d, where the dimension d ≥ 2 is a constant. Our
main contribution is to give algorithms and lower bounds that characterize the trade-off between
the number of rounds of adaptivity and the query complexity of local search, when the number of
rounds is constant and polynomial in n, respectively.

The local search analysis also enables us to characterize the query complexity of computing a
Brouwer fixed point in rounds. Our proof technique for lower bounding the query complexity in
rounds may be of independent interest as an alternative to the classical relational adversary method
of Aaronson from the fully adaptive setting. 1

Keywords: local search, rounds of adaptivity, query complexity, Brouwer fixed point, parallel
computation

1. Introduction

Local search is a powerful heuristic embedded in many natural processes, which is often used to
solve hard optimization problems. Algorithms based on local search include gradient methods, the
Lin-Kernighan algorithm for the traveling salesman problem, and the Metropolis-Hastings algo-
rithm for sampling. Johnson et al. [1988] studied the computational complexity of local search by
introducing the class PLS, which captures local search problems for which local optimality can be
verified in polynomial time. There are many natural PLS-complete problems, such as finding a pure
Nash equilibrium in a congestion game (Fabrikant et al. [2004]) and a locally optimum maximum
cut in a graph (Schäffer and Yannakakis [1991]).

In the query complexity model for local search, we are given a graph G = (V,E) and oracle access
to a function f : V → R. The set V can represent any universe of elements with a notion of

1. The full version of the paper is at https://arxiv.org/abs/2101.00061.
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neighbourhood and the goal is to find a vertex v that is a local minimum: f(v) ≤ f(u) for all
(u, v) ∈ E. The query complexity is the number of oracle queries needed to find a local minimum
in the worst case.

The query complexity of local search is interesting both theoretically and due to applications such
as understanding the performance of gradient methods. For example, gradient descent computes a
stationary point of a function, thus the runtime of the algorithm is lower bounded by the complexity
of computing a stationary point. Moreover, lower bounds for the query complexity of stationary
points are often inherited from lower bounds on the query complexity of local search; the construc-
tions have similar structure, such as embedding in the graph a random path that is hard to predict,
with the local minimum or stationary point at the end of the path (see, e.g., Aldous [1983]; Vavasis
[1993]; Bubeck and Mikulincer [2020]). Finally, upper bounds on the query complexity of local
search can imply bounds for finding pure Nash equilibria in games such as potential games. In
potential games the graph is implicitly defined, such that each node represents a strategy profile and
two nodes are adjacent if an agent can move from one strategy profile to another one by changing its
own strategy. A sequence of best response moves always leads to a pure Nash equilibrium, which
is a local maximum of the potential function associated with the game (see, e.g., Rosenthal [1973];
Monderer and Shapley [1996]; Babichenko et al. [2019]).

The known protocols for local search with low total query complexity, such as steepest descent with
a warm start (Aldous [1983]), are highly sequential, i.e. have many rounds of interaction with the
function oracle. However, multiple rounds can be expensive in applications. For example, when
algorithms such as gradient descent are run on data stored in the cloud, there can be delays due to
back and forth messaging across the network. A remedy for such delays is designing protocols with
fewer rounds, which is the focus of our work.

We consider the query complexity of local search on the d-dimensional grid in k rounds, aiming to
understand the tradeoff between the number of rounds and the total query complexity. The grid is
obtained by discretizing the continuous space, thus understanding it can be useful for tasks such as
computing an approximate stationary point or fixed point of a function defined on the d-dimensional
Euclidean space. When there are k rounds of adaptivity, an algorithm asks a set of simultaneous
queries in each round i, then receives the answers, after which it issues the set of queries for round
i+1. The algorithm stops and outputs an answer by the end of round k. This setting models parallel
computation, since each simultaneous query from a given round can be sent to a different processor.

The parallel complexity of optimization was first considered by Nemirovski [1994]. This was an-
alyzed in a series of follow-up works for submodular functions (see, e.g., Balkanski and Singer
[2018]; Balkanski et al. [2019]; Ene and Nguyen [2019]; Balkanski and Singer [2020]). Algorithms
with few rounds of interaction with the function oracle (aka low depth) for the problem of computing
stationary points were considered in Bubeck and Mikulincer [2020]. Bubeck et al. [2019] studied
parallel convex optimization where the oracle can answer poly(d) queries in each round, where d
is the dimension. Since the d-dimensional grid is obtained by discretizing Rd, understanding local
search on the d-dimensional grid gives insight into the hardness of computing stationary points in
parallel and thus parallel implementations of gradient descent. The constant dimension model is
important in the study of TFNP in complexity theory. For example, the complexity class CLS was
first defined as any problem that could be reduced to the 3D-CONTINUOUS-LOCALOPT problem
(Daskalakis and Papadimitriou [2011]). Göös et al. [2022] showed that EOPL = PPAD ∩ PLS using
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the 2D grid as a unified model to define problems from several complexity classes (PPAD, PPADS,
PLS, EOPL, and SOPL).

