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Abstract

We consider the problem of learning latent community structure from multiple correlated networks.
We study edge-correlated stochastic block models with two balanced communities, focusing on
the regime where the average degree is logarithmic in the number of vertices. Our main result
derives the precise information-theoretic threshold for exact community recovery using multiple
correlated graphs. This threshold captures the interplay between the community recovery and graph
matching tasks. In particular, we uncover and characterize a region of the parameter space where
exact community recovery is possible using multiple correlated graphs, even though (1) this is
information-theoretically impossible using a single graph and (2) exact graph matching is also
information-theoretically impossible. In this regime, we develop a novel algorithm that carefully
synthesizes algorithms from the community recovery and graph matching literatures.

Keywords: Stochastic block model, community recovery, graph matching, correlated random
graphs, information-theoretic limits

1. Introduction

Recovering communities in networks is a fundamental learning task that has myriad applications in
sociology, biology, and beyond. Increasingly, network data is supplemented with further data that
is correlated with the underlying communities, such as latent feature vectors (e.g., the interests of
individuals in a social network) or further correlated networks (e.g., personal and professional social
networks overlap, yet contain complementary information). Synthesizing information from these
different data sources presents an opportunity to obtain improved community recovery algorithms
and guarantees, yet this comes with algorithmic and statistical challenges. In particular, integrating
information from correlated networks is often hindered because the graphs are not aligned, due to
node labels that are missing, erroneous, anonymized, or otherwise unknown. This highlights the
importance of graph matching, which is an important learning task in its own right.

Recently, Racz and Sridhar (2021) determined the information-theoretic limits for exact graph
matching in edge-correlated stochastic block models, and as an application they showed how to
exactly recover communities from two correlated graphs in a regime where it is impossible to do so
using just a single graph. The main contribution of our work is to go beyond exact graph matching,
and we determine the precise information-theoretic threshold for exact community recovery from
two correlated block models. In particular, we uncover and characterize a region of the parameter
space where exact community recovery is possible despite exact graph matching being impossible
(and exact community recovery from a single graph also being impossible), positively resolving a

© 2022 J. Gaudio, M.Z. Racz & A. Sridhar.



GAUDIO RACZ SRIDHAR

conjecture of Racz and Sridhar (2021). To do so, we develop a novel algorithm that carefully syn-
thesizes community recovery and graph matching algorithms. Overall, our work highlights the sub-
tle interplay between community recovery and graph matching, two canonical and widely-studied
learning problems.

2. Community recovery in correlated stochastic block models

The stochastic block model (SBM). The SBM is the canonical probabilistic generative model for
networks with community structure. Introduced by Holland et al. (1983), it has received enormous
attention over the past decades; in particular, it serves as a natural theoretical testbed for evaluating
and comparing clustering algorithms on average-case networks (see, e.g., Dyer and Frieze (1989);
Bui et al. (1984); Boppana (1987)). The SBM allows a precise understanding of when community
information can be extracted from network data, due to the fact that it exhibits sharp information-
theoretic phase transitions for various inference tasks. Such phase transitions were first conjectured
by Decelle et al. (2011) and were subsequently proven rigorously by several authors (Mossel et al.,
2014; Massoulié, 2014; Mossel et al., 2018; Abbe et al., 2016; Mossel et al., 2016; Abbe and San-
don, 2015; Bordenave et al., 2015; Abbe, 2017).

Here we focus on the SBM with two symmetric communities, arguably the simplest setting. For
a positive integer n and p,q € [0, 1], we construct the graph G ~ SBM(n, p, q) as follows. The
graph G has n vertices, labeled by the elements of [n] := {1,...,n}. Each vertex i € [n] has a
community label o, (i) € {+1, —1}; these are drawn i.i.d. uniformly at random across all i € [n].
The vector of community labels is denoted by o := {0, (7)}!"_;, with the two communities given
by the sets V't := {i € [n] : 0.(i) = +1} and V™ := {i € [n] : 0.(i) = —1}. Given the
community labels o, the edges of G are drawn independently across vertex pairs as follows. For
distinct 4, j € [n], if 0x(7)o«(j) = 1 (i.e., i and j are in the same community), then the edge (3, j)
is in G with probability p; else, (4, j) is in G with probability g.

Community recovery. In this setting, a community recovery algorithm takes as input the
graph G, without knowledge of the community labels o, and outputs a community labeling &.
The success of an algorithm is measured by the overlap between the estimated labeling and the
ground truth, defined as

n
> G(i)ou(i)| -
i=1
We take an absolute value in this formula since the labelings o and —o specify the same partition
of communities, and it is only possible to recover o, up to its sign. Observe that ov(&, o) € [0, 1],
with a larger value corresponding to a better estimate. In particular, the algorithm succeeds in
exactly recovering the communities (i.e., &@ = o, or &@ = —0) if and only if ov(&,04) = 1.

In the logarithmic degree regime—that is, when p = «log(n)/n and ¢ = S log(n)/n for some
fixed constants «, 5 > 0—it is well-known that there is a sharp information-theoretic threshold
for exactly recovering communities in the SBM (Abbe et al., 2016; Mossel et al., 2016; Abbe and
Sandon, 2015; Abbe, 2017). This is governed by the quantity

2
Dy (a, ) := (W) = O‘;ﬁ —Vap. (1)

In the general setting, this quantity is known as the Chernoff-Hellinger divergence (Abbe and
Sandon, 2015; Abbe, 2017); in the specific setting of two balanced communities, it simplifies to

~ 1
ov(o,04) = —
n
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Figure 1: Schematic showing the construction of correlated SBMs (see text for details).

the Hellinger divergence of the vectors («/2,3/2) and (8/2,a/2), giving (1). The information-
theoretic threshold for exact community recovery is then given by

If D4 («, 8) > 1, then exact community recovery is possible: there is a polynomial-time algorithm
which outputs an estimator & satisfying lim,, o, P(ov(&, o) = 1) = 1. Moreover, if D4 («, 8) <
1, then this is impossible: for any estimator o, we have that lim,,_,~, P(ov(o,0,) = 1) = 0.

Correlated SBMs. The goal of our work is to understand how the exact community recovery
threshold given by (2) changes when the input data consists of multiple correlated SBMs. To this
end, we study a natural model of correlated SBMs, which we describe next.

We construct (G1,G2) ~ CSBM(n,p, q,s) as follows, where the additional parameter s €
[0, 1] controls the level of correlation between the two graphs. First, generate a parent graph
G ~ SBM(n,p,q), and let o, denote the community labels. Next, given G, we construct G;
by independent subsampling: each edge of G is included in G; with probability s, independently
of everything else, and non-edges of G remain non-edges in G;. We obtain a second graph, GY,
independently in the same way. The graphs G and G inherit both the vertex labels and the com-
munity labels o, from the parent graph G. Finally, we let 7, be a uniformly random permutation
of [n], independently of everything else, and generate G2 by relabeling the vertices of G according
to m, (e.g., vertex ¢ in G} is relabeled to 7, (i) in G2). This last step in the construction of G
reflects the fact that in applications, node labels are often obscured. To emphasize the effect of the
vertex relabeling on the community labels, we define ai = o4 and af =O0.0m, 1 which are the
community labels in G'; and Go, respectively. This construction is visualized in Figure 1.

First studied by Onaran et al. (2016), this model of correlated SBMs is the natural general-
ization of correlated Erdés-Rényi random graphs, which were introduced by Pedarsani and Gross-
glauser (2011) (see Section 5 for discussion of further related work). In particular, marginally
(1 and (G2 are both SBMs. Specifically, since the subsampling probability is s, we have that
G1 ~ SBM(n, ps, gs). Therefore, from (2) it follows that, in the logarithmic degree regime where
p = alog(n)/n and ¢ = Blog(n)/n, the communities can be exactly recovered from G alone if
Dy (as,Bs) > 1. Since D (as, Bs) = sDy(«, ), this condition is equivalent to sD (a, ) > 1,
which we can also write as D4 (o, ) > 1/s.

The central question of our work is how to go beyond this single-graph threshold by incorporat-
ing the information in (G2. This question was initiated in recent work of Radcz and Sridhar (2021),
whose starting observation was the following. If 7, were known, then we can reconstruct G, from
G2, and then “overlay” G and GY to obtain a new graph H, that combines the information in the
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two graphs. In particular, (¢, j) is an edge in H, if and only if (4, j) is an edge in the parent graph
G and it is included in either G; or GY in the subsampling process. It thus follows that H, is also
an SBM, specifically, H, ~ SBM (n,a(1 — (1 — s)*)log(n)/n, (1 — (1 — s)*)log(n)/n). In
particular, this argument implies that if 7w, were known and

1 1
m <Dy(a,8) < 5’

then it is information-theoretically impossible to exactly recover o, from (1 alone, but one can
recover o exactly by combining information from G and G».

Graph matching. Since 7, is not known, the argument above raises the question of when
7, can be exactly recovered from (G, G2), a task known as graph matching. The main result of
Racz and Sridhar (2021) answers this question (see also Section 5 for discussion of related work).
Specifically, they show that the information-theoretic threshold for exactly recovering 7, is given by
52 (a+ ) /2 = 1. Note that this is precisely the connectivity threshold for the intersection graph
of G and GY, (the edges of this intersection graph are the edges present in the parent graph G that
survived both subsampling processes). Letting

a+p

To(a.B) =

3)

denote the connectivity threshold in SBM(n, alog(n)/n, Blog(n)/n), we can write the thresh-
old for exactly recovering 7, as T.(as?, 3s?) = 1, or equivalently, s>T¢(a, 3) = 1. Thus, if
s®Te(a, 8) > 1, then m, can be exactly recovered from (G1,G2), while if s?T.(a, 3) < 1, then
this is impossible.

To summarize the two previous paragraphs, Racz and Sridhar (2021) showed that if

$*Te(a, B) > 1 and (1-(1-5)%)Dy(a,B) > 1, 4)

then exact community recovery is possible, that is, it is possible to exactly recover o using (G1, G2).

The interplay between community recovery and graph matching. The work of Ricz and
Sridhar (2021) leaves open the question of what happens when exact graph matching is impossi-
ble. In particular, is there a parameter regime where exact community recovery is possible from
(G1, G9), even though (1) this is information-theoretically impossible using a single graph and (2)
exact graph matching is also impossible?

We answer this question affirmatively, developing an algorithm that carefully combines commu-
nity recovery and graph matching steps. Moreover, we determine the precise information-theoretic
threshold for when exact community recovery is possible. If (1 - (1- 3)2) Dy (e, B) > 1, then
this threshold is given by

T. (as?, 8s%) + D (as(1 —s), Bs(1 — s)) = 1. (5)
The threshold in (5) cleanly showcases the interplay between community recovery and graph match-

ing: the first term in (5) comes from graph matching, while the second term comes from community
recovery. We now turn to describing our results formally.
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3. Results

We determine the information-theoretic threshold for exact community recovery from two corre-
lated stochastic block models (G1,G2) ~ CSBM(n, alog(n)/n, 5log(n)/n,s). This result has
two parts and we start with the positive one.

n n

Theorem 1 Fix constants o, 3 > 0 and s € [0,1]. Let (G1,G3) ~ CSBM (n, alogn Slogn s).
Suppose that
(1-(1-35)*)Di(a,8) > 1 (6)
and that
s*Te(, B) + (1 — 5)Dy (a, B) > 1. )

Then there is an estimator & = o (G1, G2) such that li_)m P(ov(o,04) =1)=1.
n [e.9]

In the prior work of Récz and Sridhar (2021) it was shown that (6) is necessary for exact community
recovery, and that the conditions in (4) suffice. As described in Section 2, Récz and Sridhar (2021)
focused on determining the exact graph matching threshold and then using community recovery
algorithms as a black box. The main contribution of Theorem 1 is to go beyond exact graph match-
ing, to showcase how exact community recovery is possible from (G, G2) even in regimes where
(1) this is impossible from (1 alone and (2) exact graph matching is impossible. This necessitates
developing algorithms that combine information from G1 and G5 in more delicate ways, integrat-
ing ideas from community recovery and graph matching algorithms. Indeed, at a high level, the
algorithm we develop to prove Theorem 1 has four main steps:

(1) Obtain a partial almost exact graph matching i between GG1 and Go;
(2) Obtain an almost exact community labeling of vertices in G1;

(3) For vertices in G; that are part of the matching ji: refine the almost exact labeling obtained in
Step (2) via a majority vote in the (denser) graph consisting of edges that are either in G; or
in G (determined using ).

(4) For vertices in G that are not part of the matching fi: classify them according to a majority
vote of the labels of their neighbors, where we use only the edges in G;.

In order to make such an algorithm work, the devil is in the details, with careful choices in each
step; we refer to Section 4 for a more detailed overview of the algorithm.

The threshold in (7) highlights the interplay between the community recovery and graph match-
ing tasks. Indeed, the first term in (7) comes from graph matching: s2T.(a,3) = 1 is the
threshold for exact graph matching; moreover, when s2T.(c, 3) < 1, the best possible almost
exact graph matching makes nl=s"Te(@B)+0(1) errors, which is relevant for Step (1) of the algo-
rithm. On the other hand, the second term in (7) comes from community recovery; in particu-
lar, this term arises from the majority vote in Step (4). Note that while we use all edges in G
for this step, the unmatched nodes are isolated in the intersection graph, and hence the relevant
edges are not present in G, leading to the “effective” factor of s(1 — s). Since exact commu-
nity recovery in SBM(n,as(1 — s)log(n)/n,Bs(1 — s)log(n)/n) is governed by the quantity
Dy(as(1—1s),8s(1 —s)) =s(1l —s)Dy(a, 3), this leads to the second term in (7).

As the following impossibility result shows, Theorem 1 is tight.
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(a) Fixed s = 0.15. (b) Fixed s = 0.2. (c) Fixed s = 0.25.

Figure 2: Phase diagram for exact community recovery for fixed s, with a € [0,40] and 3 € [0, 40]
on the axes. Green region: exact community recovery is possible from (G; alone; Cyan re-
gion: exact community recovery is impossible from G alone, but exact graph match-
ing is possible, and subsequently exact community recovery is possible from (G, G2);
Dark Blue region: exact community recovery is impossible from G; alone, exact graph
matching is also impossible, yet exact community recovery is nonetheless possible from
(G1,G2); Pink region: exact community recovery is impossible from (G, G2) (even
though it would be possible if 7, were known). Red region: exact community recovery is
impossible from (G, G2) (even if 7, is known). Characterizing the Dark Blue and Pink
regions is the main result of this paper.

n n

Theorem 2 Fix constants o, 5 > 0 and s € [0,1]. Let (G1,G2) ~ CSBM (n, alogn Slogn s).
Suppose that

(1-(1-5)?%)Dy(e,8) <1 (8)

or that

s*Te(a, B) 4 5(1 — s)Dy(a, B) < 1. )

Then for any estimator o = o(G1,G2), we have that li_}rn P(ov(o,04) =1) =0.
n—oo

Impossibility of exact community recovery under the condition (8) was shown by Racz and
Sridhar (2021), so the contribution of Theorem 2 is to show impossibility under the condition (9).

As discussed above, the condition (9) highlights the interplay between the community recovery
and graph matching tasks. In particular, Theorem 2 uncovers and characterizes a region of the
parameter space where exact community recovery from (G, G2) is impossible, despite the fact that
if 7, were known, then exact community recovery would be possible from the correctly matched
union graph G1 V,, Go.

Putting together Theorems 1 and 2, we obtain the information-theoretic threshold for exact
community recovery in correlated SBMs, see (5). These results are illustrated in the phase diagrams
of Figures 2 and 3.
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Figure 3: Phase diagrams for exact community recovery for fixed /3, with o € [0,40] and s € [0, 1]
on the axes. (Colors as in Fig. 2.)

4. Overview of algorithms and proofs

We next expand upon the very high-level steps of the recovery algorithm presented in Section 3,
detailing choices made in each step, and highlighting technical challenges that arise in the analysis.
We also give an overview of the impossibility proof.

Almost exact graph matching via the k-core estimator. For a permutation 7 : [n] — [n],
let G1 Ar G2 be the corresponding intersection graph of G and Go, where (4, 7) is an edge in
G1 Nz Gy ifand only if (7, j) is an edge in G} and (7 (i), 7(j)) is an edge in G5. The graph matching
algorithm we study—called the k-core estimator—iterates over all permutations of [n] and finds a
permutation 7 that induces the largest k-core! in the corresponding intersection graph. The output
of the algorithm is a potentially incomplete vertex correspondence i, which is the restriction of 7
to the vertex set of the k-core in G; Az Ga. Figure 4 provides an illustration.

While it is (information-theoretically) impossible that ;i = , with probability larger than o(1)
in the parameter regime that we consider, i has two important properties that we highlight. First,
f matches almost all vertices; that is, if we denote by F’ the set of unmatched vertices, then |F'| =
o(n). Second, the vertices matched by i are all correct with probability 1 — o(1). This property is
extremely important for downstream community recovery tasks, as it allows us to clearly leverage
information from G; and G2 in classifying a given vertex in the correspondence /i.

