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Abstract
We present DARTR: a Data Adaptive RKHS Tikhonov Regularization method for the linear inverse
problem of nonparametric learning of function parameters in operators. A key ingredient is a
system intrinsic data adaptive (SIDA) RKHS, whose norm restricts the learning to take place in the
function space of identifiability. DARTR utilizes this norm and selects the regularization parameter
by the L-curve method. We illustrate its performance in examples including integral operators,
nonlinear operators and nonlocal operators with discrete synthetic data. Numerical results show
that DARTR leads to an accurate estimator robust to both numerical error and measurement noise,
and the estimator converges at a consistent rate as the data mesh refines under different levels of
noises, outperforming two baseline regularizers using l2 and L2 norms.
Keywords: ill-posed inverse problem, Tikhonov regularization, RKHS, identifiability

1. Introduction

Regularization plays a crucial role in machine learning and inverse problems that aim to construct
robust generalizable models. The learning of kernel functions in operators is such a problem: given
data consisting of discrete noisy observations of function pairs tpuk, fkquNk“1, we would like to learn
an optimal kernel function φ fitting the operator Rφrus “ f to the data. Such a need for learning
operators between function spaces has become vital in applications ranging from integral operators
solving PDEs and image processing (see e.g., Gin et al. (2021); Li et al. (2020); Kovachki et al.
(2021); Owhadi and Yoo (2019)), nonlinear operators in mean-field equation of interacting particle
systems in Lu et al. (2021); Lang and Lu (2022), homogenized nonlocal operators (see e.g., You
et al. (2021, 2022); Lin et al. (2021)), just to name a few. Since there is often limited information to
derive a parametric form, the kernel has to be learnt in a nonparametric fashion. More importantly,
the goal is a consistent estimator that converges as the data mesh refines and is robust to noise
in data. Without proper regularization, the estimator often oscillates largely with datasets due to
overfitting. Thus, regularization is crucial for the discovery of a generalizable kernel.

We present DARTR, a data adaptive RKHS Tikhonov regularization (DARTR) method, for the
linear inverse problem of learning of kernels in operators from data. That is, the operator Rφpuq,
which can be either linear or nonlinear in u, depends linearly on the kernel φ. We learn the ker-
nel by nonparametric regression that minimizes a loss functional of the mean square error. With
DARTR, our nonparametric regression algorithm produces an estimator that converges as the data
mesh refines and the rate of convergence is robust to different levels of white noise in data. In
numerical examples including integral operators, nonlinear operators and nonlocal operators with
discrete noisy synthetic data, DARTR consistently leads to accurate estimators, and the estimator
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converges at a consistent rate as the data mesh refines under different levels of noises, outperforming
two baseline regularizers using l2 and L2 norms.

The major novelty of this method is the construction of a system (the operator) intrinsic data
adaptive (SIDA) RKHS, whose reproducing kernel is encoded in the loss functional. DARTR takes
the norm of this RKHS as the the penalty norm of regularization, and ensures the learning to take
place in the function space of identifiability. Additionally, we introduce a novel exploration measure
quantifying the exploration of the kernel by the data, and it allows a unified framework to treat
SIDA-RKHS with either discrete or continuous functions.

1.1. Related work

Classical regression. The function space of identifiability (FSOI) is a fundamental difference be-
tween the classical regression and the regression of kernels in operators. Here the FSOI must be
specified properly, otherwise the inverse problem can be ill-defined in the sense that there are mul-
tiple kernels fitting the data. In contrast, the classical regression inversion is always well-defined
and the conditional mean is the unique minimizer. More specifically, the classical regression learns
a function Y “ φpXq from random samples tpXi, Yiqu, its FSOI is L2pρq with ρ being the distri-
bution of X , and the optimal estimator is E rY |Xs, see e.g., Cucker and Smale (2002); Györfi et al.
(2006)). It corresponds to our setting with Rφpuq “ φpuq with data tpui, fiq “ pXi, Yiqu (i.e., Rφ
is not an operator but a function), and our DARTR reduces to the L2 Tikhonov/ridge regularization
(see e.g., Tihonov (1963)).
Functional data analysis (FDA): Learning kernels in operators falls in the category of FDA that
learns an operator or a functional. Different from those assuming no structure of the operator Hsing
and Eubank (2015); Kadri et al. (2016); Ferraty and Vieu (2006), we exploit a low-dimensional
structure of the operator: a radial kernel, which can be viewed as a function parameter, thus, we
can learn the kernel (and hence the operator) from only a few pairs of data. The setting of linear
operators in our study is similar to the functional linear models (FLM) (see e.g., Ramsay and Sil-
verman (2005) and Wang et al. (2016)), for which regression and regularization are also used. In
comparison with the regularizations for these FLMs that are based on extra differential operators
based prior assumptions, the major novelty of our DARTR is its utilization of a SIDA-RKHS based
on our new identifiability theory. Also, our method and theory are applicable to nonlinear operators.
Tikhonov regularization methods. DARTR differs from other Tikhonov/ridge regularization meth-
ods at the penalty term. The commonly used penalty terms include the Euclidean norm in the classi-
cal Tikhonov regularization (see e.g., Hansen (1994, 2000); Gazzola et al. (2019)), the RKHS norm
with an ad hoc reproducing kernel (see e.g., Cucker and Zhou (2007); Bauer et al. (2007)), the total
variation norm in the Rudin-Osher-Fatemi method in Rudin et al. (1992), or the L1 norm in LASSO
(see e.g., Tibshirani (1996)). Whereas each of them has specific applications, none of them take
into account of the FSOI, which is fundamental for the learning of kernels in operators.
Data-dependent function spaces. Data-dependent strategies have been explored in the context of
classical nonparametric regression, such as data-dependent hypothesis space with an l1 regularizer
in Wang (2009); Shi et al. (2011) and data-dependent early stopping rule in Raskutti et al. (2014).
While all strategies achieve data-dependent regularization, only our DARTR takes into account the
function space of identifiably.
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2. The inverse problem and the need of regularization
2.1. Problem statement: learning function parameters in operators

We consider the linear inverse problem of identifying function parameters in operators from data,
that is, to learn a function parameter φ in ab operatorRφ : XÑ Y of the formRφrus “ f from data
pairs tpuk, fkquNk“1 Ă X ˆ Y, where X and Y are problem specific functions spaces. Specifically,
suppose that we are given data consisting of discrete observation of function pairs:

D “ tpuk, fkquNk“1 “ tpukpxjq, fkpxjqq : j “ 1, . . . , JuNk“1, (2.1)

where puk, fkq are real-valued functions on a bounded open set Ω Ă Rd and txj P Ωu are spatial
mesh points. For simplicity, we assume Y “ L2pΩq and assume X to be operator specific. Our goal
is to learn φ in an operator Rφ fitting the data in the form:

Rφruspxq “

ż

Ω
φp|y|qgruspx, yqdy, @x P Ω, (2.2)

where the functional g, which may depend on the derivatives of u, is known and it specifies the form
of the operator. Examples are as follows (see more details in Section 5):

• Rφ is an integral operator with gruspx, yq “ upx` yq and φ is called an integral kernel.
• Rφ is a nonlinear operator with gruspx, yq “ u1px ` yqupxq and φ is called an interaction

kernel in the mean-field equation of interacting particles.
• Rφ is a nonlocal operator with gruspx, yq “ upx`yq´upxq with φ called a nonlocal kernel.

These inverse problems share three common features: First, the pointwise values of the function
φ are undetermined from data, because the data depends on φ non-locally. Also, the support of φ
is unknown and is to be learnt from data. Second, the data are discrete and can have measurement
noise. Thus, the inverse problem has to overcome the numerical error in the approximation of
integrals, as well as the noise. Third, the inverse problem can be extended to a homogenization
problem where the operator aims to fit the data that are not generated from the equation (2.2). In
this case, the inverse problem has to overcome the model error to identify a best fit.

