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Abstract

Thompson Sampling (TS) is an efficient method for decision-making under uncertainty, where an
action is sampled from a carefully prescribed distribution which is updated based on the observed
data. In this work, we study the problem of adaptive control of stabilizable linear-quadratic regula-
tors (LQRs) using TS, where the system dynamics are unknown. Previous works have established
that O(\/T) frequentist regret is optimal for the adaptive control of LQRs. However, the exist-
ing methods either work only in restrictive settings, require a priori known stabilizing controllers,
or utilize computationally intractable approaches. We propose an efficient TS algorithm for the
adaptive control of LQRs, TS-based Adaptive Control, TSAC, that attains O(ﬁ ) regret, even for
multidimensional systems, thereby solving the open problem posed in Abeille and Lazaric (2018).
TSAC does not require a priori known stabilizing controller and achieves fast stabilization of the
underlying system by effectively exploring the environment in the early stages. Our result hinges
on developing a novel lower bound on the probability that the TS provides an optimistic sample.
By carefully prescribing an early exploration strategy and a policy update rule, we show that TS
achieves order-optimal regret in adaptive control of multidimensional stabilizable LQRs. We em-
pirically demonstrate the performance and the efficiency of TSAC in several adaptive control tasks.
Keywords: Thompson sampling, adaptive control, linear quadratic control, regret

1. Introduction

There has been a significant development in data-driven methods for controlling dynamical systems
in recent years due to the development of novel reinforcement learning approaches and techniques
(Hou and Wang, 2013). Adaptive control of unknown linear dynamical systems has been the main
focus due to its simplicity and its ability to capture the crux of the problem and give insights on more
challenging tasks (Recht, 2019). Among linear dynamical systems, Linear Quadratic Regulators
(LQRs) are the canonical settings with quadratic regulatory costs to design desirable controllers and
have been studied in an array of prior works (Abbasi-Yadkori and Szepesvdri, 2011; Faradonbeh
etal., 2017; Abeille and Lazaric, 2018; Mania et al., 2019; Simchowitz and Foster, 2020; Chen and
Hazan, 2020; Lale et al., 2022). These works provide finite-time performance guarantees of adaptive
control algorithms in terms of regret, which is the difference between the attained cumulative cost
and the expected cost of the optimal controller. In particular, they show that O(\/T ) regret after
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T time steps is optimal in adaptive control of LQRs. They utilize several different paradigms for
algorithm design such as Certainty Equivalence, Optimism or Thompson Sampling, yet, they suffer
either from the inherent algorithmic drawbacks or limited applicability in practice.

Certainty equivalent control and its challenges: Certainty equivalent control (CEC) is one
of the most straightforward paradigms for control design in adaptive control of dynamical systems.
In CEC, an agent obtains a nominal estimate of the system, and executes the optimal control law
for this estimated system. Even though Mania et al. (2019); Simchowitz and Foster (2020) show
that this simple approach attains optimal regret in LQRs, the proposed algorithms have several
drawbacks. First and foremost, CEC is sensitive to model mismatch and requires significantly small
model estimation error to a point that exploration of the system dynamics is not required. Since this
level of refinement is challenging to obtain for an unknown system, these methods rely on access
to an initial stabilizing controller to enable a long exploration. In practice, such a priori known
controllers may not be available, which hinders the deployment of these algorithms.

Optimism-based control and its challenges: Optimism is one of the most prominent meth-
ods to effectively balance exploration and exploitation in adaptive control (Bittanti et al., 2000).
In optimism-based control, an agent executes the optimal policy for the model with the lowest
cost within a set of plausible models. In Abbasi-Yadkori and Szepesvari (2011); Faradonbeh et al.
(2017), the authors use optimism-based control design to achieve O(ﬁ) regret with exponential
dimension dependency. Both algorithms solve a non-convex optimization problem to find the op-
timistic controllers, which is an NP-hard problem in general (Agrawal, 2019). Unfortunately, this
computational inefficiency severely limits their practicality. Recently, Abeille and Lazaric (2020)
proposed a relaxation to the optimistic controller computation, which makes the optimism-based
controllers efficient. However, their algorithm also requires a significantly well-refined model esti-
mate and a given initial stabilizing policy, similar to CEC.

Restricted LQR settings in the prior works: In our work, we study the stabilizable multi-
dimensional LQR setting. Stabilizability is necessary and sufficient condition to have a well-posed
LQR control problem (Kailath et al., 2000). On the contrary, prior works usually consider the
controllable LQR setting, which is a subclass of stabilizable LQRs (Cohen et al., 2019; Chen and
Hazan, 2020). While the controllability condition simplifies the learning and control problem, it
is also often violated in many real-world control systems (Friedland, 2012). Recently, Lale et al.
(2022) proposed an adaptive control algorithm that does not need an initial stabilizing controller
and achieves optimal regret in stabilizable LQRs. However, their method relies on optimism, and
unfortunately inherits the aforementioned computational complexity of optimistic methods.

Thompson Sampling and its challenges: Thompson Sampling (TS) is one of the oldest strate-
gies to balance the exploration vs. exploitation trade-off (Thompson, 1933). In TS, the agent sam-
ples a model from a distribution computed based on prior control input and observation pairs, and
then takes the optimal action for this sampled model and updates the distribution based on its novel
observation. Since it relies solely on sampling, this approach provides polynomial-time algorithms
for adaptive control. Therefore, it is a promising alternative to overcome the computational burden
faced in optimismic control design. For this reason, Abeille and Lazaric (2017, 2018) propose adap-
tive control algorithms using TS. In particular, Abeille and Lazaric (2018) provide the first TS-based
adaptive control algorithm for LQRs that attains optimal regret of O(\/T ). However, their result
only holds for scalar stabilizable systems, since they were able to show that TS samples optimistic
parameters with constant probability in only scalar systems. Further, they conjecture that this is true
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Work Setting Stabilizing Controller Computation
(Abeille and Lazaric, 2018) Stabilizable’ Not Required Feasible
(Mania et al., 2019) Controllable Required Feasible
(Simchowitz and Foster, 2020)  Stabilizable Required Feasible
(Chen and Hazan, 2020) Controllable Not required Feasible
(Lale et al., 2022) Stabilizable Not required Infeasible
This work Stabilizable Not required Feasible

Table 1: Comparison with the prior works that attain O(v/T) regret on LQR, t = 1-dim LQRs

in multidimensional systems as well and TS-based adaptive control can provide optimal regret in
multidimensional LQRs, and provide a simple numerical example to support their claims.

Contributions

In this work, we give an affirmative answer to the conjecture posed in Abeille and Lazaric (2018):

1) We propose an efficient adaptive control algorithm, Thompson Sampling-based Adaptive Control
(TSAC), that attains O(ﬁ ) regret in multidimensional stabilizable LQRs. This makes TSAC the
first efficient adaptive control algorithm to achieve order-optimal regret in all stabilizable LQRs
without the prior knowledge of a stabilizing policy (Table 1).

2) We empirically demonstrate the performance of TSAC and compare to the optimism (heuristic)
and TS-based methods that do not require initial stabilizing policy in flight control of Boeing 747
with linearized dynamics. We show that TSAC effectively explores the system to find a stabilizing
policy and achieves the competitive regret performance, while being computationally feasible.

The design of TSAC and our regret guarantee hinge on three important pieces missing in prior
works: Fixed policy update rule, improved exploration in early stages of adaptive control, and
a novel lower bound that shows TS samples optimistic parameters with non-zero probability in
multidimensional LQRs. Unlike the frequent policy update rule of Abeille and Lazaric (2018) in
scalar LQRs, TSAC updates its policy with fixed time periods. This policy update rule prevents fast
policy changes that would cause state blow-ups in stabilizable LQRs. In the beginning of agent-
environment interaction, TSAC focuses on quickly finding a stabilizing controller to avoid state
blow-ups due to lack of a known initial stabilizing policy. By using isotropic exploration in the
early stages along with the exploration of TS policy, we show that TSAC achieves fast stabilization.

After stabilizing the unknown system dynamics, TSAC relies on the effective exploration of the
TS to find desirable controllers. In particular, we show that the TS samples optimistic parameters
with a constant probability in any LQR setting. This novel lower bound shows that the TS is an
efficient alternative to optimism in all adaptive control problems in LQRs. Combining this lower
bound with the fixed policy update rule, we derive the optimal regret guarantee for TSAC.

2. Preliminaries

Notation: We denote the Euclidean norm of a vector z as ||z||o. For a matrix A € R™*9, we denote
p(A) as the spectral radius of A, | A||r as its Frobenius norm and || A|| as its spectral norm. tr(A)
denotes its trace, AT is the transpose. For any positive definite matrix V, || A||y = ||V'/2A||p. For
matrices A, B € R"*?, A e B =tr(ABT) denotes their Frobenius inner product. The j-th singular
value of a rank-n matrix A is 0j(A), where opmax(A) := 01(A) > ... > omin(4) == on(A). I
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represents the identity matrix with the appropriate dimensions. M,, = R™*™ denotes the set of n-
dimensional square matrices. N\ (i, 3) denotes normal distribution with mean p and covariance 3.
Q(+) denotes the Gaussian Q-function. O(-) and o(+) denote the standard asymptotic notation and

f(I) = w(g(T)) is equivalent to g(T") = o( f(1')). O(-) presents the order up to logarithmic terms.

2.1. Setting

Suppose we are given a discrete time linear time-invariant system with the following dynamics,
Tyr1 = Awxy + Bauy + wy, (D

where 2; € R™ is the state of the system, u; € R? is the control input, w; € R™ is i.i.d. process
noise at time £. At each time step t, the system is at state x; where the agent observes the state. Then,
the agent applies a control input u; and the system evolves to x4 at time ¢ + 1. The underlying
system (1) can be represented as 111 = Olz + wy, where O = [A, B.] and z; = [z] «]]T. In
this work, we consider stabilizable linear dynamical systems O, such that there exists a controller
K where p(A, + B.K) < 1. More precisely, the systems with the following property:

Assumption 1 (Bounded and (k, v)-stabilizable System) The unknown system ©, is a member
of a set S such that S C {©' = [A', B'] | ©' is (k,~)-stabilizable, |©'||p < S} for some r > 1
and 0 < ~y < 1. In particular, for the underlying system O, we have | K (0.)|| < k and there exists
L and H = 0 such that A, + B, K(0,) = HLH™ ', with |[L|| <1 — v and | H||||H™}| < k.

Note that the stabilizability condition is necessary and sufficient condition to define the optimal
control problem (Kailath et al., 2000) and it is weaker than the controllability assumption considered
in prior works (Abbasi-Yadkori and Szepesvari, 2011; Cohen et al., 2019; Chen and Hazan, 2020).
In particular, the set of stabilizable systems subsumes the set of controllable systems. Moreover,
(K, 7y)-stabilizability is merely a quantification of stabilizability for the finite-time analysis and it
is adopted in recent works (Cohen et al., 2018, 2019; Cassel et al., 2020). One can show that any
stabilizable system is also (k,y)-stabilizable for some  and ~y, conversely, (x,y)-stabilizability
implies stabilizability (Lemma B.1 Cohen et al. (2018)). We have the following assumption on wy.

Assumption 2 (Gaussian Process Noise) There exists a filtration F; such that for all t > 0, x4, 2;
are Fy-measurable and wi|F; = N (0,02 1) for some known o, > 0.

Note that this assumption is standard in literature and adopted for simplicity of exposure. The
following results can be extended to sub-Gaussian process noise setting using the techniques devel-
oped in Lale et al. (2022). At each time step, the regulating cost is ¢; = xg Qxy + uI Ruy, where
Q € R™™ and R € R%9 are known positive definite matrices such that ||Q||, |R|| < & and
Omin (@), Omin(R) > a > 0. The goal is to minimize the average expected cost

1 T
) = li i —E[ T T ] 2
J(©,) A min o thl r{ Qry + uf Ruy 2
by designing control inputs based on past observations. This problem is the canonical infinite hori-
zon linear quadratic regulator (LQR) problem. If the underlying system O, is known, the solu-

tion of the optimal control problem is a linear feedback control u; = K (O,)x; with K(0,) =
—(R+ BIP(©,)B,) !Bl P(0,)A., where P(0,) is the unique positive definite solution to

P(0,) = ATP(0,)A, + Q — ATP(6,)B.(R+ BIP(0,)B,) 'BIP(©,)4.,, ()
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i.e., the discrete algebraic Riccati equation (DARE), and J(0©,) = o2 tr(P(©,)). Note that since
the system is stabilizable, J(O.) < co. In fact, using Assumption 1, one can show that || P(0)|| <
D = ay 'k%(1 + k2) for all © € S, including ©, (Lemma 2.1 of Lale et al. (2022)).

2.2. Finite-Time Adaptive Control Problem

In this work, we consider the adaptive control setting, where O, is unknown. The goal in the finite-
time adaptive control problem is to minimize the cumulative cost i.e., ZtT:o ¢¢. In order to design a
controller that achieves this goal, the controlling agent needs to interact with the system to learn the
O, that governs the dynamics. However, due to a lack of knowledge of model dynamics, the agent
takes sub-optimal actions. In this work, we use regret, R, as the metric to evaluate the finite-time
performance of the controlling agent. The regret quantifies the difference between the performance
of the agent and the expected performance of the optimal controller, R = ZtT:o (et — J(O)).

2.3. Learning the System Dynamics

For any given input and state pairs up to time ¢, ©, can be estimated using regularized least squares
(RLS) for some x> 0: ming Y. '—{ tr (2541 —OT2s)(xs41—0OT25)T) + p||©||%. The solution
is given as 6, = vt Zi;lo zsgvl_H where V; = pul + Z?:lo 2s2%. Using Theorem 1 of Abbasi-
Yadkori and Szepesviri (2011), for any 6 € (0, 1), for all 0 < ¢ < T, the underlying parameter O,
lives in ERS () with probability at least 1 — § where ERLS(5) = {© : |© — Oy|ly; < B:(0)} for
Bi(8) = /20 10g((det (Vi) 72)/ (3 det (uI) /2)) + \/jiS.

3. TSAC Framework

In this section, we present TSAC, a sample efficient TS-based adaptive control algorithm for the
unknown stabilizable LQRs. The algorithm is summarized in Algorithm 1. It has two phases: 1) TS
with improved exploration and 2) Stabilizing TS.

TS with Improved Exploration Due to lack of a priori known stabilizing controller, TSAC fo-
cuses on rapidly learning stabilizing controllers in the early stages of the algorithm. To achieve
this, TSAC explores the system dynamics effectively in this phase. At any time-step ¢, given the
RLS estimate O, and the design matrix V; as described in Section 2.3, TSAC samples a perturbed
model parameter 6, = Rs (@t +5(0 )Vt_l/ 2m), where R s denotes the rejection sampling operator
associated with the set S given in Assumption 1 and 1 € R("t9*" jg a matrix with independent
standard normal entries. Here Rs guarantees that (:)t € Sand 5(6 )V;_l/ 277t randomizes the sam-
pled parameter coherently with the RLS estimate and the uncertainty associated with it. Using this
sampled model parameter, TSAC constructs the optimal linear controller u; = K ((:)t)xt for ©;.

