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Abstract

We study the fundamental problem of learning a single neuron, i.e., a function of the form x — o (w -
x) for monotone activations o : R — R, with respect to the L3-loss in the presence of adversarial
label noise. Specifically, we are given labeled examples from a distribution D on (x,7) € R x R
such that there exists w* € R? achieving F(w*) = opt, where F(w) = E(x ,).p[(c(W-x) —y)?].
The goal of the learner is to output a hypothesis vector w such that F'(w) = C opt + € with high
probability, where C' > 1 is a universal constant. As our main contribution, we give efficient constant-
factor approximate learners for a broad class of distributions (including log-concave distributions)
and activation functions (including ReLUs and sigmoids). Concretely, for the class of isotropic
log-concave distributions, we obtain the following important corollaries:

* For the logistic activation, i.e., o(t) = 1/(1 + e™*), we obtain the first polynomial-time constant
factor approximation (even under the Gaussian distribution). Our algorithm has sample complexity
O(d/e), which is tight within polylogarithmic factors.

* For the ReLU activation, i.e., o(t) = max(0,t), we give an efficient algorithm with sample

complexity O(d polylog(1/ €)). Prior to our work, the best known constant-factor approximate
learner had sample complexity €2(d/e).

In both of these settings, our algorithms are simple, performing gradient-descent on the (regularized)
L%—loss. The correctness of our algorithms relies on novel structural results that we establish,
showing that (essentially all) stationary points of the underlying non-convex loss are approximately
optimal.

Keywords: List of keywords

1. Introduction

1.1. Background and Motivation

The recent success of deep learning has served as a practical motivation for the development of
provable efficient learning algorithms for various natural classes of neural networks. Despite extensive
investigation, our theoretical understanding of the assumptions under which neural networks are
provably efficiently learnable remains somewhat limited. Here we focus on arguably the simplest
possible setting of learning a single neuron, i.e., a real-valued function of the form x — o(w - x),
where w is the weight vector of parameters and o : R — R is a fixed non-linear and monotone
activation function. Concretely, the learning problem is the following: Given i.i.d. samples from
a distribution D on (x,y), where x € R? is the feature vector and y € R is the corresponding
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label, our goal is to learn the underlying function in L3-loss. That is, the learner’s objective is
to output a hypothesis » : RY — R such that E(x)~p[(h(x) — y)?] is as small as possible,
compared to the minimum possible loss opt := ming, cga E(x )~ p[(c(w - x) — y)?]. Settings of
particular interest for the activation o include the ReLLU and sigmoid functions, corresponding to
o(u) = ReLU(u) := max{0,u} and o(u) := 1/(1 + exp(—u)) respectively. Recall that a learning
algorithm is called proper if the hypothesis h is restricted to be of the form hg(x) = o(W - x).
Throughout this paper, we focus on developing efficient proper learners.

In the realizable case, i.e., when the labels y are consistent with a function in the class, the above
learning problem is known to be solvable in polynomial time for a range of activation functions. A
line of work, see, e.g., Kalai and Sastry (2009); Soltanolkotabi (2017); Yehudai and Shamir (2020)
and references therein, has shown that simple algorithms like gradient-descent efficiently converge to
an optimal solution under additional assumptions on the marginal distribution Dy on examples.

In this work, we focus on the agnostic learning model, where no realizability assumptions are
made on the distribution D. Roughly speaking, the agnostic model corresponds to learning in the
presence of adversarial label noise.

Definition 1 (Learning Single Neurons with Adversarial Noise) Fixe, W > 0, 6 € (0,1), and
a class of distributions G on R%. Let o : R — R be an activation function and D a distribution on
labeled examples (x,y) € R? x R such that its x-marginal belongs in G. We define the population
L3-loss as FP7(w) £ (1/2) E(x,)~pl(c(w - x) — y)?]. We say that D is (e, W)-corrupted if
nfw,<w FPo(w) < €. For some C > 1, a C-approximate learner is given ¢,5, W and i.i.d.
labeled examples from D and outputs a function h(x) : R — R such that, with probability at least
1— 6, it holds (1/2) Ex y)~pl(h(x) — y)?] < Ce.

Some comments are in order. First, we note that the parameter € quantifies the degree of contamination

— in the sense that the closest function in the class has L3-loss €. (Sometimes, this is denoted by opt
in the relevant literature.) The parameter W quantifies the radius of the ball that contains an optimal
vector w*. For uniformly bounded activations (e.g., sigmoids), one can remove the restriction on the
norm of the weight vector w, i.e., take W = 4-o00. In this case, we call D e-corrupted. When the
distribution and activation are clear from the context, we will write F'(w) instead of F'2+7 (w).

Related Prior Work In this paper, we focus on developing efficient constant-factor approximate
proper learners for a range of activation functions. For this to be possible in polynomial time, one
needs to make some qualitative assumptions on the underlying marginal distribution on examples.
Indeed, it is known (Diakonikolas et al., 2022) that in the distribution-free setting no constant-
factor approximation is possible (even for improper learning), under cryptographic assumptions,
for a range of activations including ReLLUs and sigmoids. On the other hand, even under Gaussian
marginals, achieving error opt + € (corresponding to C' = 1 in Definition 1) requires time d¥'(1/€),
for some function F' with lim,,_,~ F'(u) = oo (Goel et al.; Diakonikolas et al., 2020c; Goel et al.,
2020; Diakonikolas et al., 2021b). These hardness results motivate the design of constant-factor
approximate learners under “well-behaved” distributions.

On the algorithmic side, Goel et al. (2017) gave an algorithm with error opt + € and runtime
poly(d)2P°(1/€) that succeeds as long as the distribution on examples is supported on the unit
sphere. Frei et al. (2020) study ReLU activations under structured distributions and show that
gradient-descent on the Ly loss converges to a weight vector with error O(d €). The most relevant
prior work is by Diakonikolas et al. (2020a) who gave a poly(d/e)-time constant-factor approximate
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proper learner for ReLLU activations under isotropic log-concave distributions. Their algorithm makes
essential use of the ReLLU activation. In fact, Diakonikolas et al. (2020a) asked whether efficient
constant-factor approximations exist for other activations, including sigmoids. In this work, we
answer this open question in the affirmative.

The aforementioned discussion motivates the following broad question:

Is there an efficient constant-factor approximate learner
for single neurons under well-behaved distributions?

In this work, we answer this question in the affirmative for a range of activations including ReL.Us and
sigmoids and a variety of well-behaved distributions. In fact, we show that a simple gradient-based
method on the L3-loss suffices.

1.2. Our Results

Distributional Assumptions We develop algorithms that are able to learn single neurons under
a large class of structured distributions. We make mild distributional assumptions requiring only
concentration, anti-concentration, and anti-anti-concentration on the x-marginal of the examples. In
particular, we consider the following class of well-behaved distributions.

Definition 2 (Well-behaved Distributions) Let L, R > 0. An isotropic (i.e., zero mean and identity
covariance) distribution Dy on R? is called (L, R)-well-behaved if for any projection (Dy )y of Dx
onto a subspace V of dimension at most two, the corresponding pdf vy on R? satisfies the following:

* Forallx € V such that ||x||, < R it holds vy (x) > L (anti-anti-concentration).
e Forallx € V it holds that vy (x) < (1/L)(e~1XI2) (anti-concentration and concentration).

When the parameters L, R are bounded above by universal constants (independent of the dimension),
we will simply say that the distribution Dy is well-behaved.

The class of well-behaved distributions is fairly broad. Specifically, isotropic log-concave distri-
butions are well-behaved, i.e., they are (L, R)-well-behaved for some L, R = O(1), see, e.g., Lovédsz
and Vempala (2007); Klivans et al. (2009). Similar assumptions were introduced in Diakonikolas
et al. (2020d) and have been used in various classification and regression settings (Diakonikolas et al.,
2020f,e,b, 2021a; Frei et al., 2020, 2021; Zhang and Li, 2021; Zou et al., 2021).

Learning Sigmoidal Activations Our first main result holds for a natural class of activations that
roughly have “sigmoidal” shape.

Definition 3 (Sigmoidal Activations) Let o : R — R be a non-decreasing activation function and
T, 1, & > 0. We say that o is (1, u, §)-sigmoidal if it satisfies (a) o' (t) > T, forall t € [—1,1], and
(b) o' (t) < ce Ht forall t € R. We will simply say that an activation is “sigmoidal” when T, ji, €
are universal constants.

Arguably the most popular sigmoidal activation is the logistic activation or sigmoid, correspond-
ing to o(t) = 1/(1 + e~ ). Other well-studied sigmoidal activations include the hyperbolic tangent,
the Gaussian error function, and the ramp activation (see Figure 1). We note that all these activations
satisfy the requirement of Definition 3 for some universal constants 7, u, . In what follows, we will
simply refer to them as sigmoidal.
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The most commonly used method to solve our learning problem in practice is to directly attempt
to minimize the L3-loss via (stochastic) gradient descent. Due to the non-convexity of the objective,
this method is of a heuristic nature in general and comes with no theoretical guarantees, even in
noiseless settings. In our setting, the situation is even more challenging due to the adversarial noise in
the labels. Indeed, we show that the “vanilla” L2-objective may contain bad local optima, even under
Gaussian marginals. Specifically, even with an arbitrarily small amount of adversarial noise, the
vanilla L2 objective will have local-minima whose L3-error is larger than 1/2 (which is essentially
trivial, since sigmoidal activations take values in [—1, 1]); see Proposition 9 and Figure 2.

Our main structural result for sigmoidal activations is that we can “correct” the optimization
landscape of the L3-loss by introducing a standard f-regularization term. We prove the following
theorem showing that any stationary point of the regularized L3-loss is approximately optimal.

Theorem 4 (Informal: Landscape of Sigmoidals) For sigmoidal activations and e-corrupted well-
behaved distributions, any (approximate) stationary point W of the {5 regularized objective F,(w) =
F(w) + (p/2)||w||3 with p = O(€3), satisfies F(W) = O(e).

Standard gradient methods (such as SGD) are known to efficiently converge to stationary points
of non-convex objectives under certain assumptions. By running any such method on our regularized
objective, we readily obtain an efficient algorithm that outputs a weight vector with L3-loss O(e).
This is already a new result in this context. Yet, black-box application of optimization results for
finding stationary points of non-convex functions would resulting in a sample complexity with
suboptimal dependence on ¢, up to polynomial factors.

Aiming towards an algorithmic result with near-optimal sample complexity, we perform a “white-
box” analysis of gradient descent, leveraging the optimization landscape of sigmoidals. Specifically,
we show that “vanilla” gradient descent, with a fixed step size, finds an approximately optimal
solution when run on the empirical (regularized) L3-loss with a near-optimal number of samples.

Theorem 5 (Informal: Learning Sigmoidals via Gradient Descent) For sigmoidal activations
and e-corrupted well-behaved distributions, gradient descent on the empirical regularized loss ﬁp(-)
with N = O(d/€) samples, converges, in poly(1/¢) iterations, to a vector W satisfying F(w) < O(e)
with high probability.

Theorem 5 gives the first efficient constant-factor approximate learner for sigmoid activations in
the presence of adversarial label noise, answering an open problem of Diakonikolas et al. (2020a). As
an additional bonus, our algorithm is simple and potentially practical (relying on gradient-descent),
has near-optimal sample complexity (see Lemma 66), and succeeds for a broad family of bounded
activation functions (i.e., the ones satisfying Definition 3).

For simplicity of the exposition, we have restricted our attention to sigmoidal activations (cor-
responding to 7, i, £ being universal constants in Definition 3) and well-behaved distributions
(corresponding to L, R = O(1) in Definition 2). In the general case, we note that the complexity of
our algorithm is polynomial in the parameters L, R, 7, u, £, see Theorem 22.

Learning Unbounded Activations We next turn our attention to activation functions that are not
uniformly bounded. The most popular such activation is the ReLU function o(¢) = Relu(t) =
max (0, t). Our algorithmic results apply to the following class of unbounded activations.



LEARNING A SINGLE NEURON WITH ADVERSARIAL LABEL NOISE VIA GRADIENT DESCENT

Definition 6 (Unbounded Activations) Let o : R — R be a non-decreasing activation function
and o, X > 0. We say that o is (o, \)-unbounded if it satisfies (a) o is A\-Lipschitz and (b) o' (t) > «,
Sforallt € [0,400). We will simply say that an activation is unbounded when the parameters o, A
are universal constants.

We use the term “unbounded” for these activations, as they tend to oo as ¢ — +o00. Most well-
known unbounded activation functions such as the ReLU, Leaky-ReLU, ELU are («, \)-unbounded
for some absolute constants «, A > 0. For example, the ReLU activation is (1, 1)-unbounded.

Our main structural result for unbounded activations is that all stationary points w of the L3-loss
that lie in the halfspace w* - w > 0, where w* is the optimal weight vector, are approximately
optimal. In more detail, we establish the following result.

Theorem 7 (Informal: Landscape of Unbounded Activations) For unbounded activations and
e-corrupted well-behaved distributions, any stationary point w of F'(w) with w - w* > 0 satisfies
F(w) = O(e), and any w with w - w* > 0 and F(w) = Q(e), satisfies VF(w) - (w — w*) > 0.

We remark that the constant in the error guarantee of the above theorem only depends on the
(universal) constants of the distribution and the activation and not on the radius W of Definition 1.
Interestingly, Theorem 7 does not preclude the existence of suboptimal stationary points. On the other
hand, similarly to the case of sigmoidal activations, our structural result can be readily combined with
“black-box” optimization to efficiently find a constant-factor approximately optimal weight vector
w (see Section 3). To obtain near-optimal sample complexity, we again perform an “white-box”
analysis of (approximate) gradient descent, showing that simply by initializing at 0 we can avoid bad
stationary points.

Theorem 8 (Informal: Learning Unbounded Activations via Gradient Descent) For unbounded
activations and (e, W)-corrupted well-behaved distributions, (approximate) gradient descent on the
L2-loss F(-) with sample size N = ©(dW?2 max(polylog(W/e), 1)) and polylog(1/e) iterations,
converges to a vector w € RY, satisfying F(w) < O(¢) with high probability.

Theorem 8 is a broad generalization of the main result of Diakonikolas et al. (2020a), which gave
a constant-factor approximation (using a different approach) for the special case of ReLU activations
under isotropic log-concave distributions. While the result of Diakonikolas et al. (2020a) was tailored
to the ReLLU activation, Theorem 8 works for a fairly broad class of unbounded activations (and a
more general class of distributions). A key conceptual difference between the two results lies in the
overall approach: The prior work Diakonikolas et al. (2020a) used a convex surrogate for optimization.
In contrast, we leverage our structural result and directly optimize the natural non-convex objective.

Additionally, Theorem 8 achieves significantly better (and near-optimal) sample complexity as a
function of both d and 1/¢. In more detail, the algorithm of Diakonikolas et al. (2020a) had sample
complexity 2(d/e) (their results are phrased for the special case that W = 1), while our algorithm
has sample complexity O(d)polylog(1/e) — i.e., near-linear in d and polylogarithmic in 1 /.

2. Preliminaries

Basic Notation Forn € Z,, let [n] := {1,...,n}. We use small boldface characters for vectors
and capital bold characters for matrices. For x € R% and i € [d], x; denotes the i-th coordinate of
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Figure 1: The tanh(-) activation is (0.4, 1, 1.4)-sigmoidal. The ramp activation is (1, 1, 3)-sigmoidal.
The logistic activation is (0.19, 1, 1)-sigmoidal. In the right figure, we plot the derivative of the
ramp activation that is simply a rectangular function 1{|¢| < 1} (drawn in red) and the derivative of
tanh(¢) (drawn in blue). Notice that both decay at least exponentially fast: the derivative of the ramp
activation is non-zero only in the interval [—1, 1] and the derivative of tanh(¢) decays exponentially
fast, i.e., it is always smaller than (4/3)e~ 1%,

x, and ||x||2 = (Zle x2)1/2 denotes the £5-norm of x. We will use x - y for the inner product of
x,y € R%and A(x, y) for the angle between x, y. We slightly abuse notation and denote e; the i-th
standard basis vector in R4, We will use 1 4 to denote the characteristic function of the set A, i.e.,
Ta(x) =1ifx € Aand 14(x) = 0if x ¢ A. For vectors v, u € R%, we denote v the projection
of v into the subspace orthogonal to u, furthermore, we denote vl the projection of v into the
direction u, i.e., vlilv := ((v - u)u)/||ul3.