Intuitively, graph matching algorithms tend to fail in aligning vertices that are not well-connected
in G1 A, G2 (in particular, singletons), since such vertices have little common information across
(G1 and Gi2. On the other hand, the k-core is, by definition, a well-connected subgraph, explaining
why the k-core estimator succeeds for an appropriate choice of £ (we choose k = 13 in this pa-
per). Previously, Cullina et al. (2020) proved the almost exact correctness of the k-core estimator
for sparse correlated Erd6s-Rényi graphs. Here, we extend their results to correlated SBMs, which
requires a novel analysis, since the prior work of Cullina et al. (2020) utilized certain probability
generating functions that can only be tractably computed for Erd6s-Rényi graphs. Our approach
circumvents this issue while also providing a tight analysis for the logarithmic degree regime.

An important and novel consequence of our analysis is that for correlated SBMs in the logarith-
mic degree regime, the k-core estimator achieves optimal performance. Specifically, we show that
the k-core estimator fails to match at most |F'| < ni=s*Te(@B)+o(1) yertex pairs, which is orderwise

1. The k-core of a graph is the largest induced subgraph for which all vertices have degree at least k.
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Figure 4: Illustration of the k-core matching (here, & = 4). Pictured here is the corresponding k-
core of the intersection graph Gy Ag Ga.

equal to the number of singletons of G A, Ga, for which it is known that any graph matching algo-
rithm will fail (Racz and Sridhar, 2021; Cullina et al., 2016). This optimality of the k-core estimator
is a fundamental reason why we utilize the k-core estimator to prove that the information-theoretic
threshold can be achieved.

Exact community recovery in the correctly matched region. Since exact community recovery
is impossible in G or in G5 alone, we will utilize the almost-exact vertex alignment /i to combine
information from both graphs to recover communities. The algorithm we design does so by recov-
ering communities through multiple subroutines, each of which is executed carefully in order to
de-couple the complex dependencies between G, Go, and . Initially, we focus on recovering the
community labels of vertices that are part of the (partial) matching 7.

First, we run a community recovery algorithm on (G to generate an almost-exact community
labeling (i.e., with o(n) errors). Using /i, we then identify the graph G'; Vj; G2, which consists of
edges (i, j) such that (i, j) is an edge in Gy or (i(), fi(j)) is an edge in G2. Using G1 V; Go,
we then refine the almost-exact community labeling by re-classifying vertices in zi according to a
majority vote among the labels of neighbors in G1 V; G2. See Figure 5 for an illustration.

To make this algorithm work, there are several technical roadblocks which require novel ideas
to overcome. First, since the almost-exact community labels inferred from G are subsequently
analyzed in the context of G1 V5 Go, it is critical that the incorrectly-classified vertices are not
well-connected. If, for instance, a vertex had only a small number of correctly-classified neighbors
in G1 V3 G'9, the final majority vote step would not be guaranteed to succeed. We therefore employ
an algorithm previously developed by Mossel et al. (2016), for which we can control the geometry
of the misclassified vertices and show that the incorrectly-classified vertices are indeed only weakly
connected. We remark that, as a consequence of our analysis, we show that the algorithm of Mossel
et al. (2016) is optimal, in the sense that it outputs a labeling which makes the smallest possible
number of errors. We repeatedly leverage this property to show that our full algorithm works down
to the information-theoretic threshold.

The other key technical hurdle concerns the structure of G Va (G>. Notice that, in the regime
(1—(1—s)*) D4 (a,B) > 1, with high probability it is guaranteed that all vertices in G V, G2
have the property that the majority of each community among their neighbors is the same as the
community label of the vertex itself. However, it is unclear whether this is the case for G Va Go,



ExAcT COMMUNITY RECOVERY IN CORRELATED STOCHASTIC BLOCK MODELS

Gl \/g GQ = (Gl \Z G2){[n] \ F}

Figure 5: Illustration of how the recovery algorithm classifies vertices in [n] \ F (see Algorithm 2).
In each graph, the orange region denotes the set of incorrectly classified vertices resulting
from applying Algorithm 3 (almost exact community recovery) to (G1, the purple region
denotes F or '\ F (which are classified later), and the white region denotes the set
of correctly-classified vertices. When the two graphs are overlayed to form G Vj Ga,
all vertices in J have a neighborhood majority corresponding to the correct community
labeling.

since the removal of the vertices in F' that are not part of the (incomplete) vertex correspondence
11 may skew the neighborhood majority of nodes that have many neighbors in F'. To remedy this
issue, we employ a method of Luczak (1991) to find a set F' D F that is guaranteed to be only
weakly connected to vertices outside of F in G V7 G2 (and not much greater in size than F'). As
a consequence, if v € [n] \ F is incorrectly classified in G, the majority of its correctly labeled
neighbors in GG1 Vj; G2 will not be significantly affected by F, resulting in the correct labeling.

Classifying the vertices outside of the correctly matched region. It now remains to classify
vertices in F. To classify F'\ F, it is useful to consider the graph G4 \i G2, which consists of
edges (7, 7) that are in G; such that (zi(¢), 7i(j)) is not in Ga. In our construction of F', we are
careful to only use the structure of G, not Gy, so that the neighbors of F in G \ﬁ G5 do not
depend strongly on the structure of F'. We then classify vertices in F'\ F' according to their majority
among correctly-classified neighbors in G1 \; G2, which are given by the previous step of the
algorithm. Due to the approximate independence between [ and its neighbors in G \; G2, the
probability that the majority vote fails can be computed in a straightforward manner and is shown
to be n~s(1=s)D+(@A)+o(l) The factor of s(1 — s) in the exponent reflects the fact that G1 \; G- is
essentially constructed from edges in the parent graph G that are sampled by G; but not by G5. We
show that [F| = nl=¢*Te(@8)+o(1) with probability 1 — o(1), which, along with the probability that
majority fails, implies that we can informally bound the probability that the algorithm fails as

IP(exists a vertex in F' \ F such that the majority vote fails) < |F \ F| - P(majority vote fails)
< pl=s*Te(ap)+o(1) | ) —s(1=s)Dy(,B)+0(1) _ 1—(s*Te(r,B)+s5(1—5)Dy (o, 8))+0(1)
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In particular, the final expression is o(1) if (7) holds. While the display above is quite informal, it
captures the reason why our algorithm works in the regime (7).

Finally, we classify vertices in F', which we recall is the set of vertices outside of the k-core
of G1 Ar, Ga, with high probability. We classify these vertices according to a majority vote with
respect to their correctly-labeled neighbors in G outside of F'. By definition, vertices in F' can have
at most k& — 1 edges outside of F'in G A, G2, implying that the bulk of the neighbors will be in
the graph G \, G2. Since |F| < nl=s*Te(@f)+o(1) with high probability, we may repeat similar
arguments as for the classification of F'\ F above, to conclude that the majority vote will succeed
in classifying F' provided that (7) holds.

Impossibility results. Since impossibility under the regime in (8) was proved by Racz and Srid-
har (2021), we focus on the regime in (9). To this end, notice that when s2T c(a, B) < 1, there
are nl=s"Te(a:f)+o(1) singletons in G1 A, G9; these can be thought of as the vertices with non-
overlapping information across (G; and (3. This property makes such vertices impossible to match
correctly. As a result, the maximum a posteriori (MAP) estimator for community labels of the
singletons of G; A, G2 almost completely disregards information from G2 and classifies the sin-
gletons according to their neighborhood majority in G; alone. To make this rigorous, we give the
MAP estimator additional information in the form of o’f (the community labels in G2) and the cor-
rect matching 7, () for all nodes ¢ that are not singletons in G1 A, G2, and show that even with this
additional information, the MAP estimator fails. Specifically, we use the second moment method
to show that under the condition (9), with high probability, at least one of the majority votes will
lead to the wrong classification. Since the MAP estimator fails in this regime, so too does any other
estimator.

5. Related work

Since our work focuses on the interplay between community recovery and graph matching, it natu-
rally connects with and builds upon the extensive literatures on these two topics. We highlight here
the most relevant related work.

Community recovery in SBMs. There is a vast literature on learning latent community struc-
ture in networks, and this question is by now understood well in SBMs (Holland et al., 1983; Dyer
and Frieze, 1989; Bui et al., 1984; Boppana, 1987; Decelle et al., 2011; Mossel et al., 2014; Mas-
soulié, 2014; Mossel et al., 2018; Abbe et al., 2016; Mossel et al., 2016; Abbe and Sandon, 2015;
Bordenave et al., 2015); we refer the reader to Abbé’s survey (Abbe, 2017) for an overview. We
highlight in particular the works of Abbe et al. (2016) and Mossel et al. (2016), which characterized
the threshold for exact community recovery in the balanced two-community SBM. We build and
expand upon their algorithms and analyses, in particular dealing with the uncertainties and depen-
dencies arising from the partial, inexact matching between the correlated graphs.

Beyond SBMs. Roughly speaking, there are two main strands of literature that go beyond
SBMs, incorporating various types of additional information to aid in recovering communities: con-
textual SBMs and multi-layer networks. In contextual SBMs, the idea is to leverage node-level in-
formation (e.g., latent high-dimensional vectors) that is correlated with the community labels (Both-
orel et al., 2015; Kanade et al., 2016; Mossel and Xu, 2016; Zhang et al., 2016; Binkiewicz et al.,
2017; Deshpande et al., 2018; Abbe et al., 2020a; Lu and Sen, 2020; Saad and Nosratinia, 2020;
Yan and Sarkar, 2021; Ma and Nandy, 2021). In particular, the information-theoretic limits have re-
cently been characterized for both community detection and exact community recovery (Deshpande
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et al., 2018; Abbe et al., 2020a; Lu and Sen, 2020), and in both cases these limits shift due to the
high-dimensional node covariates.

Multi-layer SBMs were introduced by Holland, Laskey, and Leinhardt, in the same work that
introduced SBMs (Holland et al., 1983). Here, given the underlying community structure, a collec-
tion of SBMs is generated on the same vertex set with the same latent community labels. Several
variants have been explored (Han et al., 2015; Arroyo et al., 2021; Paul and Chen, 2020, 2021; Lei
etal.,2019; Ali et al., 2019; Bhattacharyya and Chatterjee, 2020; Chen et al., 2020), but typically the
layers are conditionally independent given the community labels. This is a major difference com-
pared to the setting we consider, where the graphs are correlated through the formation of edges.
Moreover, the node labels are assumed to be known in the multi-layer setting, which completely
removes the need for graph matching.

The recent works (Mayya and Reeves, 2019; Ma and Nandy, 2021) jointly consider multi-layer
networks and node-level information that is correlated with the latent community memberships,
thus synthesizing these two strands of literature.

Graph matching: correlated Erdés-Rényi model. Arguably the simplest probabilistic gen-
erative model of correlated graphs is to consider two correlated Erd6s-Rényi random graphs. Con-
sequently, this model, introduced by Pedarsani and Grossglauser (2011), has been the focus of the
theoretical literature on graph matching. The information-theoretic limits for recovering the latent
vertex correspondence 7, have been determined for exact recovery (Cullina and Kiyavash, 2016,
2018; Wu et al., 2021) and almost exact recovery (Cullina et al., 2020), and significant progress has
been made for weak recovery as well (Ganassali and Massoulié, 2020; Hall and Massoulié, 2020;
Ganassali et al., 2021; Wu et al., 2021).

In particular, we highlight the work of Cullina et al. (2020), which is central to this paper and
which we extend to correlated SBMs. They showed that the so-called k-core matching achieves
almost exact recovery when the average degree of the intersection graph diverges, and moreover,
with high probability, all nodes in this partial matching are known to be correctly matched. This
latter property is very useful, especially for downstream tasks such as combining a partial matching
with community recovery steps. This directly motivates our choice of using a k-core matching in
the algorithm that proves Theorem 1.

The quest for efficient algorithms for graph matching has led to numerous algorithmic ad-
vances (Mossel and Xu, 2019; Barak et al., 2019; Ding et al., 2021; Fan et al., 2020; Mao et al.,
2021b), culminating in the recent work of Mao et al. (2021a), who demonstrated an efficient algo-
rithm for exact recovery in the constant noise regime.

Graph matching: beyond Erdds-Rényi. A growing literature studies graph matching in mod-
els going beyond Erd6s-Rényi, including correlated SBMs (Onaran et al., 2016; Cullina et al., 2016;
Lyzinski, 2018; R4acz and Sridhar, 2021; Shirani et al., 2021) and more (Korula and Lattanzi, 2014;
Racz and Sridhar, 2022; Yu et al., 2021). Closest to our work is that of Racz and Sridhar (2021),
who determined the information-theoretic limits for exact graph matching in correlated SBMs, and
subsequently leveraged this for exact community recovery. Our main contribution, discussed in
detail in Sections 2 and 3, is to go beyond exact graph matching and to understand when exact
community recovery is possible in the regime where exact graph matching is impossible.

6. Discussion and future work

Our work leaves open several important avenues for future work, which we now outline.
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* Efficient algorithms. In the parameter regime where exact community recovery is possible
from (G1,G2) (see Theorem 1), it is important to understand whether this is possible effi-
ciently (in time polynomial in n). The algorithm that we developed to prove Theorem 1 is
not efficient; specifically, the k-core matching step is inefficient, while the other steps are ef-
ficient. Finding efficient algorithms for graph matching has been the motivating force behind
several recent works (e.g., (Mossel and Xu, 2019; Barak et al., 2019; Ding et al., 2021; Fan
et al., 2020; Mao et al., 2021b)), culminating in the recent breakthrough work of Mao et al.
(2021a), who developed an efficient algorithm for graph matching in correlated Erd6s-Rényi
random graphs with constant noise. This promisingly suggests that efficient algorithms exist
in the setting of the current paper as well.

We note, however, that using a k-core matching in this paper was a careful choice motivated
by the desirable property that, with high probability, all nodes in this partial matching are
known to be correctly matched. This raises the possibility that developing efficient algorithms
for the full regime of Theorem 1 may require significant new ideas beyond extending the work
of Mao et al. (2021a) to correlated SBMs (which, in itself, is an interesting open problem).

* Three or more correlated graphs. What happens in the case of several correlated SBMs?
Achieving exact community recovery down to the threshold in Theorem 1 requires carefully
passing information between the two correlated graphs. It would be interesting to understand
how this generalizes to three or more graphs.

* Beyond exact community recovery. While here we focus on exact community recovery,
it is of great interest to understand how multiple correlated SBMs can help with recovering
communities in other parameter regimes. We conjecture that synthesizing information from
a second, correlated graph can help in all settings.

For instance, when only almost exact community recovery is possible from (G1, G), we con-
jecture that the optimal error rate is of smaller order than if only Gy were known. Similarly,
in the partial recovery regime, we conjecture that a larger fraction of nodes can be recovered
when given (G1,G2), as compared to when only G is given. Finally, we conjecture that
the threshold for community detection decreases in the case of multiple correlated SBMs,
compared to a single SBM. Understanding all of these regimes quantitatively is an important
direction for future work.

* General correlated stochastic block models. We focused here on the simplest setting of
the SBM with two balanced communities. A natural future direction is to extend our results
to more general SBMs with multiple communities, which are understood well in the single
graph setting (Abbe, 2017).
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Appendix A. Organization

The rest of the paper is devoted to the proofs of Theorems 1 and 2 and is structured as follows. First,
after collecting notation in Section B, we describe the recovery algorithm in detail in Section C. Sec-
tion D contains preliminary lemmas which are useful throughout, followed by three sections where
the three main steps of the algorithm are analyzed: Section E contains the analysis of the k-core
estimator, Section F proves the correctness of the estimated community labels for the matched ver-
tices, and Section G deals with classifying the remaining vertices. The different steps are combined
into a proof of Theorem 1 in Section H. Finally, Section I contains the proof of the impossibility
result, Theorem 2.

Appendix B. Notation

Recall that the underlying vertex set is V' = [n] := {1,2,...,n}. We denote by S,, the set of
permutations of [n]. Recall that VT := {i € [n] : 0.(i) = +1} and V™~ := {i € [n] : 0.(i) = —1}
denote the vertices in the two communities. To emphasize the different vertex labels in G; and

Go, we define o} := o, and 62 := o, o 7, !, which are the community labels in G and Gb,
respectively. Accordingly, we define Vfr =Vt and V| := V", as well as V;r ={i € [n] :
02(i) = +1}and V,; := {i € [n] : 02(i) = —1}, to denote the two communities in the two graphs.

Let ([g}) = {{i,7} : i,j € [n],i # j} denote the set of all unordered vertex pairs. We
use (4,7), (4,4), and {7, j} interchangeably to denote the unordered pair consisting of 7 and j.

Given a community labeling o, we define the sets £ (o) := {(i,j) e (") :o(i)a(j) = +1}

and £~ (o) = {(i,j) e (") :o(i)o(y) = —1}. In words, £¥ (o) is the set of intra-community
vertex pairs, and £~ (o) is the set of inter-community vertex pairs. Note that £t (o) and £~ (o)
partition ([g}).