2.2. Nonparametric regression and regularization

Our goal is to infer the kernel function φ from data in a nonparametric fashion, so as to address the
general situations that there is limited information to derive a parametric form for the kernel. Thus,
we will not assume any constraint on the function φ. More importantly, we aim for an estimator that
is consistent and resolution independent, i.e., converges in a proper function space to the true kernel
as data mesh refines and is robust to treat noisy data.

We construct a variational estimator that minimizes loss functional (the mean square error),

pφ “ arg min
φPH

Epφq, where Epφq “ 1

N

N
ÿ

k“1

}Rφruks ´ fk}
2
Y, (2.3)

where the hypothesis space H is to be selected adaptive to data. Note that the loss functional Epφq
is quadratic in φ since the operator Rφ depends linearly on φ. Thus, the minimizer of the loss
functional is a least squares estimator. Suppose the hypothesis space is Hn “ spantφiu

n
i“1 with

basis functions tφiu. Then for each φ “
řn
i“1 ciφi P Hn, noticing that Rφ “

řn
i“1 ciRφi , we
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can write the loss functional in (2.3) as Epcq “ Epφq “ cJAnc ´ 2cJbn ` CfN , where CfN “
1
N

řN
k“1

ş

Ω |fkpxq|
2dx and the normal matrix An and vector bn are given by

Anpi, jq “ xxφi, φjyy, bnpiq “
1

N

N
ÿ

k“1

xRφiruks, fkyY, (2.4)

where xx¨, ¨yy is the bilinear form defined by

xxφ, ψyy “
1

N

N
ÿ

k“1

xRφruks, RψruksyY. (2.5)

The least squares estimator is minimizes the quadratic loss function Epcq:

pφHn “

n
ÿ

i“1

pciφi and pc “ A
´1
n bn, (2.6)

where A´1
n is the inverse of An or Moore–Penrose pseudo-inverse when An is singular.

A major challenge is to find an optimal estimator capable of avoiding either under-fitting or
over-fitting, being robust to imperfect data and model error, in particular, converging in synthetic
tests when the data mesh refines. Unfortunately, this is an ill-posed inverse problem (see Section
3.2) and the normal matrix An is often highly ill-conditioned or singular. As a result, the estimator
in (2.6) oscillates largely and fails to converge when the data mesh refines.

Various regularization methods have been introduced to prevent over-fitting in such ill-posed
inverse problems. The idea is to add a penalty term to the loss functional:

Eλpφq “ Epφq ` λRpφq (2.7)

where Rpφq is a regularization term and λ is a parameter that controls the importance of the regu-
larization. Various penalty terms have been proposed, including, for example, the Euclidean norm
Rpφq “ }c}2 for φ “

řn
i“1 ciφi in the classical Tikhonov regularization (see e.g., Tihonov (1963);

Hansen (1998)), the RKHS norm Rpφq “ }φ}2H with H being a reproducing kernel Hilbert space
with an artificial reproducing kernel (see e.g., Cucker and Zhou (2007); Bauer et al. (2007)) , the
total variation normRpφq “ }φ1}L1 in Rudin–Osher–Fatemi method or the L1 normRpφq “ }φ}L1

in LASSO (see e.g., Tibshirani (1996)).
Whereas each of these penalty terms has a specific premise for a class of applications, none

of them take into account of the function space of identifiability (see Section 3.2), only in which
the inverse problem is well-defined. Our DARTR method (see Section 4.1) will utilize a norm that
restricts the learning in the function space of identifiability, thus providing a crucial regularization.

3. Identifiability theory and regularization

The foundation of learning is the function space of identifiability (FSOI), in which the inverse
problem well-defined. We provide a full characterization of it and importantly, we show that it can
be a proper subspace of the L2 space, the default function space of learning. Thus, it is vital to
restrict the learning to take place in the FSOI. We show that the norm of a system intrinsic data
adaptive (SIDA) RKHS, when used for regularization, can achieve the goal.

The main theme of the identifiability theory is to find the function space on which the quadratic
loss functional has a unique minimizer. In other words, we seek the function space in which the
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Fréchet derivative of the loss functional is invertible. Using the bilinear form xx¨, ¨yy in (2.5), we can
rewrite the loss functional in (2.3) as

Epφq “ xxφ, φyy ´ 2
1

N

N
ÿ

k“1

xRφruks, fkyY ` Cf , (3.1)

where CfN “
1
N

řN
k“1

ş

|fkpxq|
2dx. However, there is no function space for φ yet.

To start, we introduce two key elements: an exploration measure that leads to a default function
space of learning and an integral operator which plays a crucial role in the identifiability theory. Here
we consider only the functions tuk, fku to simplify the notation. The integrals will be numerically
approximated from the discrete data in computation. Also, all the results extend directly to a version
on discrete vector space for discrete data, see Remark 3.4.
Assumption 3.1 The functions tukuNk“1 in (2.1) satisfy that each function gruks : Ω ˆ Ω Ñ R,
which defines the operator in (2.2), is continuous.

3.1. An integral operator and the SIDA-RKHS

The exploration measure. We introduce first a probability measure that quantifies the exploration
of the variable of φ by the data. Given data in (2.1), we define an empirical measure

ρpdrq “
1

ZN

N
ÿ

k“1

ż

Ω

ż

Ω
δp|y| ´ rq |grukspx, yq| dxdy, (3.2)

where Z “
ş8

0
1
N

řN
k“1

ş

Ω

ş

Ω δp|y| ´ rq |grukspx, yq| dxdydr is the normalizing constant. This
measure reflects the weight being put on |y| by the loss function through the data tgrukspx, yquNk“1.

The exploration measure plays an important role in the learning of the function φ. Its support
is the region inside of which the learning process ought to work and outside of which we have
limit information from the data to learn the function φ. Thus, it defines a default function space of
learning: L2pρq.

An integral operator. The loss functional’s Fréchet derivative in L2pρq comes directly from the
bilinear form xx¨, ¨yy in (2.5). To see this, we rewrite the bilinear form as

xxφ, ψyy “
1

N

N
ÿ

k“1

ż
„
ż ż

φp|z|qψp|y|qgrukspx, zqgrukspx, yqdydz



dx

“

ż 8

0

ż 8

0
φprqψpsqGpr, sqdrds “

ż 8

0

ż 8

0
φprqψpsqGpr, sqρpdrqρpdsq, (3.3)

where the second-to-last equation follows from a change of order of integration and a change of
variables to polar coordinates with the integral kernel G given by

Gpr, sq “
1

N

N
ÿ

k“1

ż

|η|“1

ż

|ξ|“1

„
ż

grukspx, rξqgrukspx, sηqdx



dξdη, (3.4)

for r, s P supppρq and Gpr, sq “ 0 otherwise. The last equality in (3.3) is a re-weighting by ρ with

Gpr, sq “
Gpr, sq

ρprqρpsq
, (3.5)

where, abusing the notation, we use ρprq to denote the density of the measure ρ defined in (3.2).
The next lemma shows that G defines a positive semi-definite integral operator. Its proof, as

well as proofs to later lemmas and theorems, are presented in Appendix A.
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Lemma 3.2 (The integral operator) Under Assumption 3.1, the integral kernelG is positive semi-
definite and the integral operator LG : L2pρq Ñ L2pρq

LGφprq “
ż 8

0
φpsqGpr, sqρpsqds (3.6)

is compact and positive semi-definite. Further more, for any φ, ψ P L2pρq,

xxφ, ψyy “ xLGφ, ψyL2pρq; (3.7)

The next lemma provides an operator characterization of the RKHS with G as the reproducing
kernel Aronszajn (1950). This RKHS is system(the operator Rφ) intrinsic data adaptive (SIDA),
and we refer it as SIDA-RKHS. It is the data adaptive RKHS in our DARTR.