Asymptotic Notation We use the standard O(-), ©(-), Q(-) asymptotic notation. We also use O(-)
to omit poly-logarithmic factors. We write F/ = F', two non-negative expressions £ and F' to denote
that there exists some positive universal constant ¢ > 0 (independent of the variables or parameters
on which E and F depend) such that E > ¢ F. In other words, £ = Q(F'). For non-negative
expressions F/, F' we write FZ > F' to denote that ¥ > C F', where C' > 0 is a sufficiently large
universal constant (again independent of the parameters of £ and F’). The notations <, < are defined
similarly.

Probability Notation We use E,.p[z] for the expectation of the random variable = according to
the distribution D and Pr[€] for the probability of event £. For simplicity of notation, we may omit
the distribution when it is clear from the context. For (x, y) distributed according to D, we denote
Dy to be the distribution of x and D, to be the distribution of . For unit vector v € R%, we denote
Dy, the distribution of x on the direction v, i.e., the distribution of x,,. For a set B and a distribution
D, we denote Dp to be the distribution D conditional on B.

3. The Landscape of the 2 Loss

In this section, we present our results on the landscape of the L2 loss for the sigmoidal activation
functions of Definition 3 and the unbounded activation functions of Definition 6. Before we proceed,
we remark again that Definition 3 models a general class of bounded activation functions, including,
for example, the logistic activation, o (t) = 1/(1 + e~ !), the hyperbolic tangent, o (t) = tanh(t), the
Gaussian error function, and the ramp activation, see Figure 1.
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Figure 2: The non-convex optimization landscape of the “vanilla” L3 loss. The activation is a ramp
function r(t), defined in Equation (2). The x-marginal is the uniform distribution on the square
[—2,2] x [—2,2]. The “true” underlying weight vector is w* = (1,0). In the left figure, we plot the
noiseless population objective F'(w) as a function of w € [—2,2] x [-2, 2], where y = r(W* - x).
We observe that even though the objective is non-convex, in this case, the only stationary point is
the true weight vector w*. In the right figure, we introduce noise and observe that the objective has
another stationary point, which in fact is —w*. Finally, we notice that the landscape becomes more
“flat” as we move away from the origin and the “bad” stationary point is a local-minimum that the
“noise” was able to create in a particularly flat region.

We first show that we can construct noisy instances that have “bad” stationary points, i.e., local-
minima whose L3 loss is w(e). Perhaps surprisingly, this is the case even when the underlying x-
marginal is the standard normal and the level of corruption € of the corresponding labeled instance D
is arbitrarily small. Moreover, the sigmoidal activation used in the construction of the counterexample
is very simple (in particular, we use the ramp activation). We show that, even though the constructed
instance is only e-corrupted, there exists a local minimum whose L3 loss is at least w(e) (and in fact
larger than some universal constant). The proof of the following result can be found in Appendix A;
an example of the noisy L3 landscape is shown in Figure 2.

Proposition 9 (Vanilla L3 has “Bad” Local-Minima) For any ¢ € (0,1], there exists a well-
behaved sigmoidal activation o(-) and an e-corrupted distribution D on R% x {41} with standard
Gaussian x-marginal such that FP () has a local minimum u with FP (u) > 1/2.

Our positive result shows that by using a regularized version of the L3 loss, we can guarantee
that all stationary points have error within a constant multiple of €. Before stating our formal result,
we first define the norm that we will use frequently together with its corresponding dual norm. In
fact, we show that this norm characterizes the landscape of the (regularized) L3 loss, in the sense that
minimizing the gradient with respect to its dual norm will give a point with small error.

Definition 10 (w-weighted Euclidean Norm) Given some vector u € R%, we define its weighted

. . j Toj ul|2
Euclidean norm with respect to a non-zero vector w € R% to be ||u|w = HTOJ‘%’Z”Q + ”p” J‘ﬁfm 2w
Wil2 Wil2

. 3/2 . 1/2
e = max(([projy vl [ w5, [projy va| W)

also define the dual norm of ||-||w as follows: ||v
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The main intuition behind the norm of Definition 10 is the following: for well-behaved distri-
butions and sigmoidal activations, the “noiseless” L3 loss Exp[(c(w - x) — o(W* - x))?] behaves
similarly to the non-convex function w + ||w — w*||,. For more details and intuition on why this
norm naturally appears in our results, we refer to (the proofs of) Lemma 17 and Lemma 43.

Remark 11 (Distribution/Activation parameters) Before we present our main structural result,
we would like to revisit the parameters of Definition 2 and Definition 3. We observe that an (L, R)-
well-behaved distribution is also (L', R’)-well-behaved for any L' < L, R’ < R. Therefore, without
loss of generality (and to simplify the presentation), we shall assume that L, R € (0, 1]. For the same
reason, for sigmoidal activations, we will assume that £ € [1,00) and 7, u € (0, 1]. Similarly, for
unbounded activations we assume A € [1,00), a € (0, 1].

We now state our main structural result for sigmoidal activations, namely that all stationary points
of the /5-regularized L2 objective are approximately optimal solutions. Its proof can be found in
Appendix A.

Theorem 12 (Stationary Points of Sigmoidal Activations) Ler D be an e-corrupted, (L, R)-well-
behaved distribution on R% x R and o be a (r, u, £)-sigmoidal activation. Set = LORS 374 /€2
and p = Ce®/KP, where C > 0 is a universal constant, and define the ls-regularized objective as
Fy(w) = (1/2) E(x)pl(oc(w - x) — y)?] + (p/2)|lw||3 . For some sufficiently small universal
constant ¢ > 0, we have the following

s If|lw|2 <2/Rand ||VF,(w)|l2 < ¢\/€ then F(w) = € - poly(1/k).
s If |lwl|2 > 2/Rand ||VF,(W)|l«w < c\/€ then F(w) = € - poly(1/k).

Theorem 12 shows that the L3 objective behaves differently when w lies close vs far from the
origin. The landscape becomes more “flat” as we move further away from the origin, and in order to
achieve loss € we have to make the dual of the weighted w-norm of the gradient small; for example,
the component orthogonal to w has to be smaller than /€/ ||w||§/ 2,

At a high level, we prove Theorem 12 in two main steps. First, we analyze the population L3 loss
without a regularizer, and show that all “bad” stationary points are in fact at distance Q(1/¢) from
the origin. Since the non-regularized (vanilla) gradient field becomes very flat far from the origin,
adding a small amount of noise potentially creates bad local minima (see also Figure 2). We show
that by adding an appropriate ¢» regularizer, we essentially introduce radial gradients pulling towards
the origin whose contribution is large enough to remove bad stationary points, while ensuring that
the “good” stationary points do not change by a lot.

Before proceeding to the proof of Theorem 12, we first highlight an intricacy of the landscape of
the L3 loss for sigmoidal activations: the L3 loss may be “minimized” for some direction of infinite
length. Consider, for example, the case where the activation is the logistic loss o'(t) = 1/(1 + e™t),
the label y is equal to sign(w™ - x) for some unit vector w*, and the x-marginal is the standard normal
distribution. Then, we have that for any fixed vector w it holds that Ey ).p[(c(w - x) —4)?] > 0
and

. * 2
Jim B fo(tw'x) — )7 = 0.
We prove the following lemma showing that even though the true “minimizer” may be a vector of
infinite length, there exist almost optimal solutions inside a ball of radius O(1/¢).
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Lemma 13 (Radius of Approximate Optimality of Sigmoidal Activations) Ler D be an (L, R)-
well-behaved distribution in R® and let o (t) be a (1, u, €)-sigmoidal activation function. There exists
avector v with ||v|s < 1/eand F(v) < (1 + O(u%))e

To prove Theorem 12 we will show that for most vectors w the gradients of vectors that have
large error, i.e., w with F'(w) > Q(e), will have large contribution towards some optimal vector
w*, ie., VF,(w) - (w —w*) > 0. This is a more useful property than simply proving that the
norm of the gradient is large, and we will later use it to obtain an efficient algorithm. However, as
we already discussed, this is not always the case: we can only show that the gradient field “pulls”
towards some optimal solution only inside a ball of radius roughly 1/e around the origin (see Cases
1,2 of Proposition 14). Outside of this ball, we show that the regularizer will take effect and pull us
back into the ball where the gradient field helps to improve the guess; this corresponds to Case 3
of Proposition 14. In particular, we show that the projection of the gradient of the L3 objective on
the direction w — w™ is proportional to the standard /5 distance of w — w™*, when w is close to the
origin, and proportional to the w-weighted Euclidean distance of Definition 10, when w is far from
the origin.

Proposition 14 (Gradient of the Regularized L2 Loss) Let D be an (L, R)-well-behaved distri-
bution and define F,(w) = (1/2) E(x ) p[(c(w - x) —y)?] + (1/2)p||w||3, where o is a (T, 1, §)-
sigmoidal activation and p > 0. Let ¢ € (0,1) and let w* € R? such that F(w*) < ¢ and
|lw*||2 < Ule, for some U > 0. Furthermore, set k = LSRSu314 /€2 and p = Ce® /K>, where
C > 0 is a sufficiently large universal constant. There exists a universal constant ¢ > 0, such that
for any w € R%, we have:

1. When |w|2 < 2/Rand |w* — wl|2 > \/€/(c'K5), then VE,(w) - (W — w*) > /\/e|w* —
w2

2. When2/R < ||wll2 < dk/e and either |w — w*|w > /e(U/(k%)) or ||w||2 > 2||w*
then VF,(w) - (W —w*) > ¢ \/e|w" — w||w.

2>

3. When ||w|2 > k/(2€), then VE,(W) - w > ¢/ \/e||W||w .

To keep the presentation simple, we shall sketch the proof of the following proposition showing that
the gradient field of the “vanilla” L3 loss points towards some optimal solution w*, as long as the
guess ||w||2 is not very far from the origin. We refer to Appendix A for the proof of Proposition 14.

Proposition 15 (Gradient of the ‘“Vanilla” L% Loss (Inside a Ball)) Let D be an (L, R)-well-behaved
distribution and let o be a (T, u, §)-sigmoidal activation. Let € € (0, 1) be smaller than a sufficiently
small multiple of L>R74 /€2 and let w* € R? with F(w*) < e. Set k = LSRS;374/€2. There
exists a universal constant ¢’ > 0, such that for any w € R with |w|s < ¢'k/¢, we have:

1. When ||wl|l2 < 2/R and |Ww* — w2 > V/€€/(c LR*r?), then VF(w) - (W — w*) >
¢ elw* = wa

2. When ||w|l2 > 2/R and either |w* — w||w > \/€/k or |w]|2 > 2|w*
(w— W) > /e[ w* — Wil

9, then VF(w) -
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Proof Sketch of Proposition 15 Let w* € R? be a target weight vector with F/(w*) < €. As we
discussed, we want to show that when w is far from w* (in w-weighted Euclidean norm), then the
inner product VF(w) - (w — w*) is strictly positive. We can decompose this inner product in two
parts: I that depends on how “noisy” the labels are and 2 that corresponds to the contribution that
we would have if all labels were “clean”, i.e., y = o(W™* - x),

VF(w) - (w—-w")=E[(c(w" x)—y)o'(w-x)(W-x—w"x)]
I
+E[(c(w-x) —o(w" - x))o'(w-x)(w-x —w* x)] . (1)

P

We crucially use the monotonicity of the activation o (-): since o(-) is non-decreasing, we have that
o'(t) > 0and (o(w-x) — o(w* - x))(w-x — w*-x) > 0. These facts immediately imply that
I > 0. In what follows, we will show that I is strictly positive.

In the worst case, the noisy term I; will be negative, i.e., the noise will try to make the gradient
point in the wrong direction (move w “away” from the target w*). In the first part of the proof, we
show that |I; | cannot be too large: the positive contribution /5 is much larger than the contribution
of the noisy term |I;|. Apart from the monotonicity of the activation o(-), we will also rely on
the fact that if we view its derivative as a distribution, it satisfies anti-concentration and anti-anti-
concentration properties, i.e., o/(t) > 7 forall t € [~1,1] and ¢’(t) < £e #!l for all t € R, see
Definition 3. A simple sigmoidal activation is the ramp activation, defined as follows:

r(t) & (1) 1{t < =1} +t L{|t| < 1} + (+1) 1{t > 1}. )

We observe that the ramp activation is (1, e, 1)-sigmoidal since its derivative is r/'(¢) = 1{|t| < 1}
and vanishes exactly outside the interval [—1, 1]. In the formal proof, we show how to reduce the
analysis of general sigmoidal activations to the ramp activation. To keep this sketch simple, we will
focus on the ramp activation.

Estimating the Contribution of the Noise We start by showing that the noise cannot affect the
gradient by a lot, i.e., we bound the contribution of I;. We prove the following lemma.

Lemma 16 Let D be a well-behaved distribution. For any vector w € R? it holds that |I1| <
Ve min([|w* — wllw, [[w* —w]2) .

Proof. (Sketch) Using the Cauchy-Schwarz inequality, we obtain:

L] < B[|(r(w" - x) = y)r'(w-x)(w-x —w" - x)]]
< (B[(r(w" - x) —y)’)2(E[(w - x —w" - x)*r'(w - x)?]) /2

= F(w*) (E[(w-x — w" - x)%'(w - x)?])1/2

< Ve (Bl(w - x = w* )% (w - %)) ()
We proceed to bound the term E[(w - x — w* - x)%7/(w - x)?]. Note that we can use the global upper
bound on the derivative of the activation function, i.e., that 7/(¢) < e for all ¢ € R. However, this
would only result in the bound E[(w - x — w* - x)%7/(w - x)?] < O(||[w — w*||3). For sigmoidal
activation functions, we need a tighter estimate that takes into account the fact that the functions

10



LEARNING A SINGLE NEURON WITH ADVERSARIAL LABEL NOISE VIA GRADIENT DESCENT

have exponential tails outside of the interval [—1, 1]. In particular, for the ramp function, we have
that as ||w||2 becomes larger the derivative r'(w - x) = 1{|w - x| < 1} becomes a very thin band
around the origin. Therefore, by the anti-concentration and anti-anti-concentration of well-behaved
distributions (see Definition 2), the aforementioned integral decays to 0 as ||w |2 — oo at a rate of
1/||w||2. Lemma 16 follows from combining Equation (3) along with the following lemma.

Lemma 17 Let D be a well-behaved distribution. For any vectors w*,w € RY, it holds that
Exop, [(W-x = w* - x)*(r(w - x))?] S min (|w* — w|g,, [[w* = w|3) .

We will provide a proof of the above lemma because it highlights why the weighted Euclidean norm
of Definition 10 captures the non-convex geometry of the optimization landscape.

Proof (Sketch) Here we assume that Dy is the standard d-dimensional Gaussian; see Lemma 35 for
the formal version. First note that Ex.p, [(W-x —w* - %)% (w-x)?] < Exp, [((W—w*)-x)?] =
|w — w*||3, where we used the fact that since the distribution Dy is isotropic, i.e., for any vector
u € R? it holds that Ex.p, [(u-x)?] = ||u||2. This bound is tight when ||w/||2 is small (see Case 1 of
Proposition 15). When ||w||2 > 1, we see that the upper bound decays with ||[w|2. Let q = w* — w
and denote by G the one-dimensional standard Gaussian. We can decompose the difference q to
its component parallel to w: q'* and its component orthogonal to w: qWL. From the Pythagorean
theorem, we have that (q - x)? = (g™ - x)? + (q% - x)2. Using this we get:

El(q-x)’1{|lw x| < 1}] = E[(g" - x)*L{|w x| < 1}] + (@™ - 2)*)1{|w x| < 1}

a3 I
3
2wl

w — 1 -
= a3 E [2214]] < Iwil '} + a1 Prle] < Iwil;'] S

S < llalls
[[wll

where in the second equality we used that under the Gaussian distribution any two orthogonal

directions are independent, and in the last inequality we used that a? + b < (a + b)? for a,b > 0.