Let A be the adjacency matrix of Gy, let B be the adjacency matrix of G5, and let B’ be the
adjacency matrix of GY. Note that, by construction, we have that Bz’»’ j = Br.(i)m.() for every
i,7. By the construction of the correlated SBMs, we have the following probabilities for every

(i,5) € (%)

£ () = 0o o0 = {0 02
SCRE DR UDIERER (o by
(L) = 0o = {200 0

P ((Aij. Bij) = (0,0) | o) = {1 :ng ) 52 EZEZ; ; 28;

For brevity, for i, 7 € {0,1} we write
pij =P ((A12, B1 ) = (4,5) | o4) if 04 (1) = 04(2)
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and
qij = P ((A1,2>Bi,2) = (Zaj) | U*) lfg*(l) # U*(2)

We also utilize some common notation for general graphs G. If R is a subset of the vertex set
of G, we let G{ R} denote the induced subgraph of G corresponding to R. For a vertex ¢ in G, we
let NV(7) be the set of neighbors of i in G. We abbreviate N, () as N7 (i), and similarly N, (7)
as Na(i). We also let degq (i) = |[Ng(7)| denote the degree of 7 in G.

For an event A, we denote by 1 (A) the indicator of .4, which is 1 if .4 occurs and 0 otherwise.
Given a function f and a subset M of its domain, we let f{M} denote the restriction of f to M.
We also let f(M) denote the image of M under f.

Throughout the paper we use standard asymptotic notation and all limits are as n — oo.

Appendix C. The recovery algorithm

Our recovery algorithm begins by forming a matching between a subset of the vertices in GG and a
subset of the vertices in G3. Formally, we have the following definitions of a matching and a k-core
matching.

Definition 3 Ler Gy and G2 be two graphs with vertex set [n]. The pair (M, ) is a matching
between G1 and G4 if

* M C[n],
e u:M — [n], and
* L IS injective.

Given a matching (M, 1), we introduce the following related notation. We let G V,, G2 be the
union graph, whose vertex setis M, and whose edge setis {{4,j} : i,j € M, Aij+ B,y u(j) = 1}-
In other words, the union graph contains edges that appear in either graph, relative to the matching .
Similarly, let G A, G2 be the intersection graph, whose vertex set is M, and whose edge set is
{{i,j} + i, € M, Ajj = By),u) = 1} The intersection graph contains all edges appearing in
both graphs, relative to the matching x. Let Gy \, G2 be the graph whose vertex set is M, and
whose edge set is {{7,j} : i,j € M, Aj; = 1, B,(;) ;) = 0}. In other words, G\, G2 contains
edges appearing in G'; but not G2, again, relative to the matching. Finally, let G2\, G1 be the graph
whose vertex set is M, and whose edge setis {{i,j} :4,j € M, Ajj = 0, B,,(3) (j) = 1}. Note that
all four definitions use vertex numbering relative to G1. If 7 : [n] — [n] is a permutation, then the
notation GV Go2, G1 Ay Ga, G1 \x G2, and G2\ G is defined according to the matching ([n], ).

In order to introduce our matching algorithm, we require the following definition. We let
dmin(G) be the minimal degree in a graph G.

Definition 4 A matching (M, 1) is a k-core matching of (G, G2) if dmin(G1 Ay G2) > K (ie., for
every i € M, the degree of i in the graph G N\, Ga is at least k). A matching (M, ) is called a
maximal k-core matching if it involves the greatest number of vertices, among all k-core matchings.

The term k-core matching comes from the notion of a k-core. The k-core of a graph G is the
maximal subgraph with minimum degree at least k. Our first step is to produce a maximal k-core
matching of the graphs (G, G2); see Figure 4 for an illustration.
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Algorithm 1 k-core matching

Input: Pair of graphs (G, G2) on n vertices, k € [n].

Output: A matching (M, i) of (G1, G2).
1: By enumerating all possible matchings, find the maximal k-core matching (M, 1) of G and G.

Let (]/\4\ , i) be the matching found by Algorithm 1 with & = 13. We will show that M coincides
with the maximal k-core of Gy A, Ga, with high probability (see Lemma 21). Furthermore, we
will show that a vanishing fraction of the vertices is excluded from this matching. Specifically, let
F = [n]\ M be the set of vertices which are excluded from the matching; we will show that
|F| < nt=s"Te(@B)+o(1) with high probability (see Lemma 26).

Our next step is to leverage the correctly matched region in order to find the correct communities.
In particular, the goal of the following algorithm is to perfectly recover the communities in the subset
of vertices found by the k-core matching (with £ = 13). The algorithm involves several intermediate
steps which we detail below.

Algorithm 2 Labeling the k-core

Input: Pair of graphs (G, G2) on n vertices, a k-core matching (M, ), parameters «, 3, s, € > 0.
Output: A labeling of G1{M }.
Finding a preliminary labeling
1. Apply Algorithm 3 to the graph 1 and parameters (sa, sf3, €), obtaining a labeling &;.

Expanding F' := [n] \ M
2: Let F := [n] \ M. Apply Algorithm 4 to (G2, [n] \ u(M)), obtaining the set F' D [n] \ u(M).
Let F := [n]\ u~!([n] \ F’), and note that F' D F.

Classifying [n] \ F' and F'\ F

3. For each i € [n] \ F, set (i) € {—1,1} according to the neighborhood majority (resp.,
minority) of &1 with respect to the graph (G V,, G2){[n] \ F} if & > S (resp., o < ).

4: Foreachi € F\F,seto(i) € {—1, 1} according to the neighborhood majority (resp., minority)
of & with respect to the graph (G \, G2){([n] \ F) U {i}} if @ > S8 (resp., o < J3).

5: Returno : M — {—1,1}.

Step 1 in Algorithm 2 results in almost exact recovery of the community labels in G;. We then
need to transform the almost-exact labeling to an exact labeling. We would like to do this by a
neighborhood vote in the union graph G V; G'2; however, the contribution of edges from vertices
in M to vertices in F is hard to analyze. To remedy this difficulty, we expand the set F' into
the set ' D F, such that any vertex of G outside of 7, (F') has at most one neighbor in . (F),
with high probability. This expansion, which is constructed by a method of Luczak (1991), is
guaranteed to satisfy |F'| < 3|F| with high probability (see Lemma 25). Given the expanded set,
we classify all i € [n] \ F according to the majority of neighborhood values of & in the union
graph (G1 V5 G2){[n] \ F'}. See Figure 5 for an illustration of this procedure.

In order to show that the majority vote correctly rectifies the labels, we first show a general result
on almost-exact recovery in SBMs, which relates the set of incorrectly classified vertices to the set
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of vertices with weak majorities with respect to the ground-truth labeling (Lemma 27), adapted from
Mossel et al. (2016). Namely, let J be the set of incorrectly classified vertices of a graph G drawn
from the SBM, and let I.(G) be the set of vertices in G which do not have € log(n) majorities with
respect to the ground-truth labeling o, (see Definitions 15 and 16 for formal definitions.) We will
show that with high probability, for suitable e > 0, it holds that J C I.(G). Given this general
result, it follows that the error set of &' is contained within the set I.(G1). We then show that on the
graphs G and (G2 \; G1){[n] \ F'}, each vertex has few neighbors in I.(G1) (Lemmas 30 and 34).
In turn, this allows us to show that on the union graph (G Vv, G2){[n] \ F'}, the neighborhood
labels of a given vertex ¢ with respect to & are close to the neighborhood labels with respect to o ..
Finally, we show that each vertex in (G V,, G2){[n] \ F'} has an € log n majority with respect to o,
(Lemma 33). Therefore, taking a majority with respect to &1 on (G V,, G2){[n] \ F'} transforms
the almost-exact labeling to the correct labeling.

To complete the labeling of the k-core, we classify vertices in F'\ F according to the majority of
neighborhood values of {[n] \ F'}, with respect to the graph (G \; G2){([n] \ F) U {i}}. We are
able to do so because the edges in the graph (G1\; G2){([n]\ ) U{i}} are (nearly) independent of
the construction of F', conditioned on the random partition representation of correlated SBMs (see
Section D.2 for details).

We now provide the details of the subroutines used by Algorithm 2.

Algorithm 3 Almost-exact community recovery (Mossel et al., 2016, Algorithm 1)

Input: A graph GG on n vertices, parameters «, 3, € > 0.
Output: A labeling on G givenby & : [n] — {—1,1}.
1: Choose a positive integer m satisfying (log(em(200 max{1, o, 3})~!) — 1)e/2 > 1. Initialize
two empty sets, W, and W_.
2: Using the spectral method of (Abbe et al., 2020b, Section 3.2), find a community partition of
[n], denoted by (U, U-).
3: Partition [n] randomly into {U1, ..., Uy }.
4: Foreachi € [m]:

 Using the spectral method of (Abbe et al., 2020b, Section 3.2), find a community partition
(Ui+,Ui—)of G{[n| \ U;}. If |U; 1 AU, | > n/2, then swap U;  and U; _.

» Forv € Uj;, insert v into W or W_ according to its neighborhood majority (resp., minor-
ity)inU;  UU; — if a > B (resp., a < f3).

5: Fori € W,,seto(i) = 1,and fori € W_, set (i) = —1. Return &.

Algorithm 4 fuczak expansion

Input: A graph G on n vertices, a set U C [n] B B
Output: A set U C [n] such that U O U and for all i € [n] \ U, 7 has at most one neighbor in U.
1: Let Uy = U. Foreachi € {0,1,...,n}:

e Let Ui’ 1 be the set of vertices outside U; that have at least two neighbors in U;.
» If U/, = 0 return U;.

* Else set U; 11 = U; U {v}, where v is an arbitrarily chosen vertex in Z’ Y1
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The complete algorithm appears below. First, the k-core matching is found. Next, the vertices
comprising the matching are labeled. Finally, the vertices excluded from the matching are labeled
according to neighborhood labels in the graph (1, restricted to the vertices comprising the matching.

Algorithm 5 Full community recovery

Input: Pair of graphs (G, G2) on n vertices, k € [n], and € > 0.
Output: A labeling of G; givenby & : [n] — {—1,1}.
1: Apply Algorithm 1 on input (G, G2, k), obtaining a matching (1\7 J 1)
2: Apply Algorithm 2 on input (G1, Go, M, i, €), obtaining a labeling & : M — {-1,1}.
3: Fori € [n]\ M. , classify ¢ according to its neighborhood majority (resp., minority) in the graph
Gl{]/\/[\U {i}}if a > 3 (resp., a < ).

Theorem 5 Fix constants o, 3 > 0 and s € [0,1]. Let (G1,G2) ~ CSBM (n, O‘k;lj, @, 5).
Suppose that (6) and (7) hold. Let € > 0 satisfy

(1 - (1- 3)2) Di(a,B) > 1+ 2¢|log(a/B)] and 0<e< sD (e, ) (10)

~ Aflog(er/B)|
Then Algorithm 5 on input (G1, G, 13, €) correctly labels all of the vertices in G1, with high prob-
ability.

Since (6) and (7) imply the existence of € > 0 such that (10) holds, proving Theorem 1 reduces to
proving Theorem 5. The proof of Theorem 5 can be found in Section H, with the supporting results
proved in Sections E, F, and G.

Appendix D. Preliminary results
D.1. Binomial probabilities

Since binomial differences appear frequently in our analysis, we include two useful results here.
The first can be found in the proof of (Mossel et al., 2016, Proposition 2.8).

Lemma 6 Suppose that o > 3. Let Y ~ Bin(m™, alog(n)/n) and Z ~ Bin(m~, Blog(n)/n)
be independent. If m™ = (1 + o(1))n/2 and m™ = (1 + o(1))n/2, then

P(Y < Z) = n~P+(@B)+e(1),

Remark 7 The precise result in (Mossel et al., 2016, Proposition 2.8) characterizes P(Y < Z)
when m™ = m~ = n/2. It is readily seen from their proof of the result that it also holds for the
slightly more general values of m™ and m™ that we consider and when the inequality between' Y’
and 7 is strict.

The following result follows from (Abbe et al., 2020b, Lemma 8 of Supplement).

Lemma 8 Suppose that « > (. Let Y ~ Bin (m+, alog”) and Z ~ Bin (m,, Blog") be

independent. If m™ = (1 + o(1))n/2 and m~ = (1 + o(1))n/2, then for any € > 0,
elog(a/B)
P(Y —Z <elogn) < n_(D+(a’B)_ E )+0(1).
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Gy \m Go Gl Anr, GQ Go \7rx Gy
L]

G

Figure 6: Decomposition of correlated G and G5 into G\, G2, G1 Ar, G2, and G2\, G1, which
are conditionally independent given 7, o, and the random partition {Epo, €10, £11, o1 }
(see Lemma 10).

Remark 9 Note that (Abbe et al., 2020b, Lemma 8 of Supplement) treats the case where m, =

— _ elog(a/B)
m_ = n/2, obtaining a tail bound of n (D+(O"5) 2 )
o(1))n/2 is reflected by an additional o(1) in the exponent.

. Allowing for my,m_ = (1 +

D.2. A useful construction of correlated SBMs

In this section, we detail a useful alternate construction of correlated SBMs that highlights the
independent regions of G; and Ga.

To begin, we construct a random partition {Eyo, £o1, £10, E11} of ([Z’}) as follows. Independently
for each {i,j} € (%), we add {i,j} to &y with probability (1 — 5)2, to Ey with probability
5(1 — s), to E1¢ with probability s(1 — s), and to £1; with probability s?. Subsequently, for each
pair {7, j}, we construct an edge between 7 and j with probability p if the two vertices are in the
same community, else with probability q if the two vertices are in different communities. The graph
G is constructed using the edges formed in 19 U &1 and the graph G, is constructed using the
edges formed in £y; U&7 ;. The graph G is then generated from GY, and 7, by relabeling the vertices
of G, according to . The usefulness of this construction is that it provides an alternate way to
generate correlated SBMs and highlights regions of the two graphs that are independent of each
other (see Figure 6 for an illustration). This is formally stated in the following result.

Lemma 10 The random partition construction of correlated SBMs above is equivalent to the orig-
inal construction described in Section 2. Moreover, conditioned on m, o, Eyo, Eo1, 10, and E11,

the graphs G1 \r, G2, G1 A\r, Ga, and Go \,, G1 are mutually independent.

22



ExAcT COMMUNITY RECOVERY IN CORRELATED STOCHASTIC BLOCK MODELS

Proof To prove the first statement, it suffices to check that the marginal distribution of the pair

(Aij, Br, (i) ( j)) is the same under both constructions, due to the independence over vertex pairs.

Under the original construction, if o} (i) = o}(j), then

5 if (a,6) = (1,1),
((A J?Bﬂ'*(i)ﬂr*(j)) = ((I, b) ’77*,0'1) = 8(1 — S)p if (a,b) € {(1,0), (0, 1)},
1—(1-=(1=s)?%)p if(a,b)=(0,0).
(11)
When o} (i) = —o(j), the joint distribution is the same as in (11), with p replaced by ¢. In the
second construction, if (a, b) # (0,0), then we have, for 7, j satisfying o} (i) = o} (j), that
((A J’BTI'*(i),ﬂ*(j)) = (CL, b) ‘7‘-*70’:) =P ({27]} € Eap ‘ 77*70-1) °p
2 if (a,b) = (1,1
_ s if (a,0) = (1, 1), (12)
S(]' 78)1) if (CL, b) € {(150)7(0’1)}

When o} (i) = —cl(j), the joint distribution is the same as in (12), with p replaced by ¢. Since the
probabilities agree when (a,b) # (0,0), they must also agree when (a,b) = (0,0), since all the
probabilities sum to one.

To prove the second statement, notice that the graph G \ ., G2 is comprised of edges in &,
G1 Ar, Gg is comprised of edges in &1, and G2\, G is comprised of edges in ;. Conditioned
on Ty, 0' , and the random partition {Eyo, £10, €11, Eo1 }, the formation of edges in 19, £11, and Ey;
are mutually independent. |

Remark 11 A useful consequence of the random partition construction is that marginally, the
graphs G1 \r, Ga2, G1 Nr, Go, and Go \, G1 are SBMs. However, conditioned on the parti-
tion {&o, E01, €10, €11}, these graphs are not SBMs, since, for instance, the set of potential edges
in Gy \r, Go is given by &1 rather than ([g]).

When we utilize the random partition construction in later proofs, it is useful to consider a
high-probability event where the partition behaves in a nice manner. Formally, we introduce the
following event.

Definition 12 (The event F) For a,b € {0, 1}, define the constant

2 if(a,b) = (1,
Sap = s(1—s) if(a,b) € {(
(1= if(a,b)= (0,

1),
,0), (0, 1)},
0).
The event F holds if and only if
n/2 —n?t < |V |VT| <n/2+n?*
and also the following conditions hold for all a,b € {0,1} and all i € [n]:
o sap (VOO —n3%) < {5 : {i,5} € Ep NET (1)} < sap (VD] + n¥/4);
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o sap (VO] =034 <|{j: {i,5} € Ep NE (L)} < sap (V77| + n/1).

The first condition ensures that the two communities are balanced. The next two conditions stipulate
that for each vertex ¢ € [n], the number of potential neighbors to both communities in each com-
ponent of the partition is balanced (and approximately the expected size, according to the weights
{5ab}a,bef0,1})- The following result shows that F holds with high probability.

Lemma 13 Define syin = ming ye (0,1} Sap- Then P(F€) < 100ne™ 2 5mn V™,
Proof Define the event
G = {IIVF1=n/2 V7| = n/2| < n¥/*}.
By Hoeffding’s inequality, we have that
P (Hvﬂ —n2| > n3/4) P (HV*\ —n/2| > n3/4) < 2e VT,

Thus, by a union bound, we have that P(G¢) < 4e~ V™,

We next study the remaining conditions of the event 7. We assume that s € (0, 1), and hence
Sap € (0,1) forall a,b € {0,1}; for s € {0, 1} we have that G C F, so we are done. Condition on
7. and ol. Fix i € [n]. Notice that

K& (i) = |{j: {i,j} € Ew NET (L)} ~ Bin (\vo*@\ -~ sab) .

