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Abstract

The theory of reinforcement learning has focused on two fundamental problems: achieving
low regret, and identifying e-optimal policies. While a simple reduction allows one to apply
a low-regret algorithm to obtain an e-optimal policy and achieve the worst-case optimal rate,
it is unknown whether low-regret algorithms can obtain the instance-optimal rate for policy
identification. We show this is not possible—there exists a fundamental tradeoff between
achieving low regret and identifying an e-optimal policy at the instance-optimal rate.

Motivated by our negative finding, we propose a new measure of instance-dependent
sample complexity for PAC tabular reinforcement learning which explicitly accounts for
the attainable state visitation distributions in the underlying MDP. We then propose and
analyze a novel, planning-based algorithm which attains this sample complexity—yielding a
complexity which scales with the suboptimality gaps and the “reachability” of a state. We
show our algorithm is nearly minimax optimal, and on several examples that our instance-
dependent sample complexity offers significant improvements over worst-case bounds.

1. Introduction

Two of the most fundamental problems in Reinforcement Learning (RL) are regret mini-
mization, and PAC (Probably Approximately Correct) policy identification. In the former
setting, the goal of the agent is simply to play actions that collect sufficient reward in an
online fashion, while in the latter, the goal of the agent is to explore their environment in
order to identify an e-optimal policy with probability 1 — 4.

These objectives are intimately related: for an agent to achieve low-regret they must
play “good” policies, and therefore can solve the PAC problem as well. Indeed, in the worst
case, optimal performance can be achieved by the “online-to-batch” reduction: running a
worst-case optimal regret algorithm for K episodes, and averaging its chosen policies (or
choosing one at random) to make a recommendation. In this paper, we ask if online-to-batch
is all there is to PAC learning. Focusing on the non-generative tabular setting, we ask

Does the online-to-batch reduction yield tight instance-dependent guarantees
in non-generative, tabular PAC reinforcement learning? Or, are there other
algorithmic principles and measures of sample complexity that emerge in the
PAC setting but are absent when studying regret?
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Mirroring recent developments in the regret setting which obtain instance-dependent regret
guarantees, we approach this question from an instance-dependent perspective, and seek to
develop instance-dependent PAC guarantees.

Our focus on the non-generative setting brings to light the role of exploration in learning
good policies. The majority of low-regret algorithms rely on playing actions they believe
will lead to large reward (the principle of optimism) and only explore enough to ensure
they do not overcommit to suboptimal actions. While this is sufficient to balance the
exploration-exploitation tradeoff and induce enough exploration to obtain low regret, as we
will see, when the goal is simply exploration and no concern is given for the online reward
obtained, much more aggressive exploration can be used to efficiently traverse the MDP and
learn a good policy. Hence, in addressing our question above, we aim to understand more
broadly what are the most effective exploration strategies for traversing an unknown MDP
when the goal is to learn a good policy.

1.1. Our Contributions

We demonstrate the importance of non-optimistic planning via three main contributions:

e New measure of instance-dependent complexity. We propose a novel, fully instance-
dependent measure of complexity for MDPs, the gap-visitation complexity:

C(M,e) := Z inf max min =

T s,a

u 1 Wi(s)” | H?|OPT(e)

— wi (s, a)Ap(s,a)?” wi(s,a)e?

where here w7 (s, a) is the probability of visiting (s,a) at step h under policy 7, A(s, a)
is a measure of the suboptimality of choosing action a at state s and step h, Wj(s) is the
mazimum reachability of state s at step h, and OPT(e) is the set of all “near-optimal”
state-action tuples. We show that C(M,¢) is no larger than the minimax optimal PAC
rate, and that in some cases, C(M, ¢) is equivalent to the instance-optimal complexity.

o A novel planning-based algorithm. We propose and analyze a computationally efficient
planning-based algorithm, MoOCA, which returns an e-optimal policy with probability
at least 1 — § after O(C(M,e€) -log1/d) episodes, for finite 6 > 0 and € > 0. Rather
than relying on optimism to guarantee exploration, it employs an aggressive exploration
strategy which seeks to reach states of interest as quickly as possible, coupling this with a
Monte Carlo estimator and action-elimination procedure to identify suboptimal actions.

o [nsufficiency of online-to-batch. We show, through several explicit instances, that low-
regret algorithms cannot achieve our proposed measure of complexity, and indeed can do
arbitrarily worse. This shows that optimistic planning does not suffice to attain sharp
instance-dependent PAC guarantees in tabular reinforcement learning.

A Motivating Example. Consider the MDP in Figure 1. In state sg, action a; is optimal
and transitions to state s; with probability 1 — p and state so with probability p. Action
as is suboptimal and transitions to state sy with probability 1. To learn a good policy, we
need to identify the optimal action in both s; and ss. An optimistic or low-regret algorithm
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will primarily play a1 in sg, as this action is optimal, and it will therefore only reach so
approximately O(pK) times. It follows that a low-regret algorithm will take at least Q(ﬁ)
episodes to learn the optimal action in s3. In contrast, we could instead play as in s,
collecting less reward but learning the optimal action in sy in only Q(ﬁ) episodes. For
small p, this could be arbitrarily better. The following result makes this fof*mal7 illustrating
that for identifying good policies in MDPs, existing low-regret and optimistic approaches

can be highly suboptimal, and more intentional exploration procedures are needed.

Proposition 1 (Informal) On the ezample in Figure 1, any low-regret algorithm must
run for at least K > Q(log 1/ + log 1/5) episodes to identify the optimal policy, while MOCA

A% pA%
will terminate and output the optimal policy after only K < O(% =+ %) episodes.
We stress that our goal in this work is not to
match the § — 0 scaling of the optimal instance- :
dependent lower bound for (e, d)-PAC, but rather to fft;of .
obtain an instance-dependent complexity that cap- action & ) = 0.5+ A,

tures the finite-time difficulty of learning an e-optimal P spa)=1-p, o0
policy, and scales with an intuitive notion of MDP o’
explorability, as in the example above. Even in the
much simpler bandits setting, hitting the instance-
optimal rate usually requires algorithms that “track”
the optimal allocation, which can typically only be ac- ;((Sglvlafz):)oz 1
complished in the aforementioned § — 0 limit, making B
such algorithms impractical in practice (Garivier and
Kaufmann, 2016). In contrast to this approach, we
focus on the non-asymptotic regime, avoiding mixing-
time and tracking arguments, and seeking to instead
obtain “practical” instance-dependence.

“‘ r(s;,a,) = 0.5
o*

r(spap) =1
.

.'~,f(sz|so”11) =p
L d
LN 3
A (s5,a1) = 0.5+ A,
‘O

r(sy, a,) = 0.5

Figure 1: A motivating example

2. Related Work

The literature on PAC RL is vast and dates back at least two decades (Kearns and Singh,
2002; Kakade, 2003). We cannot do it justice here so we review only the most relevant works.

Minimax (€, )-PAC Bounds. The vast majority of work has focused on minimax sample
complexities that hold for any tabular MDP with bounded rewards (Lattimore and Hutter,
2012; Dann and Brunskill, 2015; Azar et al., 2017; Dann et al., 2017, 2019; Ménard et al.,
2020). In addition, a PAC guarantee can be obtained from any low-regret algorithm using
an online-to-batch conversion. If an algorithm has a regret bound of O(vCK), one can
obtain an e-optimal policy with probability 1 — ¢ after K > % episodes, allowing low-regret
algorithms such as (Jin et al., 2018; Zhang et al., 2020b) to solve the PAC problem as well.
See (Jin et al., 2018; Ménard et al., 2020) for a more in-depth discussion of this approach.

Instance-Dependent Regret Bounds for Episodic MDPs. Optimistic planning al-
gorithms have been shown to obtain gap-dependent regret bounds that scale as log(K) -
> sah m(aay (Simchowitz and Jamieson, 2019; Xu et al., 2021; Dann et al., 2021). Using

3
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the online-to-batch conversion, this gives a PAC guarantee scaling as » | sah m . 6%. Ok
et al. (2018) propose an algorithm that achieves instance-optimal regret, though it is not
computationally efficient and asymptotic, T — co. The algorithm of Zanette and Brunskill
(2019), EULER, achieves a first-order style regret bound of \/SAK min{Q, H, G2}, where

Q. and G? are problem-dependent quantities.

Towards Instance-Dependent PAC Learning. To date, only several works have de-
rived instance-dependent PAC bounds in the non-generative setting. Jonsson et al. (2020)
obtains a complexity that scales as the ()-value gap for the first time step but exponentially
in H. Marjani et al. (2021) study the problem of best-policy identification (e = 0), and obtain
an instance-dependent complexity, yet their results are asymptotic (6 — 0). Wagenmaker
et al. (2021) provide an instance-optimal (e, §)-PAC algorithm, to our knowledge the only
such result, yet their result holds only in certain classes of continuous state MDPs.

Generative Model Setting. In the simpler generative model setting, the agent can query
any s and a and observe the next state and reward. Many minimax-style guarantees have
been developed in this setting (Azar et al., 2013; Sidford et al., 2018; Agarwal et al., 2020;
Li et al., 2020). Recently, several instance-dependent results have been shown (Zanette
et al., 2019; Marjani and Proutiere, 2020; Khamaru et al., 2020, 2021). Most relevant is the
work of Zanette et al. (2019) which proposes the BESPOKE algorithm and achieves a sample

complexity of > , %. Note that this always scales at least as Q(S/€?).

Lower Bounds. We are unaware of any instance-dependent lower bound for (e, §)-PAC
for MDPs. However, it is straightforward to obtain lower bounds for exact best policy
identification (e = 0) (Marjani and Proutiere, 2020; Marjani et al., 2021), though such lower
bounds are uninterpretable solutions to non-convex optimization problems. Furthermore, at
present no algorithm is known to hit the best policy identification lower bound.

3. Preliminaries

Notation. We let [N] ={1,2,...,N}. A(X) denotes the set of probability distributions
over a set X. E,[-] denotes the expectation over the trajectories induced by policy = and
P[] denotes the probability measure induced by m. We let 2 refer to inequality up to
absolute constants, and let O(-) hide absolute constants, and O(-) hide absolute constants
as well as polylog terms. In general, we use log to denote the base 2 logarithm.

Markov Decision Processes. We study finite-horizon, time inhomogeneous Markov
Decision Processes (MDPs) given by the tuple M = (S, A, H, {P,}L |, Py, {R,}L ). Here
S is the set of states (S := |S]), A the set of actions (A := |A|), H the horizon, P :
S x A — A(S) the transition kernel at step h, Py € A(S) the initial state distribution, and
Ry, : S x A — A([0,1]) the reward distribution, with r(s,a) = E[R}(s,a)]. We assume that
{P Y Py, and {Rp}L | are all initially unknown to the learner.

An episode is a trajectory {(sh,ah,Rh)}{f:l where s1 ~ Py, Spt1 ~ Pu(+|sn,an), and
Ry, ~ Rp(sn,an). After H steps, the MDP restarts and the process repeats. A policy 7 is a
mapping from states to actions: 7 : S x [H] — A(A). m(als) denotes the probability that 7
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chooses a at (s, h). If for all (s, h), m,(a|s) = 1 for some a, we say 7 is a deterministic policy
and denote 7, (s) the action it chooses at (s, h). Otherwise we say 7 is a stochastic policy.

Given a policy 7, the Q-value function, @™ : S x A x [H] — [0, H], denotes the expected
reward obtained by playing action a in state s at time h, and then playing 7 for all subsequent
time. Formally, it is defined as

Q5 (s,a) :=Ex [Zgthh/(sh/, ap)|sp = s,ap = a].
We also define the value function, V™ : & x [H] — [0, H], as V7 (s) := QF (s, mx(s)). The
@-function satisfies the Bellman equation:
Qh(s.a) = rp(s,a) + 32, Pa(s']s, a) Vi (5).

We let V7, ,(s) =0 and QF (s, a) = 0. We define the optimal Q-function as Qj(s,a) :=
sup, Q7 (s,a), Vi*(s) := sup, V7 (s), and let 7* denote an optimal policy. V" := > Po(s)V{(s)
denotes the value of a policy, the expected reward it will obtain, and V' := sup, V.

Suboptimality Gaps. Critical to our analysis is the concept of a suboptimality gap:
Ap(s,a) == Vi (s) — Qr (s, a).

In words, Ap(s,a) denotes the suboptimality of taking action a in (s, h), and then playing the
optimal policy henceforth. We let AT (s,a) := maxy Q7 (s,a’) — Q7 (s,a) and Apin(s, h) =
Ming.a, (s,a)>0 An(s,a). For action a with Qj (s, a) = max, Q7 (s, a’), we define Ay(s,a) :=
Amin(s, h), so that Ap(s,a) is always non-zero. Throughout the remainder of the body, we
make the following assumption:

Assumption 3.1 (Unique Optimal Actions) For each (s,h), there exists a unique
action, a, such that Q7 (s, a) = maxy Q}(s,a’) —each state has a unique optimal action.

This assumption is purely for notational convenience—all our results hold for MDPs with
multiple optimal actions at each state, as we show in the appendix. Finally, we introduce
the idea of a state-action visitation distribution. We define

wr (s,a) = Prlsp = s,ap = al, wj(s) :=Prlsp = s].

Note that wj(s,a) = mp(als)w](s). We denote the mazimum reachability of (s,h) by
Wh(s) := sup, wj (s), the maximum probability with which we could hope to reach (s, h).

PAC Reinforcement Learning Problem. In this work we study PAC RL. Formally,
in PAC RL, the goal is to, with probability 1 — ¢, identify a policy 7 such that

Vi —Vy <e (3.1)

using as few episodes as possible. We say that a policy satisfying (3.1) is e-optimal and
that an algorithm which returns a policy satisfying (3.1) with probability at least 1 — ¢ is
(¢,0)-PAC. Note that our goal is to find a single policy not a distribution over policies'.

1. That is, we want to find some policy 7 such that Vi — V& < ¢, not a distribution over policies A € A(ID)
such that V5" — 3> 1 A=V5" < e. Note that returning a single policy is the standard goal of PAC RL
found in the literature.
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4. Instance-Dependent PAC Policy Identification

Before stating our main result, we introduce our new notion of sample complexity for MDPs.

Definition 4.1 (Gap-Visitation Complexity) For a given MDP M, we define the gap-
visitation complexity as:

C(M,e) := Zir;fnslzxmin 5

u { 1 Wi (s)2 } | H?|OPT(9)]
h=1

wi (s, a)Ap(s,a)?” wi(s,a)e? €

where the infimum is over all policies, both deterministic and stochastic, and:
OPT(e) :={(s,a,h) : €= Wy(s)Ap(s,a)/3}.

We also define the best-policy gap-visitation complexity as:

d 1
C*(M) = Z inf max

el ™ Ss,a w;{(s,a)Ah(s,a)

3"

Since wf (s,a) = m(als)w] (s), as long as w} (s) > 0 for some 7, we can always choose our
policy such that all actions are supported and wj (s,a) > 0 for all a®. Recall that we have
defined Ap(s,a) so that Ap(s,a) > 0 for all (s,a, h), implying that as e — 0, |OPT(¢)| — 0.
Given this new notion of sample complexity, we are now ready to state our main result.

Theorem 2 There ezists an (¢€,d)-PAC algorithm, MOCA, which with probability at least
1 — 6 terminates after running for at most
CLOT
C(M,e) - Hc, log% 4 = (c)
episodes and returns an e-optimal policy, for lower-order term Cyor(€) = poly(S, A, H,log %, log %)

and cc = polylog(SAH/e). Furthermore, if € < € := min{ming,, Wi(s)Ap(s,a)/3,
2H?S ming ,, Wi(s)}, MOCA terminates after at most

C*(M) - H2cor log & + Clon(©)

6*
episodes and returns ™, the optimal policy, with probability 1 — §.
In addition, MOCA is computationally efficient with computational cost scaling polynomially

in problem parameters. In Section 6, we provide a sketch of the proof of Theorem 2 and
state the definition MOCA. The full proof is deferred to Appendix C.

Wi (s)?
wj (s,a)€?

2. Here, we adopt the convention that, in the trivial case Wj,(s) = 0 (and thus wj, (s,a) = 0),

evaluates to 0.
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4.1. Interpreting the Complexity

Intuitively, the first term in the gap-visitation complexity quantifies how quickly we can
eliminate all actions at least e/W},(s)-suboptimal for all s and h, given that we must explore
in our particular MDP. For a given s and h, if we play policy 7 for K episodes, we will
reach (s, h) on average wj (s)K times. Thus, if we imagine that there is a bandit at (s, h), to
eliminate action a will require that we run for at least W episodes. The following

result makes this rigorous—up to H factors, a complexity of O(C*(M) - log1/d), which
MocA achieves, cannot be improved on in general for best-policy identification.

