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Abstract

We investigate the time complexity of SGD learning on fully-connected neural networks with
isotropic data. We put forward a complexity measure, the leap, which measures how “hierarchi-
cal” target functions are. For d-dimensional uniform Boolean or isotropic Gaussian data, our main
conjecture states that the time complexity to learn a function f with low-dimensional support is

é(dmax(Leap(f),Q)) )

We prove a version of this conjecture for a class of functions on Gaussian isotropic data and 2-
layer neural networks, under additional technical assumptions on how SGD is run. We show that
the training sequentially learns the function support with a saddle-to-saddle dynamic. Our result
departs from Abbe et al. (2022b) by going beyond leap 1 (merged-staircase functions), and by going
beyond the mean-field and gradient flow approximations that prohibit the full complexity control
obtained here. Finally, we note that this gives an SGD complexity for the full training trajectory
that matches that of Correlational Statistical Query (CSQ) lower-bounds.

1. Introduction

Deep learning has emerged as the standard approach to exploiting massive high-dimensional datasets.
At the core of its success lies its capability to learn effective features with fairly blackbox architec-

tures without suffering from the curse of dimensionality. To explain this success, two structural

properties of data are commonly conjectured: (i) a low-dimensional structure that SGD-trained neu-

ral networks are able to adapt to; (ii) a hierarchical structure that neural networks can leverage with

SGD training. In particular,

From a statistical viewpoint: A line of work (Bach, 2017; Schmidt-Hieber, 2020; Kohler and
Krzyzak, 2016; Bauer and Kohler, 2019) has investigated the sample complexity of learn-
ing with deep neural networks, decoupled from computational considerations. By directly
considering global solutions of empirical risk minimization (ERM) problems over arbitrarily
large neural networks and sparsity inducing norms, they showed that deep neural networks
can overcome the curse of dimensionality on classes of functions with low-dimensional and
hierarchical structures. However, this approach does not provide efficient algorithms: instead,
a number of works have shown computational hardness of ERM problems (Blum and Rivest,
1988; Klivans and Sherstov, 2009; Daniely et al., 2014) and it is unclear how much this line
of work can inform practical neural networks, which are trained using SGD and variants.
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From a computational viewpoint: A line of work in computational learning theory has provided
time- and sample-efficient algorithms for learning Boolean functions with low-dimensional
structure, based on their sparse Fourier spectrum (Mansour, 1994; O’Donnell, 2014). How-
ever, these algorithms are a priori quite different from SGD-trained neural networks. While
unconstrained architectures can emulate any efficient learning algorithms (Abbe and Sandon,
2020; Abbe et al., 2021b), it is unclear whether more ‘standard’ neural networks can succeed
on these same classes of functions or whether they require additional structure that pertains
to hierarchical properties.

Thus, an outstanding question emerges from the current state of affairs:

For neural networks satisfying “regularity assumptions” (e.g., fully-connected, isotropically
initialized layers), are there structural properties of the data that govern the time complexity of
SGD learning? How does SGD exploit these properties in its training dynamics?

Here the key points are: (i) the “regularity” assumption, which prohibits the use of unortho-
dox neural networks that can emulate generic PAC/SQ learning algorithms as in Abbe and Sandon
(2020); Abbe et al. (2021b); (ii) the requirement on the time complexity, which prohibits direct ap-
plications of infinite width, continuous time or infinite time analyses as in Chizat and Bach (2018,
2020). We discuss in Section 1.3 the various works that made progress towards the above, in partic-
ular regarding single- and multi-index models. We now specify the setting of this paper.

IID inputs and low-dimensional latent dimension. We focus on the following class of data
distributions. First of all, we consider IID inputs, i.e.,

m:(arl,...,xd)wu@d, (D

and we focus on the case where y is either A/(0, 1) or Unif({+1, —1}), although we expect that
other distributions would admit a similar treatment. Incidentally, the latter distribution is of interest
in reasoning tasks related to Boolean arithmetic or logic (Saxton et al., 2019; Zhang et al., 2021;
Abbe et al., 2022a). We now make a key assumption on the target function, that of having a low
latent dimension, i.e., f.(x) = h.(z) where z = Ma and

(Gaussian case) M a P x d dimensional, real-valued matrix such that M M T=71 P

()
(Boolean case) M a P x d dimensional, {0, 1}-valued matrix such that M M T=1Ip

with the assumption that P = Og4(1). In other words, the target function has a large ambient
dimension but depends only on a finite number of latent coordinates. In the Gaussian case the
coordinates are not known because of a possible rotation of the input, and in the Boolean case the
coordinates are not known because of a possible permutation of the input.

Data with large ambient dimension but low latent dimension have long been a center of focus
in machine learning and data science. It is known that kernel methods cannot exploit low latent
dimension, i.e., it was proved in Hsu et al. (2021); Hsu; Kamath et al. (2020); Abbe et al. (2022b)
that any kernel method needs a number of features p or samples n satisfying

min(n, p) > Q(dP) (3)

in order to learn a Boolean function as above with degree D = O,4(1). In other words, for kernel
methods D controls the sample complexity irrespective of any potential additional structural prop-
erties of f, (e.g., hierarchical properties). On the other hand, it is known that this is not the limit for
deep learning, which can break the d” curse, as discussed next.
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The example of staircases. Consider the following example: & ~ Unif({41, —1}%) is drawn
from the hypercube and the target function is 4-sparse, either

hi1(z) = 21 + 2122 + 212223 + 21222324 , or  h.2(z) = 21222324 .

The first function is called a vanilla staircase of degree 4 (Abbe et al., 2021a, 2022b). The second is
a monomial of degree 4. Each of these functions induces a function class under the permutation of
the variables (i.e., one can consider the class of all monomials on any 4 of the d input variables, and
similarly for staircases). One can verify that these function classes have similar approximation and
statistical complexity because of the low-dimensional structure, but have different computational
complexity because of the hierarchical structure. For example, under the Correlational Statistical
Query (CSQ) model of computation (Ben-David et al., 1995; Kearns, 1998; Bshouty and Feldman,
2002), the first class has CSQ dimension ©(d) versus ©(d*) for the second class'.

Consider now learning these two functions with online-SGD? on a two-layer neural network
fan(z; ©) = >_jeim) @jo({wj, @) + bj). For online-SGD in the mean-field scaling, it was shown
in Abbe et al. (2022b) that h, ; can be learned in ©4(d) steps, while ., 2 cannot be learned in O4(d)
steps, but it was not shown in which complexity . 2 could be learned. How can we understand this?
At initialization, the gradient of the neural network has correlation with each monomial of order
O(d*(kfl)/ 2) inside the support and O(d*(kﬂ)/ 2) outside the support (for a degree k-monomial).
In the first case, the gradient has O(1) correlation with the first monomial z; and can learn the first
coordinate, then the second coordinate becomes easier to learn using the second monomial, and
so on and so forth. In the second case, the correlation is of order d~3/2 on the support and SGD
needs to align to all 4 coordinates at once, which takes more time. Indeed, we will see that to align
with k£ coordinates at once, we need O(dk_l) steps, which matches (up to logarithmic factors) the
computational lower bound of CSQ algorithms.

In this paper, we treat these functions in a unified manner, with the “leap” complexity measure,
where h, 1 and h, o are leap-1 and leap-4 functions respectively. Leap-k functions will be learned
in C:)(dmax(k_l’l)) online-SGD steps. Note that going from staircase functions having leap-1 to
more general functions of arbitrary (finite) leaps is highly non-trivial. This is because the mean-
field gradient flow used in Abbe et al. (2022b) cannot be used beyond the scaling of O(d) steps, as
required for k£ > 1, because the mean-field PDE approximation breaks down (Mei et al., 2019).

1.1. The leap complexity

We now define the leap complexity. Any function in L?(u®%") can be expressed in the orthogonal ba-
sis of L2(u®F), i.e., the Hermite or Fourier-Walsh basis for y1 ~ N(0,1) and p ~ Unif({+1, —1})
respectively,

ha(2) = D ha(S)xs(2), )
SezP
where Z = {0, 1} for the Boolean case and Z = Z for the Gaussian case, xs(2) = [[;cp) X5 (%i)

XS, (ZZ) = ©)

zis g (Boolean case)
Heg,;(z;) (Gaussian case)

1. See Section 2 for more details on CSQ.
2. Online-SGD means that on each SGD iteration a fresh sample (*, y*) is used.
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Figure 1: Test error versus the number of online-SGD steps to learn h.(z) = 21 + 2122+ - 25 +
Z122+ -+ 29 + 2122 - - - 214 in ambient dimension d = 100 on the hypercube. We take
M = 300 neurons with shifted sigmoid activation and train both layers at once with
constant step size 0.4/d. The SGD dynamics follows a saddle-to-saddle dynamic and
sequentially picks up the support and monomials z; in roughly d steps, 2122 - - - z5 in d>
steps (leap of size 4), z122 - - - 29 in d3 steps (leap of size 4) and 2129 - - - 214 in d* steps
(leap of size 5).

where Hey, is the k-th Hermite polynomial, k € Z_ . The leap is given as follows.

Definition 1 (Leap complexity) Let h. be as before with non-zero basis elements given by the
subset S(hy) := {S1,...,8m}, m € Z. We define the leap complexity of h, as®

Leap(h,) = Sy \ Uit S
eap(hy) = min max | =057y »
where, for S; = (Sj(1),...,5;(P)) in {0,1}" or Z% for the Boolean or Gaussian case respec-

tively, ||Sz(i) \ UiZtSx() |l := Zierp) Sry(R)1{Sx(i) (k) = 0,V) € [i — 1]}, with Sy = 0.
We then say that h, is a leap-Leap(h.) function.

In words, a function h, is leap-k if its non-zero monomials can be ordered in a sequence such that
each time a monomial is added, the support of h, grows by at most £ new coordinates, where each
new coordinate is counted with multiplicity in the Gaussian case (and the 1-norm collapses to the
cardinality of the difference set in the Boolean case). Note that the definition of leap-%k functions
on the hypercube generalizes the definition of functions with the merged-staircase property (leap-1
functions) from Abbe et al. (2022b).

Some examples in the Boolean case,

Leap(z1 + z122 + 212223 + 21222324) = 1, Leap(z1 + 22 + 222324) = 2,

Leap(z1 + 212223 + 292324252627) = 4, Leap(z12223 + 222324) = 3,

3. I1,,, is the symmetric group of permutations on [m].
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and on isotropic Gaussian data,

Leap(Hey(z1)) = Leap(Hei(z1)Heq(22) - - - Hey(z)) = &,
Leap(Hey, (z1) + Hey, (21)Heg, (22) + Heg, (21)Hey, (22)Heg, (23)) = max(k1, ka2, k3) ,
Leap(Hea(21) + Hea(22) + Hea(z3) + Hes(z1)Heg(z3)) = 2.

1.2. Summary of our contributions

Overview. This paper puts forward a general conjecture characterizing the time complexity of
SGD-learning on regular neural networks with isotropic data of low latent dimension. The key
quantity that emerges to govern the complexity is the leap (Definition 1). This gives a formal
measure of “hierarchy” in target functions, going beyond spectrum sparsity and emerging from the
study of SGD-trained regular networks. The paper then proves a specialization of the conjecture
to a representative class of functions on Gaussian inputs, but for 2-layer neural networks and with
certain technical assumptions on how SGD is run. The two main innovations of the proof are
(1) a full control of the time complexity of SGD learning on a fully-connected network (without
infinite width or continuous time approximations); (ii) going beyond one-step gradient analyses and
showing that the leap controls the entire learning trajectory due to a sequential learning mechanism
(saddle-to-saddle). We also provide experimental evidence towards the more general conjecture
with vanilla SGD and derive CSQ lower-bounds for noisy GD that match our achievability bounds.

Conjecture 2 Let f, : R? — R in Ly(u®?) for p either N'(0,1) or Unif {41, —1} satisfying the
low-latent-dimension hypothesis f.(x) = h.(Mzz) in (2) for some P = Oq(1). Let fly be the
output of training a fully-connected neural network with poly(d)-edges and rotationally-invariant
weight initialization with t steps of online-SGD on the square loss. Then, for all but a measure-0 set
of functions (see below), the risk is bounded by

R(fin) = Ba | (fin(@) = fu(@))*] <2 ifandonlyif ¢ = Qa(d")= Y )poly(1/e)
So the total time complexity* is Qg(d“*P(=)V2\poly(1/¢) for bounded width/depth networks”.

The “measure-0” statement in the conjecture means the following. For any set {S1,..., S}
of nonzero (Fourier or Hermite) basis elements, the conjecture holds for all h, with S(h,) =
{S1,...,Sn} in the decomposition (4), except for a set of coefficients {(ﬁ*(Si)),-e[m}} C R™
of Lebesgue-measure 0. This part of the conjecture is needed for Boolean functions, since it was
proved in Abbe et al. (2022b) that a measure-0 set of “degenerate” leap-1 functions on the hypercube
are not learned in ©(d) SGD-steps by 2-layer neural networks in the mean-field scaling. However,
we further conjecture that in the case of Gaussian data the measure-0 modification can be removed
if we instead use a rotationally invariant version of the leap. See discussion in Appendix B.2.

Remark 3 We believe that the conjecture (in particular the time complexity scaling) holds for more
general architectures than those with isotropically-initialized layers, as long as enough ‘regularity’
assumptions are present at initialization (prohibiting the type of ‘emulation networks’ used in Abbe
and Sandon (2020)). Note that it is not enough to ask for only the first layer to be initialized with

4. The total time complexity is given by computing for each neuron and SGD step, a gradient in d dimensions.
5. The polylogs in €2 might not be necessary in the special case of Leap = 1 as indicated by Abbe et al. (2022b).
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a rotationally-invariant distribution, as this may be handled by using emulation networks on the
subsequent layers, but weaker invariances of subsequent layers (e.g., permutation subgroups) may

suffice.

Formal results. In order to prove a formal result as close as possible to the general conjecture, we
rely on the following specifications: (1) 2-layer NN with smooth activations, (2) layer-wise SGD, (3)
projected gradient steps, and (4) a representative subclass of functions on Gaussian isotropic data.
We refer to Section 3 for the details of the formal results. We also provide in Section 2 lower-bounds
for kernels and CSQ algorithms on regular neural networks. In particular, our results show that
SGD-training on fully-connected neural networks achieves the optimal O @eap(h)) computational
complexity of the best CSQ algorithm on this class of sparse functions, going beyond kernels.

The characterization obtained in this paper implies a relatively simple picture for learning low-
dimensional functions with SGD on neural networks:

Picking up the support. SGD sequentially learns the target function with a saddle-to-saddle dy-
namic. Specifically, in the first phase, the network learns the support that is reachable by the
monomial(s) of lowest degree, and fits these monomials to produce a first descent in the loss.
Then, iteratively, each time a new set of coordinates is added to the support, with cardinality
bounded by the leap L, SGD takes at most é(dmax(L—l’l)) steps to identify the new coordi-
nates, before escaping the saddle with another loss descent that fits the new monomials. Thus
the dynamic moves from saddle points to saddle points, with plateaus of length corresponding
to the leap associated with each saddle. See Figure 1 for an illustration.®

Computational time. Since the total training time is dominated by the time to escape the sad-
dle with the largest leap, our results imply a @(dLeap(h*)VQ) time complexity. This scaling
matches the CSQ lower-bounds from Section 2, which are also exponential in the leap. Thus
SGD on regular neural networks and low latent dimensional data is shown to achieve a time
scaling to learn that matches that of optimal CSQ algorithms; see Section 2 for further dis-
cussions.

Curriculum learning. SGD on regular neural networks implicitly implements a form of ‘adaptive
curriculum’ learning. SGD first picks up low-level features that are computationally and sta-
tistically easier to learn, and by picking up these low level features, it makes the learning
of higher-level features in turn easier. As mentioned in the examples of Table 1: learning
z1 - - - 295 takes é(d%*l) sample complexity (leap-2k function). But if we add an intermedi-
ary monomial to our target to create 21 - - - 2 + 21 - - - 22k, then it takes é(dk_l) steps to learn
(leap-k function). If we have a full staircase, it only requires ©(d) (leap-1 function). This
thus gives an adaptive learning process that follows a curriculum learning procedure where
features of increasing complexity guide the learning.

Finally we note that we considered here the setting of online-SGD, and a natural question is to
consider how the picture may change under ERM (several passes with the same batch of samples).
The ERM setting is however harder to analyze. We consider this to be an important direction for
future works. Note that our results imply a sample complexity equal to the number of SGD steps

6. As we will discuss, we only show a saddle-to-saddle behavior when the leaps are of increasing size as the dynamics
progress, so it is theoretically open whether it holds in the more general setting where leaps can decrease.
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h*(z): 2129 22k | 21222k + 212929k | 21+ 2122+ ...+ 2129 2ok
Kernels Q(d?) Q(d?F) Q(d?F)
SGD on NN | O(d?1) o(d*1) O(d)

Table 1: Sample size n to fit f,.(x) = h.(Mx). SGD-trained neural networks implicitly implement
an ‘adaptive’ or ’curriculum’ learning scheme, by exploiting lower degree monomials to
efficiently learn higher degree monomials.

n=1t= é(dmaX(Leap_lvl)). In ERM, we reuse samples and consequently reduce the sample
complexity. We conjecture in fact that n = ©(d™*(Leap/21)) i5 optimal for ERM. Furthermore,
this paper considers the case of low-dimensional functions P = Og4(1), which allows to focus on
the dependency on d in the time-complexity of SGD. A natural future direction is to extend these
results to larger P. See Appendix B.4 for further discussion.

