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Abstract

We study the asymptotic properties of geodesically convex M -estimation on non-linear spaces.
Namely, we prove that under very minimal assumptions besides geodesic convexity of the cost
function, one can obtain consistency and asymptotic normality, which are fundamental properties
in statistical inference. Our results extend the Euclidean theory of convex M -estimation; They also
generalize limit theorems on non-linear spaces which, essentially, were only known for barycen-
ters, allowing to consider robust alternatives that are defined through non-smooth M -estimation
procedures.
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1. Preliminaries
1.1. Introduction

The problem of M -estimation, or empirical risk minimization, is pervasive to statistics and machine
learning. In many problems, one seeks to minimize a function that takes the form of an expecta-
tion, i.e., ®(z) = E[¢(Z, z)], where Z is a random variable with unknown distribution, z is the
target variable, which lives in some target space, and ¢ can be seen as a cost function. Classifi-
cation, regression, location estimation, maximum likelihood estimation, are standard instances of
such problems. In practice, the distribution of Z is unknown, so the function ® cannot be evaluated.
Hence, one rather minimizes a proxy of the form ®,,(z) = n~* Yo 0(Z;,x), where Zy, ..., Zy
are available i.i.d. copies of Z. This method is called M -estimation, or empirical risk minimization.
When the target space is Euclidean, a lot of results are available for guarantees of a minimizer Z,, of
®,,, as an estimator for a minimizer z* of ®. Asymptotic results (such as consistency and asymp-
totic normality) are classic and well known, especially under technical smoothness assumptions on
the cost function ¢ (Van Der Vaart and Wellner, 1996), most of which can be dropped when the cost
function is convex in the target variable (Haberman, 1989; Niemiro, 1992).

In this work, we are interested in cases where the target space is not Euclidean, and does not
even exhibit any linear structure. Of course, and at the very least, the space needs to be equipped
with a metric in order to measure the accuracy of an estimation procedure. Thus, we consider a
target space that is a metric space, which we denote by (M, d).

Statistics and machine learning are more and more confronted with data that lie in non-linear
spaces: In spatial statistics (e.g., directional data), computational tomography (e.g., data in quotient
spaces such as in shape statistics, collected up to rigid transformations), economics (e.g., optimal
transport, where data are measures), etc. Moreover, data and/or target parameters that are encoded as
very high dimensional vectors may have a much smaller intrinsic dimension: For instance, they may
lie on small dimensional submanifolds of the ambient Euclidean space. In that case, leveraging the
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possibly non-linear geometry of the problems at hand can be a powerful tool in order to significantly
reduce their dimensionality. This is one of the main motivations behind manifold learning (Gen-
ovese et al., 2012; Aamari and Levrard, 2019) or generative adversarial networks (Schreuder et al.,
2021). Even though more and more algorithms are tailored to non-linear spaces (Lim and Palfia,
2014; Ohta and Pélfia, 2015; Zhang and Sra, 2016, 2018; Antonakopoulos et al., 2020; Criscitiello
and Boumal, 2022), still little is understood from a statistical prospective.

A specific instance of M -estimation on metric spaces, which has attracted much attention, is
that of barycenters. Given n points x1,...,x, € M, a barycenter is any minimizer x € M of
the sum of squared distances > .- ; d(z, ;). One can easily check that if (M, d) is a Euclidean
or Hilbert space, then the minimizer is unique and it is given by the linear average of x1, ..., xy,.
Barycenters are a natural extension of linear averages to spaces with no linear structure. More gen-
erally, given a probability measure P on M, one can define a barycenter of P as any minimizer
x € M of [,,d(x,z)*dP(z), provided that integral is finite for at least one (and hence, for all)
value of z € M. Barycenters were initially introduced in statistics by (Fréchet, 1948) in the 1940’s,
and later by (Karcher, 1977), and they were also known as Fréchet or Karcher means. They were
popularized in the fields of shape statistics (Kendall et al., 2009), optimal transport (Agueh and Car-
lier, 2011; Cuturi and Doucet, 2014; Le Gouic and Loubes, 2017; Claici et al., 2018; Kroshnin et al.,
2019, 2021; Altschuler and Boix-Adsera, 2021, 2022). and matrix analysis (Bhatia and Holbrook,
2006; Bhatia, 2009; Bhatia et al., 2019). Asymptotic theory is fairly well understood for empirical
barycenters in various setups, particularly laws of large numbers (Ziezold, 1977; Sturm, 2003) and
central limit theorems in Riemannian manifolds (it is natural to impose a smooth structure on M in
order to derive central limit theorems) (Bhattacharya and Patrangenaru, 2003, 2005; Kendall and Le,
2011; Huckemann, 2011; Bhattacharya and Lin, 2017; Eltzner and Huckemann, 2019; Eltzner et al.,
2019). A few finite sample guarantees are available, even though the non-asymptotic statistical the-
ory for barycenters is still quite limited (Sturm, 2003; Funano, 2010; Schétz, 2019; Ahidar-Coutrix
et al., 2020; Le Gouic et al., 2022). Asymptotic theorems are also available for more general M-
estimators on Riemannian manifolds, e.g., p-means, where Z = X and ¢(z,z) = d(x, )P, for
some p > 1 (Schotz, 2019), including geometric medians as a particular case (p = 1), but only
suboptimal rates are known. In particular, the standard n~'/2-rate is unknown in general, beyond
barycenters. It should be noted that all central limit theorems for barycenters in Riemannian mani-
folds rely on the smoothness of the cost function ¢ = d? and use standard techniques from smooth
M -estimation (Van Der Vaart and Wellner, 1996) by performing Taylor expansions in local charts.
Moreover, they assume that the data are almost surely in a ball with small radius, which essen-
tially ensures the geodesic convexity of the squared distance function d? in its second variable, even
though this synthetic property is not leveraged in this line of work. For instance, asymptotic nor-
mality cannot be obtained for geometric medians or other robust alternatives to barycenters, using
these techniques.

1.2. Contributions

In this work, we prove strong consistency and asymptotic normality of geodesically convex M-
estimators under very mild assumptions. We recover the central limit theorems proven for barycen-
ters in Riemannian manifolds with small diameter, but we cover a much broader class of location
estimators, including robust alternatives to barycenters. Just as in the Euclidean case, our results
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convey that convexity is a powerful property, since it yields strong learning guarantees under very
little assumptions.

All our results are asymptotic, but it is worth mentioning that proving learning guarantees in
non-linear spaces is a very challenging, ongoing research topic, because it requires non-trivial tools
from metric and differential geometry. In particular, very few non-asymptotic learning guarantees
are available, even for simple estimators such as barycenters, and asymptotic theory is still an active
research area in that framework (e.g., understanding non-standard asymptotic rates, a.k.a. sticky
and smeary central limit theorems (Hotz et al., 2013; Eltzner and Huckemann, 2019)). Moreover,
asymptotic guarantees such as asymptotic normality provide benchmarks that are also important for
a finite sample theory.