Lemma 3.3 (The SIDA-RKHS) Assume Assumption 3.1. Then the following statements hold.

(a) The RKHS HG with G as the reproducing kernel satisfies HG “ LG
1{2pL2pρqq and its inner

product satisfies xφ, ψyHG
“ xLG

´1{2φ,LG
´1{2ψyL2pρq for any φ, ψ P HG.

(b) The eigen-functions of LG, denoted by tψi, ψ0
j ui,j with tψiu corresponding to positive eigen-

values tλiu in decreasing order and tψ0
j u corresponding to zero eigenvalues (if any), form an

orthonormal basis of L2pρq and λi converges to 0. Furthermore, for any φ “
ř

i ciψi, we
have

xxφ, φyy “
ÿ

i

λic
2
i , }φ}2L2pρq “

ÿ

i

c2
i , }φ}2HG

“
ÿ

i

λ´1
i c2

i , (3.8)

where the last equation is restricted to φ P HG.
(c) For any φ P L2pρq and ψ P HG, we have

xφ, ψyL2pρq “ xLGφ, ψyHG
, xxφ, ψyy “ xLG

2φ, ψyHG
. (3.9)

Remark 3.4 The space L2pρq can be a discrete vector space with the function φ defined only
on finitely many points triuni“1 that are explored by the data. In this setting, the integral kernel
G in (3.4) becomes a positive semi-definite matrix in Rn, so does G in (3.5). Now the integral
operator LG is defined by the matrix G on the weighted vector space Rn and its eigenvalues are
the generalized eigenvalues of pG,Bq with B “ Diagpρpr1q, ¨ ¨ ¨ , ρprnqq. As a result, the SIDA-
RKHS HG is the vector space spanned by the eigenvectors with nonzero eigenvalues. Furthermore,
the norms in (3.8) can be computed directly from the eigen-decomposition. These discrete values
can be viewed piecewise constant approximations to the functions, and the numerical algorithm in
Section 4.1 applies. When n Ñ 8, they converge to the corresponding functions under suitable
regularity conditions. Thus, the measure ρ allows for a unified framework to treat the SIDA-RKHS
with either discrete or continuous functions.

3.2. Function space of identifiability and regularizations

We show that the function space of identifiability (FSOI), i.e., on which the loss functional has a
unique minimizer (see Definition 3.5), is the subspace of L2pρq spanned by the eigenfunctions of
LG with positive eigenvalues. When zero is an eigenvalue of LG, this function space is a proper
subspace of L2pρq and the loss functional has multiple minimizers in L2pρq. Thus, the inverse
problem is well-defined only on this function space. Furthermore, we show that the regularization
by the SIDA-RKHS norm enforces the regularized minimizer to be in it.

6



DATA ADAPTIVE RKHS TIKHONOV REGULARIZATION

Definition 3.5 The function space of identifiability is the largest linear subspace of L2pρq in which
the loss functional E has a unique minimizer.

We remark that when the data is continuous and noiseless, the true kernel is the unique minimizer,
thus, it is identifiable by the loss functional. Also, note that the FSOI is data-dependent. When the
data is discrete or noisy, the unique minimizer in the FSOI is an optimal estimator in the FSOI, and
it converges to the true kernel as the data improves.

The next theorem characterizes the FSOI. Furthermore, it shows that this inverse problem is
ill-posed since the estimator requires the inverse of a compact operator.

Theorem 3.6 (Function space of identifiability (FSOI)) Suppose that Assumption 3.1 holds. Let
φfN P L

2pρq be the Riesz representation of the bounded linear functional:

xφfN , ψyL2pρq “
1

N

N
ÿ

k“1

ż

2Rψrukspxqfkpxqdx, @ψ P L
2pρq. (3.10)

Then the following statements hold.

(a) The Fréchet derivative of Epφq in L2pρq is∇Epφq “ 2pLGφ´ φ
f
N q.

(b) The FSOI is H “ spantψiu with closure in L2pρq, where tψiu are eigenfunctions of LG
with positive eigenvalues. Furthermore, the minimizer of Epφq in H is pφ “ LG

´1φfN if
φfN P LGpL2pρqq. In particular, if the true function is φtrue P H and the data is continuous
noiseless, we have φfN “ LGφtrue and pφ “ LG

´1φfN “ φtrue.

(c) The Fréchet derivative of E in HG is ∇HGEpφq “ 2pLG
2φ ´ LGφ

f
N q. Its zero leads to an

estimator pφ “ LG
´2LGφ

f
N if φfN P LGpL2pρqq.

Remark 3.7 (Regularization with the L2 and the SIDA-RKHS norms) In practice, due to the
discrete and/or noisy data, we often have φfN “ LGφtrue`φδ1`φδ2, where the perturbation from the
true function is decomposed to φδ1 P LGpL2pρqq and φδ2 P LGpL2pρqqK. Clearly, when φδ2 ‰ 0, the
estimator pφ “ LG

´1φfN does not exist and regularization is necessary. The following comparison
between the L2 and the SIDA-RKHS regularizers shows that the later regularizer removes φδ2 and
makes the estimator well-defined. More specifically, we consider the regularized loss functional
withRpφq being λ}φ}2L2 and λ}φ}2HG

. Then, their minimizers are

pφL
2

λ “ pLG ` λIq
´1φfN ,

pφHG
λ “ pLG

2 ` λIq´1LGφ
f
N .

Plugging in φfN “ LGφtrue ` φδ1 ` φδ2, we have

pφL
2

λ “ φtrue ` pLG ` λIq
´1pφδ1 ´ λφtrue ` φ

δ
2q,

pφHG
λ “ φtrue ` pLG

2 ` λIq´1pLGφ
δ
1 ´ λφtrueq.

A regularizer then selects the optimal λ to balance the errors,

}pφL
2

λ ´ φtrue}
2
L2pρq ď }pLG ` λIq

´1pφδ1 ` φ
δ
2q}

2 ` }pLG ` λIq
´1λφtrue}

2,

}pφHG
λ ´ φtrue}

2
L2pρq ď }pLG

2 ` λIq´1LGφ
δ
1}

2 ` }pLG
2 ` λIq´1λφtrue}

2,

where in each of them, the first term on the right hand side requires a large λ, whereas the second
term requires a small λ. In practice, the errors φδi are much smaller than φtrue, and the optimal
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λ should be small so that the second term is negligible. In this case, the bias in pφL
2

λ is about
LG

´1pφδ1q`λ
´1φδ2, whereas the bias in pφHG

λ is aboutLG
´1pφδ1q. Thus, the SIDA-RKHS regularized

estimator pφHG
λ is more accurate than the L2 regularized estimator. To avoid amplifying the error φδ2,

a projection is necessary for the L2 regularizer, and we will compare the projected L2 regularizer
with the SIDA-RKHS regularizer in Section 4.2.

4. Learning algorithm
4.1. Algorithm: nonparametric regression with DARTR

Based on the identifiability theory in Section 3.2, we introduce next a nonparametric learning algo-
rithm with Data Adaptive RKHS Tikhonov Regularization (DARTR). We briefly sketch the algo-
rithm in the following four steps, whose details are presented in Appendix B.1.

1. Estimate the exploration measure ρ. We utilize the data to estimate the support of the true kernel
and the exploration measure ρ. The support of the true kernel lies in r0, R0s with R0 being the
diameter of the domain Ω, and it is further confined from a comparison between the supports of
fk and gruks (see Appendix B.1 for more details). Then, we constrain the discrete approximation
of ρ defined (3.2) on the support of φ. In this process, we also assemble the regression data that
will be repeatedly used.