However, to obtain stabilizing controllers for an unknown linear dynamical system, one needs
to explore the state-space in all directions (Lemma 4.2 of (Lale et al., 2022)). Unfortunately, due
to lack of reliable estimates in the early stages, deploying the policy achieved via TS, %, may not
achieve such effective exploration. Therefore, in the early stages of interactions with the underlying
system, TSAC deploys isotropic perturbations along with the sampled policy. In particular, for the
first T, time-steps, TSAC uses u; = ii; + v; as the control input where v, ~ N(0,2x2021). This
improved exploration policy effectively excites and explores all dimensions of the system to certify
the design of stabilizing controllers. TSAC sets T}, such that all the sampled controllers K (©;) are
guaranteed to stabilize the underlying system ©, for all ¢ > T}, (Appendix B).
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Algorithm 1 TSAC

1: Input: k,v, Q, R, 02, Vo = ul, 6y =0
2: fori =0,1,...do

3. Estimate ©; & Sample O, = RS( i+ GV, 1/2 M)

4. fort=1ir,...,(i+1)10—1 do

5: ift < T, then

6: Deploy us =K ((:)i)xt—i-ut > TS with Improved Exploration
7: else

8: Deploy u; =K (C:)Z)xt > Stabilizing TS

Unlike most of the popular RL strategies that follow lazy updates, TSAC updates its sampled
policy in every fixed ¢ steps, i.e., the same sampled policy K (ét) is deployed for 7 time-steps.
This update rule is carefully chosen such that TSAC samples enough optimistic policies to reduce
the cumulative regret and avoids too frequent policy changes which would cause state blow-ups.

Stabilizing TS  After guaranteeing the design of stabilizing policies with improved exploration in
the first phase, TSAC starts the adaptive control with only TS. In particular, for the remaining time-
steps, TSAC deploys u; = K((:)t)xt for ©; = Rg(ét + 5t(5)1/}_1/277t) and updates the sampled
model parameter in every 7y time-steps. Note that, even though all the policies during this phase
are stabilizing, frequent policy changes can still cause undesirable state growth. TSAC prevents this
possibility by applying the same control policy for 7 time-steps in this phase as well. During this
phase, TSAC decays the possible state blow-ups in the first phase and maintains stable dynamics.

4. Theoretical Analysis

In this section, we study the theoretical guarantees of TSAC. The following states the first order-
optimal frequentist regret bound for TS in multidimensional stabilizable LQRs, our main result.

Theorem 3 (Regret of TSAC) Suppose Assumptions 1 and 2 hold and set Ty = 2y~ log(2kv/2)
and Ty = poly(log(1/6), 0, ,n,d,a,y~ ', k). Then, for long enough T, TSAC achieves the regret

Rr=0 ((n + )"+ /Tlog(1 /5)) wp. atleast 1~100, if T,y = max (TO, c1(vTlog T)1+0<1>)
for a constant c; > 0. Furthermore, if the closed loop matrix of the optimally controlled underly-
ing system, A = A, + B.K,, is non-singular, w.p. at least 1 — 109, TSAC achieves the regret

Rr=0 (poly(n,d) Tlog(l/é)) if T, = max (T, co(log T) 1ot )fora constant c3 > 0.

This makes TSAC the first efficient adaptive control algorithm that achieves optimal regret in
adaptive control of all LQRs without an initial stabilizing policy. To prove this result, we fol-
low similar approach as the ex1st1ng methods in literature, and define the high probability joint
event By, = Et N Et N E;, where Et states that the RLS estimate © concentrates around O., Et
states that the sampled parameter © concentrates around ©, and E; states that the state remains
bounded respectively (Appendix C). Conditioned on this event, we decompose the frequentist re-
gretas, Rplp, < R7P + RS + R + RTS 4+ RTP, where R7" accounts for the regret attained
due to improved exploration, R%LS represents the difference between the value function of the true
next state and the predicted next state, R7*" is a martingale with bounded difference, R;S measures
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the difference in optimal average expected cost between the true model O, and the sampled model
O, and RgTa P measures the regret due to policy changes. The decomposition and expressions are
given in Appendix E. In the analysis, we bound each term separately (Appendix F). Before dis-
cussing the details of the analysis, we first consider the prior works that use TS for adaptive control
of LQRs and discuss their shortcomings. Further, we highlight the challenges in adaptive control of
multidimensional stabilizable LQRs using TS and present our approaches to overcome these.

4.1. Prior Work on TS-based Adaptive Control and Challenges

For the frequentist regret minimization problem given in Section 2.2, the state-of-the-art adaptive
control algorithm that uses TS is Abeille and Lazaric (2018). They consider the “contractible”
LQR systems, i.e. |4, + B,K(0,)| < 1, and provide O(v/T) regret upper bound for scalar
LQRs, i.e. n = d = 1. Notice that the set of contractible systems is a small subset of the set S
defined in Assumption 1 and they are only equivalent for scalar systems since p(A. — B, K(0,)) =
|Ax — B K(©,)|. This simplified setting allow them to reduce the regret analysis into the trade-off
between RS = -7 {J(Oy) — J(©.)} and R§P ="/ E[2] (P(O441) — P(O)zis1 | Fil.

These regret terms are central in the analysis of several adaptive control algorithms. In the cer-
tainty equivalent control approaches, R%S is bounded by the quadratic scaling of model estimation
error after a significantly long exploration with a known stabilizing controller (Mania et al., 2019;
Simchowitz and Foster, 2020). In the optimism-based algorithms, R;s is bounded by 0 by de-
sign (Abbasi-Yadkori and Szepesvari, 2011; Faradonbeh et al., 2017). Similarly, in Bayesian regret
setting, (Ouyang et al., 2017) assume that the underlying parameter ©, comes from a known prior
that the expected regret is computed with respect to. This true prior yields ]E[R;S] =0 in certain re-
strictive LQRs. The conventional approach in the analysis of R%a P is to have lazy policy updates, i.e.,
O(log T') policy changes, via doubling the determinant of V; (Abeille and Lazaric, 2017; Lale et al.,
2022) or exponentially increasing epoch durations (Faradonbeh et al., 2020; Cassel et al., 2020).

On the other hand, Abeille and Lazaric (2018) bound R;S by showing that TS samples the
optimistic parameters, ©, such that J(©,) < J(0,), with a constant probability, which reduces the
regret of non-optimistic steps. Unlike the conventional policy update approaches, the key idea in
Abeille and Lazaric (2018) is to update the control policy every time-steps via TS, which increases
the amount of optimistic policies during the execution. They show that while this frequent update
rule reduces R;S , it only results with R%f P = O(ﬁ ). However, they were only able to show that
this constant probability of optimistic sampling holds for scalar LQRs.

The difficulty of the analysis for the probability of optimistic parameter sampling lies in the
challenging characterization of the optimistic set. Since .J(©) =02 tr(P(0)), one needs to consider
the spectrum of P(é) to define optimistic models, which makes the analysis difficult. In particular,
decreasing the cost along one direction may be result in an increase in other directions. However, for
the scalar LQR setting considered in Abeille and Lazaric (2018), J(©)= P(0) and using standard
perturbation results on DARE suffices. As mentioned in Abeille and Lazaric (2018), one can naively
consider the surrogate set of being optimistic in all directions, i.e. P(©) < P(0,). Nevertheless,
this would result in probability that decays linear in time and does not yield sub-linear regret. In this
work, we propose new surrogate sets to derive a lower bound on the probability of having optimistic
samples, and show that TS in fact samples optimistic model parameters with constant probability.

In designing TS-based adaptive control algorithms for multidimensional stabilizable LQRs, one
needs to maintain bounded state. In bounding the state, Abeille and Lazaric (2018) rely on the
fact that the underlying system is contractive, ||A + BK(©)|| < 1. However, under Assumption
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1, even if the optimal policy of the underlying system is chosen by the learning agent, the closed-
loop system may not be contractive since for any symmetric matrix M, p(M) < ||M]|. Thus, to
avoid dire consequences of unstable dynamics, TS-based adaptive control algorithms should focus
on finite-time stabilization of the system dynamics in the early stages.

Moreover, the lack of contractive closed-loop mappings in stabilizable LQRs, prevent frequent
policy changes used in Abeille and Lazaric (2018). From the definition of (k,~y)-stabilizability
(Assumption 1), for any stabilizing controller K’, we have that A, + B,K' = H'LH'~!, with
|L|| < 1 for some similarity transformation H'. Thus, even if all the policies are stabilizing,
changing the policies at every time step could cause couplings of these similarity transformations
and result in linear growth of state over time. Thus, TS-based adaptive control algorithms need to
find the balance in rate of policy updates, so that frequent policy switches are avoided, yet, enough
optimistic policies are sampled. In light of these observations, our results hinge on the following:

1) Improved exploration of TSAC, which allows fast stabilization of the system dynamics,
2) Fixed policy update rule of TSAC, which prevents state blow-up and reduces RS and RTS,

3) A novel result that shows TS samples optimistic model parameters with a constant probability
for multidimensional LQRs and gives a novel bound on RTS.

4.2. Details of the analysis

The improved exploration along with TS in the early stages allows TSAC to effectively explore
the state-space in all directions. The following shows that for a long enough improved exploration
phase, TSAC achieves consistent model estimates and guarantees the design of stabilizing policies.

Lemma 4 (Model Estimation Error and Stabilizing Policy Design) Suppose Assumptions 1 and
2 hold. Fort > 200(n + d) log 16—2 time-steps of TS with improved exploration, with probability at
least 1 — 26, TSAC obtains model estimates such that ||©; — O, ||s < 78:(8)/(cw\/t). Moreover,
after T, > Ty = poly(log(1/d), 0,1, n,d, &,y 1, k) length TS with improved exploration phase,
with probability at least 1 — 36, TSAC samples controllers K (ét) such that the closed-loop dynam-
ics on ©, is (k\/2,7/2) strongly stable for all t > T, i.e. there exists L and H = 0 such that

Ay + ByK(0;) = HLH™Y, with |L|| <1 —~/2 and | H|||H | < kv2.

The proof and the precise expression of 73, can be collected in Appendix B. In the proof, we
show that the inputs uy = K (C:)Z):ct + vy for vy ~ N (0, 26202 ) guarantees persistence of excitation
with high probability, i.e., the smallest eigenvalue of the design matrix V; scales linearly over time.
Combining this result, with the confidence set construction given in Section 2.3, we derive the first
result. Using the first result and the fact that there exists a stabilizing neighborhood around the
model parameter ©,, such that all the optimal linear controllers of the models within this region
stabilize ©., we derive the final result. Due to early improved exploration, TSAC stabilizes the
system dynamics after 7, samples and starts stabilizing adaptive control with only TS. Using the
stabilizing controllers for fixed 7o =27 ~! log(2k+/2) time-steps, TSAC decays the state magnitude
and remedy possible state blow-ups in the first phase. To study the boundedness of state, define
T, = Tyw+ (n+d)7log(n+d). The following shows that the state is bounded and well-controlled.

Lemma 5 (Bounded states) Suppose Assumptions 1 & 2 hold. For given T,, and T, TSAC con-
trols the state such that ||z¢|| = O((n + d)"*9) for t < T, with probability at least 1 — 35 and
e || < (12624267/2)y Loy /2nlog(n(t—Ty) /) for T >t > T,, with probability at least 1 — 46.
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The proof is given in Appendix C, but here we provide a proof sketch. To bound the state for
t < T, we show that deploying the same policy for 7y time-steps in the first phase maintains a well-
controlled state except n + d time-steps, under the high probability event of E, N E;. Moreover,
we show that this slow policy change prevents further state blow-ups due to non-contractive system
dynamics in stabilizable systems. To bound the state for ¢ > T,, we show that, with the given
choice of 7y, all the controllers during the stabilizing TS phase halves the magnitude of the state at
the end of their control period. Thus, we prove that after (n+d) log(n+d) policy updates the state
is well-controlled and brought to an equilibrium as shown in Lemma 5. This result shows that the
joint event Fy = Et N Et N E; holds with probability at least 1 — 46 forallt < T

Conditioned on this event, we individually analyze the regret terms individually (Appendix F).
We show that with probability at least 1 — §, R?f yields O((n + d)"*t%T,,) regret due to isotropic
perturbations. RX'S and R are O((n + d)"+?/T, + poly(n,d)y/T — T,) with probability at
least 1 — ¢ due to standard arguments based on the event E7. More importantly, conditioned on the
event Er, we prove that RSP = O((n+d)"*%\/T, +poly(n,d)/T—T,) with probability at least
1 —26,and RE = O(nT,+poly(n, d)/T—T,) with probability at least 1 — 2, whose analyses
require several novel fundamental results.

To bound on R%f’ P we extend the results in Abeille and Lazaric (2018) to multidimensional sta-
bilizable LQRs and incorporate the slow update rule and the early improved exploration. We show
that while TSAC enjoys well-controlled state with polynomial dimension dependency on regret due
to slow policy updates, it also maintains the desirable O(\/T ) regret of frequent updates with only a
constant 7y scaling. As discussed in Section 4.1, bounding R;S requires selecting optimistic models
with constant probability, which has been an open problem in the literature for multidimensional
systems. In this work, we provide a solution to this problem and show that TS indeed selects
optimistic model parameters with a constant probability for multidimensional LQRs. The precise
statement of this result and its proof outline are given in Section 5. Leveraging this result, we derive
the upper bound on R;S. Combining all these terms yields the regret upper bound of TSAC given
in Theorem 3.

5. Proof Outline of Sampling Optimistic Models with Constant Probability

In this section, we provide the precise statement that the probability of sampling an optimistic
parameter is lower bounded by a fixed constant with high probability. Then we give the proof outline
with the main steps. The complete proof with the intermediate results are given in Appendix D.

Theorem 6 (Optimistic probability) Ler F{" = o(Fi_1,x;) be the information available to the
controller up to time t. Denote the optimistic set by SP* := {© e R(n+d)xn | J(©)<J(0.)}. If
T, = cn2(\/Tlog T)Ho(l) for a constant ¢ > 0, then under the event ET for large enough T, we

have that p®* = P{ét e st ‘ ]-"f”t,Et} > 13&)1) for any T, < t < T. Furthermore, if the

closed-loop matrix, A., = As + B.K,, is non-singular, then the bound above still holds when
T = c(log T)*°W) for a constant ¢ > 0.

5.1. Surrogate Set Definition

First, we define a surrogate subset S to the optimistic set S°P*. The construction of S is impor-
tant as the geometry of S°P! is complicated to study due to (3) that controls the spectrum of P(©).
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Lemma 7 (Surrogate set) Let J(O, K):=tr (Q+KTRK)X(0, K)) be the expected average cost
of controlling a system © € S by a fixed stabilizing control policy K € R¥>™ where %(0, K) =
lim¢ o0 E [z42]] is the covariance of the state. The following surrogate set is a subset of S°P':

S — {@:(A, B)TeRM™ x| (9, K(0,)) < J(O., K(G*))ZJ(@*)} C ST 4

Note that 3(O, K) satisfies the Lyapunov equation (0, K)—OTH (0, K)H].0 =021, where
H} :=[I, K7],and ©THg = A + BK, given that K stabilizes the system ©. We can analytically
express X(0, K) as a converging infinite sum $(0, K) =02 3" (A+BK)!(AT+KTBT)* (Kailath
et al., 2000). Using the properties of the trace operator, one can write J(©, K(0.)) = L(©TH,),
where L(A.) = 02572, HA@HZ* for any stable matrix A., Q. = Q+ K(0,)TRK(0,), and
H] = [I, K(©.)T]. Therefore, we can lower bound the probability of being optimistic as

ﬁmzP{éteﬁmyﬂmJZ}:P{Méﬁﬂ%gﬂ@ﬂﬂ”f?ﬂ&}

> min P{L(OTH, + 03V, 2H ) < L(OIH,)} (5)
QGgRLS

— min P{L(OTH, +=Z\/F) < L(OIH.,)} (6)
HegrLs

where P;{-}:=P{-| F"}, F;:= 37 H]V,"' H, and = is a matrix of size nxn with iid (0, 1) entries.

Here (5) considers the worst possible estimate within EtRLS and (6) is the whitening transformation.