Proposition 3 Fiz some S > 1,A > 1,H > 1, h € [H], transition kernels {Ph}g;i, and
gaps {gap(s, a) }se[s],ac(a—1) < (0, 1/2)54. Then there exists some MDP M with S states, A
actions, horizon H, transition kernel Py, for h < h — 1, and gaps

Aj(s,a) = gap(s,a), Vs€S,acAa#m(s), Ap(s,a) >1, VseS,ac Ah#h,
such that any (0,06)-PAC algorithm with stopping time Ks requires:

. 1 1
Epm[Ks| 2 inf max oo orrr oy - 1og g5

In this instance, as Ap,(s,a) > 1 for h # h, assuming {Ph}ﬁ is chosen such that Wh( ) is

not too small for each s and h < h, we will have that C*(M) = (’)(mf maxs g W)
h

so Proposition 3 implies that we must have Ex[K5] > Q(C*(M) - log1/d), matching the
upper bound given in Theorem 2 up to H factors.

The second term in C(M, €), H2|OPT(e)|/€2, captures the complexity of ensuring that,
after eliminating e/}, (s)-suboptimal actions, sufficient exploration is performed to guarantee
the returned policy is e-optimal. While this will be no worse than H3SA/€?, it could be
much better, if in our MDP the number of (s, a, h) with Ap(s,a) < e/Wp(s) is small (note
that since Ap(s,a) > Amin(s, h) by definition, OPT(e) will only contain states for which
the minimum non-zero gap is less than €/Wj,(s)). We next obtain the following bounds on
C(M,¢), providing an interpretation of C(M,¢€) in terms of the maximum reachability, and

illustrating C(M, €) is no larger than the minimax optimal complexity. This implies MOCA
SAH

is nearly worst-case optimal, matching the lower bound of Q(
Brunskill (2015) up to H and log factors®.

-log1/6) from Dann and

Proposition 4 The following bounds hold:

1. C(M,e) < 254

. ) .
2. C(M,e) < Zthlzw min{ Wh(S)Alh(s,a) }+ H \OPT( )|

3. C(M,e) < I 1zsa€maX{Ah(sa) . +H2|0PT()\_

3. This lower bound is for the stationary setting. As noted in Ménard et al. (2020), one would expect a lower
bound of Q(S‘Z‘QH3 -log 1/6) in the non-stationary setting, implying Moca is H? off the lower bound.
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In the special case of multi-armed and contextual bandits, the gap-visitation complexity
simplifies considerably.

Proposition 5 If M is a multi-armed bandit, then
C(M,e) =3, min {ﬁ, L}, Cf(M) = Zaﬁ
Furthermore, if M is a contextual bandit, then

C*(M) = max %Zam

The values given here are known to be the optimal problem-dependent constants for both
best arm identification and (e,0)-PAC for multi-armed bandits (Kaufmann et al., 2016;
Degenne and Koolen, 2019). To our knowledge, the lower bound for best-policy identification
in contextual bandits has never been formally stated, yet it is obvious it will take the form of
C*(M) given here. It follows that in the special cases of multi-armed bandits and contextual
bandits, MocCA is instance-optimal, up to logarithmic factors and lower-order terms.

Several additional interpretations of the gap-visitation complexity are given in Ap-
pendix A.2. The above results show that the gap-visitation complexity cleanly interpolates
between the worst-case optimal rate for (e,0)-PAC, and, in certain MDPs, the instance-
optimal rate for best-policy identification. In between these extremes, it captures an
intuitive sense of instance-dependence. As we will show in the following section, this
instance-dependence can offer significant improvements over worst-case optimal approaches.

Remark 4.1 (Comparison to Marjani et al. (2021)) Our notion of best-policy gap-
visitation complexity is closely related to the measure of complexity introduced in Marjani
et al. (2021), though they study the infinite-horizon, discounted case. Notably, however, their
analysis only considers best-policy identification (e = 0) and is purely asymptotic (6 — 0),
while ours holds for 6 > 0 and € > 0. Further, our best-policy gap-visitation complexity offers
a non-trivial improvement over their complexity, scaling as (mins w¥ (s, a)Amin(s, h)?) ™"
instead of (ming Apin(s)? - ming w” (s, 7(s))) ™t which Marjani et al. (2021) obtains.

Remark 4.2 (Dependence on log1/§) While the leading term in the sample complexity
of MOCA only scales as log1/d, the lower order term scales as a suboptimal log® 1/9.
These additional factors of log1/d are due to the regret-minimization algorithm used in
the exploration procedure we employ. We show in Remark D.2 that it can be improved to
log1/d -loglog1/d and leave completely removing the suboptimal § scaling for future work.

Remark 4.3 (Improving H Dependence) As noted above, MOCA attains a worst-case
H dependence that is a factor of H? worse than the lower bound. Our analysis relies on
Hoeffding’s inequality to argue about the concentration of our estimate of Qi(s,a). Rather
than depending on the variance of the next-state value function, our confidence interval
therefore depends on H?, an upper bound on the variance. If desired, we could instead employ
an empirical Bernstein-style inequality (Maurer and Pontil, 2009), which would allow us to
replace this H? scaling with the variance of the reward obtained from playing a at (s,h) and
then playing ™. We believe that this modification may allow us to refine the H dependence
of MOCA. As the focus of this work is obtaining an instance-dependent complexity, we leave
the details of this for future work.
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5. Low-Regret Algorithms are Suboptimal for PAC

Using our instance-dependence complexity, we next show that running a low-regret algorithm
and applying an online-to-batch conversion can be very suboptimal for PAC RL. We first
define a low-regret algorithm and our learning protocol:

Definition 5.1 (Low-Regret Algorithm) We say an algorithm R is a low-regret algo-
vithm if it has expected regret bounded as Regret(K) = S| Ex[Vy — Vi*] < C1K® + Cy,
for some constants C1,Ca, a € (0,1), and where 7y, is the policy R plays at episode k.

Protocol 5.1 (Low-Regret to PAC) We consider the following procedure:

1. Learner runs R satisfying Definition 5.1 for K episodes, collects data Dg(K).

2. Using Or(K) any way it wishes, the learner proposes a (possibly stochastic) policy 7.

Note that the setting considered in Proposition 1 is precisely that considered here. We
now present an additional instance class where any learner following Protocol 5.1 with a low
regret algorithm R is provably suboptimal.

Instance Class 5.1 Given a number of states S € N, consider an MDP with horizon
H =2, S states, and S + 1 actions, defined as in Figure 2.

Similar to the example considered in Proposition 1,

P(s, s a™) _ ’O here a* is the optimal action in every state, yet in state
‘,...1._ .2.5‘ R sg, taking action a; is much more informative. The

* N : following result shows that this structure results in

poor performance for low-regret algorithms.

R
RS P(sy|sp,a

+*~»0 Proposition 6 (Informal) For the MDP in Instance
: Class 5.1 with S states and small enough €, to find an

Plolso.a) =1 \O e-optimal policy with probability 1—6 any learner execut-
ing Protocol 5.1 with a low-regret algorithm satisfying

Definition 5.1 must collect at least Q(Sl%w) episodes.

...... @ /'OO In contrast, on this exzample C*(M) = O(S?) and

S

‘e
0
0
0
e
0
.
.

P(sg| sy, ag) = 1
r(sg,a;) =0, i € [S]

e =1/3, so, for e < 1/3, with_probability 1 — 06, MoCA
terminates and output 7™ in O(poly(S)) episodes.

- m r(sj, a*) =09, je[S]
Action a r(v a)=0.1,1i,j€e[S] : : :
ammnn o In particular, this example shows that there is an ex-
cltion a;
— ponential separation between low-regret algorithms and

MocA. For exponentially small €, learning the optimal
policy following Protocol 5.1 takes ~Q(2S ) samples, yet
Class 5.1 Moca finds the optimal policy in O(poly(S)) samples.

Figure 2: MDP from Instance

Proposition 6 implies that the true complexity of finding a good policy is often much
smaller than the complexity of finding a good policy given that we explore to minimize
regret. The key piece in this example, and the example of Proposition 1, is that the optimal
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action in the initial state is very uninformative—if we want to learn the optimal action in
a subsequent state, we should not take the optimal action in the initial state, but should
instead take an action that leads us to the subsequent state with high probability. Nearly
all existing works rely on algorithms which play policies which converge to a good policy.
For instance-dependent PAC RL, instead of playing good policies, our examples show that
an algorithm ought to explore efficiently, possibly taking very suboptimal actions in the
process, ultimately recommending a good policy. This shortcoming of greedy algorithms
motivates our design of MOCA, where we seek to incorporate this insight.

While it is known that low-regret algorithms are minimax optimal for PAC RL, these
instances show that running a low-regret algorithm and then an online-to-batch procedure is
suboptimal by an arbitrarily large factor for PAC RL. We conclude that minimax optimality
is far from being the complete story for PAC RL, and that if our goal is to simply identify a
good policy, we can do much better than running a low-regret algorithm.

Remark 5.1 (Performance of Optimistic Algorithms) Optimistic algorithms that rely
on standard bonuses will also achieve low regret. This implies that recent works specifically

targeting PAC bounds such as (Dann et al., 2019; Ménard et al., 2020), which rely on

optimism, will also fail to hit the optimal instance-dependent rate, or a rate of O(C(M,e)).

In addition, even works such as Xu et al. (2021) which do not explicitly rely on the principle

of optimism and do not have known O(T®)-style regret bounds can also be shown to fail on

our examples as they only take actions which may be optimal.

6. Algorithm and Techniques

We turn now to the definition of our algorithm, Moca, and sketch out the proof of Theorem 2.
A full algorithm definition is given in Appendix A.3 and detailed proof in Appendix C.

6.1. Compounding Errors

In a standard multi-armed bandit, the value of a particular action is determined solely by
the environment. However, in an MDP, the value of an action depends not only on the
environment, but also on the actions the learner chooses to play in subsequent steps. If we
run a policy 7 after reaching some (s, h), though we may be able to identify the optimal
action to play at (s, h) given that we then play 7, if T is suboptimal, this action may also
be suboptimal. The following result, a refinement of the celebrated performance-difference
lemma (Kakade, 2003), is a key piece in our analysis, allowing us to effectively handle this
compounding nature of errors, and may be of independent interest.

Proposition 7 Assume that for each h and s, T plays an action which is €p,(s)-suboptimal
with respect to 7. That is, max, Q} (s,a) — Q (s, 7h(s)) < en(s). Then the suboptimality of
7 is bounded as: Vi — VJ < Zthl sup, > wi (s)ex(s).

Proposition 7 shows it is sufficient to learn actions that perform well as compared to the best
actions one could take given that 7 is played in subsequent steps. This observation motivates
the basic premise of our algorithm: we treat every state as an individual bandit, and run an
action elimination-style algorithm at each state (Even-Dar et al., 2006) to shrink e (s).

10
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6.2. Efficient Exploration

By Proposition 7, (s,h) adds at most sup, wj, (s)ex(s) = Wh(s)en(s) to the total subopti-
mality. If we play the policy achieving wj (s) = Wj(s) for K episodes, we will reach (s, h)
O(Wh(s)K) times. It follows that we need K 2 Q(W) to learn an €y(s)-optimal
action at (s, h). If we set ex(s) ~ ¢/Wpy(s), the suboptimality of our policy will be propor-
tional to € and we only need K 2> Q(WLQ(S)) the difficulty of reaching a state is balanced by

€

the fact that hard-to-reach states do not contribute significantly to the suboptimality.

Navigating the MDP by Grouping States. Naively performing the above strategy
results in a worst-case sample complexity suboptimal in its dependence on S. To overcome
this, we propose an exploration procedure which groups states—rather than exploring states
individually, it seeks to reach any number of states which are “nearby”, in the sense that a
single policy may reach any of them with similar probability.

To make this practical, we take inspiration from the “reward-free” algorithm of Zhang et al.
(2020a), itself inspired by the classical RMAX algorithm (Brafman and Tennenholtz, 2002).
We create an augmented reward function which gives a reward of “1” to any (s, a) we wish to
visit, and “0” otherwise. We then run a (variance-sensitive) regret minimization algorithm,
EULER (Zanette and Brunskill, 2019), on this modified reward function to generate a set
of policies that can effectively traverse the MDP to visit the desired states. The resulting
algorithm, LEARN2EXPLORE, takes as input some X' C S x A, the (s,a) pairs we wish to
visit, and returns a partition {X;}; of X, a collection of policies {II;};, and values {N;};
satisfying the following guarantee:

Theorem 8 (Performance of Learn2Explore, informal) With high probability, the par-
tition {X;}; returned by LEARN2EXPLORE satisfies sup, Z(s,a)exj w(s,a) < 277+ Moreover,
the policy classes 11; are such that, by executing a single trajectory of each m € Il; once, we
visit every (s,a) € X; at least %Nj times with high probability, where

N; = O(S*A%H*log® 1 /| X\ WS A5 )), 1] = O(27S° A*H* log® 1/5)
Furthermore, LEARN2EXPLORE terminates after at most poly(S, A, H,log é) . % episodes.

In other words, the sets X; are groupings of “nearby” states that are increasingly difficult to
reach, and the sets II; give a policy cover which navigates to each (s,a) € X;. If we wish
to collect n samples from each (s,a) € &}, it will only require running for O(|Il;|n/N;) =
O(27|x\ U;,_:ll Xjr| -n) < O(27SAn) episodes.

6.3. Eliminating Suboptimal Actions

Moca-SE, our primary subroutine, combines both of these insights to eliminate suboptimal
actions and determine an e-optimal 7. Moca-SE proceeds backwards in h, first learning
near-optimal actions in every (s, H), which gives us 7. More generally, at step h, given
some policy {7 }1i_, ., we take an action a and then play {74 }1_, ;. The total reward
obtained, a Monte Carlo rollout of {7y }15_, ;. is an unbiased estimate of Q7 (s,a). Using
these rollouts to estimate Qﬁ(s,a), we eliminate actions suboptimal with respect to 7.

11
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Algorithm 1 Monte Carlo Action Elimination - Single Epoch (Moca-SE(e, §, FinalRound))

1: input: tolerance €, confidence 4, final round flag FinalRound
2: for each (s, h) do // loop over all s,h to learn maximum reachability

3: Attempt to reach (s, h), set /Wh(s) to estimate of Wp,(s)
4: set L. + [log %1, 7in(s) « arbitrary action, A%(s) < A, 2j, + reachable states

5. forh=H,H—1,...,1do // loop over horizon

6: fori=1,2,...,[log Hg‘gJ do // loop over estimated maximum reachability

7 Zpi {s€ 2y + Wi(s) €278, 277}

8: for/=1,...,4 do // loop over tolerance ¢y

9: e« H27! 20« {(s,a) : s€ Zp,ac A7(s), |A(s)] > 1}

10: Run LEARN2EXPLORE to collect O(H2Wj,(s)2/€2) samples from V(s a) € ZL,

11: For all s € Z};, remove actions from Ai_l(s) that are (’)(eg/Wh(s))—suboptimal

12: if FinalRound is true then // ensure T e-optimal

13: Zith o {(s,a) : s € Zp,a € Al (s), | Ak (s)] > 1}

14: Run LEARN2EXPLORE to collect O(H*2721(5) /¢2) samples from V(s,a) € Zf;eﬂ,
where 277(5) is the “group reachability” of s

15: For all s € Z}, remove actions from Af;(s) that are O(2/¢/H)-suboptimal.

16: else

17: Altl(s) « Ale(s) for all s € 2,

18: Set 7 (s) to any action in Ai‘“(s) for all s € Z,

19: return 7, max,p, |.Aff+1(8)\

Proposition 7 then allows us to relate the local suboptimality of an action, max, Qﬁ(s, a) —
Q7 (s, n(s)), to the global suboptimality of 7. Critical to making this procedure efficient,
we apply LEARN2EXPLORE to reach states for which we have not identified the optimal
action. The following results show that this procedure is able to efficiently eliminate
e0/Wi(s) = H27*/Wy(s)-suboptimal actions and that its complexity is bounded by a
quantity reminiscent of C(M, €).

Lemma 6.1 (Informal) With high probability, any a € A% (s) satisfies Ap(s,a) S Z“(S).