2. Background and notation

2.1. Geodesic spaces

Let (M, d) be a complete and separable metric space that satisfies the following property: For all
x,y € M, there exists a continuous function +y : [0,1] — M such that v(0) = x, v(1) = y and
with the property that d(v(s),v(t)) = |s — t|d(z,y), for all s,t € [0,1]. Such a function  is
called a unit speed geodesic from x to y and it should be thought of as a (not necessarily unique)
shortest path from z to y. We denote by I';, , the collection of all such functions. The space (M, d)
is then called a geodesic space. Examples of geodesic spaces include Euclidean spaces, Euclidean
spheres, finite and connected metric graphs, Wasserstein spaces, quotient spaces, etc. (Burago et al.,
2001; Bridson and Haefliger, 2013). Geodesic spaces allow for a natural extension of the notion of
convexity.

Definition 1 A function f : M — R is called geodesically convex (convex, for short) if for all
z,y € M,y €Tlyyandt €[0,1], f(y(t)) < (1 —)f(z) +tf(y)-

In this work, we will further assume that (M, d) is a proper space, i.e., all bounded closed
sets are compact. This assumption may seem limiting in practice but, at a high level, it essentially
only discards infinite dimensional spaces. Indeed, Hopf-Rinow theorem (Bridson and Haefliger,
2013, Chapter 1, Proposition 3.7) asserts that so long as (M, d) is complete and locally compact,
then it is proper. The version of Hopf-Rinow theorem for Riemannian manifolds asserts that any
complete (finite dimensional) Riemannian manifold is a proper geodesic metric space (Do Carmo,
1992, Chapter 7, Theorem 2.8).

2.2. Riemannian manifolds

A Riemannian manifold (M, g) is a finite dimensional smooth manifold M equipped with a Rie-
mannian metric g, i.e., a smooth family of scalar products on tangent spaces. We refer the reader
to (Do Carmo, 1992) and (Lee, 2012, 2018) for a clear introduction to differential geometry and
Riemannian manifolds. The distance inherited on M from the Riemannian metric g will be denoted
by d. In this work, for simplicity, we only consider Riemannian manifolds without boundary, even
though our results can be easily extended to manifolds with boundary.

The tangent bundle of M is denoted by T'M,i.e., T M = U T.M where, forall x € M, T, M

xeM
is the tangent space to M at z. For all z € M, we let Exp, : T, M — M and Log, : M — T, M
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be the exponential and the logarithmic maps at z, respectively. The latter may not be defined on the
whole tangent space, but it is always defined at least on a neighborhood of the origin. To provide
intuition, at any given point z € M, the tangent space 1, M can be seen as a linear space attached to
x, where each vector indicates a direction where to move on M starting from z: For a given vector
u € TpM, Exp,(u) is the Riemannian analog of “x + «” in the Euclidean space: From point z,
add a vector u, whose direction indicates in which direction to move, and whose norm (given by the
Riemannian metric g) indicates at which distance, in order to attain the point on M that is denoted
by Exp, (u). On the opposite, given z,y € M, Log, (y) (when it is well-defined) is the Riemannian
analog of “y — z”, that is, from z, which vector u € T M (if any) led to move to y, i.e., satisfies
Exp,(u) =y.

For all x € M, we denote by (-, -), the scalar product on T, M inherited from g and by || - ||»
the corresponding norm (i.e., for all u,v € T, M, (u,v), = g(u,v) and ||u||; = v/ gz (u, w)).

Let z,y € M and v € I';, be a geodesic (in the sense of Section 2.1) from x to y. If =
and y are close enough, v is unique (Lee, 2018, Proposition 6.11) and in that case, for all ¢ €
[0,1], v(t) = Exp,(t¥(0)), where 4(0) € T, M is the derivative of y at t = 0, given by §(0) =
Log,(y). We denote the parallel transport map from x to y along  as 7, ,, : T, M — T, M, without
specifying its dependence on 7 (which is non-ambiguous if y is close enough to x). The map 7,
is a linear isometry, i.e., (u,v); = (Mg y(u), 7z y(v))y, for all u,v € T, M. Moreover, it holds
that m, ,,(¥(0)) = —%(1). Intuitively, parallel transport is an important tool that allows to compare
vectors from different tangent spaces, along a given path on the manifold.

For further details and properties on Riemannian manifolds used in the mathematical develop-
ment of this work, we refer the reader to Appendix B.

2.3. M-estimation

Let Z be some abstract space, equipped with a g-algebra F and a probability measure P. Let
¢ : Z x M — R satisfy the following:

(i) Forall x € M, the map ¢(-, x) is measurable and integrable with respect to P;
(ii) For P-almostall z € Z, ¢(z, ) is convex.

Finally, let Z, 7, Z>, . . . be i.i.d. random variables in Z with distribution P and set the functions
n
O(x) =E[p(Z,2)] and On(x)=n"'> ¢(Z,2),
i=1

for all x € M and for all positive integers n. Finally, we denote by M * the set of minimizers of ®.
Note that by convexity of ®, the minimizing set M* is convex, i.e., for all z,y € M™ and for all
v €Tzy, v([0,1]) € M*.

Important examples include the case where Z = M and ¢ is a function of the metric, which
yields location estimation. Specifically, assume that Z = M and that ¢(z,z) = ¢(d(z,x)), for
all z,z € M, where ¢ : [0,00) — [0,00) is a non-decreasing, convex function. Then, a natural
framework to ensure convexity of the functions ¢(z, -) is that of spaces with curvature upper bounds,
a.k.a. CAT spaces. Here, we only give an intuitive definition on CAT spaces. We refer the reader to
Appendix D for a more detailed account on CAT spaces.
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Fix some real number . We say that (M, d) is CAT(x) (or that it has global curvature upper
bound x) if all small enough triangles in M are thinner than what they would be in a space of
constant curvature , i.e., a sphere if £ > 0, a Euclidean space if x = 0 and a hyperbolic space
if & < 0. This setup is very natural to grasp the convexity of the distance function to a point.
Fix 9 € M. The function d(-, zo) is convex if and only if for all y,z € M and all v € Ty .,
d(v(t),z0) < (1 — t)d(y,x0) + td(z,x0), which controls the distance from x( to any point in
the opposite edge to xg in a triangle with vertices zg, ¢, z. In other words, it indicates how thin a
triangle with vertices xg, y, 2 must be.