Observe that the orthogonal direction is only scaled by roughly the probability of the slice, which is
1/||w||2, while the parallel component (which is restricted in the interval |z| < 1/||wl]|2) is scaled by
1/||w||3 (similarly to the fact that [ t*dt = O(a®)). [ |

Estimating the Contribution of the “Noiseless” Gradient We now bound from below the
contribution of the “noiseless” gradient, i.e., the term o of Equation (1). To bound /5 from below, we
consider several different cases depending on how far the vector w is from the target vector w*; the
full proof is rather technical. In this sketch, we shall only consider the case where the angle between
the weight vectors w and w* is in (0, 7/2) and also assume that the norm of the guess w is larger
than 2/ R, since this is the regime where the norm of the gradient behaves similarly to the weighted
Euclidean norm of Definition 10. Notice that when w is close to the target w*, then its projection on
the orthogonal complement of w, i.e., ||proj,,.w™*||2, will be small and also its projection on the
direction of w, i.e., ||projy,v||2, will be close to ||w||2. In this sketch, we will show how to handle
the case where §(w, w*) € (0,7/2), ||projw.w*||2 < 2/R and ||proj,,w*||2 < 2||w||2, i.e., the
case where w and w* are not extremely far apart.

Lemma 18 Let D be a well-behaved distribution. For any vector w € R® with |w|lz > 2/R,
IIprojwrw*|l2 < 2/R, ||projuw*|l2 < 2||wlle, O(w,w*) € (0,7/2), it holds that Iy 2 |w —
w2,

11
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We can now finish the proof of (one case of) Proposition 15. From Lemma 16, if ||w||2 > 2/R, it
holds that the noisy gradient term |I1| < v/€||w* — w||w. Using Lemma 18, there exists a universal
constant ¢ > 0, such that I} + Iy > c|[|w* — w||w(|Ww" — W|w — Ve/c) Z Ve[|w" — Wlw ,
where in the last inequality we used that |[w* — w||w > \/e. This completes the proof sketch of
Proposition 15. For the full proof, we refer to Appendix A.

4. The Landscape of the L32-Loss for Unbounded Activations

For unbounded activations we essentially characterize the optimization landscape of the L2-loss as a
function of the weight vector w. Specifically, our main structural theorem in this section establishes
(roughly) the following: even though the population L3-loss F(w) = E(x ,).p[(c(w - x) — y)?] is
not convex, any approximate stationary point w of F'(w) will have error close to that of the optimal
weight vector w*, i.e., F'(w) < O(e). In more detail, while there exist “bad” stationary points in
this case, they all lie in a cone around —w*, i.e., in the opposite direction of the optimal weight
vector. As we will see in Section 5, gradient descent initialized at the origin will always avoid such
stationary points. Our main structural result for unbounded activations is as follows:

Theorem 19 (Stationary Points of («, A)-Unbounded Activations) Ler D be an (e, W')-corrupted,
(L, R)-well-behaved distribution in RY. Let o be an (cv, \)-unbounded activation and let F(w) =
E(x,y)~p|(0(W - X) — y)?]. Then, if for some w € RY, with w - w* > 0 and |w||2 < W it holds

|VF(w)||2 < 2A\/e, then F(w) < C(%)Zlﬁe, for some absolute constant C' > 0.

The proof of the theorem above can be found in Appendix B.

Remark 20 An important feature of the above theorem statement is that the error guarantee of the
stationary points of the L3-loss F'(w) does not depend on the size of the weight vector w*. It only
depends on the ratio of the constants A and « (that for all activation functions discussed above is
some small absolute constant). For the special case of ReLU activations, it holds that A\ /oo = 1.

For the proof of Theorem 19, we need the following structural result for the gradient field of
the L3 loss for unbounded activations. We show that as long as ||w — w*||5 is larger than roughly
Veand w - w* > 0, then the gradient at w has large projection in the direction of w — w*, i.e., it
“points in the right direction”.

Proposition 21 Let D be an (e, W)-corrupted, (L, R)-well-behaved distribution and o be an
(v, \)-unbounded activation. For any w € R% withw -w* > 0 and ||w —w*||2 > C\/(a2LR*) /e,
it holds VF(w) - (w —w*) 2 o?LR*||w — w*|)3.

We remark that one can readily use the above proposition to obtain an efficient algorithm via
black-box optimization methods. To achieve this, we can simply start by finding a stationary point
w9, and then repeat our search constraining on the set {w : w-w(®) < 0} to obtain some stationary
point w(1), Then we continue in the set {W(O) -w < 0,wM) . w < 0}. Since for all the boundaries
we have (using Proposition 21) that the gradient has non-zero projection onto the direction w — w*,
we obtain that by adding these linear constraints, we do not introduce new stationary points. It is
not hard to see that after O(d) such iterations, we obtain a stationary point that lies in the halfspace
w* - w > 0, and therefore is an approximately optimal solution.

12
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5. Optimizing the Empirical L3-Loss

In this section, we show that given sample access to a distribution over labeled examples D on
R? x R, we can optimize the L2 loss via (approximate) gradient descent. This allows us to efficiently
find a weight vector that achieves error O(¢). Ideally, we would like to perform gradient descent with
the population gradients, i.e., w1 <« w(® — (VE(w®)). We do not have direct access to these
gradients, but we show that it is not hard to estimate them using samples from D; see Algorithm 1.
We present our main algorithmic result for learning the sigmoidal activations discussed in Section 3.
The proof can be found in Appendix C.

Theorem 22 (Learning Sigmoidal Activations) Let D be an e-corrupted, (L, R)-well-behaved
distribution on R% x R and o(-) be a (1, i, €)-sigmoidal activation. Set k = LSRS;31%/¢2 and
let ¢ > 0 be a sufficiently small absolute constant. Then gradient descent (Algorithm 1) with
step size 1 = c€*®, regularization p = (1/c)e®/k°, truncation threshold M = &/u, N =
O(d/elog(1/§)) poly(1/k) samples, and T = poly(1/(er)) iterations converges to a vector
w(T) € R? that, with probability 1 — 6, satisfies F(wT)) < poly(1/k) €.

Input: Iterations: 7', N samples (x(i), y(i)) from D, step size: n, bound M, regularization p.
Output: A weight vector w(7).

1. Let ﬁ(w) =+ Zfil(a(w -x@) — )2 where 79 = sign(y™) min(|y?|, M)
2. w9 0.
3. Fort=0,...,T do

(a) g Vﬁ(w(t)).

Algorithm 1:Gradient Descent Algorithm for Optimizing the L3-Loss for Sigmoidal Activations

We now turn our attention to the case of unbounded activations. Perhaps surprisingly, we show
that essentially the same algorithm (the only difference is that in this case we set the regularization
parameter to 0) achieves sample complexity polylogarithmic in 1/e. The proof of the following
theorem can be found in Appendix C.

Theorem 23 (Unbounded Activations) Let D be an (e, W)-corrupted, (L, R)-well-behaved distri-
bution on R*xR and o (-) be an (v, \)-unbounded activation. Set s = poly(LRa/\)/(W? log(W)).
The gradient descent Algorithm 2 with step size ) = ke, truncation threshold M = O((W/L)
max(log(A2W?2/e), 1)), N = O((d/k) log(1/8) max(poly log(1/¢€), 1)) samples, and T = poly(log(1/e),
1/k) iterations converges to a vector wT) € R that, with probability 1 — 6, satisfies F(w'T)) <

1 346
LR\ « :

13



DIAKONIKOLAS KONTONIS TZAMOS ZARIFIS

Input: Iterations: 7', sample access from D, step size: 1, bound M.
Output: A weight vector w(T).

1. w® «—o.
2. Fort=0,...,Tdo

(a) Use fresh N samples from D truncated at M to obtain g(*), an approximation of the
population gradient V F’ (w(t)) (see Claim 55).

() wt+D)  wl®) _ pg®).

Algorithm 2:Gradient Descent Algorithm for Optimizing the L3-Loss for Unbounded Activations
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Appendix A. Omitted Proofs of Section 3

A.1. Proof of Proposition 9

We restate and prove the following proposition.
Proposition 24 (Bounded Activations Have ‘“Bad” Stationary Points) Fix e € (0, 1] and let r(t)
be the ramp activation. There exists a distribution D on R? x {£1} with standard Gaussian X-

marginal such that there exists a vector v with F(v) = (1/2) Ex ).p[(y —7(v -x))?] < O(e) and
avector u with VF(u) = 0, V2F(u) <0, i.e., u is a local-minimum of F, and F(u) > 1/2.

Proof We define the following deterministic noise function

Yy
-1 ift< -2 S
+1 if —2<t< -1 t
rt)=<—t if —1<t<1 )/
1 i —1<t<2
+1 ift>2 20
In what follows, we denote by (t) = \/%e_ﬂ/ 2 the density of the standard normal distribution.

It suffices to consider noise that only depends on a single direction, i.e., y(x) = 7(x1/€). We first
show that there exists a vector with small L3 loss. Take v = e; /¢, where e; = (1,0, ...,0) is the
first vector of the standard orthogonal basis of R?. It holds that

F(v) =(1/2) xgx[(T(Xl/E) —y(x1))’] = (1/2)x37x[(7“(><1/6) —7(x1/e))?]
€ —€ \/§ €
= (1/2) /_e(t/e—l—t/e)Q’y(t)dt—i—/_Qe 4y(t)dt < e )

We next show that there exists a “bad” stationary point u, i.e., a u with VF(u) = 0 and F'(u) > 1/2.
We have

t2dt + de = O(e) .

VF(u) = E[(r(u-x) —y(x))r'(u-x)x].

We shall take u = —e1 /¢, i.e., the opposite direction of the almost optimal vector v that we used
above. Using the coordinate-wise independence of the Gaussian distribution, we have that for every
orthogonal direction e;, ¢ > 2, it holds that VF'(u) - ¢; = 0. For the direction e, we obtain

VE(u)-er = E[(r(—x1/€) = (x1/€)) 1{[x1] < e}xi]
= E[(r(—x1/¢) = 7(—x1/€)) I{{xa| < e}x1] = 0.
We next proceed to show that u is a local minimum of the population L3-loss . We compute the

Hessian of F at u. In what follows, we denote by §(t) the standard Dirac delta function. We have
that

ViF(u)= E [((u-x))?xx]+ E [(r(u-x)—yx))(0(u-x+1)—d(u-x—1))xx’].

x~Dx x~Dx
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For i # j, using the fact that the Gaussian marginals are independent, we have that (V2F(u));; = 0.
‘We next observe that the second term of the Hessian vanishes. We have

E [(r(u-x)—y(x))((u-x+1) = 5(u-x —1))x]]

x~Dy
= B [(r(=x1/e) = r(x1/e)(0(x1/e+1) = d(x1/e = 1))x7] = 0,

x~ Dy

where we used the fact that both r(—x1/¢),7(x1/€) are continuous at x; = =e¢, and it holds
r(£1) =7(£1).
To complete the proof, we need to show that the L3 loss of u is large. It holds that

F(w) = 5 Bl(r(—x1/0) ' (x1/0)’
—€ +00
>3 ([ ttetro - vararsans [0 /o)
> % (/_;o dn ()t + [OO 47(t)dt> > 4/100 ()t > 1/2.
This completes the proof of Proposition 9. |

Proof of Lemma 13
We restate and prove the following lemma.

Lemma 25 (Radius of Approximate Optimality of Sigmoidal Activations) Ler D be an (L, R)-
well-behaved distribution in R? and let o(t) be a (1, 1, €)-sigmoidal activation function. There exists
a vector v with ||v|j2 < 1/eand F(v) < (1 + O(M%))e

Proof We first observe that since F'(w) is a continuous function of w, there exists a vector w*
with ||w*||2 < +o00 such that F'(w*) < 2e. If € > 1, then the zero vector achieves 4e error since,
using the inequality (a + b)? < 2a? + 2b?, we have that F(0) = E[y?] < 2E[(y — o(w* - x))?] +
2E[o(w* - x)?] < 2¢ + 2¢ < 4e. Denote 1 /¢ := p. If |[w*||2 < p, then we are done. If ||[w* |2 > p,
then we consider a scaled down version of w*, namely, the vector v = p w* /||w*||2. Using again
the inequality (a + b)? < 2a? + 2b%, we have

F(v)<2F(w*)+2 E [(0(v-x)—o(w"-x))?].

x~Dy
Since v is parallel to w* and its norm is smaller than ||w*||, we have that
g 1 [T 2
* *
E [(o(v-x) —o(w"-x))7] < L/ (o ([[vll2t) — o ([[w*[l2[])"dt

x~Dx —00

1 /Jroo /+OO , 2
< — o'(z)dz) dt
L) o ( Ivile )

1 / T eIt gy
L)

§
pL||v]|

IN

)
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where we used the fact that the density of 1-dimensional marginals of Dy is bounded from above
by 1/L, see Definition 2, and the fact that o/ (t) < £e~#I!l. We see that by choosing ||v||2 = 1/e it
holds that Exp,[(0(v - x) — o(W* - x))?] = O(¢/(uL))e. Thus, combining the above we have
that there always exists a v with ||v||2 = O(1/e that achieves L3 loss F(v) < (1 + O(“%))e [

A.2. Proof of Proposition 14

We restate and prove the following proposition.

Proposition 26 (Gradient of the Regularized L3 Loss) Let D be an (L, R)-well-behaved distri-
bution and define F,(w) = (1/2) E(x pl(c(w - x) — y)*] + (1/2)p||lw||3, where o is a (T, 1, §)-
sigmoidal activation and p > 0. Let ¢ € (0,1) and let w* € R? such that F(w*) < ¢ and
|w*|l2 < Ule, for some U > 0. Furthermore, set k = LSRSu374/¢% and p = Ce3/KP, where
C > 0 is a sufficiently large universal constant. There exists a universal constant ¢ > 0, such that
for any w € R%, we have:

1. When ||wlj2 < 2/Rand |w* — wl|2 > \/€/('Kk®), then VE,(w) - (w — w*) > /\/e||w* —
W||2

2. When2/R < ||wl|l2 < dk/e and either |w — w*|lw > /e(U/(KD)) or ||w||2 > 2||w*
then VF,(w) - (w —w*) > ¢ \/e|w" — w]||w.

2

3. When ||w|2 > k/(2€), then VE,(W) - w > ¢/ \/e||W||w .

Similarly to the statement of Proposition 14, in our proof we shall consider several cases
depending on how large ||w||2 is. For the rest of the proof, let ¢’ be the absolute constant of
Proposition 15 and denote by k = L3ROp37% /€2, Ay = 16, Ay = 1/k > £/° /(¢ kL?u5)'/5 and
K = A3U/(VIKLR).

First, we show Case 3 of Proposition 14 and bound from below the contribution of the gradient
on the direction of w, when the norm of w is large. In other words, we show that in this case the
gradient contribution of the regularizer is large enough so that the gradient field of the regularized
L3-objective “pulls” w towards the origin.

Claim 27 If ||w|2 > dk/(eAr), then VE,(w) - w > /€| W||w .

Proof We have that

VE(w) - w= B [(olw ) ~y)o’(w-3w-x] + plwl.

First we bound from below the quantity E(y )~ p[(o(W - x) — y)o’(w - x)w - x]. We need to bound
the maximum value that o can obtain.

Fact 28 Let o be a (7, j1, §)-sigmoidal activation, then |o(t1) — o(t2)| < 2§/p for any t1,t2 € R.

Proof Using the fundamental theorem of calculus, for any ¢1, 2 € R, it holds

|o(t1) = a(t2)] =

/: a’(t)dt’ < /Oo o' (t)dt < 2/000 Eemtrdt < 26/,

—00
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where we used that o is non-decreasing and that o’ (t) < e ™A, [ |

Using Fact 28, we have that

LB Jlotw )~ g)ots xw K = = B [o(wex) =)o’ xw x|
> Qix B [0/ (wx)?w ]
3
> 25 B exp(~2ulw-x| < Dlw x|
53
LWl

where in the second inequality we used that the maximal difference of (o(w - x) — y) is less than
2¢ /1, and in the third the upper bound in the derivative of o. Therefore, we have that

3
VE,(w)-w > (1/2)p||w|3 + (1/2)||w]3 (ﬂ - L,;,Evﬂ@
> (1/2)plwl3

. . . 263 A3E3 263
where in the last inequality we used that p > TL 2 T wE-
2
Therefore, we have that VF,(w) - w > (1/2)p||w||3°||w||w. By using that [|w|]2 > ¢'r/(eA1)
and p > % we get that
VE,(w)-w > \/eA " ﬁL Wlw = Vel[wllw ,

where we used that £, Ay > 1, u, x, L < 1 (see Remark 11) and this completes the proof of Claim 27.
|

Next we bound from below the contribution of the gradient in the direction w — w* when w is
close to the origin, i.e., when ||w|l2 < 2/R (first case of Proposition 14). In this case, we show
that our choice of regularization p, ensures that when w is not very large, then the gradient behaves
qualitatively similarly to that of the vanilla L3 objective, i.e., as in Proposition 15.