Lemma 6.2 (Informal) With high probability, for a given value of h and i, the number
of episodes the loop over £ on Line 8 collects is at most

~ 1 2
(@ <H2 inf max max min { — , I:th(s) 5 }) (6.1)
T s€Zp; a wi(s,a)Ap(s,a)? W (s, a)e

Proof Sketch We first call LEARN2EXPLORE with input set X = Zf;i. Let X,fij denote the
partition of Zf, returned. To collect (5(H2/I/I7h(s)2/e%) samples from each (s,a) € X,fij,
Theorem 8 implies that it suffices to run for approximately 6(2j|2\,’,fij| - H Q/Wh(s)Z/e%)
episodes; implying a total complexity of O(3] ; 27 |X}fij\ -H 2/Wh(5)2 /€7). Theorem 8 also gives

sup min [ wf (s, a) < sup 3 gyere wi(s,a) <270
T

T (s,0)€X,;

12
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Rearranging this gives that

. 1
21X} <inf max ———.
! 4 (Sva)exﬁij w}T{(S’ a)

< Wa(s)

~ € )

Using that Wh(s) ~ W(s), and since actions in stage ¢ are only active if Ap(s,a)
we see that (5(2] 2j\X}fij| . HQ/Wh(S)z/E?) can be bounded by (6.1).
|

6.4. Putting Everything Together: Moca

Algorithm 2 MOnte Carlo Action Elimination (MoOCA)

1: input: tolerance €, confidence ¢

2: form=1,...,[log(H/e)] — 1 do

3: 7™, MaxOpt < Moca-SE(H2™ ™, ﬁ, false)

4 if MaxOpt = 1 then 7™ is optimal, return 7™
5

)
: return MDCA‘SE(G, W7 true)

Our main algorithm, MocCA, calls Moca-SE multiple times with geometrically decreasing
tolerance ¢’. When run with ¢ < € it sets FinalRound = false. If Moca-SE is able to
identify the optimal action in each (s, h), thereby identifying 7*, MOCA simply terminates
and output 7*. However, if this does not occur, on the final call to Moca-SE, when € < e,
we set FinalRound = true, which triggers an additional round of exploration necessary
to guarantee 7 is e-optimal. Critically, while in the first stage we only sample (s,a) in
proportion to the maximum reachability of s, in this stage we sample each (s, a) in proportion
with the reachability of the partition containing (s,a). Combining Theorem 8 with our choice
for the number of samples taken in this final round, we obtain the following guarantees.

Lemma 6.3 (Informal) Anya € A%H(s) satisfies AT (s,a) < O(g5=571)
denotes the index of the partition returned by LEARN2EXPLORE which contains s.

where j(s)

Lemma 6.4 (Informal) If Moca-SE is run with FinalRound = true, the procedure within
the if statement on Line 12 terminates after at most O(H4|Z;;€+1|/62) episodes.

Using Lemma 6.1, one can show that UhfoJrl C OPT(e), so >, |Zf;€+1| < |OPT(¢)|. A
simple calculation combining Lemma 6.3 and Proposition 7 gives that this exploration is
sufficient to guarantee T is e-optimal.

Lemma 6.5 (Informal) With high probability, if MocA-SE is run with FinalRound =
true, it returns a policy ™ which is e-optimal.

Proof Sketch By Proposition 7, we can bound the suboptimality of 7 as:

T H s H T
Vo = Vo < D hmisup 2o gwp(s)en(s) < 30jq 20 sup 2sexteriWh(s)en(s).
T T

13



WAGENMAKER SIMCHOWITZ JAMIESON

By Lemma 6.3, €,(s) < 5577 forall s € X,f;“. By Theorem 8, sup.. Zsex,f§.+1 wr(s) <277,

Thus, the above is bounded as Zthlz - 277 <€, which proves the result. |

___€
jH2- 71

7. Conclusion

In this work, we proposed a new instance-dependent measure of complexity for PAC RL,
the gap-visitation complexity, showed that our algorithm, MocCA, hits this complexity,
and, through several examples, showed that running a low-regret procedure cannot be
instance-optimal for PAC RL. Our work opens several interesting directions for future work.

e While the gap-visitation complexity takes into account the maximum reachability of a
given state, it does not take into account how easily a given state may be reached by a
near-optimal policy. One could imagine an MDP where some state, s, is easily reached
by a suboptimal policy but is never visited by near-optimal policies. In this case, a
PAC algorithm need not learn a good action in this state to return an e-optimal policy,
yet MocaA currently would do so. We believe that this idea—weighting states during
exploration not by their maximum visitation but by their visitation from near-optimal
policies—could be incorporated into our current framework, but leave the details of
this to future work.

e Neither this work nor Marjani et al. (2021) hit the true instance-optimal lower bound
which, as shown in Marjani et al. (2021), is the solution to a non-convex optimization
problem even for best-policy identification. The above discussion suggests that C(M, €)
is not in general the instance-dependent lower bound, though Proposition 3 and
Proposition 5 show that in certain cases it does match the instance-dependent lower
bound. Relating C(M, €) to the true lower bound in general and developing algorithms
that hit the lower bound would both be interesting directions for future work.

e By running an algorithm that achieves gap-dependent logarithmic regret (such as
Simchowitz and Jamieson (2019)) and performing an online-to-batch conversion, one
can obtain a PAC sample complexity of

0< 3 M;) (7.1)

s,a,h:Ap(s,a)>0

While Proposition 4 shows that MOCA achieves a similar complexity, albeit with a

log 1/ scaling, it must also pay for the % term, which could dominate the A}%

(s,a)e
term. We believe removing this term (or showing it is necessary) and obtaining a
sample complexity of the form (7.1) but that scales instead with log 1/ is an important

step in understanding the true complexity of PAC reinforcement learning.
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Appendix A. Full Algorithm Description and Complexity

We turn now to providing several additional interpretations of the gap-visitation complexity
in Appendix A.2, and a full description of MocCA in Appendix A.3. First, however, we
relax the assumption that each state has a unique optimal action, Assumption 3.1, in
Appendix A.1.

A.1. Non-Unique Optimal Actions

Towards relaxing Assumption 3.1, we construct an effective gap, Eh(s, a), which coincides
with Ap(s,a) for states where the optimal action is unique, but could be 0 for states where
the optimal action is non-unique. Formally, the effective gap is defined as follows:

Ap(s,a) a is a suboptimal action
Ap(s,a) == ¢ Amin(s,h) a is the unique action at s, h for which A (s,a) =0
0 a is a non-unique action at s, h for which Ay (s,a) = 0.

We can then define the gap-visitation complexity in terms of the effective gap:

H ) ,
C(M,€) == inf maxmin L | Was) LA |01:T(6)|.
1 wi (s, a)Ap(s,a)? wi (s, a)e c

for:
OPT(e) := {(s,a,h) : €> Wh(s)zh(s,a)/?)}.

Note that this definition coincides with the definition of C(M, €) given in Definition 4.1 in
the case when optimal actions are unique in each state. Theorem 2 holds identically with this
modified definition of the gap-visitation complexity, as do Proposition 4 and Proposition 5.

Note that the best-policy gap-visitation complexity does not have a natural analogue in
the case when some state has a non-unique optimal action. As the best-policy gap-visitation
complexity corresponds to the complexity of finding the optimal policy, and as it is not
possible to guarantee the optimal action has been found if there are multiple optimal actions,
in the case of best-policy identification, we still assume that the MDP has unique optimal
actions in each state.

For the remainder of the appendix, we will consider MDPs that may not have unique
optimal actions, and as such, will use the effective gap throughout.

A.2. Interpreting C(M,e)
Proposition 9 The gap-visitation complexity, C(M,¢€), satisfies
H

Ry 1 . 1 Wh(s)? H?|OPT ()|
C(M,e) —memax ;mm{ﬁh( @ + 2 .

P wy (s) s,a)
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Furthermore, when M has unique optimal actions, the best-policy gap-visitation complexity,

C*(M), satisfies

H
1 1
C*(M) = Zinfmax — Z ~ 3
h=1 o5 W (S) a:Ap(s,a)>0 Ah(&a)

Proof Consider the optimization

min  maxag/Az.
ACA(X) z€X

It is easy to see that

E a; = min maxagz/A;
AEA(X) zeX
zeX

and the optimal A is

PN -
r = .
Zx’EX Qg

For any policy 7, we will have that ) 7 (a|s) = 1, and 75 (a|s) must be a valid distribution
over a. This implies that w] (s,a) = w}(s)mp(als). Now fix 7 for steps B =1,...,h — 1,
then it follows that

. . 1 Wi (s) . 1 IR 1 Wa(s)?
inf max min — y 5 ¢ = inf max ——— max min { = , 5 .
Tho S0 wi(s,a)Ap(s,a)? wj (s, a)e w5 wi(s) a mp(als) Ap(s,a)? €

Now for a given s, we can use that w7 (s) is independent of 7, and apply our above calculation
to get that

2 2
inf ﬂl max L min< = L , Wa (28) Z min , Wh(QS) .
Th 'LUh (S) a 7Th(a|8) Ah(sa a)2 € S a)2 €

As the maximum over s is over a finite set and 7 (-|s) can be chosen independently of 7, (-|s")
for any s # ', we have that

, 1 1 _ 1 Wh(s)? 1 Wh(s)?
1nf max p max min = y 3 max E min , 3 .
™ s wp(s) o mp(als) Ap(s,a)? € (s,a)? €

Since taking an inf over 7 is equivalent to taking an inf over {Wh/}z,;ll and 7y, we can take

1 Wh(5)2
Za: min { Ah ) = } .

The same line of reasoning can be used to obtain the expression for C*(M). [ ]

the inf of this over {wh/}'ﬁ,_:ll to get

. : 1 Wi (s)?
inf max min — o 5 mf max
T sa wi(s,a)Ap(s,a)? wj (s, a)e
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Proposition 10 We can bound

- 4
C(M,e) §Zinfmax — 5
h=1

" s u(s,0)Ag(s,0) 1 gy

where

&h(s, a) e _ < Bnlsa)

Kz(sva) = Wh(s) E 3sa .
SH g = S

Proof Let OPTy(e) = {(s,a) : Ap(s,a)Wy(s)/3 < €} so that OPT(¢) = U,OPT}(€). We
can always bound |OPT},(e)| < SA, and furthermore,
H2|OPT)(e)] . H? H2SA
2 2R in
2 1/|OPTy(e)| - €2’ €2

€

(a) . . [ H* H?*SA
= inf max min{4 —5, —5—
AEA(OPTy,(€)) (s,a)EOPTy, () Asa€2’ €2

. . H? H?SA
< inf max min 5 5

T (s,a)EOPT}(e) wi(s,a)e €
(b) 2H?
< inf

max 5
™ (s,0)€0PTh(e) w] (s, a)e? + &3
where (a) follows since the optimal distribution will simply place a mass of 1/|OPT}(¢)| on
each (s,a) € OPTy(e), and (b) follows since min{1, 1} = maxia 7 < a/Q}rb/T

Consider the distribution 7/ which is a mixture of distribution 7 1/2 of the time, and
the distribution 7" 1/(2SA) of the time, where 7*" is the distribution which achieves

wfh(s) = Wi(s). In other words, we will have w[ (s,a) > w](s,a)/2 + Wi(s)/(2SA).
Given this, we can bound

2
inf max min { 1 Wi(s) 5 }

T s w}{(s,a)ﬁh(s,a)27 wpi (s, a)e

< inf max min 2 2Wh(8)2
X ~ ~ Y T
T T sa Wi (s,a)Ap(s,a)2 + Wi(s)An(s,a)2/SA Wi (s, a)e? + Wy(s)e?/SA
. 2 2
< inf [ max = = + max — 3 5 ]
7 | (s:@)€OPTA(° wT (s,a) Ap(s,a)% + Wi(s)Ap(s,a)2/SA  (s.0)€0PT,(e) W (s, a)e® + €2 /SA

If (s,a) € OPTy(€)¢, then Ap(s,a)Wh(s) > 3¢, so Wi (s)An(s,a)? > 3Ax(s, a)e > €2. Thus,
we can bound the above as

2 2
< inf max = + max } .
4 Ls,a)eopTh(e)c Wi (s,a)An(s,a)? + €2/SA  (s,0)€0PT,(e) W] (s,a)e* + €2 /SA

The result then follows combining this with the bound on given above, and using

H2|OPTy, (¢)]
€2
the definition of AZ(S, a). [ ]
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Proposition 11 We can bound

2
C(M, o) < Z ~1 n H ‘OST(€)|‘
T emax{Ay(s,a), e} €

Proof This follows from Proposition 9 and noting that

1 Wh(s)

. ) 1
o { Wi(s)An(s,a)? € } = min { VWi(s)An(s,a)’ €

. 1 1
<mind =————, 5 ¢-
{Ah(s,a)e € }

Proof [Proof of Proposition 4] Let 7" denote the policy that achieves w}’{Sh (s) = Wx(s).
Consider the state visitation distribution:

7rs/h . . 1 \1.% (8/)
, 2wy (5) Zamm{wh( I ACRIAN: }
wy,(s) = .

. 1 Wi (s')
2 mm{wh(s»&h(sza)?’ = }

Since the set of state visitations realizable on a given MDP is convex and for any realizable
state distribution there exists a policy with that state distribution by Proposition 12, and
since wy, is a convex combination of state visitation distributions, it follows that there exists
some policy 7 such that wj(s) = wf (s). Furthermore, by definition,

asho . 1 Wi (s) . 1 Wh(s)
7 wi (s) Zamm{wh@)ﬁh(s,a)z’ & }:Wh(s). Z“mm{wh<s)zh<s,a)2’ & }

wp(s) = ‘
. 1 Wi (s') : 1 Wi (s")
Zsl’a i { Wi (s')Ap(s'a)2’ € } Zsl’a i { Wi (s)Ap(s'a)2” € }

Thus, since 7 is a feasible policy, using the expression for C(M,€) given in Proposition 9, it
follows that

A s 2 2 €
M0 =Y intmax me{A o) }  HI0PT(0)
h=1 a h )
wind 1 W] HPIOPT()
: ;Z { ()Bn(s,a)? @ }+ -

To obtain the first bound, we use the second bound to get

H2W,(s) _ H3SA
2 S 2

C(M,e) <>

s,a,h

and use that |OPT(e01)| < SAH. [ |

€ €

Proof [Proof of Proposition 5] This follows directly from Proposition 9. |
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A.3. Full Algorithm Description

We turn now to the full definition of our algorithm, MoOCA.

A.3.1. LEARN2EXPLORE OVERVIEW

Algorithm 3 LEARN2EXPLORE
1: function LEARN2EXPLORE(active set X' C Sx.A, step h, confidence §, sampling confidence
dsamp, tolerance erog)

2: if |X| = 0 then return {(0,0,0, 0)};1:0‘%(1/“””

3: for j=1,...,[log(1/e9E)]| do

4: K; « K;(6/[log(1/€L2g)], 0samp) as defined in (D.1), M; < |X|, N; < K;/(4]|X]-
27)

5: X;,11; + FindExplorableSets(X, h,d, K;, N;)

6 X — X\

& return {(Xja ;, Nj, Mj)}j’—‘:%(l/qmﬂ

8:

9: function FINDEXPLORABLESETS(active set X C S x A, step h, confidence ¢, epochs to
run K, samples to collect N)
10: Set r1(s,a) + 1 for (s,a) € X and 0 otherwise, N(s,a,h) - 0,V « 0, 1« 0, j + 1
11: for k=1,2,...,K do
// EULER is as defined in Zanette and Brunskill (2019)

12: Run EULER on reward function ri, get trajectory {(sﬁ, aﬁ, h)}hH:1 and policy
13: N(sk,af) « N(sk,ab)+ 1, T« TTum

14: if N(sF,al) > N, (sf,af) € &, and (s}, af) ¢ Y then

15: Yy« JYyu (wa aﬁ)

16: rffl(s, a) < 1 for (s,a) € X\Y and 0 otherwise

17 jg+1

18: Restart EULER

19: return ), 11

LEARN2EXPLORE is the backbone of our sample collection procedure and is called both in
Line 4 of Moca-SE as well as in CoLLECTSAMPLES. We provide a full analysis of LEARN2EXPLORE
in Appendix D.