Hence, if Z = M is CAT(k) and has diameter at most D,; (see Appendix D for its definition),
(Ohta, 2007, Proposition 3.1) guarantees that for all z € M, d(z,-) is convex on M and hence,
&(z,-) = L(¢(z,-)) is also convex as soon as ¢ : [0,00) — [0, 00) is non-decreasing and convex
itself. In that setup, important examples of functions ¢ include:

(i) L(u) = u?: Then, a minimizer of ® is a barycenter of P and a minimizer of @n is an empirical
barycenter of 71, ..., 2,

(ii) ¢(u) = u: Then, a minimizer of ® is a geometric median of P
(iii) More generally, if /(u) = uP,p > 1, a minimizer of ® is called a p-mean of P

(iv) L(u) = v?if 0 < u < ¢, l(u) = ¢(2u — ¢) if u > ¢, where ¢ > 0 is a fixed parameter.
This function was introduced by Huber (Huber, 1992) in order to produce low-bias robust
estimators of the mean: It provides an interpolation between barycenter and geometric median
estimation.

Important examples of CAT spaces include Euclidean spaces, spheres, simply connected Rie-
mannian manifolds with sectional curvature bounded from above, metric trees, etc. In Appendix D,
we provide a more detailed list of examples.

3. Consistency

This section contains our first main results on the consistency of geodesically convex M -estimators.
Here, we work under two scenarios. First, we assume that ¢(z,-) is convex and Lipschitz with
some constant that does not depend on z € Z. This is somewhat restrictive, even though it covers
most of the cases mentioned above for location estimation. In the second scenario, we only assume
convexity, but we consider the case where M is a Riemannian manifold. We then discuss possible
extensions of our findings.

3.1. Lipschitz case

Here, we assume that there exists L > 0 such that ¢(z,-) is L-Lipschitz on M, for all z € Z.
For instance, this is satisfied if M has bounded diameter and ¢ = £ o d, for some locally Lipschitz
function £ : [0, 00), such as the functions mentioned above for location estimation.

Recall that we denote by M™* the set of minimizers of ®. The following theorem need not
require that ® has a unique minimizer: It asserts that any minimizer of ®,, will eventually become
arbitrarily close to M* with probability 1.
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Theorem 2 Let M be a proper geodesic metric space. Let ¢(z,-) be geodesically convex and

L-Lipschitz for P-almost all z € Z, where L > 0 is some positive number. Assume that M* is non-

empty and bounded. Forn > 1, let &y, be a minimizer of ®,,. Then, it holds that d(&,, M™) _>—> 0
n oo

almost surely.

A simple adaptation of the proof shows that the same conclusion applies if Zy, is not exactly a
minimizer of ®,, but rather satisfies ® n(Zn) < mingeps P n(x) + &, where &, is any non-negative
error term that goes to zero almost surely, as n — co.

The proof of Theorem 2 is based on the following extension of (Rockafellar, 1970, Theorem
10.8). The proof is a straightforward adaptation of that of (Rockafellar, 1970, Theorem 10.8).

Lemma3 Let L > 0 and (fn)n>1 be a sequence of L-Lipschitz geodesically convex functions

on M. Assume that there is a function f : M — R and a dense subset My of M such that

fn(x) —— f(x), for all x € My. Then, f is geodesically convex, L-Lipschitz, and f, converges
n—oo

to f uniformly on any compact subset of M.

This lemma is the reason why, in this section, we require ¢(z, -) to be Lipschitz, with a constant
that does not depend on z € Z. If M was Euclidean, the Lipschitz assumption of Lemma 3 would
not be necessary because on any compact subset, it would be a consequence of the convexity and
pointwise convergence of the functions f,,,n > 1, see (Rockafellar, 1970, Theorem 10.6). However,
to the best of our knowledge, this may not hold in the more general case that we treat here (and may
be subject to a further research question).

As a corollary to Lemma 3, we now state the following results, which is essential in our proof
of Theorem 2. The proof is deferred to Appendix C.

Lemmad4 Let L > 0 and (F,)n>1 be a sequence of real valued, L-Lipschitz, geodesically convex
random functions on M. Let F' a (possibly random) function on M and assume that for all © €
M, F,(x) converges almost surely (resp. in probability) to F(x). Then, the convergence holds
uniformly on any compact subset K of M, i.e., sup,c g |Fpn(x) — F(x)| converges to zero almost
surely (resp. in probability).

PROOF OF THEOREM 2. Let ®* = min,cys ®(x) be the smallest value of ® on M and fix some
arbitrary +* € M*. Fixe > Oandlet K. = {x € M : d(xz, M*) = €}. Since M* is bounded, K,
is bounded. Moreover, since the distance is continuous, K. is a closed set. Hence, it is compact,
since we have assumed (M, d) to be proper. Since @ is Lipschitz, it is continuous so it holds that
7 := mingeg, P(xz) — ®* > 0. Moreover, by the law of large numbers, ®,,(z) — ®(x) almost

surely, for all x € M. Therefore, by Lemma 4, ®,, converges uniformly to ® on K, almost surely.
So, with probability 1, infycx. @, () > ®* + 21/3 for all large enough n. Moreover, also with
probability 1, ®,, (x*) < ®* + n/3 for all large enough n.

We have established that with probability 1, it holds simultaneously, for all large enough n, that
inf,ex. ®n(2) > &, (2*). Let us show that this, together with the convexity of ®,,, implies that
any minimizer of ®,, must be at a distance at most ¢ of M*. This will yield the desired result.

Assume, for the sake of contradiction, that ®,, has a minimizer &, that satisfies d(Zp, M*) > e.
Consider a geodesic v € I'z«z,. Then, by continuity of the function d(-, M*), there must be
some ¢ € [0, 1] such that y(t) € K.. The convexity of P, yields the convexity of &, o v, which
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is minimum at ¢ = 1. Hence, o, o ~ must be non-increasing, implying that inf ¢ @n(x) <
O, (v(t)) < &, (), which yields a contradiction.
0

3.2. Riemannian framework

Now, we prove that, at least in a Riemannian manifold, the Lipschitz condition on ¢ can be dropped
for the consistency of Z,,. In this section, we assume that (M, g) is a complete Riemannian manifold
and we have the following theorem.

Theorem 5 Let (M, g) be a Riemannian manifold. Let ¢(z, -) be geodesically convex for P-almost
all z € Z. Assume that M* is non-empty and bounded. For n > 1, let &, be a minimizer of ®,,.
Then, it holds that d(&,, M*) T> 0 almost surely.

n oo

Again, this theorem applies if Z,, satisfies @n(ﬁ:n) < minge (i)n(x) + &n, Where g, is any
non-negative error term that goes to zero almost surely, as n — oo.

Once one has Lemma 7 below, which builds upon Lemma 6, the proof of Theorem 5 is very
similar to that of Theorem 2, hence, we omit it.