Claim 29 [f||wl|j2 < 2/Rand |w* — w|s > \/e£/(c' LR*7?), then
VE,(w) - (w—w") > (/2)¢Ve|w" = ws.

Proof From Proposition 15, we have that if ||w]||s < 2/R and |w* — w||s > v/€¢/(¢' LR*7?), then
VFE(w) - (w—w"*) > e||[w* — wl|a. Therefore, we have that

VE (W) - (W= w") > dVe[[w" = wllz + plwll2(|wll2 — [w”[]2 cos 6)
> dVellw* = wllz = plwll2[w" — wll2

> (/2)Vellw" = w2,
where in the third inequality we used that |[w||s < 2/R and that p = O(F3(w™)). [
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Next we handle the case where 2/R < [|[w||2 < /k/(eA2) (see Case 2 of Proposition 14). Again,
the fact that we choose a small regularization parameter allows us to show that the gradient field in
this case behaves similarly to that of the unregularized L3 objective (see Case 2 of Proposition 15).

Claim 30 If2/R < ||w|2 < ¢k/(€eA2), then
VE (W) - (W —w*) > (V¢ /2)Ve|w* — W]l .

Proof We compute the contribution of the regularizer in the direction w — w*. This is equal to
pllwll2(|[w|l2 — ||w*||2 cos #). Note that this is positive when ||w||2 — ||w*||2 cos @ > 0 and negative
otherwise. Hence, if § € (7/2, 7) the contribution of the regularizer is positive, and therefore it is
bounded from below by the contribution of the gradient without the regularizer. We need to choose
the value of p so that the regularizer cancels out the contribution of the noise when ||w|| is large
(i.e., when the regularizer has positive contribution).

From Proposition 15, we have that if |w* — w|w > \/€/k, then VF(w) - (w — w*) >
d\/e|lw — w*||lw, hence, it holds

VE(w) - (W = w") = Vellw = w"l|lw + plwll2(wll2 — [[W"]|2 cos )

> dVellw = wlw = pllwll2lllwll2 - Hw*Hz cos 6|

wllo — [[w*||5 cos @ w*||o sin 6
Iwll3? wle
> (¢/2)Vellw — W lw,
2.5_3

where for the last inequality we used that ||w||2 < ¢/k/(eA2) and that p < 40/,\12%
|

Finally, we consider the case where 'k /(eA2) < ||wl|2 < ¢’k/e and ||projy,.w*||2 > 2K/R.
We show that the contribution in the direction w — w* of the unregularized gradient of L3 is greater
than the contribution of the gradiend corresponding to the regularizer. The proof of the following
claim can be found in Appendix A.

Claim 31 Ifc'k/(eM2) < ||w|2 < dk/€ and ||projy,.w*||2 > 2K /R then
VE(w) - (W — W) > (¢ /VeW — Wi

To prove the Proposition 14, it remains to show that |[w — w* ||y is small when ||proj, . w*||2 <
2K /R and 'k /(eA2) < ||w]]2 < ¢’k/e. Similarly to the proof of Claim 31, we need to consider
only the case where 6§ € (0,7/2) and ||w||2 < 2||w*||2. In fact, we show that in this case the vector
w is close to the target vector w*. We have:

2 * : *
o = w < 22 Il prods w7l
w5 w5
K/R+1 *
< / 14/'2 " |w 3|)|/22’
1wl w3

where in the first inequality we used the triangle inequality and in the second the fact that || proj,, . w*||2 <
2K/R. Moreover, recall that c'k/(eAs) < ||wll2, |[w*|]2 < U/e and K = A3°U/(V/JkRL).
Therefore, we have that |[w — w*||w < U+/€A3/(c'k)%/% < (cU/k")+/e, for some absolute constant
c> 0.
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A.3. Proof of Theorem 12

We restate and prove the following theorem:

Theorem 32 (Stationary Points of Sigmoidal Activations) Letr D be an e-corrupted, (L, R)-well-
behaved distribution on R% x R and o be a (1, u, £)-sigmoidal activation. Set = LSRS 374 /€2
and p = Ce®/KP, where C > 0 is a universal constant, and define the ls-regularized objective as
Fy(w) = (1/2) E(xy)nl(oc(w - x) — y)?] + (p/2)|lw||3 . For some sufficiently small universal
constant ¢ > 0, we have the following

o If[[wl]l2 <2/Rand |VF,(w)||2 < c\/€ then F(w) = € - poly(1/k).
s If|lwl|2 > 2/Rand ||VF,(W)|l«w < c\/€ then F(w) = € - poly(1/k).

Proof We note that from Lemma 13, there exists a w* € R?, such that F(w*)||w*[2 = 1 +
O(/(pL)) = U and F(w*) < e. We can assume that € < poly(§/(LRu)), since otherwise any
vector w, gets error F'(w) < 2e. First we consider the case where ||w||2 < 2/R. From Proposition 14
for ¢ > 0 a sufficiently small absolute constant, we have that if ||w* — w||s > /¢/(ck%), then

w— w*

IVE(wW)|l2 > VE(w) > /e,

W= w2 T

In order to reach a contradiction, assume that | VF(w)||2 < ¢/v/e and Ex.p, [(c(W - x) — o(W* -
x))?] > €%¢/(c*k19). From Proposition 14, we have that |[w* — w|2 < v/¢/(c's°). Therefore,
from Lemma 43 we have that

ge/(*r%) < B [(o(w-x) —o(w" x))"] < [lw — w5 < £%/(*s17) ,
X~ Dx
which is a contradiction.
Next, we consider the case where ||w||2 > ¢’k /(2¢). From Proposition 14, we know that there is
no approximate stationary point in this region, i.e., there is no point w with |VF (w)||.«w < /.
For the last case we consider the case where 2/R < ||w||2 < ¢’k/e. From Proposition 14, we
have that if either |[w — w*||w > U+/€/(c's°) or |w]|2 > 2||w*||2, then

*

> Ve,

. [w—w*[lw —

IVE(W)[l+w = VF(w)

where we used that for any two vectors z1, 2o € RY, it holds z; - zo < ||z;

|22 w-

In order to reach a contradiction, assume that Ex..p, [(c(W - x) — o(W* - x))?] > C’Lf;g];o €

and that ||VF(w)|.«.w < ¢/\/e, where C > 0 is a sufficiently large absolute constant. It holds that

|[w* — wllw < Uv/€/(¢'k?) and ||w]|2 < 2||w*||2. Hence, we have that

_ [Iwlla = cos@w™|la| | [[w"llasin® _ Uye

Wl =
[wl|3/> Wl ~ #°

[w

Therefore, it holds that
VAW Ve
~ w265 Y /w25
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where we used that ||w||2 < 2||[w*||2, and using that \/€/||w*||2 is smaller than a sufficiently small
absolute constant, we get that sinf < 1/2, and hence, 6 € (0,7/4). Using again Lemma 43, we
have that

2 52 2 52(/2
E olw -X)—o0o ‘F7* - X < W ‘hr* < .
XNDX[( ( ) ( )) ] ~ L4M3H H ~ L4u3/<a106

Therefore, we get again a contradiction. The proof then follows by noting that F'(w) < 2e +
2Eyp, [(c(W-x) — o(W* - x))?].
|

A 4. Proof of Proposition 15

We restate and prove the following proposition.

Proposition 33 (Gradient of the “Vanilla” L% Loss (Inside a Ball)) Let D be an (L, R)-well-behaved
distribution and let o be a (T, 1, &)-sigmoidal activation. Let ¢ € (0,1) and let w* € R?
with F(w*) < € and F(w*) is less than a sufficiently small multiple of L>R57*/¢2. Denote

k = LSRSu374 /€2 There exists a universal constant ¢ > 0, such that for any w € R? with
|lwll2 < ¢'k/e it holds that

1. When ||w|2 < 2/R and |w* — w||z > \/€€/(c LR*7?), then

VF(w) - (w—w")>dVel|lw" —wlz.

2. When ||w|l2 > 2/R and either |W* — w||w > \/€/k or |w||2 > 2||w*||2, then

VE(w) - (W —w") > ¢/el|[w" = wlly.

Proof We decompose the gradient into a part that corresponds to the contribution of the “true” labels,
i.e., o(w* - x) (see I2 below), and a part corresponding to the noise (see I; below). We have that

VF(w) (w—-w") =E[(c(w" x)—y)o'(w-x)(W-x—w"x)]
I
+E[(c(w-x) —o(w* x))o'(w-x)(w-x—w"-x)] . 4)

12

In the following subsections, we bound I; and I from below. We start by bounding from below the
effect of the noise, i.e., the contribution of I.

Estimating the Effect of the Noise We start by showing that the noise cannot affect the gradient
by alot, i.e., we bound the contribution of I;. We prove the following lemma:

Lemma 34 Let D be an (L, R)-well-behaved distribution and o be a (T, u, §)-sigmoidal activation.
For any vector w € RY, it holds that

Lz —/8¢emin(|w* — wlw/(1*2L?), [w* — w]2) .
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Proof Using the Cauchy-Schwarz inequality, we obtain:

I > —E[[(c(w"-x) —y)o'(w-x)(W-x —w" - x)]]
> —(E[(o(w" - x) — )" (E[(w-x - X)ch’(w -x)?)?
= —/F(w*) (E[(w-x —w" x)%0'(w - ><)2])1/2
> — Ve (B[(w-x —w"-x)%0'(w-x)?))"/?, ®)

where we used that F'(w*) < ¢, from the assumptions of Proposition 15. We proceed to bound
the term E[(w - x — w* - x)20’(w - x)?]. Note that we can use the upper bound on the derivative
of the activation function, i.e., o’(t) < & for all ¢ € R. However, this would result in E[(w - x —
w* - x)%0'(w - %)% < O(&%lw — w*||3). While, this was sufficient for the case of unbounded
activations of the Definition 6, for bounded activation functions, we need a tighter estimate that takes
into account the fact that the functions have exponential tails outside the interval [—1/pu, +1/pu].
Recall that we denote by qllw* the component of q € R? parallel to w* € R%, i.e., q”vv* = Projw+q.
Similarly, we denote q* = pro jw+L1d. We prove the following.

Lemma 35 Let D be an (L, R)-well-behaved distribution and o be a (T, u, §)-sigmoidal activation.
For any vectors v,w € R4, it holds that

1
B v x = v x02(o w0 < 862 min (L v = wiielv - wiB)
Proof First note that Ex..p_ [(W-x—v-x)20"(W-X)?] < €2 Exp, [(W-x—Vv-x)? exp(—2|w-x|u)],
from the assumption that |0’ (t)| < & exp(—pu|t]). It holds that
E [(w-x—v-x) exp(—2lw-x[p)] < B [(w-x—v-x)7=|w-v[3,
x~Dx x~Dx

where we used the fact that the distribution Dy is isotropic, i.e., for any vector u € R4, it holds that
Exp, [(0- %) = [|ulf3.

Next show that by using the tails of the distribution Dy, we can prove a tighter upper bound for
some cases. We use that the distribution is (L, R)-well-behaved, and we prove the following claim
that bounds from above the expectation.

Claim 36 Let Dy be an (L, R)-well-behaved distribution. Let b > 0 and u,v be unit norm
orthogonal vectors. It holds that

8
E (e xPexp(-blvex) < o B ((vex)Pexp(-bvx)] < 1o

Proof Without loss of generality take u = e; and v = es. Using the fact that the distribution is
(L, R)-well-behaved, we have that the 2-dimensional projection on the subspace V' spanned by v, u
is bounded from above by (1/L) exp(—L||xy||2) everywhere. We have that

X~ 1Dx

E [x7exp(—bv-x)] < (1/L)/ / x2 exp(—bv - x) exp(—L||xy ||2)dx;dxs
x2€R Jx1€R

<(4/L) /000 x3 exp(—L|x1]) /000 exp(—b|xz|)dx;dxs
=8/(L') .

23



DIAKONIKOLAS KONTONIS TZAMOS ZARIFIS

Putting the above estimates together, we proved the first part of Claim 36. For the other part, it holds
that

E [(v-x)%exp(—bv-x)] < (4/L) /000 /000 x3 exp(—L|x1|) exp(—b|x2|)dxodx; = 8/(L?b?) .

x~Dy

This completes the proof of Claim 36. |

Let = v — w and note that (q - x)? = (g™ - x)? 4+ (g™ - x)2. Using Claim 36, it holds that

E [(a-x)?exp(-2w-xp)] = E [(@™ )"+ (¢ x)°) exp(—2w - xp)]
8 1 8|all
< —(la™3—r—=3 + la"™ 3 ) < 3
L4 2 3 w3 2pllwlly” = LA

where we used that a? + b> < (a + b)? for a, b > 0. This completes the proof of Lemma 35. W

Lemma 34 follows from combining Equation (5) along with Lemma 35. |

Estimating the Contribution of the “Noiseless”” Gradient In order to compute the contribution
of the gradient when there is no noise to the instance, we show that in fact the contribution of I5 is
bounded from below by the contribution of a ramp function instead of o. To show this, we use the
property that o’(t) > 7, forall t € [—1, 1], see Definition 3.

Claim 37 It holds that Iy > 7% Exp, [(r(w - x) — r(v - x))r'(w - x)(W — V) - x].
Proof We have that
I = ]% [(c(w-x)—0o(v- %)) (w-x)(W—V) X]

— B [[(o(w:x) = o(v-x)’(w - x)(w ~ v) x|

> 7B, [|(0(w - x) = o(v-x))(w = v) - x[L{|w x| < 1}],

where we used that o is non-decreasing and that o(t) > 7 for t € [—1, 1] from the assumptions of
(7, u, §)-sigmoidal activations. Moreover, note that from the fundamental theorem of calculus, we
have that

W-X

o(w-x)—o(v-x) :/ o' (t)dt > 7'/ I{|t| <1}dt =7(r(w-x) —r(v-x)),

V-X V-X

W-X

where we used again that o(t) > 7 for t € [—1, 1]. Therefore, we have that

L7 B ((r(wex) —r(vx)/(w - x)(w =) x]

This completes the proof of Claim 37. |

To bound I» from below, we consider three cases depending on how far the vector w is from
the target vector w*. The first two cases correspond to f(w, w*) € (0,7/2). In the first case,
we have that either ||proj,, . w*|2 > 2K/R, for any K > 1, or ||proj,w*|l2 > 2|/w|2 and in
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the second case when both of the aforementioned conditions are false. The last case corresponds
to (w,w*) € (m/2,7). Notice that when w is close to the target w* then its projection onto
the orthogonal complement of w, i.e., || proj,,.w™*||2, will be small and also its projection on the
direction of w, i.e., ||proj,, w*||2, will be close to ||w|

2.

If either of the conditions of the first case are satisfied or when w - w* < 0, then there is a
large enough region that we can substitute the 7(w* - x) by the constant function r(w* - x) = 1
(left plot in Figure 3), these conditions corresponds to the case that the vectors w and w* are “far”
apart from each other. Whereas if both of these conditions are not satisfied then there exists a large
enough region that r(w* - x) = w* - x (right plot in Figure 3), in this case the vectors w and
w* are “close” to each other. Without loss of generality, we may assume that w/||w||2 = ez and
w* = ||[w*||2(cos fey — sin feq). For simplicity, we abuse notation and denote by Dy the marginal
distribution on the subspace spanned by the vectors w, w*.

Case 1: w and w* are “close” We now handle the case where 6(w, w*) € (0,7/2), ||projy,. w*||2
2K /R and ||proj, w*|l2 < 2||w||2, i.e., the case where w and w* are close to each other but still
not close enough to guarantee small L? error, i.e., the L3 error of w, F'(w) is much larger than e.

Lemma 38 Let D be an (L, R)-well-behaved distribution. For any vector w € R, let § =
O(w*,w) € (0,7/2). If |projwrw*||2 < 2K/R, for K > 1, and ||proj,,w*||2 < 2||w||2, it holds:

2 3
. IfHWHQ > Q/R, then I > %”W _ W*”%v

* Otherwise, Io > %HW — w3

Proof Using Claim 37, we have that

Iy > 72 XNFbx[(r(w -x) —r(w* - x))r'(w-x)(w—w") - x|

>72 E [(w-x—r(wx)(w—-w") -x1{0 <w-x <1}].