Parallel complexity is a fundamental concept, which was studied extensively for problems such as
sorting, selection, finding the maximum element of a vector, and the sorted top-k elements (Valiant
[1975]; Pippenger [1987]; Bollobás [1988]; Alon et al. [1986]; Wigderson and Zuckerman [1999];
Gasarch et al. [2003b]; Braverman et al. [2016, 2019]; Cohen-Addad et al. [2020]). An overview on
parallel sorting algorithms is given in the book of Akl [2014]. Babichenko et al. [2019] analyzed the
communication complexity of local search, which captures the hardness of finding a local optimum
in distributed environments, where data may be stored on different computers, from the point of
view of the communication cost.

Our results also imply bounds for the computational problem BROUWER, where the goal is to
compute an approximate fixed point of a Lipschitz function defined on the d-dimensional cube, the
existence of which is guaranteed by Brouwer’s theorem. BROUWER is computationally equivalent
to problems such as finding a Nash equilibrium in an n-player game (Nash [1950]; Papadimitriou
[1994]; Daskalakis et al. [2009]; Chen et al. [2009]) and a local min-max equilibrium in a two
player game with nonconvex-nonconcave utilities (Daskalakis et al. [2021]), the latter of which has
applications to training generative adversarial networks (Goodfellow et al. [2014]; Arjovsky et al.
[2017]; Daskalakis et al. [2021]).

2. Model

We first introduce the model for local search and Brouwer, then define the query complexity.

Local Search Let G = (V,E) be an undirected graph and f : V → R a function, where f(x) is
the value of node x ∈ V . We have oracle access to f and the goal is to find a local minimum, that
is, a vertex x with the property that f(x) ≤ f(y) for all neighbours y of x.

We focus on the setting where the graph is a d-dimensional grid of side length n. Thus V = [n]d,
where [n] = {1, 2, . . . , n} and (x,y) ∈ E if ‖x− y‖1 = 1. The dimension d for both local search
and Brouwer fixed-point is a constant. Unless otherwise specified, we have d ≥ 2.

The local search results imply bounds for the problem of finding a Brouwer fixed point, which is
defined next.

Brouwer In the Brouwer setting, we are given an L-Lipschitz function F : [0, 1]d → [0, 1]d,
where L > 1 is a constant2 such that ‖F (x)− F (y)‖∞ ≤ L‖x− y‖∞, ∀x,y ∈ [0, 1]d .

The computational problem is: given a tuple (ε, L, d, F ), find a point x∗ ∈ [0, 1]d such that
‖F (x∗)− x∗‖∞ ≤ ε. An exact fixed point exists by Brouwer’s fixed point theorem.

Query complexity and rounds We have oracle access to the function f and at most k rounds of
interaction with the oracle. An algorithm running in k rounds will submit in each round j a number
of parallel queries, then wait for the answers, and then submit the queries for round j+1. The choice
of queries submitted in round j can only depend on the results of queries from earlier rounds. At
the end of the k-th round, the algorithm must stop and output a solution.

2. When L < 1 we obtain the Banach fixed-point theorem, where the unique fixed point can be approximated quickly.
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The deterministic query complexity is the total number of queries necessary and sufficient to find a
solution.

The randomized query complexity is the expected number of queries required to find a solution
with probability at least 2/3 for any input, where the expectation is taken over the coin tosses of the
protocol.3

3. Our Results

Local Search

We show the following bounds for local search on the d-dimensional grid [n]d in k rounds.

Theorem 1 (Local search, constant rounds) Let d, k ∈ N be constant, where d ≥ 2 and k ≥ 1. The

query complexity of local search in k rounds on the d-dimensional grid [n]d is Θ
(
n
dk+1−dk

dk−1
)
, for

both deterministic and randomized algorithms.