Lemma 6 (Greene and Wu, 1973) Any geodesically convex function on a Riemannian manifold is
continuous and locally Lipschitz.

By adapting the proof of (Rockafellar, 1970, Theorem 10.8), this lemma yields the following
result.

Lemma 7 Let (f,)n>1 be a sequence of geodesically convex functions on M. Assume that f,,(x) —
- n o

f(x), for all x in a dense subset My of M, where f : M — R is some given geodesically convex
function. Then, f, is equi-Lipschitz and converges to f uniformly on any compact subset of M.

Remark 8 Lemma 6 is key in the proof of consistency if one does not assume that ¢(z,-) is L-
Lipschitz, for all z € Z, with some L > 0 that does not depend on z. As we pointed out in
the previous section, we do not know whether this lemma still holds true in more general proper
geodesic spaces and we leave this as an open question.

4. Asymptotic normality

Now, we turn to asymptotic normality of Z,,. Riemannian manifolds offer a natural and reasonable
framework because, on top of their metric structure, they enjoy smoothness which allows to compute
first and second order expansions and Gaussian distributions can be defined on their tangent spaces.
Hence, in this section, we assume that (), g) be a complete Riemannian manifold.

Theorem 9 Let ¢(z,-) be geodesically convex, for P-almost all z € Z. Assume that the distribu-
tion P and the function ¢ satisfy the following assumptions:

o & has a unique minimizer x* € M

o O is twice differentiable at x* and H®(z*) is positive definite
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e There exists 1 > 0 such that E[||g(Z, x)||2.] < oo, for all x € M with d(x*,x) < 1, where
9(Z, x) is a measurable subgradient of $(Z,-) at the point x.

Then, &, is asymptotically normal, that is,
N (d) *
VnLog .« (Zn) —— Np_.m(0,V(z*))
n—oo

where V(z*) = S(x*) "1 B(x*)S(z*)~!, S(z*) = H®(x*), B(x*) = E[g(Z,2*)g(Z,2*) "] and
we denote by Nt 11(0,V (2*)) the normal distribution on the Euclidean space Ty« M with mean 0
and covariance operator V (z*).

Here, H®(x*) is the Hessian of @ at the point 2* (see Appendix B). Recall that Log, . (Z,) is
the Riemannian analog of “Z,, —x*”, so Theorem 9 is a natural formulation of asymptotic normality
of Z,, is the Riemannian context.

A close look to the end of the proof will convince the reader that one can assume, without
modlfylng the conclusion of this theorem, that z,, need not be a minimizer of <I>n, but should satisfy
that ®,, () < mingeps P, (x) +op(n~2), where op(n~'/?) is a possibly random error term that
goes to zero in probability at a faster rate than n~1/2.

Remark 10 The statement of Theorem 9 implicitly assumes the existence of measurable subgra-
dients of ¢, that is, a mapping g : Z X M — TM such that for P-almost all z € Z and for
all x € M, g(z,z) € T, M is a subgradient of ¢(z,-) at the point x € M, and for all x € M,
g(-,x) : Z — T, M is measurable. This is actually guaranteed by Lemma 14 on measurable selec-
tions, see Appendix A. Note also that the last assumption is automatically guaranteed if ¢(z,-) is
locally L(z)-Lipschitz at x*, for P-almost all z € Z, for some L € L*(P).

The proof of Theorem 9 is strongly inspired by (Haberman, 1989) and (Niemiro, 1992) but
requires subtle tools to account for the non-Euclidean geometry of the problem. The idea of the
proof is to show that

& (Exp,- (u/v/n)) = P (@ )+ —=(u,n”"! Zg Zi, &)+ (u, HO (2 Ju) o

as n grows large, uniformly in v € T« M. Hence, the minimizer of the left-hand side which, by
definition, is Log.Z,,, must be close to the minimizer of the right-hand side, which has a closed
form, and which is asymptotically normal, thanks to the central limit theorem. The main difficulty
is to handle ®,,(Exp,-(u/+/n)), which is not a convex function of u € Ty~ M, even though ®,, is
convex on M. Lemma 11 below is our most technical result, and is the key argument to adapt the
techniques of (Haberman, 1989; Niemiro, 1992) to the Riemannian setup.

Lemma 11

Let (M, g) be a Riemannian manifold and xo € M. There exists r > 0 such that the following
holds. Let L > Q. There exists o > 0 such that for all geodesically convex functions f : M — R
that are L-Lipschitz on B(xo,r), the map

«
foExp, + §H . H?EO :TpoM — R

is convex on {u € Ty M : ||u||z, < r/2}, where || - ||z, is the norm induced by g on the tangent
space Ty, M.
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In the proof of this lemma, we first consider the case where f is smooth and then proceed by
approximation of convex functions by smooth functions, leveraging (Greene and Wu, 1973, Theo-
rem 2).

PROOF OF THEOREM 9. Fixu € T«M. Forall: =1,...,n,let

1
The definition of subgradients yields that W;,, > 0. Let m, be the parallel transport from x*
to z, := Exp,«(u/y/n) through the geodesic v(t) = Exp,«(tu/y/n),t € [0,1]. Then, z* =
Exp,, (—m;, ! (u)/y/n). Thus, one has the following:

Wi,n < (wn(u)/\/ﬁ,g(ZZ, xn)>:cn - <U/\/ﬁ,g(ZZ,1'*)>$*
= (u/v/n, 7, (9(Zi, Expy- (u/v/n)) — 9(Zi, 2*))or, (1)

where we used the fact that 7, is an isometry in the last equality.
Therefore, E[an] < n~'E[Y?], where

Yo = (u,m, " (9(Z1, Expye (u/v/n)) = 9(Z1,27))a

Note that E[Y,?] is finite if n is large enough, thanks to the last assumption of the theorem.

The inequalities above yield that Y;, > 0 for all n > 1 and by Lemma 16, the sequence (Y},)n>1
is non-increasing. Therefore, Y,, converges almost surely to a non-negative random variable Y. Let
us now prove that Y = 0 almost surely. In order to do so, let us prove that E[Y},] — 0. Since,

by the monotone convergence theorem, E[Y;,] must converge to E[Y], we will obtain that E[Y] = 0.
This, combined with the fact that Y > 0 almost surely, will yield the desired result.