A.3.2. Moca-SE OVERVIEW

Given this formal description of LEARN2EXPLORE, we are ready to formally describe the
Moca-SE (single-epoch MOCA) procedure. Assume that we run Moca-SE with tolerance
€ and confidence §. We begin by calling LEARN2EXPLORE on Line 4, which allows us to
form an estimate of Wj(s), the maximum reachability of (s,h). This in turn allows us
to determine which states are efficiently reachable. We let Z;, denote the set of all such
efficiently reachable states at stage h: Wy (s) > 57725, Vs € Z5. All other states have little
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Algorithm 4 Monte Carlo Action Elimination - Single Epoch (Moca-SE(e, §, FinalRound))
1: input: tolerance ¢, confidence ¢, final round ﬂag FinalRound
2: initialize €cxp < 3725, Zh < 0, texp = Mlog —1-T

€exp
3: for each (s, h) do // loop over all s,h to learn maximum reachability
4: {(sth,Hjh, N]‘f”’“‘)}be"p < LEARN2EXPLORE({(s,a)}, h, s%v %, €exp) for arbitrary a € A
5: if Xj@h ={(s,a)} for j € [texp| then Wi(s) « ﬁ;h‘ oz Zh < ZnU{s}
6: set 1. < [log HGZ—%J, 15 < log %, e + [log 2], y(s) « arbitrary action,
AD(s) + A.
7. forh=H,H—1,...,1do // loop over horizon
8: fori=1,2,...,. do // loop over estimated maximum reachability
9 Zhi — {S € Zy Wh(8> S [271',271#1]}
10: for/=1,...,4 do // loop over tolerance ¢y
11: e+ H27 20« {(s,a) : s€ Zpyac A;;—1<s), AT (s)] > 1}
12: nlf» — 21282?:”, ’yfj 2 St for j=1,.
13: hl,{)(f }LE L~ COLLECTSAMPLES(Zﬁz,{nU pa LhT, Hié ,Eg’ép)
14: {AL () sez, <—ELIMINATEACTIDNS(Z£Z-,{X]fij};f:l, hl,{Ae Y(8)}sezir by {75]-};;
15: if FinalRound is true then // ensure T e-optimal
16: Zit {(SZQ)Q : (sfl)Zh,a € Ale(s), |Ase(s)| > 1}
le+1 ,  64H*15:222(— le

17: nj+<—%,’yj+l<—mf0rj—l
18: @f;“ {X&H};e R CDLLECTSAMPLES(ZZ€+1 {nZGH}J 1,h ,H, o)
19: (AT (s )}Sez}l;eJrl < ELiMmInaTEACTIONS(Z) {Xe el pa Dbt

Le Le+1

{Ay ()} ezt b 7T 2D
20: else
21: Abetl(s) « Ale(s) for all s € Z
: h h h

22: Set 7 (s) to any action in A%H(s) for all s € Z,

23: return 7T, max; |Aff+1(3)‘

effect on the performance of any policy and can henceforth be ignored. The following claim
shows that our estimate of Wj(s) is in fact accurate for s € Zj,.

Claim A.1 (Informal) If running Moca-SE, with high probability I//[\/h(s) < Wi(s) <
32Wh(s) for all s € Zy,.

We then proceed to our main loop over h in Line 7. For a fixed h, we loop over ¢ and
form the partition Z;; which contains all s € Z;, with Wh(s) ~ 2% We then proceed to our
action elimination procedure and loop over £ € N, where we eliminate actions at tolerance

= H2~!. For each such ¢, we define Zf;i C S x A as the set of (s,a) for s € Zp;, and a we
have not yet determined are €,_1/Wj(s)-suboptimal. We next run COLLECTSAMPLES on Zj,
and seek to collect nfj = O(H?/(2%¢2)) = O(H?*W),(5)?/€2) from each (s,a) € Z},.

Note that every (s,a) € Z;, has similar maximum reachability W (s) ~ 27%, determined

by index i. Nevertheless, as outlined in Section 6.1, to obtain the proper scaling in S,
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we may still need to group states in a way that allows nearby states to be explored
effectively. Calling LEARN2EXPLORE in COLLECTSAMPLES does just this, efficiently traversing
the MDP to guarantee enough samples are collected from all states in tandem. After running
COLLECTSAMPLES, we run ELIMINATEACTIONS to eliminate suboptimal actions, yielding a set
of candidate €,/W},(s)-suboptimal actions for each (s, h), denoted A/ (s).

The FinalRound flag. Single-episode MOCA is called multiple times by our main algorithm
(Algorithm 5), each with geometrically decreasing tolerance e. For all but the smallest such
€, Moca-SE is run with FinalRound = false, and terminates after the previously described
loop over h, i,/ terminates. The last call to Moca-SE constitutes the “final round”, where we
set FinalRound = true; this calls COLLECTSAMPLES and ELIMINATEACTIONS one more time
for each h.

While the loop with the FinalRound = false is able to eliminate suboptimal actions, it
does not shrink the action set enough to guarantee that the returned policy is e-optimal.
In particular, while each (s,h) pair upon entering this final-round loop is sub-optimal
by at most €,(s) = O(e/Wy(s)), Proposition 7 suggests that we actually need e(s) <
O(e/H -sup, Y ycr wh(s')). To remedy this, FinalRound = true invokes a final step to
ensure the latter bound holds. Critically, while in the previous step we only sampled (s, a)
in proportion with Wj,(s)?, the individual maximum reachability of that state, in this step
we sample each (s,a) in proportion with the reachability of the partition containing (s,a).

This subtlety is indispensable for attaining our instance-dependent sample complexity.

In other words, after forming our set Z,%H of active states and actions correspond-
ing to the minimal error-resolution index ¢ = /. (from the previous argument, this will
only contain states we have not determined the optimal action for and actions that sat-

3e

isfy Ap(s,a) < Wh(s)) and partitioning it into {X,f;.“}j by calling LEARN2EXPLORE, we

seek to collect O(H*27% /€?) from every (s,a) € X,f;“. By Theorem 8, X,f;“ satisfies
sup,. Z(s a)exlett wi(s,a) <2791 so sampling (s, a) O(H*27%7 /€?) times means we sample
) hj

it in proportion to its group reachability squared.

A.3.3. MocA OVERVIEW

Algorithm 5 MOnte Carlo Action Elimination (MocCA)
input: tolerance €], confidence d;.)
Al (s) + A for all s, h
for m=1,...,[log(H/eo1)] — 1 do

€tol(m) H2™™, 5t01(m) A 3?7%12

7", Max0pt < MOCA-SE(€qol(m); Otol(m)> Talse)

if MaxOpt = 1 then

return 7™

-~ - 7S B
7, Max0pt < MocA-SE(etol, 36[10g(}1/et01)'\2 ,true)

return 7

We turn now to our main algorithm, MocA. MoOCA takes as input a tolerance ¢, and
confidence d;o). Were our goal simply to find an €yo-optimal policy, from the above argument
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we could call Moca-SE with tolerance €, and FinalRound = true. However, if € is
small enough that Moca-SE identifies the optimal action in every state, this may result
in overexploring—since once we have identified the optimal action in every state we can
terminate and output the optimal policy. To remedy this, we instead call Moca-SE with
exponentially decreasing tolerance and FinalRound = false. If it returns a set of actions
for every s, h with |Ap(s)| = 1, we can guarantee we have identified the optimal policy, and
simply terminate without overexploring. Note also in this stage, since FinalRound = false,
we do not pay for the O(?—;\Zﬁe+1\) term. If this condition is never met, we simply call
Moca-SE a final time at the end with FinalRound = true to ensure the policy we return is
€tol-Optimal.

A.3.4. HELPER FUNCTION DESCRIPTIONS

Algorithm 6 Moca Helper Functions

1: function CoLLEcTSAMPLES(active set X, allocation {n]}ﬂog Vel

erance d.g, precision €gg)

, step h, policy 7, tol-

2: {(x;,10;, N; )}“Og Veesl LEARN2EXPLORE(X, h, Ocs, W,ecs), D0
3: forgzl,...,ﬂogl/ecsw do Y

4: for 7 € 1I; do

5: Run 7 for T' = [2n;/N;]| times up to level h, then play 7

6: Collect reward rollouts ® < D U {s!, al, Q (sh,ah) Zh’ L REAT
7 return ©, {X;},_ log L/ece

8:

©

: function ELiMINATEACTIONS(active set X, partition {X;}X

{An(s)}sez, level h, thresholds {~; }jzl)
10: for (s,a) € X do

J=1> dataset ©, active actions

11: Np(s,a) « Z 5h7ah7Qh (st al D I{(s},al) = (s,a)}

12: Qh(saa) N, sa) Z (st ab Q" (sh,al))eD (s}, ap,) = (s,a)} - Q (Sh’ah)
13: for j=1,...,kdo

14: for s s.t. Ja with (s,a) € X; do

15: Jj(s) « argmax j’ s.t. 3, (s,a') € Xy

16: Ap(s) < {a € Ap(s) : maxy AL (s Qh(s a') — Qi(s,a) < 'yj(s)}

17: return {Ay(s)}sez

Description of CollectSamples. COLLECTSAMPLES takes as input a set X C S x A,
an allocation {n;};, a timestep h, and a policy 7. In short, CoLLECTSAMPLES first calls
LEARN2EXPLORE on X to obtain a partition {X)};, and then reruns the policies returned by
LEARN2EXPLORE enough times to ensure that every (s,a) € X is reached at least n; times at
timestep h. After reaching (s,a, h), 7 is played, to obtain a Monte Carlo estimate @Z’t(s, a)
of Q}(s,a). COLLECTSAMPLES then returns the data collected and the partition returned by
LEARN2EXPLORE.
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Description of EliminateActions. ELIMINATEACTIONS takes as input aset X C S x A,
a partition of this set {X;};, a dataset ©® generated by COLLECTSAMPLES, a set of active
actions {Ap(s)}s, a timestep h, and a threshold {v;};. For each (s,a) € X, it forms an
estimate of Q;:r(s, a) from the rollouts in ®. Given these estimates, for s such that there
exists a with (s,a) € &j, it removes actions from Aj(s) that are more than -;(,)-suboptimal.

Appendix B. MDP Technical Results

Proof [Proof of Proposition 7] This is a direct consequence of Lemma B.1 since we can
apply this lemma to get that, for arbitrary 7/,

H
= VE = 2RO () = W) = 3 el ()W () = W(s) < 3w e(9)a)
s S =1 5

where we note that w7 (s) = Pp[s; = s] = Py(s). [ |

Lemma B.1 Assume that for each h and s, T plays an action which satisfies
max Q7 (s,a) — QF (s, Tn(s)) < en(s). (B.1)

Then for any h and 7',

Z wh Vh (s)) Z sup Z wi(8)ep (s

h/

Proof We proceed by backwards induction. The base case, h = H, is trivial. Assume that
at level h, for any m,
H

th — V() < D sup Y wip (s )en(s')

!

h=hn T ¢

and that at level h — 1, for each s (B.1) holds. By definition,

Viii(s) = Vh%—l(s) = Qh_1(5,mh-1(5)) — Qh_1(5,Th-1(s))
= Qb1 (s, Th_1(8) — Q-1 (5,7 1(5)) + Qh_1 (s, 7 (5)) — max Qh-1(s,a)

Clearly, QT (s, 7*(s))—max, Q7 ,(s,a) < 0and by assumption max, Q7 _,(s,a)—Qr (s, 7n_1(s)) <
€n—1(s). Furthermore,

Qh—1(s,mh_1(s)) — Qh 1(8; mh_1( th 1('s, 71 () (Vi (s) — Vh( )-
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Then, for any ,

th1 (Vii(s) = Vi (s <th1 Jen—1(s)

where the last inequality follows by the inductive hypothesis and we have used that
Y wh () Paca(s']s, mh_1(5)) = wf (s).
S

where 7},(s) = mp(s) for all B’ < h —2 and n},(s) = 7},(s) for K’ > h — 1. The conclusion
then follows. |

Lemma B.2 Assume that
SUPth Vh (s)) <e and sngng(s’)(V{H(s’) - VI?H(S/)) <€
Then, for any s,
|An(s,a) = Af(s,a)| < e/ Wh(s).
Proof By definition,
|An(s,a) = Af(s,a)] = Vi (s) = Qh(s,a) — (max Qh(s,a) — Q7 (s,a))|
< max{|Vy(s) — max Q7 (s,a)|, Q7 (s.a) — Qh(s, )}
where the last inequality follows since
Vi (s) = Qp(s, ) — (max Qh(s,a') = Qh(s,0)) < Vii(s) - max Qi (s, a)
and
—(Vii(s) = @i(s, @) — (max Qh(s,0') — Qi(5,0))) < Qj(s,a) — Qf (s, a).
Now,
Vi (s) — max Qh(s,a) = Vii(s) = QR (s, n(s)) + Qh (s, 7n(s)) — max Qh(s,a")
< Vi(s) = Vil (s)
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where the inequality follows since, by definition, V;7(s) = Q7 (s, 71 (s)) and Q7 (s, 7T (s)) —
maxy Q7 (s,a’) < 0. By assumption,

SUPth Vh( ) <e

and furthermore, for any s,

SUPth — Vi (s") = Wi(s)(Vii (s) = Vi (5))

so it follows that [V;*(s) — Vi7(s)| < ¢/Wp(s). By definition,

Qp(s,a) — Qh s,a) ZPh (s's, a)(Viga (s s') — Vhﬁ+1(3/))

s’

SO

Wi () (@ (s, @) = Qh(s,@) = D Puls'ls, ) Wi (s) (Vi (8') = Vi (5))

Sl

< sup Y wf () (Vi (s) = Vi ()

s
S/

where the inequality follows since Vj¥, ;(s) > 174 "1 (s), and since
Py(8'|s,a)Wh(s) = Plspy1 = §'|sn = s,an, = a]Pr[sp, = 8] = Pr[spi1 = 8, sp = 8] < Prspy1]

where 7 denotes the policy achieving P, [s, = s] = Wj(s) and 7’ plays m up to h and then
m,(s) = a. Thus, if sup, >, wi (s") (Vi () — V7 (")) < ¢, rearranging the inequalities
gives the result.

|

We are aware of several works which obtain the following result for non-episodic MDPs
(Zimin and Neu, 2013; Puterman, 2014), but present the result for episodic MDPs for
completeness.

Proposition 12 Fiz some MDP M. Then:

1. The set of valid state-action visitation distributions on M is convex.

2. For any valid state-action visitation distribution on M, there exists some policy which
realizes 1t.

Proof The set of valid state-action visitation distributions, W, is defined as

W::{wE[O,l]SAH : I eIl st wp(s,a) = mp(als) ZPh 1(s|s’;a)wp_1(s',a’),Vh > 1,

sa

wo(s,a) = mo(als)Po(s), th(s,a) =1,Vh > 0}

s,a
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where here IT = A(A)H,

Fix some state-action visitation distributions w,w’ € W, and let m and 7’ denote their
correponding policies as above. Furthermore, denote wy(s) = >, wp(s,a) (and similarly for
w'). Our goal is to show that for any ¢ € [0, 1], w = (1 — t)w + tw’ € W. First, we show
that there exists some policy 7 such that

(1 — t)wo (s, a) + twy(s,a) = 7o(als)Po(s).
Note that we can take mo(als) = (1 — t)mo(als) + tnj(als), since
(1 = t)mo(als) + tmj(als))Po(s) = (1 — t)wo(s,a) + twj(s,a).

By construction, for any h > 1,
Wn(s) =Y wn(s,a) = (1 =) > wp(s,a) + 1Y wp(s,a) = (1 - t)wp(s) + tw,(s).
a a a
Furthermore, since w is a valid state-action distribution,

wh(s) = Z Ph—1(5|5,7 a,>wh—1(sl’ (L,)
and similarly for w’. Let 7 (als) = wp(s,a)/wp(s) (where we define 0/0 = 0), and note that
this is a valid distribution since by definition ), wp(s,a) = wy(s). Then,
wh(s,a) = mp(als)wn(s)
n(als)((1 = t)wn(s) + twy,(s))
Tnlals) > Pooa(sls’,a) (1 = thwp_i (s, a') + tw),_y (', a'))

= An(als) Y Pu1(sls’,a')ip_1(s',d)

s’ a’
where the last equality follows by the definition of wy_1. The other constraints are trivial to
verity, so w € W. This proves the first result.

For the second result, take some w € W, and let 7p,(als) = wp(s, a)/wp(s). By definition
this is a valid distribution. Furthermore, it trivially holds that w{ (s, a) = wo(s, a). Assume
that w},_,(s,a) = wp—1(s, a) for all (s,a). By definition and the inductive hypothesis,

wi (s,a) = mp(als) Z Py_1(s|s',aYwf_1(s',a)

s',a’

= 7p(als) Z Py_1(s|s’,a Ywp_1(s,a)

s',a’

which proves the second result. |
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Appendix C. Proof of Theorem 2
In this section we give a formal proof of Theorem 2.