5.2. Reformulation in Terms of Closed-Loop Matrix

In the second step, we reformulate the probability of sampling optimistic parameters in terms of
closed-loop system matrix A, == OTH, = A + BK(0©,) of the sampled system © = (A, B)T
driven by the policy K (O,). Transitioning to the closed-loop formulation allows tighter bounds
on the optimistic probability. To complete this reformulation, we need to construct an estimation
confidence set for the closed-loop system matrix AC — OTH = A+BK (©,) of the RLS-estimated
system 6= (A, B)T and show that the constructed confidence set is a super set to EXLS,

Lemma 8 (Closed-loop confidence) Let F;(5):=37(0)H] Vt_lH «. For any t > 0, define by
£1(6) = {6 e RO | 1 [(OTH, — OTH)F, 1 (6)(OTH, —OIHL)T| <1} (1)

the closed-loop confidence set. Then, for all timest>0and & € (0, 1), we have that ERFS(5) C EE(6).

Note that the definition of £(8) only involves closed-loop matrices A.:=OTH, and A, :=OIH,.
We can use the result of Lemma 8 to reformulate the probability of sampling OptlmlSth parameters,
0= (A B) as sampling optimistic closed-loop system matrices, A.. We bound ptp from below as

PPt > min IP’t{L(G)TH +EVF) < L(Aq.)} (8)
Oeed!
=  min P{L(A. +Z2VF) < L(Ac+)} ©)]
Ag:|AT-AL || 1 <1
= min  P{L(Acs + TVF +EVE) < L(Acl)}, (10)
T: Y F<t

10
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where (8) is due to Lemma 8 and (9) follows from the fact that H, has full column rank. Observe
that, in equation (10), Y is a unit Frobenius norm matrix of size n x n and the term Acy + T\/E
accounts for the confidence ellipsoid for the estimated closed-loop matrix, A,. The event in (10)
corresponds to finding the closed-loop matrix, A, . + (E + T)\/E of the TS sampled system in the
sublevel manifold M, = {4, € M,, | L(A;) < L(A.)} as illustrated in Figure 1.

5.3. Local Geometry of Optimistic Set under Perturbations

Next, we further simplify the form of the probability in (10) by exploiting the local geometric
structure of the function L : A, — 02, 7%, HA@HQQ defined over the set of (Schur-)stable matrices,
Mschur = {Ac €M, | p(A.) <1}. The following lemma characterizes perturbative properties of L.

Lemma 9 (Perturbations) The function L : Mg, — Ry defined as L(A.) = o2, Yoo HAEHQQ
is smooth in its domain. For any A, € Mgepy, there exists € > O such that for any perturbation
|G||F < € the function L admits a quadratic Taylor expansion as

L(A:+G) = L(A) + VL(A:) 8 G + 3G o Hao1a6(C) (11

foran s € [0,1] where Ha, : M,, — M,, is the Hessian operator evaluated at a point A, €
Msehur- In particular, we have that VL(A.,) = 2P(0,)A. X Furthermore, there exists a
constant v > 0 such that |G @ Ha,+s¢(G)| < r||G||% for any s € [0,1] and ||G||F < e.

Lemma 9 guarantees that if a perturbation is sufficiently small, the perturbed function can be locally
expressed as a quadratic function of the perturbation. Since the set of stable matrices, Mgchyr, 1S
globally non-convex and Taylor’s theorem only holds in convex domains, we restrict the perturba-
tions in a ball of radius € > 0. The fact that there is a neighborhood of stable matrices around a
matrix A. enables us to apply Taylor’s theorem in this neighborhood.

Given the optimal closed-loop system matrix A, ., let €, > 0 be chosen such that the expansion
in (11) holds for perturbations ||G||r < €, around A. .. Denote the perturbation due to Thompson
sampling and estimation error as G; = (2 + T)+/F; and let |G| ¢ < €.. Then, we can write

1
L(Acs+Gr) = L(Ac.) + VL(Ac.) 0 Gi + Gt o Ha, 156, (Gr)
< L(Acs) + VE(Acs) 0 Go o+ S |Grl[F (12)

where 7, >0 is a constant due to Lemma 9. Using (12), we have the following lower bound on (10),

opt

L1 L1 L1

> min ]P’t{—H( +T)F? |2+ Ve (E+T)F2 <0, and ||(E+T)F? || < e*}, (13)
Tt r<t

where VL, := VL(A..). The event in (13) corresponds to finding A, . + (2 + T)\/E at the

intersection of the stable ball B, = {A. € M,, | ||Ac — Ac«||F < €} and the sublevel manifold

MY = {Ac e My, | |Ac — Acs + 77 VL ||p < ||r7 'V L.||p} as illustrated in Figure 1.

The intersection Mid N B, C M., serves as another surrogate to sublevel manifold M,. Switching
to the new surrogate M helps us overcome the issue of working with intractable and compli-
cated geometry of M, due to infinite sum in L(A.). We can utilize techniques relating to Gaussian
probabilities as the geometry of Mgd is described by a quadratic form.

11
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Figure 1: A visual representation of sublevel
manifold M,. O is the origin and A, is the
optimal closed-loop system matrix. T4, , M. is
the tangent space to the manifold M, at the point
A« and VL, is the Jacobian of the function L
at Ae.. M is the sublevel manifold of the
quadratic approximation to L and B, is a small
ball of stable matrices around A .. The intersec-

tion M3 1 B, is a subset of M,.

5.4. Final Bound

Equipped with the preceding results, we can bound the optimism probability tractably from below
by the probability of a TS sampled closed-loop system matrix lying inside the intersection of two
balls Mid N B, as given in (13). By bounding the weighted Frobenius norms in (13) from above by
Amax,t> the maximum eigenvalue of F}, and normalizing the matrix V L.\/F}, we can write

P> min Pt{%*)\max,tHE—i—TH%—i—(VL*\/Ft) o (E+T) <0, and Amaxs|Z+T)2 < ei}

CITlest
Y2y i A =72 2
VL,.F; =+7 —AmaxtT«||[2+7T .

— min P Y ):/(2 +1)  ZAmaar ”l/j 12 a2tz <—5 . (4

ITlr<1 IVLE,” | 2| VL. ||r Ama

, Yoy . _ (VL.E'? .

Observe that the inner product (VL,F,’”) ¢ T is maximized by T4 = m subject to

* Ly F

|T|| < 1. Since the probability distribution of || =+ Y]|2 is invariant under orthogonal transforma-
tion of = and T, (14) also attains its minimum at Y 4. Thus, we can rewrite (14) as

12\ — 2
L.F, = -
prt 2o d VL 0S g Dmetle m 2 and 34ty <
t 1/2 1/2 # F # F )\
IVLE e " 2AVLE masc

An’la)( * 3
:Pt{f-l-lﬁ——’tf/z((ﬁ-l-l)z-i-X),and(§+1)2+X§)\6 } (15)
2||VL*Ft ||F max,t

where £ ~N(0,1) and X ~ Xig_l are independent standard normal and chi-squared distributions,

and (15) is derived by rotating = so that its first element is along the direction of VL*Ftl/ ®. We use

the following lemma to characterize the eigenvalues of F} and control the lower bound (15) on pfpt.

Lemma 10 (Bounded eigenvalues) Suppose T,, = O((~/T)'+°N)).  Denote the minimum and
maximum eigenvalues of Fy by Amint and Amaxt, respectively. Under the event Er, for large
enough T', we have that Ayax; < C lzng and ’)\\‘::;‘: <C Tl;fT forany T, <t < T for a constant
C = poly(n,d,log(1/9)). ’

12
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Lemma 10 states that maximum eigenvalue and the condition number of F} are controlled inversely
by the length of initial exploration phase 7,, and proportionally by logT" and T'logT" given that
exploration time is bounded by a certain amount. The length of initial exploration T, relative to the
horizon T is critical in guaranteeing asymptotically constant optimistic probability pfpt. Although
more lengthy initial exploration will lead to better convergence to constant optimistic probability, it
also incurs higher asymptotic rlegret due to linear sca}ing of ?xploration regret with T,,.

Using the relation ||V L. F}? || p > max(oumin || F}? | Py Al ||V L[| ) Where oyin,« is the min-
imum singular value of V L,, we can further bound (15) from below. From Lemma 9, we can write
VL,=2P(0,)A. X, where P(0,) >0 is the solution to the DARE in (3) and ¥, = X(0,, K,) >
0 is the stationary state covariance matrix. Notice that the minimum singular value of V L, is pos-
itive (i.e. VL, is full-rank) if and only if the closed-loop system matrix, A, ., is non-singular.

In general, A, can be singular. Assuming that T}, = O((v/T)**°(1)), under the event Er, we
1
canuse | VL. EF? || F >/ Amin,t

Amax )\max :
ﬁmzm&+1g—“;)¢¢Aﬁ«&HF+X%aMQ+¢V+X§A@ }
* min,t

max,t

V L. || - to obtain the following lower bound on p;?" for T}, <t < T

C \/TlogT
2p« T

ZIP{§+1§— ((§+1)2+X),and(§+1)2+X<G?*Tw},

~ ClogT

where p, = ||r; 'V L,||r. Choosing the exploration time as T}, = w(v/T log T') makes the coeffi-
cients % =
on limiting optimistic probability lim infz_,« p3* > P{€ +1 < 0} = Q(1).

On the other hand, if A . is non-singular, then we can use the alternative bound ||V L./Fy|| p >
Omin,s |V FE|| P = Omin,« /Amax,t to obtain the following lower bound for T, <t <T"

o(1) to be very small and Jﬁ to be very large, leading to constant lower bound

2O'rnin,* max,t

Amax :
szm{uﬂg—“’W@+W+X%mm@+W+X5 . }

VvC log T €T,
>P 1<— 1+ X),and (§+1)°+ X < 5.
{§+ e (€ 1 X) and (€417 4 X < S
Similarly, choosing the exploration time as 7, = w(logT") makes the coefficients lngw = o(1)

to be very small and Jﬁ = w(1) to be very large, leading to constant lower bound on limiting
optimistic probability lim infz_,. p7>* > Q(1).

In both cases, the optimistic probability achieves a constant lower bound for large enough 7' as
p(}pt > Q(1)(1+4o0(1))~L. This result can be interpreted in a geometric way as follows. As the time
passes, the estimates of the system become more accurate in the sense that the confidence region
of the estimate shrinks very quickly as controlled by the eigenvalues of F;. Similarly, the high-
probability region of T'S samples also shrink very fast controlled by the covariance matrix F;. There-
fore, for large enough 7', the confidence region of the model estimate and the high-probability region
of TS samples get significantly smaller compared to the surrogate optimistic set M N B,. This
size difference effectively reduces the probability of finding a sampled system in MY A B, to the
probability of finding a sampled system in the half-space separated by the tangent space T4, , M.

13
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6. Numerical Experiments

Average Average
Algorithm Regret Top 95 % Top 90% max ||z|]l2  Top 95% Top 90%
TSAC 458 x 107 1.43 x10° 9.49 x 10* | 1.23 x 103 1.07 x 102 9.77 x 10!
StabL 1.34 x 10*  1.05x 10>  9.60 x 10°> | 3.38 x 10! 3.14 x 101  2.98 x 10!
OFULQ 147 x10% 4.19x10° 9.89x10° | 1.62x 10% 5.21 x 10>  2.78 x 10?
TS-LQR  5.63 x 101" 3.07 x 107 533 x10% | 6.26 x 10* 1.08 x 10>  6.39 x 102

Table 2: Regret and Maximum State Norm After 200 Time Steps in Boeing 747 Flight Control

Finally, we evaluate the performance of TSAC in longitudinal flight control of Boeing 747 with
linearized dynamics (Ishihara et al., 1992). We compare TSAC with three adaptive control algo-
rithms in literature that do not require an initial stabilizing policy: (i) OFULQ of Abbasi-Yadkori
and Szepesvéri (2011); (ii) TS-LQR of Abeille and Lazaric (2018); (iii) StabL of Lale et al. (2022).
We perform 200 independent runs for 200 time-steps for each algorithm and report their average,
top 95% and top 90% regret and maximum state norm performances. Note that, since optimistic
control design is computationally intractable, we use projected gradient descent to heuristically find
optimistic models in OFULQ and StabL. For fair comparison, we also adopt slow policy updates in
OFULQ and TS-LQR and report the best results of each algorithm. Further details are in Appendix
H. The results are presented in Table 2. Notice that TSAC achieves the second best performance
after StabL.. As expected, StabL outperforms TSAC since it performs much heavier computations
to find the optimistic controller in the confidence set, whereas TSAC samples optimistic parameters
only with some fixed probability. However, TSAC compares favorably against both OFULQ and
TS-LQR, making it the best performing computationally efficient algorithm.

7. Conclusion and Future Directions

We present the first efficient adaptive control algorithm, TSAC, that attains optimal regret of O(\/T )
in stabilizable LQRs without an initial stabilizing policy. We design TSAC to quickly stabilize the
system and avoid state blow-ups via careful policy updates. Building on these design choices, the
main technical contribution of this work is to show that TS samples optimistic parameters with
constant probability in all LQRs, thereby resolving the conjecture in Abeille and Lazaric (2018).

This result highlights that a simple sampling strategy provides effective exploration to recover
low-cost achieving controllers in adaptive control of LQRs which yields order optimal regret. An
important future direction is to investigate whether TS achieves optimal regret in partially observ-
able LTI systems, e.g. (Lale et al., 2020, 2021). Moreover, to obtain constant probability of sampling
optimistic parameters for general LQRs, TSAC requires T}, = w(+/T log T') time-steps of improved
exploration (Theorem 6), which causes the regret to be dominated by this phase. This long explo-
ration is avoided in LQRs with non-singular optimal closed-loop matrix, which results in regret that
scales polynominally in system dimensions (Theorem 3). It remains an open problem whether this
polynomial dimension dependency in regret can be achieved via TS in general LQRs.

14
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Appendix

In Appendix A, we provide the notation tables for the paper. In Appendix B, we provide the system
identification and stabilization guarantees of TSAC. In particular, we give the proof of Lemma 4 and
give the precise duration of the TS with improved exploration phase T;,. In Appendix C, we show
that under the joint event of E, N E, the state stays bounded as described in Lemma 5 with high
probability. In Appendix E, we provide the precise regret decomposition and discuss the individual
terms in the regret upper bound. In Appendix D, we provide the complete proof of Theorem 6, as
well as the intermediate results discussed in the main text. Appendix F comprises the analysis of
individual terms in the regret decomposition. In particular, Appendix F.1 studies R , Appendix F.2
studies RRLS Appendix F.3 studies R, Appendix F.4 considers R , Appendix F 5 bounds Rgap

and finally we combine these results to prove the regret upper bound of TSAC in Appendix F.6. In
Appendix G, we give the technical theorems and lemmas used in the proofs. Finally, in Appendix
H, we give the implementation details of all algorithms. Before proceeding the next section, we
define the following high probability events which are standard in TS-based algorithms. First recall
the RLS confidence ellipsoid given in Section 2.3:

ERS(5) = {0 :|© — &4y, < Bi(6)},

for 34(6) = oyy/2n log((T det(V;)1/2) /(6 det(uI)1/2)) + \/fiS. Further define

EFS(0) =10 |© — O4llv; < vi(0)},

for v¢(8) = Br(8)n+/(n + d) log(n(n + d)/5). Define the events

B, ={V¥s<t,0, c ERS(H)} (16)
oy = {Vs < t,0, € E5(5)}. 17)

As described in Section 4, Et defines the event that RLS estimates @t concentrate around ©,, and
E, defines the event that the sampled model parameter concentrates around ©,. From standard
Gaussian tail bound and the self-normalized estimation error, we have that £ N E for all ¢t < T,
with probability at least 1 — 20. Here the time dependency dropped since E:=FErc...c Eyand
E := Ep C ... C E. These events will be key in providing all the technical results starting from
stabilization guarantees to final regret upper bound.