- x~Dyx
Note that in the last inequality we used that because 7(-) is a non-decreasing function, it holds that
(r(w-x) — r(w*-x))(w — w*) - x > 0 for any value of x € R%. Moreover, we assume without
loss of generality that w/||w||2 = eg, and therefore w* = ||w*||2(cos fe; — sin fe; ). Note that in
this case the condition ||proj,, w*||2 < 2||w||2 is equivalent to 2||w||2 > | cos 0]||w™||2.

Consider the region —R/(4K) < x; < —R/(8K) and x2 < 1/(4||lw||2) which is chosen to
guarantee that 0 < w* - x < 1, which holds because

0<w"-x < ||[w|2cosbx2 + R||w*||2sinf/(4K) < 1/2 + cosb||w*||2/(4]|w]2) < 1.
We show the following claim which will be used to bound from below I for this case.

Claim 39 Ler Dx be an (L, R)-well-behaved distribution. For any vectors w,v € R? and a,b €
[0, R], let q = w — v, it holds

PIOjy Lab
E -X2]l{ w -X € O,a,vi. -x € (=b,0 HZ w1262+ | gt ||267)
x~Dsy. |:(q ) ||W||2 ( ) ||Vpr0Jw||2 ( ) ) (”q ||2 Hq ”2 )
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Proof We have that q = q/l* +q~ and using the Pythagorean theorem we have that ((w—v)-x)? =
lalw|3(es - x)% + ||g™||3(es - x)2. Therefore, we have that

E [(w=v)- x)zll{el -x € (0,a),e2-x € (—b,0)}]

x~Dy
b
> B [(w-v)-x)1{er-x € (5,a),er-x € (b, ~3)}]
a b
> B [(la™l3er-%)* +lla™|3(ez - x)*)1{er - x € (F.a).e2-x € (~b, —1)}]
a b

> *(Hq”wllga2 +lla[3* B [1{e1-x € (5,a),e2-x € (=b,—5}]

x~Dx 2 2

Lab
(IIqHWH +llat30%)
where in the last inequality we used that the distribution D is (L, R)-well-behaved. [ |

For the case where ||w||2 > 2/R. Using the Claim 39, we have that

E [(w—=v) x)°1{0 < x2 < 1/(4]wl2), —R/(4K) < x1 < ~R/(8K)}]

x~Dyx

LR R?
v llw Lw2
iz U™ B s + I~ I agg

w3<wwaw¢w>>LW

lall%, -

> -
~ K32048 \ ||w|3 |lwle | = 4096 K3
For the case where ||w||2 < 2/R, using Claim 39, we have

E [(w—v) x)°1{0 < x2 < 1/(4]wl2), —R/(4K) < x1 < ~R/(8K)}]

x~Dy
> B [(w-v) -x)*1{R/8 < x5 < R/4,—R/(4K) < x1 < —R/(8K)}]
X~ Dx
LR? R LR*
> llw Lw2 > 2 .
> 2 (I B + It g ) > rmegslal?
This completes the proof of Lemma 38. |

From Lemma 34, we have that I} > —+/8¢/u3(¢/L?)||w* — w||w. Using Lemma 38, for K = 1,
we have that

L+ 1>

CLR ot~ wl [ — Wil — e —026VEE
4096 VT Wiw LW T Wilw L3132 R372

> 2(6/1*P)VBe| W = wllw = Vel W —wllw

where in the second inequality we used that |[w* — w||yw, > \ﬁ% and that £ > 1,
1. Moreover, note that in the special case that ||w|2 > 2||w™*||2, we have that |[w* — W]

IV IA
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(1/2)HWH2_1/2. Therefore, it holds

LR, . 4096+/8¢
htI 2 W = wiw | [lw —WHw—x/EW
TLR% “1/2 4096+/8¢
= 1006 W = wlw | (1/2)[wll; —ﬁm

T2LR3 |[w* — w||w
6wy

where in the third inequality we used that e||w||2&2 /(L R®u372) is less than a sufficient small
constant. Using that |[w|s < CLéR®u374/(e£?) for a sufficiently small constant C' > 0, from the

assumptions of Proposition 15, we get that I + I > c’u§/2 Vellw* — wllw > dVel|lw* — wi|w,

where we used that £ > 1,1 > u by assumption.
Moreover, for the case that |wl|2 < 2/R, we have I} > —/e{||w* — w||2. Using Lemma 38,
we have that

27 P4
72LR* | . 2048¢
I+ 1 > 2048 [W* — w2 (‘W —wll2 — \/ELR47'2>

> Velw" — w2,

where in the last inequality we used that ||w* — w2 > /€ é%%i% and that £ > 1.

Case 2: w is far from the target w* We now handle the case where our current guess w is far
from the target weight vector v. In particular, we assume that either ||proj,.w*||2 > 2K/R for
some K > 1, or ||proj,, w*||2 > 2||w||2. In this case there is a large enough region for which we
can substitute the (w™* - x) by the constant function r(w™* - x) = 1 (left plot in Figure 3). First, we
handle the case where ||proj, . w*||2 > 2K /R or ||proj,,w*||2 > 2||w||2. We prove the following:

Lemma 40 Let D be an (L, R)-well-behaved distribution. Let 0 = 0(w*,w) € (0,7/2). There
exists a sufficiently small universal constant ¢ > 0 such that for any w € R%, if |proj,,. w*||2 >
2K /R, for K > 1, or ||projww*||2 > 2||w||o, it holds:

¢ UHW”Q > 2/R, then Iy > T2LR12/2 ”W _ W*”w
72[wll;

* Otherwise, Iy > 721{“15‘3 |lw —w*||2.

Proof From Claim 37, we have that

Iy > 72 xgx[(r(w x) —r(w* - x))r'(w-x)(w—w") - x]

=72 E [(W-x—r(w"x))(w—-—w") x1{|jw- x| <1}]

x~Dy
> 72 ED [(W-x—r(w" - x))(w—w") x1{0<w-x<1}].
Note that the last inequality holds because r is a non-decreasing function, and thus we have that
(r(w-x)—r(w*-x))(w-x—w*-x) > 0forall x € R% Let c = min(1/||w||2, R), and note that the
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Figure 3: Using our distributional assumptions, there exists a region (“blue”) that provides enough
contribution to the gradient, the left plot corresponds to Lemma 40 where the angle between the
current vector and the target one is large, in this case we take a region where r(w* - x) = 1, the
right plot corresponds to Lemma 38, in this case the angle is small, and we take a region where
r(w* -x)=w" x.

condition ||proj,, w*||2 > 2||w||2 is equivalent to 2||w|| < cos f||w*||2. We consider the following
subset —R < x3 < —R/2and ¢/2 < x2 < ¢ which is chosen such w* - x > 1; which holds because
w* - x > ||w*||2(cos Ox2 + Rsin0/2) > ||w*||2(cos fc/2 + Rsin0/2) and the last part is always
greater than 1 if at least one of the following hold: ||w*||2sinf > K/R or 2||w|| < cos8||w*|2.
Therefore, it holds that »(w* - x) = 1. Hence, we can write

XN]% [(W-x—r(w"-x))(w—-—w") - x1{0 <w-x <1}

> E [(w-x—r(w"-x)(w—w") -x1{c/2<x2<c¢,—R<x; < —-R/2}|

x~Dy

> E [(w-x—1)(w—w") -x1{c/2<x2<2¢/3,-R<x; <—-R/2}] .

x~ Dy

Notice that in this case w - x < w* - x and that (1 — w - x) > 1/3. Therefore,

E [(w-x—r(w"x)(w—-w") -x1{0<w-x <1}

x~Dy
> (1/3) B [lw-w)-x[I{e/2 <x2 <2¢/3,-R<x < ~R/2)] .

Let = w — w*. By using the inequality (a® + b2)1/2 > (1/2)(]a| + |b]) for any a,b € R and that
(q-x)% = (q¥ - x)2 + (q* - x)2, we have that

E [|(w—w")x|1{c/2 <x32 <2¢/3,-R <x; < —R/2}]

x~Dx
= E [V(q-x)?1{c/2 <x2 <2¢/3,—R <x3 < —R/2}]

x~Dx
1
> B [(la" x|+ g™ x))1{e/2 < x2 < 2¢/3,~R < x1 < —R/2)]
L et € o gl B
cLR
>

LR [yl € 4 g, B
> G (la g+l g )
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where we used that the distribution is (L, R)-well-behaved. For the case that ¢ = 1/||w||2, we have
that
r (lav g +latvla g ) 2 2
2 2 son L™ 2 (¢ | DRl B q
T2wls 2wl T

Finally, for the case that c = R, we have that

T LR? R R\ _ T°LR?
Bz T2 (g + g ) = Tl

72 144

where we used that (a + b)? > a? 4 b? for a, b > 0. This completes the proof of Lemma 40. M

To prove Proposition 15 for this case (the case for which the assumptions of Lemma 40 hold),
we use the bound of the contribution of the noise to the gradient from Lemma 34, i.e., that I; >
—/8¢/13(€/L?)||w* — w||w, given that ||w||o > 2/R. Putting together our estimates for I; and
I, we obtain:

22 R2 £72V/8
L+1p> HWMMM ~ Vvl 5

QLRQ
> L lallw ©)
144fjw[

where, we used that /e|[w][262 /(L3 R?1i3/?72) is less than a sufficiently small constant from the
assumptions of Proposition 15. Observe that from the assumptions of Proposition 15, there exists a
constant C' > 0,such that ||w||z < CLSRSu37%/(e€?) hence, we have that

I+ 1 > Veldllw ,

where we used that L, R, 4 < 1and £ > 1.
Finally, similar to the previous case, for the case that ||w||2 < 2/R, it holds

2 LR3 144¢ ) - 2 LR3

1_
144 Hq“( Vel pE ogs Il

where we used that (1 — \f;};% ) > 1/2.

L+ 1>

Case 3: angle of w and w* is greater than 7/2 We now handle the case where 6(w,w*) €
(w/2, ). This case is very similar to the second case, i.e., Lemma 40.

Lemma 41 Let D be an (L, R)-well-behaved distribution. For any vector w € R with (w*, w) €
(m/2, 7). We show

2
 f o = 2/ R then Iy = 2w — w .

* Otherwise, we have that Iy > 72{‘6R4 |lw —w*||2.
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Proof Let ¢ = min(1/||w]|2, R). We consider the R/2 < x; < R and ¢/2 < x3 < ¢ so that
0 > w* - x. Similarly to the previous case, using Claim 37, we get that 5 > 72 Exp, [(W - x —
r(w* - x))(w—w*)-x1{0 < w-x < 1}] and for this case it holds that (w™* - x) < 0. Hence, we
have that

E [(w-x—r(w"x)(w—w") - x1{0 <w- -x <1}

x~ Dy

> E [(w-x—r(w"x))(w—-—w") -x1{c/2 <x2<c¢,R/2<x; <R}

x~Dy
> CH‘;”Q ED [(w—w") -x1{c/2 <x2<¢,R/2<x; <R} .
X~ Dx

Note that (w — w™) - x = (||w||2 — cos 0||w™||2)x2 + sin || w*||2x1 > (||W]|2 — cos 9HW ll2)c/2+
sin 0||w*|[2R/2, when R/2 < x; < Rand ¢/2 < x2 < ¢. Denote by q = w — w* we get that
(|[wll2 — cos B]|w*||2)c/2 + sin 8| w*|[2R/2 = ||a/™|lac/2 + ||a |2 R/2. Furthermore, using that
the distribution D is (L, R)-well-behaved, we have that Ex.p, [1{c/2 <x2 <¢,R/2 <x; < R}| >
L%. Hence,

T2 LRc%||w||2

I, >
2= 16

(I llze + ™ 2)

which completes the proof of Lemma 41. |

Therefore, if |[w||2 > 2/R, we have I} > —+/8¢/u3(¢/L?)|w* — w||w. Putting together our
estimates for /; and I5, we obtain:

72 LR? £16
L+, > ———|w—w" <1 - e]w|]2>
16w ||1/2 w L3R2,u3/272
2LR2
W —ww,
1/2
= 32wy

where we used that \/e[[w]|2£/(L3R?u?/?72) is less than a sufficiently small constant from the
assumptions of Proposition 15. Note that from the assumptions of Proposition 15, there exists a
constant C' > 0 such that ||w||s < CLSRS;37%/(e€?), and hence it holds

Il + I2 Z \/E”qu 9

where we used that L, R, u < 1 and £ > 1.
Finally, similarly to the previous case, we have that if ||w|ls < 2/R, it holds that

2L R4 . 16¢ LR7? .
Il+I22 16 HW_W H2 (1_\£LR472) Z 32 HW—W H27
where we used that (1 — /e L}g& g1z ) > 1/2. This completes the proof of Proposition 15. [ |

30



LEARNING A SINGLE NEURON WITH ADVERSARIAL LABEL NOISE VIA GRADIENT DESCENT

A.5. Proof of Claim 31

We restate and prove the following claim.
Claim 42 [fdr/(eA2) < ||wl|l2 < k/e and ||projy, . w*||2 > 2K /R then
VE, (W) - (w—w") > (c/2)Vel|w" = wiw.

Proof First, we calculate the contribution of the regularizer in the direction w — w*. This is
equal to 2p||wl3(|[w|l2 — ||[w*||2 cos ). Note that this is positive when [|w||2 — |[|[w* |2 cos§ > 0
and negative otherwise. Hence, if § € [r/2, 7) the contribution of the regularizer is positive, and
therefore it is bounded below by the contribution of the gradient without the regularizer. Moreover, if
||lwll2 > 2||w*||2, then ||w]||2 — |[[w*||2 cos @ > ||w||2 — ||[w*|l2 > 0, therefore we can again bound
from below the contribution of the gradient like before. For the rest of the proof, we consider the
case where 0 € (0,7/2) and |w||2 < 2[|w*||2.

From Proposition 15 and specifically Equation (6), we have that as long as 2/ R < ||w||2 < ¢'k/(e
and ||projy, 1 w*||2 > 2K/R then VF(w) - (w — w*) > ¢/ LR ||lw — w*||w. Therefore, we have

. Iwli’®
that
w* —w
V- =) 2 0L || ||1/2'W+puw\z<rwuz—uw*uzcosm
Wil2
w* —w
> LR =V,
Iwil
—w)l| 1 w3
> /2LR2H(W w*) | /2 R2 : ). _ P 2 2)
= Wi T g Pl = o

To bound the ||projy,. w*||a — pl|w||3||w*|l2/ (7> LR?), we have that

[projy. w*||l2¢'7> LR? - KJT’LR - KF3(w*)LR7? o1
2o(wl3llw*llz = pllwl3llw*ll = pe?s2U T 7

where the in the first inequality we used that ||proj,, . w*||2 > 2K/R; in the second that ||w||y <
dk/e and ||[w*||2¢ < U; and in the last inequality that p < KC E,zéfl; ®. Therefore, we have that
(Ilprojyrw*(|l2 — 2pl|w||3]|w*[l2/(¢'LR*7?)) > ||projy,. w*||2/2 and the result follows similar to

the proof of Claim 30. |

A.6. Parameter vs L3 Distance

Lemma 43 (Parameter vs L3 Distance) Let Dy be an (L, R) well-behaved distribution. Let o be a
(7, &, w)-sigmoidal activation. For any vectors w,v € R%, we have Ex..p, [(0(w-x) —0(v-x))?] <
£2||lw — v||3. Moreover, if § = O(w,v) < 7/4, |wll2 < 6||v|l2 and 6 > 1, and |w|2 > 2/R, it
holds

253

E [(o(w:x)—0o(v-x))’] <

_ 2
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Proof First, we consider the case where |w||2 > 2/R and 6 € (0,7/4). Let V be the subspace
spanned by w, v and assume without loss of generality that w/||w||o = e and therefore v =
||v||2(cos ea — sin feq ), we abuse the notation of Dy to be the distribution projected on V. It holds

that
< /v T:x a'(t)dt) 2]
( / :'Xsexp<—u|t|>dt) ]

<& E [(w-x—v-x)*(exp(—2u|w - x|) + exp(—2p|v - x|))] ,

x~ Dy

E [(o(w-x)—o(v-x)] = E

x~Dy x~Dy

< E

x~Dy

where we used that o is non-decreasing. Let ¢ = w — v. Using Claim 36, it holds that
E [(w-x—v-x)?exp(~2ulw - x)])] = E[((a" - x)” + <qu - x)?) exp(—2w - xy1)]

x~Dy
) 8llall
pllwlle” = LAu3

8
J— IIW J~w 2

Moreover, for the second term, it holds that

E [(w-x—v-x) exp(-2uv-x))] = B [(@™ %)+ (q"¥ - x)%) exp(~2v - xp)

x~Dx x~Dyx

E [(a™ %)+ (@™ %)) exp(=2]|v|}2 cos fxap)]

x~Dy

8 1

<2 glwp2z— -

= L4(||q ||2,LL3”V”§C0803 + ||q

IN

3 2
L < 3’ llalls 7
plivliacos 6~ LAu?

lw(2
12

where in the last inequality, we used that cos § > 1/2 and that ||w||2 < §||v||2. For the other cases,
we use the “trivial” upper-bound, i.e.,

x~EDx[(U(W x) —o(v-x))? < & xgx[(w X —v-x)
<&w—v|3 sup E [(w-x)7

[wll2=1%~Dx

< &w —vli3,

where we used that ¢ is £-Lipschitz and that the distribution Dy is isotropic. |

Appendix B. Omitted Proofs of Section 4
B.1. Proof of Proposition 21

We restate and prove the following claim.