Hoeffding’s inequality implies that

2 .3/2
+(5) — o (i) _ Sab, 3/4 _ Sap™
P ()Kab(z) Sab (|V | 1)‘ > B n ’71'*,0'*) ]-(g) < Zexp < 2"/0*(2)’) l(g)
< 9o~ (1—0(1)s2,v/n

Taking a union bound over i € [n]| shows that
i <3i € [n] : K4 (i) — sap| VoD > sabn3/4>

- . o (i Sa
< F (1550) = sV O] = 1)] = e/

<Z( [P (150) = sV O = 1)] = 2203/ | 7.0 1(9)] + P(G9))
< Gne—(1—o(W)s2, v,

Similarly, defining
Kop) =10+ {07} € Ea N € (@)} ~ Bin (V=705
an identical analysis shows that
P (32' € n] | K (i) — sap| VoD > n3/4) < 6ne~(1—oM)sopv/n,

The conclusion then follows by a union bound. |
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Appendix E. Analysis of the k-core estimator (Algorithm 1)
E.1. General results on correctness

Recall the definition of a matching (Definition 3) and a k-core matching (Definition 4). We now
introduce some additional definitions. Given a graph G with vertex set [n], let deg(7) be the degree
of vertex i € [n| within G. For a matching (M, p), define

f(Mnua GlaGQ’ﬂ-*) = Z degGl/\uGg(i)'
1€ M :pu(2) s (3)

For brevity, we sometimes write f(u). In words, this is the sum, over vertices that are incorrectly
matched by 1, of degrees in the intersection graph G A, Goa.

Definition 14 Given two graphs (G1, G2) with vertex set [n], a matching (M, p) is a weak k-core
matching of (G, Ga) if f(p) = k|{i € M : p(i) # m.(i) }.

In other words, a matching (M, p) is a weak k-core matching if the average degree of an incorrectly-
matched vertex is at least k. Note that if (M, 1) is a k-core matching, then it is also a weak k-core
matching.

Finally, we introduce the notion of a maximal matching.

Definition 15 A matching (M, u) of (G1, G2) is w.-maximal if for every i € [n], either i € M or
(1) € (M), where (M) is the image of M under .

We can always extend a matching (M, u) to a m,-maximal matching by adding all possible input-
output pairs of the form (i, 7, (7)) to (M, p) that do not break the one-to-one property of u; see
Lemma 16 for details. Moreover, this extension preserves the weak k-core matching property.

Lemma 16 For any matching (M, ) of (G1,Gs), there exists a m.-maximal matching (M, 1)
such that f(p) < f(1).

Proof If (M, 1) is not 7,-maximal, then the set
S:={ienl:i¢ Mandm.(i) ¢ n(M)}
is nonempty. We can then construct (M’, ') by defining M’ := M U S, and /(i) := p(é) for
i€ M and /(i) := m.(i) fori € S. Clearly, (M’, i) is m4-maximal by construction. Furthermore,
f(lul) = Z degGl/\M/Gz (Z) = Z degGl/\M/Gg (Z)
A€M (i) (1) EM:p! (i) 7 (i)

> Y deggune (i) = F).

€M :pu(3) £y (7)

Above, the second equality follows since p/(i) = (i) for i € S, and the inequality on the last line
follows since (i) = p'(i) for i € M and also degGlA“,G2 (i) = degg, p,a, (1), since G1 Ay, Ga is
a subgraph of G A,y Ga. |

We also define the set of m,-maximal matchings with d errors:

M(d) :={(M,p) : (M, p)is m,-maximal and [{i € M : pu(i) # 7.(i)}| = d}.
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Remark 17 While the set M(d) depends on T, (since errors are measured relative to ), the set
{(M,m;Yop): (M,u) € M(d)} does not depend on 7. Therefore, certain properties of M(d)
also do not depend on 7. In particular, its size |M(d)| is a deterministic function of n and d.

The usefulness of defining the set M (d) is that it is much smaller than the set of matchings with d
errors (without the maximality condition). For instance, when d = 1, the number of matchings is at
least the number of ways to choose M, which in turn is 2" — 1. The following lemma shows that,
on the other hand, the size of M(d) is polynomial in n. This was previously proven in Cullina et al.
(2020), and provided here for completeness since the proof is short.

Lemma 18 Forany 1 < d < n, we have that |M(d)| < n??/d..

Proof For a m.-maximal (M, p), define M’ := {i € M : u(i) # (i)}, which is the set of vertices
in GG that are incorrectly matched by . By the definition of a 7.-maximal matching, (M, ) is fully
specified by {(i, (7)) }iensrr. Moreover, |M'| = |u(M’)| = d for (M, ) € M(d). The number
of ways to choose M’ and p(M') is (2)2, and the number of potential bijections between M’ and
(M) is at most d!. The reason why this is an upper bound (and not an equality) is that based on
the choice of M’ and p(M'), certain bijections may not be legal (e.g., if u(M') = 7.(M') then the
bijection must be chosen so that (i) # . (i) for i € M’). Putting everything together shows that

2 dy 2 2d
n n n

Using Lemmas 16 and 18, Cullina et al. (2020) proved the following result, which provides
conditions under which any k-core matching is guaranteed to be correct. Since the proof is short, we
provide it here for completeness. We emphasize that the following result applies to any distribution
over a pair of graphs (G, G2) on n vertices; subsequently, in Section E.2, we will apply this result
(and Corollary 20) to correlated SBMs.

Lemma 19 Let (G1, G2) be a pair of random graphs on the vertex set [n] with ground-truth match-
ing .. For any positive integer k, define the quantity

— P > kd)V/?
§i= x| max P U) = kd)

Then
P (I(M, 1) : dmin(G1 Ay G2) > kand 3i € M s.t. (i) # (i) < €6 — 1.

We note, as a continuation of Remark 17, that while 7, appears in the definition of £, in fact, £ is a
deterministic constant that does not depend on 7.
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Proof We can rewrite the probability of interest by segmenting the event {3i € M s.t. u(i) #
m.(7)} according to the number of discrepancies between p and 7,

P(3(M, 1) : duin(G1 A G2) > kand i € M s.t. pu(i) # (i)

=Y P(3(M, 1) : duin(G1 Ay Ga) > kand [{i € M : p(i) # (i)} = d)
d=1

< STPEMM ) ¢ f(p) > kdand [{i € M : (i) # m(0)}] = d)

where (a) follows since any k-core matching is also a weak k-core matching and (b) follows from
the dominance of m.-maximal matchings established in Lemma 16. By a union bound we have that

n2 d
PRM) € MId) s £ > kd) < M) | max  P(7Gn) > k) < P

where in the second inequality we used Lemma 18 and the definition of €. The conclusion follows
by combining the two displays above and summing over d € [n]. |

Lemma 19 implies the following useful corollary.

Corollary 20 Recalling the definitions of (]\/4\ , i) from Algorithm 1 and of § from Lemma 19, we
have that

P <J\7 is the k-core of G1 N\, G2 and ﬁ{]\//f} = m{]\?}) > 2 — exp(n?f).

Proof Let M, be the vertex set of the k-core of G1 A, G2 and observe that (M., m.{M,}) is a
k-core matching. Let us now define the event

‘H := {for all k-core matchings (M, u), pu(i) = (i) forall: € M} .
We first claim that H implies that M is the k-core of G1 Ay, Go, and thus

P (]\/4\ is the k-core of G1 A, G2 and ﬁ{]\/i} = m{]\?}) >P(H).

To show this, first note that H implies ,7{1\7 } = 7r*{]\/4\ }. To show that M is the k-core of G1 A, G,
suppose there existed a k-core matching (M, p) for which |M \ M,| > 0. On the event H, we have
that u{M} = m.{M}, which implies that the subgraph of G; A, G2 corresponding to M has
minimum degree k. This in turn implies that the subgraph of G1 A, G2 corresponding to M U M,
has minimum degree k, which contradicts the maximality of M,. Hence on H, (M., m.{M.}) is
the maximum k-core matching. To conclude, note that Lemma 19 implies that

B(H) > 1 — (exp(n) — 1) = 2 — exp(n’¢).
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E.2. Correctness of the k-core estimator for correlated SBMs

The main result of this section is the following lemma.

Lemma 21 Fix constants o, 3 > 0 and s € [0,1]. Let (G1,G2) ~ CSBM (n, %, %, s).
Let M, be the set of vertices of the 13-core in the graph G N\, Go. Let (]\//.7, i) be the output of

Algorithm 1, with k = 13. Then P ((]\/4\, ) = (M*,T('*{M*})> =1-0(1).

Remark 22 Therefore, any result that holds with high probability for (M., m.{M.}) also holds
with high probability for (M, [i), so we can effectively replace (M, i) by (M., m.{M.}) in any
analysis.

In light of Corollary 20, the strategy to show that the k-core estimator matches the k-core of
G1 Ar, Ga is to bound & for correlated SBMs. Previously, Cullina et al. (2020) proved a version
of Lemma 21 for correlated Erd6s—Rényi graphs with constant average degree. Their methods pro-
vided a fairly tight characterization of & in that setting using generating functions corresponding
to f(u). While it is natural to expect that it is possible to generalize their arguments to correlated
SBMs, our proof presents a simpler, looser approach that avoids dealing with complicated generat-
ing functions. The proof of Lemma 21 relies on the following result, which bounds P(f(u) > kd)
for SBMs with general parameters.

Lemma 23 Fix n > 0. Given parameters p,q,s € [0, 1], let (G1,G2) ~ CSBM (n,p,q, s). Let
d, k € [n]. For any matching (M, 1) € M(d) and any 6 > 0, we have that

P(f(n) > kd) < 3exp [d <—9k‘ + %ngy (e% — 1) + n(s7y)? (eﬁe — 1))] ,

where v = max{p, q}.
Proof Define the following sets:

A(p) :={(i,7) € [n]* : i € M and pu(i) # me(i)} ;

B(p) = {(i,§) € [0]* : p(i) = m(j) and p(j) = 7 (i) } 5

Cu) = A(p) \ B(p).
In words, A(1) is the set of vertex pairs where one of the endpoints is mismatched by x; B(p) is the
set of vertex pairs in .A(u) where the vertices are transposed by i, resulting in a correctly matched
edge; and C(u) is the set of remaining vertex pairs in .A(u) that induce incorrectly matched edges.
It is useful to note that for (4,j) € B(u), both i and j are one of the d misclassified vertices,

so |B(u)| < d. Furthermore, a simple counting argument shows that [ A(u)| < dn.
Using the sets A(u), B(u), and C(1), we can write

f(#) = Z degGl/\yG2 (Z) = Z AijBH(i)N(j)
1€ M (i) £ (3) (4,4)€A(R)
= Z AiiBuiyui) + Z Aii Byutiyu)
(4.9)EB(1) (4.3)€C(1)

=2 Z Aii By + Z AijBpuiyu()-
(6,5)EB(p):i<j (4.9)€C (1)
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Recall that £t (o) is the set of intra-community vertex pairs and £~ (o) is the set of inter-
community vertex pairs. For (7, j) € B(p), we have, conditionally on o, that

2p) if (i,4) € ET(o4),

Bern (s%q)  if (i,7) € £ (o4).

Bern (s
AijBuiyu() = AijBr. (iym. () ~ {

Recalling that v = max{p, ¢}, let Xz ~ Bin (1|B(y)|, s>y). We then have the stochastic domina-
tion
st
> AyBuoug = Xb.
(6,7)€B(p):i<j

The analysis of the summation over C(u) is more challenging since the terms in the summation
are correlated. To handle the correlation, we split the summation into three parts, where within each
part, all terms are independent. To this end, consider two unordered pairs {i,j} and {¢, m} such

that {7, j} # {¢, m}. Note that the variables A; ; B, and Ay ;,, B,y(¢),(m) are dependent if and
only if

1),1(5)

{u@), n(3)} = {ma(0), me(m)} or {u(l), p(m)} = {m(@), m(5) }- (13)

We can now construct a graph H with vertex set {{¢,j} : (¢,7) € C(u)} which captures depen-
dencies between terms of the form A; ; B, ;) .(;)» s0 there is an edge between {7, j} and {¢,m} if
and only if (13) holds. Note that each unordered pair {, j} may correspond to one or both of the
ordered pairs (i, j) and (j,4). By construction, A; ;jB,,) ;) and A Byye) .(m) are independent
if and only if there is no edge between {i,j} and {¢, m} in H. Furthermore, if S is a subset of
the vertices of H such that no two elements of S are connected by an edge, then the collection of
random variables { A; j By, ;) u(;) : {4,7} € S} are mutually independent.

Note further that any unordered pair {7, j } has at most two neighbors in H, so H is 3-colorable.
Let {C1,C2,C3} be the partition of {{7,j} : (4,7) € C(n)} induced by the coloring. Since there are
no edges between any two elements of C;, we can express the sum corresponding to C; as a sum of
two independent binomial random variables:

Xei= Y AuBuiuiy £ Bin (I600E¥ (@), (p)°) + Bin (Ic 1 € (o), (s0)°)
{imj}ecl

% Bin (|l (%) % Bin (ol (2)?)

Similarly, we have that

st
Xe,i= Y AigBuiy o) = Bin (1G], (7))

{i.jteCa

st 9

Xegi= Y AiiByiy o) = Bin (1), (7))
{i.jteCs

Accounting for the fact that each vertex {7, j} in H may correspond to one or two ordered pairs
in C(y1), we obtain

st
Y AyBueuy) =2 2(Xe, + Xe, +Xe,)
(1,5)€C(1)
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Putting everything together, using a union bound we can write
3
P(f(p) > kd) =P (2(Xp + Xe, + Xe, + Xe;) > kd) <> P(2X5+6X¢, > kd).  (14)
i=1

The terms in the summation can be handled with a Chernoff bound. Fori € {1,2,3} and any 6 > 0,
P(2Xg +6Xc, > kd) =P (60(2XB+6XCZ.) > e@kd)
< ¢~ OkdR { 60(2X5+6XCZ.)}

_ o—Okdp [ ezexg} E [eGGXCi} ‘

If Z ~ Bin(m,p), then E [e'?] = (1 +p(e! — 1))™ < exp (mp(e’ — 1)). Using this fact, along
with the bounds |B(u)| < d and |C(p)| < |A(p)| < dn, we obtain that

P(2Xp+6Xc, > kd) < exp <—0kd + %]B(u)\szfy (629 — 1) + [C(1)|(57)? (669 — 1))
< exp [d <—9k + 3327 (629 - 1) + n(sy)? (666 - 1))] .

Substituting into (14), we obtain the desired result. |

Proof [Proof of Lemma 21] Fix d € [n] and a matching (M, ) € M(d). By Lemma 23, we have
that

P(f(pn) > 13d) < 3exp [d (—139 + %527 (626 - 1) + n(sy)? (860 — 1)” ,

lof’;”. Setting § = clog n for a constant ¢ € (2, ¢), we thus have that

where v = max{a, f}
P(f(pn) > 13d) < 3exp[d(—13clogn + o(1))].

Therefore, & < 3exp (—13clogn + o(1)) < 4n~'3¢ for n sufficiently large. Since 13¢ > 2, this
implies that n2¢ = o(1). The proof is complete by Corollary 20. |

E.3. The size of the k-core of G| N\, G2

We follow the method of Luczak (1991) in upper bounding |F'|, the number of vertices outside of
the k-core of an SBM. In particular, we refine the results of Luczak (1991) for random graphs in
the logarithmic degree regime. In the remainder of this section, unless otherwise stated, we assume
that G ~ SBM(n, alog(n)/n, Blog(n)/n), where «, 5 > 0 are treated as generic parameters. The
following result shows that it is unlikely that there exist well-connected small subgraphs of G.

Lemma 24 Let a > 1 and € > 0 be fixed. Then for n sufficiently large,

2
P (there exists S C [n] such that |S| < n'~¢ and G{S} has at least a|S| edges) < g’
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Proof Let S be an m-vertex subset of [n], and let Xs be the indicator variable that is 1 if the
subgraph induced by S has at least am edges. Set v := max{«, 5}. We can bound

s () (4205 () () ()

Summing over all possible m-vertex subsets, we have that

n\ [m ~elogn)*" veltlalogn “mya-1\"
< . < e .
£ Z Xs _<m><n a ) _<< a (n)

SC[n):|S|=m

Next, note that if m < n!—¢ then for n sufficiently large,

yel+1/alogn a<m>a1< 1
a n ~ logn’

Hence, for n sufficiently large we have that

nl—e

Ez:X<z:1m<111_l<2
o ~ “=\logn/ ~ logn logn ~ logn’

SCn):|S|<nl—c

Finally, Markov’s inequality implies the claim. |
Our next result uses Lemma 24 to study Algorithm 4.

Lemma 25 (Luczak expansion) Let G ~ SBM(n, alog(n)/n, flog(n)/n) for fixed o, B > 0,
and fix ¢ € (0,1). Then, for n sufficiently large, the following holds with probability 1 — o(1). For
every U C [n] such that |U| < n€, denoting by U the output of Algorithm 4 on input (G,U), we
have that |U| < 3|U| and for all v € [n] \ U, v has at most one neighbor in U with respect to G.