Fix « € M with d(z,z*) < n. Then, for all v € T, M, ¢(Z1,Exp,(v)) > ¢(Z1,2) +
(v,9(Z1,x)),. Taking the expectation readily yields that E[g(Z;,x)] € 0®(z). Hence, for all
integers n that are large enough so ||u//n||z+ < n, it holds that ¢,, := E[g(Z1, Exp,«(u/\/n)] €
0P (Exp,~(u/+/n)). Therefore,

E[Y,] = (u, ;' (gn) — V@(2*))or —— 0

n—o0

since @ is twice differentiable at x*.
Finally, we obtain that Y = 0 almost surely. Now, (Y},),>0 is a non-increasing, non-negative
sequence, so the monotone convergence theorem yields that E[Y,2] goes to zero as n — 0o, so that

n—0o0

var (Z Wi,n> = ZVar(Wi,n) < ZE[WZQTJ <E[Y;] —— 0.
i=1 i=1 i=1

n

Therefore, by Chebychev’s inequality, >

(Wi n —E[W;,]) converges in probability to zero,
as n — 0o, that is,

n (BaExpy 0/ V) = B0(0)) = =3 0(Z0)
=1

— 0 (D(Exp,- (u/v/n)) — B(z*) — (u, VB(2*))pe ) — 0

n—o0
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in probability. Since @ is twice differentiable at *, we obtain

n

\/15@, > 0(a o = (1 B e =20 )

in probability. For n > 1 and u € T« M , denote by

n (S0 (Bxp, (u/ Vi) - du(a”)) -

Fu(u) = (&0 (Exp,e (u/vn)) = b(e") ) -

and by
F(u) = (u, HP (2" )u) 4+

We have shown that F;,(u) converges in probability to F'(u) as n — oo, for any fixed u € T- M.
Now, we would like to make use of Lemma 4. However, the functions F}, are not guaranteed to be
convex. We adjust these functions using lemma 11.

Let R > 0 be any fixed positive number. Let K = B,«(0, R) be the ball in T« M centered at
the origin, with radius R and let K = B(z*, R). Then, K and K are both compact. By the law
of large numbers, &, (z) converges almost surely to ®(z), for all z € K. Therefore, by Lemma 4,
SUDP, ¢ & D, () — D(z)]| — 0 almost surely. Hence, Lemma 7 yields the existence of a (possibly

random) L > 0 such that the following holds with probability 1:
&, (z) — D, (y)| < Ld(z,y),Vn > 1,Va,y € K.

Now, let 7 > 0 be as in Lemma 11. Then, there exists a (possibly random) « > 0 such that with
probability 1, for all n. > 1, ®,, o Exp,. + %1 - |2+ is convex on K.

Denote by F),(u) = Fy(u) + $|ul2- and F(u) = F(u) + $||ul|?., forall u € K and n > 1.
For all large enough n > 1 (such that R/\/n < r), each F,, is convex on K with probability 1, and
we trivially have that F, (u) — F(u) in probability, for all u € K. Therefore, Lemma 4 yields

that sup, i | Fin (1) — F(u)| = supye g | Fn(u) — F(u)] —— 0 in probability.
n—oo
Finally, we have shown that for any R > 0,

z = * 1 g * *
sup n (q)n(Epr* (u/\/ﬁ» - (I)n(x )) - <’LL, E g(Ziax )>:t* - (’LL,H@(I‘ )u>:1:* >0
lullo <R vn' e n—00
3)
in probability.

By definition of #,,, ®,,(Exp,.(u/+/n)) is minimized for u = /nLog,.(&,). Moreover, one
easily checks that \f(u, Yo 9(Zi,x*))gr — (u, H®(x*)u),+ is minimized for

1
n
1 n
u=—Hox*) =Y g(Z,z%).
Note that g(Z1,x*),...,9(Zy, z*) are i.i.d. random vectors in T« M. They are centered, since

Elg(Z1,2*)] = V®(z*) = 0 by the first order condition, and they have a second moment, thanks
to the last assumption of the theorem. Therefore, the multivariate central limit theorem yields that

1 n
T 29 w) o N (0,B()) )
=1

10
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in distribution. In particular, the sequence ﬁ >y 9(Z;, x*) is bounded in probability, so one
can choose R in (3) so that ﬁ Y1 9(Zi,x*) € By, (0, R) for all n > 1, with arbitrarily large
probability.

From (3), it is easy to obtain that \/nLog . (Z,) — H(I)(:c*)*lﬁ Yo, 9(Z;, x*) converges in
probability to zero, as n — oo. Therefore, by Slutsky’s theorem, \/nLog,.(Z,) has the same limit
in distribution as H@(m*)_lﬁ >y 9(Z;, x*), which concludes the proof thanks to (4).

([l

PROOF OF LEMMA 11. Fixr > 0 (to be chosen) and denote by K = B(x, r), which is compact
by Hopf-Rinow theorem (Do Carmo, 1992, Chapter 7, Theorem 2.8). Let f : M — R be convex
and L-Lipschitz (L > 0) on K and set F' = f o Exp, :T;,M — R.

We split the proof of this lemma into steps.

Step 1: Case where f is smooth. First, assume that f is smooth. Then, F' is a smooth function. In
the sequel, we denote by H f the Hessian of f and by HF the Hessian of F (i.e., we use H for Hessian
of functions defined on M and H for Hessian of functions defined on the tangent space T, M). Fix
u,v € Tyy M and let ¢(t) = F'(u + tv), for s € R. Denote by (s, t) = Exp, (t(u + sv)), for all
s,t € R. The Hessian of F is given by HF (u)(v,v) = ¢”(0). For all s € R,

#(5) = (9 £(0(5,1)), 9105 Dty

and

on on on

¢o"(s) = (Hf(n(s, 1)) 5 (s:1), 5208 Dhngs,p) + V(s 1)), Ds5o(5, Dy 5)

where Dj is the covariant derivative along the path 7(-, 1). Note that the first term on the right-hand
side of (5) is non-negative, due to the convexity of f (see (Udriste, 2013, Theorem 6.2)). Therefore,

#0) 2 (VI (0(0,1)), Dy 52 (0, 1)) 0. 2 ~19 £ (0, )12, 20,1}

s
In
~LID 510, 1)] ©)

Y

where the second inequality follows from Cauchy-Schwarz inequality and the last one follows from
the assumption that f is L-Lipschitz on K.
For all w,w’" € Ty M, let Iy, v (s,t) = Exp, (t(w + sw')),s,t € [0,1]. In particular, n =
Ty Then, D252(0,1) = [o]2D,%5:2(0,1), where § = rt—. Since the map w,w’
0o

S Os
or . . .
Dy gs’w' (0,1) is continuous, there exists a constant C' > 0 (that only depends on r and on the

geometry of (M, g)) such that

Ol
S

1Ds 0, DIl <€,

for all u,v € Ty, M with ||ul|z, < r and ||v||s, < 1. Hence, (6) yields that ¢"(0) > —LC||vHiO.
Therefore, by setting a; = LC, we have established that F' + %L|| - ||2, is convex on {u € T, M :

[ulleg < 7}-

11
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Step 2: Case where f is no longer assumed to be smooth.