Proposition 44 Let D be an (e, W)-corrupted, (L, R)-well-behaved distribution and o be an («, \)-
unbounded activation. For any w € R with w - w* > 0 and |w — w*||a > C\/(a®?LR*) /e, it
holds VF(w) - (w — w*) 2 o?LR*||w — w*||3.
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Figure 4: Using our distributional assumptions, we identify a region (“blue”) that provides enough
contribution to the gradient, so that an update step will decrease the distance with the optimal one.

Proof We have

VFE(w) - (w—w")

— E[(o(w" - x) — )0’ (W - X)(w - x — w* - X)|

Iy

+E[(c(w-x) —o(w* - x))o'(w-x)(w-x—w"-x)] .

Iz

We start by bounding the contribution of I;. We show that the “noisy” integral I; has small negative
contribution that is bounded by some multiple of |w — w*||2+/€. We show the following claim.

Claim 45 It holds that I, > —2\||w — w*||2+/€.

Proof Using the Cauchy-Schwarz inequality, we have that

I > ~Bl|(o(w" - x) = )’ (w - x)(w - x = w" - x)]]
> AE[Jo(w* - x) — yl|w-x — w* - x|
> “A(E[(o(w” - x) — y)?) (Bl(w - x - w* - x)2))!/?

v

1/2
A Ve |w — w2 < max E[(v- x)2]> > —2)\|lw — w*|]2v/€,

veER ||v]2=1

where in the first inequality we used the fact that o is A-Lipschitz, in the second that F'(w*) = € and
in the last the fact that the distribution is isotropic. Hence, we have that

I > —2\||w — w*¥||2v/€ . 7
This completes the proof of Claim 45. |

Next we bound from below the contribution of the “clean” examples, i.e., Ia. We show that this
positive contribution is bounded below by a multiple of ||w — w*||3, which is enough to surpass the
contribution of the negative region /5. We have the following claim.
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Claim 46 11 holds that I, > TR || w — w2,

Proof We first notice that (o(w - x) — o(W* - X))o’ (W - x)(W - x — w* - x) > 0 for every x € RY,
because o is an increasing function. Without loss of generality, we may assume that w/||w||2 = e
and therefore w* = ||w*||2(cos fea — sin fe;). For simplicity, we abuse notation and denote Dy
the marginal distribution on the subspace spanned by the vectors w, w*. From the definition («, \)-
unbounded activations, we have that infyc (o r/|wll,) o' (£) > infic(o,00) 0’ (t) > a > 0. We now
have that

I =E[(oc(w-x)—o(w" -x))0o'(w-x)(W-x—w"x)]
> ?E[(w-x —w"-x)*1{x; € (-R,—R/2),x2 € (R/2,R)}],

where the region inside the indicator is the “blue region” of Figure 4. We remark that this region
is not particularly “special”: we can use other regions that contain enough mass depending on
the distributional assumptions. At a high level, we only need a rectangle that contains enough
mass and the gradient in these points is non-zero. Therefore, using the fact that the distribution is
(L, R)-well-behaved, we have

E[(w-x—w"x)?1{x; € (-R,—R/2),x2 € (R/2,R)]
= E [(la™ I3 + lla[3x) Lxi € (—R,~R/2), %2 € (R/2.R)}|

7LR 7TLR* )

o (la™ 113 + lla™3) =

where q = w — w*. Therefore, we proved that

f22 7a262R4||W_W*||§- ®
|
Thus, combining Equations (7) and (8), we have that
VE(W) - (W —w") > [w — w*s ( 7LR4 lw — w2 — 2)\f>
which completes the proof of Proposition 21. |

B.2. Proof of Theorem 19

We restate and prove the following theorem:

Theorem 47 (Stationary Points of («, \)-Unbounded Activations) Let D be an (e, W)-corrupted,
(L, R)-well-behaved distribution in RY. Let o be an (v, \)-unbounded activation and let F(w) =
E(x,y)~p[(0(W - x) — y)?]. Then, if for some w € R, with w - w* > 0 and |w||2 < W it holds

|VF(w)||2 < 2A\/€, then F(w) < C’(%)[lﬁe, for some absolute constant C' > 0.
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Remark 48 We remark that we assume o(0) = 0 to simplify the presentation. If o(0) # 0, then
we can always consider the loss function () = o(t) — ¢(0) and also subtract (0) from the labels
y,i.e.,y' =y — o(0). Our results directly apply to the transformed instance.

. o . 4
To prove Theorem 19, in order to reach a contradiction we assume that F'(w) > C me for

absolute constant C' > 0 and that || VF(w)][2 < ajﬁ? /€. From Proposition 21, we have that

7a’LR* (w—w*) _ Ta’LR* A128
. > VF . > —wHllo — R
o1 VezVEW) [w—w> =~ 64 <”W w2 \/E7a2LR4> ’

and therefore
)

Moreover, we have

F(w) = E[(o(w-x) —y)*] < 2E[(0(w" - x) = )*] + 2E[(0(w - x) — o(W" - x))’]
< 26+ 202 ||w — w3 .

Therefore, using Equation (9), we get

Mt 1
F<W)§C<a> RS

which leads to a contradiction. This completes the proof of Theorem 19.

Appendix C. Omitted Proofs of Section 5

C.1. Proof of Theorem 22

We restate and prove the following theorem:

Theorem 49 (Learning Sigmoidal Activations) Let D be an e-corrupted, (L, R)-well-behaved dis-
tribution on R xR and o (-) be a (1, i, €)-sigmoidal activation. Set k = LSROp>74 /€% and let ¢ > 0
be a sufficiently small absolute constant. Then gradient descent (Algorithm 1) with step size n) = ce??,
regularization p = (1/c)e3 /k®, truncation threshold M = &/u, N = ©(d/elog(1/9)) poly(1/k)
samples, and T = poly(1/(er)) iterations converges to a vector wT) € R? that, with probability
1 — 6, satisfies F(w™)) < poly(1/k) €.

We will first assume that we have access to the population gradients of the L3 objective and then
show that given samples from D, gradient descent again converges to some approximately optimal
solution. Before we start, we observe that, without loss of generality, we may assume that o(0) = 0
(otherwise we can subtract o(0) from y and the activation, see Remark 48). Moreover, from Fact 28
we know that |o(t)| < £/u. Therefore, for every example (x,y) ~ D we can “truncate” its label
to y = sign(y) min(|y|, {/p) and the new instance will still be (at most) e-corrupted. To simplify
notation, from now on, we will overload the notation and use y instead of ¥ (assuming that for every
example (x,y) it holds that |o(w - x) — y| < 2£/p).
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Population Gradient Descent Recall that in Proposition 14 we showed that the population gradient
field “points” to the right direction, i.e., a step of gradient descent would decrease the distance
between the current w and a target v. Notice that in Proposition 14 we require that the target vector
v satisfies F'(v) = O(e) and ||v||2 < O(1/e). Indeed, from Lemma 13, we have that there exists an
approximately optimal target vector v € R?, such that ||v||o < U/e for some U = O(¢/(nL)) and
F(v) = 0O(e).

Moreover, recall the way we measure distances changes depending on how far w is from the
origin (see the three cases of Proposition 14). We first show that, given any gradient field that
satisfies the properties given in Proposition 14, then gradient descent with an appropriate step size
will converge to the target vector v. The distance of v and the guess w(™) after T gradient iterations
will be measured with respect to || - |2 when w(”) is close to the origin and with respect to || - ||, (r)
(see Definition 10) otherwise.

Lemma 50 (Gradient Field Distance Reduction) Let 71 > Zg > 1. Let g : R% — R pe a
vector field with ||g(w)||2 < B for every w € R with ||w||s < 277. We assume that g satisfies the
following properties with respect to some unknown target vector v:

L If |w|2 < Zy and ||w — V|2 > «aq then it holds that g(w) - (W — V) > as|jlw — v
aq, 09 > 0.

2, for

2. If Zy < ||wll2 < Zy and ||W — v||w > B1 it holds that g(w) - (W — v) > [a||lw — v|
51752 > 0.

3. Forsome ¢ € (0,1),v > 0, we have that if |w||2 > (Z, it holds that g(w) - W > 7||W||w.

w, for

We consider the update rule w1 «— w® — ng(w®)) initialized with w®) = 0 and step size

. B1B2 2y
- P2 2y g _omB) .
N = gz min (oqozz, 7 Zl’( )2

Let T be any integer larger than [ IvI® 3/2)-‘. We have that ||w'™)||y < Z1. Moreover, if

nmin(oyaz,B182/7;
w2 < Zy it holds that |w'™) — vl < nB + max(a1, (220)%?61) and if |w'D | > Zy we

have |wT) — v|| ) < V/2nB + max(v2a, e?’Zf/QnB/Bl) .

We now show that the population gradient field, V F'(w) satisfies the assumptions of Lemma 54
for any ||w||2 < k/e. We first show that |V F'(w)||2 is bounded. We have

IVEW)ll2 = [[El(o(w - x) = y)o' (W - x)x] + pllwl2aw]|,

< max Bl(o(w-x) ~y)o’(w -x)u-] + pl[wl

< (&%/n) max Efju-x[]+ plwl3 <& /n+pllwl3 < 1/%
where we used the fact that |o(w - x) — y| < &/p, o’ (t) < &, that the x-marginal of D is isotropic
and that p = O(e3).

From Proposition 14 we have that for any vector w € R?, with |w|s < 2/R, it holds that if
|[w —w*||2 > \/€/(c'r) for some absolute constant ¢’ > 0 it holds VF,(w) - (w — w*) > \/e||lw —
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w*||2 . Furthermore, for any vector w € R%, with2/R < ||w||2 < dk/e, if |W—w*||w > U/,
then VF,(w) - (w—-w*) > ¢ . Finally, for any vector w € R?, with ¢’r /e < ||w||z,
it holds that VF,(w) - w > ¢/\/€||w||w, for some 0 < ¢’ < ¢/. Therefore, the true gradient field of
F satisfies the assumptions of Lemma 54 with B = O(1/k), Zg = O(1/R), Z1 = poly(LRTu/§),
¢= 1/2’ ar, f1 = pOIY(E/(IUTLR))\/E’ and ap, B2,7 = O(\/E)

Using Sample-Estimated Gradients In the following claim we show that since VF(w) is a

sub-exponential random variable, with roughly N = 6(d /€'?) samples we can get e-estimates of the
population gradients. The proof of Claim 51 can be found in Appendix C.

Claim 51 (Sample Complexity of Gradient Estimation) Fix B, ¢ > 0with e < 1/vVB. Us-
ing N = O((d/e?)poly (¢ /(L)) log(B/8)) samples from D, we define the empirical _ L3-loss as
F(w) = le\i L(o(w - xD) — 42 and its corresponding empirical gradient field VE(w). With
probability at least 1 — 8, for all w with |w|| < B, it holds |VF(w) — VF(w)||2 < € and
IVE(w) = VF(W)||sw < €.

Using Claim 51, we can estimate all the gradients with probability 1 — §’ and accuracy €, with
N = O((d/e?)poly(&/ (L)) log(B/8')) samples, for some parameters €,§ > 0 that we will
choose below. We now show that the empirical gradients will also satisfy the required gradient
field assumptions of Lemma 54. Assume that we have |[VF(w) — VF(w)||2 < ¢ and |[VF(w) —
VF(W)|l«w < € for some € to be specified later. Using the triangle inequality we have that

IVEW)2 < [VE(wW)]l2 +¢ -

Therefore, for ¢ < 1/k we obtain that HVﬁ(W)HQ = O(1/k) < O(B). We next show that the
empirical gradient also points to the direction of w — w*, i.e., satisfies the assumptions of Lemma 50.
For the case where ||w| < Zj we have that

VE(W) - (Ww—=v)>VF(w) - (w—v)—€d|w—=v|2> (ag— €)|w—v|s. (10)

Therefore, we need to choose €’ < aw. Similarly, for the case where Zy < ||w|| < Z; we have that

VE(W)-(w—v)>VF(w) (w—-v)— (VF(w ) VE(W)) - (w—v)
> Bollw = Vilw — [VF(W) = VE(W) Ll W — V]
> (Ba — €)|[lw —vw - (11)

Finally, for |w|2 > (Z; we similarly get the lower bound

~

VF(w) -w>(y—¢€)||w|w- (12)

Therefore, it suffices to choose ¢ < min(ag, 82,7)/2 = (Ve)poly(LRur/€). Assuming that
all the empirical gradients used by the gradient descent satisfy the error bound with € as above,
from Lemma 50, we obtain that with step size n = poly(eTuLR/) after T = poly(1/(en))
iterations, we will have that if w(7) < Z, then ||w(T) — v||3 < poly(¢/(LR7u))\/€ which using
Lemma 43, implies that F(w(")) < poly(¢/(LRut)(e). Similarly, if | w(™)||; > Z;, we obtain that
W) —v|| ) < poly(¢/(LRTu))+/e which again implies that F(w(T)) < poly(¢/(LRut))e.
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C.2. Proof of Theorem 23

We restate and prove the following claim.

Theorem 52 (Unbounded Activations) Let D be an (e, W)-corrupted, (L, R)-well-behaved distri-
bution on R xR and o (-) be an (v, \)-unbounded activation. Set k = poly(LRa/\)/(W? log(W)).
The gradient descent Algorithm 2 with step size 1 = ke, truncation threshold M = O((W/L)
max(log(A2W?2/e), 1)), N = O(d/xlog(1/5) max(poly log(1/e), 1)) samples, and T = poly(log(1/e),1/)
iterations converges to a vector w'T) € R? that, with probability 1 — 6, satisfies F(w(T)) <

1 (a)*
o (2) e
Proof We consider the population loss F(w) = (1/2) E(x ,)pl(0(w - x) — y)?]. As we discussed
in Remark 11, we can assume that A > 1 and L < 1 for making the presentation simpler. Moreover,
we can also assume that W > 1, because if W < 1, then inf)jy,<; F(w) < inf)|w,<w F(w),
therefore the distribution is (e, 1)-corrupted. Denote w* to be a vector with |[w*[|2 < W that
achieves F'(w*) < e. First, we assume that ¢ > \2WW?2/C, for some C > 10. Then, any solution
w € R?, gets error F'(w) < 2e. To see this, note that

F(w) <2F(w") + XNF%) [(o(w-x) — o(W* - x))?] < 2 + 4N2W? < 2Ce .

Next we consider the case where e < A\2W?2/C. First, using the exponential concentration properties
of well-behaved distributions, we observe that we can truncate the labels y such that |y| < M,
for some M > 0, without increasing the level of corruption by a lot. Given the exponential
concentration of the distribution and the fact that ||[w*|l2 < W, we show that we can pick M =

O (W max(log(W/e), 1)) so that the instance D of (x,y), where y = sign(y) min(|y|, M), is at
most O(e)-corrupted. Formally, we show

Claim 53 Let M = ©(W max(log(W/e),1)). Denote by tr(y) = sign(y) min(|y|, M). Then, it
holds that:
E [(try) — o(w"-x))’] < O(e) .
(x,y)~D
Thus, from now, on we will assume that |y| < M and keep denoting the instance distribution as D.
We first show that, given any gradient field that satisfies the properties given in Proposition 21,
then gradient descent with an appropriate step size will converge to the target vector v.