1.3. Related works

A string of works (Allen-Zhu and Li, 2019; Li et al., 2020; Daniely and Malach, 2020; Allen-
Zhu and Li, 2020; Suzuki and Akiyama, 2020; Ba et al., 2022; Ghorbani et al., 2019; Telgarsky,
2022) has explored the power of learning with neural networks beyond neural tangent kernels (Jacot
et al., 2018). In particular, much attention has been devoted to learning multi-index models (Chen
et al., 2020; Abbe et al., 2022b; Nichani et al., 2022; Barak et al., 2022; Damian et al., 2022;
Mousavi-Hosseini et al., 2022; Bietti et al., 2022; Refinetti et al., 2021), i.e., functions that only
depend on a small number of (unknown) relevant directions E[y|x] = h.((u1,x),...,{(up,x)).
These functions offer a simple setting where we expect to see a large benefit of non-linear ‘feature
learning’ (aligning the weights of the neural networks with the sparse support), compared to fixed-
feature methods (kernel methods). The conjectural picture described in our paper offers a unified
framework to understand learning multi-index functions with SGD-trained regular neural networks
on square loss. For example, Mousavi-Hosseini et al. (2022) considers learning monotone single-
index functions, which is a special case of learning leap-1 functions, and shows that they can be
learned in C:)(d) online-SGD steps. Damian et al. (2022) considers learning a low-rank polynomial
on Gaussian data, with null Hermite-1 coefficients and full rank Hessian, which implies that the
polynomial is a leap-2 function. They show that it can be learned in n = ©(d?) samples with
one-gradient descent step on the first layer weights, while we conjecture (and show for a subset of
those polynomials) that ©(d) online-SGD steps is sufficient. Barak et al. (2022) considers learning
degree-k monomials on the hypercube and shows that n = d°¥) samples are sufficient, using one
gradient descent step on the first layer, while we conjecture (and prove in the Gaussian case) a tighter
scaling of (:)(dk_l) online-SGD steps’. Bietti et al. (2022) considers a single-index leap-k function
on Gaussian data and obtains the tight scaling (:)(dkfl) with a neural network where all first layer
weights are equal. An important innovation of our work compared with these previous results is that
we show a sequential learning mechanism with several learning phases, which prevents the use of

7. Note that a kernel method can learn degree-k monomials with n = ©(d*) samples, and this tighter analysis is
necessary to obtain a separation here.
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single-index models (Bietti et al., 2022) or one gradient-descent step analysis (Daniely and Malach,
2020; Barak et al., 2022; Damian et al., 2022).

In parallel, several works have studied the dynamics of SGD in simpler non-convex models
in high dimensions (Ge et al., 2015; Tan and Vershynin, 2019; Chen et al., 2019; Arous et al.,
2021). Our analysis relies on a similar drift plus martingale decomposition of online-SGD as in
Tan and Vershynin (2019); Arous et al. (2021). In particular, the leap complexity is related to
the information-exponent introduced in Arous et al. (2021). The latter considers a single-index
model trained with online-SGD on a non-convex loss and the information exponent captures the
scaling of the correlation between the model at a typical initialization and the global solution. Arous
et al. (2021) showed that, with information exponent k, online-SGD requires ©(d*~1V1!) steps to
converge, similarly to the scaling presented in this paper. However our analysis and the definition
of the leap complexity differ from Arous et al. (2021) in two major ways. First, our model is not a
single parameter model, so a much more involved analysis is required for the dynamics. Second, the
information exponent is a coefficient that only applies at initialization, while the leap-complexity
is a measure of targets that controls the entire learning trajectory (our neural networks visit several
saddles during training).

See Appendix B.1 for further references.

2. Lower bounds on learning leap functions

Linear methods such as kernel methods suffer exponentially in the degree of the target function, and
cannot use the “hierarchical” structure to learn faster. This was proved in Abbe et al. (2022b) for
the Boolean case, and this work extends the result to the Gaussian case:

Proposition 4 (Lower bound for linear methods; informal statement of Propositions 27 and 28)
Let h, be a degree-D polynomial over the Boolean hypercube (resp., Gaussian measure). Then
there are cy,, ,€p,, > 0, such that any linear method needs cy,,d” samples to learn f.(x) = h.(M)
to less than €, > 0 error, where M is an unknown permutation (resp., rotation) as in (2).

Consider now the Correlational Statistical Query (CSQ) model of computation (Ben-David
et al., 1995; Bshouty and Feldman, 2002). A CSQ algorithm accesses the data via expectation
queries, plus additive noise. We show that for CSQ methods the query complexity scales exponen-
tially in the leap of the target function, which can be much less than the degree.

Proposition 5 (Lower bound for CSQ methods; informal statement of Propositions 30 and 31)
In the setting of Proposition 4, the CSQ complexity of learning f, to less than €, error is at least
cp, d¥2P(=) iy the Boolean case, and at least cy,, d"**\")/2 in the Gaussian case.

The scaling d“¢P("+) for Boolean functions in Proposition 5 matches the total time complexity
scaling in Conjecture 2. For Gaussian functions, we only prove d-¢aP("+)/2 scaling. However we
conjecture that the same scaling as the Boolean case should hold. See Appendix F for details.

Remark 6 We note that the above lower-bounds are for CSQ models or noisy population-GD mod-
els, and not for online-SGD since the latter takes a single sample per time step. Our proof does
show a correspondence between online-SGD and population-GD, but without the additional noise.
It is however intriguing that the regularity in the network model for online-SGD appears to act
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comparatively in terms of constraints to a noisy population-GD model (on possibly non-regular ar-
chitectures), and we leave potential investigations of such correspondences to future work (see also
discussion in Appendix B.5). Further, we note that the correspondence to CSQ may not hold beyond
the finite P regime. First there is the ‘extremal case’ of learning the full parity function, which is
efficiently learnable in CSQ (with 0 queries) but not necessarily with online-SGD on regular net-
works: Abbe and Boix-Adsera (2022) shows it is efficiently learnable by a i.i.d. Rademacher(1/2)
initialization, but not necessarily by a Gaussian isotropic initialization. Further, the positive result
of the Rademacher initialization may disappear under proper hyperparameter ‘stability’ assump-
tions. Beyond this extremal case, a more important nuance arises for large P: the fitting of the
function on the support may become costly for regular neural networks in certain cases. For ex-
ample, let g : [P] — {0,1} be a known function and consider learning f.(x) which depends on

P unknown coordinates as h.(z) = Elel iz + Hfil z) @ This is a leap-1 function where the
linear part reveals the support and the permutation, and with a parity term on the indices such that
g(i) = 1. In this case, SGD on a regular network would first pick up the support, and then have to
express a potentially large degree monomial on that support, which may be hard if P is large (i.e.,
P > 1). The latter part may be non trivial for SGD on a regular network, while, since g is known,
it would require O queries for a CSQ algorithm once the permutation was determined from learning

the linear coefficients.

3. Learning leap functions with SGD on neural networks

Let h, : R’ — R be a degree-D polynomial. We consider learning f,(x) = h.(z) on isotropic
Gaussian data, where z = Mx is the covariate projected on a P-dimensional latent subspace,
using online-SGD on a two-layer neural network. At each step ¢, we get a new fresh (independent)
sample (!, y") where ' ~ N(0,1;) and ' = h.(2') + !, with additive noise ¢’ independent and
K -sub-Gaussian. For the purpose of our analysis, we assume that z is a subset of P coordinates of
x instead of a general subspace. This limitation of our analysis is because of an entrywise projection
step that we perform during training for technical reasons, and which makes the training algorithm
non-rotationally equivariant (see description of the algorithm below). Since we assume that z is a
subset of the coordinates, without loss of generality we choose z to be the first P coordinates of .

3.1. Algorithm

We use a 2-layer neural network with M/ neurons and weights © = (a;, b, w;) ;e[ € RM(@+2):

fan(@;©) = > ajo((wj,x) +by), (6)
Jje[M]
We consider the following assumption on the activation function:®
Assumption 7 Let o0 : R — R be an activation function that satisfies the following conditions.
There exists a constant K > 0 such that o is (D + 3)-differentiable with ||oc®|, < K for
k=0,....,(D+3)and |px(o)| > 1/K fork =0, ..., D, where up(c) = Eqg[Her(G)o(G)] =
Eq[o®)(Q)] is the k-th Hermite coefficient of o and G' ~ N(0, 1).

8. This is satisfied, for example, by the shifted sigmoid o'(z) = 1/(1 + e~ **¢) for almost all shifts c.
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We train fyy using online-SGD on the squared loss £(y,§) = %(y — )2, with the goal of
minimizing the population risk:

R(©) = Ex [((f.(@), fun(a:©))] ™

For the purposes of the analysis, we make two modifications to SGD training. First, we train
layerwise: training {w;}c[a) and then {a;} jc[ps], While keeping the biases {b;} je(as) frozen dur-
ing the whole training. Second, during the training of the first layer weights {w; } jc(as), We project
the weights in order to ensure that they remain bounded in magnitude. See Algorithm 1 for pseu-
docode, and see below for a detailed explanation. These modifications are not needed in practice
for SGD to learn, as we demonstrate in our experiments in Figure 1 and Appendix A.

Algorithm 1: Layerwise online-SGD with init scales , p > 0, learning rates 1y, 2 > 0, step

counts T, T > 0, second-layer ridge-regularization A, > 0, and projection params 7, A > 0
ag ~ Unif({ilzﬁ}), b? ~ Unif([—p, +p]), 'w? ~ Unif({#1/vd}?) // Initialization
fort =0t0T) —1,andall j € [M]do // Train first layer with projected

SGD
fu;.“ = wh — 1 - grad,, £(y', fun(z'; ©Y)), where grad is spherical gradient in (9)
J
w?“ = projection of 'fv?rl defined in (10)
1t g+l gt
L e =ap by =b;
fort=T1toT,+Ty—1,andall j € [M]do // Train second layer with SGD
tH1 ot ptl gt
w; = wj, bj = bj

0 = (1= Xa)aj —m - 5 l(y', fan (a5 ©"))

Analyzing layerwise training is a fairly standard tool in the theoretical literature to obtain rig-
orous analyses; it is used in a number of works, including Daniely and Malach (2020); Barak et al.
(2022); Damian et al. (2022); Abbe et al. (2022b). In our setting, layerwise training allows us to
analyze the complicated dynamics of neural network training, but it also leads to a major issue.
During the training of the first layer, the target function f is not fully fitted because we do not train
the second layer concurrently. Therefore the first-layer weights continue to evolve even after they
pick up the support of f,. This is a challenge since we must train the first-layer weights for a large
number of steps, and so they can potentially grow to a very large magnitude, leading to instability.’

We correct the issue by projecting each neuron’s first-layer weights w; to ensure that the coor-
dinates do not blow up. First, we keep the “small” coordinates of w; on the unit sphere, i.e., for
some parameter 7 > 0, we define the “small” coordinates for neuron j at time ¢ by S; = [d] and

Sje={i€ld]: |7J)§/,| <rforalll <t <t}
. . . . .
We project these coordinates on the unit sphere using the operator P J defined by
t

(Plawt), =w', ifig Sy (Pl Wi

= ifie S, 8
/ S T ®

9. We emphasize that this problem is due to layerwise training, since in practice if we train both layers at the same time
the residual quickly goes to zero after the support is picked up, and so the first-layer weights stop evolving and remain
bounded in magnitude (see Appendix A).

10
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and use the spherical gradient with respect to the sphere HSt(w;) |2 = 1, i.e., for any function f,
grad e [ (w}) = Ve f(0$) — 84(wl) (S, (w8, Ve f(a01)) ©)

In order to keep the “large” coordinates ¢ ¢ S;; from growing too large, we project them onto the
{~ ball of radius A for some A > r, and denote this projection by P,. In summary, the projection
performed in the training of the first layer can be written compactly as

w'* = PPt (10)

In the second phase, the training of the second layer weights a is by standard SGD (without
projection) with added ridge-regularization term ’\7‘1 |@||? to encourage low-norm solutions.

3.2. Learning a single monomial

We first consider the case of learning a single monomial with Hermite exponents k1, ..., kp > 1:
h*(z) = Hekl (zl)Hek2 (2’2) s HekP (Zp) .

We assume D = k1 + ...+ kp > 2 (the case D = 1 is straightforward). h. is a leap-D function.
We start by proving that, during the first phase, the first layer weights grow in the directions of
21, ..., 2p which are the variables in the support of the target function.

Theorem 8 (First layer training, single monomial, sum of monomials) Assume o satisfy Assump-
tion 7. Then for 0 < r < A sufficiently small (depending on D, K) and p < A the following holds.
For any constant C, > 0, there exist C; for i = 0, ...,6, that only depend on D, K and C such

that
1

= < —
CirdDP2log(d)Cr” "= Chd>”

Ty = CodPlog(d)“ m

and for d large enough that v > Cqylog(d)“° /\/d, the following event holds with probability at least
1 — Md~=%=. For any neuron j € [M],

(a) Early stopping: |w§Z - w?,i] < C3/+/dlog(d) foralli € [d] and t < T1/(Cylog(d)).

And for any neuron j € [M| such that a‘?uD(U)(u}?’l)kl . (w?,P)kP > 0,

(b) On the support: ‘wil — sign(w?’i) : A‘ < Cs/+/dlog(d) fori=1,...,P.

(¢) Outside the support: ]wil - ?z\ < C¢r?/\dfori=P+1,...,d and pr(wzil)Z =1

Theorem 8 shows that after the end of the first phase, the coordinates 'w]Tl aligned with the sup-

port z are all close to +A with the same signs as w?vl, cee w?’P as long as (w?71)k1 e (wg-{P)kP >0
has the same sign as G?M p(o) at initialization. Furthermore, the correlation with the support only
appears at the end of the dynamics, and does not appear if we stop early.

The proof of Theorem 8 follows a similar proof strategy as Arous et al. (2021), namely a decom-

position of the dynamics into a drift and martingale terms with information exponent . However,
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our problem is multi-index, and the analysis will require a tighter control of the different contribu-
tions to the dynamics as the dynamics move from saddle to saddle. An heuristic explanation for this
result can be found in Appendix B.3. The complete proof of Theorem 8 is deferred to Appendix C.
The second layer weights training amounts to studying SGD on a linear model and is standard.
The typical strategy consists in showing that the target function can be fitted with low-norm second-
layer weights ||a.||2 (see for example Daniely and Malach (2020); Barak et al. (2022); Damian
et al. (2022); Abbe et al. (2022b)). Because of the way we prove alignment of the first layer weights
(weights +A on the support coordinates), we only prove this fitting for two specific monomials'®.

Corollary 9 (Second layer training, single monomial) Lerh,(z) = z1--- zp or hi(z) = Hep(z1)
and assume o satisfies Assumption 7. For any constants C, > 0 and € > 0, there exist C; for
1=0,...,11, that only depend on D, K and C such that taking width M = Cge_co, bias initial-
ization scale p = ! /C1, and A = ! /C1 and second-layer initialization scale k = m,
and second-layer regularization \, = M¢e/Cs, and , and r = gCa / Cy, and

_ 1
Ty = C5d"” " log(d)* = :
1= Csd™ log(d) = CerdP 2 log(d)Cs

TQ = 078_07 s 2 = 1/(CSM€_CS) s

for d > Coe=% we have with probability at least 1 — d~% — e:

(a) At the end of the dynamics, o
R(OT1HT2) < ¢,

(b) Ifwe train the first layer weights for Tll < T1/(C1glog(d)€°) steps and for M < Cyglog(d),
then we cannot fit f, using the second-layer weights, i.e.,

min Ewa*(a:) - Z aja(<w?,1,w>)>2} >1-— losgd).

acRM .
JEM]

This result suggests that the dynamics of SGD with one monomial can be decomposed into
a ‘search phase’ (plateau in the learning curve) and a ‘fitting phase’ (rapid decrease of the loss)
similarly to Arous et al. (2021). SGD progressively aligns the first layer weights with the support,
with little progress, and as soon as SGD picks up the support, the second layer weights can drive
the risk quickly to 0. Because of the layer-wise training, we only show in Corollary 9.(b) that with
early stopping on the training of the first layer weights, we cannot approximate the function f, at
all using the second layer weights (hence, we cannot learn it even with infinite number of samples).
The proof of Corollary 9 is in Appendix E.1.

3.3. Learning multiple monomials

We now consider h, with several monomials in its decomposition. In order to simplify the statement
and the proofs, we will specifically consider the case of nested monomials

L
hi(z) =Y ] Henr (=), (11)

=1 SE[Pl}

10. For general monomials, we would require more diversity on the first layer weights (for example, adding randomness
on the {o, projection such that the weights are £5A with 8 ~ Unif([1/2,3/2])). Again, these caveats are due to
our proof technique to show alignment of the first layer weights.

12
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where 0 =: Py < P, < P» < ...< P =: Pand ky,..., kp are positive integers. For [ € [L], we
denote D; = kp, ,41+...+kp,and D = max;ez) Di the size of the biggest leap (such that hyisa
leap-D function), D; = D1 +...+ Dy and D := Dy, the total degree of the polynomial k.. We will
assume that minye(z) D > 2 (i.e., leap of size at least 2 between monomials). This specific choice
for h, allows for a more compact proof, similar to Theorem 8. However, the compositionality of
h is not a required structure for the sequential alignment to hold and we describe in Appendix D.2
how to modify the analysis for more general'! h,.
We first prove that the first-layer weights grow in the relevant directions during training.

Theorem 10 (First layer training) Let h, : R — R be defined as in Eq. (11) and assume o
satisfy Assumption 7. Then with the same choice of hyperparameters as in Theorem 8, with D now
corresponding to the biggest leap, we have with probability at least 1 — Md~C*: for any neuron
J € [M] that satisfies aouﬁj(a)(wgl)kl e (w?,Pl)sz > 0foralll € [L],

(a) On the support: ‘wil — sign(qui) : A‘ < Cs/+/dlog(d) fori=1,...,P.

(b) Outside the support: ]wil - 9Z| < Cer?/Vdfori=P+1,...,dand Zz‘>P(ij,¢1)2 =1

The proof follows by showing the sequential alignment of the weights to the support: with
high probability and for each neurons satisfying the sign condition at initialization, it takes between
le;D_l/(Clog(d)C) and d%ﬁ_lClog(d)C steps to align with coordinates [P, after having
picked up coordinates [P,_1]. The proof can be found in Appendix D.

While Theorem 10 captures the tight scaling in overall number of steps, it does not capture
the number of steps for smaller leaps D; < D shown in Figure 1 in the case of increasing leaps.
In Appendix D.2.1, we show that the scaling of d”~! steps to align to the next monomial can
be obtained by varying the step size, in the case of increasing leaps. Note that in practice, neural
networks with constant step size seem to achieve this optimal scaling for escaping each saddle (such
as in Figure 1). Hence, there might be a mechanism in the SGD training that can implicitly control
the martingale part of the dynamics, without rescaling the step sizes. However, understanding such
a mechanism would require to study the joint training of both layers, which is currently out of reach
of our proof techniques.