For example, when k = 2, the query complexity is Θ
(
n

d2

d+1
)

for both deterministic and randomized
algorithms. When k → ∞, the bound of Theorem 1 is close to Θ(nd−1), with gap smaller than
any polynomial. The classical result in Llewellyn et al. [1993] showed that the query complexity of
local search for deterministic fully adaptive algorithms is Θ(nd−1), and the upper bound is achieved
by a divide-and-conquer algorithm with O(log n) rounds.

Our result fills the gap between one round algorithms and logarithmic rounds algorithms except
for a small margin. This theorem also implies that randomness does not help when the number of
rounds is constant.

Theorem 2 (Local search, polynomial rounds) Consider the d-dimensional grid with side length
n ∈ N, where d ≥ 2. Let k = nα ∈ N, where α ∈ (0, d/2) is a constant. The randomized query
complexity of local search in k rounds on the d-dimensional grid [n]d is:

• Θ
(
n(d−1)−

d−2
d
α
)

when d ≥ 5;

• O
(
n3−

α
2

)
and Ω̃

(
n3−

α
2

)
when d = 4;

• O
(
n2−

α
3

)
and Ω

(
max(n2−

2α
3 , n

3
2 )
)

when d = 3.

When α → 0, the bound approaches Θ(nd−1), i.e., the bound of constant and logarithmic rounds
algorithm. When α→ (d/2), the upper bound is close to Θ(n

d
2 ), i.e., the fully adaptive algorithm.

Thus, our result fills the gaps between constant (or logarithmic) rounds algorithms and fully adaptive
algorithms, except for a small gap when d ∈ {3, 4}. The bound for d = 2 in polynomial number of
rounds was known (Sun and Yao [2009]; Llewellyn et al. [1993]).

For d = 1, we show that the query complexity of computing a local minimum on the 1-dimensional
grid [n] in k rounds is Θ

(
n1/k

)
, for both deterministic and randomized algorithms.

3. Any other constant greater than 1/2 will suffice.
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A summary of our results for local search on the d-dimensional grid can be found in Table 1, together
with the bounds known in the existing literature.

Local search on
the grid [n]d

Deterministic Randomized

Constant rounds:
k = O(1) Θ

(
n
dk+1−dk

dk−1
)

(*) Θ
(
n
dk+1−dk

dk−1
)

(*)

Polynomial rounds:
k = nα,

α ∈ (0, d/2)

Θ
(
nd−1

)
(Llewellyn et al.;

Llewellyn and Tovey;
Althöfer and Koschnick)

d ≥ 5: Θ
(
n(d−1)−

d−2
d
α
)

(*)

d = 4: O
(
n3−

α
2

)
and Ω̃

(
n3−

α
2

)
(*)

d = 3: O
(
n2−

α
3

)
and Ω

(
max(n2−

2α
3 , n

3
2 )
)

(*)

d = 2: Θ̃(n) (Sun and Yao; Llewellyn et al.)

Fully adaptive:
k =∞

Θ
(
nd−1

)
(Llewellyn et al.;

Llewellyn and Tovey;
Althöfer and Koschnick)

d ≥ 3: Θ̃
(
n
d
2

)
(Aldous; Zhang)

d = 2: Θ̃(n) (Sun and Yao; Llewellyn et al.)

Table 1: Query complexity of local search in k rounds on d-dimensional grid of side length n, for
d ≥ 2. Our results are marked with (*). The deterministic divide-and-conquer algorithm Llewellyn
et al. [1993] takes O(log n) rounds, while the randomized warm-start algorithm Aldous [1983]
needs O

(
n
d
2

)
rounds. For deterministic fully adaptive algorithms, the algorithm is given by

Llewellyn et al. [1993], while the lower bound is from Llewellyn and Tovey [1993] and Althöfer
and Koschnick [1993].

At a high level, when the number of rounds k is constant, the optimal algorithm is closer to the
deterministic divide-and-conquer algorithm for local search designed by Llewellyn et al. [1993].
When the number of rounds is polynomial (i.e. k = nα, for 0 < α < d/2), the algorithm is closer
to the randomized algorithm from the fully adaptive setting, which does steepest descent with a
warm start (Aldous [1983]).

Brouwer

Our local search results above also imply a characterization for the query complexity of finding an
approximate Brouwer fixed point in constant number of rounds on the d-dimensional cube. For
Brouwer we consider only constant rounds, since Brouwer can be solved optimally in O(log(1/ε))
rounds (Chen and Deng [2005]).

Theorem 3 [Brouwer, constant rounds] Let d, k ∈ N be constant. For any ε > 0, the query
complexity of the ε-approximate Brouwer fixed-point problem in the d-dimensional unit cube [0, 1]d

with k rounds is Θ
(
(1/ε)

dk+1−dk

dk−1
)
, for both deterministic and randomized algorithms.