Appendix A. Notation

This section contains two tables which list the notations used throughout the paper for improving
readability. In particular, Table 3 provides the system dependent notations and the useful notations
for presenting the design of TSAC. In Table 4, we present the notation used in deriving theoretical
results, namely, the regret analysis and the lower bound on the probability of selecting optimistic
parameters. Further details are also referenced to the related parts of the paper.
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System Not. | Definition

O, Unknown discrete-time LTI system with dynamics of (1); [A, Bi]T

Ty State of the system € R"

Uy Input to the system € R?

wy Process noise as defined in Assumption 2; (0, 02 1)

2t Stack of current state and input; [z} ]]T

Q,R Known cost matrices; ||Q|], || R|| <& and omin(Q), omin (R) >a>0

Ct Quadratic cost at time t; :CI Qxy + uz Ruy

) Set of (k,~y)-stabilizable and bounded systems that ©, belongs (Assumption 1)
P(©) Unique p.d. solution to DARE (3) for a stabilizable system © = [A B]|T
K(0) Optimal controller for ©; —(R + BTP(0)B) " 'BTP(0)A

J(O) Average expected cost of system ©; o2 tr(P(0))

K Bound over all possible optimal controllers in S; supgcg K (@)

D Bound over all possible solutions to (3) in S; ay~1x2(1 + k?)

TSAC Not. |

6 Least squares estimate of ©, using the history of inputs and states; [121 B]T
7 Regularizer for least squares; set to (1 + K )X 2

Vi Regularized design matrix; ul + Z a0 ZsZe

i Random matrix with iid standard normal entries used for sampling systems
Rs(+) Rejection sampling to make sure that sampled system belongs to S

o System obtained via TS; Rs(©; + 5;(6 )Vfl/ “ne)

vy Improved exploration; u; = K (0;)xz; + vy for vy ~ N(0,2k2621)
Quantities ‘

) Fixed probability to define high probability events; (0, 1)

T Time horizon

Tw Duration of TS with improved exploration; defined in Theorem 3

Xs Upper bound on state after stabilization; ||| < X for ¢ > T, w.h.p.

S Upper bound on the Frobenius norm of O,

Be(0) Size of the RLS confidence ellipsoid at time ¢; o, \/ 2nlog < 5(116; ‘:: Rz ) + /1S
v (9) Size of the sampling ellipsoid at time t; 3;(8)n+/(n + d)log(n(n + d)/6)
To Fixed duration for each sampled policy; 27! log(2x+/2)

1o Number of samples required to identify a stabilizing controller; (19)

T, Time required to control the state w.h.p.; Ty, + (n+d) 1 log(n + d)

Table 3: Useful Notations for the Design of TSAC
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Regret Analy.

Ry Regret of TSAC at until time T'; Ry = th:O(ct —J(6,))

Fi Filtration such that for all ¢ > 0, x¢, z; are F¢-measurable

Fm Information available to the controller up to time t; o (F;_1, ;)

R;}Xf Regret attained due to improved exploration (Appendix E)

RC}}LS Cost-to-go difference of the true and predicted next states (Appendix E)
Rfpant Martingale with bounded difference (Appendix E)

RIS Difference in .J(©,) and J(©) (Appendix E)

RZP Regret due to policy changes (Appendix E)

ERLS(5) Regularized least squares confidence ellipsoid; {© : [|© — ||y, < B:(6)}
ES(6) Confidence ellipsoid for sampled system; {© : [|© — Oy, < v(d)}
E, Event of {Vs < t,0, € ERLS(6)}

E, Event of {Vs < t,0, € £I5(5)}

E, Event of {Vt < T, ||lz¢]| < (n 4+ d)" and Vt > T}, ||a¢]| < X}

E, E,=ENE NE;

Optimism Analy.

Sopt Optimistic set; {©= (4, B)TeRMTIxn | Jj(©)<J(O,)}

PPt Probability of selecting optimistic system; P {(:)t € S| Fpm, Et}
J(0,K) Average expected cost of controlling © with a stabilizing controller K
¥(6,K) Covariance matrix of the state in system O under controller K

H] Concatenation of identity and optimal controller K (©.); [I, K(O,)T]
Q- Q+K(0,)TRK(0.)

L(A,) Function that maps any stable matrix A, to 02, > 7%, HAZHQQ*

Fy Confidence interval for estimated closed-loop system; 37 H Vle X
Amax, ¢ Maximum eigenvalue of F}

Amin, ¢ Minimum eigenvalue of F;

= Random matrix of size n x n with iid N'(0, 1) entries

Acs Closed-loop system matrix of the O, driven by K (0,); O H,

flc Closed-loop system matrix of the © driven by K(O,); OTH,

A, Closed-loop system matrix of the © driven by K(O,); OTH,

EA(6) Closed-loop confidence set that is super set to EXLS(8); (7)

T Unit Fro. norm matrix s.t. T+/F is the h.p. confidence ellipsoid on A,
M, Manifold of square matrices of dimension n; R™*"

Mschur Manifold of (Schur-)stable matrices in M,,; {A. € M,, | p(A.) <1}
M, Sublevel manifold in Mgcpyr s.t. {Ac € Mschur | L(Ae) < L(Acs)}
Gy Perturbation around A .; (E + T)VF;

VL, Jacobian operator of L(-) evaluated at A, € Mgschyr

Omin,* Minimum singular value of V L,

Ha, Hessian operator of L(-) evaluated at A, € Mgchur

B. Stable ball for some constant e,; {A. € My, | ||Ac — Acx||F < €}
MY Sublevel manifold; {A.€ My, | [|Ac—Acs+7, ' VL p <|r; ' VL r}

Table 4: Useful Notations for the Analysis
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Appendix B. System Identification and Stabilization Guarantees

In this section, we show that improved exploration of TSAC provides persistently exciting inputs,
which will be used to enable reaching a stabilizing neighborhood around ©,. From Assumption
2, we have that E[z,12] 4 | Ft] = onI. Thus, with the input u; = K(O)zy + vy for vy ~

N(0,2r%*021), we have that E[z412],, | F] = %I. Using Lemma 31, we have that V; = t%]
fort > 200(n + d) log 16—2 with probability at least 1 — §. Using the RLS estimate error bound given
in Section 2.3, i.e., under the event of Et we have

16— Oufa < 2 (18)

Amin (V1)

with probability at least 1 — §. Plugging in the Apin (V}) in its place yields the first result.

For the second result, we use Lemma 4.2 of Lale et al. (2022). Recall that D =ay~'x?(1 + x2).
Lemma 4. 2 of Lale et al. (2022) states that for any (k, 7)-stabilizable system ©, and for any ¢ <
min{\/(c2n)/(142D7),1/(54D%}, such that |©' — O, < e, K(©’) produces (k+/2,/2)-stable
closed- loop dynamlcs on ©, such that there exists L and H > 0 such that A, + B,K (@) =
H'LH'~!, with |[L|| < 1 —~/2 and HH’HHH’ | < kv/2. Under the event of E N E, we have
16, — @*Hg < M. Under the event of £ N E, this yields ||©; — 0,2 < Mffvt()) with

>\min (VT
probability 1 — 4. Combining this result with the required ¢ for finding the stabilizing neighborhood,

for TS with exploration duration of

49(Br(9) + vr(9))*
owmin{(oc2n)/(142D7),1/(542D10}’

Ty > Ty = (19)

TSAC achieves (r1/2,7/2)-stable closed-loop dynamics on O, with probability at least 1 — 3.

Appendix C. Boundedness of State, Proof of Lemma 5

In this section, we show that under the joint event of E N E and the stabilization guarantee of the
previous section, the state is bounded at all times during TSAC and it is well-controlled during the
stabilizing TS phase, i.e.provide the proof of Lemma 5. We first consider the evolution of state for
t < T,,. To bound the state for the first phase, we adapt the state bounding strategy given in Section
4.1 of Abbasi-Yadkori and Szepesvdri (2011) for contractible systems to the stabilizable systems
via the slow policy changes of TSAC. To this end, define the following

) 18x3 . _ntd_ 1 nt
ay = m +d GZ[ " By(8)2n+dt D) + (|| Byl|oy + o)t/ 2nlog 5] )
for
Uo
7> A, + B, K , Zr = = —
72 swld+ BEON, 70 = ma U=
28(n + dyn+a+1/2\ /D 1
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and where H is any number satisfying

452 M2
(n+d)Uy

(aw\/n(n +d) log (%) + )\1/2S>
) , where M = sup .

H > max [ 16,
( y>1 Y

Under the joint event of Et N Et, Abbasi-Yadkori and Szepesvari (2011) show that the norm of the

state is well-controlled except n + d times at most in any horizon 7;.. Denoting the set of time-steps

that the state is not well-controlled by 7;, the following lemma formalizes this argument:

Lemma 11 (Lemma 18 of Abbasi-Yadkori and Szepesvari (2011)) We have that for any 0 <
t<T,

n+d

< GZtn+d+1 (ﬁt (5) + v(5)) 2(n—+1d¢1) .

(@* - és)TZS

max
s<t,s¢T}

Notice that this lemma is updated for TS. Moreover, it does not depend neither on the con-
tractibility of the underlying system on the standard basis nor on the stabilizability. Equipped with
this result, we write the closed loop system as

Tip1 = Ly + 1y

where

Ft _ { At—l + Bt_{K(Gt_l) t ¢ %w and = { (@* - @t—l)TZt + B*Vt + Wt t ¢ 7}‘10
A, + B*K(@t_l) t e 7?1“w By + wy t e 7}“7
(20)
Starting from ¢ = 0, we obtain the following roll out for the state,

xp =T a1 +r—1 =T Temoxp—o +1—2) +1¢
=Ty T ol 3wy g+ T 1l ori o+ T 1ri1 + 1y
=Tl Ty + -+ Dealoreo + Demaren + 14
¢ /-1
- (T @
k=1 \s=k

Recall that the sampled model is an element of S due to rejection sampling, thus, it is (x, y)-
stabilizable by its optimal controller (Assumption 1):

L= > maxp (At + BtK(@t)) . (22)

Notice that multiplication of the closed-loop system matrices are not guaranteed to be contrac-
tive without a similarity transformation. Therefore, unlike Abbasi-Yadkori and Szepesvari (2011)
that bounds the rollout terms via contractive mappings due to their assumption of contractive sys-
tems, we need to make sure that the policy changes does not cause unexpected growth in the
magnitude of the state. The slow policy update schedule, i.e., using all the sampled controllers
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for fixed 7y time-steps, allows us to prevent such undesirable outcomes, In particular, by setting
10 = 27~ " log(2k+/2), we have that

18%3 —n-+d
laell < (

78k — 1) 1I2k§t”TkH) 23)

Moreover, we have that ||7 || < H(@* — ék—l)TZkH + || Bevg + wi|| when k ¢ Tp, and ||rg|| =
|| B« + wi ||, otherwise. Hence,
max ||| < max H(@* - ék,l)TzkH + max || Bivg, + wy|
k<t k<t,k¢Ti k<t

The first term is bounded by the Lemma 11. The second term involves summation of indepen-
dent || B||oy, and o, Gaussian vectors. Using standard Gaussian tail inequalities, for all k£ < ¢, we

have || B.vy + wi|| < (|| B«llow + ow)y/2nlog % with probability at least 1 — §. Therefore, on the

joint event of ENE,
n+td 1 nt
GZ{ " (Be(6) + v(6)) 20D + (|| Bylloy + ow)y/2nlog 5] (24)

for t < T, with probability 1 — J. Notice that this bound depends on Z; and (;(0) which in
turn depends on z;. Using Lemma 5 of Abbasi-Yadkori and Szepesvari (2011), one can obtain the
following bound

18ﬁ3ﬁn+d
Y(8k — 1)

2] <

|| < ¢ (n+ )"t (25)

for some constant ¢’ for all ¢ < Ty, with probability 1 — 39, which gives the first advertised result.
To bound the state for ¢ > T},, we show that, with the given choice of g, all the controllers
during the stabilizing TS phase halves the magnitude of the state at the end of their control period.
In particular, during the stabilizing TS phase, the closed-loop system dynamics can be written as
41 = (As + BLK ((:)t))xt +w; = O] H, K(©) T W From the choice of T, for the stabilizable

systems, we have that O H K(6y) 18 (kV/2,7y/2)-strongly stable. Thus, we have p(@*HK(@t)) <

1 —~/2forallt > T and ||Ht||||H*1|| < k2 for Hy = 0, such that ||Ls|| < 1 — /2 for
OlH, K6y = HtLtH . Then for T > t > T, if the same policy, OI H K(®) is applied starting

from the state x1,,, we have the following state roll-out on the event of Et N Et

t t—1

lzell = || ] ©THg@)7m, + Z (HG)IHK(@)> w; (26)
=T 41 i=Tw+1 \s=i

t
_ t—To , _ t—itl
< V30~ 3/2) o, |+ ) (,Z w31~ /2) ) @)
i=Tw+1

2604,V 2

< V301~ /2 T o |+ 20Y2 S og (T /9) 8)

with probability at least 1 — J. Since 79 = 2y~ !log(2xv/2), we have kv/2(1 — ~/2) < 1/2.
Therefore, at the end of each controller period the effect of previous state is halved. Using this fact,
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at the ith policy change after T,,, we get

— =t _j 2k0u V2
e, | < 27l |+ 2 f\/inog(n(t—Tw)/@
j=0

<2 fen |+ 72 oTogut 1) )

Foralli > (n+ d)log(n+d) — log(mﬁafw‘/5 V/2nlog(n(t — T,)/d)), at policy change i, we get

s < Wﬂnlog(n(t ~T)5).

Finally, from (28), we have that

(126" + 22 v/2nlog(n(

el < t—Tw)/0), (29)

with probability 1 — 46 for all t > T, :== T, + ((n + d) log(n + d)) 70. Based on this result, let
Xs = m\/Qn log(n(T — Ty)/d). We define our final good event,

Ey = {¥t < T, ||z]| < (n+d)" and Vt > T, ||z4]] < X, ). (30)

Notice that the joint event F; = Et N Et N E; holds with probability at least 1 — 44. This event will
be the key conditioning in the regret decomposition and the analysis.

Appendix D. Constant Probability of Sampling Optimistic Models, Proof of
Theorem 6

In this section, we give the proof of the main technical contribution of this work, showing that TS
samples optimistic model parameters with constant probability (Theorem 6). The proof follows the
outline provided in Section 5. We first provide the proofs of each lemma in Section 5. In particular
Lemma 7 is proven in Appendix D.1, Lemma 8 is studied in Appendix D.2, Lemma 9 in Appendix
D.3, and Lemma 10 in D.4. Finally, we combine these results to prove Theorem 6 in Appendix D.5.

D.1. Proof of Lemma 7

Given a stabilizable system © = (A, B)T, and a stabilizing linear feedback controller K, we can
find the LQR cost as follows

J(©,K) = lim %E [Z;xmxt +uIRut} , 31)
1
= Jim 1B S0 0@+ KTRK)sia])|. (32)
|
= Jim & ((Q + KTRE) Z; E [z.a] ]) , (33)
— tr((Q + KTRK)X(0, K)) (34)
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where $(0, K) = limy_,o 7 S°F | E [x2]] is the stationary state covariance of the closed-loop
system. In (32), we used the feedback control policy relation u; = Kz and trace trick for inner
products of vectors. Note that the closed-loop system evolves as

Ti4+1 = (A + BK).Tt -+ wy. (35)

The covariance of the state at time ¢ can be written as a recursive relation

E [.Tt+1$2+1j| =E[((A+ BK)x; +w)((A+ BK)x; + wy)T] (36)
= (A+ BK)E [z2]] (A+ BK)" + E [wiw/] (37)
:(A+BK)E[CEt:1:t](A+BK)T+U I (38)

where (37) is because E [w;] = 0 and w; and z; are independent. Since p(A + BK) < 1, the above
iteration converges to a finite fixed-point. Furthermore, we have the following relation

1 T 1 T
T > Elzenal,] =(A+ BE) >, Elzwa]](A+BE) + oyl (39)

Denoting by $7(0, K) = 7 ZtT:1 [E [z;x]] the finite averaged state covariance, we have the fol-
lowing

E [asTH:c;_H] — E[z12]]
T

Y7(0,K) + = (A+BK)27(0,K)(A+BK)T +02I  (40)

Taking the limit of both sides as T' — oo and noting that E [xTHa:}, +1] has a finite value at the
limit, we obtain the following Lyapunov equation

¥»(0,K) = (A+BK)%(0,K)(A+ BK)T + 021 (41)

whose solution is given by the following convergent infinite sum
o
=> (A+ BE)'o,I((A+ BK)T)’ (42)
t=0

It is well known that the optimal control policy of infinite-horizon LQR systems can be achieved
by stationary linear feedback controllers Bertsekas (1995). Therefore, we can find the optimal LQR
cost of a stabilizable system by minimizing its closed-loop cost among all stabilizing stationary
linear feedback controllers.