As in the single monomial case, we consider fitting the second layer weights only for a specific
class of functions (where all monomials are multilinear):

hi(z)=2z1--2zp+2z1 2P, +...+ 21 2p, . (12)

We require extra assumptions on the activation function to prove that the fitting is possible. The
following is an informal statement, and we leave the formal statement and proof to Appendix E.2.

Corollary 11 (Second layer training, sum of monomials; informal statement) Let h.(z) be as
in (12). Then there is an activation function o satisfying Assumption 7 such that for any € > 0 there
are choices of hyperparameters for SGD on a poly(1/e)-width two-layer network (Algorithm 1)
such that for step counts T = ©(d“2P(")=1) and Ty = poly(1/€) we have with high probability
R(@T1HT2) < ¢

11. However, our current proof techniques do not allow for fully general leap functions: e.g., h.(z) =
Heo(z1)Hes(22) — Hes(z1)He2(22) has its two monomials pushing the w;’s in two opposite directions.
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4. Discussion

Summary of contributions In this work, we have considered learning multi-index functions over
the hypercube or the Gaussian measure. For classical linear methods, the complexity of the task
is determined by the degree of the target function (Proposition 4). However, for neural networks,
we have conjectured that the complexity is determined by the leap complexity of the target function
(introduced in Definition 1). This would generalize the result of Abbe et al. (2022b), which shows
the conjecture in the case of Leap(h.) = 1. As evidence for this conjecture, we have proved lower-
bounds showing d*-eaP(h+)) complexity of learning in the Correlational Statistical Query (CSQ)
framework (Proposition 5). Conversely, we have proved that d9(:*2P("+)) samples and runtime
suffices for a modified version of SGD to successfully learn the relevant indices in the case of “leap-
staircase” functions of the form (11), and to fit the function in the case of “multilinear leap-staircase”
functions of the form (12).

Future work One direction for future work is to remove the modifications to vanilla SGD used in
the analysis (layerwise training and the projection step). Another direction is to prove the conjecture
by extending our analysis of the training dynamics to general functions, beyond those of the form
(11). Another direction is to study extensions of the leap complexity measure beyond isotropic input
distributions.
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Appendix A. Additional numerical simulations

In Figures 2, 3, 4 and 5 we plot the risk versus number of samples for SGD training of 5-layer
ResNets with fully-connected layers for various different target functions and for Boolean and Gaus-
sian data. In these plots, the saddle-to-saddle dynamics are visible, which are caused by the neural
network sequentially picking up the support using the hierarchical structure of the monomials in the
function. In Figures 6 and 7, we study learning a leap-1 function (merged-staircase function), and
we experiment with the effect of adding depth to see its effect on fitting. There is also an interesting
edge-of-stability behavior during the “second-layer fitting” part, where the loss does not decrease
monotonically (Cohen et al., 2021). We leave understanding this to future work.
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Figure 2: In this figure we consider training a 5-layer ResNet with fully-connected layers with
SGD the leap-3 function h,(z) = 2 - H?Zl tanh(z;) +5 - H?Zl tanh(z;) with data & ~
N(0, I;) and d = 50. While our paper considered bounded degree polynomials, the leap
complexity, which drives the sequential alignment to the support, also holds for non-
polynomial functions. In this case, the leap depends on the first non-zero monomials in
the Hermite decomposition. For h, considered in this plot, we have first a leap of size 2
to align with x1, x2 followed by a leap of size 3 to align with z3zz4x5. In the plot of test
risk over time, we indeed see first a short saddle to align with x1, z2, followed by a quick
decrease of the loss (corresponding to the neural networks fitting 2 tanh(z1) tanh(zz)).
This is followed by a plateau while SGD slowly picks up x3, x4, x5 (saddle) and a sharp
decrease in the loss when the neural network fit the remainder of h,. We also plot the
heatmap of the absolute value of the entries of W' W e R?*? where W is the first-
layer matrix after training. This shows that the first layer indeed picks up the relevant
coordinates (first 5 coordinates) in the support after training.
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Figure 3: In (a)-(d) we show the evolution of the risk for training a 5-layer ResNet with fully-
connected layers with SGD to learn the leap-3 function h.(z) = 21 + 212223 +
212223242526 With binary hypercube data in ambient dimension d = 50, 100, 200, 400,
respectively. Notice that the evolution of the risk follows a saddle-to-saddle dynamic.
This dynamic becomes more salient as the ambient dimension increases and escaping the
saddles dominates the SGD trajectory.
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Figure 4: We consider training a 5-layer ResNet with fully-connected layers with SGD on covariate
distribution & ~ N(0, I;) with d = 500. In (a) we show the risk from learning the leap-3
function h.(z) = Hes(21), and in (b) we show the risk from learning the leap-1 function
h«(z) = He1(21) + Hes(z1). Notice that the leap-3 task is much more difficult for SGD,
and it gets stuck in a saddle where the loss plateaus. On the other hand, the He; (z1) term
in the leap-1 task means that SGD is not stuck in a saddle.
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Figure 5: A width-1000 5-layer ResNet network with ReLU activation trained with one-pass SGD
with mini-batch size 100 and step size 0.1. The data is  ~ {+1,—1}¢ for ambient
dimension d = 50, and h.(z) = 21 + 21222324 + 2122232425262728, Which is a leap-4
function. We observe saddle-to-saddle dynamics. And we observe that the first layer
picks up the relevant support iteratively.
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Figure 6: We train a width-1000, 2-layer network with sigmoid activation with mini-batch size 100
and learning rate 0.5. The data is from the Boolean hypercube with ambient dimension
d = 50, and the target function is h.(z) = 21 + 2122 + 21 2223, which is a leap-1 function.
Notice that the weights quickly align to the support of the function (no saddles) after less
than 5000 steps.
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Figure 7:

We consider either (a) training a width-1000, 2-layer network with sigmoid activation
or (b) training a width-1000, 5-layer ResNet network with ReLU activation and fully-
connected layers. Our ambient dimension is d = 50, our data is « ~ N(0, I;) and our
target function is h.(z) = z1 + 2122 + 212223. This is a leap-1 function, so the weights
quickly align to the coordinates x1, x2, x3 after a small number of steps. However, the
two-layer neural network struggles to fit the different monomials in h,. This can be
mitigated by training a deeper network which finds a better fit faster. Hence, besides the
alignment phenomenon to the low-dimensional support explored in this paper, it is an
interesting question for future work to understand why depth helps in this situation. Note
that this is a different phenomenon than the one explored in depth-separation papers such
as Safran and Lee (2022), which considers learning functions which cannot be efficiently
approximated by 2-layer neural networks (here, h. can be easily approximated with a
two-layer network).
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Appendix B. Additional discussion from the main text
B.1. Additional references

In addition to the references listed in the main text, we further review other relevant papers.

A line of work in computational learning theory studied the complexity of learning Boolean
functions under the uniform input distribution. It was realized that functions with concentrated
Fourier spectrum can be learned efficiently, both in sample and time complexity using the sparse
Fourier algorithm (Mansour, 1994). Namely, under knowledge of a set of basis elements S such
that Y g f(S) > 1 — ¢/2 for all f € F, one can learn F with error €, sample complex-
ity O((1/¢€)|S|log(|S|/d)) and polynomial time complexity if |S| is polynomial using the sparse
Fourier algorithm that estimates the coefficients in S. Many interesting classes of functions fall
under this setting, such as juntas, low degree functions, bounded-size or -depth decision trees
(O’Donnell, 2014). While S has to be known'? under the random sample model, no degree con-
straints are imposed. In particular, the low-degree assumption (degree at most k) is just a special
case that provides this knowledge (with order d* time complexity), monomials of degree k or d — k
are equivalent in the eye of the sparse Fourier algorithm. This is not necessarily the case for SGD-
trained neural networks.

A line of work has considered SGD learning on ‘unconstrained’ neural networks (besides poly-
nomial size) and shows that we can emulate any efficient PAC or SQ algorithm (Abbe and Sandon,
2020; Abbe et al., 2021b; Malach and Shalev-Shwartz, 2020). Such networks are far from the
practical neural networks used in applications. Against this state of affairs, several works have
attempted to derive computational lower bounds on learning with regular neural networks. For ex-
ample, Abbe et al. (2022c) shows that for fully connected 2-layer networks, if the initial alignment
(INAL) of a network with a Boolean target function (measured by the maximal expected correlation
between target and neurons) is not significant, then noisy-GD cannot amplify the correlation to any
significant level. This is achieved by showing that a low INAL implies a large minimal degree in
the target function (thus a large leap) under some additional conditions. Another work (Abbe and
Boix-Adsera, 2022) uses the permutation, sign-flip, or rotational equivariance of noisy-GD train-
ing of fully-connected neural networks to show a lower bound on the number of gradient descent
steps required for global convergence, when we have access to population gradients with an additive
Gaussian noise. In particular, for leap-L functions on the hypercube and the hypercube, Q(d”72)
steps are to shown to be required, where 72 is the Gaussian noise variance. This roughly matches
the conjecture in this paper in its exponential dependence on the leap — however, the computational
model is different (noisy-GD versus online-SGD).

Finally let’s remark that a large body of work in the statistics and machine learning literature
has studied the problem of learning multi-index models. These include for example phase retrieval
(Candes et al., 2013), intersection of halfspaces (Klivans et al., 2004; Vempala, 2010) and subspace
juntas (Vempala and Xiao, 2011; De et al., 2019). We refer to Dudeja and Hsu (2018); Chen and
Meka (2020) and references therein for an overview of this line of work. In particular, it is well
understood that in order to break the “curse of dimensionality”, the algorithm needs to estimate the
low-dimensional support. In contrast with this line of work, we consider learning these multi-index
functions with generic SGD on regular neural networks, with no a priori information on the target

12. The set knowledge can be relaxed under the query access model using the Kushilevitz-Mansour algorithm (based on
the Goldreich-Levin algorithm) that uses a divide-and-conquer procedure to identify the coefficients to be estimated
Kushilevitz and Mansour (1993); Goldreich and Levin (1989).
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function. Surprisingly, we show that this generic algorithm can nearly match the computational
complexity of the best CSQ algorithm. Note that specialized algorithms can achieve better sample
and computational complexity: for example, Chen and Meka (2020) showed an algorithm that can
learn low-rank Gaussian polynomials in 5d(d) samples and 5d(d3 ) runtime, regardless of the leap-
complexity, by going beyond CSQ algorithms.

B.2. Discussion on the definition of the leap complexity

It was noted in Abbe et al. (2022b) that some “degenerate” leap-1 functions on the hypercube are
not learned in O(d) SGD-steps. Take for example h.(z) = z1 + 22 + 23 + 212223: by permutation
symmetry on the support of h,, O(d) steps of SGD will learn first layer weights w; aligned with
(1,1,1) on the support (z1, 22, 23). SGD will require many more steps to break this symmetry'3
and fit h,. Abbe et al. (2022b) circumvents this difficulty under a smoothed complexity analysis,
and shows that the set of degenerate leap-1 functions has {,(S)}scs of Lebesgue-measure 0. Al-
ternatively, a possible approach to learn these degenerate cases (for “axis-aligned” sparse functions)
is to use different random learning rates for each coordinates and break the symmetry in learning.

On the other hand, Gaussian data offers a more natural setting to understand these degenerate
functions: indeed, the decomposition (4) depends on the specific coordinate axis used to define the
product of Hermite polynomials. In particular, Leap(h.) will depend on the specific basis for this
expansion. By rotational symmetry of the Gaussian distribution and equivariance of neural networks
with isotropic initialization, the time complexity of SGD will be driven by the following “isotropic
leap” complexity:

isoLeap(h,) = 151612(19)}() Leap(hy, R),

where Leap(hs, R) corresponds to the leap complexity of Definition 1, where we made the depen-
dency on the specific choice of axis R for the Hermite expansion explicit. Adapting the proofs
of Abbe et al. (2022b), we can show that if isoLeap(h.) > 1, then h, cannot be learned in
©(d) SGD-steps in the mean-field regime, while if isoLeap(h,) = 1, then the span of w;’s
covers the entire support of h, and not a subspace as for degenerate functions'#. Consider for
example the case of h.(z) = z1 + 22 + z122: in this coordinate basis, h. is a leap-1 func-
tion'>. However, we can consider the following rotation (u1,u2) = (21 + 22,21 — 22)/v/2 and
hi(2) = uy +Hes(u1)/+/8 — Hea(uz)/+/8 in this basis. Therefore isoLeap(h.) = 2 and h, cannot
be learned in O(d) SGD steps in the mean-field regime.

For technical reasons, we consider in Section 3 the support and the decomposition of h. aligned
with the canonical basis of @. This can be seen as a smoothed complexity setting similar to Abbe
et al. (2022b): almost surely over the Hermite coefficients, the basis that maximizes the leap is the
original basis in Eq. (4), i.e., fixing the axis coordinates R, then isoLeap(h.) = Leap(h., R)
almost surely over the Hermite coefficients {/(S)}ses in the basis aligned with R,. However,
we stress here that isoLeap is the right measure for SGD-complexity in the case of general (not
axis-aligned) low-dimensional support.

13. We conjecture ©(d log(d)“) steps are required, see following discussion in the Gaussian case.

14. Proving full learnability in ©(d) steps of functions with isoLeap(h.) = 1 on Gaussian data is technically challenging
and not the purpose of the current paper, and would require a separate analysis, see Abbe et al. (2022b) for details on
what it would entail.

15. Note that He; () = x and we can rewrite h.(z) = He1(z1) + Hei1(22) + Heq(z1)He1(22).
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B.3. Intuition for the proof of Theorem 8

In this section, we give some intuition behind the proof of Theorem 8. The complete proof can be
found in Appendix C.

We first consider a simple SGD dynamics, with no projection step, and neglect the biases. We
later discuss our choice of algorithm and how the analysis needs to be modified to control the
projection step. The dynamics on the first layer weights is now simply given by

'w;H —’w +ma; (y —fNN(m Qt)) (<'w§7$t>)mt'

Reduction to a correlation flow: Recall that we initialize the second layer weights ]a2| = K. By
Assumption 7, we have

| fun(z!; ©4)] < Z |ad||o((wh, x"))| < MKk

With high probability over a polynomial number of steps, ||z!||oc < C'log(d) with C' constant
chosen sufficiently large. Hence,

wit = wh + majy'e’ (wh, z'))x’ + O(Mn1k*log(d)) ,

and we can chose x, 7 with 77,2 sufficiently small, while keeping 7, ~ constant, so that we can
neglect the interaction term between the different neurons and get:
1 0
wz* ~ 'w + na; yta/(<w§,azt))azt.

This means that in this scaling and with high probability, the derivative of the square loss (y, ) =
%(y — )% in ¢ is well-approximated by ¢'(y,9) ~ —y. Under this approximation, the different
neurons do not interact while the first-layer weights are being fit, and so the neuron dynamics can
be analyzed individually.

Heuristic derivation of T'; and 7;: Let us directly consider the correlation loss and track the
dynamics of a unique neuron (a,w). We assume that w) = ... = w) = 1/vd, a® = k and
up(o) > 0. We further make the following heuristic simplification: we assume the dynamics is
described by only two parameters

t __ _ .t t _ ..t _ _ .t
w =...=wWp, a2—wp+1—...—wd,

o

with SGD updates g} = y'o’((w’, x"))z! and g5 = y'o’ ((w', x"))al 4. e,

t+1 _ ¢ ¢

o = oy +MKgy
t+1 _ ¢ ¢

Qg = g T 11KGy .

The computation follows from a similar strategy as in Tan and Vershynin (2019); Arous et al. (2021):
namely, we will decompose the dynamics into a drift term (deterministic) and a martingale term.
Introduce the population gradient gi = Eyt ot [g%], i € {1,2}. We can decompose the dynamics
into a sum of population gradients (deterministic drift) and the martingale difference between the
stochastic gradients and population gradients (recall that the (y?, 2*)’s are independent):

ot = af + mrgt + melgf - ) = af +nngl+nmz g — ) (13)
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By using that for Hermite polynomials Eq[Hey(G)f(G)] = Eq[f*)(G)] with G ~ N(0,1), we
can show that

E[Hep(g1) f(u”g)g1] = Dul 7E[f P~V (u"g)] + ul TE[f P (uTg)],
E[Hep(g1) f(u”g)ge] = uPuwsB[f P+ (u”g)],

where u = (uj,u2) and g = (g1,92) ~ N(0,Iz). We deduce that to leading term (assuming
[w*ll2 ~ 1)

71 = E[h(2)0" (w', 2))a1] = (af) P E['P) (|| G)] = np(o)(af) P,
95 = Elh(2)0’ (w', 2))zpia] ~ (a]) PabE[0 ") (|w'||G)] & ppsa(o)(af) Paf.
Let us now control the different contributions to the dynamics:

(i) Martingale part: By Doob’s maximal inequality for martingales, we have with high proba-

bility
me Y (gf—g)| S mey/Th.

We choose 7 k so that we can neglect the martingale contribution during the entire dynamics
by taking 1k T1 S o = d—1/2.

(i) Drift part for «;: We now neglect the martingale term and write for all 0 < ¢ < T -1

t t

it r ) +me) g~ ol +mkpn(o) Y (of (14)
s=0 s=0

We can study this sequence (see Arous et al. (2021)) and show that
1
0\—(D—2) 1/(D=2) "
((a?) — mkpp(o)t)

~

atiN

In order for a?l ~ 1, we need to take 1 sup (0)T1 > ()~ (P=2) = gP/2-1,

(iii) Drift part for cp: Again, by neglecting the martingale contribution and for 0 < ¢t < T — 1,

t

ay™ ~ah + mkppya(o Z

s=0
We can show that this sequence is bounded by
at—i—l t
() svomto o
= (15)
pp+2(0) MD+2(‘7) t+1
< ———"mkup(c S —— o,
1n (o) Z% up(o) 1

where we used Eq. (14) in the last inequality.
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We deduce from Eq. (15) that for T chosen such that ol ' ~ 1, then In(a}™ /a9) < 1. Hence,
during the dynamics, the weights af not aligned with the support of h, remain small, of order
1/ V/d, while the weights o aligned with the support of h, become of order 1. From the bounds
in (i) and (ii), we need to choose 7; and T’ such that nlﬁ\/f < d—1/2 (martingale part) and
mrT e dab/2-1 (drift part), i.e., we can take

_ 1
~ gP-1 ~
TlNd s nlN/{dD/27

which matches the scaling in Theorem 8.