Step 2.1: Smooth approximation of f. For all positive integers n, let f,, : M — R be the function
defined by
falz) = nf f(Exp,(v))k(n]lv]z) A2 (v)
ToM

where k : R — R is a non-negative, smooth function supported on [0, 1] with [ k(t) d¢t = 1 and
2, is the pushforward measure of the Riemannian volume onto 7}, M by the exponential map Exp,,.
By (Greene and Wu, 1973, Theorem 2), each f;, is smooth and the sequence ( f,,),>1 converges to
f uniformly on K and satisfies

C e _ >

hnrriloréf xlg[f( Amin(Hfn(z)) > 0,
where Apin stands for the smallest eigenvalue. Fix ¢ > 0, that we will then choose to be small
enough. Without loss of generality, assume that inf ¢ i Apin (Hf,,(z)) > —e, for all n > 1 (since
one might as well forget about the first terms of the sequence ( f,)n>1).

Step 2.2: f, is Lipschitz on B(xo,7/2). Let us show thatf,, is Lipschitz on B(zo,7/2), so long
as n is large enough. Let x,y € B(xg,r/2) and let 7, : T, M — T, M be the parallel transport
map from x to y. Since 7, is an isometry, it maps the measure €2, to €1, hence, it holds that

faly) = n o F(Expy (. () (n]|v]|2) A€ (v).

Thus,

‘fn(‘r) - fn(y)| =n?

/ ((Bxp, () — F(Bxp, (7o (0) )| A9 (0)
< n / | £(Expy(v)) — F(Expy (e (0)))] k(nlv]) (o)
M
< Ln" / A(Exp, (v). Exp, (s (1) k(no]+) A (v) )
M

where the last inequality holds as soon as 7 is large enough (i.e., n > 2/r) since f is L-Lipschitz
on K = B(wg,r) and in the last integral, only the vectors v € T, M with |Jv[l,, < n~! <
r/2 contribute to the integral. Finally, the map (z,y,v) + Exp,(ms,y(v)) is smooth, hence it is
Lipschitz on any compact set, so there exists C' > 0 that is independent of x and y such that for all
v € Ty M with [|v]|z, < 7/2, d(Exp,(v), Exp,(7zy(v)) < Cd(z,y). Therefore, (7) yields

Ful@) = fuly)] < LOd(z, y)n / k(nlloll,) A9 (v) = LOd(z, ), ®)

T

forall z,y € B(zo,r/2). Thus, f, is C'L-Lipschitz on B(xg,r/2), for all integers n > 2/r.
Step 2.3: Add a fixed function to each f, to make them convex. Assume that r and ¢ are chosen

according to Lemma 12 below and let ¢ be the function given in that lemma. Then, for all n > 1,
fn + ¢ is convex on K, since its Hessian is positive semi-definite at any x € K.

12
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Step 2.4: Apply the smooth case (Step 1) to each f,, + ¢ on B(xo,7/2). Foralln > 1, f, + ¢
is smooth. Moreover, f, is C'L-Lipschitz on B(x,7/2), where C' > 0 does not depend on f,
and ¢ is smooth so it is L'-Lipschitz on B(xg,r/2), for some L’ > 0 that does not depend on f
either. Therefore, applying the result proven in Step 1, we obtain that there exists o > 0 that does
not depend on f, such that for all large enough integers n, f, o Exp, + ¢ o Exp,, + F| - ||3;0
is convex on {u € T, M : |lul|lz, < r/2}. By taking the limit as n — oo, we obtain that
f oExp,, + ¢ oExp, + %| -2, is convex on {u € Ty, M : ||ulls, <r/2}.

Since ¢ is smooth, so is ¢ o Exp,, , so there exists 3 > 0 such that Apax (H(¢ 0 Exp,, )(u)) <
B, for all u € Ty, M with |lu||z, < r/2. Therefore, by setting a3 = a2 + [, we obtain that
foExp, + % |2, is convex on {u € Ty M : ||ulls, < 7/2}.

Step 3: Conclusion. We can now combine all cases by taking & = max(a1, ag).

Lemma 12
Let (M, g) be a complete Riemannian manifold without boundary and xo € M. There exists
r,e > 0 and a smooth function ¢ : M — R such that Amin(Hp(z)) > € for all © € B(xg, ).

Proof
Let r; such that B(xg, 1) is simply connected. For all x € M and for all linearly independent
vectors u,v € T, M with ||ull; = ||[v||z = 1, let kK(z,u,v) be the sectional curvature of M at z,

along the 2-plane spanned by v and v (see (Do Carmo, 1992, Proposition 3.1 and Definition 3.2)).
Then, x is smooth, hence, there exists kg < oo that is an upper bound on all sectional curvatures
of M at points x € B(x,r1), which is compact. Therefore, Lemma 22 yields that B(zg,r1) is
CAT (k). The desired result follows by taking: » = min(ry, Dy,/4) and ¢ = 5—=—d(-,70)?,

20‘27‘,110

where D, and g, x, are defined in Lemma 21, see Appendix D.2.
|
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Appendix A. On measurable selections of subgradients

Lemma 13 Let (2, F, P) be a probability space and (M, g) be a Riemannian manifold without
boundary. Let ¢ : Z X M — R be a function such that

o ¢(z,-) is convex for P-almost all z € Z;
o ¢(-,x) is measurable for all v € M.
Then, there exists amap g : Z X M — T'M such that
e g(z,x) € T, M is a subgradient of ¢(z,-) at z, for all z € M, for P-almost all z € Z;

e g(-,x) is measurable, for all x € M.

Proof

Let N € F be such that P(N) = 0 and ¢(z,-) is convex on M for all z € Z \ N. Set
Z=2Z \ N. It is enough to prove that for all z € M, there exists a measurable function g(-, z) on
M such that g(z, z) is a subgradient of ¢(z, -) at z, for all z € Z.

Fix xg € M. For all z € Z, let I'(z) be the set of all subgradients of ¢(z,-) at the point x.
By (Udriste, 2013, Theorem 4.5), T'(z) # 0, for all z € Z. Therefore, it is enough to show that the
restriction of T' to Z is weakly measurable, i.e., that {z € Z : I'(z) N U # @} € F, for all open
subsets U C T, M (see (Himmelberg et al., 1982) for the definition).