Suppose © € S, ie., J(©,K(0,)) < J(O,, K(O,)). Then, the optimal LQR cost of © is
given as

J(©)=J(0,K(©))= min J(0,K) (43)
KecRdxn
(a)
< J(6,K(6.)) < J(6,,K(6,)) = J(6) (44)
where (a) is due to © € S, Thus, © € S°P*. [ |
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D.2. Proof of Lemma 8
The following lemma will be used as the backbone for Lemma 8.

Lemma 12 Let V1, Vo € R™™ be symmetric positive semi-definite matrices. Define two ellipsoids
as

S ={0cRY"|tr(0V10) <1} and & ={OcR”™| tr(0714,0) <1} (45)
Then, &1 C & if and only if V1 = Vs.

Proof For the forward direction, assume 1} —V5 has a negative eigenvalue, i.e., there exist A < 0 and
a unit vector § € R™/{0} such that (V1 —V3)0 = 0. Construct © = [0,0,...,0] € R"*™. Observe
that tr (©TV10) = mOTV160 and tr (OT120) = mlTV20. Therefore, we have the relationship
tr (OT120) = tr (OTV10) — mA.

If 10 = 0, then tr(©7TV10) = 0 < 1 and therefore for any scalar « > 0, a©® € &;. On

the other hand, tr (©T1V20) = —mA > 0 and therefore, one can find a scalar & > 0 such that
tr ((a©®)TV2(a®)) = —mAa? > 1, ie.a® ¢ E. If V16 # 0, then define ©' = W@ and

observe that tr (©'TV10') = 1, i.e., © € &. On the other hand, tr (0'T15,0") = 1 — arixk/le > 1,
ie,© ¢ &. Therefore, we have that if & C & then V; 3= V5.

For the reverse direction, assume that V7 = V5 and © € &;. Then, tr (O7(V] — V52)0) > 0 and
tr (©T120) < tr (OTV10) < 1. Therefore, © € &s. [ ]

Proof of Lemma 8. Let us rewrite the the ellipsoids. For the time being, we will drop § dependence
for simplicity.

RS = {6 e U | 4 (6 - 0,75 1Vi(6 - 6.)) <1}, (46)
&' = {6 e ROTD | i (6 - 0.)TH.F T HIO -0.)) <1} @47)

In order to prove the lemma, it is necessary and sufficient to show /3, W, = H, - 'HT by Lemma 12.
1

Eliminating b; terms from both sides and multiplying by V, 2 from left and right, we obtain the
equivalent condition,

_1 _1 _1 _1
[V, *H (HIV, U H) T HIV, 2 =V, P Ho (HIV, HL) ™2 (HIV,  HL) T2 HIV, 2, (48)

_1
In other words, we have that RS C £¢1if and only if ||(HIV; 'H,)"2HIV, 2|, < 1. Notice

that
2
) ; (49)

_1 _1
= Amax (Vt *H(HIV, 'H) " HIV, 2), (50)

N|=

_1 _
|(HIV,  HL) HHIV, 3 = o ((HJWH*>—%HJV;

= N ((HIV, HO)“2 HIV  HL(HIV H)72) L 6D)
= )\max (I) = 17 (52)

where we used the fact that o1 (A) = \/ Amax(ATA) = \/ Amax(AAT). This is true for any time ¢
and ¢ and therefore completes the proof. |
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D.3. Proof of Lemma 9

The following lemma guarantees existence of a stable neighborhood around any stable matrix.

Lemma 13 Let A. € Msepy, e, p(Ac) < 1. Then, there exists € > 0 such that for any A € M,,
with ||A||p < 1, we have that A, + €A € Mgy, i.e., p(Ac + €A) < 1.

Proof Per Gelfand’s formula, we have that for any & > 0, there exists Ny € N such that
k
p(Ao) < | AEIE" < p(Ac) +0 (53)

for any £ > Nj;. Since the mapping A, — HA’;H}M is smooth for any £ € N, we can write the
following expansion by Taylor’s theorem for any ¢t € R

k ko, d k
(e o) 5 = AR + b I+ 08)F | (54)

where A € [0, 1]. For a given t € R, there exists a constant M}, ; > 0 such that for any | Al < 1,
we have that ‘% (A + tA)® ||};/k < My, by Taylor’s theorem. Then, we can write the following
upper bound

(Ac+ tAYF|E < | AR5 + 1t My (55)

Using the relation (53) and the upper bound (55), we have that for any 6 > 0,¢ > 0, and ||Al|p < 1,
there exists N5 € N and M; n; > 0 such that

p(Ac+tA) < (A + tAYNs N < | AN [N 4 tM (56)
< p(Ac) + 8+ tMy v, (57)

Fix a § > 0 such that p(A.) + 9 < 1 and fix at > 0. Then, we can find 0 < e¢ < ¢ such that
p(Ac) + 6 + €My n; < 1 and thus

p(Ac+€A) < p(Ac) +d+eMin, < 1 (58)
for any ||Al|r < 1 by (57). |
Proof of Lemma 9. For any A, € Mschur, there exists a constant € > 0, such that for any
IAl|F < 1, we have that A, + €eA € Mgchyr by Lemma 13. To see smoothness of L, we write

Ay = A, + tA and L(A;) = tr(Q.X¢) for any |t| < € and ||A]|p < 1 where X; solves the
following Lyapunov equation

Y — A A] = 02T and Xy — A DAl = 02 1 (59)

Note that, p(A¢) < 1 for any [¢| < € and therefore both equations in (59) have unique solutions for
any |t| < e. The Jacobian VL(A.) € M, satisfies VL(A;) @ A = %L(At)’tzo = tr(Q«X) for
any | Al|p < 1 where 3 is the derivative of 33; and satisfies the following Lyapunov equation

¥y — A AT = AS AT + AS AT and B — A XA = AY0AT + A S0AT  (60)
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Similarly, both equations in (60) have unique solutions for any |t| < e and therefore VL(A.) exists
for any A.. To find the Jacobian, we have that X = > 77 AF (AS)AT + AX0AT) (AL and

tr(Q.Xg) = tr <Q* D AE(ASGAT + ASAT) (Ag)’f) (61)

k=0

= 2tr (Z(AZ)kQ*AfACEOAT> =2 (AD)FQ.AFAS e A (62)
k=0 k=0

Therefore, VL(A.) = 2 32 ,(AD*Q.AF A.3o. In particular, in the case of A. ., we have that
S oo (AL)RQ. Ak, = P, the solution to the Riccati equation, and thus VL(A. ) = 2P, A 3.
Repeating the same process, one can see that L(A;) is infinitely differentiable and thus we conclude
L is a smooth function.

Denote by B, := {A € M, |||A— A.||r < €} C Mschyr the ball of radius e > 0 around
A, € Mgchur- Consider the function L restricted to the domain B,. Since B, is a convex set, we can
apply Taylor’s theorem to L around A, in this domain to obtain

1
L(A.+€A)=L(A:) + VL(A,) e cA + §EA o Ha. +sn(€A) (63)
for ||Al|r < 1 and for some s € [0, ¢]. Here, H 4, : M,, — M,, is the Hessian operator evaluated
at a point A, € Mgchyr and satisfies the following relationship
d2
A A)= —L(A.+tA 64
o Ha(8) = TFLA+1B)| (64

for any |A||r < 1. Finally, there exists a constant » > 0, such that for any G € M,,, we have that
|G @ Ha,+sa(G)| < 7||G||% for any s € [0, €] and ||A]| < 1 by Taylor’s theorem . [

D.4. Proof of Lemma 10

In this section, we will assume that Assumptions 1 & 2 hold. First, we need to show the boundedness
of the stacked state and control input vector, 2.

Lemma 14 Define the terms

Zy, =1+ k) (n+ d)" + kow/4dlog(dT, /) (65)
Zl = (1 + k) (1262 4+26V2)y Lo\ /2nlog(n(T —Ty) /0) (66)

Then, the following holds w.p. at least 1 — 40,

Z! t<T
ol < {900 STt ST 67)
Zll,  forT,<t<T

Proof From Lemma 5, we know that ||a;]| < ¢(n + d)"*? with ¢ > 0 a constant for ¢ <
T, and ||z¢| < (12624 26v2)y Loy /2nlog(n(t—Ty)/6) for all T, < s < T w.p. at least
1 — 46. Furthermore, under the event of E;, we have that |u|| < &|la¢]| + o] < kl|l@e|| +

Kowy/4dlog(dT,,/d) for all 0 < ¢t < T,. Observing that ||z¢|| = \/||z¢||? + [Jwe]|? < |2l +
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considering the maximal case achieved whent = T'. |

The following lemma will be used to bound V;.

Lemma 15 Let V; = pl + ZS 0 2s2%. On the event of Ep = ENENE, we have

12
<
A (V) < 12T , lortsth (68)
pA T 2% +(t—T)Z42, forT, <t<T
2
+ 2, or200(n +d)log 2 <t < T,
and Aun(Vi) > 41T 0Ab0, Jor200(n +d)log F <t < Ty (69)
p+Tyzl, forTy, <t<T

Proof Recall that on the event F7, the RLS estimates, TS sampled systems are concentrated and the
state is bounded, i.e., Lemma 5. Conditioned on this event, we will start with bounding Apax (V7).
For any time 0 < ¢ < T, triangle inequality gives Amax(Vy) = ||l + ZZ;%) zszd|le < p+
S22 ||2s]/. Using the bounds on ||z given in Lemma 14, we can write Apax(V;) < g1+ tZ/2Tw
for t < Ty and Amax(Vy) < pu+ 025, + (t — T,) Z* for T, < t < T. For the lower bound,
note that we have that Elzi412] o | R o ‘72 =], Using Lemma 31, on the event Ep, we have
that V; = ul + t40 I for 200(n + d) log 5 12 < t < Ty. Since Vi1 = V; + 22], we have that
Vi = Vo, =l + Ty waorT <t<T. |

Finally, we will use the following lemma to bound (3;(0) = o, \/ 2nlog (%) + /1S

Lemma 16 On the event of Ep, we have the following upper bound on B (0):

T.Z'% + (T —T,) 2}

1 T w
Br(6) < 402 nlog (5> + 202 n(n + d) log (1 + R L ) +2uS?  (70)

Proof Following a similar approach pursued in Lemma 10 of Abbasi-Yadkori and Szepesvari
(2011), we can bound the log-determinant of V; as

det (VT)

1
©8 det(uI)

(n+d)p

T.2'% + (T —T)Z"?
<(n+d)1og<l+ T w ( T) T

by Lemma 15. This leads to the following upper bound on 3;()

2

1 1,2'%, + (T - T,) Z4*
> < [ owy|2nlog ( < log [ 1+ 22T eT
Br6)* < o nog<5>+n(n+d) og( + T +/iS

T,2'%, + (T — T;) Z?
< 402 nlog <5> + 202 n(n + d) log <1+ w(;:_ﬁ_d)'u )27 >+2M52-
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Proof of Lemma 10. We will first show the desired bounds on Apin(F};) and Apax(F;). Recall
that the event Er holds with probability at least 1 — 46. Noting that H] H, = [ + K] K,, itis clear
that Fy = 7 Amin(V, ) HIH, = ( 3] Thus, from Lemma 15, for T, < ¢ < T', we have that

g o 5
max(‘/t) - M+TTZ/%w+(t7Tr)Z¥2'

)\min,t Z X

On the other hand, F; < (2 “HHT ﬁ?(HF”Q) in usi
» Fy = B Amax(V, ) HIH, -~ I. Again using Lemma 15, for T, <

2 2
t < T, we have that Apaxt < (;f'{(z/% < (H” )’Bt . Since t —» [ is increasing, t — Amax, i
min !L+Tw U7

/\ +T02'%, +(t=T) 2% . . .
ot < pt T2+ ’3 >L— is increasing for
mnt = (L) (i T )

increasing as well. The condition number x; =

T, <t<T.

If Ty, = O(\/THO(l)),then we have that Apax (V) < O(poly(n, d,log(1/6))T logT) and fr(6) <
O(poly(n,d,log(1/9))logT). Thus, there are positive constants C' = poly(n, d,log(1/d)) and
¢ = poly(n,d,log(1/9)) such that Apax 17 < Clog and k; = ):\Iﬁ’;f < chj?fT forT, <t<T

for large enough T'. Choosing the larger between C’ and c yields the desired result. |

D.5. Proof of Theorem 6

Defining by p{** := PP {(:)t € SOt | Fpm, Et} the optimistic probability, and by P;{-} := P{- | Fs"}
conditional probability measure, we can write

P 2 P{O, € S| B By ) (71)

:IP{L((:)TH*) < L(OTH,) C“‘,Et} (72)

> min P{L(OTH, + 175V, 2H)§ L(OIH,)} (73)
HegrLs

= min P{L(OTH, + E/F,) < L(OTH,)} (74)
@egRLS

where (71) is by Lemma 7, (73) is a worst-case estimation bound within high-probability confidence

1
region, and (74) is because 73, V, * H, and Z+/F} have the same distributions with n € R(n+d)xn
and = € R™*"™ being i.i.d. standard normal random matrices.

The bound in (74) can be further lower bounded by minimizing over a larger confidence set as

P > min P{L(OTH, + EVF) < L(Ac.)} (75)
Oegs
= min  P{L(Ac. + E+T)VF) < LA}, (76)
T:T||r<1

where (75) is by Lemma (8) and (76) is because H, is full column rank and therefore we can mini-
mize over closed-loop matrices instead of open-loop system parameters.