Adding a projection step: While the above heuristic derivation was useful to get intuitions, the
assumption that the weights remain equal (or approximately equal) on and outside the support is
not valid. Because of the statistical fluctuations over é(dD ~1) steps, different coordinates over
different neurons will grow to be order 1 on the support at a stochastic time (with high probability
between d”~1/(C'log(d)®) and dP~1C'log(d)® for some large enough constant C). To prevent
these coordinates to continue growing (because we neglected the interaction term in the dynamics,
which could otherwise prevent this growth), we introduce the projection step

wt-l—l — Pt+lpoo17]t+l (16)

{{I;Hl = w'+ayln - grad, o ((wh, '),
where PP is the projection step defined in Eq. (10), and we use the spherical gradient defined
in Eq. (9). Note that because of the choice A > r and the definition of the set S;; on which we do
the projection on the sphere, P/*! and P, commute.

Thanks to the spherical gradient, we can show that the projection steps only have a negligible
impact on the dynamics (similarly to the analysis in Arous et al. (2021)). By carefully arrang-
ing these additional terms, we can essentially recover the drift plus martingale analysis presented
heuristically above.

B.4. Going beyond sparsity

In the P = Oy4(1) regime the complexity scaling in d is dominated by the ‘hard’ part of learning
the low-dimensional latent space on which the function depends, and the complexity of fitting the
function on the support is secondary and only results in constants. This also makes the conjecture
fairly general in terms of architecture choices as long as there is enough expressivity to fit the
function on the support. One could also consider functions that depend on a finite number of basis
elements, without necessarily involving a finite number of coordinates. For instance the full parity
I1Lic KL function is such an example. For SQ algorithms, the class of monomials of degree 0 (more
generally k) has equivalent complexity to the class of monomials of degree d (more generally degree
d — k), and the SQ-dimension is symmetrical for these dual cases. However for SGD learning on
regular nets, this is not exactly the case. It is true that the full parity can be learned by regular nets
under a specific setting; Abbe and Boix-Adsera (2022) provides a regular 2-layer neural net that can
learn the full parity if the weight measure of the first layer at initialization is i.i.d. Rademacher(1/2)
and the activation is a ReL.U. A constant number of step can also be sufficient in such cases, as
for the O-degree monomial. It is however conjectured that this is not achievable with a polynomial
number of steps for weights that have a Gaussian initialization. Thus, for isotropic layers, it is
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possible that the full parity is not polytime learnable. This means that the generalized notion of leap
to non-coordinate sparse may depend on more specific choices of the parameters. Further, in the
non-isotropic case where the full parity is efficiently learnable, one may define the leap with basis
sets that can either grow from the 0-monomial or descend from the full-monomial, with the mirror
symmetry as for SQ algorithms.

Another notion to factor in when considering non-coordinate sparse function is the fitting of
the function once the support is learned. First of all, there may be a non-polynomial number of
coefficients to handle, although one can probably cover enough interesting cases with functions that
are well-approximated by polynomially many coefficients (O’Donnell, 2014). Further, there is the
fitting of the function by the neural net that may now turn non-trivial. Consider even a function
with few basis elements, h.(z) = S0 iz + 1, xf(z), where g : [P] — {0,1} is an arbitrary,
but known function, and P > 1 is large. SGD on a regular neural network would first pick up
the P coordinates in the support and then learn the monomial Hfil zf @ based on that support.
The latter part may not be trivial for SGD on a regular net, while it would require O queries for an
SQ algorithm (once the linear part is learned, the permutation is identified and the coefficients in
front of each variable would allow us to calculate g(7)). Thus the complexity of learning the second
monomial on the detected support set is likely to factor in for such cases, and this is likely going
to depend more on the model hyperparameters and architecture choice. In less contrived cases, the
naive generalization of the leap applied verbatim to non-constant P remains likely relevant.

B.5. Lower-bounds: beyond noisy GD

Note that the CSQ and noisy-GD models do not exactly match the SGD learning model; we do
prove in this paper that the drift of the population gradient dominates the dynamic on the considered
horizon, but the CSQ model also has noise added to the query outputs. It is nonetheless interesting
that the regularity of the network model drives us to an achievability result that matches that of CSQ
lower-bounds. Since it is known how to go beyond the CSQ/SQ lower-bounds with non-regular
networks Abbe and Sandon (2020), e.g., learning dense parities by emulating matrix inversions
with irregular networks, our results raise an intriguing question: may the model “regularity” act
comparably to a CSQ constraint? We leave this to future work.

A result in Abbe et al. (2022b) does derive a lower-bound that does not require additive noise
and that applies to online-SGD. This work requires however a few restrictions: the mean-field
parametrization (and not just any isotropic distribution) and a linear sample complexity (e.g., finite
number of time steps with linear batches). These are used to derive a specialization of the mean-field
PDE approximation (Mei et al., 2018) to the coordinate sparse setting. In turn, this allows to show
that the sample complexity for SGD learning on functions that do not satisfy the merged-staircase
property (Leap = 1) cannot be learned with a linear sample complexity.
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Appendix C. Proof of Theorem 8: alignment with a single monomial

In this appendix, we prove the alignment of the first layer’s weights with the support of one mono-
mial. The proof will follow from a similar proof strategy as in Tan and Vershynin (2019); Arous
et al. (2021), namely decomposing the dynamics into drift and martingale terms. However, it will
differ in a key aspect: while Arous et al. (2021) considers a single-index model, we will need to
track for each neuron P parameters (the first P coordinates of w;) and show that the d — P other
parameters remain well behaved along their whole trajectories, which requires a tighter control of
the different contributions to the dynamics.

Recall that we denote by K a constant that only depends on o (Assumption 7) and the sub-
Gaussianity of the label noise €. Throughout the proofs, we will write C, ¢ > 0 for generic constants
that only depend on D and K. The values of these constants are allowed to change from line to line
or within the same line.

C.1. Preliminaries

In the proof, we will consider 0 < » < A < 1 to be small enough constants that can depend
on D and K, but are independent of d. We will track the dependency in r, A when necessary,
and otherwise use that they are bounded by 1 (in particular, the constants ¢, C' in the proof will be
independent of r; A). These constants r, A will be fixed in Theorem 9.

We will show that we can take initialization scale x of second layer weights a” and step
size 1 such that the dynamics of the first layer training can be approximated by a correlation
dynamics, with no interactions between the neurons, so that we can analyze each neuron inde-
pendently. We consider below an arbitrary neuron (a;,b;,w;) for j € [M]. In the case that
aup(o(- 4 bj))(wj1)* - (w) p)¥* > 0 we prove that the event claimed in Theorem 8.(b) and
(c) holds with probability at least 1 — d~%* for neuron j. Theorem 8.(a) will follow from a similar
analysis. The result for all neurons follows by a union bound.

We further consider |b9| < p < A small enough such that 1/2 < |ug(o(-+b;5))|/| k(o) < 3/2
for k = 0,...,D + 2 (see comments below Lemma 13). Hence, the biases will not impact the
training of the first layer weights and for the simplicity, we will fix b; = 0 in the proof.

Nonnegative first layer weights Without loss of generality, we assume that all of the first-layer
coordinates of neuron j have positive sign at initialization w?yl =...= w? 4=1/ v/d (and therefore

a’pup (o) > 0 by our choice of (ag, 'w?)). To see why, define so = [[;¢(pj sign(wgi)ki and consider

. C e 4. <0 o 2 0 o o .

instead initializing the network at ©® = (a°, W) where a° = soa’ and w?/ =wj © mgn(w?)
for all j/. Then consider training the network with samples (3¢, &") where &' = x! © sign(w?) and
§* = fo(&") +&;. The distribution of data (¢, &) is the same as that of (y?, «?), and the the training

J

dynamics ® match those of ® up to sign flips, and fv? =[1/Vd,...,1/Vd].

For brevity of notation, let us drop the subscript 7 in the remainder of the analysis of this section,
and write (a, w) to denote (a;, w;) whenever it can be inferred from context.

Stopping times on the dynamics: Recall that the loss is the square loss £(y, ) = %(y —9)%. We
denote v' the (negative) stochastic gradient at time ¢:

v' = =Vl (4, fun(z'; ©)) = (4 — fun(z'; ©))a"’ (w', 2"))2",
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Further recall that we constrain the dynamics of w' in two ways: the £, constraint ||w’ | < A
and the spherical constraint || S;(w’)|l2 = 1, where S;(w") = (w}lics, )ic|q is the projection on
the subset of coordinates .S; which contains all coordinates that verify \@f/] < r for all times ¢’ < ¢.
Let us define ¥ the spherical gradient update on support S;:

o' = — grad,, Ly, fun(2'; @) = v' — Sp(w')(Si(w'), v)

The update equations are given by

~ 141 ~t
w't = w' +mo’,
wt = Pow'™,
whtl =  ptiggtt!
where we recall that we defined
—t+1 o
w,; if ¢ Q/ St+1 5
[Ser1(@")]l2 i+l

with Spy1 = S\ {i € [d] : @it > 7}
Let us introduce the following stopping times on the dynamics:

7+ = inf {t 200 max (@l Vol 2 3/(2\/&)} :

[RRS}

7~ = inf {t > 0 min{|@ Y A Jwl ]} < 1/(2\/&)} ,
i€[d]
70 — inf {t >0: max(||vt/aoHoo, Hﬁt/aOHoo, |yt\, HcctHoo) > (O log(d)co} )

Note that {7 =t} € F; := 0 (0", {2, y*}s<;) for 7 € {7, 77, 7%} and o (w'*!), 0(Sy41) C Fi
Fort < 7+andr > 3/(2Vd), wehave { P+1,...,d} C Sy, and ||w!||s < ||w!.p|la+]|Se(w?)]]2 <
V/PA + 1. We further define for all i € [d],

T = inf{t >0 |wit > T},
A = inf {t >0 |w > A~ 1a%mCo log(d)c"} ,

"= sup 7/, ™ = sup 72,
i€[P] i€[P]

where Cj is a constant that will be chosen large enough. In particular, at time 7,7 + 1, the i-th
coordinate is removed from the set on which we do the projection, i.e., {i} € Srr \ Srri1. We will

show in the proof that 7+ A 7= A 79 > T’ with high probability.
By concentration of polynomials of Gaussian variables, we have:

Lemma 12 Assume that A < 1. Then for any C, > 0, there exists Cy large enough that only
depends on C, D and K, such that for d > 2,

P(r" <7t AdP) <d .
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Proof [Proof of Lemma 12] For t < 7, we must have ||w’ |2 < v/P + 1. Using the bounds (53) in
Lemma 16 and a union bound, there exists a constant Cy such that

POO STt AP) S D) P (a0 [/ ] [ ) > 2+ )
t<ttAdP
< CdD+1 exp(—C(z*)Z/(3D+3)) < d_C*,

where z, = Cylog(d)“® — c. [ |

Reducing to the correlation flow We now show that for second-layer initialization scale x small
enough, the updates v’ and ©' mostly come from correlation term in the square loss, and the self-
interaction term contributes negligibly. Define the gradient and spherical gradient from the correla-
tion term as:

ul = a%lo’ ((w', ')t and @' =u' — S(w")(Si(w'), u') .

Then ! is close to u’ and ©° is close to @’. For t < 7°, we have the following bounds. Use (a)
1o ]loo, [l67]|co < K and ||a®||o = £, and (b) ||S¢(w?)||oo < 7 < 1 and ||Ss(w?)|; < d,

ot — wlloe/1a%] < || Fun(ats ©9)0" (a0t 2)) oo < 5K?MColog(d)% <
8 — @' loo/Ia°] = [0 — u — Sy(w")(S(w"), v" — u')|oc/|a” (17)

b
< (1+d)v' —ullo <R,

—
=

for & = 2kdK2MC.

Simplifying the update equations: Note that for ¢ < 7/ A7, we have [@! | = Jwi4+m | < A,
and therefore th = @f“. Let us introduce the truncated spherical gradient g* defined by

)

‘ _{@f fort <75 AT,

9= ot fort > 1A AT,
where ’yf € [0,1] is a multiplicative factor that models the projection step w'™! = P, ',
A — sign(v!)w!
7¢ = min <—lg (0w , 1) .
m v

It is easy to check that o(g*) C F; and w'™! = P (w! + m@') = w? 4 11¢ for all t > 0. With
these notations, our dynamics are now simply given by

Wt = wt t
t +1mg (18)
wit!l —  pitiggtt!
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Population gradients: Let us deﬁne the population spherical gradient g* = Egt ¢ [g']. We have
the following formula on gt for ¢ < T A To:

Lemma 13 Denote x,(w') = [Tepp(w; wh)ki. Fori € [P] and t < T2 A 10, we have the following
formulas that approximate the populanon gradient: ift < 7] (i.e, i € Sy), then §§ = Egt yt [Bﬂ
and

e D DL ] - L 0] | A

i ot
v JESN[P]

w,

while if t > 7 (i.e., i € Sy), then Gt = B ¢[vl] and

7 = a2 (5 [0 (a0t 26)] + (w!)2Be [P+ (6]

%

<l|a®%. (20

Fori> Pandt <1t AT,

g+ dwixa(w) | > & Ee[a@)(\\wtuzc)} < |a"7. @1

JjESN[P]

Proof [Proof of Lemma 13] We recall the following useful identities (where G ~ N(0, 1))
Eq[Hew(G)g(G)] = Eqlg™(G)],  aHep(z) = Hepqq () + kHepq (2) .

In particular, by integration by parts, we have

E[ I] Heu, (z;)o’ ((w'@))| = ( T (w)™) - Eg o0 (|t oG)]

j€lP] J€lP]

Furthermore, if i € [P],

viful@) =TI Her, (@) {kiFex 1(m) + Hopa ()}
JEPLi#i

Hence, for i € [P] and i € S, we have [g} — B¢ ¢ [@!]| < |a®|& by (17), and

Eat e [il] = Egt ot [a*(fo(@!) + ) {2} —wl Y what fo' (", 2"))]

JESt
X (w')
=X k- ) Y kRG0! 2]
¢ JeSm[P]
+ay. (w {w —uf Y () B[0P (! 26)]
JES:
which gives Eq. (19) by using ||S;(w?)||3 = 1. Eqs. (20) and (21) are obtained similarly. |
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From Assumption 7, we can choose A small enough and depending only on K and D such that
that for all u,v € [-PA, PA]land 0 < k < D

[EalHey (G)o((1 +0)G +u)) — pelo)] < EEO] 22)

andfork=D+1orD + 2,
‘EG[Hek(G)a((1+v)G+u)]‘ < 2K . (23)

We further assume that A is chosen small enough such that A2 < 1/(2D) and A? < 1/(4K?).
With this choice of A, there exist constants C, ¢ > 0 that only depend on D, K such that for all
t<tA AT AT ifi € [P),

caowup(a)

wy

t
w;

pp(o) +|a’|7,
where we recall that we are now assuming that sign(w?) = 1 and therefore sign(w!) = 1 for
t <77, and a’x.(w®)up(o) > 0. Because t < 7, and because # is chosen small enough so that

k< (1/(2vd))P~1, we have

i < Ca’>5—pup(0). (24)

Andif¢ > P,

9| < Ca®pup(o)whx.(w { Sk }+ |a°|7 .
jEStﬁ[P]

Notice that [gt| < |a°|% foralli > P andt > 7" + 1 (i.e., S; N [P] = 0).

C.2. Bounding the different contributions to the dynamics
The following lemma tracks the contribution of the projection on the sphere w't! = P+ lgpi*!:
Lemma 14 Assume that Colog(d)“° /v/d <r < AJ2 < 1/(V/8P), [a°| < 1 and ny < 1/d. Then

there exist constants C,C’ > 0 (that only depend on D, K and Cy) such that for d > C" and all
t<7TOATH ifSip1 =Sy

1 1
5 <1=Cntllg'l} < o < 1+ Ctllg'll3, (25)
2 771“ H2 HSt(wt—i_l)HQ 771” ||2
and if Sy 1 # Sy, then
1 1
S<1-0rr<—— <1+ 0r%. (26)
2 IS¢ (@"*1)]l2

Proof [Proof of Lemma 14] First consider the case S;;1 = S;. We have Sy 1 (w'!) = Sy(w') +
mSi(g?). Note that on i € S;, we have ¢t < 7/ and therefore v} (w?) = 1 and S;(g*) = S;(v"). We
therefore have

IS @ )3 =1+ il S (@3 @7
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where we used that || Sy (w?)||3 = 1 and (S;(w'), S;(¥")) = 0 by definition of the spherical gradient.
Furthermore, n?[S.(5)[3 < n?llgll} < d~2g'l} < d~'g'|% < Cd llog(d)C < 1/4 for
t < 7. Therefore, there exists a constant C' > 0 such that bound (25) holds.

In the case Sy 1 # Si, we have |Sy\ Syy1| < Pfort < 77 and the coordinates that are removed

at time ¢ + 1 satisfy w! + 19! < r + Cod~/?log(d)“® < 2r. Hence
—APr? + ||S(@ |3 < [|Seir (@3 < 4P + || Si(@w 3.
We can then use Eq. (27) and that 7/?||S;(3")||3 < Pr? to derive Eq. (26). [

Let us decompose the different contributions to the dynamics. We define m! = g* — g’ the
martingale updates. Let us bound the change of a coordinate after one update. Fort < T ATH AT,
if S¢y1 = S, then by Eq. (25), we have for ¢ € Sy1q

L WEIL e ot o2t Bt — Cndlgt2lg!
' [Si1(wt +mgt)ll2 = ' ' v (28)

wi™ < wi +mgi + Onillg3lwi] + Criillg'lI319¢]

w,

(Note that for ¢t < 77, we have sign(w!™!) = sign(w!) = 1.) Fort < 79, we have ||g’|| <

Cla®|log(d) and |wf|/|wit!| < C because 71 < 1/d. Hence, we can rearrange Egs. (28) and
obtain
(14 Cla"*nidlog(d)”)wi™ > wi +mgj — Cnila"[*dlog(d)"

(29)
(1= Cla°Pnidlog(d)”)wit < wl+mgl + Cnila®Pdlog(d),

On the other hand, if S;11 # St, by Eq. (26), we have for i € Sy 1,

wit!