Notation. Throughout the proof, we let €;,; denote the tolerance and d;, the confidence
given as an input to MOCA, and € = €)(n) and & = dyg)(sy) the tolerance and confidence
given as an input to Moca-SE at epoch m of MOCA, respectively. For convenience, we will
also define ¢y = H. For a single call of Moca-SE, we will use the following notation:

e For a given h, i, and ¢, consider the call to CoLLEcTSAMPLES on Line 13, and let
{X}fij};‘: , denote the partition returned by calling LEARN2EXPLORE on Line 2 of
COLLECTSAMPLES. Similarly, let {Hﬁij};f: , and {Nﬁij}é»‘: | denote the policies and
minimum number of samples returned by LEARN2EXPLORE, respectively.

e For a given h, consider the call to CoLLECTSAMPLES on Line 18, and let {Xf;. P
denote the partition returned by calling LEARN2EXPLORE on Line 2 of COLLECTSAMPLES.
As before, let {Hf;jﬂ};-; , and {Nf;;“ i1 denote the policies and minimum number
of samples.

Good Events. We next define the good events, which we will assume hold throughout
the remainder of the proof.

First, let £oxp be the event on which, for all calls to Moca-SE simultaneously:

e Forevery h=1,...,.H,i=1,...,t,£=1,..., 0, we collect at least nfl samples from

each (s,a) € Z{,. Furthermore, U;F:IX,fij = 2!, and X,fij satisfy

sup Z wl(s,a) <2771,

(s,a) EX,fij

e For every h =1,...,H, if Moca-SE is run with FinalRound = true, then we collect

Le+1 Le+1 Le le+1 _ ~l+1
at least n;"" samples from each (s,a) € A},57". Furthermore, U, X7 = Z,°7" and

le+1 .
X, p satisfies

su w(s.a) <279+,
ﬂ_p Z h( ’ )—

‘
(s,a) EX,L§.+1

o Wh(s) < Wh(s) < 32/V[7h(s) for all s € Z,.
e Following Line 7 of Moca-SE, Z; satisfies, for all h,

sup max wp (s) < _c
n SEZf 2H?2S

Next, let et be the event on which, for all calls to Moca-SE,

H2.5

e .
W, V(s,a) S Zh,”Vh S [H],’l/ S [LE],E € [EE]

Q7 (s,a) — Qf(s,a)| <
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e - H25
|Qh,€6+1(37 a) - Qh(sv a)| < Nh(€€+1)

5 (s,a)

where @@(s,a) is the estimate of Q7 (s,a) formed on Line 12 of ELIMINATEACTIONS,

. V(s,a) € Z,Yh € [H]

N,};M(s, a) is the number of samples collected from (s, a, h) at iteration (h, i, ¢), and @2&“(5, a)
and N:(£‘+1)(s, a) are the analogous quantities for the sampling done if FinalRound = true.

We can think of Ecp as the event on which we explore successfully—we reach every state
the desired number of times—and &g the event on which we estimate correctly—our Monte
Carlo estimates of QZ(S, a) concentrate. The following lemma shows that these events hold
with high probability.

Lemma C.1 If we run MOCA, P[Eexp N Eest] > 1 — dtol-

Proof [Proof Sketch] That & holds is simply a consequence of Hoeffding’s inequality
since QT (s, a) will be in [0, H] almost surely. That Eey, holds is a direct consequence of the
correctness of our exploration procedure, as described in Appendix D. We give the full proof
of this result in Appendix C.4. |

C.1. Correctness of Moca-SE.

We next establish that the policy returned by Moca-SE run with tolerance ¢ and FinalRound
= true is e-optimal. To this end, we first show that any action in the active set, Af;(s), will
satisfy a certain suboptimality bound.

Lemma C.2 (Formal Statement of Lemma 6.1 and Lemma 6.3) On the event EestN
Eexps if MOCA-SE is run with tolerance €, for any h € [H| and £ € [l + 1], if |AL(s)| = 1,
then for a € Af(s),

IIlE}X Q/g\(& a/) - Q/g\(sa CL) =0.

Furthermore, if | A5 (s)| > 1, £ < L., and s € Zy; for some i, then any a € Al (s) satisfies

3€p
A < .
h(sva) = 2Wh(8)

Finally, if |.Aff+1(s)\ > 1 and s € Zy, then any a € .Af;“(s) satisfies

~ €

T < °
Ah(S, Cl) = QHLG ] 27j(8)+1
where j(s) = argmax; j s.t. 3a’, (s,a’) € X,f;“.

Proof We first claim that the optimal action with respect to 7 must always be active.

Claim C.3 On the event Eest N Eexp, ]ﬁor any h, s, and £ € [lc + 1], we will have that
a5 (s) € Al (s) where a5 (s) = argmax, Q7 (s, a).
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We prove this claim in Appendix C.4. By construction, we will always have that
|AL(s)] > 1. If | AL (s)| = 1, from Claim C.3 it follows that Af(s) = {a}(s)}, and thus
maxy QF (s,a’) — Q7 (s,a) = 0.

Assume then that | A4 (s)| > 1, £ < £, and s € Zp,;. The result is trivial when ¢ = 0,
since in this case ¢ = H, and we will always have Ay (s,a) < H,Wj(s) < 1. On the event
Eexp, for all i € [1] we will collect at least nf; = 218 . 27225 /€2 samples from (s, a) for
each a € Afl(s), and on & we will then have that

PN ~ H2. ‘
Q. ols,0) = QR (s,0)] < | = = 22"
71

Thus, for any a € A$ (s), we have

max @ﬁg(s, a) — @;:rg(s, a) > max Qﬁ(s, a) — Qg(s, a)—2- 2i€g/29
a’€ AL (s) ’ ’ a’€AL (s)

= mﬁXQﬁ(s, a') — QF(s,a) —2 - 2y /2°
where the equality follows since @ (s) € A¢(s). It follows that if
AT (s,a) = max Q7 (s,d') — Qi (s,a) > 4-2¢;/2°
then

max Q7 ,(s,d') — QF ,(s,a) > 2-2e/2°.
a’€ AL (s) ’ ’
so the exit condition on Line 16 for EL1MINATEACTIONS is met for our choice of fyfj = 2%y /28

(note that in this case, since ’yfj is the same for all ¢, Line 15 has no effect), and therefore
a ¢ AfLH(s). Thus, any a € Affl(s) must satisfy

AT (s,a) < 2'e;/2".

By construction, we will have that Wh(s) € [27%,271] and on Eexp, Wh(s) < Wi(s) <

32/V[7h(s). Thus, we can upper bound

~ - 2¢yp 32 - 2¢y €r
AT (s,a) < 2%/27 < — < = .
A(5,0) < Fer/27 < Wi(s)27 — Wr(s)2T  2Wp(s)

Finally, the following claim, proved in Appendix C.4, allows us to relate Ai(s, a) to Ap(s,a):

Claim C.4 On the event Eest N Eexp, for any (s, a, h), we will have | AT (s,a) — Ap(s,a)| <
€/Wh(s).

Applying Claim C.4, we can lower bound A7 (s,a) > Ay(s,a) — ¢/Wi(s) > Ap(s,a) —
e0/Wh(s). Rearranging this gives the second conclusion.
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The argument for the third conclusion is similar to the preceding argument. However,
we now have the extra subtlety that for a # o’ with a,d’ € Aié(s), we may collect a
different number of samples from (s, a) and (s, a’) since it’s possible that (s,a) € Xf;“ and

(s,d’) € X}f;.frl for j # j'. Denote

j(s) = argmaxj s.t. da,(s,a)€ XI%H'
J
Note that, on Eexp, we are guaranteed that there exists some j € [ic] such that (s,a) € Xff;“

so j(s) is always well-defined. We can repeat the above argument, but now we can only
guarantee that

|Q\;L/F,ZE+1(S’ a) - Qg(S, CL)| <

since we can only guarantee we collect nﬁe(:)l samples from each (s,a),a € Afj(s). It again

follows that if

~ €
AT >4 - -
hs.0) 2 4 o oo

then

s A~ €
max  Qp . 41(s,0") — Qf 4 1i(s50) 220 ——————.
aedlss) e 8H 1 279()HT

As this is precisely the elimination criteria used in ELIMINATEACTIONS, it follows that a will
be eliminated. Thus, all a € Afj“(s) must satisfy

€

Aj(s,a) <4- W

which gives the third conclusion.
|

Lemma C.2 and the definition of &y, then let us prove that MOCA returns an e-optimal
policy.

Lemma C.5 (Formal Statement of Lemma 6.5) On the event st N Eexp, if MOCA-SE
18 Tun with tolerance € and FinalRound = true, then the policy T returned by Moca-SE is
e-suboptimal.

Proof Proposition 7 gives that, if 7 satisfies max, Q7 (s,a) — Q7 (s, 7n(s)) < ex(s) for all h
and s, then 7 is at most

H
ngprg(s)eh(s) (C.1)
h=1 s

suboptimal. When running Algorithm 4, for a particular h every state s can be classified in
one of three ways:
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e s ¢& Zp,: In this case, on Eexp we will have sup, w7 (s) < e/(2H2S) and €,(s) < H.

e s € 2 and \Af;“ (s)| = 1: In this case, by Lemma C.2, since T only takes actions
that are in .A%H(s), we will have €,(s) = max, Q7 (s,a) — QF (s, 7 (s)) = 0.
o s€ 2y, |Afj+1(s)| > 1: Then we can apply Lemma C.2 to get

7 Flo = €
en(s) = max Qf (5, ) = QR(s n(5)) < 5y

Let /'F] ={s : j(s) =j} and note that {s € Z, : ].A%H( )| >1} U X since, on Eexp,
for every s satisfying s € Zp, \Afj“ (s)] > 1, we will have (s,a) € Zf; AT for some a, so we
must have that (s,a) € X,f;“ for some j € [t¢]. Furthermore, by definition of j(s), if s € ./“?j,
then (s,a) € Xfﬁﬂ for some a. Then, plugging all of this into Equation (C.1), on Eexp,

ZSUprh s)en(s <Zsup22wh +HZsuprh

J=1 seX; sEZf
2HL ZsupZth )20(s —i—HZsuprh
J=1seX; sE€EZP
(i) 2223 ! Z (s,a) —i—HZsuprh
 h=1j=1 ( a)exfe,“ s€Zy
< " gi-1g-it1 + H

<e€

where (a) holds since for s € )?j, j(s) = j, and since we can always choose 7 so that 7, (s) = a
so wj (s,a) = wj(s). It follows that 7 is at most e-suboptimal. [ |

C.2. Sample Complexity

We turn now to establishing a bound on the sample complexity of MocaA. We first bound
the complexity of a single call to COLLECTSAMPLES.

€exp

g . .
Lemma C.6 COLLECTSAMPLES (th,{nw}j Lh T, HLJ , ~55>) terminates in at most

cH? /,51,6 poly(S A, H,log1/d,log1/€)
ZW 2. Wil ;
(s,a)eX h”

episodes and COLLECTSAMPLES (Zé etl {nz etl

] LhT, H, eg’ép) terminates in at most

poly(S, A, H,log1/6,log 1/¢)

€

cH* L6L€ ’ZE +1‘

episodes.
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Proof Recall that €exp = 57725 The complexity of COLLECTSAMPLES(Zh ,nz, h,T, Hi&’ 51575)
can be bounded by the sum of the complexity of calling LEARN2EXPLORE to learn a set of
exploration policies, and the complexity of playing these policies to collect samples. By
Theorem 13, we can bound the complexity of calling LEARN2EXPLORE by

256 H2S
)
CK(HLJE ; Osamp; Le)
here uamp = 7 L < % Asshown in Appendix D, Cx(+0,d
WIeTe Osamp = 7, 7. " ; max; nl, — 207 H31520; " S shown 1n Appendix D, K(HL 7 sampvbe)
€ ij evE ete

S,A,H,log 1/¢,Jog1/6)
p .

is poly (S, A, H,log 1/¢,log 1/6), so this entire term is poly(
Since rerunning the policies in Hf;z- ; yields at least N f;i ; /2 samples from each (s,a) in X fn. i

E . . o .
if we desire i samples from each (s, a), the complexity of running the policies returned by

LEARN2EXPLORE in order to collect the desired samples is clearly given by
l 4
Z ’H z]| 2nij/Nhij-"

By the construction of Hf;i ; and definition of N f;i ; given in LEARN2EXPLORE, we have that
4
|th] |

4
AME, 2

. ) y
|H}n]| = QJCK(ﬁa(Ssampaj)a Nhij

L tet1 4 24 4 {
where My = 32555 | X and X hz(L 1) = Zni\ Uiy Ay As we are on Eep, 2y =

X}fl], SO ’Xffi(L5+l)| = 0. It follows that the complex1ty can be upper bounded as

Le

Le Le

TN ingl ol j :

Z |thg |[2n3;/ N1 < 8 Z 2 My;jmi; + Z QJCK(HizG , Osamp, )
=1 j=1 j=1

Le
] / ¢ e+1
< SZWMm‘jnij +2F CK(ﬁ’ésamp’ te)

j=1
O 2TH s &
2226 ZQJMMJ +21Cx (HL 7. , Osamp, Le)

7j=1

The term QLCHCK(%E&, dsamp Le) 18 pOly(S’A’H’IZg 1/elog1/9) by definition of ¢, and Ck. Fur-

thermore,

Le
i Al 4
22]Mhm Z2j Z |Xh7,j ‘ < L622]|Xhz]|
j:]_ : ],__]
We can therefore bound

Le

21T 2,5 cH? L(;Le %1 Aol
2226 Z QJM]”] — Z 2] Z|Xh1]|
E j=1
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Finally, using that on Eep Wi(s) > /Wh( ), and that all (s,a) € Xf; have a value of Wh( )
within a factor of 2 of every other, we can upper bound 2% < 4Wh( ) for any (s,a) € X,fij.
This completes the proof of the first claim.

The second claim follows similarly. By the same argument as above, we can upper bound

the sample complexity of calling CoLLECTSAMPLES(Z[&Jrl {néﬁﬂ} h,m, %, o) as

Jj=D

Z ‘H&—l—l Z€+1/NZ€+1-| + pOly(S7 A> H7 log 1/61 IOg 1/5)
€

S ly(S, A, H,log1/e,log1/6)
<8 2]M£€4+1 €€+1 po s <1y Loy )
= Z g T €

(a) cH4, 12 . —7 asle+1 pOl}I(Sa Aa Ha lOg 1/€>10g 1/5)

. €
J=1

() cH? L5L ’ZZ +1’ pOIY(Sv A, H, log 1/6) 1Og 1/6)
€

where (a) follows by our setting of ne 1 and (b) follows since M, f;;ﬂ < |Zf;5+1|. The second
conclusion follows. |

Using this, we show our main sample complexity lemma.

Lemma C.7 (Formal Statement of Lemma 6.2) On the event st NEexp, for a given
h and i, the loop over £ on Line 10 of Moca-SE will take at most

1 W 2
cH?152(, inf max max min — ,— n(s) _
T SEZp; a wZ(s,a)Ah(s,a)z wh(S,a)e

episodes. Furthermore, the total complexity of calling Moca-SE with FinalRound = false is
bounded by:

il 1 Wh(s)? } n poly(S, A, H,log1/e,log1/6)
2

H CL(;L?’E Zlnfmaxmm — y
i e wg(s,a)Ah(s,a)z wi (s, a)e €

for a universal constant c.
Proof With FinalRound = false, the complexity of Moca-SE is given by the complexity
incurred calling LEARN2EXPLORE on Line 4 and calling CoLLECTSAMPLES on Line 13. By

Theorem 13 and since we call LEARN2EXPLORE at most S H times, we can bound the complexity
of calling LEARN2EXPLORE by

poly (S, A, H,log1/¢e,log1/4)

€

Next, we turn to upper bounding the sample complexity of LEARN2EXPLORE. We can lower
bound

]Xhm|sup min  wj(s,a) < sup Z h(s,a).
( )GXhz] (S a)e hzy
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50, on Eexp, 20 < 2(\Xf;ij| SUP; N )t w7 (s,a))!. Plugging this into the bound given
) i

in Lemma C.6, we can bound the leading term in the sample complexity of a single call to

COLLECTSAMPLES as

cH? 1,5[,6 CH2L51,6
> % wiers

(s,a)eX h”

Le

1
Wi(s)?
j=1 | h”| 2P mln(s a)eX‘ wh( @) (s, a)ze;\’hw

(a) H2 le 2
&St N g RS
€ T (s,a)eXt,, wi (s, a)

l j=1
cH? 1512 Wi(s)?
< ———inf max max =~ ——
€ T jE{Lite} (s.a) XL, wi (s, a)

where (a) holds since all s € X,f have values of Wh( ) within a constant factor of each
other, and since on Eexp Wh( ) < Wh(s) < 32Wh(s), which together imply that

max Wy(s) < ¢ min W(s).