We also show that when d = 1, the query complexity of finding an ε-approximate Brouwer fixed
point in k rounds is Θ

(
(1/ε)1/k

)
, for both deterministic and randomized algorithms.
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3.1. Roadmap of the paper

Section 4 discusses related work. Section 5 overviews the results and proof techniques for local
search. Section 6 overviews the results and proofs for Brouwer.

4. Related Work

The query complexity of local search was studied first experimentally by Tovey [1981], while Al-
dous [1983] gave the first theoretical analysis. For any graph G with n vertices and maximum
degree d, Aldous’ algorithm can be seen as steepest descent with warm start and works as follows:
first query t vertices x1, . . . , xt selected uniformly at random and pick the vertex x∗ that minimizes
the function among these 4. Then run steepest descent from x∗ and stop when no further improve-
ment can be made, returning the final vertex reached. When t =

√
nd, the algorithm issuesO(

√
nd)

queries in expectation and has roughly as many rounds of interaction with the oracle.

For the n-dimensional hypercube, Aldous [1983] gave an upper bound of O(n · 2n/2) and a lower
bound of Ω(2n/2−o(n)) for randomized algorithms. The lower bound construction from Aldous
[1983] is as follows. Consider an initial vertex v0 uniformly at random. The function value at v0
is f(v0) = 0. From this vertex, start an unbiased random walk v0, v1, . . . For each vertex v in the
graph, set f(v) equal to the first hitting time of the walk at v; that is, f(v) = min{t | vt = v}. The
function f defined this way has a unique local minimum at f(v0). By analyzing this distribution,
Aldous [1983] showed a lower bound of 2n/2−o(n) on the hypercube.

Aldous’ algorithm described above is essentially optimal for graphs such as the hypercube and the
d-dimensional grid (Aldous [1983]; Sun and Yao [2009]; Zhang [2009]). At the same time, the
algorithm is highly sequential. Llewellyn, Tovey, and Trick [1993] considered the deterministic
query complexity of local search and devised a divide-and-conquer approach, which has higher
total query complexity but uses fewer rounds. Their algorithm is deterministic and identifies in the
first step a vertex separator S of the input graph G 5. Afterwards, it queries all the vertices in S to
find the minimum v among these. If v is a local minimum of G, then return it. Otherwise, there is
a neighbour w of v with f(w) < f(v). Repeat the whole procedure on the new graph G′, defined
as the connected component of G \ S containing w. Correctness holds since the steepest descent
from w cannot escape G′. On the d-dimensional grid, the vertex separator S can be defined as the
(d−1)-dimensional wall that divides the current connected component evenly; thus a local optimum
can be found with O(nd−1) queries in O(log n) rounds.

Llewellyn and Tovey [1993]; Althöfer and Koschnick [1993] applied the adversarial argument pro-
posed in Llewellyn et al. [1993] to show that Ω(nd−1) queries are necessary for any deterministic
algorithm on the d-dimensional grid of side length n. Llewellyn et al. [1993] also studied arbitrary
graphs, showing that O(

√
n + δ log n) queries are sufficient on graphs with n vertices when the

maximum degree of the graph is δ and the graph has constant genus.

We observe the contrast between the randomized algorithm by Aldous [1983], which is almost
sequential, running in O(nd/2) rounds, and the deterministic divide-and-conquer algorithm by

4. That is, the vertex x∗ is defined as: x∗ = xj , where j = argminti=1 f(xi).
5. A vertex separator is a set of vertices S ⊆ V with the property that there exist vertices u, v ∈ V , where V is the set

of vertices of G, such that any path between u and v passes through S.
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Llewellyn et al. [1993], which can be implemented in O(log n) rounds. Even though the random-
ized algorithm (Aldous [1983]) is (essentially) optimal in terms of number of queries, it takes many
rounds. Thus it is natural to ask whether this algorithm can be parallelized and what is the tradeoff
between the total query complexity and the number of rounds.

Aaronson [2006] improved the bounds given by Aldous [1983] for randomized algorithms by
designing a novel technique called the relational adversarial method inspired by the adversarial
method in quantum computing. This method avoids analyzing the posterior distribution during the
execution directly and gave improved lower bounds for both the hypercube and the grid. Follow-up
work by Zhang [2009] and Sun and Yao [2009] obtained even tighter lower bounds for the grid
using this method with better choices on the random process; their lower bound is Ω̃

(
n
d
2

)
, which is

nearly optimal.