Wi
1—-Cr2
t+1

3
14+Cr?

> w! + gl > wl +mgl — Cnillg'|13lwl| — Cntllgt 1319t
< wi+mgl + Cnillg 51w} + Cnillg'l319:1C .

Rearranging these equations, we obtain for t < 79 A 7~ and Sy 1 # S; (using |C7?| < 1/2),

1+ C|a®*n2dlog(d)®
1—Cr?

1 — Cla®*nidlog(d)®
1+ Cr?

wi™ > w4+ gl — Cnfla®Pdlog(d)
(30)

it < wf gl + Onla’Pdlog(d),

On the other hand, if i € Sy, then

wit = wi +mgf.
Define X; = #{i € [P]: 7] <t}, and
i (1= Cla®Pnidlog(d)®)" 4 (14 Cla’Pnidlog(d)®)"
E= (1+ Cra)%e ! = (1—Cr)Xe '
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Note o(p'),o(p') € Fi—1, so that p'm/! and plw! are still martingale updates. By induction on
Egs (29) and (30), we deduce that for ¢t < OANTEATT,

t—1
p"wf < wf 4 ZPSA” g +m ZPSAT m; + C(t A7) )p!" |’ Pdlog(d)”
(€29)

P wh > w Zp‘wl g +m Zﬁwfmf—C(MT) p"" it |a®Pdlog(d)©
s=0 s=0

Let us introduce the following quantities:

t'—1 t'—1 t'—1

t N t,t —t,t’
Z 9, D/"=>p"g, D = Z P g,
s=t

and
t'—1 t'—1 , t'—1
t,t 2 : t,t 2 : ——t,t _ r
Mia — mf , Mi, — pS/\T s Miv — § :ps/\Tl mf
s=t s=t

The term D**', which is the sum of population gradients, plays the role of a drift term, while the term
Mt is a martingale and corresponds to the comparison between the stochastic and the population

gradients.
We can choose C’ a constant large enough, depending only on K, D, such that for
1
2
T < —, 32
L= 0Na0 2 log(d)d (32)
we have
1 1
1— < (1 = Cla®*n3dlog(d)®)T < (14 Cla®*nidlog(d)“)T <1 :
oa@ < (1~ ClaPutdlog(d))T < (1-+Cla’Pridlos(@d)" < 1+
In particular, this implies that for any t < T'A 7" A 7~ and r constant sufficiently small,
1 C 1 C
—>1-Cr*— — <14+Cr 4+ ——. 33
P TTs@ o T T log(@) G
Similarly, we can choose C” a constant large enough, depending only on K, D, such that for
1
mT < (34)

= C’|a0|3 log(d)c’d?’/? ’
we have

sup Ot AP 3 |alPdlog(d)C < ——.
t<TATTAT— Vdlog(d)

Hence for n; and T satisfying Eqs (32) and (34), we get the following bounds on the trajectory
fort <TATY AT AT fori > P+ 1lorie€[P],t<1/,

C —
wf 2 (1-0 = -2 ) [0 = log(@) el + DY+ T
(35)
C
wf < (1407 4 s ) [ (4 tog(@ 7l 4 m D 4+ ]
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while for i € [P]and ¢t > 7/,

wt wZTZT + ﬁlDZiT’t + T]lMl-Tir’t . (36)

7: g
We prove the following bounds on the martingale part:
Lemma 15 (Martingale part M?) Assume A < 1 and r are chosen as in Lemma 14. Fix T < dP
and Cy > 0. There exists a constant C' that only depends on D, K, and C\, such that if we choose
1

2
T< 37
M= Ol log(d)Cd 37)
then with probability at least 1 — d~%*, we have
/ —tt ’ 1
MY\ MV MY < 38
onax e { [ M|V M|V M < Vilosd) (38)

Proof [Proof of Lemma 15] We will show the theorem for maxy;<gar+ M ?’t. The result for
max;«y<part+ M E’t/ will follow from an union bound on all ¢ < T', which are also martingales (the

proofs for Mﬁ’t/ and M Zt * will follow by the same argument).

Denote M f =M ?’t. We will use a truncation argument. For some 6, define for all ¢ > 1 and

i€ [d], .

t_ t _ ¢ _ ~
Ui = Zﬂs{giﬂ|gg/a0\<élog(d)c - E|:gi1|gf/a0\<Clog(d)c] } g
s=0

so that
t—1

¢ ¢ 2\-P ¢ ¢
0 = 2] < (1= O 3 {16t Grosne + B 19810 g op2 G108 -
s=0
For t < 7T, we have ||w||2 < v/PA + 1 and we can use Lemma 16 to choose C that only depends
on D, K, C, such that
P(Et<T A7+, i€ [d],|g!/a’| > Clog(d)C) < d /2,
and forallt <T A7t and i € [d]

1
t/a0|>01 dé}gd_D'i'
lg; /a°|>C log(d) 2./dlog(d)

Hence with probability at least 1 — d~%* /2,

m(l—Cr*) PE||g!1

1
max max |mMi < ————— + max max|nU?.
t<TAT+ i€[d] ImM| < 2v/dlog(d)  t<Tnr+ i€ld] Im U

Let us now apply Doob’s maximal inequality on Uf: the increments are bounded by 2|a° ]5 log(d)é,
hence we have
2

e
P max 77UZ?f >e) <2expy — — — .
(1§t§T| ! ‘ ) { C(maOC log(d)C)QT}

Choosing € = 1/(2v/dlog(d)) and n; as in Eq. (37), as well as a union bound, yields the result. H
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C.3. Proof of Theorem 8

Step 0: Bounds on the dynamics.

We consider the dynamics (18) up to time 7' A7 where 7 := 70 A7T A7~. We assume 7 and 7,
satisfy conditions (32), (34) and (37). In particular, with probability at least 1 — d=C*, the dynamics
of wf» satisfies the bounds in Egs (35) and (36), with Mf’t,, Mﬁ’tl, Mﬁ’t/ satisfying the bounds (38).
In the rest of the proof, we show that on this high probability event, we can choose 7; and 1" such
that T < 7 and Theorem 8.(a), (b) and (c) are satisfied.
Step 1: Controlling the coordinates i € [P] at the end of the dynamics.

Let us first show that as soon as ¢ > 7/, then w} stays close to A. Note that we can choose
C > 0 constant large enough independent of d, such that if w! < A — |a®|Cn; log(d)®, then by
(24)

Exlg] = Ealp{¥!] > Ea 0] - Eo[[7]Y?B{ o] > |a*|Cm log(d)C}

>0d P2 _cqP>o. 59

Hence, for any 7 > t > 7/, consider t’ = sup{t' <t : w! > A —|a®|Cn; log(d)®} (in particular,
t' > 72 4+ 1). From Eq. (36) and by Lemma 15, we have

t 41 t41t t+1t 0 c 1 2
wi =w; " AmD; T M T > A = 1a®|Ciplog(d) - —m—= > A -

o Vdlogd ~ Vdlog(d)’

where we used that w{ < A — |a°|Cn; log(d)® for #' + 1 < s < t and therefore by Eq. (39), we
have Df/H’t > 0. We deduce that

2
inf  w!>A-—

TAL<FAT Vdlog(d)

Similarly, we show that for any ¢ > 7" + 1, we have w% > r/2. Indeed, for any i +1<t<
A ANT AT, we have

(40)

r r 1
+mD]’ Ty mM; s

' — Jdlog(d)’

where we used that wz-T it > r by definition of 7], and ?f > (0 forall s < TZA AT NT. We deduce
that

t_ 7+l
w; = w,

1
inf war—iz

. (4D
TAT>t>T! dlog(d)

|3

Step 2: Bounding the growth of w! for i € [P).

Define a; = min{w! : i € S; N [P]} (i.e., the minimum of w! that have 77 > ). Note that
wﬁ > r/2fori ¢ Sy by Eq. (41) and therefore wﬁ > a4/2. By Eq. (33) and Lemma 13, we have for
s<T ANTAT,

ps§§ > CCLO X*(wt)
7 =

p 2 1p(0) = [a%]f = Calpp(a)af ! — %]
7
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Combining this lower bound with Eq. (35) and the bound on the martingale in Lemma 15, we get
thatforallt < 7/ AT AT

t—1

\/& 0

oy 2

(42)

t—1

1

> —— + Cmadup(o aP~t,
2\/& m ,uD( ) g t

where we have used that r is sufficiently small, and 7;t|a°|& < &/(C'nm1|a®] log(d)®"d) < 1/(4v/d)

for all £ < T since we take « sufficiently small. We can use the bound on this sequence derived in

Lemma 17: for D > 2,

1
ap > rA 1 )

= ((4d)D/2_1 _ C?]lCLO,U/D(U)t)m

and we deduce that we must have

CdD/2_1
AT ———.
ma’up(o)
For D = 2, we use that
1 t
a > ——(1+Cma’up(o))’,
¢ > 2\@( ma’up (o))
and deduce that
C'log(d
T"AT < Ooig() .
ma’pup(o)

Similarly, consider oy = min{w! : i € [P], 7~ >t} forall 7" 4+ 1 < t < 72 A 7. By Eq. (40), we
have w! > A/2 fort > TiA. Hence by Eq. (36), we get

t—1
r _
oy > 3 + Cmao,up(a) g atD L

s=0
and we deduce that if 72 < 7 then
TA — 7T < OC
ma’up(o)
Combining the above bounds, we deduce that
for D = 2: TA/\?SM,
ma’up(o) 03
CdD/2fl 43)
for D > 2: TA/\?Soi,
ma’up(o)
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On the other hand, consider 3; = max{w! : i € [P]} and let us lower bound the time ¢ =
inf{t : 8 > 2/+/d}. Fort <7 At, we have S; = [d] and z% <1+ log( y- Hence by Eq. (35),

t—1

2 _
B < (1+ O/ Viog(d) 7= + Cma’pup(0) 3 _ B
s=0
and therefore by Lemma 17, we get for D > 2,
1
Be < — - (44)

(/21 + C/vIogd))P/21 = Ciya®up(@)t) 7

We deduce that
_ dD/Z—l
t>TN ——r7r——. 45
B Cm@“uD(U) )
For D = 2, we have by Lemma 17
3 0 t
By < ﬁ(l + Cma’pp(o)), (46)
and therefore
_ 1
t>TN —F7—. 47
Cma’up(o)
Step 3: Bounding the coordinates P + 1 < i < d.
From Eq. (35) and Lemma 13, we have forall¢ > P+ 1landt <7 AT,
1 —=0,tA(T"+1) -
(l—CT )ﬁ—ClmD ]—Ctnﬂa?[&,
1 DOA
w! < (1+Cr? )ﬁ+cy | 4 |07 .
We have
IA(TT4+1)—1
—0,tA(T -
DY | DY) < el (o) > wixe(w®) + Ctmlaf|i.  (48)
s=0

onsider j € such that 7; = 7". Then . ,we have, forany ¢t < (7" + 1) AT A1, that
Consider j P h th ; . Then by Eq. (35) h f y T+1 T, th

2r>wt+1—(1—CT2)L>C a® ZX* (w?)
Z W, \/E =2 UM ,U«D ; .
Hence we deduce that
0 R ()
ma’up(o) Y =5 < Cr. 49)
= J
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Using that wj Crfort < 77 and w; < 3/(2V/d) for s < T in Eq. (48), we get that, for any
t<TNAT,

tA(TT+1)—1

—0tA(T7+1) om (r"+1) 0 C X (w?)
|mD;’ |\/| | < Ctni|a” |k + —=rma MD( )
Vi 2
< Cr?
= d .

We deduce thatforall P+1<i<dandt <7andt+1 < 7°

I_CT2<w¢+1<1+CT2
vda — ot T Vd

and therefore taking r sufficiently small, 75 A 77 > 70,
Step 4: Proof of Theorem 8.(b) and (c).

Choose T1 := T and 7 that satisfy Eqgs. (32), (34), (37) and (43). We have with probability at
least 1 — Cd~“* by Lemma 12 and Lemma 15 that 70 > 77 A7~ AT. And Egs. (50) and (42) imply
that 7+ A7~ A7° > T';. Furthermore, by Eq. (43), we have 7 < T'; which implies Theorem 8.(b)
by Eq. (40). Theorem 8.(c) follows from Eq. (50).

Step 5: Upper bound for all neurons with early stopping.
Theorem 8.(a) follows from Eqgs. (45) and (47) for neurons with initialization satisfying

(50)

0 )kl_

a?uD(U)(wj,l g

(W) p)FP > 0.

For neurons that do not satisfy this condition, the analysis in Section C.2 still holds and we get
bounds on the dynamics similar to the ones in Eq. (35), with the difference that a” p(o) <0, and
therefore the drift has a negative contribution to the dynamics, and 7,7~ are now defined on all
coordinates instead of only i = P + 1, ...,d.

We can upper bound the drift contribution using that 5; = max;¢pj w} satisfy fort <7

t—1
B< (14 o/\/log@z))jg + Cmlaun(o)] 3 8P, 1)
s=0

and therefore, taking the same bounds (44) and (46), we get for t < 7 A T1/(C'log(d)®) for C' a
constant sufficiently large that

B < jgu +C'[\/log(d)). (52)

Furthermore, denoting o = min,¢|p w}, we have

t—1
o> (1— C/\/log(d))\}a — Cmla®un(@)| 3 21
s=0

Using the analysis of Lemma 17, we get that the drift has the same upper bound as 5; in Eq. (52),

(1+C/\/log(d))\}&+0m|a0,ujj !Zﬁ 7 (1+C"//log(d)
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fort <7 AT1/(Clog(d)®) and therefore

ar > jau — C/\/log(d)).

The bound on coordinates ¢ > P follows similarly to step 3. In particular, we deduce that for
t <TAT1/(Clog(d)®)and t + 1 < 7°, we have for all i € [d]

1 1
(1 - C/Vlog(d))—= < wi™ < (1+C//log(d))—= ,
Vd Vd
and therefore 77 A 7~ > 70 AT} /(Clog(d)®), which concludes the proof of Theorem 8.(a).

C.4. Technical lemmas

Lemma 16 (Tail bounds on functions of Gaussians) Assume that |w'||s < 1+ v/D. Then there
exist constants c, C' that only depend on D and K such that

P(ly'| > z+¢) < exp{ — C’z2/D},

Pyt ([y'o((w',2")] > 2+ ¢) < exp{ - C2*/P},

Pt (lgi/a’] > 2+ ¢) < exp { — C2*/(PHD} (53)
Pyt (Hgt/ang > \/g(z + c)) < exp{ _ 022/(D+1)} ’

Pus (9" /0”13 1g1/a| > d(z +0)) < exp{ — C=2/EP4)},

where Py (+) := P(-|w') denotes the conditional probability. Furthermore, for any q > 2, there
exists a constant Cy that only depends on q, D, K such that

B lg'/a)2) " < €,V (54

where B[] := E[-|w!] denotes the conditional expectation.

Proof [Proof of Lemma 16] Recall that for polynomials f : R* — R of degree D on Gaussian
variables, we have the hypercontractivity inequality | f|[ze < (¢ — 1)P/2||f||12 for any ¢ > 2.

Hence, there exist constants C', C’ that only depend on D such that
P(|f(z) — Exlf(z)]| > 21/ Varg(f)) < C"exp { — C2%/P}. (55)

Recall that y = Heg(x) + €, where Hey, is a degree-D multivariate Hermite polynomial and ¢ is
K -subgaussian. Further, recall that we assumed |||/, ||0'||c0 < K. Applying Eq. (55), there exist
constants C, ¢ that only depend on D and K such that for any w € R,

Byl > z+¢) Sexp{ —C22P},  B(yo((w,))| > 2 +0) < exp{ - C=/P},

where we used that E[|yo((w, z))|] < KE[|y|?]'/? < c. Following a similar reasoning, we get for
any ||w||3 <14 vDandi € [d],

P(lyzio’ ((w, )| > 2 + ¢) < exp { — C22/ P
P(|yw;(w, z)o’ ((w,x))| > 2z +¢) < exp{ _ Cz2/(D+1)} _
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Recall that |g!/a®| < |7}[(|yzio’((w, x))| + |ywi{w,z)o’((w,x))|). Conditioning on w' and
assuming that ||w?||z < 1+ v/D, we obtain

Pwt(\gf/aol > 24+ c) < exp{ — sz/(DH)} ,
Pyt (llg"/a’ll2 2 V(2 + ) < Py (llg"/a°[3 2 d(=* + ) exp { — €22/ PV}
Pt (llg"/a°l319/a°| = d(z + ) < dexp { — Cz2/EP+I}
Furthermore, again assuming that ||w?||z < 1 + v/D, we have for any ¢ > 2,
1 1 1
Eut[lg'/a”l§]""" < KEor [ly'a 5] + KBy [ly'a' (w', )] " < CyVd,
which concludes the proof. |

The following lemma provides simple upper and lower bounds on sequences satisfying some
geometric bound on their evolution. The upper bound can be seen as a discrete version of Bi-
hari—LaSalle inequality. This upper bound was proven in (Arous et al., 2021, Appendix C), and we
modify their proof to obtain a lower bound.

Lemma 17 (Bounds on sequences) Let k > 2 be an integer and ag, a1, by, b1 > 0 be four positive
constants with ag < by and a1 < by. Consider a sequence (u; )i that satisfy for all t € N,

t—1 t—1
ag+ary ub Tl <u <bo+br Y ubl.
s=0 s=0

If k = 2, then for any t € N,
ao(1 + a1)t <y < bo(1+by)t.