SEXhz] SEXMJ

If (s,a) € Xfij, then we must have that (s,a) € Zﬁ since Xe - Zf”, and, by the definition
of 2{,, a € A7 (s) and |AL 7 (s)| > 1. Lemma C.2 gives that any a € Ab1(s) satisfies
Ap(s,a) < 3ep—1/(2Wh(s)). Since |Af;1(s)] > 1, it follows there exists a,a’, a # a, such
that

Ap(s,a) <3ep—1/(2Wh(s)) and Ap(s,a’) < 3ep_1/(2Wh(s)).
Thus, if (s,a) € X}f.. L= L < 9 _ _ and ﬁ - L
14

9
i) AeZ € 4 AW (s)2An(s,a)? € 4 < AW (s)2Ap(s,a’)??

1 9 2 2
e < I o) A, G aE A G Note that max{Ay(s,a)?, Ap(s,a’)*} >

Ap(s,a)? since if Ay (s, a) = 0, we will have max{Ap (s, a)2, Ap(s,a’)2} = Ap(s, a’)?, so either
a is the unique optimal action at (s, h), in which case Ap(s,a’) > Anpin(s, h) = Ap(s,a), or
there are multiple optimal actions, in which case Ap(s,a’) > 0 = Ay(s,a). Thus,

which implies

CH2L5L2 ) Wh(8)2
721nf' max max ———
€ T je{l e} (s,0)€X],; wi (s, a)

Y
T je{l e} (s,0)EX],; 2" wl(s,a)er

1 2
<CH2L5L inf max min — , I:th(S) 5 (-
T (s,a)€ZL, wi(s,a)Ap(s,a)? Wi (s, a)e;

2
<CH21,51, inf max max min 1~ Wi(s)
wi(s,a)Ap(s,a)

Summing over ¢ and using that for all (s,a) € Zf;i, s € Zp;, proves the first conclusion.
Summing over ¢, and h gives

H
ZZS 1 W (5)2
cHQL(sLEEEinf max min{ — 7 ﬂh(s) }
u SEZ}”',G

h=1 i=1 Wi (s,a)Ap(s,a)? Wi (s, a)e?

39



WAGENMAKER SIMCHOWITZ JAMIESON

H
1 W, 2
§0H2L5L§€€Zinfmaxmin _ , Wh(s) St
= wi(s,a)Ap(s,a)? w(s,a)e

This proves the result. |

Finally, we bound the complexity of calling Moca-SE with FinalRound = true.

Lemma C.8 (Formal Statement of Lemma 6.4) On the event Eest NEexp, if MOCA-SE
1s called with FinalRound = true, the procedure within the if statement on Line 15 will
terminate after collecting at most

cH* 1502 poly(S, A, H,log1/4,1og 1/¢)

€ Z€€+1
€2 2+ €

episodes. Furthermore, the total complezity of calling Moca-SE with FinalRound = true is
bounded by:

poly(S, A, H,log1/e,log1/0)

€

H?c5030 - C(M,€) +

for a universal constant c.

Proof The only additional samples taken when running Moca-SE with FinalRound = true
as compared to running it with FinalRound = false is incurred by calling COLLECTSAMPLES
on Line 18 of Moca-SE. Thus, the total complexity can be bounded by adding the complexity
bound from Lemma C.7 to this additional cost.

In particular, by Lemma C.6, this additional call of CoLLEcTSAMPLES will require at most
cH% 502 poly(S, A, H,log1/6,log 1/€)

€ ng-i-l
2 12, + c

episodes to terminate, from which the first conclusion follows. We can repeat the argument
from the proof of Lemma C.7 to get that fo“ C Wf;eﬂ, where we define W, := {(s,a) :

5 € Zp,3ad’ # a,max{Ap(s,a), Ap(s,a’)} < 3ep.—1/(2Whr(s))}. However, note that e, 1 <
2¢, and the condition Ja’ # a, max{Ap(s,a), Ap(s,a’)} < 3er,—1/(2Wh(s)) implies Ap(s,a) <
3ep.—1/(2Wp(s)). It follows that
Wit ¢ {(s,a) . An(s,a) < 3e/Wh(s)} —: OPT(e, h)
Summing over h gives the result.
|

C.3. Proof of Theorem 2

We are finally ready to complete the proof of Theorem 2.

Proof [Proof of Theorem 2] Note that P[Eegt N Eexp] > 1 — 0 by Lemma C.1. We will assume
for the remainder of the proof that this event holds.
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Case 1: €y, > min{ming,p, Wh(s)ﬁh(s, a)/3,2H?S ming , Wi(s)}. In this case, that the
policy returned is eto-optimal is guaranteed by Lemma C.5 since the final call to Moca-SE is
run with FinalRound = true. To bound the sample complexity, we can then simply combine
Lemma C.7 and Lemma C.8, which gives that the total sample complexity is bounded as
(using that €yg)(m) > €to1 and that dyoi(m) > drol/(36[log H/eio]?) =: 6'):

[log H/etor|—1 H 1 Wi (s)?
m=1 =1 7 wy (s,a)Ap(s, a) wh(s’a)etol(m)

1 Wi(s)?
+ H?cu5 . inf max min = )
el 6‘001 et 1 i; {wg(87 Q)Ah(s’ CL)2 wZ(S, a)EEOI
+ cH5,,02  |OPT (€101 | o Nog H/eal] - poly (S, A, H, log 1/eio1, 10g1/d01)

2
€iol €tol

This can be upper bounded as

H
1 Wh(s)?
[og H /el - H?cus qulﬁetol . Z inf max min{ —~ , n(s) }

h=1 wi (s,a)Ap(s, a)? wz’{(sja)ffol

cH'yi2,, [ OPT(ewo)| | poly(S, A, H,log /et g 1/31c1)

2
€tol €tol

This and the definition of C(M, €) gives the first conclusion of Theorem 2.

Case 2: €, < min{minggp Wh(s)ﬁh(s, a)/3,2H*S ming p, Wi(s)}. As we showed in the
proof of Lemma C.8, we will have that fo“ C OPT(e,h). Therefore, if for all (s,a),
Ap(s,a) > 3¢/Wp(s), we will have that |Zf;€+1 = 0, which implies that for every s € Zj,
\Aie(s)| = 1. Furthermore, on ey, we will have that Zj, = S x A if 5z < ming Wy (s). If
each of these conditions hold for all A, then the returned sets Ak (s) will satisty [ AT (s)]
for all s and h.

It follows then that if e < min{ming g4 Wh(s)ﬁh(s, a)/3,2H?S ming , Wj(s)}, either
Etol(m) < Min{ming g p, Wi(s)An(s,a)/3,2H2S ming ,, Wj(s)} for some m, in which case the
above condition will be met, and the termination criteria on Line 6 of Moca will be satisfied,
or

Etol(m) = min{gni% Wi(s)An(s,a)/3,2H%S I?lhn Wh(s)},

[aad]

and MocA will reach the final call of Moca-SE with FinalRound = true. In the former case,
letting m denote the value of m at which MOCA terminates, the total sample complexity
will be bounded as, using the same argument as in Case 1,

) £ 1 Wi(s)?
Z Cb‘stol(m) Gtol(m) etol(m) Zm maxmm — ,— 5

1 - Wi (s,a)An(s,a)? Wi (s, )€
+ m- pOIY(Sa A7 Ha IOg 1/€t01(ﬁ1)7 log 1/5t01(ﬁ1))

€tol(m)
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H 2
1
< mHQCL(stol(m)L‘:’tol(m)f%l(m) . Z inf max min { = y— Wh(sl }
fm s Wi (s,a)An(s, a)? wh(sva)ﬁtol(m)
+ pOIy(S7 A? H7 log 1/6t01(m) ) log 1/51',01(771))
€tol(1n)

and note that €y(m—1) > min{ming . Wh(s)ﬁh(s, a)/3,2H?S ming ,, Wj(s)}, since we did

not terminate at round m—1, implying that €;o1(,7) > 2min{min, 4 , Wh(s)ﬁh(s, a)/3,2H%S mins , Wi (s)}.
)

= ————, so we can also bound
36 log €tol(m)

Note also that dyo1(m)
log 1/0401(m) < O(log 1/d01 + log log(2 min{mi% Wi(s)An(s,a)/3,2H%S mihn Wi(s)})).

Together these give the bound stated in Theorem 2.

In the latter case, when we do not terminate early at Line 6, the same sample complexity
bound applies but with €y)() replaced by €1, since if \Z£€+1| = 0, the final call to
CoLLECTSAMPLES in Line 18 of Moca-SE will not collect any samples. As before, in this case
we can lower bound

€tol > 2min{mi% Wi (s)An(s,a)/3,2H%S mihn Wh(s)}

from which the bound follows.

It remains to show that # = #*. This follows inductively from Lemma C.2 since

if |A%(s)| = 1, this implies that for a € A%(s), a = 75 (s). Then if we assume that
T (s) = 5 (s) for all s and b/ > h, if | A% (s)| = 1 this implies that for a € A% (s), a = 73 (s)
since, by Lemma C.2, in this case

max Q7 (s,d') — QF(s,a) =0

but Q7 (s,a”) = Q% (s,a”). Thus, it follows that 7 = 7*, which completes the proof.

C.4. Proofs of Additional Lemmas and Claims

Proof [Proof of Lemma C.1] £t holds. That Ees holds with probability 1 — d¢01/2 follows
directly from Hoeffding’s inequality and a union bound, since QZ’t(sz, al) < H almost surely.
In particular, note that for any given call to Moca-SE, we will form at most SAH (¢ + 1)
estimates of Qi(s,a). By Hoeffding’s inequality and our choice of ¢5, that each of these
estimates concentrates as given on Eest then holds with probability

J

L= SAH b+ 1) oo+

=1-4.

With our choice of d¢1(m) = 3%7%12’ union bounding over this holding for each call to Moca-SE,
we then have that et holds with probability at least

og H/c . »
1— ol > 2ol

which is the desired result.
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Eexp holds.  We show that the desired events hold for a single call of Moca-SE, then union
bound over all calls to Moca-SE to get the final result. Let £y, denote the event on which
all conditions of E.xp hold for the mth call to Moca-SE.

Assume that we run Moca-SE with tolerance €y(,,) and confidence dyo)(m)- Let Eh
denote the success event of calling LEARN2EXPLORE on Line 4, 4t denote the success event
of calling LEARN2EXPLORE in the call to COLLECTSAMPLES at iteration (h,%,¢) on Line 13,
and &l the success event of calling LEARN2EXPLORE in the call to COLLECTSAMPLES on
Line 18. By Theorem 13 and the confidence with which we call LEARNQEXPLORE, we have
that P[ELQE] - 5tol(m)/SH [51?215] > 1- 6tol(m)/(HL€€€)7 and P[ngE] - 5tol(m)/H-
Union boundlng over these events, and using that there are at most H.le 1ndices (h,i,0),
we get that the event

(Nsn€ize) N (NS NEZy N ElE) N (MR Ele)
holds with probability at least 1 — 36¢51(m)-
That

wp Y wf(sa) <2790

(s, a)GXh”

for j € [1], is a direct consequence of £%E holding, and similarly that

su T < 27iHt
7rp Z Wy, (Sa a) >~
(s,a)€X£;+1

holds for j € [1], is a direct consequence of Ef. In addition, that

sup max wj, (s) < .
T S€EZ; QHQS

holds for all h is immediate on N, &L

On the event &ML, if we run the policies returned by LEARN2EXPLORE for some j €

{1,...,t}, I .., Theorem 13 and our choice of dsamp gives that we will collect at least
1 Ngw
As CoLLECTSAMPLES runs each policy [2nfl/N£iﬂ times, it follows that we will collect at
least [2nf /Nﬁij] le{w > nf, samples from each (s,a) € Xfij with probability at least
1-— 5t01(m)/(HL?£€n“) [271{1-/]\752-]-] > 1 — 3by01(m)/ (Ht2le). Union bounding over this for
each h,i, and j € [1] gives that with probability at least 1 — 3d,1(m), We collect at least

nfl samples from each (s,a) € X,f The same argument gives that with probability at least

£+1

hij»
samples from each (s,a) € Xfij with probability at least 1 — 5t01(m)/(HLz€€nfl).

1 — 30t01(m) we collect at least n;"" samples from each (s,a) € Xf;“, j=1,...,t,h € [H].

Relating /Wh( ) to Wp(s). It remains to show that Wh(s) < Wh(s) < 32/W7h(s) for all
s € Zp, U Xl = 21, and Ul X‘e“ Zitt,

hij —
We ﬁrst show Wh(s) < Wi(s) < 32/W7h(s). Consider running LEARN2EXPLORE with
= {(s,a)} for arbitrary a and assume that th is the returned partition containing (s, a).
By Theorem 13, on &2 we will have that

Whi(s) < oIl
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and, furthermore, that with probability at least 1/2, if we rerun all policies in Hj-h returned
by LEARN2EXPLORE, we will obtain at least th/Z = |Hj-h|/(8]2(|2j) = |Hj-h|/(8 - 27) samples
from (s, a,h).

Let X be a random variable which is the count of total samples collected in (s, a, h) when
running 7y € Hjh. Then Markov’s inequality and the above property of Hjh gives

1 2E[X 2[TIsh | .
5gIP[XzJ\f;hm]g N sthhsa_ NhWh()_s-WWh()
J TrGHSh
Rearranging this and recalling that we set Wh(s) = ﬁ, we have that Wh(s) < Wh(s).

However, we also have
Wi(s) < 27941 = 32W,(s).

This proves that /Wh( ) < Wi(s) < 32/W7h( ).

Now note that any s € Z, has Wh( ) > ;;‘}11(,’2"%, which, combined with the above, implies

that Wp(s) > ;;OIZ(,ZLS), Fix (h,1i,¢), and note that the call to LEARN2EXPLORE in the call to
CoLLECTSAMPLES for index (h, 4, /) uses input tolerance EZ’II{(’%. Theorem 13 then gives that,

on &L we will have

- €tol(m)
sup > wi(s,0) < cm e
(5,a)€Zﬁ \( Xﬁw)

However, as Wi (s') < sup, >, Q)EZLNUI, AL, )w}{(s a) for any (s',a) € Z,f.\( X,fzj)

will have that any (s,a) € Zf;i\( LX) has Wh(s) < Selm) - This is a contradiction since

hij 64H2S "

we know Wp(s) > 3;“’;;’;“; for any (s a) € 2Z{.. Thus, we must have that Zﬁi\( Xffw) 0
SO U Xf;l] ZﬁZ The same argument shows that ULe X&H Zﬁeﬂ.

Completing the proof. We have therefore shown that P[E%,] > 1 — 9d;4)(mm). Union
bounding over all m, by our choice of dio1(,) = 3‘;m2, we have that

[log H/e] s
]p[gexp] — ]P)[ hogH/J exp > 1— Z 9 tol > _5t01/2.
Union bounding over €y, and Eqg; then gives the result. [ ]

Proof [Proof of Claim C.3] We proceed by induction. Consider some s € Z;. The base case
is trivial as A (s) = A. Fix some ¢ < £ and assume that a}(s) € A5~ '(s) and | A, (s)] > 1.

2 samples from (s, a) for

Then, on Eep, we can guarantee that we will collect at least 2 537 e2
14

each a € A, On the event E., it then follows that for each a € .Agfl(s),
h h

Q7 (5, a) — Qfi(s,a)] < 27er/2°.

44



BEYOND NO REGRET: INSTANCE-DEPENDENT PAC REINFORCEMENT LEARNING

Thus, since by assumption @ (s) € AL (s),
o Qe = QLT < max Qf(s.0) = QFe3i(s) +2-Yer/2
<2-2%,/2°
= ’ij
for any j, so the exit condition on Line 16 of ELI1MINATEACTIONS is not met for @j(s), and

thus @ (s) € A (s). The result follows analogously if £ = /. + 1, in which case we simply use
the different values of n and ~.

Now if (s,a) ¢ Z;, for all a, that means we will never remove arms from Af (s) again.
However, by the above inductive argument, if ¢ is the last round such that (s,a) € Zf;; for
some a, we will have that @ (s) € A/ (s), so it follows that s € Af (s).