2. Assemble the regression matrices and vectors. We select a class of hypothesis spaces Hn “
spantφiu

n
i“1 with basis functions tφiu and with dimension n in a proper range. Then, we com-

pute the regression normal matrices and vectors, as well as the basis matrix,

Anpi, jq “ xxφi, φjyy, bnpiq “ xφ
f
N , φiyL2pρq, Bnpi, jq “ xφi, φjyL2pρq. (4.1)

from data for each of these hypothesis spaces.

3. For each triplet pAn, bn, Bnq, find the best regularized estimator pcλn by DARTR in Algorithm 1,
as well as corresponding loss value Eppcλnq.

4. From the estimators tpcλnun, we select the one with the smallest loss value Eppcλnq.

Algorithm 1 Data Adaptive RKHS Regularization (DARTR).
Input: The regression triplet pA, b,Bq consisting of normal matrixA, vector b and basis matrixB as in (4.1).
Output: SIDA-RKHS regularized estimator pcλ0

and loss value Eppcλ0
q.

1: Solve the generalized eigenvalue problem AV “ BV Λ, where Λ is the diagonal matrix of eigenvalues
and the matrix V has columns being eigenvectors orthonormal in the sense that V JBV “ I .

2: Compute the RKHS-norm matrix Brkhs “ pV ΛV Jq´1, using pseudo inverse when Λ is singular. We
refer to Remark B.1 on a computational technique to avoid the inverse matrix.

3: Use the L-curve method to find an optimal estimator pcλ0
: select λ0 maximizing the curvature of the λ-

curve plog Eppcλq, logppcJλBrkhspcλqq, where the least squares estimator pcλ “ pA`λBrkhsq´1bminimizes
the regularized loss function

Eλpcq “ Epcq ` λcJBrkhsc with Epcq “ cJAc´ 2cJb` b
J
A
´1
b,

where the matrix inversion is a pseudo-inverse when it is singular.

In comparison to the classical nonparametric regression using pAn, bnq, we need only an ad-
ditional basis matrix Bn. The novelty of our algorithm is the data adaptive components, such as
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the exploration measure ρ, the basis matrix Bn in L2pρq and the norm of the SIDA-RKHS for reg-
ularization. The computation of the SIDA-RKHS norm is based on the generalized eigenvalues
problem with the pair pAn, Bnq, whose eigenvalues approximate the eigenvalues of LG in (3.6) and
pψk “ Vjkφj approximates the eigenfunctions of LG (see Theorem 4.1). The additional computa-
tional cost is only the generalized eigenvalue problem which can be solved efficiently.

Theorem 4.1 LetHn “ spantφiu
n
i“1 Ă L2pρq and let pAn, Bnq be the normal and basis matrix in

(4.1). Assume thatHn is large enough so that LGpL2pρqq Ă Hn (which is true, for example when ρ
is a discrete-measure on a discrete setR and tφnu are piecewise constant functions with n “ |R|).
Then, the operator LG in (3.6) has eigenvalues pλ1, . . . , λnq solved by the generalize eigenvalue
problem

AnV “ BnΛV, s.t., V JBnV “ In, Λ “ Diagpλ1, . . . , λnq, (4.2)

and the corresponding eigenfunctions of LG are tψk “
řn
j“1 Vjkφju.

4.2. Comparison with projected l2 and L2 regularizers

Our DARTR method differs from other regularizers in its use of the SIDA-RKHS norm, which
restricts the learning to take place in the function space of identifiability. In the following, we
compare it with the l2 and L2 regularizers with Rpφq “ }φ}2l2 “

ř

i c
2
i and Rpφq “ }φ}2L2 “

cJBnc. In fact, a direct application of these two regularization terms would lead to problematic
regularizers with largely biased estimators when An is singular, i.e., when the function space of
identifiability is a proper subspace of L2pρq, because the inverse problem is ill-defined on L2pρq
(see also Remark 3.7). Thus, in practice, one makes a projection to the FSOI (i.e., the eigen-space
of nonzero eigenvalues of An in computation) before adding these regularization terms, and we call
them projected l2 and L2 regularizers.

Table 1: The SIDA-RKHS regularizer v.s. the projected l2,L2 regularizers˚.
l2 L2 SIDA-RKHS

Rpφq }c}2 “ cJc }c}2Bn
“ cJBnc }c}2HG

“ cJBrkhsc

cλ cλ “
řk
i“1

1
σi`λ

uJi b cλ “
řk
i“1

1
λi`λ

vJi b cλ “
řk
i“1

1
λi`λλ

´1
i

vJi b

SVD An “
řn
i“1 σiuiu

J
i ,uJi uj “ δij An “

řn
i“1 λiviv

J
i , vJi Bnvj “ δij

UJAnU “ Σ, UJU “ I V JAnV “ Λ, V JBnV “ I

*All regularizers estimate φ “
řn
i“1 ciφi from Anc “ bn with basis matrix Bn (see (4.1)). The projected l2

and L2 regularizers use only the non-zero eigenvalues tσiuki“1 and tλiuki“1 and their eigenvectors.

Table 1 compares our SIDA-RKHS regularizer with the projected l2 and L2 regularizers. We
note that there are the following connections:

• The L2 regularizer is a basis-adaptive generalization of the l2 regularizer. When Bn “ I (i.e., the
basis tφiu are orthonormal in L2pρq), the two are the same. When Bn is not the identity matrix
(i.e., the basis tφiu are not orthonormal in L2pρq), which happens often, the L2 regularizer takes
it into account through the generalized eigenvalue problem.
• The SIDA-RKHS regularizer is an improvement over theL2 regularizer. When all the generalized

eigenvalues are λi ” 1 (e.g., LG is an identity operator or when An “ Bn as in classical
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regression), the two are the same. Otherwise, the SIDA-RKHS regularizer not only takes into
account of the FSOI but also a balance between λi and λ´1

i .
• The SIDA-RKHS regularizer restricts the learning to be in the FSOI by definition, while the other

two regularizers, if not projected, miss this fundamental issue.

5. Numerical results

We test our learning method on three types of operators: linear integral operators, nonlocal operators
and nonlinear operators. For each type, we systematically examine the method in the regimes of
noiseless and noisy data, with kernels in and out of the SIDA-RKHSs. Since the ground-truth kernel
is known, we study the convergence of estimators to the true kernel as the data mesh refines. Thus,
the regularization has to overcome both numerical error and noise in the imperfect data. All codes
used will be publicly released on GitHub.

5.1. Settings and main results

The settings of the numerical tests for all three types of operators are as below.
Comparison with baseline methods. On each dataset, we compare our SIDA-RKHS regularizer
with two baseline regularizers using the projected l2 and L2 norm (denoted by l2 and L2 in the
figures below, respectively) defined in Section 4.2. All three regularizers use the same L-curve
method to select the hyper-parameter λ as described in Appendix B.1. They differ only at the
regularization norm.
Settings of synthetic data. We test two kernels for each type of operators:
‚ Truncated sine kernel. The truncated sine kernel is φtrue “ sinp2xq1r0,3spxq. It represents a kernel
with discontinuity. Due to the nonlocal dependency of the operator on the kernel, this discontinuity
can cause a global bias to the estimator.
‚ Gaussian kernel. The kernel φtrue is the Gaussian density centered at 3 with standard deviation
0.75. It represents a smooth kernel whose interaction concentrated in the middle of its support.