Ifk > 2, then forany A > 0 and anyt € N,

1 1
A/\ <'I,Lt<

_1 — 1
(aa(k—2) _ m(le%k%?)'Halg = < (k=2 _ (g 2)b1t> =

Proof [Proof of Lemma 17] Note that by induction, we have wy < u; < v; for any ¢ > 0 where

t—1 t—1

Ut:bo—i-blg vf_l, wt:ao—i—alg w];_l.
s=0 s=0

For k = 2, it is straightforward to get v; = vi—1(1 4 b1) = bo(1 + b1)" and w; = ag(1 + aq)".
For k > 2, we consider the upper bound on v,. First, notice that

VUV — Vg1 vt 1 1 1 1
hi=—37 Z/H T =g [ =2 Uk2] :
t—1 t

V1 Vg1
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Hence, rearranging the terms, we get for any £,

1 1 1
5 2> g (k—2)by > — (k—2)bit.
Ut Vi1 Yo
We deduce that |
vy < T

(6“7 = (k= 2pp0t)
Let us now lower bound w;. We have

Wr — Wy we 1 wy xkfl _ wk_—l
Y t—1 dz + =1 s
L= k-1 k—1 k—1

Wy_q wi—1 we—1 Wy

k—1 Wt 1
= wil/ mrde
Wiy Jwia T
(L4 aqwfT )Rt [ 11 ]
- _ k—2 k=2 |
k-2 Wy Wy
Hence, as long as wy < A, we get
1 < 1 k—2 < 1 k—2 ’
— a — ait,
wh? T f 2 (1 + a AR2)R-T L= 2T (14 g AR-2)k-1 1
and therefore 1
Wt > 1
—(k—2 _ -3
(ao( ) - (1+a12k%2)k—1 alt) o
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Appendix D. Proof of Theorem 10: sequential alignment to the support

In this appendix, we consider the sequential alignment to the support in Section 3.3. The proofs will
follow from a similar argument as in the single monomial case. However, the dynamics will be now
split in L phases corresponding to the alignment to each of the L monomials.

Recall that throughout the proofs, we will denote for simplicity C, ¢ > 0 generic constants that
only depend on D and K (note that all the other constants I}, D;, D; < D). The values of these
constants are allowed to change from line to line or within the same line.

D.1. Proof of Theorem 10: alignment to the full support

We will use notations and results from Appendix C and outline the main difference with the proof
of Theorem 8. We can again reduce the problem to tracking one neuron, and we assume without
loss of generality that w) = ... = w) = 1/v/d and aoubl(a) > 0 foralll € [L].

Let us introduce the following new stopping times on the dynamics: for [ € [L],

™ = sup 77, 2 = sup 2.

i€[P] i€[P]
The population gradients for ¢ < TZ-A A Ty are now given by:

Lemma 18 Denote y. (w') = HjE[PI](w§)kJ forj € [L]. Fori € [P\ [P—1] and t < T2, the
population gradient is given by: if t < 1 (i.e., i € St),

_ X*,l/(wt) Dy
="y A k- @)? Y k| Eo o) (jw']2G)]

1> i s€8:N[Py]

(56)
— Wi ) [ k| oo PO(jw!26)] + O(la%R),
<l seSiN[Py]
while if t > 7] (i.e., i € St)
t
PRAY D D
7t = a3 X (g [P0 (5G] + (! 2B [P0 (et o))
vt B (57)
+a® > whxer (WHEG o P (' |6)| + O(la’|)
<l
Fori> Pandt <1t AT,
gi=—a" Y uwhu(w) [ Y k| Ea[oP(w'hG)] + 0" R). (8

JE[L] seSN[P]
Proof [Proof of Lemma 18] The proof follows from Lemma 13 applied to a sum of monomials. W

Again, by Assumption 7, we can choose A small enough and depending only on K and D such
that Egs (22) and (23) are satisfied (with D replaced by D). We can further chose A small enough
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(only depending on K and D such that there exists constants C, ¢ such that for all ¢ < TiA ATYATT,
ifi € [P]\ [P_1], thenif t > 771,

0<ca

)

o Xt (W) _ 0 X1 (w")
T ut <g;<Ca T ut
1 (2

andif 71 <t <7 forl’ <1—1,

OX*l(w)
Cowh

_ 1(w
— Cawix, p(w') < gt < Ca 0Xx, (t )(a) ca®wiyp(wt),
(2

while fori > P+ 1and 7771 < ¢ < 77
‘gﬂ < Caowa*,l(wt)y

and gt = 0 for t > 7L
Proof [Proof of Theorem 10] Step 0: Bounds on the dynamics.

We consider the dynamics up to time 7' A 7 where 7 := 79 A 77 A 77. We again assume
that 7" and 7); satisfy conditions (32), (34) and (37), so that the dynamics of wf satisfies the bounds
in Eqs (35) and (36), with M 31" M"" satisfying the bounds (38), with probability at least
1 — d~%*. The following steps will follow closely the proof of Theorem 8.

Step 1: Controlling the coordinates i € [F)] \ [P,_;]| during the first / — 1 phases.

Note that for i € [P] \ [F,—1], during the I’ < [ — 1 phase, we have for -lp 1 <t <

(T 1) ATA,

wi > (1 - Or®)w] +1+anH Lt
Frl/=1 = Xl (W)
> (-Crtpl™ ot Y[R Cul ()] |
s=rmt =141 i (59)
t 2y =1yl =1y
w; < (14 Cr)w; +CmD :
t—1 ()
> (1+Cr)uw] o +a®m Z [C% — cwthl/(ws)} .
s=rmt =141 Wi

Assume that min;ep)\(p,_,] TZ-A > 771 4 1 and
i = Cr?
max |w; l 1+1—1/\/&]§—T.
i€[PI\[P-1] Vd
Denote
sl =min{t > 41 max  |wl—1/Vd| >1/(2Vd)}.
i€[Pj\[P1—1]

Aslongast < 77!, then

1-Cr? a®m s 14 Cr? a®m s
\/g —C \/a Z X*’l/<w ) < wf < + C P Z X*,l’(w )7

s=rml =141
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where we used the assumption that Dy > 2. Using the same argument as in Step 3 of Section C.3,
we deduce that as long as t < (7" + 1) A 7+, then

1—Cr? <l < 1+ Cr?

Vd TV
In particular, we deduce that we must have 77! > 7" 41 and therefore TiA > 77 41 for all

i€ [P\ [Pa].
By induction, we deduce that for all i € [P)] \ [P_1], 72 > 7"/~1 + 1 and

2 B 2
1 C’]" S w;_'r,l 1+1 S 1 + CT )
Vd Vd
Step 2: Bounding the growth of w! for i € [P] \ [P,—1].

The same argument as in Step 1 of Section C.3 (recalling that by the previous argument, 7" A
A > =l 1 forall i € [P\ [P_q]) yields

2
, inf  w!>A—- —F—.
TA<TAT dlog(d)

. ¢ 1
inf w2 r— ——Y—=—=2>
TAT>t>T] d log(d)

N3

Denote oy = min{w! : i € S; N [P]\ [P—1]} (noting that w! > r/2 fori € [P] \ [P,—1] but
i ¢ Sy). Furthermore, for i € [P,_1] and t > 7"/~1, we have w! > r/2. Hence, for t < 779 + 1,

t—1
rl—1 D) _
ap>a” Ty CmaorDl—l g ozSDl L

s=rrl=141
Furthermore, o™ ' +1 > (1 — Cr?)/+/d by the previous step. We deduce by Lemma 17: for
Dl > 2,
1
(C’alDl/Z*1 — C’maorﬁl*lt) 2

ar > rA

which implies

Cle/2—1
b 22
 maPrPi—
Similarly, for D; = 2,
TT,l < Clog(d)
~ marDi .

Similarly, we obtain similar bounds on 720 (see Step 2 of Section C.3).
Step 3: Concluding the proof.

Theorem 10.(a) follows by Step 2 and taking 7; and T'; := T that satisfy (32), (34) and (37),
and the growth conditions in Step 2. Theorem 10.(b) follows by the same argument as in Step 3 of
Section C.3. |
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D.2. Extending the analysis: adaptive step size and non-nested monomials
D.2.1. ADAPTIVE STEP-SIZE

Let us consider

L
hi(z) =) ] Hen.(z), (60)

=1 SE[PI}

with increasing'® leaps 1 < Dy < Do < ... < Dy =: D, so that neurons align with the support
sequentially at increasing time scales. As mentioned below Theorem 10, the time complexity to
escape each of these leaps is only tight for the biggest leap if we take a constant step size ) oc d— /2.
Indeed, for the first phases of the dynamics, SGD requires a number of steps d(P1+2)/2=1 much
smaller than d”~" to align to the [-th monomial. In that case, we can take bigger step sizes and still
have negligible contribution from the martingale part of the dynamics. In practice, such as in Figure
1, we can see a saddle-to-saddle dynamics'” to occur, with a number O(d”'~1) of steps to escape
each saddle even for constant step size.

To prove these tight scalings for each plateau with constant step size, we would need to study
the joint training of the two layers, which is currently out of reach of our proof techniques. Instead,
we show in the next theorem that we can use a learning rate schedule 7, i.e.,

ﬁ,;“ — wz. —nt. gradw§€(yt, fNN(wt; @t)) )

to get a scaling ©(dP'~1) to align to each new monomial.

Theorem 19 (First layer training adaptive step size) Let h, : RP — R be defined as in Eq. (60)
and assume o satisfy Assumption 7. Then for 0 < r < A sufficiently small (depending on D, K)
and p < A the following holds. For any constant C, > 0, there exist C; fori = 0,...,5, that only
depend on D, K and C, such that, by splitting our learning rate schedule in L phases with step
sizesnt =m fort €€ {Ty_1,Ty_1+1,..., Ty — 1}, with

1 1
= < —
CirdDi2log(d)Cr " "= ChdCe

T, = Cod” og(d),

the following events hold with probability at least 1 — M Csd~%* /r. For any neuron j € [M],

(a) Early stopping for | € [L]: |w§~7i — w?7i| < Cy/+/dlog(d) foralli = P_1 + 1,...,d and
t < Tl/(C5 log(d)c5).

For any neuron j € [M] such that CLOMEZ (J)(w?’l)k1 . (wgpl)kpz > 0foralll € [L],

(b) On the support: ‘wJT‘z - sign(w?’i) - A| < Cy/y/dlog(d) fori=1,...,Prandl € [L)].

(c) Outside the support: \wﬁ—wﬁA < Csr?/dfori = P41,...,dandl € [L). Furthermore,

Tiy2 _
Zi>PZ (wj,i) =1
16. The case D1 = 1 in the first phase of the dynamics can be studied easily by modifying the proof of Theorem 10 and
noting that the drift is now just a sum of constant terms.
17. Again, we expect this saddle-to-saddle dynamic to occur in the case of increasing leaps, otherwise we might have
mixing of the different phases for different neurons and no plateaus, except at the biggest leap.
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There are two key differences between Theorem 19 and Theorem 10. First we prove a tighter
scaling ©(d”'~1) of number of steps for the first phases of the training. Second we show that the
alignment is sequential for all the neurons at the same time: at the end T'; of each phase, we exactly
picked up the support [P;] and nothing else. In particular, using a similar proof as in Corollary 9.(b),
we can show that the neural network at time 7; cannot fit the remaining L — | monomials at all
using the second layer weights. This agrees with the picture obtained in the numerical simulation
in Figure 1.

The T; and 7; are chosen such that the martingale term remain negligible during the whole
dynamics. Furthermore, because of the separation of time scales between the different phases of
the dynamics, we can show that for ¢ < T and step size 7;, the contribution of the drift terms
coming from the next monomials remains small. The proof follows almost identically to the proofs
of Theorems 8 and 10.

D.2.2. NON-NESTED MONOMIALS

While we wrote Theorems 10 and 19 in the case of h, a nested sum of monomials, we note that
this is foremost a convenient assumption that help simplify the equations in the proofs. However,
the compositionality of the monomials in the decomposition of A, is not a required structure for the
leap complexity to hold. Note that this compositionality might be favorable if we consider large
P = wy(1) (such as in Abbe et al. (2021a)) or for the dependency in € and the Hermite coefficients
of h, in the prefactor of ©(dLeap(s)=1V1y,

Below we describe how we can modify the proof of Theorem 10 for non-compositional h, and
leave the task of proving Conjecture 2 for general leap functions to future works.

Consider k; = (k:gl), ce k:gl)) € N for [ € [L] such that

L
hi(z)=) Heg(z), Hex(z)= ][] Hen(z), (61)
=1

sellk(]

and kzgl) > 0 for s € [P\ [P—1] (each new coordinates appear in the next monomial) and D, =
|kil|y with D1 < Dy < ... < Dy, and denote D; = D; — D;_; (with Dg = 0). Denote
D = max¢ () D; which corresponds to the leap complexity of /..

First note that the same formulas as in Lemma 18 hold with

)
Xe(wh) = 1KY > 0} TT whb,
J€P]

however, we cannot simplify the gradient to be of order y.;(w")/w! during the I-th phase. Below,
we outline how to modify the proof of Theorem 8 in Section D.1 to the case (61). The bounds on the
martingale terms and on the dynamics from Section C.2 still hold in that case, with the difference
being in the formulas of the population gradients.

By taking A small enough, there exists constants C, ¢ such that we can upper and lower bound
gt as follows. Fori € [Pj] \ [P_1], during the I < | — 1 phase, we have for 7't +1 < t <
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(V' 4 1) ATA,
7. < Caoz Xeg(W) o — ca® Z WX g (W

>l Wi I<qg<l

0 X*,q 0 t t

gi > ca Z —Ca Z Wi Xrq(W')
q>1 I'<qg<l

If t > 77!=1, then

t
Caoz x*,q ﬁﬁ < Caoz X*,q(tw ) .

w;
q=1 q>! ¢
We can plug these population gradients in steps 1 and 2 in Theorem 10, and control the contribution
of each of these terms using oy ; = min{w! : i € S, N [P]\ [P-1]} and By = max{w! : i €
Sy N [P\ [P-1]}, with similar arguments as in step 2 of Section C.3.
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Appendix E. Fitting the second layer weights: proof of Corollaries 9 and 11
E.1. Proof of Corollary 9: fitting one monomial

We first focus on the case h.(z) = z1---zp and prove parts (a) and (b) separately in Sections
E.1.1 and E.1.2. The case of h.(z) = Hep(z;) follows from a similar argument and we outline the
differences in Section E.1.3.

E.1.1. SECOND-LAYER FITTING

Recall that in this case P = D and we can use both interchangeably. We consider the case of no
biases in this part, i.e., fixing b; = 0, j € [M].

Phase I: first layer weights. By Theorem 8, with probability at least 1 — M d =, for each neuron

(a, w) satisfying a®pp(o)w? - - - wh > 0 at initialization, we get at the end of the dynamics:
Fori € [P): lw!t — sign(w?) - A| < C//dlog(d), (62)
— d —
Fori ¢ [P]: lwl —wd| < Cr/Vd, > (w)?=1. (63)
i=P+1

For the remainder of the proof, assume the above event is true.

Constructing good features. Now we show that for any sign vector § € {£1}" we can combine
multiple trained neurons to approximate the function Eg[o(A(d, z) + G)].

Lemma 20 There exists a constant C' that depends only on D, K such that the following is

true. For any R weights {wjl, ..., wj, } which coincide on the first P coordinates w P =

8/V/d where § € {+1}F, and with biases b;, such that |b;, — b| < 1/R, and with sign(a?s) =

sign(p p(O)w?S’1 e w957 p), there exists a constant C that only depends on P, K such that

[ (3 30 ottul )+ 5 ~ Balo(a(6.2) + G + )]

s€(R]
C ¢ C
——+C0r+ 5+ - w! aw! .
dlog(d) R R? . %R] (w5, p+1.a: W, Py1d)|

Proof First if we replace wil by Aé and b;, by b, the error is bounded by

- _ 2PK K
T bi) — o(A(S n d) O S =+ 5
lo((wj !, @) +bj,) — 0 (A0, 2) + (W) ' p gy TPi1:a) +b)] < dlog(d) TR

which is accounted for by the first two terms since we can take C' large enough depending on P, K.
For the last two error terms,

Ee K% > o(Az) + <ng51,P+1:d=93P+1:d>) —Eglo(A(d,2) + G)})z}
s€[R]
- Em[(% Z h(z, <“3P+1:d’wzl,p+1:d>>>)2] = (%)
]

s€[R
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where h(z,u) = 0(A(d,z) + u+b) — Eglo(A(d, z) + G+ D).
If w satisfies ||u|| = 1, then (u, zp1.q) is distributed as N(0, 1). So for all z,

EmPJrl:d[h(z? <$P+1:d, u>)] =0
Furthermore, for any w,v satisfying ||u| = ||v|]| = 1, let &« = w — v(u,v), which satisfies
(,v) = 0. Then (xp,1.q, @) and (xp1.4,v) are independent so
‘Ea:p+1;d[h(z7 <wP+1:d7 u>)h(z7 <mP+1:d7 ’U>)”
< |E‘13P+1:d [h(z7 <wP+1:d7 ﬁ))h(z, <$P+12d7 U))H + ‘Ewp+1;d[|K<a:P+1tdﬂ u— {)Hh(zv <wP+1Id7 U>)”
- K’EmP+1:dH<wP+1id7 u— ’u’>‘h(z7 <CCP+1:d7 ’U>)”
< K\/]EmP+1:d [<$P+1:d7 u— u>2]
= K[{u,v)|.

So
K T T K
() < 53 D Hwilpaw) pial < CT+ R? > 1wj prra w5, prvadl
s,s'€[R] s,s'€[R]

which concludes the proof of the lemma. |

Certificate. We now write h.(z) = HZP; 1 % as a linear combination of functions of the form
Eg[o(A(d, z) + G)] for different § € {+1, —1}. By a Taylor approximation, for any 0 < s < 1
and x € [—s, s],

)xk + O(8P+1) ’

o +G) =Y HZ
k=0

with a constant in the O(-) that depends only on P, K. So if we define the coefficient

¢ = QPAPMP H(S

then we can approximate h,(z) = Hfi 1 % as follows for any z such that A[(d, z)| < 1,

P
D csEalo(A(S,2) + G)] Z AR (8, 2)kcs + O(A(8, 2)|F)
de{£1}P k= : se{£1}P

p
H O(A(8, 2)|F)

0, S#I[P]
1, S=[P]

Putting this together with Lemma 20 and the guarantees on the first layer weights after training
(62) and (63), we obtain the following lemma.

where we use that for any S C [P], we have 55 S (1, 00) (T Lies 01) = {
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Lemma 21 There exists a constant C' > 0 depending only on P, K such that with probability at
least 1 — d=C* — Ce there exists a set of weights @°"t = (Wt q°°") satisfying

* (First layer weights are the trained weights) For all j € [M], we have w?l = w‘je’"t.

s (Second-layer weights are small) We have ||a®"t|| < C/(APVM).
* (Squared error is small) We have R*1 (@) < ¢ /4.