One can wrete I'(z) as

D(z) = () fu€ Loy : ¢(2,Expy,(v)) = (=, 20) + (u,v)a}
veTwOM

= m {ueTyM: qb(Z,EXme(’U)) > ¢(2, o) + (U, V)ao }y
vEE

where Fj is some fixed countable, dense subset of T M. The last equality follows from the
continuity of ¢(z,-), by Lemma 6. For all v € Ep, let I',(2) = {u € T;yM : ¢(2,Exp,, (v)) >
(;5(2, :EO) + <uv U>mo}'

Since each of the countably many I',(2), v € Ej, is closed, (Himmelberg et al., 1982, Corollary
4.2) shows that it is enough to show that each I';, is weakly measurable. Fix v € Fj and let U be an
open subset of T, M. Then, for all z € Z R

Ly(2)NU #0 <= Fue U, ¢(z,Exp,,(v) > ¢(2,20) + (U, V),
<= Ju € UnN Ey, (2, Exp,, (v)) > (2, 20) + (1, 0) -

The last equivalence follows from the fact that since U is open, U N Ej is dense in U, and if some
u € U satisfies ¢(z, Exp,, (v)) > ¢(z,70) + (u, V)4, then, any v’ € U of the form v/ = u — 2/,
for any v' € T,,M with small enough norm such that (v, v"),, < 0. There is at least one such v’
that falls in U N Ej.

Finally, one obtains:

{z€Z:Ty(2)NU £0} = | J {2z € Z: ¢(2,Exp,, (v)) = ¢(2z,20) + (U, V)ao },
u€FEy
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which is in F since ¢(-, ) is assumed to be measurable for all z € M.
One concludes using Lemma 14 below.

Lemma 14

Let (Z,F, P) be a probability space and E a Polish space. Let I" be a function that maps any
z € Z to a closed subset of E. Assume the existence of N € F with P(N) = 0 and such that
['(z) # 0 forall z € Z\ N. Assume further that for all open subsets U of E, {z € Z\ N :
[(2) NU # 0} € F. Then, there exists a function g : Z — E such that g(z) € I'(z), for P-almost
all z € Z.

Proof o
Consider the probability space (Z, F, P) defined by setting
e« Z=Z\N;
e F={F\N:FeF}
e P as the restriction of P to (Z, F).

Then, forall z € Z,T(z) # 0 so, thar~1ks to (Wagner, 1977, Theorem 4.1), one can find a measurable
selection g of the restriction of I' to Z. By setting g(z) to be any constant value in E for z € N, we
obtain a function g : Z — E that satisfies the requirement.

|

Appendix B. Elements on Riemannian manifolds and on geodesic convexity

In this section, let (M, g) be a complete d-dimensional Riemannian manifold.. That is, M is a
d-dimensional smooth manifold and the Riemannian metric g equips each tangent space 71, M,
x € M, with a dot product g, (u,v), u,v € T, M. Moreover, by Hopf-Rinow theorem (Do Carmo,
1992, Chapter 7, Theorem 2.8), completeness of (M, d) ensures that any two points x,y € M are
connected by at least minimizing geodesic, i.e., a smooth path y : [0,1] — M such that v(0) =
x,v(1) = yand d((s),~(t)) = |s — t|d(x,y), for all s,t € [0, 1].

B.1. On smooth functions and their derivatives

If f: M — R is asmooth function, its gradient is the map V f such that for all x € M, V f(z) €
T.M and for all uw € T, M,

(Vf(2),u)z = (f ©7)'(0)

where 7 : [0,1] — M is any smooth path such that 4/(0) = w. The Hessian of f atany = € M is
represented by the linear map Hf (x) : T, M — T, M such that for all u € T,, M,

(u, Hf (2)u)e = (f 07)"(0)

where + is a geodesic path with v(0) = z, 7/(0) = w.
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With our notation, any smooth function f : M — R has a second order Taylor expansion at any
given point x € M of the following form:

2

f(Exp,(tu)) = f(z) + UV f(2), u)z + %(uv Hf(z)u)s + o(t?)

ast — 0, for any fixed u € T, M.

B.2. On convex functions

Recall that a convex function on M is any function f : M — R that satisfies f(y(t)) < (1 —
t)f(z) + tf(y) forall t € [0,1], z,y € M and for all constant speed, minimizing geodesic -y :
[0,1] — M from x to y. Just as in Euclidean spaces, convex functions are automatically continuous
(Udriste, 2013, Theorem 3.6) (note that we only consider convex functions on the whole space M,
which is assumed to have no boundary). The notion of subgradients can also be extended to the
Riemannian case.

Definition 15 Let f : M — R be a convex function and x € M. A vector v € T, M is called a
subgradient of M at x if and only if
f(Expy(w) > f(z) + (v, u)e,
forallu € T, (M).
The set of all subgradients of f at z € M is denoted by Jf () and (Udriste, 2013, Theorem
4.5) ensures that 9f(x) # 0, for all x € M (again, note that we only consider the case when M
has no boundary). For simplicity here, unlike in (Udriste, 2013), subgradients are elements of the

tangent space, not its dual.
Subgradients of convex functions satisfy the following monotonicity property.

Lemma 16
Let f : M — R be a convex function. Let x € M, u € T, M and set y = Exp,(u). Let
g1 € 0f(z) and g2 € Of (y). Then,

(u,my 3 (92) — 91)x > 0,

where Ty, is the parallel transport from x to y through the geodesic given by (t) = Exp,(tu),t €
[0, 1].

Proof
First, note that by letting v = 7, (u), it holds that 2 = Exp,(—v). By definition of subgradi-
ents, one has the following inequalities:

fy) = f(@) + (u, 91)a

and
f@) > f(y) + (—v,92)y = [(y) = (u, 75y (92))s

using the fact that 7, ,, is an isometry. Summing both inequalities yields the result.
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Appendix C. On sequences of convex functions in metric spaces

C.1. Proof of Lemma 4

Almost sure convergence Since (M, d) is a proper metric space, it is separable (Alexander et al.,
2019, Proposition 2.2.2). Let M be a countable dense subset of M. By assumption, F},(z) ——

n—oo
F(x) almost surely, for all z € M. Therefore, with probability one, the convergence holds for all

x € My, since M is countable. Hence, because M is also dense, Theorem 3 applies and we obtain
the desired result.

Convergence in probability Here, we use the following fact.

Lemma 17 (Chow and Teicher, 2003, Lemma 2 (ii) p.67) Let X, X1, Xa, . .. be real valued random
variables. Then, X,, converges in probability to X if and only if every subsequence of (X, )n>1 has
itself a subsequence that converges almost surely to X.

Let K be a compact subset of M and consider a subsequence of (sup,c |[Fn(2) — F(x)])n>1.
Without loss of generality (one could renumber that subsequence), we actually consider the whole
sequence (Sup,cx |Fn(z) — F(z)|)n>1 and we show that it admits a subsequence that converges
almost surely to zero. Let My be a countable dense subset of M. Denote the elements of My as
L1y T2y« v on

By assumption, F},(z1) converges to F'(x1) in probability, therefore, it has a subsequence, say
Fg, (n)(x1), that converges to F'(z1) almost surely.