A version of Lemma 25 specialized to the analysis of k-core sizes was previously proven

in Luczak (1991). Since the proof is short and the fuczak expansion appears as a subroutine in
our community recovery algorithm, we provide the full proof of Lemma 25 here.
Proof [Proof of Lemma 25] Let U,,, = U be the final set produced by Algorithm 4 on input (G, U).
From the construction, it is clear that U,,, O Uy. Moreover, if v € [n]\ Uy, then v cannot have more
than one neighbor in U,,, else we could construct another set Uy, 1, contradicting the maximality
of Upy,. This holds for any U C [n].

Now let € := (1 — ¢)/2 and let n be sufficiently large such that 3n° < n'~¢. Let H denote the
event described in Lemma 24 with this € and a = 4/3. Since P(H) = 1 — o(1), to prove the claim it
suffices to show that on the event 7 we have that |U| < 3|U]| for every U C [n] such that |U| < n€.

Suppose that for some U C [n] such that |U| < n® we have that |Uy,,| > 3|U|. Then, since
exactly one vertex is added in each step of the construction, there must exist 1 < ¢ < m such
that |Uy| = 3|U|. Let E; denote the number of edges in G{U,}. Since each vertex added in the
construction introduces at least two new edges, we have that

4
By > 20 = 2(|Us| - |U]) = 5|0
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However, on the event 7 this is not possible, since |Uy| < 3n¢ < nl=¢, [

Let I be the set of vertices outside the k-core of G. A straightforward application of Lemma 25
, as was done in Luczak (1991).

Lemma 26 Let G ~ SBM(n,alog(n)/n,Blog(n)/n) for fixed o, > 0. Fix k > 1. With
probability 1 — o(1), we have that |F| < n'~(@+8)/2+e(1),

Proof Define U to be the set of vertices with degree at most k in G, and let U O U be the set
produced by Algorithm 4. We claim that G{[n] \ U} has minimum degree at least k. To see why,
note that if v € [n] \ U, then v ¢ U, which implies that v has degree at least k + 1 in G. However v
can have at most one neighbor in U by construction, so v must have at least k neighbors in [n] \ U,
and the claim follows.

Since the k-core is the vertex set corresponding to the largest induced subgraph with minimum
degree at least k, we have the bound |F'| < |U|. Furthermore, by Lemma 25 we have, with high
probability, that |U| < 3|U].

It thus remains to bound |U|. Define the event H := {n/2 —n3/* < |[V*H|,|V—| < n/2+n3/*}.
Bounding the expectation of |U|1(#) and letting v := max{«, 8}, we have

E[JUL(#H)]
P )z ny . .
ZZ < (14 of 2> <(1 +o(1)) 2>p](1 — p) (e —igini( — g)(1-e()Fits
=17
=0 j=0
(1—o(1))2 (o2 ki ; i
<om <1 B alogn) 2 <1 B Blogn) 2 Z ((1 + ;(1))71) <710gn>
" " i=0 j=0 "
k :
(1+o0(1))ylogn\"
< —(a+8)/2+0(1
< >+ 5

=0
k
2k + 1)2 <7102gn> pl—(atp)/2+0(1)

Turning to the probability of interest, we obtain that
P(U[ > (logn)E[[UL(H)]) <P (U[1(H) > (logn)E[|U[L(H)]) + P(H°)

+o(1) = o(1),

~ logn

where we have used Markov’s inequality to bound the first term on the right hand side in the first line,
and Lemma 13 to bound P(7{¢). Putting everything together, we have shown that with probability
1 — o(1), we have that | F'| < 3|U| < nl~(e+8)/2+e(1), |

Appendix F. Labeling the k-core matching (Algorithm 2)
F.1. Almost exact recovery in a single SBM

For the purposes of this section, we assume that G ~ SBM(n, alog(n)/n, Blog(n)/n), where
a, B > 0 are generic parameters and G has communities of size (1 + o(1))n/2. It is well known
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that in the logarithmic degree regime, almost exact recovery of communities is always possible
from a single SBM (see, e.g., Abbe (2017)). In our case, it is of further interest to precisely control
the size of the error set—in particular, we require the error set to be as small as possible in an
information-theoretic sense—as well as the geometry of the error set, since it will be subsequently
used in later parts of Algorithm 2. To properly control the size and geometry of the error set, we
leverage the community recovery algorithm of Mossel et al. (2016) (Algorithm 3). The purpose of
the refinements in Algorithm 3 is to characterize the geometry of the error set, which is what the
main result of this subsection describes. Before stating the result, we define some useful notation.
Let v = max{«, 5}, and define, for a vertex v in G, the quantity

majg(v) = [N (v) N V7] — IV () N Vo),
If o > f3, define the set

I.(G) :={v € [n] : majg(v) < elogn or [N (v)| > 100 max{1,v}logn}. (15)
If a < B, let
I(G) :={v € [n] : —majs(v) < elogn or |[N'(v)| > 100 max{1,v}logn} . (16)

If « > f3, we say that a vertex v has a k-majority if maj;(v) > k. If a < 3, we say that a vertex v
has a k-majority if —majs(v) > k.

Lemma 27 Let ¢ > 0. With probability 1 — o(1), Algorithm 3 on input (G, «, B3, €) correctly
classifies all vertices in [n] \ I.(G).

Proof Our proof is adapted from (Mossel et al., 2016, Proposition 4.3), with minor changes due to
the more general parameter regime we consider. We will assume that o > [3; the case o < [ is
similar, and full details can be found in Mossel et al. (2016).

Fix i € [m]andv € (U; N V1) \ I, and define k4 := [N (v) NV T]and k_ := [N (v) NV
to be the number of same-community and different-community neighbors of v, respectively. We
also define k4 ; := [N (v) N VT NU;| and k_ ; := [N (v) N V™ N U;| to be the number of same-
community and different-community neighbors of v in U;, respectively. Finally, we define k1 —; :=
(N)NVI\U;| = ky —kyjand k- —; == |[(N(v)NV ™)\ U;| = k- — k_; to be the number of
same-community and different-community neighbors of v in [n]\ U;, respectively. Note in particular
that conditioned on k4 and k_, we have that k. ; ~ Bin(ky,1/m) and k_; ~ Bin(k_,1/m).

We first show that k. —; —k_ —; > 5 logn with high probability. To this end, we have the lower
bound

kpmi = ke =k — ko — (kyi — ki) 2 elogn — (ky i + ki),
where the final inequality uses k4 — k— > elogn for v ¢ I.. It therefore suffices to show that
kyi+ k_; < §logn. Noticing that ky; + k_; ~ Bin(|N(v)],1/m), which is stochastically
dominated by Bin(100 max{1,~v}logn,1/m) for v ¢ I., a Chernoff bound implies that

€ . 1 100 max{1,v} logn
P <k+,z‘ +k ;> 3 logn> < inf { e ¥3logn <1 + 7(69 _ 1))

0>0 m

9>0 2 m

< exp (- (log (WZM) - 1) glog n) = o(n7b).
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In the display above, the first inequality on the third line uses § = log(em /(200 max{1,~})) and the
final equality follows from our choice of m in Algorithm 3. It therefore holds that Ky —; — k_ —; >
§logn forall v ¢ I. with probability 1 — o(1).
From this point, the proof of the lemma is identical to the one provided in Mossel et al. (2016);
we state a brief overview of the proof here and defer the interested reader to (Mossel et al., 2016,
Proposition 4.3) for the details. Consider the random variables X+ := |A(v) N U; + NV ™| and
~:=|N(v) NU; - N'VT|, which correspond to the number of neighbors of v in [n] \ U; that are
misclassified by the partition (U; 4, U; ). We can write

INW)NUig| = ky i — XT+ X7,
N@)NU; —| =k_ — X +XT.

It follows that v is correctly classified if [ X+ — X ™| < |kt - — k— —i|/2. Moving forward, our
goal is to show that this inequality holds with high probability.

Following Mossel et al. (2016), we let E~ := |U; - N V' | and ET := |U; + N V| denote
the total number of vertices of each type misclassified by the partition (U; , U; _) that are potential
neighbors of v. In particular, ET = o(n) and E~ = o(n). As this is a partition corresponding to the

structure of G{[n]\ U, }, the neighbors of v in [n]\ U; are independent of the partition. Moreover, the
vertices in U; — N V' are equally likely to be neighbors of v, with the same holding for vertices in
U; + NV ~. We can therefore generate X ~ by randomly choosing k4 —; vertices of V1 \ U; without
replacement, with X~ being equal to the number of sampled vertices in U; — N V. Conditioned
on E—, ET, k4 i, and k_ —;, we thus have the distributional representations

X~ £ HyperGeom([V* \ Ui|, ks -, E-) and X+ < HyperGeom(|[V ™\ Uy, k_ i, E1).

From here, one can utilize properties of Hypergeometric random variables to show that with high
probability,

\E[X*}|V+\Ui|,k+ﬁi,E} E[XT||V \Ui, k:_ﬂ,EJr”—o MNeg —i — ke~

Finally, the lemma follows from showing that X and X~ concentrate around their means and
by taking a union bound over all vertices. An identical analysis holds for the case where v €
(UinV)\ I(G). |

The next few results further characterize the set I.(G).
Lemma 28 Denote v := max{«, 3}. Then for every o, we have that
P (Vi € [n], [N (i)| < 100 max{1,~}log(n)|ow) >1—n"%.
Proof Fix i € [n], and let X ~ Bin (n,ylog(n)/n). Then for every o, we have that
P (JNV(i)] > 100max{1,~v}logn|os) < P(X > 100 max{1,~}logn)
< exp ( (100 max{1,~} logn)? )

2vlogn + 200 max{1,~v} logn

< exp (—100 max{l,v}log n) <n 0

The second line uses Bernstein’s inequality and the third uses 2y+20% max{1, v} < 100 max{1, v}.
We conclude by taking a union bound. |
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Lemma 29 Suppose that D («, ) < 99. Then for every ¢ > 0 we have that

E[|I.(G)|] < 3n}~D+(@B)+ellog(a/p)],

Proof Assume that o > 3. Let G be the event that n/2 — n3/* < [V*+|, |V =] < n/2 +n?/* and let
H be the event defined in Lemma 28. For any ¢ € [n], we have that

P{i€l(G)}NH|ox) <P(majg(i) <elogn|ox).

Notice that maj(7) Ly — Z, where Y, Z are independent with

Y ~ Bin (V"*@)\ - 1,a10g”> and  Z ~ Bin <yv“’*(")\,510g"> .
n n

Since |[V*| = (1 —o0(1))n/2and |[V~| = (1 — o(1))n/2 on the event G, Lemma 8 implies that
P (majg (i) < elogn| o) 1(G) < D+ (@,B)+ 0B o(1) < p~D+(@B)+elog(a/B)

where the final inequality holds for n sufficiently large. Putting everything together, we can bound
the probability that i € I.(G) as

E[P({i € I.(G)} NH|0w) 1(F)] + 20~

< n D+ (a,B)+elog(ar/B) 120 < 3n—D+(aﬂ)+€10g(a/ﬁ)’

<
<

where the inequality on the second line uses Lemmas 13 and 28 and the final inequality follows
from D4 (o, B) — elog(a/B) < 99 under our assumption that D («, ) < 99. Finally, to bound
the expectation of |I.(G)|, we can write

E[ (G| = Y P(i € I(G)) < 3n'Prlefteloza/i),

i€[n]
The case o < 3 follows from identical arguments. |
Lemma30 [f0 <e< %, then

P (Vi € [n],IN(i) N 1(G)] <2 [Dy(a, 8) 7] | o) =1 —0o(1).

Proof Let us assume a > 3, let G be the event where n/2 —n3/* < |VF|, |[V~| < n/2+n?*, and
let H be the event defined in Lemma 28. Fix S C [n], and assume that | S| is of constant size with
respect to n. In the calculations below, we will use the representation

maj(j) = ou(j) > oulk).

keN(j)
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We can then write
PH{SCNGE)NIL(G)}NH]|o)

<P|VjeS,i~jand o.(j) Z ox(k) < elogn|ox
keN(4)

<P |VjeS,in~jando.(j) > o.(k) < 2elogn|oy | |
KEN (H\(SU{i})

where the inequality on the second line is due to |S U {i}| < elogn for n sufficiently large. To
simplify the right hand side, let us introduce the events

Ej e Z'Njanda'*(j) Z a*(k)§2elogn s jes.
keN (H\(SU{i})

Notice in particular that conditioned on o4, the event F; depends on the neighbors of j outside of
the set .S, hence the I;’s are conditionally independent with respect to o. We can therefore bound

P{SCN@ NG} NH|ow) < [[P(E; o). (17)
jeSs

To bound P (E} | o'«), notice that the events {i ~ j} and {0«(j) 3_pepn)\ (sugi) Ox(k) < 2elogn}
are independent conditioned on o . Furthermore, on G we have the distributional representation

. d
0. (j) Y ok =Y -2,
KEN(H\(SU{i})

where, since |S| = o(n), Y and Z are independent with

1
Y ~ Bin <(1 - o(1))g ~ 1,087

) . Z~Bn <<1 o), 5
Using P (i ~ j| ox) < ylog(n)/n, as well as Lemma 8, shows that

P(E;| o) 1(G) < vlogn  n (ap)telos(a/B)to(1) _ ,,~1-Dy (a,8)+elog(a/8)+o(1)
n

Combining the bound in the display above with (17) shows that
P({S c N(i) NI.(G)} NH|oy) 1(G) < n~ISI0+D+(8)=¢log(a/B)=o(1))
We may now take a union bound over subsets S of size m to obtain

PN NG =minH o)1) < Y PUSCNG)NLG)} N H |0 1(G)
SC[n]:|S|l=m
< (D () —clog(a/8)—o(1).
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The final inequality uses the fact that the number of m-element subsets of [n] is at most n". Taking
a union bound over i € [n| now shows that

P({3i e [n] : IN(i) NI(G)| > m} NH|ow) 1(G) < n'~mP+(@f)—clogla/B)=o(1))
é nl—mDJr(Oé,ﬁ)/Q-FO(l)’ (18)

where the final inequality uses the assumption that € < D (a5 )). Moreover, the right hand side is

2log(ae/B
o(1) provided m > 2D (a, )%, so we may set m := [2D (a, 3)~!] + 1 for all of the arguments

to hold. The desired result follows from the bound

P(Fi € [n] : IN(i) N I(G

\_/

| =m)
<SP({3i € [n]: IN({) N I(G)| = m}NGNH) +P(G°) + P(H)
<E[P({3i € [n] : IN() N Le(G)| 2 m} NH [04) 1(G)] + o(1)
= o(1),
where the inequality on the first line is due to a union bound, the inequality on the second line uses

the tower rule as well as Lemmas 28 and 13, and the final inequality is due to (18) as well as our
assumption on €. The case o < 3 follows from identical arguments. |

F.2. From almost exact to exact recovery in [n] \ F

In this subsection, our main result is the following.

Lemma 31 Suppose that

D (a,5)

1—(1—-29)2)Dy(e, B) > 1+ 2¢|log(a/B and 0<e _#.
Then, with probability 1 — o(1), Algorithm 2 run on the input (G1, G2, (.7/\/.7, i), a, B, s,€) correctly
labels all vertices in [n] \ F.

The proof of Lemma 31 follows from several intermediate steps. First, we show in Lemmas 32
and 33 that all vertices in (G Vi G2){[n] \ F'} have an elogn majority that is aligned with the
ground-truth community label.

Lemma 32 If (1 —(1—5)%)Di(a,B8) > 1+ €|log(a/B)], 1—0(1), we
have for all i € [n] that majg, . ¢, (i) > elogn.
Proof The proof follows directly from Lemma 8 and a union bound. |

Lemma 33 Suppose that (1 — (1 — 5)>)D_(a, 8) > 1+ 2¢|log(a/B)|. Then with probability
1 — o(1), all vertices in [n] \ F' have an €logn majority in (G1 Vg G2){[n] \ F'}.
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Proof Recall that F, := [n]\ M, is the set of vertices outside the 13-core of G1 A, G, and that F,,
is the Luczak expansion of F), with respect to GG». In light of Lemma 21 and Remark 22, it suffices
to replace F' with F, and Gy V; G2 with (G1 Vi, G2){[n] \ F.} in our analysis. For brevity, we
denote H := (G1 Vx, G2){[n] \ F+} in the remainder of this proof.

To begin, notice that we can lower bound the neighborhood majority of i € [n] \ F, in H as

majy (i) = ou(i) Y ou(i) Zo(i) D ouli) = Waivec (i) N Fy|

JEN (1) JENG YV ry 6o ()
=majg,v,, 65 (1) = NG\, 6o (1) N Fal = NG, (i) N . (19)

Through identical arguments, we also have the upper bound
maj (i) < majg,v,, 6, (1) + Ve, 60 (1) N Fal + NG, (i) N Fl. (20)
Combining (19) and (20), we obtain

maj (i) — majg, v, 6, (1) < Wai., 6 (1) NV Ful + [Nay (i) N Fal. 1

In particular, since [majg, v, ¢, (4)| > 2elogn for all i € [n] with probability 1 — o(1) under the
condition (1 — (1 — 5)?)D4 (v, B) > 1+ 2¢|log(/3)| by Lemma 32, it is ensured that maj (i) >
elog n provided the right hand side of (21) is at most € logn for all i € [n]. We show that this is
indeed the case by bounding the two terms on the right hand side of (21) separately.