Proof Consider the event that for each § € {£1} the set S5 = {j : Q?MD (a)wal . -w;-{P > 0} is
of size |Ss| > R := M/2F+2. This holds with probability at least 1 — O(e) by a union bound and
a Hoeffding bound, so we condition on it from now on. Consider the event that for all § we have

1 log(d)
0 0
5 E (w; pi1.0 Wy prra)| < R +Cn d
35'€Ss

|55
and note that this holds with probability at least 1 — d~¢" by a Hoeffding bound for a constant C;

depending on P, K, C, so we also condition on it.
Let a““"t be given by agm = cs/|Ss| if j € Ss, and 0 otherwise. From this it follows that

la™[| < (VM/R) max |es| < C/(ATVM),

for a constant C' depending only on P, K. By Lemma 20,

J——— Klﬁl% -3 corge 2 olw] @) |

JESs

< CE, [(ﬁ x; — Z csBalo(A(d, x1.p) + G)])?
i=1 6

Crilog(d) 1 2
(Y wt)
+ P + R +7r
: Culog(d) 1 2
< C{KQIP)Qc 4, x1. A2k T2 o }
< il OUCPall@ oun)l > o+ A%+ 52 4 g
: Ciilog(d) 1
< 2 _ 2 2 2k 11108 L 2
< sefg,lf/lA)C{K exp(—(s/P)*) + A%s™ + 7 + 23 +r }
<e/4,
by taking a small enough choice of parameters A, r and large enough d, M. |

Concluding fitting of the monomial: Now that we have constructed the certificate @°“"!, we
show that SGD on the second layer converges quickly to a solution with low population loss by a
bias-variance analysis of SGD for ridge-regularized least-squares linear regression in Lemma 25.
We train the second-layer while keeping the weights of the first layer fixed, which corresponds to
linear regression with input embedding

(@) = [o((w) ", @))]je/m € R™.
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Because of the boundedness of o, we have ||¢(x)| < K+/M almost surely over . Also, the
initialization of the second layer implies [|a®|| < 1/v/M. Finally, the labels y7t, yT1+1 . 4T2~1
satisfy E[(y")?] < K and |y*| < Cplog(1/e)°° forall T' < ¢ < T — 1 with probability at least
1 — d~% by (53) and a union bound. So applying Lemma 25 from Section E.3, there is a constant
C12 depending on D, K such that if A, < M,

P[qu(@TH-Tg) Z qu(@cert) + %Hacert||2

=2 1 1 — M?
+ Crzlog(1/e)2 M ((1 — Xan)*" (57 T 5) +1og(T2/9) n)\Q > } <é.

a

So, plugging in Lemma 21 and taking \, = eA2° M /(4C), 6 = ¢

P|R(O@T1H72) > £ /2

2P _ —_ 9
+Cl210g(1/5)0wM<(1_5A46f‘4 pr L, 4 Ty, 16C ]

<Ce+d % .

A T araze) T8 ) e

. 4 N4P =2 3
By taking n = 186]\61702 and T = %, for small enough ¢,

P{qu((a?ﬁﬂ) >el < Ce+d %
This proves part (a) of Corollary 9.

E.1.2. CONVERSE IF EARLY STOPPING

We now prove the converse. The proof will follow very similarly to the proof of (Ghorbani et al.,
2021, Theorem 1). By Theorem 8, if we train the first layer for time T’l < T1/(Cslog(d)“®) steps
for a large enough Cg > 0, then with probability at least 1 — Md~%* for each neuron j € [M],

|wi1 — w?,z" < Cy/+/dlog(d) for all i € [d], (64)

and some constant Cy. In particular, this implies that for large enough d,

‘wzl <2/Vd.
For ease of notations, denote w; := ijl. Let us introduce ¢(x) = [0 ((w1,x)),...,0({wpr, x))]
and ¢o(x) = [o((w?, @), ..., o((wh,, @))].

By a simple calculation, we have

min E, [(f*(a:) - aT¢(m))2} = lf(@)]% - VUV,

acRM

where we denoted

V =Eg[p(x)fe(x)] e RM | U =Ey[p(x)p(x)"] € RM*M
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Corollary 9 will follow by showing that there exist constants ¢, C' that only depend on K, P such
that with high probability, we have

Amin(U) > ¢, V|3 < CcMdT.
These are proved in the following two lemmas.

Lemma 22 Under the same setting as in Corollary 9, there exist constants ¢, C' > 0 such that with
probability at least 1 — CMd~C~,
Anin(U) > c.

Proof [Proof of Lemma 22] Consider the event described in Eq. (64). By rotational invariance of
the distribution of x, the entries U = (Uj;); jc[n] are given by

Uiy = Balo((wi,@))o((wj, @))) = B, 6. |o(0iGr)o (ay,Cr + ag/1 - 8562 ) |

where (G1,G2) ~ N(O,Ig), oy = ||w1|]2 and ﬁij = <w,~,'wj>/(aiaj).
For ¢ = j, we have

Ui = Eglo(0sG)?] = Eglo(G)?] + Eglo(G)? — 0(G)?].

We can do a Taylor expansion and bound the second term

[Eglo(:iG)? - 0(G))] < [Eq [(a(c) + (o — 1)Ga’(c(G)))2 . U(G)ﬂ |

< 2K?|a; — 1|E[|G|] + K?|a; — 1]*E[|G/*]
< ¢
~ log(d)’

where we used that |||w;||2 — 1| < C/4/log(d) by Eq. (64).
Consider now i # j. Note that

h(t) = Eg, 6, [0(G1)a<tG1 - \/WGQ)} ,
has derivative

B (t) = Eg,.c, [O’(Gl)()'l (tG1 + 1 - tQGQ)(Gl +t/v1— tQGg)} :

Hence, for |t| < 1/2, we have |h/(t)] < C|t|. Note that |3;; — <w?,w?>\ < C/y/log(d). By
standard concentration, using that w? ~ Unif({41/1/d}?), there exists constants c, C' such that
with probability at least 1 — e~°?, we have

0 0
max [{w;,w:;)| < Clog(M \/g

Using the same computation as above, we can replace «; and «; by 1 while only incurring an error

C/+/log(d), and show that
Ui — h(0)] < C/+/log(d) + C'log(M) /Vd.
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From the above bounds, we deduce (using || M ||op < || M| ) that with high probability

1T = h(0)*117 = (h(1) = h(0))Lllop < CM/+/log(d).
For o not constant, h(1) > h(0) and using that M = Og4(1), we deduce that

h(1) — h(0)
Anin(U) = 2

which concludes the proof. |

Lemma 23 Under the same setting as in Corollary 9, there exists constants C > 0 such that with
probability at least 1 — CMd =%,
V|3 <CMd™".

Proof [Proof of Lemma 23] Note that we have

IVIE= Y Ealfs(@)o((w),2))?

JE[M]

First note that for any w, the correlation of o ((w, z)) with f.(z) = [[._, 2 is bounded by

[Exlo((w,2)) fu(@)]| < K [T fwil-

1€[P]

Indeed, as in the proof of Lemma 13, we use the formula from integration by parts:

Ba|o((w.@) ] o = ( I] ws) - Eclo® (oG],

1€[P] 1€[P]

using [|o7)]|o < K.
We conclude by noting that on the high probability event (64), we have |w; ;| < 2/ V. |

E.1.3. PROOF FOR A SINGLE-INDEX HERMITE MONOMIAL

Let’s now consider h.(z) = Hep(z1). In this case, we consider the biases b; ~ Unif([—A, A]),
where A is chosen sufficiently small as discussed in Theorem 8. We can use the same proof strategy
as in Section E.1.1 and construct good features

Eglo(Az + b+ G)]

for any b € [—A, A], by considering neurons with initializations {(w?l, b?l ) P ('w?R, %)} with
w}s = 1/v/d and sign(a(;s) = sign(uD(O)wg’l), and |b?5 — b| < r (by an easy modification of
Lemma 20). We will take sufficiently many neurons (but still independent of d) so that we have a

sufficiently large R for any intervals of size r for b € [—A, A] with high probability.
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Let us now construct a certificate for Hep(z1) based on these good features. By a Taylor ap-
proximation, forany 0 < s < 1 and = € [—s, +s],

kk(lg) (4 b)F + O(sP+ 4+ ADH)

o [D"“ fe15(0) (k + > iy

S

Fﬂtu

Eglo(z+b+G)| =

+O(SD+1 —|—AD+1)

We can consider measures with density v,(b) with respect to b ~ Unif([—A, A]) such that

A P A
/ Ealo(z+b+G)u(b)db = 3 Qp_4(x) / Beve(b)db + O(sP+! + AP
-A k=0 -A
= Qp_¢(z) + O(sPHL 4 APy

Note that the polynomials {Q, } x=o,... p are linearly independent (distinct degrees) with coefficients
that only depend on D, K. Hence we can take a linear combination of v,(b) with coefficients that
only depend on D and K such that we have 7, with

A
/ Eglo(x + b+ G)7(b)db = 2* + O(sPT + APH).
-A

In particular, we can rescale and sum these coefficients such that for some v, (b) that has second
moment bounded by 1/A®P,

/i Eglo(Az + b+ G)va(b)db = Hep(z1) + O(s(s/A)P + A) .

We can now construct a certificate by sampling b, from the signed measure v, (b), and for each b

constructing an approximate good feature, as described in Lemma 20. The proof for the low test

error then follows from applying the bound on the least squares linear regression of Lemma 25.
For the lower bound with early stopping, we use that

[Ezlo((w, @) + b)Hep(21)]| = [Ex[wo ) ((w, @) + b)]| < K|wi|”,
and we can conclude using the same argument as in Section E.1.2.

E.2. Proof of Corollary 11: sequential learning of monomials

Let us formally state Corollary 11 and prove it.

Corollary 24 (Second layer training, sum of monomials; formal statement) Le?

P,
hi(z) = Z Hzl

le[L]i=1
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for some Py < Py < --- < Pp, = P. Then there exists an activation function o : R — R such
that the following is true. For any constants Cy > 0 and € > 0, there exist C; fori = 0,..., 10,
that only depend on D, K and C, such that taking width M = Coe=, bias initialization scale
p = C4, second-layer initialization scale k = second-layer regularization A, = Me/Cs,

and A\ = 504/04, andr = 505/05, and

1
CoMdC2’

_ 1
Ty = Ced” ' log(d)“® =
= Cge™ %, =% /(CoM),

we have for large enough d > Choe~ 19, that with probability at least 1 — d—C* — ¢ at the end of
the dynamics,

R(OTHT2) < ¢

In contrast to the proof of Corollary 9, we only prove this result for “diverse” enough activation
functions. For the proof, we will construct a specific activation function that have this “diversity”
property. This activation depends on P (or upper bound on P), but otherwise is independent of
h.. The idea is that we will use biases of different magnitudes, which will change the signs of the
Hermite coefficients of the activation, in order to ensure enough neurodiversity to learn the sum
of increasing monomials. This is required due to the specific choice of training of the first layer
weights considered in this paper. However, we show in simulations that standard ReLus activations
are enough to learn these functions.

Construction of activation function For any bias b € R, define o;(x) = o(z + b). We construct
the activation function such that for all s € {+1, —1}¥ there is a bias b(s) € [-C, C] satisfying

Mk(gb(s)) = s forall k € [P], (65)

for all ¢ € [P]. This can be achieved as follows. Let 7 > 0 be a constant that we will take large
enough. Then for any £, define the “truncated Hermite function”

Prr(x) = Heg(x)m-(z) ,
where m, : R — [—1, 1] is a compactly-supported smooth function such that
07 T ¢ [_T7 T]
m.(z) =<1, x € [-1/2,7/2].

€[-1,1], otherwise
We order the sign vectors s, ..., s®") € {41, —1}% arbitrarily. The bias b(s(?)) is given by
b(s(") = —4ir. The activation function o : R — R is given by

o(r) = Z Z Vs kPkr (T = b(8)),

se{+1,—-1}F k€[P]

for some choice of coefficients v ;, € R depending only on P. This satisfies Assumption 7 because
Pk, is uniformly-bounded and has uniformly-bounded first P + 3 derivatives. It remains to show
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that we can choose the coefficients v, j so that (65) holds. This is because for any s we have

1k (op(s)) = Eq[Hep(G)o (G + b(s))] = Z Z Vst kt As 1), (8,k)
se{+1,—1} k'e[P]

where
A 1), (s,k) = Ealpw (G — b(s) 4 b(s))Hey(G)] .

And we show that A, 1) (s k) is invertible when viewed as a P2% x P2P matrix. For large enough
7 depending on k, the diagonal elements are lower-bounded by a constant:

A(s k) (s.k) = Ec[Heg(G)Hey (G)m-(G)] > 1/2,
And the off-diagonal elements are small. When s # s’, for large enough 7 we have

[A(sr k), (5.0 | = [Ec[Hew (G = b(s") + b(s))mr (G — b(s') + b(s))Hey(G)]|
T+b(s')—b(s) ,
<C exp(—22/2)|z — b(s") + b(s)|¥ |z|*da
—74+b(s’)—b(s)

< Cr min exp(—s2/2)|7|*|s + 27|Fdx
s>3T
<1l/r.
And similarly when s = s’ but k # £/, for large enough 7 we have

[A(s),(s,0)| = [Eq[Hew (G)Her(G)m(G)]| = [Eq[Her (G)Her(G) (1 — m-(G))]]
< [E[[Hey (G)|[Hen(@)[L(IG] > 7/2)]| < CEG|GI* 1(IG| > /2)]]
<1l/r.

So if we take large enough 7 the system of equations defined by A (g 11 (s,x) 18 invertible, so coef-
ficients -y, . exist such that o satisfies (65).

Certificate. Now we provide a certificate for learning h.(z) = 21+ -2p, + 21+ - 2p, + -+ +
z1---zp,, which is a linear combination of functions of the form Eg[o(A(d, z) + G + b)] for
different § € {+1, —1}* and biases b € [-C, C].

The main difficulty is that we no longer have access to Eg[o(A(d, z) + G)] for each § €
{+1,—1}%, so we have to compensate by using the biases. For each § € {+1,—1}", let s ¢
{+1, -1} be a sign vector such that s; Hﬁl 0; > 0 foralll € [L]. Then, by Theorem 10 and the
guarantee from (65) a constant fraction of neurons j after training the first layer have 'wﬂ: p~ A6
and bias b; ~ b(s) + ( for any ( € [-A, A]. (Note that we can apply Theorem 10 despite its
restriction that p € [—A, A], since we only care about the result holding for neurons whose bias is
inb(s)+[—A, Al for different s). So by Lemma 20, we can combine them first layer to approximate
Eq[o(A(d, z)+G+Db(s)+()] forany ¢ € [-A, A]. By an analogous argument to Section E.1.3, we
can find a measure with density vy, with respect to { ~ Unif([—A, A]) that allows us to approximate

A
/_ Ealo(A(8,2) + G+ b(s) + Oln(OdC = (6.2)" +0(A).
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and where v (¢) has second moment bounded by 1/AC*. Since we can estimate (8, z)* to O(A)
error for each § € {+1, —1}, we can approximate h, via a linear combination

L P
o> <H 5Z-> ((8,2)7 + O(A)) = hu(2) + O(A) .

se{+1,—1}P I=1 \i=1

We conclude analogously to the proof of Corollary 9, using the bounded-norm certificate to obtain
a generalization guarantee.

E.3. Technical result: last iterate convergence of SGD on linear models

We analyze of the last iterate for online-SGD on a linear model with ridge-regularized least-squares
loss by using the well-known bias-variance decomposition Jain et al. (2017). A very similar analysis
also appears in the appendix of Abbe et al. (2022b); the key difference is that we analyze online
gradient descent with one sample per iteration (as opposed to online minibatch gradient descent)
with a small learning rate in order to match the setting of the theorem. Compare also to Zhang
(2004) which gives final-iterate bounds for the final risk, but these hold in expectation instead of
with exponentially high probability.

Given an embedding of data ¢(z) € RY, consider training a linear model (a, ¢(x)) with online-

SGD. In this section, write the square loss as
1
L(a) = iEm,y[(y —(a, Cb(w)))Q] .

For a parameter )\, > 0, the ridge-regularized square loss is
A
Ly.(a) = L(a) + ' |al*
Each iteration of the dynamics of online-SGD on the ridge-regulariezd square loss is is given by

at = (1-X\)a' + Yy — (a', p(z")))p(x") .

Lemma 25 (Analysis of online-SGD on linear model with ridge-regularized square loss) There
is a universal constant C' > 0 such that following holds. Suppose there is By > 1 such that

llo(x)| < B1vV'N almost surely, and ly*| < By forall 0 < s <t, and E[y*] < B?, and \, < N.

Then for any a°™ € RN

B? BSN?2
P|L(a") > L, (a"") + CBIN ((1 e (a2 + 51 + og(t/6) = )] <3.

a a

Proof Let a* be the minimizer of £, which is unique by strict convexity when A, > 0. We prove
the following convergence to the optimum. For any iteration ¢, define the gap to optimality

at=a—a*.

Defining H = E[¢(x) ® ¢(x)] + A1 and v = E[¢p(x)y], the excess loss at iteration ¢ equals

1 1

Ly, (a") — Ly, (a*) = §<at ®a', H) — §<a* ®a*, H) — (v,a' — a*)
1

= §<at ®at7H>a
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by the first-order optimality condition Ha* = v. So
Lr,(a') ~ £3,(a) < Sl P (Eallé(@)]? + Ao). (66)
It remains to bound ||!||. We write the evolution of ' as:
ol = Ptal 4 ¢t
where

P' =T —n(¢(zx") @ (') + A\ T)
¢'=ylo(a') — (o(x') © p(x') + Nl )a*.