Lemma 54 (Gradient Field Distance Reduction) Let g : R¢ — R? be a vector field and fix
W, B > 1. We assume that g satisfies the following properties with respect to some unknown target
vector v with ||v||2 < W. Fix parameters a1,as > 0. For every w € R with |w|y < 2W it
holds that ||g(w)||2 < Bmax(||w — v||2, a1). Moreover, if |w — v||2 > a1 and O(w,v) € (0,7/2)
then it holds that g(w) - (W — v) > ao||lw — v||3. We consider the update rule w('+1)
wt) — ng(w®) initialized with w(®) = 0 and step size 1 < ay/B. Let T be any integer larger than
(W2 +1og(1/an))/(naz)], it holds that |[w™) — v|j; < (1 +nB)a;.

We first show that Algorithm 2 with the population gradients would converge after polylog(1/¢)
iterations to an approximately optimal solution. We have

IVEW)ll2 = | E[(o(w - x) = y)o’ (w - x)x][ls = max E[(o(w-x) —y)o'(w-x)u-x].

[ulla=1
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Let w be any vector with |[w||2 < W and let u be any unit vector. By adding and subtracting
o(w* - x), we get:

E[(oc(w-x) —y)o'(w-x)u-x]
=E[(c(w-x) —y)o'(w-x)u-x]| + E[(c(w - x) — o(W* - x))o’ (W - x)u-x]
< AE[(oc(w"-x) = y)|lu-x[] + E[(o(w - x) — o(W" - X))o’ (W - x)u - ]
< AE[(o(w* - x) = 9)*]?E[(u-x)*]"/? + E[(0(w - x) — o(w" - x))%0(w - x)*|'* E[(u - x)°]'/?
< MW+ Alw —wll

where for the third inequality we used the fact the x-marginal of D is isotropic and that E[(c(w™ -

x) —y)?]'/? < \/e. Hence, we have that || VF (w)||2 < A(y/€ + ||w — w*||2). Using Proposition 21,
we have that, the true gradients point in the right direction: we have that for any vector w € R, with
O(w,w*) € (0,7/2), it holds that if |w — w*|l2 > ¢/\\/e/(LR*a?), for some absolute constant
¢ > 0, then it holds that VF(w) - (w — w*) > (1/2)a?LR*|w — w*||3. Therefore, the true
gradient field of F satisfies the assumptions of Lemma 54 with B = O()\), a1 = ¢/\/e/(LR*)\/a?
and ap = (1/2)a?LR%.

In the following claim, we show that with roughly O(d||w — w*||2/€2) samples in each iteration,
we can get ¢'-estimates of the population gradients.

Claim 55 Letw be avector with |w—w*|| > \/e. Using N = O(d\||w—w*||2W2 max(log?(1/€), 1) /(Le')?)
samples, we can compute an empirical gradient g(w) such that ||g(w) — VF (w)||2 < € with proba-
bility 1 — 6.

We now show that the empirical gradients will also satisfy the required gradient field assumptions
of Lemma 54. Assume that we have ||g(w) — VF(w)||2 < € for some €’ to be specified later. Using
the triangle inequality we get for any w with ||w|| < 2W it holds that

lg(w)ll2 < [VF(W)ll2 + €.

Therefore, for €/ < A(y/e + ||v — w||2) we obtain that ||g(w)]|2 = O(A(Ve+ ||[v — w]||2)). We next
show that the empirical gradient also points to the direction of w — w*. It holds that

g(w)-(w—w") > VF(w):(w—w") =€ [w—w"[l2 > ((1/2)0” LR |w —w" [l —€) [w—w"]|2 .

Therefore, we need to choose ¢ = O(a?LR*||w—w*||2). Using that |w—w*||2 > ¢/ A\y/€/(LR*a?),
we have that the estimated gradient field of " satisfies the assumptions of Lemma 54 with B = O(\),
a1 = c\/e/(LR*)\/a? and ap = (1/2)a?LR*. Conditioning that all the empirical gradients used
by the gradient descent satisfy the error bound with ¢’ as above from Lemma 54 we obtain that with
step size 7 = poly(LRa/\) after T = poly(1/(aLR))W?log(1/a;) iterations we will have that
|w(T) — w*||y < poly(1/(LR))\/a?y/e which implies that

F(w'D) <2E[(o(w" - x) = y)’] + 2E[(0(w" - x) — o(w") - x))’]
= poly(1/(LR)) (\/a)* O(e),

where we used the fact that o is A-Lipschitz and that the x-marginal of D is isotropic. Since we have
to do a union bound over all T" iterations, and we draw fresh samples in each round, we need to divide ¢
by T in each round, hence, the total sample complexity is N = poly(\/(aLR)) O(dW?log3(1/€) log(1/6))
and the runtime poly(A/(aLR)) log(1/e)N. [
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C.3. Proof of Claim 55

We restate and prove the following claim.

Claim 56 Let w be a vector with |[w—w*|| > \/e. Using N = O(dX*||w—w*|2W2 max(log?(1/¢), 1) /(L€')?)
samples, we can compute an empirical gradient g(w) such that |g(w) — VF (w)||2 < € with proba-
bility 1 — 6.

Proof We start by bounding from above the variance in every direction. Let ¥; = E[((o(w - x) —
y)o'(w - x)x;)?], we have that

J

A+ 2X2E[(o(w* - x) — o(w - X))2Xj2-] :
32X W — w3 [max Ef(u- x)*x] .

5 = El((o(w - x) — y)o’ (w - x)x,)2] < A El(o(w - x) — )]

To bound the term E[(a(w* - x) — y)*x3], we have that

E[(o(w" - x) = y)*x]] = E[(o(w" - x) — y)*x{1{x; < M}] + E[(c(w" - x) — y)*x]1{x; > M}]
< M?E[(o(w* - x) — y)’] + AM?E[x}1{x; > M}]
< MPe+4MPEX1{x; > M'}] < eM?.

Moreover, note that \/¢ < ||w — w*||2, hence 3; < A*||w — w*||3M2. From Markov’s inequality,
we have that for each j < d, it holds

N .
B Z %(U(W %) —yDo'(w- x(i))xg‘l) —E[(o(w-x) —y)o'(w - x)x;]| > e’/\/g]
i—1
w — w12 402
= N%E[Mw-x) ) (w e xxg)?) < 4 Nd!QA M

4 w2 a2 . . .
Hence, with N = O(M) samples, we can get an ¢ /v/d-approximation to the i-th

coordinate of the gradient (V F'(w)); with constant probability, and by using a standard boosting
procedure we can boost the probability to 1 — ¢ with a multiplicative overhead of O(log(1/4))
samples. Finally, doing a union bound over all coordinates j € {1,...,d} we obtain that N =
O(dXY|w — w*||2W2 max(log?(1/€), 1)/ (L2'%)) samples suffice. [ |

C.4. Proof of Lemma 50

We restate and prove the following lemma.

Lemma 57 (Gradient Field Distance Reduction) Ler Z; > Zy > 1. Let g : R% — R? be a vector
field with ||g(w)||2 < B for every w € R with ||wl|ly < 2Z;. We assume that g satisfies the
following properties with respect to some unknown target vector v:

L If|wll2 < Zy and ||w — v|2 > ay then it holds that g(w) - (W — v) > as||w — v
a1, 09 > 0.

2 for
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2. If Zy < ||wll2 < Zy and ||W — v||w > B1 it holds that g(w) - (W — v) > [a||lw — V|
i, B2 > 0.

3. Forsome ¢ € (0,1),7 > 0, we have that if ||w||2 > (Z1, it holds that g(w) - W > ¥||W||w.

w» for

We consider the update rule w*Y) « w(® — ng(w®)) initialized with w®) = 0 and step size

1 BB 2y
n= B2 mln <O[]_a2, Zf/27717(]‘ _C-)Z].B

vl

™M, < ,

min(araz, ﬁ152/23/2)-‘. We have that |w'"||o < Z1. Moreover, if

WDl < Zy it holds that ||w™) = v|ly < 0B+ max(a1, (220)*21) and if [wD |2 > Zy we
3/2

have [ wT) — V| o) < V27B + max(v2ay, 32 1B,

Proof We first show by induction that for every ¢ > 0 it holds that ||w(®) |, < Z;. Fort = 0 we
have w(®) = 0 so the claim holds. Assume first that ||w(®)||; < (Z;. Then

Let T be any integer larger than [

Hw(t+l)H2 < ”W(t)H2 + 77B < CRl =+ (1 — C)Zl - Zla

where we used the fact that nB < (1 — {)Z;. Now, if (Z; < Hw(t) l2 < Zi by assumption 3 of the
vector field g, we have that

w3 = w3 — 2ng(w") - w® — P ||g(w®)]13
< |\wO3 = 2nv/\/Zy — * B2,
Since < 2v/(B?V/Z1), we have that —2nv/\/Z; — 7°B? < 0, and therefore |[w(+D)|2 <
w3 < 22
Now that we have that |[w(?) |5 is always smaller than Z;, we know that the vector field g(w ("))
has non-trivial component on the direction w — v, i.e., either condition 1 or condition 2 is true. We
next show that when condition 1 or 2 of the Lemma 50 hold, we can improve the distance of w(*) and

the target v. We first assume that ||w(")|| < Z; and that ||w() — v|| > a1. Then by assumption 1
of the lemma we have that it holds g(w(®)) - (w(®) — v) > as||w®) — v||5. We have

[w® — v |3 — W) — v |3 = 2pg(w®) - (W) —v) — ?||g(w )3
> 2matas — n?l|lg(w®)|3

2 najag,

where for the last inequality we used the fact that [|g(w(")||3 < B? and that ) < ajag/B?. On the
other hand, if |[w(®)||; < Zy and |[w® — v||3 > $3, then by assumption 2 of the lemma we have

that it holds g(w®) - (w() —v) > Bo||w — v|| .. Similarly to the previous case, we then have

lw® = |3 = WD — v |3 > 28| W V] —n?llg(w)I3 -
We next bound from below the norm || - ||w by the ¢» norm. The following rough estimate suffices.

Claim 58 For every x € R? it holds

1
)WMQMM§ﬂmw%HMwHWMw

1
n
3/2° 1/2
kuwww
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Proof The claim follows directly from the definition of the norm || - || and the inequality va? + b? <
a+ b < +v/2v/a? + b? that holds for all a,b > 0. [ ]

Using the above bounds and the fact that Z; > 1, we conclude that |w(®) — v||3 — |[w(+D — v|]3 >
nﬁlﬂg/Zfﬂ, where we used the assumption that n < Blﬁg/(Zf/2B2). Recall that we have set
n = 1/B?min(aas, 51,82/2?/2, 2v/Z1, (1 — {)Z1B) which implies that at every iteration where
either [|[w®)|]y < Zg and |[w®) — v||s > a1, or [w® |2 > Zp and |w® — v]|| ) > a1 we have
that |w® —v||2 — |wD —v||2 > nmin(a;ae, 51ﬁ2/Zf/2). Let us denote by 7 the first iteration
such that the distance reduction stops happening. Since we initialize at w() = 0 the first time that

2
either of the above condition stops being true, namely, 7" can be at most { vl 373 1
nmin(aiaz,B162/27"7)

After either |[w(™) — v|jy < a; or [w(T) — v|| ) < 81 we stop having the guarantee that
updating the guess with g(w(T)) will decrease the distance, and therefore we may move to the wrong
direction. However, since our step size 7 is small doing a small step in the wrong direction cannot
increase the distance of w(T+1) and v by a lot. We next show that even if we continue updating
after the iteration 7', we cannot make the distance of w(’) and the target vector v much larger.
We first assume that at iteration 7' we have ||w(7) |y < Z, and therefore, it must be the case that
|w(™) — v||2 < ay. Notice that it suffices to show that after one iteration the claim holds, since after
[w(T+1D)||5 grows larger than o the distance of w will start to decrease again. For the next iteration,
using the bound ||g(w(™)) |2 < B, we obtain that |w(T+1) — w(D) |, < nB. Now if ||[wT*D|, <
Zy, using the triangle inequality for the /5 norm, we have that |w('*Y) — v|| < a; + nB. On the
other hand, if |w(T+1)||; > Zy, using the triangle inequality of the norm || - ||, we obtain

W — vl ey < WD — WOy + W) = v| e (13)

<V2(nB+ ay),

where we used Claim 58, the fact that w7+ — w(T) = ng(w(T)) and that |[w(T*D |, > Zy > 1.
Next we consider the case ||[w(™) ||y > Z and |w(T*1 ||y > Z;. From Claim 58, we obtain that
HW(TH) —w |lwr+n < V/2nB. We prove the next lemma that bounds the ratio between two
weighted euclidean norms with different bases.

Lemma 59 Let u,v,x € R be non-zero vectors with ||[ul|2, ||v||2 < Q for some Q > 1. Then it
holds that
%[l 3/2 1 1
< exp | Q¥(40(u,v)( + )+a@v)) ],
Il VP2

N
Ivly* H”Q

where A(u, v)

3/2 3/2
’H 152 Ju ||/

Proof We first observe that, || Ax|lu = |A|||X]|u, it suffices to consider x with unit norm ||x||o = 1.
Moreover, from Claim 58 we have that since ||v||2, [[ul2 < @ it holds that both ||x||y, [|x||v are
larger than 1/Q?%/2. Next, using the fact that the function ¢ — log(#) is 1/¢-Lipschitz, we obtain that

log (”x”“> < Q%?|||x|lu — |Ix||v|- Therefore, it suffices to bound the difference of the two norms.

lIxllv

‘We have that

[projurx(la _ [lprojy.x|l2
a7 v/

[projuxlla _ [Iprojyx|l2
[/ MG

[l = [lx[lv] <
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Iprojuxll2 _ [lprojyxllz | | llprojuxllz _ |lprojyx|l2
We first bound the term TEE WEZ | S TR e

since ||proj,x|j2 < ||x||2 = 1. Moreover, by Cauchy-Schwarz inequality, we have that ||proj,x —
proj,X||2 < 26(v,w). Similarly, we can bound from above the term ||proj,,. xproj,. ||2 by 26(v, u).
The bound follows. |

11
*‘uunw VIEz|

We will now use Lemma 59. We denote O(W(T) ) W(T+1)) the angle between W(T), w(T*1) and by
A(wD) w(T+1) the corresponding difference defined in Lemma 59. Since |[w(™)|[5, |w(T+D]|, >
Zy > 1, we have that O(w(D) w(T+D)) < |w(T) — w(T+1)||, < nB. Moreover, using the fact that
the mappings w — ||w||, 2 and w ||w||2_1/2 defined for ||w||2 > 1 are 3/2 and 1/2-Lipschitz
respectively, we obtain that A(w(T), w(T+1)) < ||w(T) — w(T+D ||, < 5B. Using Lemma 59, we
conclude that |[w™) —v||_ri1) < €34 V0B |[w(T) —v||,(r) . Using the triangle inequality similarly
to Equation (13) and the fact that ||w(") — v|| () < 1, we obtain

3/2
HW(TH) — V||t < \/§nB + 3% nBg,

Finally, we have to consider the case where ||[w(T)||; > Z; and ||[w(T+V]||; < Z,. Using once
more the triangle inequality and Claim 58, we obtain |[w(T+D) — v||; < nB 4 [|[w(T) — v|, <
nB + (Zy +nB)3?|wT) —v|| ) <nB + (2Z)%?B1, where we used the fact that B < 1 and
Zy > 1. Combining the bounds for the two cases where ||w(T+1)||; < Zy, we obtain that in this case
it holds ||[wT*1) — v||y < 7B + max(a, (2Z)%/%31). Similarly, when ||w(T+V||; > Z, we have
W+ — v+ < V2nB + max(v/2ay, 6325/2”361) .

|

C.5. Proof of Claim 51

We restate and prove the following claim.