The kernels act on the same set of function tukuk“1,2 with u1pxq “ sinpxq1r´π,πspxq and
u2pxq “ sinp2xq1r´π,πspxq. When generating the data for learning, the integral Rφruks “ fk is
computed by the adaptive Gauss-Kronrod quadrature method. This integrator is much more accurate
than the Riemann sum integrator that we will use in the learning stage. To create discrete datasets
with different resolutions, for each ∆x P 0.0125ˆ t1, 2, 4, 8, 16u, we take values of tuk, fkuNk“1 “

tukpxjq, fkpxjq : xj P r´40, 40s, j “ 1, . . . , JuNk“1, where xj is a point on the uniform grid
with mesh size ∆x. For the nonlinear operator, to avoid the inverse problem being ill-defined, we
introduce add an additional pair of data pu3, f3q with u3pxq “ x1r´π,πspxq (see Section 5.3 for
more details). In short, the discrete data tukuk“1,2 are continuous functions and the discrete data u3

is a piece-wise smooth function.
For each kernel, we consider both noiseless and noisy data with different noise levels by taking

values of noise-to-signal-ratio (nsr) in t0, 0.5, 1, 1.5, 2u. Here the noise is added to each spatial
mesh point, independent and identically distributed centered Gaussian with standard deviation σ,
and the noise-to-signal-ratio is the ratio between σ and the average L2 norm of fk.
Settings for the learning algorithm. When estimating the kernels from the discrete data, we
estimate the values of the kernel on the points S “ trju

J
j“1 with rj “ j∆x, the support of the

empirical exploration measure ρ. When the data mesh refines, the size of this set increases. In

10
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Table 2: Rate of convergence of the SIDA-RKHS regularizer’s estimators from noisy data.
Linear Integral Operator Nonlinear Operator Nonlocal Operator

Kernel Data continuity(C) Data continuity (D) Data continuity (C)
Truncated Sine (D) 0.29 0.94 0.29

Gaussian (C) 0.62 0.66 1.01
* Here “C” stands for continuous, and “D” stands for discontinuous. When the continuity of the kernel and
data matches, the rates are closer to 1 than when the two dis-matches. The rates are the average of the mean
rates for nsr P t0.1, 0.5, 1, 2u in the right columns of Figure 1-3. We do not report the rate for the l2 and L2

regularizers because they do not have a consistent rate.

terms of the algorithm in Section 4.1, such a discrete estimation uses a hypothesis space with B-
spline basis functions consisting of piece-wise constants with knots being the points in S. Thus,
the true kernels are not in this hypothesis space. Furthermore, this hypothesis space has the largest
dimension for the basis matrix Bn in (4.1) being non-singular, and there is no need to select an
optimal dimension. In this setting, the regularizer is the only source of regularization and there is
no regularization from basis functions. Hence, this setting highlights the role of the regularizers.
Performance assessment. We assess the performance of the regularizers by their ability to consis-
tently identify the true kernels in the presence of numerical error (in the Riemann sum approxima-
tion of the integrals due to discrete data) and noise (due to noisy data). We present typical estimators,
the L2pρq errors of the estimators as data mesh refines, as well as the statistics (mean and standard
deviation) of the rates of convergence that are computed from 20 independent simulations.

Summary of main results Our main findings are as follows.

• The SIDA-RKHS regularizer’s estimator is the most accurate in most cases. However, it occasion-
ally happens that the l2 or L2 regularizer performs better because of a suboptimal regularization
parameter λ0, which depends on multiple factors, ranging from the operator, numerical error,
noise and treatment of the singular or ill-conditioned normal matrix, even though SIDA-RKHS
regularizer is the most robust (see Figure 4 in appendix). Thus, in addition to accuracy of the
estimator, it is important to also compare the convergence rates.
• The SIDA-RKHS regularizer robustly leads to estimators converging at a consistent rate for all

levels of noises for each operator, while the other two regularizers cannot.
• The rate of convergence of the SIDA-RKHS regularizer’s estimator from noisy data depends on

both the continuity of the kernel and the continuity of the discrete data: when the two matches,
the rate is higher and closer to 1, as shown in Table 2.

5.2. Linear integral operators

We consider first the integral operator with kernel φ:

Rφruspxq “

ż

Ω
φp|y ´ x|qupyqdy “ fpxq.

After a change of variables in the integral, it is the operator Rφ in (2.2) with gruspx, yq “ upx` yq.
Such kernels in operators arise in a wide range of applications, such as the Green’s function in PDEs
(see e.g., Evans (2010); Gin et al. (2021)) and convolution kernels in image processing in Owhadi
and Yoo (2019), to name just a few.

11
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For this operator, the exploration measure ρ (defined in (3.2)) is a uniform measure, since each
data gruks interacts with the kernel uniformly. Furthermore, since each gruks is continuous, the
reproducing kernel G in (3.4) is continuous on the support of ρ, thus the SIDA-RKHS consists of
continuous functions. As a result, we expect the algorithm to learn the smooth Gaussian kernel
better than the discontinuous truncated sine kernel.

Convergence of Estimators, nsr = 0.1 & 1  Convergence Rates
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Figure 1: Linear integral operators with the sine kernel (top row) and Gaussian kernel (bottom row). Left
column: typical estimators by the three regularizers, in comparison of the true kernel, superim-
posed with the exploration measure ρ (in cyan color), when ∆x “ 0.05 and noise-to-signal-ratio
nsr “ 1. Middle 3-columns: convergence of estimators as the mesh-size ∆x refines, along with
values of the loss function. Right column: the mean and standard deviation of the convergence
rates in 20 independent simulations, with five levels of noise (with nsr P t0, 0.1, 0.5, 1, 2u). Only
the SIDA-RKHS regularizer’s estimator consistently converges for all levels of noise, and its esti-
mators are mostly more accurate than the other two regularizers’.

Figure 1 shows the results. The left column shows the typical estimators by the three regular-
izers, in comparison of the true kernel, when ∆x “ 0.05 and noise-to-signal-ratio nsr “ 1. The
exploration measure ρ (in light cyan color) is uniform for each kernel, and its support, estimated
from the difference between the supports of gruks and fk, is slightly larger than the support of the
true kernel. All three regularizers lead to accurate estimators. The RKHS regularizer’s estima-
tors are the closest to the true kernel and this is further verified in the middle 3-column panel with
∆x “ 0.05 add nsr “ 1: for the sine kernel, all three estimators’ L2pρq errors are about 10´1;
but for the Gaussian kernel, the RKHS’s estimator has an error close to 10´2.5 while the other two
regularizers’ error are about 10´2.

The middle 3-column panel shows the convergence of the estimator’s L2pρq error as the data
mesh refines when nsr “ 0.1 and nsr “ 1, superimposed with the corresponding values of the loss
function. When nsr “ 1, all three regularizers’ estimators converge for both kernels, at rates that are
close to the rates of the loss function, and their errors are comparable. However, when nsr “ 0.1,
the RKHS regularizer continues to yield converging estimators, whereas the other two regularizers
have flat error lines even though the corresponding loss values keep decaying. In particular, those
flat error lines are above those errors for nsr “ 1 with ∆x ď 0.025, i.e., when the numerical error
is small. Thus, these results demonstrates the importance to take into account the function space of
learning via SIDA-RKHS, particularly when the noise level is relatively low.

The right column shows the mean and standard deviations of the rates of convergence in 20
independent simulations. The RKHS regularizer has consistent rates of convergence for all levels
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of noises. The rates are closer to 1 for the smooth Gaussian kernel (which matches the continuity
of data) than the rates for the discontinuous truncated sine kernel when the data are noisy. The rates
are close to 1 when the data are noiseless. On the other hand, the l2 and L2 regularizers fails to
have consistent rates when the noise level reduces. In particular, for the sine kernel, they present
deceivingly higher rates than the RKHS regularizer when nsr P t0.5, 1, 2u, and the middle 3-column
panel reveals the facts: they often have much larger errors than the RKHS when ∆x “ 0.2, thus
leading to deceiving better rates even when their errors remains large as ∆x decreases.