Inductively, one obtains the well-known “bias-variance” decomposition

0 t—1
o= ([Pt (e
I=t—1 j=0

(Bias term) (Variance term)

Notice that (2) 0 < P' < (1 —n\,)I, and (b) £y, (a) > 2¢|al|? and £, (0) = JE[4?], so

(a) (0)
IBias term)|| < (1 —nAa)"[@’l] < (1 —72a)"(a®] + VE[y?]/Aa) - (67)

To bound the variance term, define the norm squared of the variance term:

my = 772H Z (Pt-1... pith) CjHQ-

§=0
Also, for any time ¢, define my = 0 and

t—1
esn = P[P+ 22(¢E PYS (PP ) (1= )i
j=0

By induction on ¢, we can show that m; > m, at all times . The base case is clear since mg =
mo = 0. The inductive step is:

t—1

. 112
e nQHCt + Py (P PJ“)CJH
=0
t—1 ' '
<PIIGHE + 20 (¢ PYY (P PTG ) + (1= )
=0

< Mit1,

where we use the inductive hypothesis m; > my.
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The reason we study m; instead of m, is because it satisfies these bounded differences:

et — (1= Ao < 12ICT 12 + 20]1CH (L — mda) /e (68)

Furthermore, let F; = o ({z*,y*}s<;) be the history until time ¢. Since E[¢* | F;—1] = E[¢" |
.thl] =v—Ha* = 0,

Eler1 | F] = rPE[IC%] + (1 — nda) 2. (69)

So the martingale concentration bound in Lemma 26 applied to m; and using (68) and (69) with ¢ =
(1-nXa)?, a = n?E[[|¢°)|?] and M = maxg<y<; 1 n21¢Y |12, yields, for any e > max(M/c, a/Mc),
and some large enough universal constant C' > 0,

Pl > % +e] < texp (- Z-)
my 2 o +e| Stexp oM :
By applying ||a*|| < \/E[y?]/\, and triangle inequalities, we have

M < n*(BIN + ((BIN/v/Aa + VAaB1)?) S *B{N? /A,
GSWZB?N2/)\G7
e <1—c<1—c*<dn), <4nN.

Plug this in and simplify,

- nBSN? eN2
Pl > ¢TS5 e < tewp (- 5 580).

a

for all € > 0. So using 7y > my = ||(Variance term)||?, there is a universal constant C' such that

forany 0 < § < 1/2,

<4. (70)

UB?N2}

IP’[H(Variance term)||? > C'log(t/9) \2

So combining (67) and (70) with (66),

B} BYN?
P |6 (@) - £ala) 2 CBEN (1= () + 1) +1oxte/9) " ) <.

The lemma follows by plugging in the expression for £, (a““"*) and using that a* is optimal, so

Ly, (a") < Ly, (a). L

Lemma 26 (Martingale high-probability bound) There is constant C' > 0 such the the following
holds. Suppose that Xy, ..., Xy, ... are nonnegative random variables and are such that Xg = 0,
and B[ X1 | Ft] < a + ¢Xy and almost surely | X111 — cX¢| < M + 2v/cM X for constants
M,a > 0and0 < c < 1. Then for any t and ¢ > max(M/c,a*/Mc),

a

e(1— 02)) .

PlX, >
t CM

+e} Stexp(—
— C
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Proof Construct Z; = ¢ H(X; — 1%=). Then Z; is a super-martingale:

—t=1g 1

¢ =7+ ac 71 (1 —

+C>
l—c 1—¢/ —

E[Zi1 | F] < la+ et X, —
— C

Let 7 = inf{t > 0: X; > 1} be a stopping time for some ¢ > a/(1 — ¢). Then Z; = Zrin(t,r)
is also a super-martingale. Furthermore, we have the bounded differences:

Zir1 = Zi| < e M (X1 — X — a)
< M 42/ eM X, 4+ al
<YM+ a4 2VeMy) = ¢ M,

if t < 7 and |Zt+1 — Zt’ =0ift > 7.
So by the Azuma-Hoeffding inequality, since Zy < 0,

P[Z; > €] < exp ( - 52/(2ic2j]\~42)> < exp ( - %(5/]\2)202'5(1 - 02)) .
j=1

Let E be the event that Zy < ¢ (1 — (a/(1 — ¢)) forall ' € {0, ...,¢}. By a union bound,

(t—(a/(1=¢)*(1 = ¢*) L2(1—62)>
202 oM2 )

P[E}zl—texp(— )Zl—texp(—

Finally, note that under event E we have Z, = Z;, and X; < 2+ Andfor: > max(M/c,a*/Mc)
we have M2 < 16¢M.. [ |

65



ABBE BOIX-ADSERA MISIAKIEWICZ

Appendix F. Lower bounds for linear methods and CSQ methods
F.1. Linear methods

We define our general linear methods as follows (see for example (Abbe et al., 2022b, Appendix H)
for additional discussion). Fix a Hilbert space (#, (-, -)7;) and a feature map ¢ : R? — . Given
data points (y;, mi)ie[n], the linear method constructs weights @ € H by minimizing the regularized
empirical risk for some loss function L : R?" — R U {oo} and some regularization parameter
A >0,

a = arg Ianei%_[l{L((yi7 (a,Y(xi)))icm)) + Mall3},

and estimates the target function using the linear prediction model

The takeaway of this section is that to learn any degree-D functions with small support on
isotropic data, linear methods must pay at least Q(d”) samples (and “width” dim(#) > d”) when
the support is not known. This is proved by Abbe et al. (2022b) in the case of the binary hypercube:

Proposition 27 (Limitations for linear methods on hypercube, cf. Proposition 11 of Abbe et al.

Let h, : {+1, -1} — R be a function given by

ha(z)= > (S]]

SC[P] i€s

Let D = max{|S| : h.(S) # 0} be the degree of h. Consider the class of functions which depend
as hs on some subset of coordinates

F =Uses{fro : {+1, -1} = R, where f, ,(x) = ha(To(1), - - Ta(p))}-

For any linear method, let fg be the function estimated by the linear method on (possibly noisy)
samples (x;, fx o (i) + €;)ic[n). Then there are constants Ch,, cp, > 0 such that

1

577 2 Ban it il oo @) = fo(@))?] 2 en, = o min(n, dim(H))d ="

ocESy

Proof Apply Proposition 11 of Abbe et al. (2022b), letting €2 be the subspace of f € L2({+1, —1}%)
that are degree-D homogeneous. Then max, \Sildl > oresy [Blfso(@)Pafio (2)]] < O(dP). =

We now give an analogous result for the Gaussian data distribution, where the degree also drives the
complexity for linear methods. This bound is new and was not derived in Abbe et al. (2022b).

Proposition 28 (Limitations for linear methods on Gaussian data) Let h, : R” — R be a func-
tion given by

he(z) = > he(S) ] Hex, (2.

SZ(kl,..‘,kp)ENP ZG[P]
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~

Let D = max{) , ki : hi(S) # 0} be the degree of h.. Consider the class of functions which

depend as h. on some subspace of coordinates

F = U {ferr : R = R, where f. pr(x) = ho(Mx)}.

MeRP*d
MMT=I

For any linear method, let fM be the function estimated by the linear method on (possibly noisy)
samples (x;, f« M (i) + €)ic[n)- Then there are constants Cy,, cp, > 0 such that with respect to a

uniformly random M ~ RY*4 satisfying MM " = I, we have
Ent[Egono.10)[(fm(®) = far())?]] > cn, — Ch, min(n, dim(H))d 7.

Proof First, we we can write a degree-D monomial as a linear combination of functions in F.

Claim 29 There are semiorthogonal matrices M*, ... M 2" and coefficients by, . . . , byp such that
2D
I = => bih(Miz).
i€[D] J=1

Furthermore, for all j we have |a;| < C},,, which is a constant depending only on h.,.

Proof [Proof of claim] R

Let S = (ki,...,kp) such that h.(S) # 0 and )  k; = D. Define the prefix sums s; =
S y<iki. Then for each § € {+1,—1}", let R € R*? be the matrix which for any i € [P]
satisfies

k.
1 T
1)
Ri,: = ﬁ j§_1 6s¢+j65i+j‘

Notice that R® (R‘S)T = I, so this is a valid semi-orthogonal matrix, and so /. (R‘sm) € F. Now let
us show that we can write the monomial as a linear combination of functions of the form A, (R‘sm).
Specifically, for any S" = (kf,...,kp) with >, kI < D we have

k,
1 1

Esownyo | | I 65 ) | ] Hew (R):) | | = T Eseqenye || 1] 6 Hek;(ﬁzfsﬂﬁsi)
] vj=1

jelb i€[P] i€[P] J€ki]
0, ]6; < k;
X H H?:l Ljtsi ki = ki

i€[P] | something else, k| > k;

x1(S=95) ] =, (71)
JE[D]

with a nonzero proportionality constant that only depends on S. Therefore,

D
> (] o)h(Rox) o< [ i,

oc{t1} =1 i€[D]
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with a nonzero proportionality constant that only depends on h,. This proves the claim. |

We will use this claim to lower-bound the error of the linear method on F. Notice that the linear
method must predict (@, (x)), where @ € span{t)(x;) }ic[,)- So the error is lower-bounded by the
norm of the orthogonal projection to this subspace. For  ~ N(0, ;) throughout,

B [Eal(h (M2) ~ far(@)?)] 2 Barl _ in - Ea(ho (M) — {a,0(@)) ] = ().

D . . .
Now let M, ..., M? andby,..., byp be the matrices and coefficients from the claim. Let R €
R?*4 be a uniformly random rotation and let o be a uniformly random permutation. Since M'c R
has the same distribution as M,

k) = 1 _ 2
() =Enl_ min Eql(h(M2) - {0 p()]
1 . = i 2
N 2D(Z’?jl b?)ER’O[GESPanglbl(lez)}ZE[n] Ew[(; bZh*(M O-R) - <a7 ¢($)>) H

—; min ) — (a, P(x))?]] = (xx
- 2D(Z2D b?)ERya[aespan{w(mi)}ie[n] Em[(zelg](R )U(l) < ’w( )>) H ( )

i=1"
However, Proposition 11 of Abbe et al. (2022b) provides a lower-bound on the error for learning the
class Uses,{I [;ep) (BT)o()} With a linear method. Specifically, for two permutations o, o’ such
Proposition 11 of Abbe et al. (2022b) implies that there is some constant C' depending only on D,
such that

(%) > cp, (1 — C min(n, dim(H))d~P).

Putting together the equations proves the lemma.

F.2. Correlational Statistical Query (CSQ) methods

A Correlational Statistical Query (CSQ) algorithm (Ben-David et al., 1995; Bshouty and Feldman,
2002; Reyzin, 2020) accesses the data via queries ¢ : R? — [—1, 1] and returns E ,[¢(z)y] up to
some error tolerance 7. In our case, since y = f.(x) + ¢, where ¢ is independent zero-mean noise,
the query returns a value in Eg[6(z) f.(x)] + [~7, +7]. The CSQ algorithm outputs a guess f of
the true function f.. An example of a CSQ algorithm is gradient descent on the population square
loss if we inject noise in the gradients (see, e.g., Abbe and Boix-Adsera (2022)).

First, we give a lower bound on the CSQ complexity of learning a function with leaps when
x is drawn uniformly from the hypercube. The below lower bound is qualitatively similar to the
argument in Abbe and Boix-Adsera (2022) based on the “alignment” quantity. The bounds of Abbe
and Boix-Adsera (2022) have tighter constants in the exponents of the bound, but they have the
disadvantage that they apply only to noisy population gradient descent instead of to general CSQ
algorithms.

68



LEAP COMPLEXITY

Proposition 30 (Limitations for CSQ algorithms on hypercube) Let h, : {+1,—-1} — R,
and let Leap(h.) be its leap. Consider the class of functions given by applying h, on some subset
of coordinates

F =Uses{feo : {+1,-1}% = R, where f, ,(x) = ha(Zo(1ys - -3 Ta(p))} -

Then a CSQ algorithm with n queries of error tolerance T outputs f such that with probability
>1-— C’h*nd*Leap(h*)/T2 over the random choice of f, ~ F,

By (1,1l (fe(@) = F)?] > cp, > 0.

Proof For any subset T, define SZ7 = {S C [P] : S € T, h.(S) # 0}. By definition of the leap,
there is a subset 7' C [P] such that SZ7" #£ () and for all S € ST we have |S \ T| > Leap(h.).
Without loss of generality, assume 7" = {1, ..., k} C [P]. Write

h«(z) = hcr(z) + hgr(2),

where

her(z) =Y ha(S) [ 20> and hgr(z) = > ha(S) ] 2
SCT ST

€S €S

Suppose that the CSQ algorithm knows o(1), . .., o(k), which can only help it. Then the problem of

learning f. , from CSQ queries is equivalent to the problem of learning fgr . (x) = hgr(To(1), - - > To(p))

from CSQ queries. However, for random permutations ¢’ conditioned on o’(1) = o (1),...,0'(k) =
o(k) we have

2

C= sup Eo [(feror #)%] < Epr $(d’(S))h(S)
$€L2({+1,-1}4),[|g]2=1 SesLT

) d—k
< Eo (e (S))2] < < e,
ng%aWﬂWW*%Qme Cr-

So by a union bound, with probability > 1 — Cn/7? all n first CSQ queries can return 0. The
final output f of the algorithm can also be viewed as a statistical query. So with probability at least
1—-nC/7% - C/e?,

Exl(fro(@) = f(@)?] = 1foo — ferol® + If = ferol® = 2{fuo — ferion f = fero)
> |l feroll? = (IBo [fero]ll +)?.

The proposition follows by letting € be a small enough positive constant depending on /.. |
Proposition 31 (Limitations for CSQ algorithms on Gaussian data) Let h, : R — R be a

polynomial of finite degree D. Let

isoLeap(hy) = nax Leap(hy, R)
cOp
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be its isotropic leap (as defined in Appendix B.2). Consider the class of functions which given by
applying h, on some subspace of coordinates

F= U {fom:R* >R, where f. ;(x) = h(Mx)}.
MGRPXd
MMT=I

Then, for any CSQ algorithm with n queries of tolerance +T, with probability 1— %d*iSOLeap(h*)/Z

over the random choice of M, the estimator f it returns for f. € F satisfies
Ezeno.sp[(fo(®) = f(@))*] = e, > 0.

Proof The proof follows a similar strategy to that of the previous proposition. Without loss of
generality, suppose that Leap(h.) = isoLeap(h.) (in other words, that we are already in a basis
that maximizes the leap without having to apply a rotation). Then there must be 7' C [P] which we

can take to be 7' = {1, ..., r} without loss of generality such that if we define
her(z) = > he(S) [ Hex,(2) and hgr(z) = hi(2) — her(z),
S=(k1,...,kr)EN" 1€[P]
we must have hgr # 0, and for each nonzero Fourier coefficient S = (kq,...,kp) such that
BQT(S) # 0 we must have ZiE[P]\T k; > Leap(h,). Knowing the first r rows M .,..., M, . can

only help the CSQ algorithm, so we just have to show that over the choice of random M’ ¢ RF*¢
conditioned on M, = M for i € [r] we have

C= sup Enp [Ezno, 1) lhgr (M'z)d(x))?] < Cy, d-eap(e)/2,
¢€L2(N(01[d))7”¢H2:1

For ease of notation, we consider the case when 7" = () since the general case is analogous. This
follows from the following claim, where for any 8 € N? be define Heg(z) = [[%, Heg, (2;).

Claim 32 Let o € N be such that with o;; = 0 for all i > P. Let R € R%*? be a random rotation
drawn according to the Haar measure. Then

sup ER[EmNN(O,Id)[Hea(Rw)¢($)]2] = O(d*f”oélll/ﬂ) )
$€L2(N(0,14)),l|4]12=1

Proof Write ¢(x) = ZBENd QAS(,B)Heﬁ(CC). By integration by parts,
Egon(o,1,) [Hea(Rx)p(x)]

=Eo_, | ][ Hea, (@:)Eq, [Hea, (21) (R )]
| i#1
=E,_, il;[lHeai(ml)Exl [ 5z (R m)]
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HHeaz‘ (xz)Eu’m Z <H Rlv]ka ) ( ) ’z:RTm
]

i#1 J1s-msday €l

aq a
=E, Z v Z HRl,jl_ylil HRPJPZ
[d \i=1 az]l,l 9z

J1,150501,01 €[d] JP1sJPap€

> ¢( ) |z:RTm

]Pl

o 9Tii
= Y Ee. I[I Ry i)~ | 9(2) loorma
rezPxd | \ielPljeld 0z;
YTl=a;1.p

i,
- Y o I Ryl e

¥
rezbxd | \ielPlield 0z;
Tl:c_Vl:P

= Y or| J] R )éaTY).
TezLyd i€[P],j€ld]
YTl=ay.p

So

Egr[Ez[Heq(Rx)o(x)]?]
2 n Yi;+Y,
= Y b TATNER | [ R
T enl e ie[P],jeld
T1=Y'1=ay.p
1 . .
~ dllalt Y. CxCrd(1T )P Y)Yy + T} ; € 2N for all 4, j)
T, rezty?
TlZT/lgalzp
Y CRATTU(Y + Y € 2N forall i, ) = (+).
~ dllell T i T L :
T ezt
T1="'1=a;.p

We argue that for any matrix T € Z];gd with Y1 = a, there are at most dll*l1/2] matrices Y’
such that Y1 = « and Y + Y’ has all even entries. Indeed, let Seyen(a) C [P] x [d] denote
the coordinates (z,j) where T; ; > 0 is even. Let Syq4(Y) C [P] x [d] denote the coordinates
where Y; ; > 0 is odd. Then if Y + Y’ has all even entries, we must have S,qq(T) = Soaqa(Y’).

So there are at most (\Sevia({T’)l) < (LII H1/2J) < glllell/2] chojces for Seven(Y'), where we use
Seven(T,) < LHO‘H1/2J So

)3 dnlw > STr)2dlled /2] < g=Tlelh/2]

TEZI;S(d,T].:Oq:p

where we use the normalization ||¢[|? < 1 which implies P $(8)% < 1. We also use that for each
B € N9, there are at most C'p matrices T € ZP X4 guch that 17Y = 3. |
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