We start by bounding \NGI\MGQ (i)NF.|. Conditioned on 7y, o, and € := {&o0, €01, 10, 11}
the graph G \, Gs is independent of F', by Lemma 10, since F', depends only on G1 A, G
and G2. Thus we can stochastically dominate |NG1\7T* @, (1) N F| by a Poisson random variable X

with mean \,, given by
logn logn

An =7 - |F.,

{j € Fu:{i,j} €&} <v

n

where v := max{«, 8}. Next, for a fixed 6 > 0, define the event

G = {|F.| < nl= 0D

and notice thaton G, )\, < n=s"Te(a8)+3+0(1) Thys for any positive integer m we have that

P ({INayrca() N Fal = m} NG) <B{X 2 m)NG)
CE[P(X 2 m [T, E 0w ) 10)]

<E [(inf e_9m+’\”(60_1)) 1(9)}
0>0
< E[eX]'1(G)] < n~ (el ) =50l
Above, the equality on the second line is due to the tower rule and since G is measurable with respect
to I,; the inequality on the third line is due to a Chernoff bound; the inequality on the fourth line
follows from setting 6 = log(1/\,) (which is valid since \,, = o(1) if G holds); the final inequality
uses the upper bound for \,, on G. Taking a union bound over i € [n] shows that

P ({Ell € [n] : ‘NGI\‘E*GQ (z) N F*’ > m} N g) < nlfm(SQTc(a,/B)*(;*O(l))'
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In particular, for § taken to be sufficiently small, the right hand side is o(1) if m > (s?T¢(a, 8)) 71
(it suffices to set m = [(s?Tc(c, 8))~1] + 1). Finally, since P(G) = 1 — o(1) in light of Lemmas
26 and 25, we obtain

P (Vi € [n], e\, 0, () N Fu| < [(5°To(@, 8))7H]) =1 - o(1). (22)

Turning to the second term on the right hand side of (21), notice that by the definition of the
Buczak expansion, every i € [n] \ F. can have at most one neighbor in F, with respect to the
graph G, hence [N, (i) N F.| < 1. This observation coupled with (22) shows that with probabil-
ity 1 — o(1), it holds for all i € [n] \ F that [majz (i) — majg,y. q,| < elogn. [ |

Next, in Lemma 34, we show that with probability 1 — o(1), each vertex in G2 \,, G (and
therefore also G2 \; G'1) has a small number of neighbors in I.(G1).

SD+(O‘7B)
Lemma34 [f0<e< og(a/B)|’ then

B (Vi € [ NG\, 0 () N L(GY)] < 2 [(sD. (. 8))71]) =1~ o(1).

Proof Since I.(G) depends on (G1 alone, it follows that I.(G1) and G2 \r, G are conditionally
independent given 7., o4, and £. Hence we can stochastically dominate |[Ng,\ . ¢, (i) N I(G1)]
by a Poisson random variable X with mean \,, given by

logn logn

o {j € I.(G1) : {i, 5} € Eor} <y o

Ap =7 [e(G1)|-

Next, define the event
G = {|IG(G1)| < n1—3D+(a,5)+26\log(a/ﬁﬂ} )

Notice that P(G) = 1 — o(1) by Lemma 29 and Markov’s inequality, provided sD (a, 5) < 99.
We may assume so without loss of generality, since if sD (o, 3) > 1 we could simply recover all
communities from G or G5 alone. Following identical arguments as the proof of Lemma 33, we
arrive at

B (3i € [n] : [N\, 00 () N 1(G1)] = m) = (1),

provided m > (sD(a, 8) — 2¢|log(a/B)|) 1. In particular, if 0 < € < % then it suffices

tosetm = 2[(sDy (o, 8)) 1] + 1. [ |

Putting all of our intermediate results together shows that for each vertex in (G2 \zG1){[n]\ F'},

the number of incorrectly-classified neighbors is small, hence Algorithm 2 succeeds with probability
1 — o(1). We prove this formally below.
Proof [Proof of Lemma 31] In light of Lemma 21, it suffices to prove the claim with G1 V; G2
replaced by (G Vi, G2){[n] \ F«}. As a shorthand, we denote the latter graph by H. We also set
Hy := Gi{[n] \ F.} and Hy\; := (G2 \r, G1){[n] \ F.}. Let &1 be the almost-exact community
labels for (G; produced by Algorithm 3, and notice that in light of Lemma 27, the set of errors are
contained in I.(G1) with probability 1 — o(1). Moving forward, we may therefore condition on this
event.
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We can now compare the neighborhood majorities in H corresponding to o1 with the true
majority in H as follows. For any ¢ € [n] \ F',, we have that

ou(i) Y o10) —maju ()| =| D o) (31() — 0u(h))| < N (i) N L(G))

JENT () JENT ()
= [N, (i) N I(G1)| + [Ny, (1) N I(Gh)|

< Wa, () N (G| + Wa.6, () N 1G] < § logn.

Above, the first inequality follows since 1 (j) # o« (j) implies that j € I.(G1); the next inequality
follows since H is a subgraph of G and Hy,; is a subgraph of Gi3 \, G'1; and the final inequality
is due to Lemmas 30 and 34. To conclude the proof, notice that since majy (i) > elogn for
i € [n]\ Fx by Lemma 33, it follows that the sign of all neighborhood majorities are equal to the
ground truth community label for all vertices in H, with probability 1 — o(1). [

F.3. Classifying F' \ I/

The remaining set to classify is F' \ F', which we can do via a simple majority vote.

Lemma 35 Suppose that o, B, € > 0 satisfy the following conditions:

sD4 (o, B)
(1 - (1- 92D, (0,8) > 1+ 2 log(a/9)], 0 <2 Hlogta/A)

s*Te(ar, B) 4+ s(1 — s)Dy(a, B) > 1.

Then, with high probability, Step 4 of Algorithm 2 with input (G1, G2, (]\/4\, i), B,s,€) correctly
labels all vertices in '\ F.

Proof We provide a proof for the case o > f3; the case v < [ follows from identical arguments.
For i € [n], define the graphs H; := (G \a G2){M U {i}} and H; := (G1 \x, G2){M. U {i}}.
We also define E; to be the event where 4 has a majority of at most ¢ log n in ﬁz with respect to the
community labeling &. Our goal is to upper-bound P (U;({i € F'} N Ej)).

To study this probability, it will be useful to define a “nice” event based on our previous re-
sults on Algorithm 2. Let F} := [n] \ M,, and let F; be the result of applying Algorithm 4 to
(Gy,m.(Fy)). Let Fy := n; L (F,). That is, F\, is the analogue of F. Finally, let & be the labeling
produced by Step 3 of Algorithm 2. For a fixed 6 > 0, we now define the event , which holds if
and only if:

° F — F*;
G1\n G2 = (G1 \r, G2){ M. };

o 5(i) = 0.(i) forall i € [n] \ Fi;

e The event F holds (see Definition 12);
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o |F*’ < nlfsQTc(a,,B)Jr&‘

By Lemmas 13, 21, 25, 26, and 31, we have that P(}#) = 1 — o(1). Furthermore, if we define the
event E, ; := {majy.(i) < ' logn}, we have that

Pl JWieFynE) | <P| | |J{icF}nE)|nH | +P(H)

i€[n] i€[n]

<P| Wi e FynE, n{[F.| <n' =T 0 F) | +0(1)

i€[n]

<SP ({z‘ e FY N B, 0 {|Fy| < nl=sTel@B)+oy f) +o(1).

i=1
(23)
Using the tower rule, we may rewrite the terms in the summation on the right hand side as
E []P’ (Bus | Ty 0, €, Fo) 16 € F)L({[F| < 0t~ Tel@)H9) f)] . (24)

An important goal is to therefore understand P (E*Z ’ Ty, Ox, E, F*) To this end, notice that con-

ditionally on 7., o4, and €, we have the distributional representation maj, (7) LY — 7, where Y
and Z are independent with

1
Y ~ Bin <\{j e M, :{i,j} € EonEF (@)}, 05") ,

n

Z ~ Bin (\{j e M, :{i,j} € & ﬂé’(ai)}\,ﬁlogn> .

Fixing a sufficiently small § > 0, it holds on the event {|F,| < n!=s*Te(@f)+3} N F (see Defini-
tion 12 for a definition of the event F) that [{j € M, : {i,5} € E10NET (o)1)} = (1 —o(1))s(1 —
syn/2and [{j € M. : {i,j} € EwNE (o)} = (1 —o(1))s(1 — s)n/2. Lemma 8§ therefore
implies

P (E*z } T 5 O, 8,f*) 1({|F*| < nl_S2TC(a7B)+6} N ]:) < n_s(l_S)D+(aﬁ)+% log(a/ﬁ)—&-o(l)‘
Utilizing the expression in (24) and taking a union bound over 1 < ¢ < n, we obtain
n
> P({i € F} 1 By N {|F.| < n! T840} 0 F)
i=1
’ n
< p5(1=8)Dy(a,8)+5 log(a/B)+o(1) ZE[l(i e FO1(|F.| < nlfs2Tc(a,ﬁ)+5)]
i=1

= n—S(l—S)D+(a,5)+%' log(a/B)+oR[|F,|1(|F,| < nl—SQTc(a,B)M)]

< pl=s(1=8)Ds (a,f)=s*Te(a,f)+ log(a/B)+o+o(1)

Under the condition s(1—s)D (a, 8)+52Tc(a, 3) > 1, we can choose ¢ and § to be small enough
so that the bound on the right hand side is o(1). In light of (23), this proves the lemma. |
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Appendix G. Classifying the rest (Algorithm 5)

What remains is to classify the set of vertices outside of the k-core matching. Again, this can be
handled through a simple majority vote.

Lemma 36 Suppose that o, 5, € satisfy the same conditions stated in Lemma 35. Then Step 3 in
Algorithm 5 on input (G1, Ga, 13, €) correctly labels all i € F with high probability.

Proof For ¢’ > 0, let E; be the event that 7 does not have an ¢ log n neighborhood majority in the
graph (G1 \r, G2){([n] \ F) U {i}}. By nearly identical arguments to the proof of Lemma 35, we
can show that

P (Uiep ({i € F} N Ey)) < nt=s Te(@f)=s0=aD (@8 +0() 1 4(1),

For € sufficiently small, the right hand side is o(1) by the assumption on the parameters.

Next, due to the maximality of the 13-core, any ¢ € F has at most 12 neighbors in the graph
(G1 Ar, G2){([n] \ F) U {i}}. Therefore, any i € F' has an (¢’ logn — 12) majority in G1{([n] \
F) U {i}}, with high probability. [

Appendix H. Proof of Theorem 5

Finally, we prove Theorem 5, from which Theorem 1 directly follows.

Proof [Proof of Theorem 5] By Lemma 21, the matching (]\/4\ , i) obtained in Step 1 coincides
with the matching (M., m,.{M,}), with high probability. Subsequently, Lemmas 31, 35, and 36
respectively show that the vertices in the sets [n] \ F, F'\ F, and F are correctly labeled with high
probability. |

Appendix I. Impossibility of Exact Community Recovery

In this section we prove Theorem 2, which states the conditions under which exact community
recovery is impossible. Since impossibility under the condition (1 —(1- 3)2) Dy(a,B) < 1 was
already proven in R4cz and Sridhar (2021), here we prove impossibility in the regime

§*Te(a, B) + 5(1 — 5)Dy (a, B) < 1. (25)

To do so, we study the performance of the maximum a posteriori (MAP) estimator for the commu-
nities in G;. We will show that, even when supplied with additional information, such as all the
correct community labels in GG and most of the true vertex matching ., the MAP estimator fails to
exactly recover communities with probability bounded away from zero if the condition (25) holds.
Since the MAP estimator is optimal in the sense that it maximizes the probability of correctness
over all estimators (see, e.g., (Poor, 1994, Chapter 4)), the result of Theorem 2 follows.
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I.1. Notation

We briefly review and introduce some notation. Let 0': be the ground-truth community labels in G,
so ol (i) is the ground-truth community label of i € [n]. Correspondingly, we define the ground-

truth community partition (V;*, V;"), where
Vit :={icn]:oli) =+1} and Vi ={icn]:0ol(i)=—1}.

We define o2, V,', and V;~ to be the analogous quantities for G. Since 02(i) = ol(m, (7)), we
have that 02(m.(i)) = o(i), and also that V," = 7, (V;") and V;” = 7, (V]"). Finally, for a given
m e Syandaset K C [n], let m{K} := {(¢,7(7)) }iex denote the restriction of 7 to the set K.

I.2. The MAP estimator

We begin by defining the singleton set of a permutation 7 with respect to the adjacency matrices A
and B to be

R(m, A, B) :={i € n]:Vj € n],Ai;Briyn(;y =0}

In words, R(m, A, B) is the set of singletons in G A G2, with respect to the labeling in G;. For
brevity, we also write R, := R(m, A, B) and R, := R(m, A, B). We will also consider a pruned
version of R that is formally described below.

Definition 37 (The set S(7, A, B)) We have that i € S(w, A, B) if and only if the following con-
ditions hold:

1. We have that i € R.
2. Vertex i is a singleton in G1{ Ry} (equivalently, A; ; = 0 for all j € R).

3. If j € Ni(2), then w(j) ¢ Na(mw(Ryr)) (equivalently, if A; ; = 1, then By, x(jy = 0 for all
ke m(Ry)).

For brevity, we also write Sy :== S(m, A, B) and Sy := S(., A, B). We remark that if we define
the set Ry := R, Un Y (Na(m(Ry))), then conditions #2 and #3 above can be succinctly stated as
Ai,j =0forall j € R,. As per our conventions, when m = T, we write R..

At a high level, S, is a set that contains no overlapping information across (G; and G5 under the
assumption that 7, = 7. As we shall see through a detailed study of the posterior distribution of 7,
and o'}, information from G provides no non-trivial information about the community structure of
S* in G 1-

Moving forward, our goal is to study the MAP estimate equipped with the additional knowledge
of 02, S,, and m,{[n] \ S.}. It is useful to note that several important quantities can be readily
obtained from this revealed information, as we detail next.

s Fori € [n] \ Sk, the community label o (i) can be deduced via o} (i) = o2 (m.(4)).

* The image of S, under 7, can be found via 7, (Sy) = [n] \ m«([n] \ S«).

43



GAUDIO RACZ SRIDHAR

 We may compute |S, N V;"| via the following formula:

1Se NV = |{i € [n] : 0L(i) = +1} — |{i € [n] \ Sk : 0L (3) = +1}]
—|{i € [n] : 02(i) = +1}| — [{i € [n] \ S : 02(ma (i) = +1}],

where in the second equality we used that the communities have the same sizes in (71 and Gb.
* We may compute | S, NV~ | similarly, or also via | S, N V| = S| — | S« N V{T|.

* Finally, define

maj(i) == Y ol(j),

JEN1(3)

and note that for ¢ € S, the quantity maj(7) can also be computed using the revealed infor-
mation. This follows from condition #2 of Definition 37: if ¢ € S,, then N1 (i) C [n] \ Sk,
and we have already noted that o' (5) is known when j € [n] \ S..

With these observations made, we are now ready to describe the MAP estimator given this
additional information.

Theorem 38 (MAP estimator) Let A, B, O'f, Sy, and T, {[n]\ Si} be given, and let a\ap denote
the MAP estimator given this information. For i € [n] \ S, we have that Gyiap (i) = o2(m.(i)).
For the vertices in S, the MAP estimator depends on whether o or (3 is larger, as follows.

* If a > B, then the MAP estimator assigns the label +1 to the vertices corresponding to the
largest |S. N V|| values in the collection {maj(i)}ics, (breaking ties arbitrarily), and it
assigns the label —1 to the remaining vertices in Si.

o If @ < B, then it does the opposite. That is, the MAP estimator assigns the label +1 to
the vertices corresponding to the smallest |S, N V7| values in the collection {maj(i)}:cs,
(breaking ties arbitrarily), and it assigns the label —1 to the remaining vertices in S.

The structure of the MAP estimator highlights the intuition that GG contains no relevant infor-
mation about communities in S,: indeed, the assignment of communities depends only on maj,
which is a function of G only. In the following corollary, we provide a simple condition for the
failure of the MAP estimator.

Corollary 39 Ifa > 3 and there existi € S, N\V{T,j € Sy NV~ such that maj(i) < maj(j), then
the MAP estimator fails (i.e., Gyap # Ox). Similarly, if o < 3 and there existi € S. NV;",j €
S« N V|~ such that maj(i) > maj(j), then the MAP estimator fails.

Proof Suppose that o > S. If the MAP estimator correctly classifies ¢ as +1, it follows from
Theorem 38 that the MAP estimator also classifies j as +1, which is incorrect. A similar argument
holds for the case o < 3. |
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L.3. Analysis of the MAP estimator: Proof of Theorem 2
We start by defining a few useful quantities. First, we define the sigma algebra 7, which contains

the information we condition on to study the performance of the MAP estimator.