In short, the RKHS regularizer leads to estimators that converge consistently, at lower rates
for the discontinuous sine kernel (which is discontinuous, different from the dta) and at higher
rates for the smooth Gaussian kernel (which match the continuity of the data), while the l2 and L2

regularizers cannot. Furthermore, RKHS regularizer’s estimators are often more accurate than those
of the other two regularizers.

5.3. Nonlinear operators

Next we consider the nonlinear operator Rφ with gruspx, yq “ Bxrupx` yqupxqs:

Rφruspxq “

ż

Ω
φp|y|qBxrupx` yqupxqsdy “ ru ˚ φp| ¨ |qus

1pxq.

Such nonlinear operators arise in the mean-field equations of interaction particles (see e.g., Jabin
and Wang (2017); Motsch and Tadmor (2014); Lu et al. (2021); Lang and Lu (2022)), and the
function φ is called an interaction kernel. More precisely, the mean-field equations are of the form
Btu “ ν∆u ` divpu ˚Kφuq on Rd, where Kφpyq “ φp|y|q y

|y| . Here we consider only d “ 1 and
neglect the ratio y

|y| to obtain the above operator.
We add an additional pair of data pu3, f3q with u3pxq “ x1r´π,πspxq, so as to avoid the issue

that the value of ru ˚ φp| ¨ |quspxq is under-determined from the data fpxq “ ru ˚ φp| ¨ |qus1pxq due
to the differential. Here we set the derivative of u3 to be u13pxq “ 1r´π,πspxq. These derivatives
are approximated by finite difference when learning the kernel from discrete data. Note that the u3

and its derivative have jump discontinuities. As a result, the reproducing kernel G in (3.4) also has
discontinuity, and the SIDA-RKHS contains discontinuous functions.

Figure 2 shows the results. The left column shows that the exploration measure ρ is non-uniform
due to the nonlinear function gruks, and its density is a decreasing function, suggesting that the data
explores the short range interactions more than the long range interaction. The RKHS regularizer’s
estimators significantly outperforms the other two regularizers, and they are near smooth and are
close to the true kernels. The l2 and L2 regularizers have largely oscillating estimators, suggesting
an overfitting. Note that the RKHS estimators also have oscillating parts, but they are only in the
region where the exploration measure has little weight, due to limited data exploration. The superior
performance of RKHS regularizer is further verified in the middle 3-column panel with ∆x “ 0.05
add nsr “ 1: its errors are much smaller than those of the other two regularizers.

The middle 3-column panel shows that the RKHS regularizer’s error consistently decreases as
the data mesh refines. In contrast, the other two regularizers have slower and less consistent error
decay, in particular, their error lines flatten as the noise level increases.

The right column shows that the RKHS regularizer has consistent rates of convergence for all
levels of noises, with all rates close to 1 for the sine kernel, and slightly above 0.5 for the Gaussian
kernel. In comparison, the other two regularizers’ rates decreases as the noise level increases,
dropping close to zero when the noise level is nsr “ 2.
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Figure 2: Nonlinear operators, in the same setting as in Figure 1. The SIDA-RKHS regularizer’s estimators
are significantly more accurate than those of the l2 and L2 regularizers in the left column. The
middle 3-column panel shows that the SIDA-RKHS regularizer leads to consistently converging
estimators as the data mesh refines, for both levels of noise, while the other two regularizers have
slower and less consistent error decay and their error lines flatten when the noise level is nsr “ 1.
The right column shows that only the SIDA-RKHS regularizer has consistent rates for all levels
of noise, and the other two regularizers’ rates drops significantly when the noise level increases.

In short, the RKHS regularizer’s estimators are more accurate than those of the l2 and L2 regu-
larizers. More importantly, the RKHS regularizer consistently leads to convergent estimators, main-
taining similar rates for all levels of noises, at rates close to 1 for the truncated sine kernel (which
is discontinuous, matching the discontinuity of data) and at rates slightly above 0.5 for the Gaus-
sian kernel (which is smooth, different from the data). The l2 and L2 regularizers have convergent
estimators, but the rate of convergence drops when the noise level increases.

5.4. Nonlocal operators

At last, we consider nonlocal operators Rφ with gruspx, yq “ upx` yq ´ upxq:

Rφruspxq “

ż

Ω
φp|y|qrupx` yq ´ upxqsdy.

Such nonlocal operators arise in nonlocal and fractional diffusions (see e.g., Du et al. (2012); Ap-
plebaum (2009); Bucur and Valdinoci (2016)) and they have been used to construct homogenized
models for peridynamic in You et al. (2022, 2020); Lu et al. (2022).

Figure 3 shows the results. The left column shows typical estimators. The exploration measure
ρ shrinks to zero near the origin due to the difference grus “ upyq ´ upxq and the continuity of u.
All three regularizers lead to accurate estimators, and the RKHS estimator is the most accurate.

In the middle 3-column panel, we observe again that the RKHS regularizer leads to estimators
remain converging as data mesh refines for both noise levels, even though the errors decay slower
than the loss function. On the other hand, the l2 and L2 regularizers have inconsistent error decay:
the errors decreasing monotonically when nsr “ 1, but the error lines oscillate when nsr “ 0.1 for
the sine kernel, and for the Gaussian kernel, they present deceiving rates larger than the decay of
the loss function due their large errors when ∆x is large.

The right column further confirms the consistency of the RKHS regularizer’s rates and the in-
consistency of the l2 and L2-regularizers’ rates. When the data is noisy, the rates of the RKHS
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Convergence of Estimators, nsr = 0.1 & 1  Convergence Rates
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Figure 3: Nonlocal operators, in the same setting as in Figure 1. Overall, the SIDA-RKHS estimators have
the smallest error mostly, and it is the only one with consistent rates for all levels of noise.

regularizer are about 0.29 for the truncated sine kernel (which has a jump discontinuity) and about
1 for the Gaussian kernel (which is continuous). Meanwhile, the rates for the l2 and L2-regularizers
are about 0.65 for the sine kernel, and about 0.8 for the Gaussian kernel. We note again that they can
have deceivingly better rates than the RKHS regularizer’s while their errors are larger. Moreover,
when the data is noiseless, RKHS regularizer has rates close to 1 for both kernels, while the other
two regularizers rates are not consistent.

6. Discussion and future work

We have proposed a data adaptive RKHS Tikhonov regularization (DARTR) method for the non-
parametric learning of kernel functions in operators. The DARTR method regularizes the least
squares regression by the norm of a system intrinsic and data adaptive (SIDA) RKHS. It constraints
the learning to take place in the function space of identifiability, in which the inverse problem is
well-defined but ill-posed.

Numerical tests on synthetic datasets suggest that DARTR has the following advantages: (1) it is
naturally adaptive to both data and the operator; (2) it leads to estimators converging at a consistent
rate when the data mesh refines, robust to numerical error and noise.

This study presents a preliminary introduction of the DARTR method. There are several direc-
tions for further development and analysis of DARTR in general settings and applications:
1. Convergence analysis. We are in short of a convergence analysis of the regularized estimators

due to the numerical errors in the normal matrix.
2. Multivariate kernel functions. When the kernel is a multivariate function, sparse-grid representa-

tion or sparse basis functions (sparse polynomials) become necessary. A related issue is to select
the optimal dimension of the hypothesis space.

3. Applications to Bayesian inverse problems. In a Bayesian perspective, the Tikhonov regulariza-
tion can be interpreted as a Gaussian prior with a covariance matrix corresponding to the penalty
term. In this perspective, our SIDA-RKHS norm coincides with the Zellner’s g-prior (Zellner
and Siow (1980); Bayarri et al. (2012)) that uses A´1

n as prior covariance, because we have
Brkhs “ A

´1
n when the basis functions are orthonormal in L2pρq.