Claim 60 (Sample Complexity of Gradient Estimation) Fix B,¢' > 0 with ¢’ < 1/ VB. Using

N = O((d/e*)poly(&/(Lu))log(B/6)) samples from D, we can compute an empirical gradient

field g(w) such that for all w with ||w|| < B, it holds ||g(w) — VF(w)l|l2 < ¢ and ||g(w) —
F(W)|l«w < € with probability 1 — 0.

Proof The result follows from the fact that the gradient random variable V F'(w) is sub-exponential
and therefore, its empirical estimate achieves fast convergence rates. We draw use /N samples
(x@, y®) from D and form the standard empirical estimate

1 % 7 7
Nz_: _ 0)xl0)

We first prove the estimation error in the dual norm of || - ||w. Recall that the dual norm is equal to
3/2 . 1/2

1|+ s = max(||projyullz|lwl3’?, [Iprojy. ull2|lw3’*). Recall that o’ (w-x) > 0and o’ (w-x) <

e ~uiwx| for all x. We first show that the distribution of x(o(w-x)—y)o’(w-x) is sub-exponential.

Fix any unit direction v, we show an upper bound on the tail probability |v - x| > t. We first consider

the case v - w = 0 and without loss of generality we may assume that v is parallel to e; and w is
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parallel to es. In the following calculations we repeatedly use the properties of (L, R)-well-behaved
distributions and (7, i, £)-sigmoidal activations. We have

apnl LIV X 3) — 9]l Zt}"'(w"‘”%xww[ﬂ{iv x| > ¢/} (w - )]

< [V - x| > £(&/p) e ] / / 1{|x1| > t(p/€) e HIWlabal = Lv/X453 gy 1,

(x, y)~

1 00 2 e~ L/2tn/¢ |

< [ x| >t ~Lixil/2g / ~llwllalses |~ Lol 2 g5

<7 [ tal 2t e [ 2SLLE uwh LR
1 o Lu/(26) 1

N T TRy ,
L2p([lwll2 + 1)

where we used again the fact that |o(w - x) — y| < &/u, the upper bound on the derivative of
sigmoidal activations, see Definition 3 and the fact that the density of any 2 dimensional projection of
Dy is upper bounded by (1/L) exp(—L||x||2), see Definition 2. Moreover, using the same properties

as above we have that the variance of VF(w) = x(y — o(w - x)o’(w - x) along the direction v is at
most

Var|[VF(w ( ) ]% o' (w-x)v-x)}

4

7]
(i ) : / / eIV gom2mlwlizbaal gy g,
3

+o0
<4 / e—Lhel gy, / e—2ulwlalxal gy,
-0

~ 3L4 HWHQ

IN

Therefore, along any direction v orthogonal to w we have that VF(w) is (02, b; )-sub-exponential

with variance proxy o3 = poly(¢/(Lu))1/||w||2 and rate by = O(£/(Lu)). Therefore, Bernstein’s
inequality (see, e.g., Vershynin (2018)) implies that the empirical estimate g(w) with N samples
satisfies

NtZ /2

Pr|g(w) — VF(w)) - v| >t] <2e itht

We next analyze the gradient VF(w) along the direction of w. We denote by w the unit
vector that is parallel to w. ||projyg(w) — proj, VF(w)|l2 = ||[w - g(w)w — w - g(w)W|]2 =
|w - g(w) — w - g(w)|. We first show the sub-exponential tail bound:

[L{lw - x(o(w-x) —y)| > t}o'(w - x)] < (X,END[MW'X‘ > t(¢/p)}o’ (w - x)]

(%, y)ND

1 o0

1

. ———— T PR T3
L(pllwll2 + L)
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Similarly, we can compute the variance along the direction of w.

Var[VF(w)-w] < E [((o(w-x)—y)o'(w-x)W - x)?]

(x,y)~D

(§)2 E [(o(w-x)% %)

il x~Dy

53 +oo
< 2L/ o 2llwlaltl 2 g
W

—0o0
_ ¢ 1
2°L [wl3”

IN

where we used the fact that |o(w - x) — y| < £/pu, the upper bound on the derivative of sigmoidal
activations, see Definition 3 and the anti-concentration property of (L, R)-well-behaved distributions,
see Definition 2.

Therefore, along the direction w we have that VF(w) is (03, by)-sub-exponential with vari-
ance proxy o5 = poly(&/(Lu))1/||w]|3 and rate by = O(&/(Lu?||w||2)). Therefore, Bernstein’s
inequality (see, e.g., Vershynin (2018)) implies that the empirical estimate g(w) with NV samples,

satisfies
_ Nt3/2

Pr |(g(w) — VE(w)) - W] > ] < 2¢ 73702t

Thus, we can now perform a union bound on every direction u and every ||w|| < Bbyusingar =
poly(Lu)/(£B)e')-net of the unit sphere and the ball of radius B (which will have size 7 (d), see
e.g., Vershynin (2018)), we obtain that along any direction v orthogonal2 to w it holds that |v- (g(w)—

Ne2/2
VE(w))| < ¢/|[w|//?| with probability at least 1 — 2rO@e  Iwl2o3+Iwly*01e Substituting the vari-
ance and rate values o}, by, we observe that ||w||o0? + ||W||§/2b1t < poly(&¢/(Lu)), where we used
our assumption that ¢’ < 1/+/B (and that ||w||y < B). Picking N = O(d/€e”?poly(¢/(Ly)) log(B/4))
we obtain that the above bound holds with probability at least 1 — ¢/2. Similarly, performing the
same union bound for the direction of w and using the sub-exponential bound with o3, bs and the
fact that ¢ < 1/+/B we again obtain that |v - (g(w) — VF(w))| < e’/HwH;’/2 with probability at
least 1 — /2 with N = O(d/e?poly (¢ /(L)) log(B/d)) samples. The bound for the ¢, distance
of g(w) and VF(w) follows similarly from the above concentration bounds. [

C.6. Proof of Lemma 54

We restate and prove the following:

Lemma 61 (Gradient Field Distance Reduction) Ler g : R? — R? be a vector field and fix
W, B > 1. We assume that g satisfies the following properties with respect to some unknown target
vector v with ||v|s < W. Fix parameters a1, a9 > 0. For every w € R? with ||wljy < 2W it
holds that ||g(w)||2 < Bmax(||w — v||2, a1). Moreover, if |w — v||2 > a1 and O(w,v) € (0,7/2)
then it holds that g(w) - (W — V) > ao||lw — v||3. We consider the update rule w1 <
wt) — ng(w(t)) initialized with w(©) = 0 and step size n < a /B. Let T be any integer larger than
[(W?2 4 log(1/an))/(naw)], it holds that |w'™) — vy < (1 +nB)as.
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Proof We first show that at every round the distance of w(*) and the target v decreases. Since we
initialize at w = O (notice that in this case it holds trivially |w(®)||y < W) after the first update we
have

Iw® = ¥[8~ w® = vil§ = ~2ng(w®) - (w® —v) + 1 |g(w )13
< ~2nag|w® = vI§ + B w® v}

< —nag||w® — v,

where we used that since < as/B it holds that nas — n2B% > 0. Moreover, we observe that
after the first iteration we are going to have w(!) - v > 0 (since otherwise the distance to v would
increase). This implies that §(w), v) € (0,7/2). Observe now that it holds ||w(!) |5 < 2TV since
w() is closer to v than w(?). Using induction, similarly to the previous case we can show that
for all iterations ¢ where g(w®) - (w®) — v) > as|w® — v||3 it holds ||[w*+ Dy < 2IW and
6(wt1) v) € (0,7/2) and that the distance to the target vector v decreases at every iteration:

WD — V][5 < [w® = v]3(1 = naz) < [[w® = v[3(1 = naz)’ .

Let T” be the first iteration where the assumption g(w(™)) - (w(T") — v) > ap||[w(T") — v||3 does
not hold. Since at each round we decrease the distance of w(*) and v, and we initialize at 0 we have
that the number of iterations 7" < [(||v||3 + log(1/a))/(naz)]. Moreover, even if we continue to
use the update rule after the iteration 7" from the triangle inequality we have that

lw ™Y —vlp < lw T = w4 W T = vz < nllg(wT) 2 + a1 < (1+nB)as.

Therefore, by induction we get that for all 7 > 7" it holds that |w(") — v||y < (1 +7B)a;. ®

C.7. Proof of Claim 53

We restate and prove the following claim.

Claim 62 Let M = O(W max(log(W/e),1)). Denote by tr(y) = sign(y) min(|y|, M). Then, it
holds that:
E [(tr(y) —o(w" x))’] < O(e) .
(xy)~D
Proof Denote B = {x € R?: |w* - x| < M}, i.e., the points x such that |w* - x| is at most M. We
have that for x € B, it holds that |§ — o(w* - x)| < |y — o(w™* - x)|, where § is equal to y truncated
in —M <y < M. Therefore, we have that

LBl olw )1 x e B < Bl ofw' )L (x e B)] <e.

Using the triangle inequality, we have

j—o(w*-x))?] = j—o(w*-x))?1{x j—o(w*-x))?1{x
LB G- olw 0P)= B G- olw 0P MxeB]+ B (5 olw X)) 1x ¢ 5)
<e+2M? xljlls [x & B] + QXNE]):) [o(w* - x)*1{x ¢ B}] .
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To bound Ey.p, [o0(w* - x)?1{x & B}], note that ||[w*||o < W and that |o(w* - x)| < \|w* - x|.
Assuming without loss of generality that w™ is parallel to e; and let V' be the subspace spanned by
w™* and any other vector orthogonal to w*. Using that the distribution Dy is (L, R)-well-behaved,
we have that it holds that

E [o(w"-x)*1{x & B}] < \*W? E [ {x; > M/W}] <¢/2,

x~ Dy

which follows from A2 Ex.p, [|x121{x; > M/W}] < \2(M?/(L*W?)) exp(—LM /W) < €/2,
its proof is similar with the proof of Claim 36. It remains to bound the Pry..p, [x & B], we have

2 2 « €
Pr [x ¢ B = / o (x)dx < 2 / It — 2 o-LM/lw s < €
x~Dy \w*~x\€l§’ tZM/||w*||2 L2 2M2

Hence, (1/2) E(x4)~p[(J—0(w*-x))?] < €. Therefore, by truncated the y to values —M < y < M,
we increase the total error at most € = O(e). For the rest of the proof for simplicity we abuse the
notation of the symbol ¥ for the 7 and € for the €. |

Corollary 63 Let D be an (L, R)-well-behaved distribution on R? x R and o(-) be a (1, 1, €)-
sigmoidal activation. Define F(w) = (1/2) E(x ,)~p[(c(w - x) — y)?] and opt = inf ,cga F(w).
Set k = poly(LRrp/€). There exists an algorithm that given N = O(d/elog(1/8)) poly(1/k)
samples, runs in time T = poly(1/(ex)) and returns a vector w € R? that, with probability 1 — 6,
satisfies

F(w) < poly(1/k) opt + €.

Proof The proof of Corollary 63 is similar to the proof of Theorem 22, the main point which the
two proofs diverge is that we have to guess the value p of the regularizer. To do this, we construct
a grid of the possible values of opt, i.e., G = {¢,2¢,...,0({/n)}. We choose the upper bound
to be of size ©(£/ ) because this is the maximum value that the error can get, see e.g., Fact 28.
Therefore, by running the Algorithm 1, with appropriate parameters as in Theorem 22 but by using
for the regularizer, each value of G instead of opt. There exist a ¢t € G such that |opt — t| < e,
therefore from Proposition 14, this will converge to a stationary point with (1 + €)poly(1/k)opt,
see e.g., Proposition 14 for A = 1 + e. Hence, by running Algorithm 1 for each value in G,
we output a list U that contains O(&/(ue)) different hypothesis. We construct the empirical Dy
of D by taking N samples. We need enough samples, such that for each w € U, it will hold
F(w) = E(xy)~Dy [(0(W - x) = 9)?] < 2E(x y)~pl(c(w - x) — y)?]. From Markov’s inequality
we have that

BIF(w)’] _ El(o(w %) ~y)*
. .

Pr{|F(w) - F(w)| 2 F(w)/2) < 4= NF(w)?

Note that because y, o(w-x) is bounded by ©(¢/ 1), we have that E[(o(w-x)—)*] < poly(¢/u) E[(o(w-
x) — y)?], hence we have that

Pr{|F(w) — F(w)| 2 F(w)/2) $ poly(€/4) 5 S poly(€/m) 5~

NF(w)
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therefore by choosing N = poly(&/u)(1/€), we have with probability at least 2/3 that ﬁ(w) <
2F(w) + € and by standard boosting procedure we can increase the probability to 1 — §” with
O(log(1/¢")) samples. Hence, by choosing 6" = 0/|U]|, we have with probability 1 — §, that for
W = argmin,, .y F'(w), it holds that F/(W) < opt + €. [ |

Appendix D. Learning Halfspaces using the Ramp Activation

In this section we show that by optimizing as a surrogate function the ramp activation, we can find a
w € R, that gets error E(x 5)~pl(sign(w - x) — y)?] = O(e). Specifically, we show the following
corollary of Corollary 63.

Corollary 64 Let D be an (L, R)-well-behaved distribution on R? x {+1}. Define F(w) =
(1/2) E(x4)~pl(sign(w - x) — y)?] and opt = infycga F(W). Fix e,0 € (0,1) and set x =
poly(LR). There exists an algorithm that given N = ©(d/elog(1/5)) poly(1/x) samples, runs in
time T = poly(1/(ex)) and returns a vector W € R? that, with probability 1 — 6, satisfies

F(w) < poly(1/k) opt + €.

Proof We are going to show that by optimizing the ramp activation instead of the sign(-), we can
find a good candidate solution. First note that r(¢) is an (1, e, 1)-sigmoidal activation. The proof
relies on the following fact:

Fact 65 Let w € R be a unit vector. Then, for any x € RY, it holds that

lim (2w - x) = sign(w - x) .

Z—00
Therefore, for any unit vector w € R?, from Lemma 13 there exists a w’ € R with ||w’||2 = O(1/e)
such that Ex..p, [(r(w’ - x) — sign(w - x))?] < e. From Corollary 63, we get that there exists an
algorithm that with N = ©(d/elog(1/6)) poly(1/k) samples, and runtime 7" = poly(1/(ex))
returns v € R? with ||¥||2 = O(1/e), such that with probability 1 — 4, it holds

(1/2) B [(r(¥-3) ~v)*) < poly(1/(LR))opt + ¢

The proof follows by noting that because (V) € (—1,1) and y € {£1}, it holds that

vx) —y)° sign(r(v-x)) —y)? = sien(v-x) —v)?] .
(x,y)ND[(T(V )—y)7] > (1/2) (ngD[( gu(r(v-x))—y)] = (1/2) (x7£J~D[( en(v-x)—y)?

Hence, F'(v) < poly(1/(LR))opt + 2e. [

Next, we prove the following sample complexity lower bound for optimizing sigmoidal activa-
tions.

Lemma 66 (Sample Complexity Lower Bound for Sigmoidal Activations) Fix any absolute con-
stant C > 1 and let o(t) = 1/(1 + ™) be the logistic activation. Any C-approximate algorithm
that learns (with success probability at least 2/3) the logistic activation under any e-corrupted D
with standard normal x-marginal requires Q2(d/€) samples from D.
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Proof Assume that y = 1{w* - x > 0} for some unit vector w*, i.e., y is a noiseless halfspace.
It is easy to see that the corresponding distribution D with Gaussian x-marginal and y given by
1{w - x > 0} is e-corrupted for any ¢ > 0. Since lim, ,o, o(zw* - x) = 1{w - x > 0}, by
the dominated convergence theorem we have that lim,_,~ E(x,y)~ pF D 7(zw*) = 0. Therefore,
infycpe FP7(w) = 0. Let A be any algorithm that given a sigmoidal activation o and N > 0
samples from D, returns a vector w such that F'P»? (w) < e. We will show that w corresponds to a
classifier with at most 2C'e error. By noting that o(w) € (0,1) and y € {0, 1}, it holds that

-x) —y)? o(w-x —y)?
LB lolw -2 (1/2) B [(o(w ) 2 1/2) o))

= (1/2) Pr [H{o(w-x)>1/2}) #1].

Thus, we have constructed a binary classifier that achieves disagreement at most 2C'e with y. It is
well-known that any algorithm that finds a vector w € R such that Pr[sign(w - x) # y] < O(e),
needs (d/e€) samples (see, e.g., Long (1995)). Hence, A needs at least N = Q(d/¢) samples. W
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