Definition 40 (The sigma algebra 7) We let T be the sigma algebra induced by the random vari-
ables B, T s, O'i, 500, 501, 510, 511, and R*

An important consequence of Definition 40 is that R, = R.Um, (N2 (7«(Rx))) is Z-measurable.
Since o} is Z-measurable, it follows that R, N V" and R. N V|~ are Z-measurable as well.

Next, we describe a useful Z-measurable event which concerns the number of vertices of each
community in R, and R,.

Definition 41 (The event G5) Let § > 0. We say that the event Gs holds if and only if

! TOA < R AV ROV [Re 0V [Re 0 V| < ! T8,

Our next result shows that G5 holds with high probability. Since the proof is straightforward but
tedious, we defer it to Section 1.6.

Lemma 42 For any fixed § > 0, we have that P(Gs) = 1 — o(1) as n — oo.

We now turn to the proof of our impossibility result. For ¢ € R,, define the indicator variable

— 1(i € Sy, maj(i) < 0) ifie€ R.NVT,
1(i € Sy, maj(i) >0) ifie R.NV|.

Our strategy is to show that ) . _ ROV Wi>0and ), ROV W; > 0 with high probability. This

guarantees the existence of i € S, NV;" and j € S, NV, such that maj(i) < 0 < maj(j), which in
turn implies that the MAP estimator fails in light of Corollary 39. To carry out these ideas formally,
we will study >, R.AVH Wiand ), R.AVH W; through a second moment method. To this end,
the following intermediate results establish useful bounds on the first and second moments, on the
event that 7 N Gs holds (see Definition 12 for a formal definition of JF).

Lemma 43 (First moment estimate) Fix > 0 and denote 0 := 1—s*T¢(a, B)—s(1—s)D (a, B).
Then

E| Y Wi|Z|uFnGs) = (1 - n—S2Tc<“ﬁ>+25) n?=0=M1(F N Gs)
i€R.NV;"

and

E| Y Wi|I|uFNGs) = (1 - n—SQTd@ﬁ)“é) n?=0=2 W1 (F N Gs).
i€R.NV,
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Lemma 44 (Second moment estimate) Fix & > 0andlet 0 := 1—52T.(a, B)—s(1—s)D (o, B).
If 0 > 0, it holds for sufficiently small 6 and all n large enough that

Var [ )" Wi || 1(FNGs) <n®31(FNGs)
i€R.NV}"

and

Var [ Y Wi || 1(FNGs) <n® 3 1(FNGy).
i€ER.NV™

We defer the proofs of Lemmas 43 and 44 to Section 1.7. We now utilize the first and second
moment estimates to prove Theorem 2.
Proof [Proof of Theorem 2] We start by proving that ) . €R.AV;T W; > 0 holds with high probabil-
ity. To establish a lower bound for this event, we may apply the second moment method (specifically,
the Cauchy—Schwarz inequality) to obtain that

2
P Z WZ > 0|7 > eR.NV] .
e £ [(ZieRmV1+ Wz) ‘I]
2
E [ZieRmVﬁ W; I] - Var (ZieRmV1+ w; Z)
= 5 > i .
S ST ST ST R ST

To obtain a lower bound on the unconditional probability, we can thus write, for a fixed § > 0
satisfying § < 52T, (v, 3)/2, that

P Z W;,>0]| >P Z W; >0 NFNGs
i€R.NV}" i€R.NV}"

=E |P Z Wi >0|Z]|1(FnGs)
i€R.NV]"

~ Var (ZieRme Wi 12 1(F N Gs)
i E [ZieR*ﬂV1+ Wi I]

> (1 o (1 o 0(1>)n29—36—(29—25)+o(1)> P(./Tﬂ ga) -1_ 0(1>7

>E

where the equality on the second line follows since the events F and Gs are Z-measurable, the
inequality on the fourth line uses Lemmas 43 and 44, and the final equality is due to Lemmas 13
and 42. Anidentical analysis shows that P(} ;- v Wi > 0) = 1—o0(1). Inlight of Corollary 39,

it follows that the MAP estimator fails with probability 1 — o(1) . |
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L4. Properties of S

In this section, we prove some properties of the set S, that will be useful in studying the MAP
estimator. To begin, we define the set

A(S,m{[n] \ Si}) :={m € S, : Sz = Scand w{[n] \ Sr} = mA{[n] \ S<}}.

For brevity, we sometimes write A, instead. The following result highlights the important property
that for m € A,, the structure of G1 A, G is invariant.

Lemma 45 For any m € A., we have that A; ;B ;) x(j) = AijBr.(i)r.(j)- Moreover, if i € S,
orj € Sy, then Ai,ij(i),w(j) = Ai,ij(i),m(j) =0.

Proof Ifi,j S [n]\S*, then 7T(’L) = T (Z) and 71'(]) = Tx (j), hence Ai,jBTr(i),w(j) = Ai,ij(i)ﬂr*(j)-
On the other hand, if ¢ € S, or j € S,, then Ai,ij(i),ﬂ'(j) = Ai,ij* (i),me (§) = 0 by the definition
of S; = S, (see Definition 37, in particular condition #1). |

The following lemma shows that A, is closed under permutations of S.. For a more formal
discussion, it will be useful to introduce the following definition.

Definition 46 (The permutation P; ;) Let p be a permutation of Si. The permutation Py , is
given by

mw(p(i)) ifi € Ss.

Lemma 47 Let p be a permutation of S. Then Py, , € A..

Py (i) = {m) ifi€ml\s.,

Proof We abbreviate P = Py, ,. It is clear from the construction of P that P{[n] \ S.} =
m{[n] \ S«}. To prove Sp = S, it is sufficient to show that Rp = R,. Indeed, once this has been
established, it follows readily that Rp = R,, and thus Sp = S, by Definition 37.

We start by proving R, C Rp; we do so by proving separately that R, \ S, C Rp and S, C Rp.

To prove the first claim, let i € R, \ S, and notice that P(i) = m.(¢). Fix j € S.. Then,
by condition #2 of Definition 37, A; ; = 0, so A; ;Bp(;) p;;y = 0. On the other hand, if j €
[n] \ S, then P(j) = m.(j), s0 A jBp(),p(j) = AijBxr, (i) (j) = 0. Since we have shown that
AL]'BP(,L')’P(J') =O0foralli € R, \ Si and for all j € [n], it follows that R, \ S, C Rp as desired.

We now prove that S, C Rp. Leti € S,. If j € R,, then by condition #2 of Definition 37 we
have A; j = 0, hence A; ;Bp(;) p(;) = 0. On the other hand if j € [n] \ R. then by condition #3
of Definition 37, A; ; = 1 implies Bp;) p(j) = 0 since 7.(j) = P(j) and P(i) € m.(R.); hence
Ai jBpg),p(j) = 0. Since we have shown that A; ;Bp(;) p(;) = 0 forall i € S, and j € [n], it
follows that S, C Rp. Putting both results together shows that R, C Rp as desired.

Next, we prove that Rp C R,. Suppose by way of contradiction that there exists i € Rp \ R..
Then there must exist j € [n] such that A; ;Bp(;) pj) = 0 and A; ;B ;) x.(j) = 1, which in
turn implies that (4; j, Bpg),p(j)> Br.(i)m(j)) = (1,0,1). We consider two possibilities for j.
If j € R., then A;; = 1 implies By (j)r,(j) = 0 by condition #3 of Definition 37, which
is a contradiction. On the other hand, if j € [n] \ R, C [n]\ S, it follows that P(j) =
(7). Since i € [n] \ R« C [n]\ S« as well, P(i) = m.(i) as well. However, this contra-
dicts (Bpi),p(j)> Br.(i)r(j)) = (0,1). Since all cases for j lead to a contradiction, we have that
Rp C R,. [ |
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A useful consequence of Lemma 47 is that the elements of A, can be parametrized by permu-
tations of S. This is captured in the following corollary.

Corollary 48 We have the representation
Ay = {Px, p: pisapermutation of S, } . (26)

Proof Lemma 47 shows that the right hand side of (26) is a subset of the left hand side of (26).
Moreover, from the definition of the set A, if 7 € A,, then 7 and 7, can only disagree on inputs
from S,. This implies that we can find a permutation p on S, such that 7 = Py, ,. Hence the set on
the left hand side of (26) is a subset of the right hand side of (26). |

L.5. Deriving the MAP estimator: Proof of Theorem 38
1.5.1. THE POSTERIOR DISTRIBUTION OF 7,

We start by defining some notation. For a given permutation 7w € S, define

/’L+(7T)ab = Z 1((Ai,j7 BTF(i),?T(j)) = (CL, b))7 for a, be {Oa 1}?
{m(i),m(j) et (02)
1 () ap = > 1((Aij, Br(iy2(j)) = (a,b)), for a,b, € {0,1},

In words, 117 () 4p and p1~ () 4 capture the empirical joint distribution of correlated edges assuming
7« = 7, and v+ () and v~ () count the number of intra-community and inter-community edges
in G, respectively. Using these quantities, we can derive an exact expression for the posterior
distribution of m, given A, B, and af. The proof is nearly identical to (Racz and Sridhar, 2021,
Lemma 3.1), but we include it here for completeness since there are a few small changes (e.g., we
condition on the community labels in GG rather than in (G1) and the proof is short.

) (Q10> v (m)
400 '

P(A,B w*zw,af P(m,=m a’f
P(W*:W‘A,B,Uf): ( | P (A B)O'z() | )

Lemmad49 Let € S,. There is a constant Cy = Cy(A, B, 02) such that

pt ()1 p=(m)11 v
Plr. = 4,B,0%) =y (M) (YT ()

Po1P1o 401410 Poo

+

Proof By Bayes’ rule, we have that

Recall that in the construction of the correlated pair of SBMs (G, G2), the permutation 7, is chosen
independently of everything else, including the community labeling o2. Hence we can write

P(m.=7|A B,02)=c (A B,0?) -P(A B|r. =m02), 27)

*
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where ¢y (A, B, 0'2) = (nﬂP’ (A, B, Uf))_l. We now analyze P (A, B ‘ Ty = T, af). Recall that,

given o2 and T, the edge formation process in G and G is mutually independent across all vertex

pairs. Hence we have that

+(r +(r +(r H(r (T (T (T —(m
P (4, B[ m = 02) = (i Tty kg ol Y (aly Pty Dty oy O

%

(28)
To simplify (28), we can write

pt(m)or = Z (1= Aij)Briiyn(j) = Z Bij — pt ()11

{r(@),m(j)}eE* (o) {i,jteEt (o)
pt(m)10 = Z Ai j(1 = Br(iyn(j) = v () = p ()11

{r(@),7(j)}eEt(a2)
ph(m)oo = Z (1= Aij)(1 = Brgi)n(5))

{r(),m(j)}eE+(a2)

=¥ (a2)| - Z Bij — vt (m) + pt (7).

(i.j)€ET(a2)

In particular, note that the quantities } ;1 ce+(»2) Bi,j and [€ *(o2)| are measurable with respect
to B and o2. Hence we can write

+ +
wt(moo pt(mor pt(m)i0 pt (7)1 + ( PooP11 wrm P10 vHm
Poo Po1 P1o P11 =G — ) (29)
Po1P10 Poo
where
+ et [(por | st P
C3 = Poo — )
Poo
Replicating these arguments for p~ ()45, we have that
p= ()11 v (m)
- B - - — ([ 400911 q10
aho ™™ahy Tty gl P = ¢ ( ) <> ’ .
401410 doo

where
S €= (e)] ( 401 2lijyee—(o2) Bii
02 = qOO 1Yl .
q00
Combining (27), (28), (29), and (30) proves the statement of the lemma, with Cy := cijcjc,. W

Next, we build on Lemma 49 to obtain the posterior distribution of 7, given not only A, B, and
o2, but also S, and 7, {[n] \ S.}. To show this formally, we recall the definition of the set A, from
Section 1.4.

Lemma 50 (Posterior distribution) There is a constant Cy = C2(A, B,02,S,, m{[n] \ S«})
such that

vt(m)—v— ()
P (m. = | A, B,02, 5., m{[n]\ S.}) = Cy (1 /pmqoo> 1(r € Ay).
Pooq10
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Proof By Bayes’ rule we have that

P(m. =7|A B,02, 8, m{[n]\ 5}
P (7r* = ’ A,B,af) P (S*,W*{[n] \ S} ‘ e = W,A,B,af)
- P (S, m{[n]\ S.}[ 4, B,0?)
]P)(ﬂ'* :W’A,B,Uf)

= B (S ]\ S} | A, B,07) T A

The probability in the denominator is a function of 4, B, 62, S,, and 7. {[n] \ S.}. Furthermore,
by Lemma 45, " ()11 and p~ ()11 are constant over 7 € \A,. Hence by Lemma 49 we can write

) v=(m)
(qlo> 1(reA), @D

qoo

vi(n

P(me=m } A,B,02 S, m{[n]\ S:}) =a <§;2>

where

1

— Cq (Poopn)w(m)ll <QOOQ11>“_(W*)H
P (Ss, m{[n] \ S} | A, B,o2) \ porpio 01410 '

Above, C is the same constant as in Lemma 49. In particular, ¢; depends only on A, B, Uf, Sk,
and 7. {[n] \ Si}. To simplify the right hand side of (31) further, we can first write

vt(m v (m vi(m)+v—(m vi(m)—v— (7
(pm) () <q10> ( ): ( p10Q10) (m)+v( )< p10(J00> (m)—v () 32
Poo qoo Pooqoo Pooqi1o

Thus a simplification can be obtained by noting that v () + v~ (7) depends only on A. Indeed,

V+(7r) +v (m) = Z A+ Z Aij= Z A ;.

{m(i)m(j)}ec (o) {m(i)m(j)}eE(a3) {i.5ye(t)

The desired result now follows with

Z i [n] A'L,j
Cy = ¢y < Plotho) iare('y) '
Pooqo0

1.5.2. THE POSTERIOR DISTRIBUTION OF THE COMMUNITY PARTITION

Our next few results will allow us to translate our characterization of the posterior distribution of
7, to the posterior distribution of the community labeling. We proceed by defining some further
notation. For a community partition X = (X, X ™) of [n] in G4, define the set

BX):={reA 7(XT)=V,",n(X")=V; }.

In words, B(X) is the set of permutations in .4, which induce the community partition X in G;. No-
tice thatif B(X) # 0, then the partition X must be compatible with A, B, 02, S,, and 7, {[n] \ Si}.
In particular, if ox denotes the community memberships associated with X, the following must hold:

50



ExAcT COMMUNITY RECOVERY IN CORRELATED STOCHASTIC BLOCK MODELS

o ox (i) = 02(m(i)) = oL (i) fori € [n] \ Si;
e SN XT| =[S, NV |and |S. N X~| = |S. N V|

The first condition must hold since we know the true vertex correspondence—and therefore the true
community labels—outside of the set S,. The second condition must hold since the number of
vertices of each community in S, can be deduced by examining the community labels of 7, (S)
with respect to crf.

We proceed by establishing a few more useful results related to 5(X). The following lemma
shows that the size of (X)) does not depend on the specific choice of X.

Lemma 51 [f B(X) is nonempty, then |B(X)| = |S, N V1S, N V7L

Proof Suppose that my, 71 € B(X). By Corollary 48, we can write m; = Py, , for some permu-
tation p on S,. Notice that if i € S, N X™T, then p(i) € S, N X, and if i € S, N X, then
p(i) € Sy N X~ otherwise, mo (i) and 71 (i) = mo(p(7)) would have different community labels
with respect to o2, which would violate our assumption that 7o, 71 € B(X). We can therefore
decompose p into two disjoint permutations p™ and p—, where p* is a permutation of S, N X+ and
p~ is a permutation of S, N X ~. Since there are |S, N XT|! = |S. N V;"|! choices for p* and
IS« N X~|! =[S« NV |! choices for p~, the desired result follows. [

Our next result shows that v (7) — v~ () is invariant over elements of B(X), where recall that
V+(7T) = Z Ai,j and Vi(ﬂ') = Z Ai7j.
{r(i),w(j)}e€F(oF) {r(i)m(j)}e€ (o)

We briefly recall some relevant notation. Let ox be the community labels induced by X, so that
ox(i) =+1ifi € X" andox (i) = —1if i € X . We also recall that

maj(z) = Z oL(j) = Z Aijol(j).
JEN1(4) j€ln]

While maj(i) is generally not measurable with respect to { A, B, 02, S, m.{[n] \ S,}}, it is mea-
surable if i € S,. The reason is that for j € [n] \ Sk, m«(j) is known so we can deduce o} (j) =
o2(m«(7)). In addition, if i € S,, then all neighbors of 7 in G are in [n] \ S, so maj(i) is indeed
measurable.

Lemma 52 Forall m € B(X), we have that

vi(m) — v (m) = Cs+ » _ ox(i)maj(i),

1ESk
where Cs depends on A, B, o’f, Sy, and 7 {[n] \ Sy}, but not on X.

Proof Noting that ox (i)ox(j) = 1 for {n(i),7(j)} € £T(o?) and that ox (i)ox(j) = —1 for
{n(i),n(j)} € E(a2), we can write

v —v (m) = Y Aijox(i)ox(j).
{ige(')
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Since 7 € A, we have 7(i) = m.(i) for i € [n]\ S, and hence ox (i) = 02(7.(i)) = ol(i).
Defining

Cyi= > Agox(ox(i)= Y  Aioi()oi(h),

{i.ire(t): {iire():
i,7€[n]\Sx i, €[n]\Sx

it is clear that C3 depends only on A, o2, Sy, and 7, {[n] \ Si}, and not on X. Noting further that
A; ; = 0wheni,j € S, by the construction of S,, we have that

v —v () =Cs+ Y Agox(i)ox(j) =Cs+ Y ox(i) Y Aijoi())
1€8S4,5€[n]\ S« 1€Sx JEM\S«
=Cs+ Y ox(i)maj(i).