Now, again by assumption, Fy (,)(z2) converges to F'(x2) in probability, therefore, it has a
subsequence, say Fy, o¢,(n)(72), that converges to F'(x2) almost surely.

By iterating this procedure, we build, for all integers k& > 1, an increasing function ¢y, : N* —
N* such that Fy o o¢, (n)(Tk) converges almost surely to F'(zy), as n — oo.

Finally, let ¢ : N* — N* the function defined by ¢(n) = ¢1 0 ... 0 ¢,(n), for all n > 1.
Then, by construction, Fy,) () converges almost surely to F'(zy), for all & > 1. Hence, with
probability 1, F,)(x) converges almost surely to F'(z) for all z € My. Lemma 3 yields that
SUp,e g |Fy(n)(z) — F(z)| converges to zero almost surely, which concludes the proof.

Appendix D. A brief introduction to Alexandrov’s curvature

In this section, we give the precise definition of CAT spaces.

D.1. Model spaces

First, we introduce a family of model spaces that will allow us to define local and global curvature
bounds in the sequel. Let k € R.

x = 0: Euclidean plane Set My = R?, equipped with its Euclidean metric. This model space
corresponds to zero curvature, is a geodesic space where geodesics are unique and given by line
segments.

x > 0: Sphere Set M, = ﬁSQ: This is the 2-dimensional Euclidean sphere, embedded in R?,

with center 0 and radius 1/+/k, equipped with the arc length metric: d,(x,y) = ﬁ arccos(kzx ' y),
for all =,y € M,. This is a geodesic space where the geodesics are unique except for opposite
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points, and given by arcs of great circles. Here, a great circle is the intersection of the sphere with
any plane going through the origin.

k < 0: Hyperbolic space Set M, = ﬁHQ, where Hy = {(21,72,73) € R? : 23 > 0,27 +

73 — 13 = —1}. The metric is given by d,, = \/%Tarccosh(—m(x, y)), for all z,y € M,, where
(x,y) = x1y1 + x2y2 — x3ys3. This is a geodesic space where geodesics are always unique and are

given by arcs of the intersections of M, with planes going through the origin.

oifk <0

T ifk >0

For k € R, let D,, be the diameter of the model space M,, i.e., D, = {
\/E

D.2. Curvature bounds

Let (M, d) be a geodesic space. The notion of curvature (lower or upper) bounds for (M, d) is
defined by comparing the triangles in M with triangles with the same side lengths in model spaces.

Definition 18 A (geodesic) triangle in M is a set of three points in M (the vertices) together with
three geodesic segments connecting them (the sides).

Given three points x, y, z € S, we abusively denote by A(x, y, z) a triangle with vertices z, y, z,
with no mention to which geodesic segments are chosen for the sides (geodesics between points are
not necessarily unique, as seen for example on a sphere, between any two opposite points). The
perimeter of a triangle A = A(xz,y, 2) is defined as per(A) = d(z,y) + d(y, z) + d(z, ). It does
not depend on the choice of the sides.

Definition 19 Ler k € R and A be a triangle in M with per(A) < 2D,. A comparison triangle for
A in the model space My, is a triangle A C M, with same side lengths as A, i.e., if A = A(x,y, 2),
then A = A(Z,y, Z) where T, 4, Z are any points in M, satisfying

Note that a comparison triangle in M, is always unique up to rigid motions. We are now ready
to define curvature bounds. Intuitively, we say that ()M, d) has global curvature bounded from above
(resp. below) by « if all its triangles (with perimeter smaller than 2D,) are thinner (resp. fatter)
than their comparison triangles in the model space M.

Definition 20 Ler k € R. We say that (M,d) has global curvature bounded from above (resp.
below) by k if and only if for all triangles A C M with per(A) < 2D, and for all z,y € A,
d(z,y) < dg(z,7y) (resp. d(z,y) < d.(Z,y)), where T and y are the points on a comparison
triangle A in M, that correspond to x and y. We then call (M,d) a CAT(k) (resp. CAT"(k))
space.

Lemma 21 (Ohta, 2007, Proposition 3.1)
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Let (M,d) be CAT(k) for some k € R and assume that M has diameter D < D,;/2. Then,
for all xy € M, the function d(-,x) is convex on M. Moreover, set ap , = tan\ffD if k >0,

ap. = 1 otherwise. Then, the function %d2(', x0) is ap x-strongly convex, i.e., it satisfies

1 1—t apt(l—t)

§d2(’Y(t) o) < ?dZ(x o) + d (y,20) — d(z,y)?,

forallx,y € M and~y € I'y,,.

D.3. Examples of CAT spaces

In this section, we give a few examples of CAT spaces. First, the following lemma, which is a direct
consequence of (Bridson and Haefliger, 2013, Theorem 1A.6) together with (Burago et al., 2001,
Theorem 9.2.9), give a whole class of Riemannian manifolds as CAT spaces.

Lemma 22 Let (M, g) be a simply connected Riemannian manifold. Assume that all the sectional
curvatures are bounded from above by some r € R. Then, M is CAT(k).

We give two examples that are of particular relevance in matrix analysis and optimal transport.

1. Let M be the collection of all p x p real, symmetric positive definite matrices. Equip M with
the metric given by d(A, B) = ||log(A~Y/2BA~1/2)| ., where log is the matrix logarithm
and || - | 7 is the Frobenius norm. Then, d is inherited from a Riemannian metric and (M, d)
is CAT(0) (Bhatia and Holbrook, 2006). This metric space is particularly important in the
study of matrix geometric means. For any A, B € M, their geometric mean is defined
as A#B = AY2(A=1/2BA~1/2)1/2A1/2 and it is the unique midpoint from A to B, i.e.,
A#B = v(1/2), where ~ is the unique geodesic between A and B.

2. Let M be the collection of all p X p real, symmetric positive definite matrices with spectrum
included in [\g, 00), for some Ag > 0. Equip M with the Bures-Wasserstein metric, obtained
as follows. For A, B € M, letd(A, B) = W2(N,(0, A), N,(0, B)), where Wy, is the Wasser-
stein distance and N, (0, A) (resp. N, (0, B)) is the p-variate Gaussian distribution with mean
0 and covariance matrix A (resp. B). Then, d is also inherited from a Riemannian metric
(Bhatia et al., 2019) and (M, d) is CAT(3/(2X0)), by (Massart et al., 2019, Proposition 2).

Further examples are given below.

e Metric trees are CAT (k) for any x € R (since all its triangles are flat) (Bridson and Haefliger,
2013, Section II.1.15)

e The surface of a smooth convex body in a Euclidean space is CAT(x), where £ > 0 is an
upper bound on the reach of the complement of the body, as a sconsequence of (Schneider,
2014, Theorem 3.2.9)

e The space of phylogenetic trees (Billera et al., 2001) is CAT(0).
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