The computational complexity of local search is captured by the class PLS, which was defined by
Johnson, Papadimitriou, and Yannakakis [1988] to model the difficulty of finding locally optimal
solutions to optimization problems. A class related to PLS is PPAD, introduced by Papadimitriou
[1994] to study the computational complexity of finding a Brouwer fixed-point. PPAD contains
many natural problems that are computationally equivalent to the problem of finding a Brouwer
fixed point (Chen and Deng [2009]), such as finding an approximate Nash equilibrium in a multi-
player or two-player game (Daskalakis et al. [2009]; Chen et al. [2009]), an Arrow-Debreu equi-
librium in a market (Vazirani and Yannakakis [2011]; Chen et al. [2017]), and a local min-max
point (Daskalakis, Skoulakis, and Zampetakis [2021]). The query complexity of computing an ε-
approximate Brouwer fixed point was studied in a series of papers for fully adaptive algorithms
starting with Hirsch, Papadimitriou, and Vavasis [1989], later improved by Chen and Deng [2005]
and Chen and Teng [2007].

The classes PLS and PPAD are related, both being a subset of TFNP. Fearnley, Goldberg, Hollender,
and Savani [2021] showed that the class CLS, introduced by Daskalakis and Papadimitriou [2011]
to capture continuous local search, is equal to PPAD ∩ PLS. The query complexity of continuous
local search has also been studied (see, e.g., Hubáček and Yogev [2017]).

Valiant [1975] initiated the study of parallelism using the number of comparisons as a complexity
measure and showed that p processor parallelism can offer speedups of at least O

( p
log log p

)
for

problems such as sorting and finding the maximum of a list of n > p elements. Nemirovski [1994]
studied the parallel complexity of optimization, with many recent results on the tradeoff between the
rounds of adaptivity and the total query complexity in submodular optimization (see, e.g. Balkanski
and Singer [2018]; Balkanski et al. [2019]; Ene and Nguyen [2019]; Balkanski and Singer [2020]).
An overview on parallel sorting algorithms is given in the book by Akl [2014] and many works on
sorting and selection in rounds can be found in Valiant [1975]; Pippenger [1987]; Bollobás [1988];
Alon et al. [1986]; Wigderson and Zuckerman [1999]; Gasarch et al. [2003a], aiming to understand
the tradeoffs between the number of rounds of interaction and the query complexity.

Another setting of interest where rounds are important is active learning, where there is an “active”
learner that can submit queries—taking the form of unlabeled instances—to be annotated by an
oracle (e.g., a human) (Settles [2012]). However each round of interaction with the human annotator
has a cost, which can be captured through a budget on the number of rounds.
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5. Local Search

In this section we state our results for local search and give an overview of the proofs.

5.1. Local Search in Constant Rounds

When the number of rounds k is a constant, we obtain the following bounds.

Theorem 1 (Local search, constant rounds, restated): Let d, k ∈ N be constant, where d ≥ 2
and k ≥ 1. The query complexity of local search in k rounds on the d-dimensional grid [n]d is

Θ
(
n
dk+1−dk

dk−1
)
, for both deterministic and randomized algorithms.

For example, when k = 2, the query complexity is Θ
(
n

d2

d+1
)
.

5.1.1. UPPER BOUND OVERVIEW FOR LOCAL SEARCH IN CONSTANT ROUNDS.

The algorithm for constant rounds works as follows. Initialize a cube C0 to the whole grid [n]d.

In each round i = 1, . . . , k − 1, the algorithm divides the current cube Ci−1 into a set of mutually
exclusive sub-cubes C1

i , . . . , C
ni
i of side length `i (for a carefully set value of `i) that cover Ci−1.

Then it queries all the points on the boundary of the sub-cubes C1
i , . . . , C

ni
i and select the point x∗i

with minimal value among them. Set Ci = Cji , where Cji is the sub-cube that x∗i belongs to and
repeat. Finally, in round k, query all the points in the current cube Ck−1 and find the solution point.

Figure 1 shows an illustration for the case k = 2 and d = 2.

Figure 1: 2D grid of size 8 × 8. Suppose there are two rounds. In round 1, illustrated on the left,
the algorithm queries all the black points and selects the minimum among all these points (shown in
yellow). In round 2, illustrated on the right, it queries the entire sub-square in which the minimum
from the first round was found. When d = 2 and k = 2, the query complexity is Θ

(
n

4
3

)
by setting

`1 := n
2
3 .