Finally, if s & 25, then we will never remove an arm from A (s), and since A (s) = A,
the conclusion follows trivially. |

Proof [Proof of Claim C.4] In Lemma C.5, we showed that the local suboptimality bounds
of 7, e,(s), satisfy

H
Z Sl71rp Z wr, (s)ep(s) < e
h=1 s

By Lemma B.1, it follows that for any 7’ and any h,
th Vh ( Z Suprh/ Eh/
W=h

The result then follows from Lemma B.2. [ |

Appendix D. Learning to Explore

Define the following value:

2SAH
6 Y

K;(8, Ssamp) = {2@‘ max {288c§uS2A2H(i + 3) log(576¢ou SAH (i + 3)), 288¢2, S2A? H log

4SAH

samp

204852 A% log , 2560, SP AZH (i 4+ 9) log® (512¢eu SAH (i + 9))

(D.1)

128¢6uS3 A2 H* 1og? 25?}[ +8H 1o ;H
= 2iCK((5, dsamps %)

and note that Ck (0, dsamp, %) = poly(S, A, H,log1/6,10g 1/6samp, ?)-
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Remark D.1 The exploration procedure of FindExplorableSets is potentially quite waste-
ful as we restart EULER every time the desired number of samples for a given state is collected.
This could likely be improved on by instead running a regret-minimization algorithm that is
able to handle time-varying rewards, such as the algorithm presented in Zhang et al. (2020a).
As the focus of this work is not in optimizing the lower-order terms, we chose to instead
simply use EULER.

Theorem 13 (Formal Statement of Theorem 8) Consider running LEARN2EXPLORE
with tolerance erop < € and confidence § and obtaining a partition X; C S x A and policies
IL;, i € {1,2,...,[log(1/e)|}. Let Eop be the event on which, for all i simultaneously:

1. Sets X; satisfy:

sup Z wf(s,a) <2701
T (s,0)€X;

2. For any i, if all policies in 11; are each rerun once, we will collect %Ni samples from each
(s,a) € X; with probability 1 — dsamp, where we recall N; = K;(6/[log(1/€)], dsamp)/ (4 -
210\ UL ).

3. The remaining states, X\(Ul[lzolg(l/eﬂ)(i) satisfy,

sup Z wr (s,a) < e.

(s,a)e(X\(UllEH/ )

Then P[&rog] > 1 —d. Furthermore, Algorithm 3 takes at most

Cx (H()Sl/d,asamp, Mlog 1 /d> !

episodes to terminate.

Proof This directly follows by induction and Lemma D.1. For ¢ = 1, it will clearly be the
case that

sup Z wi(s,a) <2707 =1
i (s,a)eX

since »_ , wy(s,a) =1 for any m and h. Now consider an epoch i and assume that
sup wi(s,a) < 27071,
. Z h( ) )
(s,a)eXx

By Lemma D.1, running FindExplorableSets will produce a set &; and policies II; such
that

su T <20~ T <27
ﬂ_p Z wp, (8? a) = ) Sl;_p Z w, (57 CL) >
(S,a)EXZ' (S,a)EX\Xi
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and rerunning every policy in II; at once will allow us to collect at least %Ni samples from
each (s,a) € Xj. As X + X\Aj, the hypothesis will then be met at the next epoch, i + 1.
Union bounding over epochs completes the first part of the proof. That

su wi (s,a) <e
up ) A(s,a) <
(s,)e(X\ (U xy))

follows on this same event by Lemma D.1 and since we run until ¢ = [log(1/€)] which implies
2~ Moeg(1/9)1 < ¢, Union bounding over each i gives the result.

The sample complexity bound follows by bounding

[log(1/€)] 5 [log(1/¢€)]
E Kl 6/[log1/e sam C ™ 477 sam ’ 10 1/€ E 2Z
0 4
< P — —
= CK <“Og 1/ ] sampv “Og 1/6~|> e

Lemma D.1 Assume that X satisfies

su wp <2~ (=1),
71_p Z h(sv a) >
(s,a)eX
Then, if FindEzplorableSets(X, h,0, K;, N;) returns partition X; and policies 11;, with
probability 1 — § the returned partition X; will satisfy

sup Z wi(s,a) <270°D sup Z wl (s,a) <277
T (sa)ex; T (5,0)EX\X;

Furthermore, if all policies in I1; are each rerun once, we will collect %Ni samples from each
(s,a,h) € X; with probability 1 — dsamp-

Proof The structure of this proof takes inspiration from the proof presented in Zhang et al.
(2020a). The first conclusion is trivial since X; C X and by our assumption on X'.

We will simply denote K; := K;(0, dsamp) throughout the proof. In addition, we will let
K;; denote the total number of epochs taken for fixed j, and will let m; denote the total
number of times j is incremented. Therefore,

m;
K=Y K.
j=1

Let Vo*’ij denote the optimal value function on the reward function Tfl at stage j of epoch i.
By our assumption on X and the definition of our reward function we can bound

Vi < sup Er [[{(sn, an) € X}] = E (S%X wh(sna) <27 (D.2)
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As FindExplorableSets runs EULER, by Lemma D.4 we will have, with probability at least
1— 4, for any fixed K and 7,

K K
(Do Ve = SV ) Fi < e \/ SAHV K 0 2T

k=1 k=1

+ CceuS?AH? log

s SAHK
5

(D.3)

where F;_1 denotes the filtration of up to iteration j, and we have used that Vo*’ij < Vo*’i1
for all j since the reward function can only decrease as j increases. FindExplorableSets
terminates and restarts EULER if the condition on Line 14 is met, but this is a random
stopping condition. As such, to guarantee that (D.3) holds for any possible value of this
stopping time, we union bound over all values. Since FindExplorableSets runs for at most
K epochs, it suffices to union bound over K; stopping times. We then have that

K K

i y Wy 2SAHK, 9SAHK,;
(Z Vel =N v 9) IFj1 < QCeu\/SAHVO K log == ScenSZAH 1og? =
k=1 k=1

with probability at least 1 — 2SLA for all K € [1, K;] simultaneously. Since m; < SA, union
bounding over all j we then have that, with probability at least 1 — 6/2,

mi Kij

]Z; (kzl *m kaw) < ;%Bu\/SAHVO*’”KU logw +806u53A2H410g3%

2SAHK;
o

+ 8cenS3A2H? log 5

< 2en \/ S2A2HV; " K; log

where the final inequality follows from Jensen’s inequality. Using the same calculation as in
the proof of Lemma D.4, we can bound

H
ZR sh,ah V’“J) ] < 4VI“]
h=1

By (D.2), 4V0k’ij < 4/2"71 50 we can apply Lemma D.5 with o = 4/2°71, to get that, with
probability at least 1 — 6/2,

my zg H m; Kz] 4 4
SNSRI el - DT> Ve < [32K,2- “log < + 2H log .
j=1 k=1 h=1 j=1 k=1

Putting this together and union bounding over these events, we have that with probability
at least 1 — 4,

m; Kw H my K
- 4 iy 2SAHK,
> R(s}",al’) E:Ej J ,/64Ki2Zlog(s—zceu\/SM‘Z‘Hvoleilog6—CR
=1 k=1

j=1 k=1 h=1
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where we denote
3 25AHK;
1)

Assume that Vo*’imi > 27%, Using that the reward decreases monotonically so Vo*’imi < Vb*’ij
for any j < m;, we can lower bound the above as

, 4 - 2SAHK;
> 27 K; — /64K,2 " log 5 2ceu\/ S2A2HV M K log Sf ~ Cg

25AHK;
0

4
Cr = 8ceuS> A’ H* log + 2H log 5

> 2_iKZ‘ — 3Ceu\/52A2H2_iKZ’ log CR

where the second inequality follows by (D.2) and since y/64K;2~% log % will then be dominated
by the regret term, cey \/52A2HVO*’“Ki log %. Lemma D.2 gives

. 2SAHK,
K; > 2'max {4CR, 144¢2 S A?H log S}

d

which implies

1 .
12_1[(@' - CR Z 0
and
1 . . 25AHK;
1271.[{7; - SCeu\/SQA2H2_ZKi log TZ
20 . 144¢2, S? A% H log 294HK:  2SAHK; _. 2SAHK;
> Cou o 0g =5 — 3Ceu\/ S2A2H2 1 log ———— - 21144c2, S2A2H log f%
=0.
Thus, we can lower bound the above as
. . 2SAHK; 1__.
2_ZKZ‘ - 3Ceu\/SQA2H2_zKZ' log % - CR Z 52_ZKZ‘.

Note that we can collect a total reward of at most |X|N;. However, by our choice of
N; = K;/(4]X] - 2%), we have that
1 1

This is a contradiction. Thus, we must have that Vo*’imi < 1/2%. The second conclusion
follows from this by definition of Vo*’imi.

For the third conclusion, we can apply Lemma D.3. By construction, we will only add
some (s,a,h) to A; if we visit IV; times. It follows by Lemma D.3 that, with probability
1 — 0samp/(SAH), if we rerun all policies, we will collect at least

4SAH 41 4SAH
—-lo

N; — (| 8K; max wp* (s, a)log
k samp 3 5samp
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samples from (s, a, h). Note that max wy*(s,a) < 27" by our assumption on X. Given our
choice of N;, we can then guarantee that we will collect at least

K; \/SKiH ASAH 4. 4SAH

- — — lo —lo
4| X21 2 oy 3% Osamp

samples. Since K; > 204852 A? log %, and |X| < SA, we will have that

7

K, _ [8KH | 4SAH 4 4SAH _ K, _1
Ax2i 2 % Sy 3% Geamp — S|X[2 2

The third conclusion follows by union bounding over every (s, a,h) € Aj. [ |

Remark D.2 (Improving lower order term to log1/d -loglog1/d) In Section j we
noted that relying on STRONGEULER instead of EULER in the exploration phase would allow
us to reduce the lower order term from log® 1/ to log1/6 -loglog1/8. We briefly sketch out
that argument here.

As shown in Simchowitz and Jamieson (2019), the lower order term in STRONGEULER
scales as H*SA(SV H) log SA# -min{log SAfK,log iA—H} This already achieves the correct
scaling in log1/6 but unfortunately relies on an instanc;dependent quantity, Amin, which is
unknown (indeed, note that since we are running this on the MDP with reward function set
to induce exploration, Amin here is different than the minimum gap on the original reward
function). As such, since LEARN2EXPLORE relies on knowing the regret bound of the algorithm

it 1is running, this bound cannot be applied directly.

Fundamentally, the lower order term arises from summing over the lower order term
in the Bernstein-style bonuses which scale as O(;f(i{j)), where Ny(s,a) is the visitation
count of (s,a,h). Intuitively, by summing this bonus over all s,a,h and episodes K, we
can obtain a term scaling as poly(S, A, H)log(1/d)log K. Indeed, we see that the original
proof of STRONGEULER in Simchowitz and Jamieson (2019) relies on an integration lemma
which does just this (Lemma B.9). However, by modifying the proof of this lemma slightly,
we obtain a scaling in the lower-order term of log? K + log K - log 1/6. We then apply the
observation from Lemma D.2 that x > C*(i + 35)7 log?(C (i + 3j)) implies x > C*log’ = to
get that we need only

K > Clog(1/6)log(Clog(1/5)), K = Clog*(C)

to ensure that K > C(log? K 4 log K -log1/6). It follows that using the lower order term of
STRONGEULER in the definition of Cr in Lemma D.1, we can guarantee that K; > 2'Cr
while only requiring that K; 2 log(1/6)log(log(1/6)). This allows us to reduce the log1/d

dependence in the definition of Ck, which allows us to then reduce the dependence on log1/d
in the lower-order term of Theorem 2.
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D.1. Technical Lemmas

Lemma D.2 We will have that

5 2SAHK;(5, Ssamp)
5

25 AHK;(5) }

. 4
K;(9, 6samp) > 2' max {32ceu53A2H4 log + 8H log 5

144¢2,5? A>H log 5

Proof Note that for any 4,7 > 0 and C' > 0, if z > C(i + 37)7 log? (C(i + 35)), then
x > C"log’ = since
C'log’ & = C'log/ [C*(i + 3j) log? (C(i + 35))] < C*log/ [C*H (i + 35) ]
< C'(i + 3j)’ log[C(i + 37)]
=z

and, furthermore, %y|yzoi+j(max{i+j’2j})2j =1, while

Cilog/~ty
(Y
and since the derivative of poly log functions decreases monotonically.
It follows that

d ..
ayC 1% Yly=citi (maxfiti2ih® = ly=Ci+i (max{i+j,2ip% <1

Ki(3, 0samp) > 2° - 256¢eu S A2 H* log® K (6, samp)

as long as

K;(8, Ssamp) > 2" - 256¢enSP A2H* (i + 9)® log® (512ceu SAH (i + 9))
So
K;(3, Ssamp) > 2 - 2° max{128¢e,S® A> H*log® K; (3, Ssamp ), 128¢enS> A% H* 1og? % + 8H log %}

> 2/(32cu S A2H log® 254H Kg(‘s’ Osamp) 4 g py log %)
if
K;(3, 8samp) > max{2’ - 2560, S® A2H (i + 9)> log® (512¢eu SAH (i + 9)) , 128¢uS® A2 H* log® % + 8H log %
Similarly,

Ki(3, 6samp) > 2" - 144¢2,S* A?H log %

if

2SAH

K;(3, 8samp) > max{2" - 288¢2,S? A>H (i + 3) log(576ceu SAH (i + 3)), 288¢2,S* A% H log }.

The result then follows recalling the definition of K;(6, dsamp) given in (D.1). [ |
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Lemma D.3 Consider a set of policies {ﬂk}le. Assume that running each of these policies
once, we collect at least N samples from some (s,a,h). Then, if we rerun each of these
policies once, we will collect, with probability 1 — §, at least

N - \/SK max wi* (s, a) log 4/6 — 4/3log 4/9
samples from (s,a,h).
Proof Note that when running 7, the expected number of visits to (s, a, h) is wy;*(s,a). By

Bernstein’s inequality, and using that I{(s},a}) = (s,a)} ~ Bernoulli(w;* (s, a)), we then
have that, with probability at least 1 — ¢,

K K
> wit(s.a) = Y H{(sh,a) = (s,
k=1 k=1

As our first draw from the policies yielded a value of at least IV, we can apply Proposition 14,
which gives that, with probability at least 1 — 24,

\/QK maxwh (s,a)log2/6 +2/3log2/6

Z]I{ (s¥,af) = (s,a)} > N — 2\/2Kmaxw *(s,a)log2/6 —4/3log2/d

The result follows. [ |

Lemma D.4 (Lemma 3.4 of Jin et al. (2020)) Ifr} is non-zero for at most one h per
episode, the regret of EULER (Zanette and Brunskill, 2019) will be bounded, with probability
at least 1 — 6, as

K K

AHK
Z Vo — Z Vot < Ceu\/SAHVO*Klog ST + ceuS?AH* log
k=1 k=1

, SAHK
5

for some absolute constant Cey.

Proof The proof of this is identical to the proof of Lemma 3.4 in Jin et al. (2020) but we
include it for completeness. We therefore repeat their analysis, using an alternative upper
bound for equation (156) in Zanette and Brunskill (2019):

1 K H 9 K
i 2B | Qo7 - 372 ZTh
k=1 h=1 =1
(a) 9 K H
< =) Er (ri)* + Vg™
KH; k ; h 0

(b) 9 K H
< KI;:: Zrh-i-v
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4 K
~KH > v
k=1
<AVy/H

where (a) follows since ¥ is nonzero for at most one h and (b) follows since 7§ < 1. Thus,

we can replace G2 in Theorem 1 of Zanette and Brunskill (2019) with 4V. As Zanette and
Brunskill (2019) assume a stationary MDP while ours is non-stationary, we must replace S
in their bound with SH. This gives the result.

Lemma D.5 Consider some set of policies {Wk}le where m, 18 Fr_1 measurable. Let

ZhH:1 RF denote the (random) reward obtained running my on the MDP My, and let Vi
denote the value function of running mp on My. Assume that

H

Er [ RE = V)2 Feea] < ot
h=1

for all k and constant 0‘2/ which is Fo-measurable. Then, with probability at least 1 — 6,

K H K D) 9
k k 2
S R =D V< 1/8Kavlogg+2Hlogg.

k=1h=1 k=1
Proof By definition, V¥ = E[>7_, RF|F,_1] and | Y7, RF — ViF| < H almost surely. The
result then follows directly from Freedman’s Inequality (Freedman, 1975).

Proposition 14 Consider some distribution P and assume that Py plx € [ —c, p+c|] >
1-4. ThenﬂFD /l,dP[:U >’ —2c] >1—26.