4. The DARTR method is applicable to general linear inverse problems with a quadratic loss func-
tional. It is particularly useful when the data depends on the unknown function non-locally.
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Appendix A. Proofs

Proof [Proof of Lemma 3.2] Recall that a bi-variate function G is positive semi-definite if for any
pc1, . . . , cmq P Rm and any trjumj“1 Ă Rd, the sum

řm
i“1

řm
j“1 cicjGpri, rjq ě 0. (see e.g. Berg

et al. (1984); Cucker and Zhou (2007); Li et al. (2021)). Using (3.4) and (3.5), we have

m
ÿ

i“1

m
ÿ

j“1

cicjGpri, rjq “
1

N

N
ÿ

k“1

ż

|η|“1

ż

|ξ|“1

«

ż m
ÿ

i“1

m
ÿ

j“1

cicj
grukspx, riξqgrukspx, rjηq

ρpriqρprjq
dx

ff

dξdη

“
1

N

N
ÿ

k“1

ż

|η|“1

ż

|ξ|“1

»

–

ż

ˇ

ˇ

ˇ

ˇ

ˇ

m
ÿ

i“1

ci
grukspx, riξq

ρpriq

ˇ

ˇ

ˇ

ˇ

ˇ

2

dx

fi

fl dξdη ě 0.
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Thus G is positive semi-definite. The operator LG is compact because G P L2pρ ˆ ρq, which fol-
lows from the fact that each uk is bounded and the definition of ρ (see also in Lang and Lu (2021)).
Also, since G is positive semi-definite, so is LG. The equation (3.7) follows from (3.3).

Proof [Proof of Lemma 3.3] Part (a) is a standard operator characterization of the RKHS HG (see
e.g., (Cucker and Zhou, 2007, Section 4.4)).

For Part (b), since the operator LG is symmetric positive semi-definite and compact as shown
in Lemma 3.2, the eigenfunctions are orthonormal and the eigenvalues decay to zero. The first
equation in (3.8) follows from (3.7) and the second equation follows from the orthonormality of the
eigenfunctions. At last, if φ P HG, by the characterization of the inner product of HG in Part (a),
we have the third equation in (3.8).

The first equality in Part (c) follows from Part (a) and that LG
´1{2 is self-adjoint, which implies

that xLGφ, ψyHG
“ xLG

1{2φ,LG
´1{2ψyL2pρq “ xφ, ψyL2pρq. The second equality in (3.9) follows

from the first equality and (3.7).

Proof [Proof of Theorem 3.6] From (3.7), we can write the loss functional in (3.1) as

Epφq “ xLGφ, φyL2pρq ´ 2xφfN , φyL2pρq ` C
f
N .

Then we can compute the Fréchet derivative directly from definition, and Part (a) follows.
For Part (b), first note that for any φfN P LGpL2pρqq, the estimator pφ “ LG

´1φfN is the unique
zero of the loss functional’s Fréchet derivative in H , hence it is the unique minimizer of Epφq in H .
In particular, when the data is continuous noiseless and the true kernel is φtrue, i.e. Rφtrueruks “ fk,
by (3.7) and the definition of the bilinear form xx¨, ¨yy in (2.5), we have

xφfN , ψyL2pρq “ xLGφtrue, ψyL2pρq

for any ψ P L2pρq. Thus, φfN “ LGφtrue and pφ “ LG
´1φfN “ φtrue. That is, φtrue P H is the

unique minimizer of the loss functional E . Meanwhile, note that H is the orthogonal complement
of the null space of LG, and Epφtrue ` φ0q “ Epφtrueq for any φ0 such that LGφ0 “ 0. Thus, H is
the largest such function space, and we conclude that H is the FSOI.

To prove Part (c), we further re-write the loss functional as

Epφq “xLGφ,LGφyHG
´ 2xLG

1{2φfN ,LG
1{2φyHG

` CfN ,

which follows from (3.9) and the definition of x¨, ¨yHG
. Thus, by definition, the Fréchet derivative

of Epφq in the direction of ψ P HG is

x∇HGEpφq, ψyHG
“ lim

εÑ0

1

ε
rEpφ` εψq ´ Epφqs

“ 2xLGφ,LGψyHG
´ 2xLG

1{2φfN ,LG
1{2ψyHG

“ 2xLG
2φ´ LGφ

f
N , ψyHG

,

which gives the Fréchet derivative∇HGEpφq.
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Proof [Proof of Theorem 4.1] Let ψk “
řn
j“1 Vjkφj with V JBnV “ In. Then, ψk is an eigen-

function of LG with eigenvalue λk if and only if for each i,

xφi, λkψkyL2pρq “ xφi,LGψkyL2pρq “

n
ÿ

j“1

xφi,LGφjyL2pρqVjk “
n
ÿ

j“1

Anpi, jqVjk,

where the last equality follows from the definition of An in (4.1). Meanwhile, by the definition of
Bn we have xφi, λkψkyL2pρq “

řn
j“1Bnpi, jqλkVjk for each i. Then, Equation (4.2) follows.

Appendix B. Algorithm details
B.1. Detailed nonparametric learning algorithm

We consider only discrete data tukpxjq, fkpxjquNk“1 in 1-dimensional and at equidistant mesh points
txj “ j∆xuJj“0. The extension to multi-dimensional cases is straightforward.

Step 1: Estimate the exploration measure and assemble regression data. We first estimate the
exploration measure and extract the regression data that can be repeatedly used for all hypothesis
spaces. This step can reduce the computational cost in orders of magnitude when the data is large
with thousands of pairs puk, fkq with fine mesh.

Let R0 be the diameter of the set Ω. The discrete data set tukpxjq, fkpxjquNk“1 explores only
the variable r of φ in the set RJN “ trijk “ |yi| ď R0 : grukspxi, yjq ‰ 0 for some i, j, ku, the set
of all values explored by data with repetition. A discrete approximation of the exploration measure
ρ in (3.2) is

ρJN pdrq “
1

|RJN |

N
ÿ

k“1

J
ÿ

i,j“1

δ|yi|prq|grukspxj , yiq|. (B.1)

This measure ρJN uses only the information from uk and it does not reflect the information about the
kernel in fk. To estimate the support of the kernel, we extract the additional information from tfku
as follows. We set the data-adaptive support of the kernel to be r0, Rs with R defined by

R “ 1.1 mintRρ,maxt|Lfi ´ L
u
i |, |R

f
i ´R

u
i |u

N
i“1u, (B.2)

where pLui , R
u
i q and pLfi , R

f
i q are the lower and upper bounds of the supports grukspx, yq and

supppfkq respectively, and Rρ is the maximum of the support of ρJN . That is, the support of the
kernel lies inside the support of the exploration measure, and it is the maximal interaction range in-
dicated by the difference between supports of uk and fk, which extracts the additional information
in the data tfku. Here the multiplicative factor 1.1 is an artificial factor to enlarge the range, so that
the supports of the basis functions will fully cover the explored region.

The estimated support of the kernel is the region explored by data. Outside of the region, the data
provides little information about the kernel. Thus, we focus on learning the kernel in this region
and set the local basis functions to be supported in it. Accordingly, we constrain the exploration
measure to be supported in r0, Rs, and for simplicity of notation, we still denote it by ρJN .
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Assemble regression data. Next, we assemble the regression data that will be used repeatedly,
thus saving the computational cost by orders of magnitude, particularly when the data size is large
with thousands of pairs puk, fkq. In order to compute the normal matrix Api, jq “ xxφi, φjyy for any
pair of basis functions, with the bilinear form defined in (3.3), we only need the integral kernel G.
In particular, when d “ 1, the integral

ş

|η|“1 hpηqdη “ hpηq ` hp´ηq, therefore, we have

Gpr, sq “
1

N

N
ÿ

k“1

ż

Ω
pgrukspx, rq ` grukspx,´rqq pgrukspx, sq ` grukspx,´sqq dx (B.3)

for r, s P supppρq. Similarly, for a basis function φi, to compute bpiq in (2.4), which can be re-
written as

bnpiq “
1

N

N
ÿ

k“1

ż

Rφirukspxqfkpxqdx “

ż R

0
φiprqg

f
N prqdr, (B.4)

we only need the function gfN defined by

gfN prq “
1

N

N
ÿ

k“1

ż

Ω
pgrukspx, rq ` grukspx,´rqq fkpxqdx. (B.5)

Let rk “ k∆x for k “ 1, . . . , t R
∆x u, which are the mesh points of φ explored by the data. Then, all

the regression data we need in the original data (2.1) are
"

Gprk, rlq, g
f
N prkq, ρ

J
N prkq, with k, l “ 1, . . . , t

R

∆x
u

*

, (B.6)

where G, gfN and ρJN are defined respectively in (B.3), (B.5) and (B.1).