8
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The main observation that allows the proof to work is that when the space is divided into subcubes
and x∗i is the point with smallest value on the boundaries of all the sub-cubes, steepest descent
started at x∗i cannot escape the sub-cube it is contained in. By choosing the side lengths of the
sub-cubes appropriately, we get the required upper bound. The detailed proof is included in the full
version of the paper, together with the other omitted proofs.

5.1.2. LOWER BOUND OVERVIEW FOR LOCAL SEARCH IN CONSTANT ROUNDS.

To show lower bounds, we apply Yao’s minimax theorem (Yao [1977]): first we provide a hard
distribution of inputs, then show that no deterministic algorithm could achieve accuracy larger than
some constant on this distribution. The hard distribution will be given by a staircase construction
(Vavasis [1993]; Hirsch et al. [1989]). A staircase will be a random path with the property that the
unique local optimum is hidden at the end of the path. We present a sketch here; see the full version
of the paper for the complete calculations.

Figure 2 shows an example of a staircase, which consists of the black and red vertices. The bottom
left black vertex is the starting point of the staircase and the value of the function there is set to zero.
Then the value decreases by one with each step along the staircase, like going down the stairs. The
value of the function at any point outside the staircase is equal to the distance to the entrance of the
staircase.
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(a) Staircase in 2D for 3 rounds. (b) Stylized staircase in 2D.

Figure 2: Figure (a) shows a two dimensional staircase for k = 3 rounds. The number of black points is
equal to k + 1. The black points are connected by “folded segments” shown in red. The idea is that in each
round, the algorithm will learn at most one more folded segment. Figure (b) shows in a stylized way the
process of selecting the next part of the staircase given that the first folded segment was determined. The
folded segments are displayed here as straight lines for simplicity.

Intuitively, the algorithm cannot find much useful structural information of the input and thus has
no advantage over a path following algorithm. The staircase construction can be embedded in two
different tasks: finding a local minimum of a function (Aldous [1983]; Aaronson [2006]; Sun and
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Yao [2009]; Zhang [2009]; Hubáček and Yogev [2017]) and computing a Brouwer fixed-point (Chen
and Teng [2007]; Hirsch et al. [1989]).

The most challenging part is rigorously proving that such intuition is correct. The lower bound proof
from Aldous [1983] for the hypercube {0, 1}n has complex probability analysis on the random walk
and relies on the structural property of hypercube {0, 1}n.

All other works on the randomized lower bound of local search are based on Aaronson’s relational
adversarial method (Aaronson [2006]). However, we found it’s inherently difficult to consider mul-
tiple queries in one round in the framework of relational adversarial method. Therefore, our main
technical innovation is a new technique to incorporate the round limit into the randomized lower
bounds.This could also serve as a simpler alternative method of the classical relational adversarial
method (Aaronson [2006]) in the fully adaptive setting.

Staircase definition. We define a staircase as an array of connecting grid points (x0,x1, . . . ,xt),
for 0 ≤ t ≤ k. A uniquely determined path called folded segment is used to link every two
consecutive points (xi,xi+1). The start point x0 is fixed at corner 1, and the remaining connecting
points are chosen randomly in a smaller and smaller cube region with previous connecting points
as corner. For k round algorithms, we choose a distribution of staircases of “length” k, where the
length is defined as the number of connecting points in the staircase minus 1.

Good staircases. We say that a length t staircase is “good” with respect to a deterministic algo-
rithm A if for each 1 ≤ i < t, any point in the suffix of the staircase (i.e. after the connecting point
xi

6) is not queried in rounds 1, . . . , i, when A runs on the input generated by this staircase.

The input functions generated by good staircases are like adversarial inputs: A could only (roughly)
learn the location of the next connecting point xi in each round i, and still know little about the
staircase from xi onwards.

We show that if 9/10 of all possible length k staircases are good, then the algorithm will make a
mistake with probability at least 7/40. We ensure that each possible staircase is chosen with the
same probability; their total number is easy to estimate.

Thus the main technical part of our proof is counting the number of good staircases.

Counting good staircases. We show the next properties about the prefix of good staircases:

P1: If s is a good staircase, then any “prefix” s′ of s is also a good staircase.

P2: Let s1, s2 be two good staircases with respect to algorithm A. If the first i + 1 connecting
points of the staircases are same, then A will submit the same queries in rounds 1, . . . , i + 1
when given as input the functions generated by s1 and s2, respectively.