Proof
/lkd'P[m>x,_26] P ,1ldP[$/_/l+,Uz_$§2C]
ZP ,11d [|$/_,U/‘+’,UJ_[E|S2C:|
> Pyl — ol < APy ll0’ — il < d
> (1-6)?
>1-26.
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Appendix E. Proof that Low-Regret is Suboptimal for PAC

E.1. Proof of Proposition 1

Instance Class E.1 Given gap parameters A1, Ao > 0 and transition probability p €
(0,1/2), consider an MDP with H = S = A = 2 which always starts in state so and has
rewards and transitions defined as (where we drop the horizon subscript for simplicity):

P(si]so,a1) =1—p, P(s2[s0,a1) =p, P(s1]s0,a2) =0, P(s2]s0,a2) =1
R(sp,a1) ~ Bernoulli(1), R(so,a2) ~ Bernoulli(0)
R(si,a1) ~ Bernoulli(0.5 4+ A;), R(s;,a2) ~ Bernoulli(0.5),i € {1,2}

At h =2, we can then think of each state as simply a two-armed bandit with gap A;. We
assume that p < 1/2, so that 1 —p can be thought of as a constant. This instance is illustrated
in Figure 1.

Proposition 15 (Formal Statement of Proposition 1) Given any MDP in Instance
Class E.1, any learner executing Protocol 5.1 which computes an optimal policy with probability
at least 1 — & must collect at least

log1/d logl/o
K>Q
- < 22 T pA]

log1/§

1,
episodes, as long as AT > cmax{Cy, C{ *pTi-a}, for a universal constant c. However, on

this instance,
1 1
C"(M)< 0O ( + )
A A]

and so, with probability 1 — §, MoCA will terminate in at most K < O(C*(M) - log1/68)
episodes and return the optimal policy.

Proof [Proof of Proposition 15] To get the complexity bound of MoOcCA, we apply Theorem 2
and Proposition 9. The stated complexity follows since Wa(s1) = 1—p > 1/2 and Wa(s2) =1,
from which the stated complexity follows directly.

Complexity of Low-Regret Algorithms. The expected regret of any algorithm is given
by

Ni(s0,a2) + A1Na(s1,a2) + AaNa(s2, az)

where we let Nj (s, a;) denote the expected number of times action a; is taken in state s; at
timestep h. Our assumption on the regret implies that Ny (s1,a2) < C1 K% + Cs.

From standard lower bounds on bandits (Theorem 4 of Kaufmann et al. (2016)), and

using that for small A KL(Bernoulli(0.5)||Bernoulli(0.5 + A)) = ©(A?2), to solve the bandit
log1/6
Al

, for an absolute constant c.

in s; with probability at least 1 — d, we must have that Na(s1) > ¢ , and similarly, to

log1/9
A3

solve the bandit in s9, we must have that Ny(s2) > ¢

54



BEYOND NO REGRET: INSTANCE-DEPENDENT PAC REINFORCEMENT LEARNING

Note that Nao(s1) = (1 — p)Ni(so,a1) and Na(s2) = pNi(sp,a1) + Ni(so,az2), and that
the total number of episodes run is Nj(sg,a1) + N1(so,az). This implies that we must have

clog1/é clogl/é
Ni(so,a1) > ———-5, PNi(s0,a1)+ Ni(s0,a2) > —5—.
( ) 1= p)A? ( ) ( ) A2
However, since Ni(sg,a2) < C1 K%+ Ca, N1(sp,a1) must at least satisfy
log1/6 1 log1/6
pN1(s0,a1) + C1K* +Cy > ogA2/ = Ni(so,a1) > » <60§2/ - C1K° — Cg) .
2 2

Thus, we need

clogl/d 1 [clogl/é
K = Nl(SO,al) +N1(80,a2) > Nl(So,al) > max{(l —gp)/A%7p ( i%/ — ClKa — CQ) } .

Assume that % > 2(C5, then
1 (clogl/d
K> - ClKa02>
P < A3
implies

clogl/é

K> 1 (clog 1/6 — ClKa> — 2max{pK,C1 K*} > EDYNEE
2

P 2A2
The second expression is equivalent to

. [clogl/é clogl/d.y,
K> @
—mm{ a2 Ui az)

1
clog1/d log1/9 IT—a,
IpAg 8 long as A2 > C[ “pt==. The

result follows. [ |

and we will have that the minimizer of this is

E.2. Proof for Instance Class 5.1

Instance Class E.2 (Formal Definition of Instance Class 5.1) Given a number of
states S € N, consider MDP with horizon H = 2, S states, and S + 1 actions. We assume
we always start in state sg and define our transition kernel and reward function as follows:

2
1—2-5’
R(so,a*) ~ Bernoulli(1), R(so,a;) ~ Bernoulli(0),i € [S]

Vi: R(s;,a”) ~ Bernoulli(0.9), R(s;,aj)~ Bernoulli(0.1),5 € [S].

P(si]sg,a*) = P(si|s0,a;) = 1,i € [S]

Note that a* is the optimal action in every state.
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Proposition 16 (Formal Statement of Proposition 6) For the MDP in Instance Class E.2
with S states, and any

e €275 emin{C;/*(Slog1/8) ", Cy ' Slog 1/5}]

where ¢ is an absolute constant, to find an e-optimal policy with probability 1 — 6 any learner
executing Protocol 5.1 with a low-regret algorithm satisfying Definition 5.1 must collect at

least
0O (Slog 1/5)
€

episodes. In contrast, on this example C*(M) = O(S?) and ¢ =1/3, so, for € € [279,1/3],
with probability 1 — 6, MOCA will terminate and output 7 in O(Cror(1/3)) episodes.

Randomized to deterministic policies. Assume we are given some randomized policy
7w which for every (s,h) choose action a with probability m(als). Then we define the
deterministic policy 7 given this randomized policy as

7h(s) = argmax mp(als).
a

We will use this mapping in our lower bound.

Proof [Proof of Proposition 16] The complexity for Algorithm 5 follows directly from
Theorem 2 and Proposition 9 and since in this example we will have Ws(s) = 1 for each s
and so €* = 1/3. Furthermore, C*(M) = O(S?). The stated complexity follows.

Complexity of Low-Regret Algorithms. Let Aky, := KL(Bernoulli(0.1)||Bernoulli(0.9)) ~
1.76 denote the KL divergence between the reward distributions of the optimal and subopti-
mal actions at any state for h = 2, and A := 0.9 — 0.1 the suboptimality gap.

Assume that a policy 7 takes action a* in sg. Then, the total suboptimality of the policy
is given by
S g
> T gsealsim)

=1

where €5(s;, ) denotes the suboptimality of policy 7 in s;,i € [S]. In particular, for any i,
to guarantee our policy is e-good we need

27t

WEQ(S%, 71') S €.

By the structure of the reward in any state s;_, the total suboptimality in this state will be

s
ea(si, ) = (1= maaglsi,))A
i=1
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It follows that if ea(s;.,m) < A/4, then we will have that ma(s;,) = a*, where 7 is the
deterministic policy derived from 7. Choose ic = |—logy(2¢(1 —279)/A) — 1]. Then it
follows that,

: s s
g-ic
T 95— > malaglsi))A > de(1 =Y ma(ajlsi)
j=1 j=1

and thus, for the policy to be e-optimal, we must have that (1 — Zle mo(ajls;,)) < 1/4.

This implies that 7a(s;,) = a*, so we have therefore derived a deterministic policy from
our stochastic one that is optimal in (s;_,2). By Theorem 4 of Kaufmann et al. (2016), to
identify the optimal action in state s;, with probability 1 — J we must have that

(S+1) 1

No(s; ) > 1
2(8 6) - Ak 8 2.46

where N(s;,) is the expected number of samples collected in s;, at h = 2. As we have
deterministically derived 7 from 7, and since 7 will play the optimal action in s;_ for any
e-optimal m, it follows that this lower bound on Na(s;, ) applies here.

If our low-regret algorithm has regret bounded as C1 K* + Cs, then we must have that

S
ZNl(Sl,ai) < C1K* + Oy
i=1
since every time action a; # a* is taken we will incur a loss of 1. This implies that
Qe

No(si) K C1K*+Co+ ——K
2(si.) < C1K* + 2+ 155

since if action a* is taken in state s;, we will only reach state s;. with probability %
Combining these, to ensure that the optimal action is learned in s;,, we will need that
(S+1) 1 2t

4e
1 <K+ 0+ ——K<CiK*+ 0o+ -K
Arr 85 =Y + 2-1-1_2_5 S O + 2+A

where the second inequality follows by our choice of i.. It follows that we need

A [(541) 1 N (S + 1)log 1/2.46 N
> — — — > _ _
K> ( Ao gy O 02> > o CLK® — Cy

(S+1)log1/2.46
24e

> - C1K“

where the final inequality holds as long as W > 2C'5. This implies

(S+1)log1/2.46
24e

2max{K,C1 K*} >

which is equivalent to

K > min { (S +1)log 1/2.457 <(S + 1) log 1/2.45)”&} |

48¢ 48C1 €
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For
<O (0;1/“(51og1/5)1?7“)

we will have that the minimizer is the first term, and

k>0 <Slog1/6) .

€

Appendix F. Lower Bounds on Best Policy Identification

Lemma F.1 Consider MDPs M and M’ with the same state space S, actions space A,
horizon H, and initial state distribution Py. Fiz some (s,h) € S x [H], and for any a € A
let vp(s,a) denote the law of the joint distribution of (s', R) where s’ ~ Pp(+]s,a) and
R ~ Rp(s,a). Define the law vj (s, a) analogously with respect to M'. For any almost-sure
stopping time T with respect to (Fy),

> EmNi (s, a)[KL(v(s,a), 5, (s,0)) = sup d(Pum(E),Par ()

ah EEF,

where d(x,y) = xlog i (1—2x)log %_fz and N (s,a) denotes the number of visits to (s,a,h)
in the T episodes.

Proof This is the MDP analogue of Lemma 1 of Kaufmann et al. (2016) and its proof
follows identically. [ |

Definition F.1 We say an algorithm is §-correct if, for any MDP M € 9, we have that
M terminates at some (possibly random) episode K5 and outputs 7*, with probability at
least 1 — 6.

F.1. Proof of Proposition 3

MDP Construction. Fix some h € [H], gaps {gap(s, a)}se(s].ae(a—1] C (0, 1/2)%4, and

arbitrary transition kernels {Ph};]::. For each s, fix a single a and set gap(s,a) = 0. Let M
denote the MDP with transitions {P,}/—1, and for h > h define

Py(s|s,a) =1, Vae A.

Then let the rewards be defined as follows. For all i > h and all s, choose any a’ and set
Ri(s,a’) =1, and Rp(s,a) =0 for all a # a’. For h = h, set

Ry (s,a) ~ Bernoulli(3/4 — gap(s, a)).
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For h < h, let

i (s) = arg maXZ Pu(s'|s,a) Vi (s
a /

S

where V¥, | (s') is the optimal value function at step & + 1 (note that the MDP is now fully
specified for A’ > h so this is well-defined). Then set Ry (s, 7} (s)) =1 and Rp(s,a) =0 for
a # 7y (s) (if 75 (s) is not unique, simply choose some 7* out of all 7} (s) arbitrarily, set
Ry (s, m) =1, and all other Ry(s,a) =0).

Note that we could have just as easily encoded the gaps in the transition function and
set the rewards to be, for example, deterministic at level h.

Lemma F.2 The MDP constructed above has gaps which satisfy

Aj(s,a) = gap(s,a), Vse S,ae A a#m(s)
Ap(s,a) >1, VseS,ac A h#h

Furthermore, for each s and h > h, we have Wj(s) = Wj(s).

Proof We begin with level k. Since the action take at (s,h) does not effect the outgoing
transition, we have that, for a # 77 (s),

Aj(s,a) = max @ (s, a') — Q}(s,a) = 3/4 - (3/4 - gap(s, a)) = gap(s, a).

For h > h, we again have that the outgoing transition is not effected by the action taken, so
it follows that the gap depends exclusively on the reward function at this state. Since the
reward is set to 1 for a single action and 0 otherwise, it follows that the gaps are all 1.

For h < h, we will have that
Ah(sv (L) = max Q;L(Sv (1/) - QZ(& CL)

_ 1 P / / V* N _ P / V* /
+n}lz;mXZ h(s'|s,a ) Vi (s') Z w(s'ls, a) Vi (s)
S

S

> 1.

Finally, that Wj,(s) = Wj(s) for all s and h > h follows since for all steps after h, state s
transitions to state s with probability 1. |

Lemma F.3 On this example,

1 SAH
C*(M) < int
M) S e ) A, a)? | o Wh(s)

Proof By definition,

H

C*M) = Zinfmax !

L= sa wi (s, a)Ap(s,a)?
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By Lemma F.2, we can bound

1 1
inf max inf max .
}; T sa wi(s,a)Ay(s,a)? g:; sa wi(s,a)

Consider the policy 7/ which is the mixture over the policies 7*" where wZSh (s) = Wh(s).
Then,

g inf max <E max ————
T sa w s,a w s,a

A AH
< Z max 5 < 5
h#h h;éh ) h#h

Wh<) maXWh().

Lemma F.4 On the MDP constructed above, any d-correct algorithm will have

1 1
Erm[Ks] > inf -1
= n o Gwr 7(s,a)AR(s, a)? %945
1 SAH

245 st Wi(s)

Proof We will apply Lemma F.1 on our MDP, M, and MDP M’ which is identical to M
except that, for some (s,a), a # 7 (s), we set Rj(s,a) ~ Bernoulli(3/4 + «) for small a.
Note that in this case we have that the optimal policy on M and M’ differ at (s,h). Since

M and M’ are identical at all points but this one, we have

Z EM [N;L—(87 a)]KL(Vh(Sa (I), Vllz(sa a))

s,a,h

= Em[N] (s, a)]KL(Bernoulli(3/4 — gap(s, a)), Bernoulli(3/4 + a)).

Let 7*(M) denote the optimal policy on M, and 7 denote the policy returned by our
algorithm. Let &€ = {7 = 7*(M)}. Since we assume our algorithm is d-correct, and since
the optimal policies on M and M’ differ, we have Py(£) > 1 — 6 and Py (€) < 4. By
Kaufmann et al. (2016), we can then lower bound

A(BM(E), Par(£) 2 log -

Thus, by Lemma F.1, we have shown that, for any (s, a), a # 77 (s),

1 1
E N2 (s, a)] > o .
MINg (5, a)] 2 KL(Bernoulli(3/4 — gap(s,a)), Bernoulli(3/4 + 04)) ©245

For small «, we can bound (see e.g. Lemma 2.7 of Tsybakov (2009))

KL (Bernoulli(3/4 — gap(s, a)), Bernoulli(3/4 + «)) < 6(gap(s,a) — a)*.
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Taking a — 0, we have

1 1
Em[INT > -1 .
MmN (s, @)] = 6gap(s, a)? KBV

We can write Exq[NT (s, a)] = Em[> ;- wi* (s, a)] where 7y, denotes the policy our algorithm

played at episode k. Note that all state-visitation distributions lie in a convex set in [0, 1]°4
and that for any valid state-visitation distribution, there exists some policy that realizes
it, by Proposition 12. By Caratheodory’s Theorem, it follows that there exists some set of
policies IT with [IT| < SA+1 such that, for any 7 and all s, a, wi(s,a) =3 Aﬂ/wgl(s, a),
for some A € Aqy. Letting A* denote this distribution satisfying the above inequality for my,
it follows that

EM[iwg’“( EMZZ/\kwh (s,a)]
k=1

k= 17T€H

—ZEMZ)\ Jwy (s, a)

mell

= Em[7] Z —EM D ) wy (s, a).

= Ewmlr]
Note th Ep[>  M] =E E it follows that (E¢2izy Ax)
otethat 3 Em[D roi Ad] = EmDoro1 D ren ] = Epq[7] s0 it follows that ( VIE Jrell €
Arq. Thus, a d-correct algorithm must satisfy, for all s,a and some A\ € Apy,

1 1
1 .
683P(5,a)2 - >y AnwE (s,0) 248

Em[r] >

Since the set of state visitation distributions is convex, and since for any state-visitation
distribution we can find some policy realizing that distribution, for any A € Ap, it follows
that there exists some 7' such that, for all s,a, > .y Azw](s,a) = wi—’:/(s, a). So, we need,
for all s,a

1 1

E > ; -lo .
mlr) = 6gap(s,a)? - wy (s, a) £9.45

It follows that every d-correct algorithm must satisfy

1 1
E > inf 1
ml7] H; e 6gap(s,a)? - wr (s, a) %8545

from which the first inequality follows. The second follows from Lemma F.3. |
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