Step 2: Select a class of hypothesis spaces and assemble regression matrices and vectors. We
set a class of data-adaptive hypothesis spacesHn “ spantφiu

n
i“1 with their dimensions set to range

from under-fitting to over-fitting. The basis functions can be either global basis functions such as
polynomials and trigonometric functions, or local basis functions such B-spline polynomials (see
e.g., Chapter 2 of Piegl and Tiller (1997) and Lyche et al. (2018)). To set the range for n, we note that
the mesh points of the kernel’s independent variable explored by data are tk∆x : k “ 1, . . . , t R

∆x uu.
Meanwhile, the basis function should be linearly independent in L2pρJN q so that the basis matrix

Bn “ pxφi, φjyL2pρJN q
q1ďi,jďn P Rnˆn (B.7)

is nonsingular. Thus, we set the range of n to be in t R
∆x uˆr0.2, 1s such thatBn is nonsingular while

covering a wide range of dimensions. For example, when we use piecewise constant basis, we can
set n “ t R

∆x u with φipxq “ δpxi´xq, and we get Bn “ DiagpρJN q. Thus, we estimate the kernel as
a vector of its values on the mesh points, with L2pρJN q being a vector space with a discrete-measure
ρJN .

With these regression data, the triplet pAn, bn, Bnq can be efficiently evaluated for any basis
functions using a numerical integrator to approximate the corresponding integrals. For example,
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with Riemann sum approximation, we compute the normal matrix An and vector bn and the basis
matrix Bn as

Anpi, jq “ xxφi, φjyy «
ÿ

k,l

φiprkqφjprlqGprk, rlq∆x
2,

bnpiq «
ÿ

k

φiprkqg
f
N prkq∆x,

Bnpi, jq «
ÿ

k

φiprkqφjprkqρ
J
N prkq∆x.

(B.8)

The triplet pAn, bn, Bnq is all we need for regression with regularization in the next step.

Step 3: Regression with DARTR. Our DARTR method uses the norm of the SIDA-RKHS.
That is, our estimator is the minimizer of the regularized loss in (2.7) with the regularization norm
Rpφq “ }φ}2HG

defined in (3.8).
Computation of the RKHS norm In practice, we can effectively approximate the RKHS norm
}φ}2HG

using the triplet pAn, bn, Bnq. It proceeds in three steps. First, we solve the generalized
eigenvalue problem AnV “ BnV Λ, where Λ is a diagonal matrix of the generalized eigenvalues
and the matrix V has columns being eigenvectors orthonormal in the sense that V JBnV “ In.
Here these eigenvalues approximate the eigenvalue of LG in (3.6), and pψk “ Vjkφj approximates
the eigenfunctions of LG. Then, we compute the square RKHS norm of φ “

ř

i ciφi as

}φ}2HG
“ cJBrkhsc, with Brkhs “ pV ΛV Jq´1, (B.9)

where the inverse is taken as pseudo-inverse, particularly when Λ has zero eigenvalues.
With the RKHS-norm ready, we write the regularized loss for each function φ “

ř

i ciφi as

Eλpφq “ cJpAn ` λBrkhsqc´ 2cJbn ` C
f
N .

The regularized estimator is

xφλ “
n
ÿ

i“1

ciλφi, cλ “ pAn ` λBrkhsq
´1bn. (B.10)

Then, we select the hyper-parameter λ by the L-curve method (see Section B.2).

Remark B.1 (Least squares to avoid matrix inverse) The matrix inverses can cause numerical
issues when the normal matrixA is ill-conditioned or singular. Fortunately, the matrix inversions in
Brkhs and in solving pAn ` λBrkhsqcλ “ bn can be avoided by using minimum norm least squares
solution. Note that this linear equation is equivalent to pB´T {2rkhs AnB

´1{2
rkhs ` λIqrcλ “ B

´T {2
rkhs bn

with rcλ “ B
´1{2
rkhs cλ, where B´T {2rkhs is the transpose of the square root matrix B´1{2

rkhs . Meanwhile,
the square root B´1{2

rkhs “ pV ΛV Jq1{2 comes directly from (B.9). Thus, these treatments avoid the
matrix inversions and lead to more robust estimators.

We summarize the method in Algorithm 2.
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Algorithm 2 Nonparametric learning of the kernel in operator with DARTR
Input: The data tuk, fkuNk“1 “ tukpxjq, fkpxjqu

N,J
k,j“1 with xj “ j∆x to construct the nonlocal model

Rφrus “ f .
Output: Estimator pφ

1: Estimate the exploration measure ρJN from data as in (B.1), and estimate the support of the kernel from
data as in (B.2). Let R be the upper bound of the support.

2: Get regression data pG, gfN q in (B.6).
3: Select a class of hypothesis spaces Hn “ spantφiu

n
i“1 by selecting a type of basis functions, e.g.,

polynomials or B-splines, n in the range t R∆x uˆ r0.2, 1s.
4: For each n, compute pAn, bn, Bnq as in (B.8) for Hn “ spantφiu

n
i“1, using pG, gfN , ρ

J
N q obtained

above. If the basis matrix Bn is singular, remove n from the range. For the pAn, bn, Bnq, find the best
regularized estimator pcλn by DARTR in Algorithm 1, as well as corresponding loss value Eppcλnq.

5: Select the optimal dimension n˚ (and degree if using B-spline basis) that has the minimal loss value
(along with other cross-validation criteria if available). Return the estimator pφ “

řn˚

i“1 c
i
n˚φi.

B.2. Hyper-parameter by the L-curve method

We select the parameter λ by the L-curve method Hansen (2000); Lang and Lu (2022). Let l be a
parametrized curve in R2:

lpλq “ pxpλq, ypλqq :“ plogpEpxφλq, logpRpxφλqq,

where Epxφλq “ cJλAncλ´2cJλ bn´C
f
N , andRpφq is the regularization term, for example,Rpxφλq “

}xφλ}
2
HG

“ cJλBrkhscλ. The optimal parameter is the maximizer of the curvature of l. In practice,
we restrict λ in the spectral range rλmin, λmaxs of the operator LG,

λ0 “ arg max
λminďλďλmax

κplpλqq “ arg max
λminďλďλmax

x1y2 ´ x1y2

px1 2 ` y1 2q3{2
, (B.11)

where λmin and λmax are computed from the smallest and the largest generalized eigenvalues of
pAn, Bnq. This optimal parameter λ0 balances the loss E and the regularization (see Hansen (2000)
for more details). Figure 4 shows a few typical L-curve plots in the selection of the parameter.
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Figure 4: The L-curve selection of the optimal regularization parameter λ0 with maximal curvature. From
left to right (each with an L-curve plot and a curvature plot): l2, L2 and the RKHS. These optimal
λ0’s lead to the regularized estimators for the Gaussian kernel in Figure 2 (left), whose L2pρq

errors are 0.34, 0.14, and 0.02, respectively. The RKHS-norm leads to the best shaped L-curve,
and it has the most accurate estimator.
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