Denoting by G; = (E+ Y) v/ F} the perturbation due to estimation and sampling, Lemma 9 suggests
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that there exists constants ¢, > 0 and r, > 0 such that

1
L(Ac,* + Gt) = L(AQ*) +VL,e Gt + iGt L4 ,HAC,*—O—sGt (Gt) (77)

< L(Aep) + VL. 0 Gy + %*HGtH% (78)

whenever ||Gy||r < e.. Substituting (78) into (76) leads to the following lower bound

PPt > min P{L(Ac. + Gi) < L(Acx)} (79)
T:)|Tr<1
Tx 2 <

Z min ]P)t{ L(Ac’*)+VL*.Gt+ 2 GtHF — L(AC,*)7 } (80)

T:|Tlr<1 and  |[[Gi[F < e
Te (2 Y 2 =N <

~  min pt{ 1@+ DVEIE + Ve E+T)VE <0, } -

T:|Tllr <1 and  [[(E+T)VEF < e

Noting that [|[(Z + T)VFi|lr < v AmaxilZ + Tllr where Amaxt = Amax(Fi), we can further
relax the lower bound (81) as

/\max,tr* = 112 / = \
opt Z A H}ln Pt 2 ”‘—‘ + THF + (VLi FE) b (‘—‘ + T) S 07 (82)
T:||T||p<1 and \ Amaxt”:'"’_’r”F < ey
+ T + VL, \/E HVL \/E
= H}ln Pt )\n’nx tTx )\max tTx (83)
T:T)r<1 and |2+ THF < )\max

where (83) is obtained by completion of squares. LetU : M;,, — M, be an orthogonal transforma-
tion such that U (T + YLx \/F7> VL.VF En where F1; € M, has Linits (1, 1) entry

Amax, t7x
and zeros elsewhere. Since Frobenius norm and the probability density of = are invariant under

orthogonal transformations, (83) can be rewritten as

(e ) < [
pP'>  min Py H Amax,t7s Amax, ¢« (84)
117 <t and  |UE+T)F < x5
=14 ], < 5
= min P Amax, T Amaxt7+ || (85)
T:T)r<t and ||~+U( )|E < Am;;t
= T 4 VL.VE ) = HVL Vi ||?
- mln ]P)t < 11 + H + Ao, t7 P + Z i,J7#1,1 Zg — || Amax,t7% F’ (86)
T[Tt and  [E4+U(T)|} < =

Notice that the probability in (86) is described by the intersection of two balls whose centers are far
VLV F|

Amax,tr*
IV L«\/Ft|| F moves the center of the first ball furthest possible from the origin which leads to the
intersection of the balls to move furthest away from the origin as well. Therefore, the probability in

apart by and hence the intersection has a fixed shape. Choosing T along the direction of
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(86) attains its minimum at 'f# = % and (86) can be equivalently expressed by

(511 1 ||VL \/EHF) Iy =2 o IVLVF3

p(t)pt > ]P)t Amax, tT7% ,j#1,1 :;] - oA max, 15742 ’ (87)
and ||: + Enll% < p

— t III'IX *

2Ar2naxt 2 £ (88)
and (£4+1)2+X <

max t

where { ~ N(0,1) and X ~ X22 , are independent normal and chi-squared random variables,

_ IIVL VE| e . .
respectively. Denoting by a; : P ”f* E and by = o the radii of the balls, we can rewrite
(88) as

PP 2P {(E+ 14 0) + X <af, and (€4 1)+ X <8} (89)

{y§+1+at|<mand\€+1\ﬁmy} (90)

and X < min(a?,b?)

min(a?,b?)
= P&+ 1+ a <y/a? —z, and |£+1|§\/62—$}fn2 (z)dx (91)
/0 t{ t t t 1

:/min(ag’bg)ﬂ” bha =i~z SES1+adt Vo foz_a(z)dz (92)
0 ! andl—\/bf—nggl—k\/t—x nel

where f(z) = (2§ F(%)) ' 25 1e™3 is the probability density function of the chi-squared distri-
bution with k£ € N degrees of freedom. (91) is derived from law of total probability. Notice that the
probability inside the integral in (92) is determined by the intersection of two intervals. This proba-
bility will have a non-zero value only for a fixed interval of z depending on the relation between a
and b;. We will investigate three cases:

i.0 < by < v/2as: There is a non-empty intersection if and only if 0 < z < b? (1 — 7) and
t
the integral (92) becomes

s [105) P{iva-ydsse<ie e} foas 09
:/Ob%(l_“?) [Q <1+at_ a?—ﬂﬁ) -Q <1+\/b?i>] frza(@)de (94

where () is the Gaussian Q)-function. Notice that for fixed values of b;, (94) is monotonically
increasing with respect to a; and vice versa.
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1. V2a < by < 2a; : There is a non-empty intersection if and only if 0 < z < a? and the
integral (92) becomes

P?ptZ/Oa%Pt{l—i-at—\/ —x <EST1+4/07 }fn2 1(7)dz 95)
ot E) -0 (1) e o0

Notice that for fixed values of by, (96) is monotonically increasing with respect to a; and vice versa.

iii. 2a; < by : There is a non-empty intersection if and only if 0 < z < a? and the integral (92)
becomes

o Z/Otpt{”at‘\/ﬁ:gﬁsuaﬁ\/a%i—x} Foza(a)da 97)
:/U ¢ [Q <1+at— a?—x> —Q<1+at+\/¢ﬁ>] fr2_1(x)dz (98)

Notice that for fixed values of b;, (98) is monotonically increasing with respect to a; and vice versa.

As seen from all three case, the integral in (92) is monotonically increasing with respect to both

as, and b, regardless of their relative relation. Therefore, we will consider tight lower bounds

of a; = HV/\fml/fT;”F so that the relation b; > 2a; holds for large enough ¢ > 0. Noting that

VL, =2P,A. D by Lemma 9 and P, > 0, X, > 0, we will consider two cases.

1. Singular A_ . : Inthis case, the Jacobian matrix V L, becomes singular as well. Then, we can
bound a; from below as a; = HVL VE|F > > /A HVL e “’”‘t lrs VLs|r . Furthermore,

mdx tTx de tTx mdx t \/)\max,t
choosing T;, = O((V T)1+0(1)), we can use upper bounds for @ and Apax ¢ from Lemma 10 to

min,t
ﬁ%&% =: ayr and b; > long\/** =: by forall T, <t < T under

the event B for large enough T'. Therefore, replacing a; and b; with aq 7 and by 7 in (92) gives a

write down, a; >

lower bound to (92). Noting that the ratio bl L — le?fT ﬁv” i‘{ can be made to be greater than

or equal to 2 by an appropriate choice of T leadlng to the case (ii¢) bound

PPt > /Oa%’T {Q (1 +air — ,/aiT — :c) -Q <1 +a1r+ \/aiT — :U)} frn2—1(x)dz  (99)

for all T, < t < T for large enough 7T'.

2. Nonsingular A, : In this case, the Jacobian matrix V L, becomes nonsingular as well. Then,

VL. VF, in, .
we can bound a; from below as a; = VLV Fillr > om Ve > Jmins__ Choosing T, =
)\mdx tTx n, )\mdx tTx Ty \/)\max,t

O((vVT)'*°W), we can use the upper bound for sy ; from Lemma 10 to write the lower bound,

Ty MUN(Omin,«, €xTx /2 . Ty €x _
e T ( o 2 a7 and by > oeT Ve = : bo forall T, < t < T under the

event B for large enough T'. Therefore, replacing a; and b; with as 7 and b 7 in (92) gives a lower

at >
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bound to (92) for T, < t < T'. Noting that the ratio fi—; = — Celle = max (%, 2) >

mln(o'min,*: €T /2) Omin,

2, we can use the case (7i7) bound

ﬁmZA@TQO+@j ﬁT*@*QO+@I+M@I*@yW4@M$ﬂm)

for all T, < t < T for large enough 7T'.

In both cases, our focus will be on the following probability with a parameters ¢ > 0, and k € N
2

pk(a)::/oa [Q(l—l—a—\/ —z)—Q(l+a+Va —ZL‘:|fk (101)

The following lemma summarizes some of the important properties of the function a +— pg(a).

Lemma 17 The non-negative real valued function a > pk( ) is monotonically increasing with

respect to a > 0. Furthermore, we have that pkl(a) < ﬁ (1 + 1/2) for a > ck for problem
independent constants c,C' > 0.

Proof Notice that for a fixed value of 0 < z < a2, the functions @ — 1 + a — Va2 — z and
a — 1+a-++va? — z are monotonically decreasing and monotonically increasing, respectively. As
Q-function is monotonically decreasing, the function a — Q(1+a—va? — z)—Q(1+a++va? — )
is monotonically increasing for fixed 0 < 2 < a?. Therefore, the function a — py(a) is also mono-
tonically increasing.

In order to obtain the desired asymptotic bound, let € € (0, 1) and we can write

pk(a):/OGQ[Q(l—Fa—\/ —z)—Q(l+a+Va —x}fk

2

> [ et +a-var—a)- 1+a+\ﬁ_x}fk

7 i 0t
= [Q(1+a(l —V1—¢)—Q(L+a(l+V1-—¢)] Fy(ea®)

where Fj,(z) = 1 — = ({fﬁ/;@ is the cumulative distribution function of chi-square distribution

and (s,z) — T(s,z) = [t le7tdt and s > I'(s) == [t 'e~'dt are upper incomplete
Gamma and ordinary Gamma functlons respectively. Notlce that the functions (s,z) — I'(s,z)
and x — Q(z) are monotonically decreasing with increasing > 0. Therefore, for large enough
€a? > 1 and large enough a > 1, we can claim that I'(k/2, «’/2) < 1 and Q(1 + a) < 1 are
small enough. Furthermore, for small enough ¢ < 1, we can use Taylor expansion to see that
1-VI-e=5372, ;%(214: — 1)!! < ¢qe for a problem independent constant ¢; > 0. Then, for
small enough € < 1, we have that

pe(a) > [QL + a1 — vVI—e) — QL +a(1 + VI —e))] (1 _ T(’f/“aQ/?))

I'(k/2)
F(k/2,6a2/2))

> [Q(1 + crea) — Q(1 +a)] (1 )
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Furthermore, for small enough ea < 1, we have that Q(1 + ciea) > Q(1) — caea by Taylor’s
theorem where c2 is a problem independent constant. Using these bounds, we can bound the inverse
of pr(a) from above for small enough € < 1, small enough ea < 1, large enough a > 1 and large
enough ea® > 1 as

1 L !
pe@) = Q) —czea— QUL+ a) 1- F(kﬁki;azjm
Q) (1~ cxea — Q(1 +a)) (1 — fZeeenr2))
. L(k/2, ea®/2)
< w [1 +2C <CQ€CL —+ Q(l + CL) + I‘(k/Q)ﬂ (102)

where we used the Taylor expansion ﬁ =31 zF < 1 + Cz for small enough z < 1 with
C > 0 being a problem independent constant.

The assumption ea? > 1 can be used to write the asymptotic expansion of incomplete Gamma
function T'(k/2, ea?/2) = (ea?/2)*/2~1e—<a®/2 [1+ O ((ea?/2)")]. Noting that the Q function

_(1+a)?
is always bounded as Q(1+a) < \e/TTﬁa)’ we claim that choosing € = M%/?’ for a > 'k with
a constant ¢’ > 0 guarantees that ea = £a71/2 < 1 and ea? = £a'~1/2 > 1. Therefore, the
g 2e 2e

upper bound (102) is valid for v > ¢’ k. Furthermore, the term ea decays slower than both Q(1+a)

T'(k/2,ea?/2)

and and thus ea dominates as

I'(k/2)
1 1 Ck
< 1+ a1/2>
pr(a) — Q(1) ( 2e
for a problem independent constant C' > 0. |

Based on Lemma 17, the integrals in (99) and (100) are asymptotically constant if both a; 7 and

; ; ; : _ Ty |IVLdr _
ao 7 are asymptotically large enough. This can be achieved if a; 7 = JTlesT Cre = w(1) for
. N Ty Min(Omin«, €x7%/2) .
singular A, and as 7 = Tog T o = w(1) for non-singular A . In other words,

choosing T,, = n%w(v/TlogT) for singular A., and T,, = n*w(logT) for non-singular A, .
yields the desired bound

opt Q(l)
ptp > To(l)'

for T, < t < T for large enough 7. Combined with the upper T, = O((v/T)'t°(), the proposed
choices of T, satisfy the asymptotic conditions.

Appendix E. Regret Decomposition

Denote the optimal expected average cost of an LQR system © with process noise covariance W by
J«(©,W) = tr(P(©)W). Note that during the initial exploration period, we have that u; = @ + 14
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for t < T,, and after the initial exploration, we have that u; = uy for t > T, where we denote by
Up = (@t)xt the optimal control action assuming the system ©;. Since initial exploration period
injects independent random perturbations through the optimal control input, @, for sampled system,
Oy, the state dynamics can be reformulated in order to take the external perturbations into account
by adding it to the process noise:

i1 = Asxy + By + G, (103)

where 4; = K((:)t):ct, (¢ = By +wy fort < Ty, and (¢ = wy for t > T,,,. We can write the regret
explicitly as

T
Rr=7) {2]Qu:i+u[Rus — J.(Os,001)} = Ry + Ry, (104)
where
€X Tw — Nnoex T _ _
RYP = tho (2u] Rvy+vfRyy), & Ry = tho {2]Qz, + u] Ru, — J.(O.,051)}

Since Fs C F; for any 0 < s < ¢, we have that

T
Ry, =Y {a]Quet+ul Riy — J(Ox, 00 )} L,

=0
T

< Z {2]Qu + 4l Ry — Jo(O,001) } 15, (103)
=0

T
R%f]lET = Zt— (2a{ Rvy + v{ Ruy) 1, < Z (2uf Rvy + v Riy) 1, (106)

From Bellman optimality equations (Bertsekas, 1995), we obtain
J+(O4, Cov[Gi]) + 2] P(Or)xy
= min {xIth +uTRu+E [(/Nlt:zzt + Byu + ) TP(Oy) (A + Byu + () ’ ft] } ,
= 2] Quy + uf Rus + E (AtJCt + Byt + ) TP(O1) (Age + Briiy + (i) )| }—t} ;
= 2]Qz, + @ Ry + E _(Atxt + Bui)TP(0,)(Asas + Bewy) | ft} +E [g P(6,)¢ | }}} ,
= 2] Quy + @l Rty + E | (A + Byiag)TP(0y)(Agy + Byity) \ ]-'t}
+ B [2],, P(O)z41 | ] — B (At + But) TP(0)) (Asy + Bui) | 7]
= 2] Qx; + u{ Ru; + E :J:IHP((:)t)xtH | .7-}]
+ (Agy + Btﬂt)TP(ét)(zthﬂUt + Byiig) — (Aszy + Boug)T P(© t)(Asze + Biti),

=Ty Ql‘t + uy R’L_Lt +E _l';r_‘_lp(ét)l'prl ‘ ]:t] + ZtT(:)tP(@t)Gl — Z;r@*P(ét)let,
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where z] = [2],u]]. Rearranging the terms and subtracting the optimal expected average cost of

the true system, we obtain the following for each term in (105),
{2]Qz, +u] R, — J.(O4,051)} L,
- {J*((:)t, Cov[¢]) — J. (O, afuf)} g, + {th@*P(ét)Glzt - thétP(ét)étht} 1,
+ J:IP((:)t)a:t]lEt —E [a:tTHP((:)t)a:tH lg, ‘]-"t] )
Note that, 1,1, , = 1g,,, since By C E;. Since P(©;) > 0, we obtain
E [:rLrlP((:)t)le 1g, ’.7-}]
—E |21, PO ln, (Lo + s, ) |

=E _.%'I+1P(ét).%'t+1 ]lEH—l ‘ Ft} +E |:$2+1P(ét)$t+1]1Et]lEc

t+1

‘ft:| )
>E -TLrlP(ét)xtJrl ]]-EtJrl “Ft} ’

= [a],, (P(6) ~ P(®us1)) ari1lmy, | | +E [o] POrs)ann Tn,,, | 7.
Therefore,
{#1Qa: + u[ Ris = J.(6., 03D}, < { J.(61, Cov[G) — J.(0.,031) | 1,
+{z0.P(6)017 - J6,P(6,)6]2 | 11,
+ {xtTP((:)t):Et]lEt —E [$tT+1P((:)t+1)$t+1HEt+1 ’ .7-}] } ,
+E [x; » <P((:)t+1) - P((:)t)) zelp,,, | ft} (107)
Notice that Cov([(;] = 2B, Bl + 021 fort < T, and Cov[(;] = 021 for t > T,, and therefore

02tr(P(©;)B.Bl) + 02 tr(P(0y)) t<T,

- 108
o2 tr(P(©y)) i>1, OO

J«(O4, Cov[Gi]) = tr(P(8;) Cov[¢]) = {

Summing the terms in (107) upto time T and adding the R7)” term, we obtain
Rrlp, = Rl + RPP1p, < RY™ + RSP + RPP + RES + RP™ 4+ REP (109)

where

R?‘uf”l = ZtT:O (2u] Rvy + v Ruy) 1, (110)
Ry = ZtT:o oy, tr(P(6)B.B]) 11, (111)
RY = ZtT:O {J*(ét,O',LQUI) - J*(@*,aﬁ,f)} 1z, (112)
RS = Zio {_J@*P(ét)@lft - ElétP(ét)étTft} 1g,, (113)
R ZtT:o {xzp(ét)xtlEt ~E [x;lp(ém)xmﬂ&“ | ft} } , (114)
Rp* = ZioE [$I+1 (P(étH) - P(ét)) Te1le, |~7:t} . (115)
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In the next section, we will give upper bounds to each term.