We first fix a good staircase s(i−1) of length i−1 and consider two good staircases s1, s2 of length i
that have s(i−1) as prefix. By P2, the algorithmA will make the same queries in rounds 1, . . . , i+1
when running on the inputs generated by s1 and s2, respectively. This enables estimating the total
number of good length i+ 1 staircase with s(i−1) as prefix.

6. That is, the point xi is not included.

10
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By summing over all good staircases of length i−1, we get a recursive equation between the number
of good staircases of length i − 1, i, and i + 1. This will be used to show that most staircases of
length k are good.

5.2. Local Search in Polynomial Rounds

When the number of rounds k is polynomial in n, that is k = nα for some constant α > 0, the
algorithm that yields the upper bound in Theorem 1 is no longer efficient.

We design a different algorithm for this regime and also show an almost matching lower bound.
With polynomial rounds we can focus on d ≥ 3. Sun and Yao [2009] proved a lower bound of Ω̃(n)
for fully adaptive algorithms in 2D and the divide-and-conquer algorithm by Llewellyn et al. [1993]
achieves this bound with only O(log(n)) rounds.

Theorem 2 (Local search, polynomial rounds, restated): Consider the d-dimensional grid with side
length n ∈ N, where d ≥ 2. Let k = nα ∈ N, where α ∈ (0, d/2) is a constant. The randomized
query complexity of local search in k rounds on the d-dimensional grid [n]d is:

• Θ
(
n(d−1)−

d−2
d
α
)

when d ≥ 5;

• O
(
n3−

α
2

)
and Ω̃

(
n3−

α
2

)
when d = 4;

• O
(
n2−

α
3

)
and Ω

(
max(n2−

2α
3 , n

3
2 )
)

when d = 3.

5.2.1. UPPER BOUND OVERVIEW FOR LOCAL SEARCH IN POLYNOMIAL ROUNDS.

Since the constant rounds algorithm is not optimal in this regime, we design an algorithm that
randomly samples many points in round 1 and then starts searching for the solution from the smallest
valued point from round 1. This is similar to the algorithm in Aldous [1983], except the steepest
descent part of Aldous’ algorithm is highly sequential.

To get better parallelism, we design a recursive procedure (“fractal-like steepest descent”) which
parallelizes the steepest descent steps at the cost of more queries. We present the main ideas next:

Sequential procedure. Let C(x, s) := {y ∈ [n]d : ‖y−x‖∞ ≤ s} be the set of grid points in the
d-dimensional cube of side length 2 · s, centered at point x. Let rank(x) be the number of points
with smaller function value than point x.

Assume we already have a procedure P and a number s < n such that P (x) will either return a
point y ∈ C(x, s) with rank(y) ≤ rank(x) − s, or output a correct solution and halt. Suppose in
both cases P (x) takes at most r rounds and Q queries in total for any x.

If we want to find a point x∗ with rank(x∗) ≤ rank(x0)− t · s for any given x0 or output a correct
solution, the naive approach is to run P sequentially t times, taking

y1 = P (x0),y2 = P (y1), . . . ,x
∗ = yt = P (yt−1).

Since each call of P must wait for the result from the previous call, the naive approach will take t · r
rounds and t ·Q queries.

11
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Parallel procedure. We can parallelize the previous procedure P using auxiliary variables that
are more expensive in queries, but cheap in rounds. For i ∈ [t], let xi be the point with minimum
function value on the boundary of cube C(xi−1, s), which can be found in only one round with
O(sd−1) queries after getting xi−1, i.e., we get the location of xi−1 at the start of round i. Next,
we take yi to be P (xi−1) instead of P (yi−1); thus the location of yi will be available at round
i + r. To ensure correctness, we will compare the value of point yi with the value of point xi. If
f(xi) ≤ f(yi) then

rank(xi) ≤ rank(yi) ≤ rank(xi−1)− s . (1)

Otherwise, since yi ∈ C(xi−1, s) has smaller value than any point on the boundary of C(xi−1, s),
we could use a slightly modified version of the divide-and-conquer algorithm of Llewellyn et al.
[1993] to find the solution within the sub-cube C(x, s) in log n rounds and O(sd−1) queries, and
then halt all running procedures. If f(xi) ≤ f(yi) holds for any i, applying inequality 1 for t times
we will get rank(x) ≤ rank(xt) − t · s, so we could return x∗ = xt in this case. This parallel
approach will take only t+ r rounds and O(t · (Q+ sd−1)) queries.