1€5«

We can now put everything together to derive the posterior probability of a given community
partition.

Lemma 53 [f B(X) is nonempty, then

)

P((Vih Vi) = (X1, X7)| A B,o2,5.,m{n]\ S.}) = Cy <1010<J00

1 ¥ ies, ox(i)maj(i)
poocho)

where Cy is a constant depending on A, B, 0'2 Sy, and . {[n] \ S}, but not on the partition X.
Proof To compute the posterior probability of a community partition, we may equivalently compute

the posterior probability of the set of permutations that generate the community partition under
consideration. We thus have that

P((V;" Vi) = (X", X")|A B, o2 8., m{[n]\ S})

= Z P(W*=W|A,B,a Sy, mef{[n \S} Z O (PloQoo

reB(X) reB(X Pooq10

)

) (1/+ (m)—v— (71'))/2

where the last equality follows by Lemma 50 and Cs is the constant appearing in Lemma 50 (and
note that 7 € A, for every m € B(X)). Now by Lemma 52, this sum is equal to

P1o4qo0 Ca/2 P1oqoo
() T (

> 33 e, ox(i)maj(i)
Pooq10 reB(X) Pooq10

Since the summand in the display above does not depend on 7, and |[B(X)| = |S. N V|| S. NV |!
by Lemma 51, the desired result follows with

piogoo )
Cy = 02< 10 00) 1S, N VS, NV
Pooqio
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The characterization of the MAP estimator follows as a corollary.
Proof [Proof of Theorem 38] Suppose that A, B, 2, S, and 7. {[n]\ S, } are given. First of all, we
have that Gyap (1) = o2(m. (i) foralli € [n]\ S, (smce for any community labeling not satisfying
this, the posterior probability is 0). For vertices in S, first note that

P1o4qoo0 «
= —(14o0(1)).
P00410 5( 1)

Thus, by Lemma 53, the MAP estimator for the community partition of G; maximizes (resp.,
minimizes) ) ;cg ox(i)maj(i) if a > B (resp., a < f3), while respecting the constraint that
1SN XT| =[S, NV and [S. N X~| = |[S. NV, |. The maximum is obtained by setting
ox (i) = +1 fori € S, corresponding to the |S. N V|| largest values of {maj(i) };cs, (breaking
ties arbitrarily), and setting ox (i) = —1 for the rest. The minimum is obtained by setting ox (%) in
an opposite manner. [ |

I.6. Bounding the size of ‘“bad’ sets: Proof of Lemma 42

Proof [Proof of Lemma 42] For a given vertex i € [n], let E; be the event that ¢ is a singleton
in G1 A, Go. Throughout the proof, we assume that the communities are approximately balanced;
specifically, we assume that the event H := {n/2 —n*/* < |[VF|,|[V~| < n/2 + n®/*} holds. Note
that P(H) =1 — o(1) by Lemma 13.

Conditioning on o}, if i € V1 , then we have that

P(E:| o) 1(H) = (1 - 32a1°g”) e (1 - mk’g”) "

n n

< exp (~s* B (| - 1)+ A1V ) ) 100

= exp (—(1 —o(1))s* <o¢—;—5) log n> 1(H) = n_sz(o‘+6)/2+°(l)1(7-l),
(33)

where in the inequality on the second line we used that 1 —x < e, and subsequently we used that
[Vit1, Vi | = (1 + o(1))n/2 on the event H. The bound in (33) implies that

E[[R. NV ol 1(H) = Y P(Ei|ol) 1(H) < [Vif[n= s @FA/2+oM (3q)
zGV+
< nl—s?(at+B)/2+0(1)
Markov’s inequality now implies that
P (|R, N V| > pl = let)/2td ‘ o ) 1(H) < n=0oM = o(1), (34)

which in turn implies the unconditional bound P(| R, N V;| > n!=s*(@+8)/246) — (1) as well.
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We now focus on deriving a probabilistic lower bound for |R, N Vf“]. To this end, we start
by deriving a matching lower bound for P (EZ ‘ O'i). A useful fact we shall use is that by Taylor’s
theorem, log(1 — z) > —(1 + €)x provided 0 < & < €/(1 + €). Thus for € = ¢, suitably small,

(logP (E; | o)) 1(H) > (\V1+| log <1 - szaloin> + |V | log (1 - 325107%”)) 1(H)

ologn

> —(1+¢)s (a\V1+\+ﬁ\V{D1(H)

(1= o(1)(1 +0)s? (“‘;5) (logn)1(H).

n

Since we used Taylor’s theorem for 2z = O(log(n)/n), the inequality holds for ¢ = n~'/2. Hence

B[ROV [l 1) = 32 P (Ei|od) 1) = n! - 2oD1), 35)

%
We next upper bound the variance of |R. N V;*|. For distinct i, j € V|, we have that

Cov (L(E). 1(E)) | o) = B (B, By | o) — P (] o) B (5] o)

2|V+|-3 2|V~
= (I—SQaIOgn) (1—52 logn> <1— <l—s2a10gn>) .
n n n

Notice that on the event H, we have that 2|V*| — 3 = (1 + o(1))n and 2|V ~| = (1 + o(1))n.
Hence, using the inequality 1 — x < e~ *, we have that

Cov (1(E;), 1(E;) | ol)1(H) < 52a10gn
n

exp (—(1 —o(1))s*(a+ B) log n) 1(H)
_ n—1—82(a+/3)+o(1)1(7{). (36)

It follows that

Var (|[R. N Vi"||ol) 1(H) = Var | Y 1(E) o} | 1(H)

i€Vt
= Y Cov(1(E:),1(E;)| o) 1(H)
i,jevy
<Y P(E|e)1UH) + D Cov(L(E),1(E;)|ol) 1(H)
iev;t i,jEVLT i)

< (nl—sz(a-i—ﬁ)/?-l-o(l) + n1—52(a+5)+0(1)) 1(H)

— nlfsz(a+5)/2+o(1)1(7_£)' (37)
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Above, we have used (33) and (36) to bound the terms of the summations in the second line. The
bounds in (35) and (37), along with the Paley—Zygmund inequality, imply that

P (IR AV 2l @H0/250 | 61) 1 1)

2
e 2E[[R NV | oy
(s o

stof Var (|R. N V']
> (1 §+o( )2 ( ar|R* m?/l—:’ ‘ (‘70'] )) 1(7’[)
> (10000 (1 (o250 13

= (1 = o(1))1(H). (38)
Together, (34) and (38), along with P(H) = 1 — o(1), show that

P (w20 < R, AV <l @) 1 o),

Identical arguments show that the same holds when | R, N V|| is replaced with |R. N V| |.

We now study the size of |R, N V1+] Since R, O R, with probability 1 — o(1) we have the
lower bound | R, N V{T| > |R. NV;| > nl=s°(@+8)/2=6 Ty establish an upper bound, we use the
bound

RNV <R <> (14 INa(ma(d))]) < R <1 +§ré%< Nz(j)|> :

1€ R
In light of Lemma 28, we have that max;¢ ) [N2(j)| < 100s max{«, 3} logn with probability at
least 1 — o(1). Hence, with probability at least 1 — o(1), we have that

|R. N V| < (14 100s max{a, 8} logn) | R.|
< 2(1 + 100s max{a, B} log n)n! =" (a+8)/2+6 < jy1=s>(a+5)/2420

Identical steps show that |R, N V;~| < n!=s*(¢+8)/2+23 with probability 1 — o(1) as well. [ |

I.7. First and second moment estimates for 1V;: Proofs of Lemmas 43 and 44

We first prove some useful intermediate results. Our first result establishes some useful conditional
independence properties given the sigma algebra 7.

Lemma 54 The following hold:
1. The sets R,, R, N V1+, and R, N Vi are I-measurable.

2. Leti € R,. Conditioned on T, {A;; : {i,j} € 10} is a collection of mutually independent
random variables where

2 Bern alogn lfff (i) i(j)a
m Bern Bloin ifol(i) = —al(j).

(39)
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3. The random variables 1(i € Sy) and jeln\R. A; jol(j) are conditionally independent
given I.

Proof From the formula R, = R, U 7, (Na(m«(Rx))) provided in Definition 37, it is clear that
R, is Z-measurable since it depends only on R,, ., and B. The sets R. N Vl+ and R, N V| can
be readily obtained from R, and ol.

We now prove Item #2. Notice that the sets R, and R, depend only on G A, G2, G2, and .
Thus, by Lemma 10, G \, G is conditionally independent of R, and R, given T, 04, and the
partition {&yo, o1, 10,11} In particular, the collection {A;; : {i,7} € &g} is conditionally
independent of Z, and (39) follows.

Finally, we prove Item #3. By Definition 37, we can write

1(: € S;) =1(i € R.)1(A;j = 0forall j € R,).

In particular, 1(i € S,) is measurable with respect to the sigma-algebra generated by Z and the
collection Cy := {4;; : j € Ry and {i,j} € &E0}. On the other hand, since R, is Z-measurable,
> jeln\R. A; jol(j) is measurable with respect to the sigma-algebra generated by Z and the col-

lection Cy := {A;; : j € [n]\ Ry« and {i,j} € E1o}. Since C1 N Cy = 0, Item #2 implies that the
two random variables are conditionally independent given Z. |

Our next result shows that, with high probability, vertices in R, are also in S,.
Lemma 55 Forany § > 0 and i € R,, it holds for sufficiently large n that
P(i € S.|T)1(Gs) > (1 - n*SQTc(aﬁH%) 1(Gs).
Proof For i € R,, define the following Z-measurable random sets:

Ct(i):={jeR.:{i,j} € EwNET (o))},
C(i)={jeR.:{i.j}€E0nE (o})}.

By Definition 37, 7 € S, if and only if i € R, and A; ; = O for all j € R.. Phrased differently,
i€ Syifandonlyifi € R,and A; j = 0 forall j € C*(i) UC (7). Item #2 of Lemma 54 then
implies, for ¢ € R,, that

P(i€ S, |Z)=P(A;; =0forallj € CT(i)UC (i)|T)

Ic*(4)] lc= @)l
_ (1_alogn> <1_Blogn>
n n
logn

> (1= ale @R ) (1 sl OIE™ ) > 1= (alet ] + Ale () 2",

Above, the first inequality is due to Bernoulli’s inequality. To further simplify the lower bound, note
that [C*(i)],|C (i)| < |R,l, which is at most 2!~ Te(®:5)+9 op the event Gs. Thus

P(i € S, |Z)1(Gs) > (1 — 2(a+ B)(log n)n_SQTC(a’BH‘S) 1(Gs).
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Since 2(a + () logn < n® for sufficiently large n, the desired result follows. [ |

Next, for ¢« € R.., we define the random variable

P < > Aijoi(j) <0

j€[n]\Rx«

I> ifi € R.N VT,
Xi =
P ( > Aijoi(j) >0

JEM]\Rx

I> ifi e RNV .

As we shall see in the proofs of Lemmas 43 and 44, we can bound the first and second moments
of > i€R.AV;T Wi and ) i€R.AV] W; by functions of the X;’s. Our next result characterizes the
behavior of the X;’s on the high-probability Z-measurable event F N Gs.

Lemma 56 Fori € R,, we have that
X1(FNGs) = n*8(1*S)D+(a,6)+0(1)1(]: NGs).
Proof Leti € R. NV, . Since R, and o} are Z-measurable, Item #2 of Lemma 54 implies that

> Aijol(j 1y _ 7z (40)
€]\ R.

where Y ~ Bin(m™,p) and Z ~ Bin(m™,q) are independent, with p = alog(n)/n, ¢ =
Blog(n)/n, and

— |{j € M\ R.: {i,j} € En EF(ol)}
— [{j €\ R.:{ij} € E0nE (oL}

We use the shorthand s1g := s(1 — s). On the event F N Gs, we have the upper bound

)

m* < |{j: 3.3} € EuNET (@D} < s10 (5 +20%/) = (1+ 0(1))s10y
and the matching lower bound
m+2’{j:{i,j}€510ﬂ5+ }‘ |R.|
> $10 (g - 2n3/4) - nl_SQTC( @B+ — (1 — 0(1))510g.
Similarly, we can show that on the event 7 N G5, we have that

(1 — 0(1))810% <m- < (1 + 0(1))8102.

Noting that p = (1 4 o(1))sioalog(sion)/(s10n) and ¢ = (1 + o(1))s1081log(s10n)/(s10m),
Lemma 6 and (40) now imply that for : € R, N Vf, we have that

P ) Aijol(j)<0|T|1(FNG)
JEMNT.
=P(Y < Z|T)1(FNGs) = n~s10P+l@f+ey(F gy (41)
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An identical analysis can be done fori € R, NV . |
We now turn to the proofs of the moment estimates.

Proof [Proof of Lemma 43] As a shorthand, denote y := s?T.(c, 3) — 20. Leti € R, N Vfr. Then,

EW;|Z]L(FNGy) =P [icS.and Y A;jor(j) <0|I | 1L(FNGs)
j€[)\ R«

=P eS|T)-P| D Ayoi(j) <0|T|LFnGy),
jEM\R.

wheri the first equality follows since maj(i) = > ¢, A;jol(j)and A;; = 0 wheni € S, and
7 € R,; the second equality is due to Item #3 of Lemma 54. Now using Lemma 55, the definition
of X;, and Lemma 56, we have that

E[W;|Z) L(FNGs) > (1

(1

Summing over ¢ € R, N Vfr, we obtain that

niw)Xil(fﬂ g6) (42)
n )~ s(1=9D+ (@A) +o(D 1 (F A Gy). (43)

>
>

E| Y Wi|Z|uFnGs)=(1-n") (\R* N Vj|n—8<1—S>D+(a75>+0(1>) 1(F N Gs)
i€R.NV}"
> (1 _ n*'y)nlfszTC(a,ﬁ)fs(lfs)D_‘_(a,/o’)f(SJro(l)1(f N g(;),

where the inequality on the second line uses the fact that |R, N V;T| > nl=s"Te(@h) =0 on Gs.
I} 1(F N Gs). n

Identical arguments yield the same lower bound for E [Z ieR.OV] W;

Proof [Proof of Lemma 44] Fix i, j € R, N Vfr, where ¢ # j. We have that

E[WiW;|Z] =P (i,j€Scand Y Agpol(k), > Ajpol(k)<0|T
ke[n]\R. ke[n]\R.

<P > Aigoi(k), > Ajroi(k) <0|Z
k€n]\ R« ke[n]\ R«

=P| Y Aol(k)<O|Z|P[ > Ajpol(k)<0|T
ken]\R. ken]\R.
= X, X;.

Above, the equality on the first line follows since A;, = A = 0fori,j € S, and k € R,. The
equality on the third line follows from noting that ke[n)\R. ALkai(k) is a measurable function
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of Z and {A; k }peru R 2o\ R Ajroi(k) is a measurable function of Z and {Ajktrem .
and the collections {A; k}yc(,\ 7. and {A;k}ep, 7, are conditionally independent given Z (by
Item #2 of Lemma 54). On the other hand, for the case « = j we have through similar arguments
that

E[W?|Z] =E[W;|Z] =P [i€ Scand Y Aigoi(k) <0|T | <X,
k€[n]\ R«

We can then write
2

E Soowil |Z]= > EWIZI+ ). E[WW;|I]
i€ER.NV]T i€ER.NV] 4, ERLNV, i
DR TP D
i€R.NV;" i,jERNV i
2

Z X; + Z X; | . (44)

i€R.NV}" i€R.NV}"

IN

IN

In light of the lower bound in (42), we also have that
2 2

El > W|Z| 1Fng)=1-n")"| > Xi| 1FNG). ¢4
iER.NV; i€R.NV]

where we recall that v := s?T.(c, 3) — 2. On the event F N Gs, we also have the upper bound

Z X, 1(]_- N gd) _ |R* n ‘/1+’n—s(l—s)D+(a,ﬂ)+0(1)1(f N gé) < n0+6+0(1)1(f n g[s)7
i€R.NV;"

(46)
where the first equality is due to Lemma 56 and we recall that  := 1 — s2T.(a, 3) — s(1 —
5)D4 (, ). Combining (44) and (45) and using (1 — n~7)? > 1 — 2n~" shows that

2
Var [ Y Wi|Z | 1(FNGy) o X227 D> X 1(FNGs)

i€R.NV]" i€R.NV}" i€R.NV}"
(n9+6+o(1) 4 2n29+25—7+o(1)) 1FNGs).
To simplify the bound on the right hand side further, notice that if § < 6/4 and § < /6 (i.e.,

§ < 8¥Te(a, 3)/8), then we have 0 + § + o(1) < 20 — 35 and 260 + 25 — v + o(1) < 20 — 36 for n
large enough. Hence

IN

IN

Var [ Y Wi T | 1(FNGs) <n® P 1FNGy).

i€R.NV]"

Through identical steps, the same result holds for ), RV W;. |
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