Appendix F. Regret Analysis

In this section, we bound each term in regret decomposition individually. In particular, R;ﬂf is stud-
ied in Appendix F.1, RI}LS is studied in Appendix F.2, R7*" in Appendix F.3, R;S in Appendix F.4,
and RgTa P in Appendix F.5. Finally, in Appendix F.6, we combine these results to obtain the regret
upper bound of TSAC as stated in Theorem 3.

F.1. Bounding R;™" and RSP

The following gives an upper bound on the regret attained due to isotropic perturbations in the TS
with improved exploration phase of TSAC.

Lemma 18 (Direct Effect of Improved Exploration on Regret) The following holds with prob-
ability at least 1 — 6,

T,
= 4dT, 4
R;{?ZJ - Z {2a] Rvy 4+ v] Ry} 1, < do,\/Bs + d||R|| o2 (Tw + /Ty log 5 log 5)
t=0
where

1/2
By =8 (14 T [ B2 (n + d)2+) log (4; (14 Tur?| B2+ )2 h) ! ) .

2
Furthermore, we have R" < 02D || B.||%T.

Proof First we will study R?(p’l

w

. Let ¢] = a]R1g,. The first term can be written as

To d d T,
2 Z Z Qt,iVei = 2 Z Z qt,ilV,i
=0 i=1 i—1 t=0

Let M;; = ZZ:O qk,iVk,i- By Theorem 27 on some event G'5; that holds with probability at least
1—4/(2d), forany ¢t > 0,

n ¢ 1/2
2d
< (13t o (2 (1434
k=0 k=0

Note that ||gx|| = || Rue||1g, < k|| R

bound we get, for probability at least 1 —

n + d)"*4, thus ak,i < K||R[[(n + d)"+?. Using union

N[ —

2

Tw
Z 2v] Ryl g, <
t=0

4
d\/sag (1 + Tur?|| Rl (n + d)20+) log <5d (14 Tur2|[R|2(n + d)2<n+d>)1/2> (116)
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Let W = 0,4/2dlog %. Define ¥U; = v} Ry — E [v] Rvy|Fi—1] and its truncated version

Uy = Ullig,<opwe)-

T
(Z‘I’t > 2| R||W?y /2T, log 5)
Tw 4
P U, > 2 2) 4+ P U, > 2 2, /2T, log =
(12%2 £ > HRHW)+ <; ¢ > 2[[R[W*y 0g5>

Using Lemma 30 with union bound and Theorem 28, summation of terms on the right hand side
is bounded by 6/2. Thus, with probability at least 1 — §/2,

T,
. 4
> V[ Ruy < dTol| Rl + 2| R|W?, /2T, log . (117)

t=0
Combining (116) and (117) gives the statement of lemma for the regret of external exploration
noise. Next, we consider R;X 5 2. Due to rejection sampling Rs(+), a new model sample is redrawn

until it lies on the set S at every TS step, i.e., O, € S for every time step ¢ > 0. By Assumption 1,
we have ||P(0y)||r < D = ay~'x?(1 + x2). Thus, we have

RIP? = Za tr(P(©,)B,BT)1g,,

Tw
<> o IPO)IFlIB:FLE,,
t=0
T
<oD|B.|3 Y 1, < opD || Bul|FTw. (118)
t=0

F.2. Bounding RRLS

Bounding this term is achieved by manipulating the similar bounds in Abeille and Lazaric (2017);
Abbasi-Yadkori and Szepesvari (2011) to our setting and TS algorithm. We first have the following
result from regularized least squares estimate.

Lemma 19 On the event of Er, for Xs = w V2nlog(n(T — T,)/5), we have,

T ) .

> 110« = 6= |* <2(Br(6) + UT<5>)2< (1 e +d)) log S )

=0 1 det( I)
(14 £)X2\ " det(Vr)
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Proof Let 7 < ¢ be the last time step before ¢, when the policy was updated. Using Cauchy-Schwarz
inequality, we have:

T T T

- 1. det(V;
D 0. = 0> <D [V (6, — 0.7 IIZtII <> det(V, IIV (©r — @*)IIQIIZtH%tfl
(119)

t=0 t=0 t=0

Note that ¢t — 7 < 7 due to policy update rule. Moreover, we have

_ ETR%
det(V) = det(V2) [T(1 + flzl7-0) < det(V) { 14+ =7

i=0
Combining this with (119), on the event of Er, for t < 7)., we have:

T

T, 70
- - 14 &2)(n + d)2(+d) ~
[CRALES (1 4Lt d V22, — 0|22 (120)

t=0 t=0

L K<) (n (ntd) \ ™
sz<1+<1+ 2)<M+d>2 . ) (Br(0) +vr(9)*[l2l5, -+, (121)
=0
2(1 + k?)(n + d)2+d) (1+ 52)(n + d)2nd\ " det(Vr,.)
< . <1 + p ) (Br(8) + vr(5))* log <det(/u'))
(122)

where in (121) we used the fact that on the event of E7, using triangle inequality, we have ||(:)T —
Oullv, <1107 = O: v, + 16- — Oullv. < v, (8) + B-(8) < vp(d) + Br(9) and in (122) we used
used the upper bound of HthVt_l to utilize Lemma 10 of Abbasi-Yadkori and Szepesvari (2011).
Similarly, on the even of F, for ¢t > T,., we get:

T
B2 2(1 + k) X2 (1+Kk2)X?2 s, (det(Ve)
t=;+1‘|(®* Ol = I (1 7 )(ﬁT( ) + vr(6))” log (det(VTT)>
|

Lemma 20 (Bounding R%LS for TSAC) Let R’}LS be as defined by (113). Under the event of Er,
setting = (1 + k?) X2, we have

]RgLS\ _ O~ ((n +d)(TO+2)(n+d)+1'5\/ﬁ\/i+ (n—l—d)n\/ﬁ) .

Proof
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(123)

2 2 T 2 2
= HP(G)t)%(:){th - HP(@)t)QGTZtH + Z ‘HP(ét)%éZth - ’P(ét)%@lzt’
t=0 t=T),
T, 1T, 1
< (§: (oaters]-Irtre])) (£ et st
T F
+( 3 (lp@0ter| - [penter=])) [ 3 (lp@0ter|« |penters]))
t=T, t=

(S lreat (o ) (5 (lrewters|  freners]))

t=0 t=0
T L T 9 /T . 5\ 2
+ (2o llre0t (60 =) (2 (Jreoters « fr@oters])’)
t=T t=T

(125)

where (123) and (125) follow from triangle inequality, and (124) follows from Cauchy Schwarz
inequality. Note that for t < T, we have ||z;]|?> < (1 + &%) (n + d)?*9 and for t > T} we have

|2]|> < (1 + k?)X2. Moreover, since © belongs to S by construction of the rejection sampling,
we get

N

|RRS| < (D i H (6: - @*)T thQ) VAT, D(L + 12)S2(n + d)2(n+a)
t=0

+ (D ET: |(6-0.) th2> 5 VAT —T)D(1 + r2)S2X2
t=Ty

< VBLDS(1+12)(n4d)*" (B (8) +vr (6)) (1+ <1+ﬁ2><n+d>2(”+d)>;0 og (3T ),

B <z " det ()

8(I'-T,)DS(1 ) X2 2y v2\ 2
\/7 S+ #*)XZ (Br () +vr(9)) (H_(lJm )Xs> log <th(VT)> (126)
VH I det(V, )
From Lemma 10 of Abbasi-Yadkori and Szepesvari (2011), we have that ]-Og((iiett((vj}r))) < (n+
k2)(n4+d)2(n+d) e  (14R2) () 2(n) )
) log(1+ T Umtd ) o Jog((BV) ) < (n4-d) log(14 Lot 20 PO (T X2 )

After inserting these quantities into (126), we have the dimension dependency of (n + d)2("+?) x
n(n + d) x (n+d)"+)7 x (n 4 d) on the first term where /n(n + d) is due to S7(5) + vr(d).
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For the second term, for large enough 7', we have the dimension dependency of n x \/n(n + d) x
n(m/2) % \/n + d, where n comes from X 3 Thus, we achieve the following bound for !R%LS !:

}R§LS} -0 ((n+d)(70+2)(n+d)+1.5\/ﬁ\/i+ (n+d)n1'5+70/2ﬂ).

With the choice of 11 = (1 + x2) X2, the dependency of n(70/2) on the second term can be converted
to a scalar multiplier of V2™ and reduces the dependency of X2 to X, which gives the advertised
bound. |

F.3. Bounding R

Notice that this term is very similar to corresponding term in Abbasi-Yadkori and Szepesvari (2011);
Abeille and Lazaric (2018), besides the difference of early improved exploration. Following the
same analysis, while including the effect of improved exploration gives the upper bound on RT".
A similar analysis is also conducted in Lale et al. (2022), yet we provide it for completeness.

Lemma 21 (Bounding RT*™ ) Let R be as defined by (114). Under the event of Er, with
probability at least 1 — 6, for t > T,., we have

R < ko1 (n+ )"0y, + | Bel|ow)n/T log((n + d)T,./6)
ks2(1262 + 261/2
| Foa(126 + 26V2) o2n/m\/T — Ty log(n(T — Ty)/9)
Y
+ ks 3n02 /T — Ty log(nT/8) + ks an(ow + || Bil|ow)*/ T log(nT/$),

for some problem dependent coefficients kg 1, ks 2, ks 3, ks 4.

Proof Let f; = A,x¢ + Byu;. One can decompose R as

T
R1 = a:OP(G)o) .%'17-1+1P((:)T+1)37T+1 + Z xIP((:)t)a:t —E [xIP((:)t)mt}}}_g]
t=1

Since P((:)O) is positive semidefinite and xo = 0, the first two terms are bounded above by zero.
Recall that (; = B.vy +wy fort < T, and (; = w, for t > T;,. The second term is decomposed as
follows

T
Z I'IP(ét).ft —E {xIP(ét)xt‘Ft_g}

T
=2 AP 1+Z(<t (PO)G1 —E [T P(6:)Gi-1|Fis) )

Let Ri1 = Zthl fLAP(©4)G—1, Rip = Z?:l <C,:T_1P<ét)Ct—1 —-E [Cg_lp(ét)Ct—1|.7:t—2D,

and v] | = f1 P(©;). Then one can write R; ;. Let can be written as

T n n T
R1,1=§ g Ut—l,iCt—l,i:E E Ve—1,iCe—1,-

t=1 i=1 i=1 t=1
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Let M;; = 22:1 Vk—1,iCk—1,i- By Theorem 27 on some event G ; that holds with probability at
least 1 — §/(2n), for any ¢ > 0,

T. T. 1/2
T 2n ™
1 (0 se A I A (R SR
k=1 k=1

1/2

t
2n
+202 [ 1+ Z v,%,u log 5 1+ Z v,%,l’i fort > T;.
k=T,+1 k=T+1

Notice that TSAC stops additional isotropic perturbation after ¢ = T,, and the state starts de-
caying until ¢ = T,.. For simplicity of presentation we treat the time between 7,, and 7, as TS
with improved exploration while sacrificing the tightness of the result. On Erp, ||vg|| < DS(n +

d)" NI+ K2 for k < T, and oy || < (2E2V2DS0u VT2 | /oy Tog (n(t — T,,)/6) for k > T,
Thus, v; < DS(n + d)" /1 + k2 and vg; < (12”2””\/5)71)50“’ V1t V2nlog(n(t — Ty) /)

respectively for k < 7T, and £ > T, . Using union bound we get, for probability at least 1 — g, for
t>1,,

Riy < ny/2(02 + || B.|202) (1 + T, D282 (n + d)2r+d) (1 4 52)) x

\/l%f (45 (1+ T,D282(n + )2t (1 4 n2>>”2>

2t — T,) (1262 + 2,.@\7/232925%03(1 ) o (n(T — Tw)/5>) x

+n,|202 <1+

,72

Let Wezp = (0w+||Bs||0v) 4/ 2n log % and Wheap =01/ 2n1og %. Define U, ZCtT_lp(ét)Ct—l—

E [g_l (00)C1|Fie 2} and its truncated version ¥; = \Ptﬂ{\PtSZDWSIP} fort < T, and ¥; =

log (”f (1 | 2= T2 + 26V D2 (L K)oy ‘”))‘

\Ift]l{q, <oDW } fort > T,, . Notice that R » = Zt 1 Yy
noezp
4
(Z U, > 2DW2, 1/ 2T, log ) ( > U >2DW, noexp\/Q(T — T, log 5)
t=Tw+1
2 2

<P (1%1%}1(% v, > 2DWewp> +P (Twinax< v, > 2DWnoewp>

Ty 4
+P <Z U, > 2DW2 /2T, log ~ ) ( > ¥, >2DW, mewp\/2(T —Ty) log 5>

t=1 t=Ty+1
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By Lemma 30 with union bound and Theorem 28, summation of terms on the right hand side is
bounded by /2. Thus, with probability at least 1 — §/2, for t > Ty,

4 anT 4 AnT
Ry < 4nDo2y[2(t — Ty)log 5 log nT +4nD(0y + || Bsllow)?1 /2T, log 5 log nT

Combining R; 1 and Ry 2 gives the statement. [ ]

F.4. Bounding RTS

Lemma 22 (Bounding R;S for TSAC) Let R;S be as defined by (112). Under the event of ET, we
have that

|RF| <O (\/ﬁTw + poly(n, d, log(1/6))\/T — Tw) .

with probability at least 1 — 20 if T, = w(y/T'logT) for singular A, . and T, = w(logT) for
non-singular A .
Proof We decompose R}S into two pieces as

Tw T
R =% {J*(@t,afvl) - J*(@*,aful)} Ip+ > {J*(@t,o—ful) — J.(6,, 0301)} 15,
t=0 t=Tp+1
R;S.exp RTigoexp
w T

Since every sampled system is in set S, we have that || P(6;)||p < D and therefore

Tw
TS, exp
R, <)

Jo(0y,021) — J,(O, o 1)‘ 15,

t=0
Tw
< ( J*(ét,ail)‘ + ‘J*(@*,UiI)D (127)
t=0
Tw ~
< o2 3 (IP@)llr + IP(©.)r) < 2vno% DT, (128)
t=0

where we used the relation tr(P) < \/n||P||r in (127). Considering the number of times a new TS
sample is drawn, the second term in R?FS can be written as

K

R}"{S,noexp _ ZTO {J*(étk7012u[) — J*(@*,O'?UI)} ﬂEtk
k=0
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where t;, = Ty, + 1+ k79 and K = {%1 . Denoting the information available to the controller

up to time ¢ > 0 via Ff™ := o (Fy_1, T¢), R;s’noex‘) can be further decomposed into two pieces as

K

Rl]“(s,noexp _ ZTO {J*(étk7az211 ) |:J* @t}w | tc:t, Etk} } :[]-Eﬂ
k=0

TS, 1
Ry

+§K:To{ [ (I )\fcm’Et’“} - (6*’%[)} o
k=0

RE?
We will investigate each term in order under the event of Er.
Bounding RE{-S’I. Notice that {RE(SJ} K>0 18 a martingale sequence with ’R?’l — RE(S’Jl’ <

27902/n.D. Therefore it can be bounded by Azuma’s inequality (Lemma 28) w.p. at least 1 — § as

R < aiD\/gnrgKlog(z/a) < 02 D+/8n1o(T — Ty) log(2/6) (129)