The base case of procedure P is the steepest descent algorithm. Then, multiple layers of the recur-
sive process as described above are implemented to ensure the round limit is met. The parameters
of the algorithm, such as s and t above, are described in the full version.

5.2.2. LOWER BOUND OVERVIEW FOR LOCAL SEARCH IN POLYNOMIAL ROUNDS.

For polynomial rounds, we still use a staircase construction and hide the solution at the end of the
staircase. Recall the bottom left vertex will be the starting point of the staircase and the value of the
function there is set to zero. Then the value decreases by one with each step along the path. The
value of the function at any point outside the staircase is equal to the distance to the entrance of the
staircase.

However, the case of polynomial number of rounds is both conceptually and technically more chal-
lenging. We explain the main ideas next.

Choice of random walk Let Qk denote the total number of queries allowed for an algorithm that
runs in k rounds. Let Q = Qk/k be the average number of queries in each round. The minimum
point among Qk/2 uniformly random queries will be at most 100 · nd/Qk steps away from the
solution with high probability.

We set the number of points in the staircase to Θ(nd/Qk). This strikes a balance between two ex-
tremes. If the staircase is too long, then an algorithm like steepest descent with warm-start (Aldous
[1983]), which starts by querying many random points in round 1, is likely to hit the staircase in a
region that is O(nd/Qk) close to the endpoint. If the staircase is too short, then an algorithm such
as steepest descent will find the end of the staircase in a few rounds.

Since we choose the staircase via a random walk, there are two factors affect the difficulty of finding
the solution: the mixing time and what we call the “local predictability” of the walk.

Consider the random walks in Figure 3. The first random walk (Figure 3, left) randomly moves
to one of its neighbor in each step. This random walk has very low local predictability and may
be difficult for fully adaptive algorithms to learn. However, it mixes more slowly, which could be
exploited by an algorithm with multiple queries per round.

12
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Figure 3: A 2D illustration for two types of random walk for the lower bound in polynomial rounds.
The random walk on the left is more convoluted locally, but also mixes slower; the walk on the right
has simpler structure, but mixes faster.

The second random walk (Figure 3, right) moves from x0 to a uniform random point x1 selected
from a cube of side length ` centered at x0 and uses d straight segments to connect these two points.
This random walk is more locally predictable, since each straight segment of length O(`) could be
learned with O(log `) queries via binary search. Thus the walk could be learned efficiently by a
fully adaptive algorithm. On the other hand, the random walk mixes faster than the one in the left
figure: it takes only O(`) points to mix in the cube region of side length `. Thus, the second random
walk is better when there aren’t enough rounds to find each straight segment via binary search.

By controlling the parameter `, we get a trade-off between the mixing time and the local predictabil-
ity when the total length of the walk is fixed. We choose ` = Θ(Q1/(d−1)) = n1−2α/d for k = nα

in our proof, which corresponds to the max possible side length of the cube if using Q queries to
cover its boundary.

Measuring the Progress Good staircases are a central concept in the proof for constant rounds.
Roughly, the algorithm can learn the location of exactly one more connecting point in each round.
However, such a requirement is too strong with polynomial rounds.

Instead, we allow the algorithm to learn more than one connecting points in some rounds, while
showing that it learns no more than two connecting points in each round in expectation.

Using amortized analysis, we quantify the maximum possible progress of an algorithm in each
round by a constant Γ, which only depends on the random walk, not the algorithm. Constant Γ
could be viewed as the difficulty of the random walk, which takes both the mixing time and the
local predictability into account.

6. Brouwer

The problem of finding an ε-approximate fixed point of a continuous function was defined in Sec-
tion 2. To quantify the query complexity of this problem, it is useful to consider a discrete version,

13
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obtained by discretizing the unit cube [0, 1]d. The discrete version of Brouwer is equivalent to the
approximate fixed point problem in the continuous setting (Chen and Deng [2005]).

The algorithm for Brouwer is reminiscent of the constant rounds algorithm for local search. We
divide the space in sub-cubes then find the one guaranteed to have a solution by checking a boundary
condition given in Chen and Deng [2005]. Then a parity argument will show there is always a sub-
cube satisfying the boundary condition. In the last round, the algorithm queries all the points in the
remaining sub-cube and returns the solution.

The randomized lower bound for Brouwer is obtained by reducing local search instances generated
by staircases to discrete fixed-point instances. We can naturally let the staircase within the local
search instance to be the long path in discrete fixed-point problem.
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