Bounding RTS’Z. Denoting by S := {© € R(n+d)xn | J(©,021) < J(Os,0%1)} the set of
optimistic parameters and defining RTS2 = { { @tk, } JFent Etk} — J.(© o2 I)} ]lEtk‘

tg 0 *r Yw

Notice that, for any © € S°P', we can write
RzS’Z < { [ @tk7 ‘ tc;t,Etk:| — J*(@,U?UI)} ]lEtk

ty ]lEtk

(0,021 —E [J*(@tk,afu 1| Fn Etk}

As the above bound holds for any © € S°P', we can replace the right hand side with an expectation
over the optimistic set S Specifically, we choose an i.i.d. copy of @tk’ that is, we choose a
random variable @’ which has the same distribution as ©;, and independent from it. Then, we
have that

RTS2 <R [

I8}, %) —E | 1.(6y, %D | F B
J( tkaawI) [ @tka ‘ tc;tvEtk}
P (6], € S| Fn By, )

]lEtk ‘ tk ’Etk’ @;k Sopt}

E|

_ cnt
LE,, legkesom i 7Etk]

Denoting by p;™* = ((:)’ € SOPt| Fymt Et> the probability of drawing cost optimistic TS samples,

we can write further bounds on R;‘:S 2 as

R}f“g—E[
tx
2
g
= ollzl)}tE[
ptk

J*( tr O 121)) [J* @tw } tc:t’Etk}

cnt
‘ tr Etki|

v (P(6r,) —E [P(O,) | B By )| | R, B

< Eﬁﬁ E[|[P®:,) ~E [P©1)| 7 B

‘2 Fas ,Etk} (130)
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where we used the relation |tr(A)| < n||A||2. Denoting Py, := E [P(étk) ! Fin Etk} , the follow-

tr
ing definition will be used in the rest of the section to understand the behavior of st 2

A =E |[P(©y,) - Pill2| F™, By, | (131)
The following lemma will be used to bound Ay, from above.
Lemma 23 Forany © € S, any positive definite matrix V€ R0+ and for any i, j € [n),
IVP;(©)llv < TIH(©)]v,

where I' > 0 is a problem dependent constant.
Proof Let 0P (0, 0O) be the differential of P(©) in the direction 6©. Then, we have that

dP(0,00) = A(O)T6P(0,60)A.(0) (132)
+ A.(©)TP(O©)JOTH(©) + H(O)T6OP(0)A.(O)
where A.(0) = OTH(O) is the closed-loop matrix. We know that P(©) satisfies the Riccati
equation as

P-—A;PAC:49+1WIU(>()::>(P%AJT%)TP%AJT%-<I

where we dropped © dependence for simplicity. Therefore, similarity transformation of the closed-
loop matrix A, = P2 ACP_% is a contraction, i.e., P%ACP_% |2 = 0o < 1. Multiplying both

sides of (132) by P2 we obtain

5P(60) = ATSP(60)A, + ATP26OTHP 2 + P 2 HT5OPz A,

where JP(60) = P_%(SP(é(a)P_%. Taking the spectral norm of both sides and using sub-
multiplicativity of spectral norm as well as equivalence of matrix norms, we have that

15P(80)]|2 < [|AIZ16P(30)|2 + 2|| Ac|l2| PZ60THP 7|2
= 03||0P(00)||2 + 206 ||6OTH | £

By rearranging the inequality and using the property |[|[0OTH ||p < ||0O]|y-1| H|

v, we obtain

16P(60) 2 < —27°

30|y || H
1_0%!! v Hllv

Observing that |0 P(00)]|2 = |]P%615(6@)P%||2 < |IP||2]|l6P(6©)|l2 < D||§P(5O)||2 and noting
that ||V P;;(0©)|lv = SUD|50)|,,_; =1 |0P;;(00)| < SUp|50||,,_; =1 |0 P(5©)]|2, one can get

2Dao
IVP;©)llv < 75

— [1H(O)]lv
99
Observing that the function og : & — R is continuous on § and 0, ‘= maxgesoe < 1 as S is

compact, we can further bound the scalar from above by © independent constant I' = %l_) 2 >0.1

The following lemma gives a useful upper bound on Ay.
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Lemma 24 Let Ay be defined as in (131). Then, for all k > 0, we have that

A < 20%v, DE |[H(O0)ly, 1 | 7' Etk].

tr

Proof The proof follows directly from applying the bound in Lemma 23 to Equation 11 in Abeille
and Lazaric (2018). |

Finally, we are ready to give a bound on the summation of Ay terms

Lemma 25 Let Ay, be defined as in (131) for any k > 0. Then, the following bound holds with
probability at least 1 — §

K 2 T
16n“avpl’ T—T,14+ k2 2
E Ak S ﬁ ( E HZtHV;—l + 204\/2 p 1 log g

k=0 Br t=Tw+1

< O(pOIy(nv d7 log(l/é)) V T— Tw)
where o = (1 +1/83)(y/2nlog(3n) + vr + (1 + k) SX5).

Proof Define (:),5,c = étk + By, Vt;ka. Using Proposition 9 in Abeille and Lazaric (2018), we
have that

-

_ 8 _ =
IH® Wl < —— [HOWE [, Ve, <0 | Fie1 Bre1. 00|,
ty 1+ By . Vi,
k
8 _ —
< T HE [H(@tk)xthlk]lllxz <a }Ftk—lgEtk—]J@tk] 1
1+ 5- - Ve
tL k
Sa - .
=  E HH(Gtk)xtkHV_l Lz, I <a | Ftr—1; Ety—1, O,
1 + m g k

By Lemma 24 and the preceding bound, we can write
E[1H(@n)lly, 116, cs | Fi En
P{Oy, € S| F™ Ey, }

16n2av, I' & [E |:”H(étk)xtkHV;;1 Ljay, <o | ftk—17Etk—17étki| Lo, es | Fi" 7Etk:|

Ay, < 2020, TE [||H 6l | 7, ,Etk] = 2nu,, T

RS P{O,, € S|F™ Ey, }
16n2auv;, I' ~ ~
- Tj E[E[HH(@tk)xtk HVt;lﬂthkHSOé ‘ ‘Ftk_l’ Etk_17 Gtk] | }—tc;ta Etk]
Bt thk
=Y}

Notice that E [Yk’ftk_l] =K |:||ZtkHV_1 ]l”xtkHQX ‘ ]-"tk_l} by law of iterated expectations and

2
2l Lo, <o < JRIH (O)n sy, <o < 3/ H50
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Therefore, the sequence {Yk — |z, |l ]lllmtk||<a} is a bounded martingale difference se-
g — 7 k>0

quence. By Azuma’s inequality, we have that with probability at least 1 — J,

K
T—Ty1l+ k2 2
Z(Yk—uztkuvtkﬂw@)saa\/z e g (5)

k=0

We can bound the sum of ||z, Hv;l terms using Lemma 10 of Abbasi-Yadkori et al. (2011) and
k

Holder’s inequality as

K tpp1—1
ZH%IIV 1<Z\\Ztkllv Y 1zelly-
k=0t=tr+1
d det (Vi)
— _ devivr).
= > l2tlly;1+ < VT — Ty log dot(Vr)
t=Ty+1 w

Combining these results, we obtain the desired bound

T
16n° 16navrT T —Ty, 1+ K2 <2>
A zZtll -1 4+ 204 [ 2 log | =
E k< L ( >z, \/ Y

t=Tw+1

Now, we are ready to bound Rf(s 2. Under the event Ep Theorem 6 suggests that 1/pept < O(1)

if T, = w(y/T'logT) for singular A, , and T\, = w(log T') for non-singular A, .. Using this result
together with Lemma 25, we have that

K
RTS2 Z RTS’ <na7'z
k=0

with probability at least 1 — §. Combining the above with (128) and (129), we obtain the desired
bound. |

O(poly(n,d)\/(T — T,,)log(1/5))  (133)

opt

F.5. Bounding R5"

Lemma 26 (Bounding R%ap for TSAC) Let Rgfl P be as defined by (115). Under the event of Er,
we have that

|R&P| = (poly(n d)\/Tlog(1 /5)) .
with probability at least 1 — 24 for large enough 7.
Proof
T ~ ~
R =3 R [@H (P(@m) _ P(@t)) i1l | ft} (134)
t=0
K ~ ~
= ZE [xlk—i-l (P(@thrl) - P(@tk)) xtk+1]lEtk+1 }ftk:| (135)

{...
i
=)
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Separating the duration of TSAC into two parts at ¢ = 7,., we obtain two same term achieved
in (Abeille and Lazaric, 2018). Note that in Abeille and Lazaric (2018), the authors follow fre-
quent update rule and TSAC updates every 7y time-steps. The proof of these terms similarly follow
Section 5.2 in Abeille and Lazaric (2018) and using Lemma 25 we obtain O((n +d)"t%/T; +
poly(n,d)v/T—T,). Note that there is an additional 7 factor in these bounds, due to “relatively
slower” update of TSAC. For large enough 7" such that the second term dominates the overall upper
bound, we obtain the advertised guarantee. |

F.6. Proof of Theorem 3

Collecting the regret terms derived in subsections of Appendix F, for large enough 7', under the

event E, we have that
REP — ((n +d)"aT, ) . wp.1-8
RRLS — ((n + d)™ /T, + poly(n, d, log(1/s)) )
Rmart ((n +d)"4\/T, + poly(n, d, log(1/ ) wp. 1—
0((n+ VT-T.),

REP = O ((n+d)""\/T, + poly(n, d,log(1/s)) wp. 1—25

and choosing T, = w(/T logT') for singular A. , and T}, = w(log T') for non-singular A , gives

RFS = O (poly(n, d)T, + poly(n, d, log(1/s) /T = Ty) ,  wp. 1 - 24,

Recall that the event Er is true with probability at least 1 — 4§. Combining all these bounds, we
have the overall regret bound as

Rr=0 ((n + d)™ T, + poly(n, d, log(1/s)) /T — Tw> . wp. 1100 (136)

Notice that R is linear in the initial exploration time T with an exponential dimension depen-
dency. Also note that T,, > Ty := poly(log(1/6),0,',n,d,a,v~!, k) guarantees a stabilizing
controller by Lemma 4. In order to control the growth of Rt by O(\/> ), the initial exploration time
can maximally be in the order of (v/7)'*+°(1) where T°(1) hides all multiplicative sub-polynomial

growths, i.e., T, = O ((\/T)Ho(l)) = O(VT).

On the other hand, Theorem 6 puts strict lower bounds on the growth of T;, in order to main-
tain asymptotically constant optimistic probability. In particular, for singular A, ., this condition is

stated as T, = w(y/TlogT). Combined with the required upper bound O <(ﬁ)1+0(1)>, it must
be that T, = max (Tp, ¢(v/Tlog T)*°()) for a constant ¢ > 0 for large enough 7' Inserting this
result in (136) gives us

Rr=0 <(n + d)"*dﬁ) . wp.1-100

for large enough 7T'. Observe that exponential dimension dependence is unavoidable in this case as
the system is excited with isotropic noise in every direction long enough to dominate with exponen-
tial dimension.
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For non-singular A, ., the lower bound is stated as T, = w(log T"). For large enough 7', choosing
T, = max (Tp, c(log T')1*+°()) for a constant ¢ > 0 is sufficient to satisfy both the upper and lower
bounds on 73,. Inserting this result in (136) gives us

Rr=0 (poly(n, d, log(l/(s))\/f) , w.p.1—105

for large enough 7'. Observe that the exponential dimension dependence is not dominant anymore
since logarithmically large T, is sufficient to guarantee asymptotically constant optimistic proba-
bility.

Appendix G. Technical Theorems

Theorem 27 (Theorem 1 of Abbasi-Yadkori et al. (2011)) Ler (Fi;k > 0) be a filtration and
(my; k > 0) be an R¥%valued stochastic process adapted to (F) , (ny; k > 1) be a real-valued
martingale difference process adapted to (Fy;,) . Assume that ny, is conditionally sub-Gaussian with
constant R. Consider the martingale

¢
Sy = Zk:l kM1
and the matrix-valued processes
t —
_ T _
Vi=) ey, Vi=V 4V, t20

Then for any 0 < § < 1, with probability 1 — ¢

—\1/2 12
det (V det(V
vt >0, |st||2v_1g23210g< et (Vi) "~ det(V) )
t

o

Theorem 28 (Azuma’s inequality) Assume that X is a supermartingale and | Xs — Xs_1| < cs
almost surely for s > 0. Then for allt > 0 and all € > 0,

)
P (1X¢ — Xo| > ¢) < 2exp (f)

2> o3
Lemma 29 (Lemma 10 of Abbasi-Yadkori and Szepesvari (2011)) The following holds for any
t>1:
: S det (V)
;;) (el s A1) < 2108 det(M)

Further, when the covariates satisfy ||zt|| < cm,t > 0 with some ¢, > 0 w.p. 1 then

A(n+d) + tc,2n>
A(n+d)

det (V;)
& det(N)

g<n+d>log<

Lemma 30 (Norm of Subgaussian vector) Lerv € RY be a entry-wise R-subgaussian random
variable. Then with probability 1 — 0, ||v|| < Ry/2dlog(d/9).
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Lemma 31 (Theorem 20 of Cohen et al. (2019)) Ler z; € R*"? fort = 0,1,... be a sequence
random variables that is adapted to a filtration { F };°, . Suppose that z; are conditionally Gaussian
on Fi_1 and that E [ztth | .7'}_1] = 021 for some fixed 02 > 0. Then fort > 200(n + d) log % we
have that with probability at least 1 —

Appendix H. Implementation Details of Numerical Experiments

The LQR problem for the longitudinal flight control of Boeing 747 with linearized dynamics (Ishi-
hara et al., 1992) is given as

099 0.03 -0.02 -0.32 0.01  0.99
0.01 047 4.7 0 —-3.44 1.66

A= 0.02 —-0.06 04 0 ) Be= —0.83 0.44|” @=1 R=1 w~NQ1I).
0.01 —-0.04 0.72  0.99 —-0.47 0.25

(137)

This system has been studied in (Sabag et al., 2021; Lale et al., 2022). It corresponds to the
dynamics for level flight of Boeing 747 at the altitude of 40000ft with the speed of 774ft/sec, for a
discretization of 1 second. The first element of the state corresponds to the velocity of aircraft along
body axis, the second is the velocity of aircraft perpendicular to body axis, the third is the angle
between body axis and horizontal and the fourth is the angular velocity of aircraft. The system takes
two dimensional inputs, where the first is the elevator angle and the second one is thrust.

For this task we deploy 4 different adaptive control algorithms that do not require initial stabi-
lizing controller: (i) TSAC, (ii) StabL of Lale et al. (2022), (iii) TS-LQR of Abeille and Lazaric
(2018), and (iv) OFULQ of Abbasi-Yadkori and Szepesvéri (2011). Each algorithm has certain hy-
perparamters and we tune each parameter in terms of its effect on refret and present the performance
of the best performing hyperparameter choices. We use the actual estimation errors in the algorithm
design. Note that this has been observed to have negligible effect on the performance (Dean et al.,
2018).

To have fair comparison in the regret performance in a stabilizable system like (137), we fol-
low fixed update rule in TS-LQR in parallel with TSAC, and add an additional minimum policy
duration constraint to the standard design matrix determinant doubling of OFULQ. Moreover, in
the implementation of optimistic parameter search we deploy projected gradient descent (PGD).
Even though this approach works efficiently for the small dimensional problems such as (137), it
becomes computationally challenging as the dimensionality of the system grows. Nevertheless, our
results show that PGD is effective to find optimistic parameters and as observed in Lale et al. (2022)
yields the superior performance of StabL. with a small margin between TSAC. This difference is in
parallel with the predictions of theory. As we show in our analysis, TS samples an optimistic model
with a fixed probability. However, an effective way of solving the optimistic control design problem
yields optimistic controllers at every time-step and gives more effective control over exploration vs.
exploitation trade-off.
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